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TEODVIH BEDOHTHOCI'GFI N MarematnyeCkans Ctatrcirika

CBeneHus 06 aBTOpe

JIncveB Baagummup Iapdénosndy, 1941 roga poxxmeHMs.

KannumaT ¢dnsmko-MaremaTdeckmx Hayk, goueHT. CTax paboTsl B cuicTreMe oOpasoBa-
Hust okosto 40 siet. Paboran B ToMckoM rocyapcTBeHHOM yHMBEPCUTeTe, B AJITavVICKOM TIOJIV-
TeXHYeCKOM MHCTUTYTe (CTapoe Ha3BaHMe By3a), B Bocrouno-KasaxcranckoMm rocypapcrseH-
HOM TeXHIYECKOM yHUBEpPCUTeTe, TpW yueOHBIX rofga paboTas B bpassaBiuibckoM yHUBEpCHTe-
Te B Haponnon Pecriy6iike Konro, 3aBemosat Kadeaport BeICIeVt MaTeMaTUKU U Kadenpon
OPUKITaHOV MaTeMaTVKI M BBIUMCIIUTEJIbHOM TexHuKN. B momenT cosganms YMK no nanHOM
OVCIUIUIVHE - Jo1leHT Ycrb-Kamenoropckoro dpumana MOCIL

ABTOp SBIJISI€TCS CIEMAIMCTOM B 00JIacTM MPUKIIQTHOV MaTeMaTVKW: VCCIIedoBaHe
oriepariuvi, TeOpysi MacCOBOrO OOCITYKMBaHMS, TEOPVIS BOCCTAHOBJIEHWTI, TEOPWS BEPOSTHOCTEN
Y MaTeMaTudecKas CTaTUCTMKa. ABTOP UMTaeT Kypchl JIEKIIMI IO BbICIIIeVI MaTeMaTVKe, 110 JIV-
HeVHOV ajireOpe, IT0 MaTeMaTUYeCKVIM MeTOIaM VICCIIeIOBaHMS OIlepaliyii, 10 TeOPUM BEPOSIT-
HOCTEV Y MaTEMATUUYEeCKOVI CTaTUCTUKE.

O6wme cBegeHMsa o0 AMCUUIJINHE

Bech xypc paszbur Ha 10 TeM. JlekumoHHBIe 3aHATVSA PeKOMEHIYyeTCsl IPOBOOUTH 110 9
TeMaM, IIPUUIEM TeMbl 4 11 5 MOXXHO OOBeIVIHUTD Il TOTO, YTOOBI IIOJTyYIIOCh 8 0030PHBIX JIeK-
MV IPpU CeMHaAAT HeOeIbHOM ceMecTpe. Kaxmon o630pHor71 JIEKIINV COOTBETCTBYIOT IIBa
MpPaKTUYeCKNX 3aHATVs, VHAVBUAyaJIbHbIe 3a/IaHVs 110 TeMe, OfJHa ayAUTOpHas KOHCYJIbTallVs
WV KOHCYJIbTalus B pexxnme «On-line». XKesaTesibHoO Taxke 110 KaX[I0V TeMe IIpeIyCMOTPeThb
TecT Tnna «Camoriposepka». [To 10-m Teme «IIpumenenvie DBM» mpoBOoOUTCS TOIBKO IIPaKTH-
Jeckoe 3aHsATHe HeNOCpPe[ACTBeHHO B KOMIIBIOTEPHBIX Kilaccax. PexoMenmyeTrcs IIpOBOOWTH
OJIVIH IIPOMEXYTOUHBIVI 3K3aMeH [T IPOBeIeHNs TeKyIer aTTecTally ¥ OfVH UTOTOBBIV K-
3aMeH. DK3aMeHbl peKOMeH/IyeTcsl IPOBOINUTh 110 TecTaM, B KOTOpble MOXKHO BKJIIOUMTEL YacThb
BOITPOCOB M3 TeCTOB, IpeJHa3HaueHHbIX [IJI1 cCaMOIIpoBepKN. B jrobom ciiydae B 5K3aMeHaly-
OHHBIX TecTaX JOJ/DKHBI OBITh IIpeficTaBjIeHbl Bce TeMbl Kypca. Ilepes sk3amMeHaMy peKOMeH]Ty-
eTCsl MMPOBOANTH KaK ayAUTOPHYIO KOHCYJIBTALIMIO, TaK ¥ KOHCYJIbTALMIO II0 KOMIILIOTePHOW
ceTy, HaIpuMep B pexxmMe «HaT», ecyIn MeeTcs COOTBETCTBYIOIIee TeXHYecKoe o0ecIieueHue.

ITocemoBaTesIbHOCTE MEPOIIPUATUN 110 M3YUYeHWIO QVICHUIUIVHBIL C IIPUBSI3KON 110 Bpe-
MeHU 1 ¢ MH@OpMaluen 0 IOpsAKe 3a4éTa IIPOVIeHHOIO MaTepuasla I0JDKHA OBITh IIpecTaB-
JleHa KaJIeHJapHBIM IUIAHOM, B KOTOPOM YKa3bIBaIOTCS CPOKM MEpOIPUATUIL, a TakKke HeIlo-
CpercTBeHHble VICTOUYHMKM U MHCTPYMEHTHI VX BBIIOJIHeHV:A. Beck mpollecc opreHTHpoBaH Ha
51 vac ayauTOpHBIX 3aHATUI. Ec/In umcio ayauTOpHBIX Y4acoB yBeIndeHo A0 68, TO B KajleH-
IapHOM IUIaHe CJIeflyeT J00aBUTh 110 OIHOW JIEKIIMM Ha KaxXIylo TeMy. PekomeHayeTcss BecTu
HeIIpepbIBHBIV KOHTPOJIb HaJl CTEIIeHbIO YCBOeHWSI MaTepuasloB cTyaeHTaMu. CaMocTosATe TbHas
paboTa cTyeHTOB BKIIOYaeT M3ydeHue MaTepuasla II0 TeMaM (TeKCT I1ocoOwst), uTeHwue TOI0JI-
HUTEJIbHBIX VICTOYHVMKOB, BBIIIOJIHEHNE CaMOCTOATEIbHBIX 3aJaHuM (IPaKTMKyM), OTBETHI Ha
BOIIPOCHI [1JI1 CAaMOIIPOBEPKN ¥ IIPOXOXKIEeHNe TeCTOB 110 caMoIIpoBepke. Bcs ata paboTta morrk-
Ha BBIITIOJIHATBCA B IIPUBA3KE K M3y4aeMOVl TeMe B TOYHOM COOTBETCTBUM C KaJleHJapHbIM IUIa-
HOM. PekoMeHTyeTcs II0JIb30BaThCsl HEKOTOPOVI CUCTEMOVI 3a4€THBIX 0aJUIoB ISl OLIeHKM CBOe-
BPEMEHHOCT! ¥ KauecTBa BBIIOJIHSAEMOV CTyJeHTaMy palOoThl. VITOroByIO OLIEHKY IIO KypcCy
cJjleflyeT BBICTABJIATH CTYAEHTY C y4ETOM HaKOIUIeHHBIX OajUIoB B TedyeHMe cemecTpa. /1t KoH-
TPOJII CAMOCTOSTEIBHOV pabOTHI CTYIEHTOB PEKOMEHIyeTCs VICIIOIb30BaTh KOMITBIOTEPHYIO
CeTb B JIIOOBIX JOCTYIIHBIX BapMaHTax.



TEODVIH BEDOHTHOCI'GFI N MaremaTnyeCkan Ctatrcirika

Llenb 1 3aaauv ANCLUUMJIMHDI

Kypc «Teopus BeposATHOCTe M MaTeMaTudecKasl CTaTUCTMKa» SIBJISIeTCS COCTaBHOW 4Ya-
CTBIO IIMKJIa MaTeMaTUYeCKMX AVCIVIUIVH, COCTABJIAIOMMX (PyHIaMeHT MaTeMaT4ecKoro oo-
pasoBaHMs crielaancTa. B ymobom obacTi uesoBed4ecKo IesTeJIbHOCTY MMeIOT MeCTO CITy-
yaviHble SBJIeHMs, KOTOpble He IO3BOJISIOT OCYIIeCTBUTH TOYHBIV IIPOTHO3 pe3yJIbTaTOB 3TOW
HearenbHOCTH. Teopus BeposiTHOCTeN M MaTeMaTWdecKasl CTaTVCTMKa M3y4aloT 3aKOHOMepHO-
CTU CJIydaliHbIX sBJIeHUV. 3HaHMe 3TVX 3aKOHOMEPHOCTeN IOMOraeT NpUHMMAaTh pelleHus B
YCJIOBUSIX HeoITpe/ieJIEHHOCTH, HallpaB/IeHHble Ha JOCTVDKeHVe IT0CTaB/IeHHBIX I1eJIevl.

Kypc «Teopus BeposiTHOCTeVt M MaTeMaTudecKasl CTaTUCTUKa» sIBJIsSIeTCs OCHOBOWI JIjIsi
M3ydeHMs MOCJIeTyIOIIX JUCIUIUIVH, TaKMX KaK « DKOHOMeTpuKa», «CTaTUCTUYecKyie MeTO/Ibl
IIPOTHO3MpOBaHMs», «VccenoBanme onepannm», «MeTofpl onTuMmsan», «Teopus Maccoso-
ro obcTy XXnBaHMs», «Teopus BoccTaHOBIIeHUT», «OCHOBBI aKTyapHBIX PaCY€TOB» U T.JI.

IIperioiaBaHMe Teopuy BEpOSITHOCTEV M MaTeMaTU4eCcKOW CTaTUCTUKM VIMeeT I1eJIbio:
O3HAKOMUTH CTYJEHTOB C OCHOBaMM TeOpuM, HeoOXOAVMBIMM I PellleHVs ITPUKIaIHbIX 3a-
Ja4, pa3BUTh CIIOCOOHOCTY CTYAEHTOB K JIOTMYECKOMY ¥ aJITOPUTMIUYECKOMY MBIIIIIeHUIO, ITPY-
BUTbH HaBBIKV CAMOCTOSATEIbHOIO M3y4YeHUs JIMTepaTyphl 110 JaHHOV AVCIUIUIMHE U ee IIPWIo-
KeHMsIM. Ha mpakTuueckmx 3aHATHSAX 110 AVCIMIUIVHE HeoOXOIMMO pa3BUTh HaBLIKM COCTaB-
JIeHVsl M aHaJIM3a MaTeMaTYecKMxX Mogesliell HeCJIOXKHBIX 3a/iayu IPUKJIaJJHOro XapaKkTepa, CBs-
3aHHBIX CO CJIyYaVHBIMU SBJIEHMSAMV, HayUUTh CIIOCOOAM BBIUMCIIEHMS] BEPOSITHOCTEV IIPOCTBIX
VI CJIOKHBIX COOBITWII, MeTOIaM OIIeHKV HeWM3BeCTHBIX IlapaMeTpOB Ha OCHOBe SKCIlepVIMeH-
TaJIbHBIX JJaHHBIX, METOZlaM IIPOBEpPKM IMIIOTe3 1 IIpaBWIaM IIPUHSTYS pellleHn I, MeToIaM all-
HPOKCHMAIINV CTaTUCTUYEeCKNX CB3eVl MeX/1y BeJIMuMHaMIU Wi paKToOpaMI.

Mpucrynas K nsyuyeH1io Kypca Teopumn BeposiTHOCTEN
M MaTeMaTU4YeCKOW CTaTUCTUKU, CTYAEHT AOJ/DKEH 3HaTb:

> 3JIeMeHTapHYIO MaTeMaTVKy B 00b&éMe cpefiHer IIIKOJIbI;

> nuddepeHIIpoBaHMe ¥ MHTeIpUpOoBaHue PyHKIINI 13 Kypca BbICIIIeV MaTeMaTUK;

> OCHOBHBIE CBefIeHVsI 110 cOOpY 1 MepBUUYHON 00paboTKe JaHHBIX M3 OOIIEero Kypca cra-
TUCTUKIA.

B pe3ynbTaTe N3yyeHUs AUCLUMITJIMHDbI CTYAEHT AO0JIXKEH 3HaTh:

> TIpaBWIa BBIYVCIIEHVISI BEPOSITHOCTEVI CITyYalTHBIX COOBITIUT;

» CII0coObI ompesiesieHNs 1 TIOCTPOeHNs 3aKOHOB pacIipefiesleHNs BepOsATHOCTeN CiTyJari-
HBIX BEJIMYMH Y BEIYMCIIEHVISI IX YMCIOBBIX XapaKTePUCTUK;

» OCHOBHBIE TIOHSATV, CBSI3aHHBIe CO CTaTUCTUYECKOV 3aBVICMOCTBIO MKy CITy4JaliHbIMU

BeJIMYIMHAMU,

CII0COOBI OIIeHKV HeM3BeCTHBIX ITapaMeTpoB I10 SKCIIepMeHTaIbHbIM JJaHHbIM;

C110cOOBI IPOBEPKY TUIIOTE3 10 SKCIIepVIMeHTaIbHbIM JaHHBIM;

METO/bl aHajiv3a CTATUCTUYECKOV CBS3VI MEX[y BeJIMYMHaMV U alllpoKCuMalmm eé

dYHKIIMOHAJIBHO CBSA3BIO.

YV V V
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B pe3ynbTaTe U3yYeHUs AUCLMIJIMHDI CTYAEHT AO/HKEH YMETb:

» CaMOCTOSATeIbHO pas3OmpaThCcs B MaTepuasiax, COOep KalllXcs B CIelaIbHOV JIMTepa-
Type II0 BOIIpOcaM, CBA3aHHBIM C JaHHOVI JVCLIVIUIVHOVL;

> BBIOVMIpaTh MeTOf, MCCIIeIOBaHMS ¥ IOBOAUTH pellleHre 3a7ad 0 IMPaKTUYIecK! IIpreM-
JIEMOrO pe3yJIbTaTa;

> BBIUVCIIATH BEPOSITHOCTY IIPOCTBIX VI CJIOXKHBIX COOBITUIL;

> HaXOOWUTh HEOOXOIMMble XapaKTEePUCTUKI CITyYarHbIX BEJIMYNH 10 M3BECTHBIM 3aKOHAM
pacripesiesieHs BEpOSITHOCTEV WUIV OLIEHKM 3TVMX XapaKTEPUCTUK II0 3KCIIepVMeHTasIb-
HBIM JJaHHBIM;

> TPaKTUUeCKU IPUMEHSITh M3BeCTHbIE KPUTEPUN IIPOBEPKI CTAaTUCTIUECKMX TUIIOTe3;

> TIPOBOIAWTH OVCIIEPCHOHHBIV aHAJIN3 C 1IeJIbI0 YCTaHOBJIeHMs (paKTa BIMSHMS WIN He-
BIIVISIHIS Ha VICCIIelyeMYIO BeJIMUMHY HEKOTOPBIX (PaKTOPOB;

» TIPOBOIAUTH PerpeccOHHBIVI aHaIN3 C 1IeJIbI0 IOJTydYeHNs allpoKCUMUpYomen QpyHK-
LWM, IO KOTOPOV MOXKHO OCYILIECTBJIATh IIPOrHO3MpOBaHMe.

PexoMeHaaLMM NO U3YHEHUIO AUCLUIJIUHbBI

ITpexxne Bcero, 3aMeTVM, 4TO TEOPUIO BEPOATHOCTEVI YCJIOBHO MOXKHO pas3le/inTb Ha
TPM YacT: CJIy4daviHble COOBITHS, CIydarHble BEJIMYVHBI U CJTydaliHble IIpoliecchl. B Takon mo-
CJIe0BaTeJIbHOCTY M3jIaraeTcsd U M3ydaeTcs Teopus BeposaTHocTen. HapyleHve 3Tovt mmocsesno-
BaTeJILHOCTV OCBOEHMSI TeOPUV HEBO3MOXXHO, IIOCKOJIBKY MaTepuiayl KaXOOoVl II0CIIedyIOIevt
YacTy OIMpaeTcsd Ha MOHATNS, OlpesiesideMble B IIPeAbIIyIIX YacTaX. MaTeMaTiueckast craTu-
CTVIKa, M3JIaraeMasi I1ocjie TeOpuy BepOSTHOCTEV, SIBJISIeTC, 110 CYTH, IIPUKIIAJHOVI YacTbiO TeO-
pv BepogTHOCTer. OHa HallpaB/leHa Ha 00pabOTKy 3KCIlepVMeHTa/IbHBIX JTaHHBIX, OIy4YeH-
HBIX B YCJIOBVSAX YaCTUYHOW MJIV ITOJIHOV HeollpeeIéHHOCTI. B MaTeMaTmueckom craTucTuke
VICIIOJIb3YIOTCSL BCe OCHOBHBIE 3aKOHBI M IIOHATWS TeOPUM BepoATHOCTeN. B maHHOM mocoOwm
paccMaTpuBaIOTCs CJIydayHble COOBITYS, CJTydaliHble BeJIMYVMHBI 1 3JIeMeHThI MaTeMaTi4ecKo
craTucTnKN. KiroueBom TeMoVi, OTKpbIBaOIeVl BO3MOKHOCTD IIPaBMJILHO BOCIIPYHMMATL Bech
HOCIIeAyIOIMINII MaTepuail, gpiderca TeMa «CilydaviHble cOOBITMs». [ToaTomy mpu msydeHUn
Kypca peKOMeHJIyeTcsl yAeJIUTh 3TON TeMe MaKCuMaslbHoe BHUMaHMe. OcoOeHHO BaKHO XOPO-
III0 OCBOUTH OIlepaluy Haj, CJIydalHbIMM COOBITVsIMU. HyXHO HayumTbCs BbIpaKaTh CJIOKHBIE
COOBITIIS, CBSI3aHHBIE C JAHHBIM OIIBITOM, Yepe3 IIPOCThIe (37IeMeHTapHble) COOBITIS, He VICIIBbI-
ThIBasi PV 3TOM 0CcOoOBbIX 3aTpynHeHun. He cienyer 3a0bIBaTh Takke 00 OTHOCHUTEIIBHOCTY IIO-
HATUSA CJIy4alHOTO COOBITHSA. DTO IOHSTHE CBA3aHO C HEKOTOPBIM OITBITOM, T.e. XXECTKOM (PUK-
canyer HEKOTOPOro KOMIUIEKCA YC/IOBWV, MaJlevilliee VM3MeHEHVIe KOTOPBIX MOXXET M3MEHWUTh
COOTHOIIIEHVISI MEXITy COOBITVSAMIL. DTO 3aMedaHVie OTHOCUTCS M K CTyYaHbIM BeJTIHAM.

B Havaste m3yueHMs Kypca cieyeT IIPOCMOTPEeTh y4eOHYIO IporpaMMmy Kypca, 3aTreM
BHVIMAaTeJIbHO IIPOCMOTPETH OIJIaBJIeHVe JaHHOIrO y4eOHOro 1ocodus, ¢ TeM, 9TOOBI ITOHATH
oOIITy10 HalpaBIeHHOCTh M3JI0)KeHNsI MaTepuasla — OT Teopun K ITpakTuke. ITocsie 3Toro MoxHo
IIPUCTYIIATh K ITOC/IeIOBaTeIbHOMY M3yueHuro TeM. [Topsigok n3ydeHns TeMbl: IpoCiTyIiaTh 00-
30PHYIO JIEKLVIO BeOyILero IperogaBaTesis, U3y4uTb MaTepuasl 10 TeMe, IIpefCTaB/IeHHbI B
11ocoOmm, pa3odpaThcsi ¢ HEMIOHSTHBIMM BOIIPOCaMM BO BpeMs ITPaKTUUYeCKMX 3aHSTHIL, OTBe-
TUThH Ha BOIIPOCHI U151 CAMOIIPOBEPKY, IPUBEIEHHbIE B KOHIIe KaKIOVI TeMBbI, 1 [IOPa3MbIIUISATh
HaJl BOIIPOCOM Tt oOcykaeHus. ITocite 3TOro ciiemyeT BBITOJIHUTL MHAVBU/IYaIbHbIE IPAKTU-
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yecKue 3aJlaHus 110 TeMe 13 paszesia mocodms «ITpakTukym», IocMOTpeTh peKoMeH/JyeMble [10-
HOJIHUTEJIbHbIe VICTOYHVKY, II0JTyYUTh OTBeThl Ha HEIIOHATHBbIe BOIIPOCHI TeMbl Ha KOHCYJIbTa-
IV, COATh TeCT IO JaHHOU TeMe B pexnme «CaMmorpoBepka». [TociteHee MOXXHO feiaTh MHO-
TOKPAaTHO, IIOKa He OyAeT JOCTUTHYT HeoOXOOMMBIN YpoBeHb (He MeHee 70% ITpaBVJIBHBIX OT-
BeToB). ITopsmok 1pepcTaBieHNs: OTYETOB 110 CAaMOCTOSATEILHBIM 3a7laHVsIM OIpeslesisieTcs Be-
IOyIIM IIperiofjaBaTesieM (ThIOTOPOM).



CnyuyanHbie cobbiTun

CTyaeHT [oJKeH
OCBOMUTbD:

® IIOHSTHU CJIy4YaliHOIO COOBITWS, OIlepaly Hajl, COOBITUSMM, BEPOSIT-
HOCTb COOBITVSI, IpaBWla BEIYVICIIEHVSI BEPOSITHOCTEVL;

npuo6pecTn HaBbIKN:
e peleHMs 3aJa4 Ha BbIUVCIIEHVIE BePOATHOCTE IIPOCTBIX M CIIOKHBIX
COOBITUIL.
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Beepgenme. CirygarmiHble COOBITHS, IPOCTPAHCTBO 3JIeMeHTapHBIX COOBITUII, arreOpa
cobsrTmit. OcHOBHBIE POPMYJIIBI KOMOMHATOPUKN. BEpOATHOCTE COOBITUS U ee CBOVI-
cTBa. YcCJIOBHasl BeposATHOCTb. PopMysla yMHOXeHUs BeposTHocTen. CTaTucTude-
CKad 3aBVICMMOCTb MeXny coObITusaMmM. PopMyria ciioXeHMs BepoaTHOCTent. DopMmy-
Jla IIOJIHOW BepoATHOCTM M opmyia bameca. IlocimemoBaTerbHOCTh He3aBVMCUIMBIX
ncnelTanui. @opmyna bepryiumm m cnepcrsua u3 Hee. IlpenenbHble TeopeMbl
Myaspa - Jlamtaca u Ilyaccona.

Kpatkoe
coniepxaHme

1.1. Co6biTua. NMpocTpaHCTBO 3/1eMEeHTapHbIX CO6bITUN

ITox ombrToM (VWM MCHBITaHMEM) OyeM IIOHMMATh CO3[IaHVe HEeKOTOPOro KOMIUIeKCa
yCII0BUM S, TIpeAIIosarasi Ipy 3TOM, UTO OIBIT (T. €. KOMIUIEKC YCJIOBUIL S) MOXeT OBbITh IIOBTO-
PEH MHOTOKPATHO, a ero pe3yJIbTaThl IOAAI0TCS TOYHOMY OIMcaHMIo. Pe3yibTaTel omblTa Oy-
I1eM Ha3sbIBaTh cOOBITHSMI. COOBITISI, KOTOPBIe IIPOVICXOAAT 0053aTeIbHO, eC/IV TOJIBKO pean-
30BaH KOMIUTEKC YCIIOBUY S, OyzieM HasbIBaTh 00ciofepHbiMi COOBITHSIMI VI 0003HaYaTh OyKBOI
U. CoObITrs, KOTOpble HVUKOITIA He OCYIIeCTBIISIOTCA IIPY peaym3alinm S, OyfeM Has3bIBaTh He-
Bo3mokHbIMY COOBITHAMM, M 0003HadaTh OykBout V. HamOosnbimit nHTepec mpepcTasiseT Tpe-
TBS TPYIIIIA, B KOTOPYIO BXOIAT Te COOBITHS, KOTOPBIE PV pean3anmit S MOTYT JIOO0 Ipom30vi-
TH, JIMOO He IIPOM3OVITI VI 3apaHee HeM3BECTHO, IIPOM3OTAET coObITVE VI HeT. Takve coObITIS
Ha3bIBAIOT CAYYAUHbIMU COOBITVISIMYL VI 0003HAYAIOT OOJIBIIVIMY JIATVHCKMMY OykBamu A, B, C, ...

ITo cBOEMY JIOTMTYeCKOMY COIEpPKaHMIO COOBITVS MOTYT OBITh COCTAaBHBIMI, T. €. PassIo-
XVMMBIMM Ha 0oJjlee IIpoCThle COOBITHS, VI 21eMeHMApHbIMU, KOTOPbIe pasyIoXNTh Ha Ooliee Iipo-
CTbIe COOBITVSI yKe HeBO3MOXHO. I1ycTh, Hammpumep, OIBIT 3aKITIOYaeTcsl B TOM, UYTO U3 [IeCSTU
KapToueK, IIPOHYMEPOBAaHHBIX YMciIaMy OT 1 mo 6, cyIy4davHeIM 00pa3oM BBIOVIpaeTcs: OfHa.
Obo3HaunM coOBITIE, COCTOSIIEE B TOM, YTO BBIOpaHHas KapTouka mMeeT HoMep k, gepe3 W.
Taxmx coObrTuit mrectb. OHM MOTHOCTHIO OMVCHIBAIOT BO3MOXKHBIE Pe3yJIbTaThl OIIBITA W SIBIIS-
IOTCSI 3JIeMEHTapHBIMM COOBITMsIMM. Ha 3Tmx coObITHsIX cTposiTcsi Oosiee CIIOXHBIE COOBITVSL
ITyctb B - cOOBITHE, COCTOSAIIIEE B TOM, YTO HOMEP BBIOpaHHOM KapTOUKM UeTHBIN; C - cCOOBITHE,
cocToslllee B TOM, YTO HOMep KapTOUKM fIernTcs Ha 3 6e3 octaTtka. OueBmaHO, 4To B ocymiecTs-
JISIeTCS TOTJIA, KOTTIa OCYILECTBIISIeTCS OMHO M3 Cienyrormmx coObrrmit: W, Wi, Ws. DT0 MOXHO
YCIJIOBHO 0TOOpasuTh 3ammchio B = {Ws, Wy, Wi}, CobbiTiie C BBIIIOIHSETCS TOJIBKO TOIZa, KOTa
ocy1ecTssieTcs ofHo 13 codbrTuit Ws, Wes. Takum obpasom, C = {IVs, We}. Ha ocHoBe 311eMen-
TapHbIX coObITMI Wi, k=1, 2, ..., 6 MOXHO IIOCTPOUTD U IPyTVie COCTaBHbIE COOBITII.

HepasmoxmMocTh 271eMeHTapHBIX COOBITUII O3HAYaeT, UTO PV OCYIIeCTBIIEHU OIIbITa
00s13aTeNTPHO TPOM3OMIET OTHO VM TOJIBKO OIHO M3 HMX. DTO 3KBMBaJIeHTHO 3anmcn: U = {IV,
Wa, ..., Wh}, 9TO MOXXHO IIpOYMTATh TaK: «IOCTOBEPHO, YTO IIPOV3OVAET OHO W3 IIepedncIIeH-
HBIX cOOBITMTI». COBOKYITHOCTB BCEX 3JIEMEHTaPHBIX COOBITIMII Ha3bIBA€TCS npocmparcmbom se-
MeHmapHuix cobvimuil. IIpocTpaHCTBO 3JIeMeHTapHBIX COOBITUN IIPVHATO 0003HaYaTh OyKBOVI Q,
a 4NCIIo0 3JIeMeHTaPHBIX COOBITMIL, COCTaBIIIOMmX Q, mpuHATO HasbBaTh Card(Q2). B TepmuHO-
jorvt Teopmm MHOXKecTB Card(€2) — MOIITHOCTB IVICKPETHOTO KOHEYHOI'O MHOXKECTBa.

JTroboe ciryuariHoe cOOBITHME IIperCTaBiIsteT cOOOV ITOIMHOXeCTBO MHOXecTBa Q. CoBo-
KYITHOCTb BCeX TaKMX ITOJIMHOXECTB (COOBITVII) SIBJISIETCS, B CBOIO OYepeb, MHOXXECTBOM CIIy-
yanHbIX coObITUII. OT™MeTNM, uTo coObiTvie U coBraiaer ¢ Q, a coObiTne V sBIIsieTcs IIyCTBIM
ITOIMHOXeCTBOM . B maspHevimieM OyzeMm 1ore3oBatbest o0o3HaveHmsiMm U m V Torma, Korga
COOBITVSI pacCMaTpPUBAIOTCS KaK KOHKpeTHBIe (pusideckie siBjteHns. Ha ypoBHe MHOXeCTB cJle-
IyeT IoJIb30BaThCs 0003HaveHVsIMU Q 11 . OrpesiesieHne CIIy4arHOrO COOBITMS KaK ITOIIMHO-
JKeCcTBa IIPOCTPAHCTBA SJIEMEHTAPHBIX COOBITUI SBJISETCS OCHOBOVI aKCMOMATHMYeCKOro ITO-
CTpOeHMs Teopum BepossTHOCTeN. [locTpoeHme IpOCTpaHCTBa 37IeMEeHTAPHBIX COOBITUI SIBIISIET-
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Cnyyartble cobbirs

Cd OTBETCTBEHHBIM 3TaIlOM. HeBepHoe IIOCTPOEHME 3TOI'O IIPOCTPAaHCTBa MOXET IIPMBECTU He
TOJIBKO K KOJIMYeCTBEHHBIM, HO " K JIOTMTYECKVM OH_IT/I6KaM, BIUIOTH 1O MHVIMBIX IIapaJOKCOB.

1.2. OneMeHTbl KOMOMHATOPHOrO aHasin3a

Yucsio 271eMeHTOB MHOXKEeCTB BBIUMCIIAIOT MO (popMysiaM KOMOMHATOPHOIO aHasu3a.
ITycte mMeeTcs n pasmmuamnMbix 00bekToB. [lociiemoBaTesTbHOCTE k 0OBEKTOB 13 1 OyAeM Hasbl-
BaTh KOMOVHaIVen 13 1 00bekToB 110 k. KoMOMHaIm Ha3bIBalOT YIIOPSIITOYEHHBIMY B CITy4ae,
KOITIa J1Be KOMOWMHAIINY, COomep Kallliie OIVTHaKOBble OOBEKTHI, pacCMaTPMBAIOTCS KaK pasiind-
Hble, eCJIVI TOJIBKO 3TV OOBEKTHI PacIIOIOKeHBI B pas3InMuHoM mopsake. KomOuHammm Hasbl-
BAIOTCSI HEYIIOPSIOYeHHBIMI, eCiI KOMOVHAIINM, cofepyKalliyie OIHM U Te )Ke O0BeKThI, CUmnTa-
IOTCS OITHAKOBBIMY HE3aBCVIMO OT ITOPSIKa PaCIIOIOKEHS STX 0OBEKTOB.

IMpumep 1.1. V3 Tpéx 06vekToB (®, [], V) MOXHO COCTaBUTPH 6 yIIOPSIOYEHHBIX KOMOM-
Haui 110 2 obwekTa: (®, [1), (®, V), (1, V), {, ®), (V, ®), (V, [). Kombuuamm (®, [1) n ([, ®)
CUMTAIOTC PasIMYHBIMU. VI3 3TMX 00BEeKTOB MOXKHO COCTaBUTh 3 HeyHopsaoUYeHHble KoMOVHa-
mym 110 2: (®, [1), (®, V), ([, V). Kombunanym (®, [1) u (1, ®) cunraroTcs oqMHaKOBBIMU.

ITpu onpenesteHnN umciIa pasINMIHBIX KOMOVHAIINU IIPVIMEHSIOT 0CHOBHOe npabuio Kom-
bunamopuxu, 3aKIrodaleecs B ciefyforieM. ITycTs TpeOyeTcs rmocsiesioBaTeIbHO BBITIOIHUTS i
OEVICTBUVL, IIPUYIEM 1-e mevicTBMe MOXXHO BBIIIOJIHUTE 11 CIIoco0amMu, 2-e IeVICTBUe — 1y Criocoda-
MU U T.[., HAKOHeIl, i-e IeTICTBUe — 1; criocoOaMm. Ymesio N BO3MOXKHBIX CIIOCOOOB BBITTOITHEHMS
BCeVl I10CIIe/IOBaTeIbHOCTY JeVICTBUNL oIlpeesisieTcs ImpoussenenHiem: N = niha... 1.

IIpumep 1.2. CKOJIBKO CYIIIECTBYeT TPEX3HAUHBIX YETHBIX YVICeI, COCTaBJIEHHBIX TOJIBKO 13
undp 2, 4, 5, 6, 8, 9? ITporecc cocraBieHNs: TPEX3HAYHOIO YMCiIa — 3TO TPW OEVICTBUS: IepBoe
ZIeVICTBYe — BBIOOp IepBO IIM(PHI, BTOpoe — BBIOOP BTOPOW IMPHI, TPeTbe — BBIOOP TpeThen
uudpsl. Ilepsas 1indpa MoxeT ObITH 1000V, TTO3TOMY IepBoe HAeVICTBYIe MOXKHO BBIIIOJIHUTH I1le-
cThiO criocobamm. Bropoe - Taxke mrecteio criocobamm. TpeTest mdpa mo/DKHaA OBITH UETHOW,
cJlefloBaTesIbHO, TpeThe HAeVICTBYIe MOXKHO BBIIOJIHUTE 4-M4 criocoOamm. Takum oGpasoM, cy1iiecT-
BYeT Bcero 6 - 6 - 4 = 144 uriciia, KOTOpbIe YAOBIETBOPSIOT TpeOOBaHVISIM 3a/1aull.

1. Pasmewjenus ¢ no6mopernuamu. IlycTe viMeeTcss n pasmmumMMbIx 00beKTOB. byrem pasme-
IIJaTh 3TM OOBEKTHI 110 k MecTaM CJIeAyIomyM odpasoM. VI3BrrekaeM oOBEKT 13 0o0IIero dmcia n,
OTBO/IVIM €My OuepeIHOe He 3aHSTOe MeCTO U BO3BpalliaeM 3T0T 00beKT oOparHo. KomOnHarmm,
TI0JTyUeHHBIe TaKM 00pa30M, Ha3bIBAIOTCS PasMeleHVSIMY C [IOBTOPEeHVeM 13 1 0OBeKTOB 110 k, a
IIpoLIe/ypa VX IIOCTPOEHMS — BBIOOPOM C BO3BpallleHreM. Y1cIo BapvaHTOB BeIOOpa PV Kak-
IIOM V3BJIe4eHVM paBHO 1. Clle1oBaTeIbHO, OOIIee YyCIIO TaKMX PasMeleHN T PaBHO
N = nk, (1.1)

Ipumep 1.3. Ynciio pasmerrieHnit ¢ MOBTOPeHMAMM U3 3 00BEKTOB 1O 2 paBHO 32 = 9.
Bospmém o0BpekThI 113 ipyMepa 1.1: (®, [], V). Torma pasmerieHmnsMI ¢ IIOBTOpeHMEM OyIyT Cile-
nytorme KomouHarmm: (®, ®), (®,[0), (®, V), (0,0), @, V), @, ®), (V, V), (V,[0), (V, ®).

2. Pasmewjernus 0e3 nobmopenuil. BymeM cHoBa pasmeliaTh 1 0OBeKTOB IIO k MecTaM, He
BO3Bpalliass oOpaTHO M3B/IeU€HHbIe 00BeKTHI. [loiTyyeHHBIe KOMOVHAIIMY Ha3bIBAIOT pa3Mellle-
HVSIMY 0e3 TIOBTOPeHUT! W IIPOCTO pasMelieHVsAMM. UYncsio pasmerieHnit U3 1 0ObeKTOB 110 k

k
Oynmem obo3zHauate A, . OueBMAHO, YTO IPV IIEPBOM WM3BJIEU€HUN VIMeeTCsS 1 BapUaHTOB BBIOO-
pa, mpu BTOpoM - (1 — 1) BapuaHT, Ipu TpeTbeM - (1 - 2) ¥ T.11. Yniciio BapuaHTOB BEIOOpa IS
k-ro nsenedenus pasHo (1 - k + 1). ITpriMeHsst o0CHOBHOe ITpaBII0 KOMOVMHATOPYKY, ITOJTy IVIM:

Ak =n(n—1)(n—2)...(n—1<+1)=(n%!k)l. (12)
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3nech U Jajlee BbIpakeHue TuIa m!, TAe m - 1ejloe IIOJIOXUTe/IbHOe 4McIo, O3HavaeT
IpowsBeleHVe 1eJIbIX urcesI OT 1 110 7 BKIIFOUMTeIbHO U YnTaeTcs Kak «m-daxkropuan» (0! = 1).

3ameTuyM, 4yto B dopmysie (1.2) obsi3aTesrbHO BbIIojIHeHMe HepaseHcTBa 0 < k <1, a B
dopmyste (1.1) k MoXKeT OBITH JTFOOBIM I1€JIBIM ITOJIOXKUTETEHBIM UVICTIOM.

IMpumep 1.4. B Opurane 13 20 pabounx BeIOVpaeTcs: Opuranmp, Xo3sICTBEHHVIK 1 0OITe-
cTBeHHBIV Kaccup. CKOIIPKO BapMaHTOB BBIOOPA MIMeeTCs B pacIIoOpsDKeHMM pabounx?

3neck n = 20, k = 3. Yucso BapuaHTOB BbIOOpa OyaeT pasHo N =20 - 19 - 18 = 6840.

3. Ilepecmanobxu. IlepecTaHOBKaMM Ha3BIBAIOTCS KOMOWHAIMV, KOTOPbIE OTINYAIOTCS
IOPYT OT Apyra TOJIBKO ITOPSIIKOM PacIoIoXeHMsT 00beKTOB. [lepecTaHOBKM SIBIISIIOTCS YaCTHBIM
cJIydaeM pasMelrieHnit Oe3 IIOBTOPeHMIT, KOTa YVCIO MeCT COBIIIaeT C YVCIIOM OOBEKTOB, T. €.
Korga k = n. Takum o6pa3om, 4ncsIo mepecTaHOBOK 13 1 00BEKTOB OIlpefessieTcss POpMyIION:

N=4"=n (1.3)

IIpumep 1.5. Yncsio niepecTaHOBOK 13 Tpéx 00beKTOB paBHO 3! = 6. [lepeuniciiM Bee Ite-
pectaHoBKM 13 00BeKTOB mpuMepa 1.1: (®,[1, V), [0, V, ®), (V, ®,[0), (®, V,[), (V,[], ®), (1, ®, V).

4. Couemanus. CodeTaHMSIMIU U3 11 OOBEKTOB I10 k HA3BIBAIOTCH TaKye KOMOWMHAIINU 110 k
00BEKTOB 13 JAHHBIX 11, KOTOPbIe OTIIMYAIOTCS APYT OT JIpyTa XOTs Obl OMHMM oO0bekToM. Ynciio
couetanuyt obosHauvaror C ,f . Bce coueranmst MOXXHO ITOJTyYMTb U3 pasMeIeHNII ITyTEM VCKITIO-

YeHVIs JINIITHVX IIePeCcTaHOBOK 13 k 00bekToB. CrietoBaTeIbHO,

A" n!
N:C;fz_j(:—- (1.4)
A, kl(n—-k)!

IMpumep 1.6. B Opurane n3 20 padounx Tpebyercst BEIOpaTh TpoVX IS HalIpaBIeHVs B
KOMaHAMPOBKY. CKOJIBKO CYIIIeCTByeT BapMaHTOB BEIOOpa?

ITocnenoBarerbHOCTh BBIOOpa B [TaHHOM CjIydae He mMeeT 3HadeHMs. KomOwmHarmm
«VBan, IléTp, Hukoman» n «I1étp, Hukoman, ViBan» 110 yciioBuio 3agadn SBJISIOTCA He pasiin-
YMMBIMIM. 3HAYMUT YMCIO BapMaHTOB BbIOOpa paBHO umcity codeTaHui n3 20 obbekTos (pabo-
4ux) 1o 3:

o 200200 20-19-18
073120-3)1 31171 6

N= =1140.

5. Ilepecmanobxu ¢ nobmoperuamu. ITycTs iMeeTcs: rpyIiia U3 11 0ObEKTOB, COCTOSINAS U3 I
noarpytt. [lepsast moarpyIia comepXut 11 0ObeKTOB, BTOpast — N2 0ObEKTOB U T.JI., HAKOHeII,
ITOCJIEIHSISL TPYIIIA COMEPXXNUT 1, OOBEKTOB, IIPUYEM BHYTPU KaXXIOW HOATPYIIIbI OOBEKTHI He
pasmuuMel. B TakoM ciTydae 4mcio IIepecTaHOBOK 13 11 OOBbEKTOB OIIperiesisieTcst PopMyIIovL:

N = L (1.5)
nln,!..n!

3nmeck my + n2 + ... + n, = n. 3ameTnM, 4to nipu v = 2 dpopmyia (1.5) cosnamaer ¢ popmy-
son (1.4).

IIpumep 1.7. Ha 6 kapToukax HammcaHbl PP 2, 2, 3, 4, 4, 4. CKOJIBKO pa3INMIHbBIX
IIeCTM3HAYHBIX YMcesI MOXKHO IOJTyYMTh, paciiosiaras 3Ty KapTOUYKM I10CIIelOBaTeIbHO?
3neck n =6, r =3, mpu 3ToM 11 = 2, n2 = 1, n3 = 3. CjieroBaTesIbHO, MOKHO COCTaBUTh YKa-
6! 4-5-6
21113 2
151 Gostee CIIOXKHBIX 3a7ad IIPpY MOACUYETe UycIa KOMOMHAIINI CileflyeT [1eICTBOBaTh B
COOTBETCTBUM C OCHOBHBIM ITPaBIJIOM KOMOVHATOPVIKML.

3aHHBIM B 3ajade criocooom N = = 60 pas3IIHBIX ITIECTU3HAYHBIX YVICeIL.
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1.3. OTHoweHua Mexxay cobbiITuaMmn

ITycte Q = {W1, Ws, ..., W,} - IpocTpaHCTBO 371eMeHTapHBIX COOBITMIL. YMCIo coOBITIII,
IIOCTPOeHHBIX 13 k 371eMeHTapHBIX coObITUM, Iae 0 < k < 1, OyaeT paBHO UNMCITy COUYeTaHUN U3 1
o k. Vicxons M3 3TOro, MOXXKHO ITOKa3aThb, 94TO 4mMciaIo N BceX CIIy4dalriHBIX COOBITHIL, KOTOpBIe
MOYKHO ITOCTPOUTH Ha Q, paBHO N = 2" . PaccMOTpmM oreparyyt Hajl COOBITVSIMIA.

1. JTroGoe coObITvie A SIBIISIeTCSI IIOMHOXECTBOM IIPOCTPAHCTBA 3JIeMEHTAPHBIX COObI-
Tiit. ITycTe B pesysibTaTe OCYIIeCTBIIEHNMS OIIbITA IIPOM3O0IIUIO 3JleMeHTapHoe codbiTie W. Ecin
We A, To TOBOPST, 4TO cOOBITHE A TIPOM3O0IIUIO, €CIIV, HAallpOoTuB, WE A, TO IIpOM30IIIIO npormu-

Bonoaoxroe coowrTvie. COOBITIE, TIPOTMBOIIOIOKHOE IT0 OTHOIIEHMIO K A, o00o3Hauvaetcss 4 (dm-
TaeTcst «He A»). DTO cOOBITVE Ha3bIBAIOT €I 0mpuyanuem coObITIS A.

2. 'oBopsT, uTO cOOBITHE A Breuém 3a coboti cobbimue B, eciiv Mpy HACTYIUIEHUM COOBITIS
A cobsITiie B o0s13aTerpHO TiponicxonnT. 3ammceBatoT: A C B. Ecim A € Bu B € A, To cobbITIs
A u B HaswIBaOT 3kbubasenmusimu (pabHocussHuiMuy, pausimu). 3ammceiBaloT: A = B. 3ameTnm,
YTO IO (PU3MYECKOMY COZlepKaHMIO cOOBITISA A 11 B MOTYT OBITH pa3/INIHBIMIL.

3. Cymmon v obeedurenuem ABYX coObITMI A 1 B HasbiBaeTca coObiTne C, KOTOpoe
IIPOMCXOINUT TOTIA ¥ TOJIBKO TOTZa, KOrfa MpOoucXoguT win A, win B, vy o0a coObITHs OHO-
BpeMeHHO. DTo oTpaxaeTcd 3ammcbio: C=A U Bwm C=A + B.

4. IIpousBedenuem Vv nepecevernuem OByx coobrTmi A 1 B HasbiBaeTcsa cobsiTie C, KOTO-
poe IIPOMCXOOUT TOTHA M TOJIBKO TOTAA, KOTHA IIPOVCXOHST 1 A M B ogHOBpeMeHHO. 3ammchl-
BaroT: C=A N Bwm C = AB.

5. Pasnocmy cobvimuii A i B - 310 coOprTrie C, KOTOpOe IIPOMCXOOUT TOTAa ¥ TOJIBKO TO-
Ima, Korma coObitme A mpowexonmut, a B He mpowmcxomnmt. 3ammceiBaor Tak: C = A\B wm
C=A-B.

6. CoObITust A1, Ao, ..., An IPEICTABIISAIOT COOOM NOAHYI0 2pynny codbimull, ecii B pe3yib-
TaTe OIbITa XOTd OBl OJHO M3 HMX 0OsA3aTeJIbHO ITPOM3OVMAET. DTO SKBUBaJIEHTHO TOMY, YTO
CyMMa yKa3aHHBIX COOBITUII paBHa JOCTOBEPHOMY COOBITIO:

Ar+A+ ... +A,=U. (1.6)

7. CobbrTrist A v B Has3pIBaIOT HecoBmecnHbiMU, €CTIVI OHM He MOTYT IIPOVM3O0VITV OHOBPe-
MeHHO, T. e. AB = V. B mpotuBHOM cjIy4ae coObITVS HasbBaIOT cobmecmubimu. CoObITIS A1, Ao,
..., An TIPEAICTABIISIOT NOAHYI0 2pYNnny NONapHo HecOBMecmHbLX cobbIMUTL, €CIIVI BBIIIOIIHSIIOTCS COOT-
HOILIEHIST:

A+ A+ .. +A=UuAA=V,i Zk (1.7)

ITpuBenéM HEKOTOpBIe OUEBMIHBIE TOXIIECTBA:

A+V =4, A+U=U, A+A=A4, A+A=U,

O (1.8)
AV =V, AU=A, AA=A, AA=V

Omnepariy Haz cOOBITVSIMM 00JIaIAfOT CBOVICTBAMY KOMMYTATVMBHOCTY, aCCOMATUBHO-
CTV U1 AVICTPUOYTVBHOCTA:
A+B=B+A,AB=BA;
A+B)+C=A+B+C)=A+B+C, (AB)C=A(BC)=ABC; (1.9)
A+BCO)=(A+B)(A+C(C),AB+C)=AB+AC.

ITpumep 1.8. OnbIT: 1Ba CcTpesIKa OJHOBPEMEHHO CTPeJIAIOT M0 MuIIeHn. B 3ToM cirydae
IIPOCTPAHCTBO 3JIeMEeHTapHBIX COOBITUI comepXuUT 4 coObITus: Wi - MUIlIeHb He TOpakeHa;
W2 - MuIieHb nmopakeHa ToJIbKO 1-M cTpesikom; Vs — MullieHb IopaXkeHa TOJIBKO 2-M CTPeJIKOM;
W, - MuIreHp TTIopakeHa 00emmu cTpertkamu. TakmMm obpasom, Q = {Wi, Wa, Wa, Wi}, Ha mipo-
CTpaHCTBe {2 MOXKHO IIOCTPOUTE 24 = 16 cOOBITH:
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A1 ={Wi}, Ax = (W2}, A3 = {IWV3}, Ay ={Wi}, As = {IW1, W2},

A6 = {W1, W3}, A 7= {W1, W4}, Ag = {Wz, W3}, A9 = {Wz, W4},
A10={Ws3 Wi}, A1 = {W1, Wy, W3}, A1 ={Wy Wi, Wi}, A1z ={W1, W3, W4},
A= {Wl, Wz, W4}, A15 = {W1, Wz, W3, W4} = Q, A16 = .

Kaxmoe cobOerTiie m3 MmHOXecTBa {A1, Az, ..., A} VIMeeT KOHKPeTHBIVI (PU3MIECKUII
cMpici. Hamrpumep, cobObiTire A7 03HavaeT, 4To MUIlIeHb He Oblyla ITOpakeHa VIv OHa ObUia Imo-
paxeHa f1ByMs mysramMu. CoObrTust As — MUITIeHb ITOpakeHa TOJIBKO offHo mysteit. CoObiTre Arn
O3HavaeT, YTO MUIIIeHb ITOpakeHa, T.e. ObUIO VIV OJTHO VIV J1Ba TIOTIa/JaHs.

[TpuBeném rnpriMepsl COOTHOIIEHWT MEX/Ty COOBITUSMU.

[TpoTtmBomosoxHoe coObITHe: A, = Zg; A =A,; A= Zw; A4, = Zé; W T.A.

Cymma cobbrrmin: A,y = A, + Ag; A=A, +A,; A, =4, +A4y; A, =4, + A, nT.I.
ITponssenenme codbrtuin: A, = AgA,; A; = A Ay5; A,y = 4,0 A5 A, = A3 A4, mT.o.
PasHocte coObrrmi: A, = A, — A;y; Ay =A, —A,; A;=A4,5—A4,y; A4,=A4, — A nT.nI.
ColObiTist As n Ag SIBIISIFOTCA HEeCOBMECTHBIMM, AsA 9 = V, cobbiTmst Az, As u A1p cocTas-
JISIIOT TIOJIHYTO IPYIITY, Tak Kak Az + As + A1 = U. Cobbrtust A1, A4 1 As IPeICTaBIISIOT IOJTHYIO

TPYIITy IIOITapHO HeCOBMECTHBIX cOOBbITMIL: A1 + Ay + Ag = U m1, Kpome Toro, A1As =V, A1As =V,
A4As =V,

L .

IIpumep 1.9. CoberTre D cBsizaHo ¢ coObrTsiMmu A, B 1 C crtepyroriieit popmyIiont:
D=AB+C+ (A+B)A+C).
MO>XHO JIV1 BBIpa3uUTh 3Ty CBsi3b O0JIee MPOCTBIM COOTHOIIIeHIeM?
Bocriosib3yemMcsi cBoviCTBaMI OIlepaliuil Hafl COOBITUSAMM 1 OCHOBHBIMM TOXIeCTBaMM:
(A+B)(A+(C)=AA+BA+AC+BC=A+AB+AC+BC=
=AU+B+(C)+BC=AU+BC=A+BC.
DTO paBEeHCTBO SBJIIeTCs CBOVICTBOM AUCTpuOyTrBHOCTU 13 (1.9). TakuM oOpasom,
D=AB+C+A+BC=AB+U)+C(U+B)=AU+CU=A+C,
T.e. D 3aBucut Tosmeko ot A n C.

1.4. BeposTHOCTb CO6bITUA

BeposiTHOCTB COOBITNISI — 3TO OCHOBHOE IIOHSITVIE TEOPUM BeposTHOCTeV. Boobiie bepo-
AMHOCMb cO0bIMUA €CTh OOBbEeKTMBHAS Mepa BO3MOKHOCTVI OCYIIIECTBIIEHS TAHHOTO COOBITHS.

Mamemamuueckoe onpedesenue Beposmuocmu. KaXmoMy coOBITMIO A CTaBUTCSI B COOTBET-
cTBMe HeKoTopas Mepa P(A), KoTopasl Has3bIBaeTCS BEPOSITHOCTBIO 3TOrO COOBITMS ¥ KOTOpast
YIOBJIETBOPSeT CIIeAYIOIIMM aKcroMaM: it jro0oro coderrms 0 < P(A) < 1; BepoATHOCTh He-
BO3MOXKHOTO cOOBITMS paBHa HY/O, P(V) = 0; BepoATHOCTb JOCTOBEPHOIO COOBITHS paBHa eJIu-
e, P(U) = 1; ecoimu AB = V, To P(A + B) = P(A) + P(B), T.e. ecitut coObITsI A M1 B sIBTIsTIOTCS He-
COBMECTHBIMM, TO BEPOSITHOCTb CyMMBI COOBITUTI paBHA CyMMe BePOSTHOCTEVI COOBITHIA.

Bce paccMmarpuiBaeMble HVDKe OIIperiesieHVs SIBJISIOTCS, 110 CYIIeCTBY, CIeICTBIEM Mare-
MaTMYeCKOTO OIpefie/IeHNIs BEPOSITHOCTEVA.

Kaaccuuecxoe onpedesenue. BeposiTHOCTBIO P(A) cOOBITIS A Ha3BIBAIOT OTHOIIIEHNE YyCiIa
MCXOIOB ombITa Na, IPUBOASAIINX K OCYIIECTBJIEHUIO cOOBITMSA A, K 00IIeMy 4mcily MCXOIOB
onbiTa N B IIpeIII0JIOKEeHNI, YTO BCE VICXO/IbI OIIBITA SIBJISIOTCS. PAaBHOBO3MOYKHBIM:

P(A) = % (1.10)
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ITox McxomaMu omIbITa 371€Ch ITIOHMMAIOTCS 3JIeMeHTapHbIe COOBITHS, TaK YTO B TEPMMHAX
teopumt MHOXecCTB N4 = Card(A), N = Card(Q). ITpenaronosxkeHre 0 paBHOV BO3MOXXHOCT VICXO-
IIOB OIIBITa BHOCUT JIOJIIO CYOBEKTVBYI3MA B 3TO OIIpefIesIeHIe, UTO U SBJIIeTCS €T0 HeTOCTaTKOM.

IIpumep 1.10. bpocaerca murpanbHas KocTh. KakoBa BepOSTHOCTb TOTO, UTO YVCIIO BBI-
MaBIINX OYKOB Oy/ieT He MeHee 5 (coObITHe A)?

VrpanpHas KocTh MeeT 6 TpaHent. ClteqoBaTesIbHO, 00IIIee YrciTo VICXOA0B OIIbITa PaBHO
N = 6. K ocymecTsieHnio coObITHA A IPUBOIAT TOJIBKO 2 VCXO/a, KOIrJla BbIafaeT i 5 i 6
OUKOB, T.e. N4 = 2. TakuM obpa3oM, rickomasi BeposiTHOCTb paBHa P(A) =2/6 =1/3.

IIpumep 1.11. V13 10 TeHHMCHBIX MsIUel1, Cpeay KOTOPBIX 4 Msdya HOBBIe, Il OUepeTHOV
UTPBI CJTy9aliHBIM 00pa3oM OepyT Tpu. KakoBa BEpOSTHOCTB TOTO, UTO CPeM B3SITBIX Ms4Yel [Ba
Msga OyayT HOBBIMM (COOBITHE A)?

MOXHO cumMTaTh, 9TO BCE Pe3yJIbTaThl BBIOOpA SBJISIOTCS PaBHOBO3MOXHBIMUL. [Topsmok
BbIOOpa MsYer He VIMeeT 3HadueHMs. DTO 3HAUMT, YTO BO3MOXKHBIE VICXOBI OIIBbITa CJIEIyeT pac-
CMaTpmBaTh Kak codeTaHms. Tak Kak B3sTo 3 Ms4a 13 10, To obI1iee UmicIIo MCXOI0B OIIBITA OyIeT

3 _
PpaBHO CIO . K cobsrriio A IIPUBOLSAT TaKVie€ BapUaHTbI, KOI'la B UNMCJIO B35TBIX MAYEN I10IIaJIN 2

o 2 1
Ms4a 13 4eTbIpéx HoBbIX ( Cy ) 1 ogyH Ms19 m3 1iectyt ctapeix (Cy ). CienoBaTesnbHO,

0 108900 150, v, =2 -Cq -2 6=36.
37 1-2-3 212!

Torma P(A) = Na/N =36/120=0,3.

Cmamucmuueckoe onpedeserue. ITyCTb OIBIT, C KOTOPBIM CBsI3aHO COOBITVIE A, TIOBTOPSIET-
cs 1 pas, a coObITHe A ocymecTsisgercs npu 3ToM k pas (0 < k < n). OtHolIeHMe k K 11 IPUHATO
Has3bIBaTh YaCTOTOV MOsBJIEHNs COOBITHS. DTa YacToTa Oy/ieT IpMHMMATh pas3IMyHble 3HaUeH Vs
B PasHBIX CepMsiX M3 1 OIbITOB. IIpy yBesMueHun 4nicsia OMIBITOB 1 3T 3HaudeHUs OyayT Bcé
IUIOTHee U IUIOTHee I'PYMIINPOBaThCA BOKPYTI HEKOTOPOro (HEM3BeCTHOTIO) 4ucjia. DTO UNCIIO,
OUeBMJTHO, SABJISIeTCS HEKOTOPOVI OObeKTUBHOV XapaKTePUCTVKOW, CBSI3bIBAOIIENT YCIOBYS TaH-
HOTO OITbITa C BO3MOXKHOCTBIO OCYIIIeCTBJIeHNMs paccMaTpyBaeMoro coobTus. YacTtoTa ocyrect-
BJIeHVsI COOBITMS k/1 ¢ yBeIMdeHMeM 4iciia IIOBTOPEHNV OITbITa CTPEMUTCS B OIpelelIEHHOM
CMbICJIe K HEeKOTOPOMY ITOCTOSTHHOMY YMCITy, KOTOpOe ¥ IIPMHMMAaeTCs 3a BepOsSTHOCTb COObI-
Tns A. Takoe orpeiesieHvie BepOSATHOCTeV Ha3bIBAIOT Criamucmu4eckum onpedesenuem. B manaom
BU7Ie OHO He JIaéT TOYHOTO ITpaBWla BBIUMCIIEHMS BePOSATHOCTY COOBITIS, TaK KakK 71 Bceria Ko-
HeuHo. ITpy mocTtaTouHO OOJIBINMX 3HAYEHMSIX 11 MOXKHO HPUHSATE, uTo P(A) = k/n. 3ameTnm,
YTO 3TO €CTh JIUIIIb OlleHKa MCTMHHOV BePOATHOCTHA.

PaccmotpyM mipyMep. HekoTOpEIV sKciepuMeHTaTop I Olperie/leHNsl BepOsITHOCTI
IIOSIBJIEHNST «OpJla» Hpy OpocaHWM MOHETBI OCyIIecTBUI IopdpackiBanue MoHeTsl 1000 pas.
ITpu 3TOM OKa3aI0Ch, UTO «Opéi» BbIas k1 = 481 pas. OlieHKa BepOsSTHOCTY IOSBIIEHVS «Opia»
Oymet paBHa P(A) = p1” = 0,481. Bropon skcnieprMeHTaTOp TakKe IIpoBés cepuio 13 1 = 1000 Ta-
KVIX OIIBITOB U IOJTy4wI 3HaueHme k> = 512. B atom ciryuae P(A) = po" = 0,512. Tpetuit akcriepu-
MeHTaTOp IOJIy4wI Obl TpeThio olleHKy. Habmomaercs: pasdbpoc o1ieHOK BepOsTHOCTY B Pa3sHBIX
cepusix onbITOB. PasHuIla B OlleHKaX yMeHbIIIaeTcs IIpY yBeJIMYeHUN YlciIa 11, HO IIOJIHOe COB-
IajieHye OLIeHOK 1PV KOHEeUHBIX 71 IIPaKTUYecKu He BO3MOXHO. TeopeTmdeckn daxT mpnubim-
JKeHMs YacTOTHI IIOSIBJIEHVSI COOBITIS K €rO BepOsITHOCTV OOOCHOBBIBAe€TCSI 3aKOHOM OOJIBIIINIX
umcert.

N=C

IIpumep 1.12. Crpesok cresnan 20 BICTpesIoB 10 MUIIIeHN, 1 ObUIO 3aduKcupoBaHo 12
nontagaamii. OIIeHNTh BEPOATHOCTD IIOMaaHMs B MUIIIEHB (COOBITIE A) STVIM CTPEIIKOM.
3necs n =20, a k = 12. CrtepoBarensHO, P(A) =12/20 = 0,6.
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Teomempuueckoe onpedeserue. Ecivi pOCTpaHCTBO 37IeMEHTaPHBIX COOBITUIL He SIBIISETCS
KOHEeUHBIM MHOKeCTBOM, TO KJIacCH4YecKoe OIlpefleJIeHVe BePOsITHOCTI OKa3bIBaeTCsl He IIpueM-
nembiM. [lycTs, HanlpyMep, HEKOTOpask TOUKa CIy4YaliHbIM 0Opa3oM «OpocaeTcs» B KPYT pamny-
ca R. TpeOyetcs onpenennTs BepOSITHOCTb TOTO, YTO 3Ta TOUKA OKaXXeTCsl B Kpyre MeHbIIIero
paauyca r (r < R), KOTOPBIVI 1IeJIMKOM HaxoAWTcs B Kpyre paguyca R. VIcxomoM TaHHOIo oIbiTa
SBJISIOTCS KOOPAMHATBI MECTOIIOJIOKEeHMSI «BOPOIIIeHHOV» TOUKM. [Ipenronoxmm, 4To 1HeHTp
OoJIBIIIOrO0 Kpyra HaxoOuTCS B Hadasle KoopAmHAT. Torma KoopAMHATHI (X, i) «BOPOIIEHHOV»
TOUKMW YIIOBJIETBOPSIOT HepaBeHCTBY x2 + 12 < R2. TakuM 00pas3oM, TaHHBIV KPYT HpeCTaBIIsgeT
cobov1 HellpepbIBHOe MHOXXECTBO MCXOIOB paccCMaTpMBaeMOro OIBITA. bymeM mariee cumrars,
YTO BEPOSTHOCTH ITOTIaJaHs TOYKM B JII0OyI0 00J1acTh He 3aBVICUT OT MeCTOIIOJIOKeHMs ob1ac-
TV B KpyTe, a 3aBUCUT TOJIBKO OT e€ pa3Mepa. DTO IperlojioKeHe OIlpaBIaHo TeM, UTO TOYKa
«OpocaeTcs» B KpYyT CIydartHbIM oOpaszoM. TakuM oOpa3oM, BEpOSITHOCTD ITOIIafjaHMs TOUKW B
3a7laHHY10 00JIaCTh MOXKHO OIIpeIe/NTh KaK OTHOIIIEHVe pasMepa 3TV 00J1acTi K pa3Mepy Bce-
ro Kpyra. B paccMoTpeHHOM IprMepe MCKOMasl BEPOSTHOCTh OyZeT paBHa OTHOIIEHWIO IUIO-
I MaJIeHbKOTO KpyTa K IDIoIaay O0JIbIIoro Kpyra, mr2/mRk2 = 12/ R2.

Pemtenne 3amau ¢ mpuBjiedeHMEM IIOJIOOHOV TeOMeTPUYEeCcKOV VHTepIIpeTalui BO3-
MOXXHO He TOJIPKO Ha IUIOCKOCTW, HO M Ha JIMHUM WIN B IpocTpaHcTse. Ecim mcxompl OIbITa
00pasyioT HeIlpepbIBHOE MHOXECTBO W SBJISIOTCS PaBHOBO3MOXHBIMM B YKa3aHHOM BBIIIIe

CMBICIIe, TO
ay=mestAl (1.11)
mes{Q}
I7ie mes - reoMeTpuyeckasi Mepa MHOXecTBa. Meport MoxeT ObITh [JIMHa, IUIoaab, 00béM. Pa-
BeHCTBO (1.11) mpeycTaBiIsieT OOV ecomemputeckoe onpedesetue BepossTHOCT. OHO OXBaThIBaeT U
KJlaccrJecKoe oIpefiesieHne, Tak Kak B CJTydae KOHeUHBIX MHOXKECTB B KauecTBe Mepbl MHOXKeCTBa

MO’XHO B34ATb YMCJIO €T0 3JIEMEHTOB.

IMpumep 1.13. B xpyr paguyca r cJry4artHbIM oOpa3oM cTaBuTcs Touka. KakoBa BeposT-
HOCTBb TOT'O, UTO 3Ta TOYKaA OKaXeTCS BHYTPM BIIVICAHHOTO B KPyT KBajgpaTa (coObITie A), eciu
7II000€e MeCTO PacITOJIOKEeHNS TOUKY SBJISIeTCSI PAaBHOBO3MOKHBIM?

3mmecy Mepa MHOXEeCTB — IUTOIa/Ib. MHOXeCTBO BCeX 2JIeMeHTapPHBIX COOBITII IIPeJICTaB-
j1seT coOOoV KPYyT, a MHOXeCTBO COOBITUV, IPUBOILAIINX K OCYIIeCTBJIEHUIO COOBITIS, 0OpasyeT
kBazipat. Takum obpasom, mes{Q} = mr2, a mes{A} = 2r2 (wiomagb BIVcaHHOTO KBazpara). Ciie-
mosaTesibHO, P(A) =2/m.

B mo6oM ciTyuae CMBICII BEPOSITHOCTV COCTOUT B ciiepyromeM. Ecii coObrTne MeeT Be-
posiTHOCTB ocymecTsierns 0,4, TO 3TO O3HA4YaeT, YTO PV MHOTOKPATHOM IIOBTOPEHMII OITbITa
coObITHe TTPpOM30IET B cpenHeM B 40% cirydaes.

1.5. Mpocreiune CBONCTBa BEPOATHOCTH

Céoiicmbo 1. 17151 BepOATHOCTY JTFOOOTO COOBITVISL A BBITIOIIHSETCS HEPABEHCTBO:
0<PA)<1. (1.12)
HevictButennbHO, eciii Na €CTh UMCIIO MICXOMOB OIBITA, IIPVBOMASAIINX K OCYIIIeCTBIIEHIIO
A, a N - obmree umcino ncxonos, To 0 < Na< N. Ilogenus aTo HepaseHcTBO Ha N, nonyunm (1.12).
CBoricmbo 2. BepoaTHOCTh HEBO3MOYKHOT'O COOBITS paBHa HYJIIO:
P(V)=0. (1.13)
st HeBo3moskHOTO coObrTist Nv = 0 1, criemosarertbHO, P(V) = 0.
ObpaTHoe yTBepXIeHMe He Bcerfa BepHo. Ecii P(A) = 0, To Heb3s yTBepXXaaTh, 4To A
gBJIeTCsl HeBO3MOXKHBIM coObITHeM. [Tpentornioxmm, uTo Ha oTpesok [0; 2] ciryuartHeiM 0OpasoM
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CTaBUTCA TOYKA. BeposTHOCTH TOTO, UTO TOYKa IOMAZET B MHTepBasl [X, x + Ax), Oymer paBHa
|Ax| /2. ITpu Ax — 0 aTa BepodaTHOCTb Oy/ieT cTpeMUTbCs K HyJII0. 3HaUNUT BepOsITHOCTh TOTO,
YTO TOYKa OyZeT MMeTh KOOPIAMHATY, COBIAAONIYIO C X, paBHa HYJIIO I JII0OOro 3Ha4eH! X.
Ho B pe3sysibTaTte ombiTa Touka Oy[eT MMeTh KOHKPETHYIO KOOPAMHATY, T. €. IIPOU3ONIET COObI-
THe C HYJIeBOV BeposiTHOCTBIO. PaBeHcTBO P(A) = 0 mIpm OeCKOHEYHOM YMCIIe MCXOIOB OIIbITa
HY>KHO TIOHVIMaTh B TOM CMBICJIe, UTO COOBITHE A TIMeeT GeCKOHEeYHO MaJIylO BePOSTHOCTD VI [IJIS
€T0 peaJT3allyVl OIIBIT IPMAETCS ITIOBTOPSITh HEOTPaHUYEeHHOE YICIIO Pas.

CéoiicmBo 3. BepoATHOCTB JOCTOBEPHOTO COOBITHS PaBHA €IVIHMIIE, T.€.

PU) =1. (1.14)
st mocroBepHOTO cobbITI Nu = N 11, crteoBaTeribHO, P(U) = 1.
3meck TakKe oOpaTHOe YTBepK[eHNMe He Bcerfa CIIpaBeyIBO. [leVICTBUTENIbHO, eciIn

P(A) =1, To P(Z ) = 0. CobriTiie A, MMesi HyJIeBYIO BEPOSITHOCTb, MOXeT MHOT/Ia TIPOV30VTI
(cM. mpmMeuaHVie K cBOTICTBY 2). Ho B TakoMm citydae He mpom3onnéTt coositie A, xotsa P(A) = 1.

Céoiicm8o 4. [1519 HecoBMecTHBIX cOOBITHIT A 11 B

P(A + B) = P(A) + P(B), ectm AB =V. (1.15)

Tax xax coObITII A 1 B He ITepeceKaroTcsl, TO YMCIIO MCXOA0B OIBITa N4 + B, IPUBOIISIIINX
K OCYIIIeCTBJIEHVIO COOBITUI A Wi B, paBHO cymme 11cx00B Na v Np, IPUBOISIINIX COOTBETCT-
BEHHO K OCYIIlecTBJIeHNIO coObITit A 1 B, T.e. Na+p = Na + Np. Ilomenmms 310 paBeHCTBO Ha N,
HoIy4mM paBeHCTBO (1.15). DTo cBOVICTBO Ha3bIBAIOT CBOVICTBOM a/IIUTVBHOCTV BEPOSTHOCTET.

Boobrte, ecyiit A1, Ao, ..., A, TPyIIIIa HOIIAPHO HECOBMECTHBIX COOBITUM, T.€. AiAr = V, KO-
raa i # k, To BepOsITHOCTb CyMMBI COOBITUTI PaBHA CYMMe BEPOSTHOCTEVL 3TUX COOBITMIAL:

P(A1+Ax+ ...+ A)) = P(A1) + P(A2) + ... + P(Ay) (1.16)
Ecrmn 5Ta rpymma coOBITHI SBIII€TCS MOJIHOV Ipymmon, T.e. A; + Ay + ... + A, = U, 10
P(A1+ A2+ ... + Ay) = P(U) = 1, n3 gero crremyer, 4To

P(A1) + P(A2) + ... + P(Ay) = 1. (1.17)
CoGrbrTmst A m A HeCOBMECTHDI ¥ COCTABIISIOT nonHyio rpymry. CiemoBaTensHo,
P(A)+P(A)=1wm P(A)=1-P(4). (1.18)

Céoiicmbo 5. Ecmn A € B, To P(A) < P(B).
CoorHortieHne A C B 0o3HauaeT, YTO MHOXeCTBO A cocTaBiisieT yacTb MHOXXecTBa B. ITo-
stomy Beerfga Na < Np. [Togenus 310 HepaBeHCTBO Ha N, OITy4VM ITOATBEP XKIIeHVe CBOVICTBa 5.

IIpumep 1.14. VI3 10 mertasten, cpemyt KOTOPBIX MMeeTcsI 4 HecTaHJapPTHBIX, CIIyYaliHbIM
obpasoMm B3gTO 3. HamTy BEpOSITHOCTH TOTO, UTO B UNCIIE B3SITBIX JeTajleVl OpaKOBaHHBIX OKa-
xetcsi: 1) He MeHee 2 (coObrTre B); 2) xoTs 061 omHa (cobbrtne C).

ITycte A; - coOBITHE, COCTOsIIIEe B TOM, UTO CPedy B3SITBIX AeTajlell OKa3aIoch | HeCTaH-
maptabIx (i =0, 1, 2, 3). Torma B = A> + A3 («He MeHee 2» o3HavaeT win 2, v 3). CobbrTs A;,
i=0,1, 2, 3, sesrorcs normapHo HecoBMecTHBIMI. [ToaToMy P(B) = P(A2 + A3) = P(A2) + P(As3).
Harniném BepositHocTr P(A2) m P(As), momp3ysck Kilaccudeckon cxeMort. Obo3HaumMm uepe3 N;
YICIIO VICXOMOB OIIBITa, IIPVUBOMSIINX K ocyIIecTBiieHno coObrtus A; (i = 0, 1, 2, 3). Onpenenim
N>, N3, a Takke oOrree unciio mcxomoB N: N, = CfC(I) =36; N, = Cjcg =4; N-= Cfo =120.
Torma, P(A2) = N2/N =0, 3; P(As) = N3/N =1/30. Cremosarensro, P(A3) =0,3+1/30=1/3.

OueBuHo, 4TO cOOBITMSE Ao M C SBIISIFOTCS IPOTMBOIIOJIOKHBIMY COOBITVSIMU, T.€.
C=4,.

N, Cc)C; ;54

- 1
I 1.18) P(C) = P(4,)=1-P(4,)=1-—2=1 =1-—
o opmyste (1.18) P(C) = P(4,) (4,) N 120 0~

Bl
-



TEODVIH BEDOHTHOCI'GFI N MaremaTnyeCkan Ctatrcirika

1.6. YcnoBHasi BEpOATHOCTb. POpMy/ia YMHOXKEHUSA BEPOATHOCTEM.
3aBMCUMbIE U He3aBUCUMbIe CO6bITUSA

Veaobuon Geposmmocmoeio coObITHS A IO OTHOIIEHMIO K COOBITMIO B Ha3bIBaeTCsl BEpOST-
HOCTb COOBITMSI A, BbIYMCIIEHHas IIPU yCJIOBUM, YTO coObITMe B mpomsonuio. ObGo3HavaeTcs:
P(A|B) (xpatko umnTaeTcd Tak: “P or A mpu ycinosum B”). YciioBHast BeposATHOCTh oOJi1afaeT
BCeMI CBOVICTBaMM Oe3ycIIoBHOM BepodTHOCTH. B wactHOCTH, P(A | B) + P(A4 |B) = 1. Ormerum
Takxe, yto ecxm B € A, To P(A|B) =1; ectu AB =V, To P(A | B) = 0.

PaccMmoTpuM 3aady BbIYMCIIEHMS] YCJIOBHOV BepOSITHOCTU B ob1reM citydae. IIpeobGpa-
3yeM BeposATHOCTBb P(AB) ciemyrommym obpasom: P(AB)=N,; /N =(Ny /N)- (N, /N). Bropas
IPoGh B 3TOM BBIpaXKeHWM ITpeICTaBIIsieT cobov yCIIoBHyI0 BeposTHocTh P(Al B). ITevicTsuTes-
HO, ITOCKOJIBKY COOBITME B ITpom301III0, TO MMeJI MecTO OIVH W3 VICXOIOB, IIPUBOASIINX K COOBI-
Tvro B, m3 obrrtero umcia Np. [lepBast mpo0Os ecTs He uTo MHOe, Kak P(B). Takum ob6paszom,

P(AB) = P(B)- P(A|B). (1.19)

Dta popMmysia HasbIBaeTCH opMYyA0tl YMHOKeHUs Beposmuocmer. VI3 aTot popMyIIbl HO-
JTy4aeM IIPaBWIO BBIUVCIIEHVISI YCIIOBHOV BEPOSITHOCTL:

P(A|B) = P4B) (1.20)
P(B)
AHaJTOTVYHO MOHO 3arvicaTh opMyIThI, Coflepaliyie yCIOBHYT0 BeposiTHocTh P(B | A):
P(AB) = P(4)- P(B|4), P(B|4) = I;f%f)). (1.21)

EC/i yCJIOBHasl BEPOATHOCTh COBITafaeT ¢ Ge3yCIIOBHON BepOsITHOCTHIO, T.e. P(A | B) =
= P(A), To coObITsI A 11 B Ha3bIBarOTCA cmamucmuyecku He3aBucuMbviMu cobbimusmu. DTO 3HAUUT,
YTO BEPOATHOCTb OCYIIeCTBJIeHs COOBITISI A He 3aBUCUT OT TOTO, IIPOVU3OIIUIO VIV HeT COOBITIe
B. Ec P(A | B) # P(A), To coBbITvsI A 1 B HasbIBAKOTCS Cruamuchiuuecku 3aBucumbimu cobbumusmu.
3aMmeTVM, YTO CTaTUCTMYecKasl 3aBUCHMOCTb WIV He3aBUCUMOCTb 4BJIgeTcs B3auMHON. Ecim
P(A | B) = P(A), To obs13aTerbHO BHITIONTHSIETCS 11 paBeHCTBO P(B | A) = P(B).

dopmysia yMHOXEHVS BEpPOSITHOCTeV 00001IaeTcs I ITPOM3BOILHOTO UVICTIa COOBITHIA:

P(A1As... An) = P(A1... Ap1)P(Ax |As... Ana), (1.22)
rae P(A, | A ... An1) - yCJIOBHasl BEPOATHOCTb COOBITVSL A, IO OTHOLIEHWMIO K ITPOM3BeIeHIO
BCEX OCTAJIbHBIX COOBITHUV, T. €. BEPOSTHOCTb COOBITUS A, BEIUMCIIEHHAs IIPU YCIIOBUM, YTO CO-
ObrTst A1, A, ..., Au1 yke TIpomsonumn. besyciioBHyIO BepodTHOCTH B (1.22) MOXHO IIpercTa-
BUTb POPMYJIOV YMHOXKeHMs BeposiTHOCTell. IToBTopsisa aTo gevicteue n — 1 pas, moimydmm:

P(A1As... An) = P(A))P(A2] A1) ... P(Aua | Ar... Aud) P(Au] Ar... Ava) .

B wactHOCTM, mpm 11 = 3,

P(A1A2A3) = P(A1)P(A2| A))P(As | ArA). (1.23)

Bynem HasweBaTh cOOBITHA A1, A2, ..., Ay cIamucmudecky He3abucuMbIMU, €CII yCIIOBHAs
BEpPOSATHOCTB JIFOOOT0 COOBITIS IO OTHOIIEHUIO K JIIOOOMY ITPOM3BEeIeHIIO 13 OCTaJIbHBIX COOBI-
TV, COBIIaZIaeT ¢ 0e3yCJIOBHOV BEPOSITHOCTBIO JaHHOIO COOBITHA. IpyTrvMm cjioBaMy, BEpOsIT-
HOCTB OCYIIIeCTBJIeHIs JIF000T0 COOBITISI He 3aBUCUT OT TOTO, IIPOV3OIIUIN MJIM He IIPOU30IUIN
npyrue coObITvs. 715 ITpov3sBeieHs He3aBUCHUMBIX COOBITHUV CIIPaBeIMBO PaBeHCTBO:

P(A1As ... Ay) = P(A1) P(A3) ... P(A). (1.24)
B YaCTHOCTM, eCJ/IN A u B - craTucTyeck He3aBUCIMbIE CO6I>ITT/I$[, TO
P(AB) = P(A)- P(B). (1.25)

Ipumep 1.15. VI3 xopoOkm, copgepxartent 3 6esIbIx 1 5 YEPHBIX 1IapOB, Hayras B3 3
mapa. Kakosa BepOSTHOCTB TOTO, UTO BCe 3 IIapa OKa3asIiCh YEPHOTO 1BeTa’?
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ITyctb Ai ecTb cOOBITHE, COCTOSAIIIEE B TOM, UTO i-V1 M3BJI€UEHHBIN 1Iap OKa3aicsd YEpHBIM
(i=1,2,3). Torma nckomasi BepOSITHOCTB €CTh BEPOSITHOCTB ITpom3BeeHst CoObITnit P(A1A2A3).

ITo dpopmyite ymHOXeHMs BepossiTHOCTeN P(A1A2A3) = P(A1)P(Az2 |A1)P(A3 |A1A2).

Korma Gepércst mepBbIt 11ap, TO B KOpoOKe HaxoauTcs 8 IMIapoBs, 113 KOTOPEIX 5 IIapoB
vMetoT uépHbI 11BeT. CrienosarenbHo, P(A1) = 5/8. Korma Oepércst BTOpom map mpu yciio-
BUM, UYTO COOBITME A1 y>XKe HPOM3O0IIUIO, TO B KOPOOKe HaXOOAMUTCs 7 IapoB, HPUIEM U&p-
HBIX IIIapOB OCTaJIoCh 4 (oOMH yXe ObUI B34T). 3HaunT P(A2 | A1) = 4/7. ITocie n3BnedeHnsd
BTOPOTO IIIapa B KOpoOKe ocTasloch 6 ImIapoB, B TOM 4ucie 3 4épHBIX. TakuMm obOpasoM,
P(A3 |A1A2) = 3/6. Vickomas BeposiTHOCTB paBHa: P(A1A2As) = (3/6) - (4/7) - (5/8) =5/28.

DTy BepOSATHOCTb MOXKHO IIOJIYYUTBH M HENOCPeICTBeHHO II0 popMyJie [ Yuciia
COYeTaHUMN.

ITpumep 1.16. [IBa cTpesika OJHOBpEMEHHO, He3aBUCHMO IPYyr OT Apyra CTPeISioT IO
MUIIIeHN. BepodaTHOCTE TTonajaHms B MUIIIeHb /IS IIepBOro crpesika pasHa 0,6, a 11718 BTOpOro -
0,8. KaxoBa BEpOSITHOCTB TOTO, UTO B MUIIIEHV OKaXKeTCs ABe IIPoOomHBI (codbITie C)?

ITycTb coObITHE A - TIOIIA/TaHVe B MUIIIEHb TIePBBIM CTPeJIKOM, COOBITHE B - romnanaHue B
MuIIIeHb BTOpeIM cTpesikoM. Tormga C = AB, mpuaéMm coOwrTist A 11 B siByistioTcs (110 yCJI0BUMIO 3afia-
un) HezaBucuMbIiMu. CiteosarertbHO, P(AB) = P(A)- P(B) = 0,6-0,8 = 0,48.

1.7. ®dopmMyna cnoxxeHus BepoSsTHOCTEN

15t ;1I00BIX COOBITIII A 71 B BBITIOIIHSIETCS] PaBEHCTBO:
P(A + B) = P(A) + P(B) - P(AB). (1.26)
2T0 hopmysa caoxenus Beposmuocmei. OHa cIIpaBeyIvBa IJIs JIFOOBIX coObITUI. [levicT-
BUTEJILHO, ey A 1 B siBisitoTcst HecoBmecTHbIMM, TO A-B = V 11 P(AB) = P(V) = 0. IIpu 3ToM 110-
ny4daetcst popMyJia CJIOKeHMs BepOATHOCTEVI HeCOBMECTHBIX COOBITIIA, 3alliicaHHasl paHee:
P(A + B) = P(A) + P(B). (1.27)
®opmya (1.26) jierko gokasbiBaeTcs. Eciit Na - 4MciIo MCXO0B OIbITa, ITPUBOISAIINX K
OCYIIIeCTBIIeHMIO cOOBITM A, a Np — K OCyIIecTBIeHNIo coOpTis B, To B cymme N4 + Np OymyT
IOBaXkIbl YUYTEHBI Te VICXOIbl, KOTOpble OMHOBPEeMEHHO IIPMBOIAT K OCyIecTBiIeHnio 1 A u B.
Yucrto mexonoB, NpUBOAAIIMX K ocyiecTsieHnio A + B, paBHO Na + Np — Nag, rae Nap — 94MciIo
VICXOZI0B, IPMBOIAIINX K OCyIIlecTBIeHIo AB. DTu paccyxaeHns IpuBoasT K popmyirte (1.26).
IMpvivmensist nBaxabl popmyiny (1.26), mwist TpEX cOOBITUT ITOITYIVIM:

P(A + B + C) = P(A) + P(B) + P(C) - P(AB) - P(AC) ~P(BC) + P(ABC). (1.28)

BeposTHOCTE CyMMBI GOJIBITIOTO YmciIa COOBITUTI BBIUMCIIIOT OOBIMHO Yepe3 IIPOTVBOIIO-
noxHoe cobbrtre. Cymma cobbrTuit A; + Az + ... + A, ecTb COOBITHE, COCTOSIIIEE B TOM, YTO IIPO-
M30MIET XOTS ObI OTHO M3 CyMMMPYEMBIX COOBITHIL. ITpOTMBOIIOIOKHBIM TI0 OTHOIIIEHUIO K He-

My sIBIIsIeTCs COObITHe A A, ... A, . D10 3HaumT, uto A A,... A, + A1+ Asy+ ... + A, = U. CobbrTus

A+ As+ ...+ Ayu AA, ... A, seisiotes HecobMecTHBIMY, a P(U) = 1. TToatomy
PA,+A,+..+A )=1-P(A/A,..A,). (1.29)

ITpumep 1.17. [IBa cTpesika OJHOBpEMEHHO, He3aBUCHMO JIPYyr OT Apyra CTPeJIsSioT IO
MuieHn. BeposiTHOCTD TonajiaHmsl B MUILIEHB J1JIsl IepBOro cTpesika pasHa 0,6, a /11 BTOpOro
crpesika - 0,8. KakoBa BepoATHOCTb TOT0, UYTO MUIIIeHb Oy/ieT ropaxeHa (coObrtue C)?

Muiniens nopaxkeHa, ecjii OyzeT XoTs Obl OJIHO IToNajiaHue. JTo 3HaunuT, uto C = A + B.
ITo ycnoButo 3agaum coowTist A 1t B ctaTuctiideckn HezaBucumMbl. CrteqosartestbHoO, P(C) = P(A +
+ B) = P(A) + P(B) - P(AB) = P(A) + P(B) — P(A)P(B) = 0,6 + 0,8-0,6 - 0,8 = 0,92. C gpyrom cropo-
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HBI, BEpOSITHOCTY IIPOTUBOIIOIOKHBIX TI0 OTHOIIEHNIO K A 1 B COOBITITI COOTBETCTBEHHO PaBHBI
0,4m10, 2. I'lo popmyrte (1.29) mosryumm: P(C) = P(A+B)=1-0,4-0,2=1-0,08=0,92.

1.8. ®dopmyna nonHou BeposaTHOCTU U hopmyna Baieca

B HekoTOpbIX 3afadyax MMeeTcsl JOMOIHUTE/IbHAs HeolpeleéHHOCTh, KOTopas He IIo-
3BOJIIeT HeTIOCPEeICTBEHHO OIpelelINTh MCKOMYIO BeposTHOCTb. DopMysia IIOJIHOV BepPOSATHO-
ctu 1 popmyria barieca mpuMeHSIIOTCS IIpU pellieHNn  OHOTO Kilacca TaKMX 3aiad.

PaccmoTtpum cnenyromyto 3aga4y. I[lycts cobsrtis Hi, H, ..., Hy COCTaBIISIIOT IIOJIHYIO
IPYIIIy IIOTIapHO HECOBMECTHBIX COOBITUT], T. €.

Hi+H+...+H,=U, (1.30)
npuuéM, HHy = V, ecim Tonbko i # k. IlycTs, nasiee, meeTcsi HeKoTopoe coObITHEe A, KOTOpOe
MOJKEeT IIPOM3O0MTI ¢ OOHMM m3 coObrtuit Hy, i =1, 2, ..., n. BepositHoctnt P(H;) n P(A | H;) sBys-
I0TCs1 3BeCTHBIMMU. TpebyeTcs BBIYMCIINTD BEpOATHOCTD P(A).

Ymu0xmM paBeHcTBO (1.30) Ha coObITHIE A, IMes B BuAy, uto AU = A:

A =AU=A(H1 + Hy + ... +Hn) =AH1+AH>+ ... + AH,.

VImeeM cyMMy ITOITapHO HECOBMECTHBIX cOOBITMIL: ecyi i # k, To AH:AHy = AHHy = AV =
= V. Ilosromy, P(A) = P(AH:1 + AH> + ... + AH,) = P(AH1) + P(AH>) + ... + P(AH,). Kpome Toro,
P(AH:) = P(A | H;) P(H,). ITonywwwn ¢popMyIty, KOTOPYIO Ha3bIBAIOT (POpMYA0T 1OAHOT BepoarmHo-
cmu:

P(A) = z P(A|H,)-P(H,). (1.31)

3aMeTnM, 4TO Bcerga ZP(Hi) =1, rmak kax H +H,+..+H =U.
i=1

ITpumep 1.18. Tpu aBTOMaTVMYeCKMe JIVTHUM W3TOTOBJISAIOT OJHOTUIIHBIC M3IeNIVd U pa-
OoTaroT Ha OO KOHBewep. HpOT/ISBOLLT/ITeJ'IBHOCTI/I 1-om, 2-ov1 v 3-eV1 JIMHWI HaXOISITCSI B CO-
oTHomIeHnN 2 : 3 : 5. BeposATHOCTb M3roTOBJIeHV AedeKTHOrO M3ens Ha 1-ovt JInHuM paBHa
0,05, myzst 2-om mvHMM 3Ta BepodaTHOCTh pasHa 0, 08, ms 3-ev1 - 0,1. C ob1iero KoHBeriepa HayTaz,
Oepétcs m3nenme. Kakosa BeposiTHOCTB P(A) TOTO, UTO 3TO M3esIvie He MeeT 1eeKTOB?

Bosmoxubl Tpu rumortessl: Hi - m3genme O6bUI0 M3roTosiieHo Ha 1-om ymHUM, Hy - Ha
2-o11, H; - Ha 3-em1. VI3 cooTHOIIeHMSI TPOM3BOAUTEILHOCTE JIMHMIA HaxoauM, uto P(Hi) = 0,2;
P(H») = 0,3; P(Hs) = 0,5. BeposiTHOCTM M3TrOTOBIIeHMS Oe3medpeKTHOro M3aens Ha JIMHUSIX paB-
ub1 1 - 0,05 = 0,95, T.e. P(A | Hi) = 0,95, P(A | Hy) = 0,92 u P(A | H3) = 0,9. Torma P(A) pasha:

P(A) = P(A | H))P(Hh) + P(A | H))P(Ha) + P(A | H3)P(Hs) =
=0,2-09+03-092+0,5-0,9=0,916.
DTOT pe3yJIbTaT O3HavaeT, uTo B cpemHeM 916 n3permn m3 1000 OyayT Ge3 medexTos.

Ilyctb B pesyinpTaTe ombiTa cobbiTie A mmpomsonwio. Kakoe m3 cooerruit Hi, Ho, ..., Hy
CTaJI0 IPUYMHOV OCyIIecTBIeHns: coObrTusi A? TOUHO Ha 3TOT BOIIPOC OTBETUTHh HEBO3MOXXHO,
HO MOJXHO OIIpeNeJINTb BEPOATHOCTD TOI'O, UTO HpT/I"IT/IHOVI CTaJIO TO VUIV MHOE COOBITHE.
ITo dpopmyite ymHOXeHMsI BepositHOocTent P(AHy) = P(A | Hy)P(Hy) = P(Hx | A) P(A). Orcropa:
P(A|Hk)P(Hk) P(A|Hk)'P(Hk)
P(4) '

P(H,|4) = win P(H,|4) = (1.32)

n

ZP(A|H1')'P(H1')

Dopmyiy (1.32) HasbBatoT hopmyoi baiteca. I1o dopmyiie bavteca HaxoguTcst BeposIT-
HOCTB TOI'O, YTO MMeJIa MeCTO I'MIIoTe3a Hk IIpn yCJI0BUM, 9TO cobbITIIE A IIpOM3O0ILUIO.
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Ipumep 1.19. I'pynma 13 12 cTpesikoB BKIIOUaeT B ceds TPEX MacTepPOB CIIOPTa, YETBIPEX
KaHAMIATOB B MacTepa U IIATepbIX IlepBOpaspaIHMKOB. MacTep criopTa MOXeT II0IIacTh B MU-
meHb ¢ BeposTHOCTBIO 0,9, KaHOMAAT B MacTepa — ¢ BeposATHOCTbIO 0,85, mepBopaspsagHUK — C
BepogrHocThio 0,75. Haymauy BBIOpaHHBIV CTpesIOK cierial BBICTpesl, MUIIIeHb ObUTa mopakeHa
(cobprTre A). KakoBa BepOSITHOCTB TOTO, UTO 3TOT CTPEJIOK SIBJISIETCSI MacTEPOM CIIopTa’?

HewssecTHo, Kakovi cTpesiok caestast BeicTpest. Vimerores runoressr: Hy - crpertsur mactep
ciopta, H> - crpersur KaHpupaat B MacTepa, H; - cTpensin nepsopaspsgHuk. Ilo ycrosuro,
P(Hy) = 3/12, P(H>) = 4/12, P(Hs) = 5/12. KpoMe TOro, JaHbI BepOSTHOCTV IMOIamaHMs It
CTPeJIKOB KaX[Iovi rpynmsl: P(A ﬁ H1) =09, P(A|H>) =0,85, P(A | Hs) = 0,75. Takum obpasom,

P(A) = P(A | H)P(H:) + P(A| Hz)P(H2) + P(A | H3)P(H3) =
=(0,93+0,85-4+0,755)/12 = 0,821.
P(AH)P(H) 093
P(A4) 12-0,821

Bepograoctu P(H)), i =1, 2, ..., n, Ha3bIBaIOT anpuopHsiMu Bepoamuocmsamy (BbIUMCIIEH-

HBIMM /IO OIIBITa), a BeposATHocT P(H; |A) - anocmepuopHoviMy (BbIYMCIIEHHBIMM I10CIIE OIIBITA).

Torma, o dpopmyne (1.32), P(H 1|A) = =0,274.

1.9. MocnepoBaTeNbHOCTb HE3ABUCUMbIX UCNbITaHM. DopMyna BepHym

ITycTh HEKOTOPEBIVI OIBIT (MCIIBITaHMe) IIOBTOpsieTcs 1 pa3. byaem cumraTh, 4TO BepoOsIT-
HOCTB OCYIIeCTBJIEHMsI COOBITVS A, CBS3aHHOTO C JJaHHBIM OIIBITOM, PV KaXX[IOM IIOBTOpPeHUN
OIIbITa OCTaéTCd HeM3MeHHOV 1 paBHa p. Torjia BeposaTHOCTh TOTO, YTO COOBITVE A He OCyIIecT-
BUTCS, Takke OyJeT HemsMeHHOV 1 paBHOM g = 1 - p. Takas mocje0BaTeIbHOCTD ITPOBEIeH s
OJTHOT'O M TOTO e OIIbITa Ha3blBaeTcsl I10CiIe/loBaTe/IbHOCTRIO He3aBUCHUMBIX MCIIbITaHu. Hesa-
BVICIMOCTD IIOHVIMAETCSI B TOM CMBICJIe, UTO BepPOSITHOCTb OCYIIIeCTBJIeHMsI COObITIA A B JII000M
110 HOMepy IOBTOPEHWN OIIbITa He 3aBMCUT OT pe3yJIbTaToB OIIbITa IIPU BceX APYTIMX IIOBTOpe-
Husix. Haviném sepogtaocTs Py(k) Toro, 4To coObITIEe A B 11 MICHIBITAaHMSIX IIPOM30MAET k pas.

ITpory™Mepyem IOBTOpsieMble OITBITHI 1IeIbIMI UmcIaMi OT 1 10 1 1 0003HaumM depes A;
COOBITHIE, COCTOsIIIee B TOM, UTO B i-OM OIbITe coObITe A mpomsonwio. Torma P(A) = p u

P(Al.) = q) s moboro i. Ecjii IpuHSTE BCIO IOC/I€I0BATEIbHOCTD VICIIBITAHMI 3a OIVIH OIIBIT,
TO pe3yJIbTaTaMy1 9TOro onbita OymyT cobbrryst Buna C; = AjA,A3A A5 A, LA, A,

Tak Kak Ha JIFOOOM i-OM MeCTe 3TOrO IIPOM3BeIeHVsI MOXeT CTOSITh JInbo A;, mbo 4,, To
BCero TaKux coObITM Oymet 27 (1o obiieMy mpaBwly KomMOuHaTtopukm), T.e.j=1,2,3, ..., 2n
PaccMOTpMM TOJIBKO Te M3 HUX, KOTOPbIe colepKaT k MHOXMTeen ThIta A; v -k MHOXUTeIIeN
Tnna A;, Ipu4éM B3aIMHOe PacIIOIOKeHVe Pas3IMIHBIX TUIIOB MHOXWTETIEV He VIMeeT 3Hade-
Hs. AHaIV3 ITOKa3bIBaeT, YTO YMCIIO TaKMX COOBITUVI PaBHO YMCITy COYETaHWMIT U3 11 00BEKTOB
110 k. Bce coObrtmst C; SIBJISIIOTCS ITOIIAPHO HECOBMECTHBIMM. TaK KaK VICIIBITAHWS He3aBVICHIMBI,
TO BEPOSITHOCTH JI000ro coObITist C; paBHA IIPOV3BEIEHVIO BEPOSITHOCTEV BCEX MHOXKMUTEJIEN.
Taxmm oOpas3oM, BeposATHOCTB J1r000r0 coOBITHSL Cj, comepKailtiero k MHoXuTeent Tuma A;, 0y-
net pasHa P(Cj) = pkg*, criemoBatesibHO,

=2 P(C)=C,-p'q""
J

31eck cymMMUpOBaHVe MPOBOOUTCA TOJIBKO IIO TeM 3HauyeHWsIM j, I KOTOPBIX YMCIIO
MHOXWTesen Tura A; B codosrtum C; paBHO k.
VITaK, BepOsITHOCTB ITOSIBJIEHVISI COOBITISL A B 11 HE3aBMCHMBIX VICHBITAaHMAX k pa3 paBHa

P,(k)=C, - p*q"™", (1.33)
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k n!

rneq=1—p,a Cn =k|-(n—.—k)|

BaeTcst (hopmyaoi bepryiu. PaccMoTpuM crteicTBYs, BhITeKaroIye 13 popMysisl beprysuim.
1. BeposATHOCTb TOTO, UTO B 1 HE3aBMCUMBIX WMCIIBITAaHMAX COObITHE A MPOM3OMAET He
MeHee 4yeM i pa3, paBHa

— YMICJIO COYETAHMI U3 1 3JIEMEHTOB 110 k. DTa q)opMyna Ha3bI-

Plk=i}=) Cl-p‘q"™" (1.34)
k=i
i—1
Wi Plk>iy=1-> Ck-p*q"™". (1.35)
k=0

HevicTBUTeIIBHO, ITyCTh By — cOOBITME, cOCTOsIIIIee B TOM, YTO COOBITVe A HPOU3OMIET k
pas. Torma cobertiie B; + Bi+1 + ... + B, 03HavaeT, 4To A IIpon3oMIéT He MeHee ueM i pas3. [Ipo-
TVBOIIOJIOKHBIM 3TOMY COOBITUIO sIBjIsieTcst coObITme Bo + B1 + ... + Bi1. Crlaraemsle B cymMmax —
IIOIIapHO HecoBMecTHBIe coObITHs. OTCIona,

Plk>i}=P(B,+B,, +..+B,) =Y P(B,)
k=i
i-1
wm, B coorBerctBum ¢ dopmymont (1.18), Pk =i} =1-P(By+B, +...+B,_) =1~ ZP(Bk ).
k=0
DTU COOTHOIIEHMS U JOKa3bIBalOT cIipaBeyinBocTh popmyit (1.34) u (1.35).
2. BepogTHOCTB TOTO, 4TO COOBITVIE A IPOM3OMAET XOTs OBl OOVH pa3 B 1 He3aBUCUIMBIX
VICIIBITaHWMSIX, OIlpefesisieTcss popMyIIo (dacTHbIN cirydant popmysisl (1.35) mpu i = 1):
Plk=1}=1-q" (1.36)
lIn(1- P)|

In(1- p)|’
TO C BepOSITHOCTBIO, He MeHbIIelt P, coOpITre A IPOM30VIET B MCHIBITAaHMSX XOTsI ObI OIVH pas3.

HevicrBurernbHo, monoxvm Pk >1} =1 - g7 > P. Torga 1 - P = g ITponorapudmmpyeM 3To
HepaBeHCTBO: In(1 - P) = n-lng wmm In(1 - P) = n-In(1 - p). Ilogenms 1mociiefHee HepaBeHCTBO Ha
In(1 - p) m yunreiBag, 4ro oba srorapmdma oTpuLaTe/IbHbL, HoyunM dopmyity (1.37). B kauectse
n 6epéTc91 Orvpkariiiee 1esioe 4mciio, IIpeBOCXOsAIIee 3HaUEHE ITPABOVI YaCcTV HepaBeHCTBA.

3. Eciin BBIOpaTh Takoe 1, 4To 11 2 (1.37)

ITpumep 1.20. ITpoBoasTCcs CTEHIOBBIE VCIIBITAHS IIIECTV IIPVOOPOB, KaXKIBIN 13 KOTO-
PBIX, HE3aBUCUIMO OT APYIMX, C BEPOATHOCTHIO p = 0,4 MOXeT OBITh IPWM3HAH TOAHBIM Oe3 mIo-
IIOJTHUTEJIBHBIX perypoBoK. CoObITre B — TONIBKO ABa Ipmbopa He IOTPeOYIOT perympoBoK,
cobsrtre C - xoTs Ol 1Ba IIprbopa He moTpeOyroT perymposok. Havrru P(B) n P(C).

OdeBMIHO, IMEET MeCTO CXeMa He3aBVCVIMBIX ITOCIIeIOBATeIbHBIX VCIIBITAHUN P 1 =
6, p =04, g = 0,6. Torma BepostHOCTs P(B) ompenersieTcs HemocpencTBeHHO dopmysion bep-
HYJUTN:

2.2 4 6! 2 4
P(B)=F(2)=Cop'q' =2 7 0470,6' =15:016:01296 = 0311.

BepositHOCTB cOOBITHMS C BEIUMCIIVIM Yepe3 BEPOSITHOCTD ITPOTMBOIIOIIOXKHOTO COOBITHS:
P(C)=1-P(C)=1-Pik <2} =1-P,(0)- P, () =1-C{p’q° -
-Cip'q’ =1-0,6°-6-0,4-0,6" =1-0,047-0,187 = 0,766.

IIpumep 1.21. BeposiTHOCTB IIONafaHMs B MUIEeHb TPV OOHOM BbIcTpesie pasHa 0,3.

CKOJIPKO HYKHO CIIeJIaTh BBICTPEIIOB, YTOOBI C BEPOSITHOCTHIO, He MeHbIent 4eM 0, 95, MuItieHb
MMeJIa XOTsI ObI OTHY IIpOOOMHY?

22



Cnyyartble cobbirs

31eck JOCTaTOYHO BOCIIONIb30BaThes popmyrtont (1.37) mpup = 0,3 u P = 0,95:
s in—P)| _[In(1-0,95) _|[In(0,05)] 2,9957 _
~[n(-p)  |In(1-03) [In(0,7)] 0,3567

Yricrto 11 OIDKHO OBITH 1esTbIM, IToaToMy 11 = 9. Takum oOpasom, eciv caennate 9 BBICTpe-
JIOB, TO C BEpPOSITHOCTBIO, He MeHbIIIeit 4eM P = 0,95, MyuIieHb IIOJTy YT XOTS OBbI OHY IIPOOOVIHY .

8,398.

OtmeTnM, uTto BeposaTHOCTH Py(k) coBITagaroT ¢ cCOOTBETCTBYIOIIMMM WieHaMI pas3jloxe-

n n
Hyst OvHOMa (p + g)" 1o crenensM p: (p+q)" = ZC “pfg"t = ZP,,(k) [TosTomy pacrmiperie-
k=0 k=0
neHue BeposTHOcTe (1.33) (110 pasIM4YHBIM 3HaYeHMSM k) Ha3bIBAIOT OVHOMMAIBHBIM 3aKOHOM
pacIiperiesieHnsI BepOsITHOCTeNL. VI3 5TOro COOTHOIIEHNS CJIEAyeT, UYTO CyMMa BCeX BEpOSITHO-
CTeVl paBHa eViHMIIE (YCIIOBVIE HOPMUPOBKY BEPOSATHOCTEN), TaK Kak (p + g)* =17 =1.

Kaxmoe m3 uncen k (k =0, 1, 2, ..., n) UMeeT CBOIO BEPOSATHOCTH IIPV IIPOBEIEHNI T10CTIe-
IIOBaTEJILHOCTY HE3aBUCUIMBIX VICIIBITAHW. UMCIIO0 S, KOTOPOMY COOTBETCTBYeT HamOOIIbIIas Be-
posatHocTh Py (k), HaspIBaeTcs HaubBeposmuenuiuM 4icA0M TIOSIBIIEHUVI COOBITVISL B IIOCIIEIIOBATEITh-
HOCTY 11 He3aBVICUMBIX MCIIBITaHML. [1o onipenerntennio, P, (s) = Pu(s — 1) 11 Pa(s) = Pu(s + 1).

PackpbIBasi 3T¥ HepaBeHCTBa V1 YIIPOIIasl VX, TIOJTy UVIM:

np—q<s<np+p. (1.38)

Ecimm rpaHMIIbI IIpOMeXYTKa OIpeesIsioTcs APOOHBIMY YMCIaMM, TO B IIPOMEXYTKE
VIMeeTCsl OJTHO IIeJIoe YmciIo, KOTOpoe U SIBJIsIeTCsl HauBeposTHeIIMM amcsioM. Ecyi rpanmite
OTIpeJIeISAIOTCS TIeIBIMY UNCIaMVI, TO CYITIeCTBYeT JIBa HavBEePOATHENIINX YMCiIa: S1 = np — q U
s2=np+p.

IIpumep 1.22. BepodaTHOCTD 110sIBIIeHMS COOBITIA A B KaXXIIOM MCIIBITAaHMUM OIHA U Ta JXKe
n pasHa 0, 7. OnpenerTs HaMBepOSITHEVIIIIEe UVICIIO TIOSIBJIEHWII COOBITMS B 1 VICIIBITAHVISIX U
BEPOATHOCTh 3TOTO UMcjIa npu n =8 mnpun = 9.

IMonoxwmm n =8, p = 0,7, g = 0,3. Iloxcrasisia B HepaBeHCTBO (1.38) 3TV aHHBIE, HOIYYNM

5,3 <s5<6,3. CrrenoBaTesbHO, s = 6 1 By (6) = Cg6 -0,7°-0,3* =28-0,1176-0,09 = 0,296 .

3armeM HepaBeHCTBO A =9 :9-0,7-0,3<s<9-0,7 + 0,7 wim 6 < s <7. Cienno-
BaTeJIbHO, CyllleCTByeT JIBa HaMBepPOATHEWIINX uncia: 51 = 6 u s2 = 7. BeposgTHOCTM 3TMX
uycest onuHaKoBbL: Fy(7) = F,(6) = C96 -0,7°0,3° =84-0,1176-0,0027 = 0,267 .

1.10. AcumnToTnueckue npubnmxenns cpopmynbl bepHynnn

Dopmyron BepHy/UIM 1107IB30BaThCS HEYHOOHO, €CIM YMCIO VCIBITAHWUI JOCTaTOYHO
BesiKo. PaccMoTpyM mpubImvbkéHHbIe (pOpMyJIbI, K KOTOPBIM aCUMMIITOTUYeCKM IpuoIIvrKaeTcs
dopmyia beprysum ripu HeorpaHVMYeHHOM yBeJIMYeHUN Yycila VICIIBITaHU (11 — o).

Jlokaavnas npedeavhas meopema Myaspa - Jlaruiaca yrBepxxmaeT citemyroiiee. ITpu Heor-
paHVYeHHOM BO3pacTaHUM 11 BEPOSTHOCTb TOTO, YTO B 1 He3aBVUCUMBIX VCITBITAHMSAX COOBITIE
HaCTYIIUT k pas, olpesesisgeTcs: IpuOIIVDKEHHBIM PaBeHCTBOM:

1 1 X _
E'fo(x), rae f,(x) = E'exp{'T)a a x——@

TouHOCTB 3TOr0 NPMUOIVDKEHHOTO paBeHCTBA TeM BBIIIe, YeM OOJIbIIe YMCIIO VICIIBITaHWI
n. HanbosbIas TOUHOCTb JOCTUraeTcs IIpy 3HadeHMsX p, ommskmx K 0,5.

WUnmeepasrvhaa npedeavnas meopema Myaspa - Jlatuiaca siBjIsteTcs, B OIpeelIEHHOM CMBIC-
Jle, TIpOfOJDKeHeM JloKaibHOM. OHa yTBep)KIaeT, YTO HpPY JOCTaTOYHO OOJIBIINX 11, BEPOST-

2

P.(k) = (1.39)
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HOCTB TOTO, YTO UMCIIO k IOSIBJIEHWII COOBITVSL B 11 HE3ABVMCHMBIX VCIIBITAHVSAX OKaXKeTCs B VIH-
TepBaste (ki; k2), onpenerisieTcs IpUOIVDKEHHO PaBEHCTBOM:

k,—n k,—n
Plk, <k <ky} = @y(x,)—Dy(x)), x = \l/Eqpa X, = \Z/Eqp’ (1.40)
1 7 t?
rae @, (x)— dyskums Jlamwtaca: @ (x) =— | exp{——}dt. (1.41)
\2m ! 2

@opmyia (1.40) maét HanOOIIBIITYIO TOUHOCTH Takke IIpu p = g =0, 5.

s pyskamit fo(x) 1 @y(x) MMeroTcs HoApoOHbIe TaOJINITEL, YTO CYIIeCTBEHHO obserya-
eT mporiecc BbravciaeHmit. OyHKIMS fo(x) gBsgeTcs 4€THOM, a Py(X) - HeUETHOM (PYHKIIVEN:
fo(=x) = fo(x), @o(—x) = —(x). ITosTOMY TaOIMITBI IPUBOASATCS TOJIBKO 11t X = 0.

ITpumep 1.23. BepositHOCTb poxxieHMs: Masibumka pasHa 0,51. Haviti BepossTHOCTB TOTO,

uTO cpery 80 HOBOPOXXIIEHHBIX OKaXKeTcs 45 MaTbUMKOB.
3necs p = 0,51, g = 0,49, n = 80 u k = 45. IIpviMeHUM JIOKJIBHYIO IIPeeSIbHYIO TeOpeMYy

k—np . 42 9303,
Jnpg 44712

ITo Tabnuie sHauenut dyHkuun fo(x) ang x = 0,9393 maxogum fo(x) = 0,2567. Ilo-
Iy 4UIM:

Myaspa - Jlamwtaca: np = 40,8, npq = 19,992, \/npg =4,4712, x =

1 1
fo(x) = ——=—=-0,2567 = 0,0574.
\Jnpq 4,4712
IIpumep 1.24. 3aBop, BbinyckaeT 80% wspenmit mepsoro copta 1 20% m3aenii BTOporo
copra. Hayrag, B3garo 100 mTyk n3 obmiero mortoka msgenmit. KakoBa BepOsITHOCTb TOTO, YTO
YIICIIO V3N IIEPBOTrO COpTa Cpey BEIOpaHHBIX OyeT HaXOOUThCs B Ipereriax ot 75 go 90?

[IpyuMeHnVM MHTerpaJbHYyIO IIpefenbHylo Teopemy, mosnaras n = 100, p = 0,8 n
qg=0,2:

P, (k) =

np =80, npq =16, \|\npq =4, k1 =75,k =90, x; =-1,25, x2 = 2,5.
CnenosarenbHo, Plk1 < k < k} = @y(x2) — Do(x1) = P(2,5) — P(-1,25) = (2,5) + d(1,25).
ITo Tabmmie sHaueHu pyHKUMM Do(x) mist x1 = 1,25 u x2 = 2,5 Haxogum (1,25) = 0,3944 u
@ (2,5) = 0,4938. Takmm oOpa3oM, rckoMas BeposITHOCTh paBHa P{75 < k <90} = 0,4938 + 0,3944 =
=(,8882.

HpVI OOJIBIIIVIX SHAYEHUSIX 1 T HOCTaTOYHO MaJIbIX p PEKOMEHIIYETCA I10JIb30BaTbCA 111€0-

pemoti IIyaccona, COrJIacCHO KOTOPO
k

P (k)= % -exp{—A}, rme A = np. (1.42)

ITpumep 1.25. BeposTHOCTE TOBpeXIeHNs M3aenvs npu TpancnopTuposke pasHa 0,001.
KaxoBa BeposiTHOCTB TOro, uro nmpu TpaHcnopTuposke 2000 mspenmi OyneT HOBpeXIeHO He
Gostee By X n3 HUX (coObITHIE A)?

Tak Kak 7 BeJIMKO, a p MaJjlo, TO MOXKHO BOCITOJIb30BaThcsa TeopeMon Ilyaccona: n = 2000,
p=0,001, np = A =2. Torna

P(A)=Plk=0}+ P{k=1} + Plk=2} =

0 1 2

:%'QXPH} +21—,'6XP{—2} +%~e><p{—2} =5-exp{-2} =0,6765.
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TepMuHbI AN 3aNOMUHAHUA

SIS

0o PN

11.

12.

13.
14.

15.

16.

PasMerrieHvis1, epecTaHOBKM, COYETaHVIA.

CirydarHoe coObITMe, JOCTOBEpHOe COOBITIE, HEBO3MOXXHOe COOBITHME, 37leMeHTapHOe CO-
ObITVe, IPOCTPAHCTBO 3JIEMEHTAPHBIX COOBITNI, IIPOTMBOIIOIOKHOE COOBITIE, CyMMa CO-
ObITNTI, TIpOVI3BElIeHVe COOBITII, COBMECTHBIE 1 HECOBMECTHBIE COOBITMS.

BeposiTHOCTB COOBITHS, KiIacCUeCcKoe OITperlesieHIie BEPOSTHOCTY, CTATVCTIYeCcKoe OIlpe-
HeJIeHre BepPOSITHOCTY, TeOMeTpUUecKoe OIIperesleHre BEepOSTHOCTM, aKCMOMAaTIYecKoe
oIIpesieJIeHNe BEPOSTHOCTY, (POPMYyJIa CIIOKEHMs BepOsSTHOCTeN, popMysla YMHOXEHWS
BepOSITHOCTeN, (POpMYJIa IIOJIHOV BeposiTHOCTH, popmyria barieca.

ITociiemoBaTeIbHOCTh He3aBVCHUMBIX MCIIBITaHUV, popMysia bepHysun, HauBeposTHeviIIee
YICII0, aCMIITOTHUeCKVe NpuOivpkeHnss popMysibl bepHy U, JoKasbHas MperesTbHas
Teopema Myaspa - Jlarwlaca, MHTerpasipHas IipefeiibHas Teopema Myaspa - Jlarwiaca,
Teopema [lyaccona.

Cnucok KOHTPOJIbHbIX BOMpPOCOB

Yem omrmyaroTcs KOMOMHAIMY pa3MellieHNs 1 KOMOMHAITMY coYeTaHus?

Havite omrpesiesieHie CyMMBI U ITPOU3BeIeH s CJTyYaliHbIX COOBITHUIA.

CdopmyrnmupyiiTe Kitaccuueckoe oIrperiesieHe BepOosiTHOCTH.

Cdopmynupyrite reomeTprdeckoe orpeziesieHyie BepOsSTHOCTH.

3anummTe pOpPMYyIIbl CIIOXKEHWMsI BEpOSITHOCTEN I COBMECTHBIX ¥ HECOBMECTHBIX COOBI-
Tt YeM OHV OTJIIMYArOTCA U IIoYeMy?

Yemy paBHa BepOATHOCTb CyMMbI COOBITUV, COCTaBJIAIOIIVIX TIOJIHYIO FPYIITy ?

Yo TaKoe ycji0BHasi BEpOSTHOCTb COOBITHS?

Kakmne coOpITHS Ha3bIBAOTCS CTATUCTUYECKN He3aBUCYMBIMI?

3anmimTe pOpMyJIbl YMHOXKEHVsI BepPOSTHOCTEV! I 3aBUCHMBIX M He3aBUCVIMBIX COOBI-
UV YeM OHV OTIIMYArOTCS U IT0YeMy ?

3anmimTe popMyIIy IIOJIHOV BepossTHOCT 1 popmyity barteca.

Kaxmm yci1oBsM J10JDKHBI YII0BJIETBOPATH IMIIOTe3BI B (POpMyJle IIOJIHOVI BEpOATHOCTU U B
dopmyite barieca?

Yro HasbpIBaeTcs IOC/IeI0BaTe/IbHOCTBIO He3aBMCHMBIX VCHBITaHMUN? B KakoMm cMbiciie 1o-
HMMaeTcH 3/1eCh He3aBMCVMOCTE?

3anummTe dpopmyiy bepHyium 1 00bscHUTe, KaK OHa 10Ty 9aeTcs.

ITpu xaKux ycjIoBMsIX IPUMEHSIOTCS ITpefiesibHble TeopeMbl Myaspa - Jlarulaca i npu-
OmvoKéHHOM 3aMeHbI popMyJisl bepHyimn?

ITpm KakMx yCI0BMSIX IPUMEHSIOTCS IperesTbHble TeopeMbl [lyaccoHa mist mpubIVpKEHHOM
3ameHbl (popMysel bepryum?

YTo Takoe HaMBepoOsITHeVIIIIee YNCIIO MOsIBIeHNII COOBITIS B ITOCIIe/IoBaTeIbHOCTY He3aBu-
CVUIMBIX VICIIBITAHUW ¥ KaK OHO OIIpefiesisieTcs?
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Bonpocbl gna o6cy)xaeHuin
1. TIlompoOyviTe HamTH B OKpYy’KaroIlleM Hac Mype HecIydarHble (Ha IepBBIV B3IJISM) COOBI-

TS,
2. TlompoOywTe 3aTeM apryMeHTUPOBaHHO OIIPOBEPTHYTh 3TO MHEeHVe O JJAHHOM COOBITUIL.
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Cny4aiHble Be/IMYMHDI

CTyaeHT [oJKeH
OCBOMUTbD:

® TIOHsATHE CHy‘IaV[HOVI BEJIMYMHBI, 3aKOHBI pacIIpelesIeHVSA BEPOATHO-
CTeW, YVCJIOBbIe XapaKTepUCTNKN CHnyIaVIHBIX BeJIMYNMH,;

npuo6pecTn HaBbIKN:

® pelleHVs 3a4a4 Ha BBIUVICIIEHVIE BePOSITHOCTEN IIOIIaJaHvst CJIyvani-
HOVI BeJIMYMHBI B 3aJaHHBIV MHTEPBaJl, 3aJa4 Ha BBIYMCIEHUE YM-
CJIOBBIX XapaKTepPUCTHUK.
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CiryuariHble BeJIMUMHBL OINpefesieHme, Kiaccudukalms, crrocodsl aganus. OyHkims pac-
55— npefesieHysl BepOATHOCTeV CJTydaviHOVI BeJIMYMHBL 1 ee cBovicTBa. ImoTHOCTE pacripenerte-
HVS1 BEpOSITHOCTEV CJIy4YaliHOV BeJIUMHEL 1 ee cBovicTBa. DyHKIMS CTydartHOVI BeJINIMHBL
MaremaTyueckoe oxmaave PYHKIMY CJIydaliHOVI BeJIM9IyHbBL.  U1ciIoBble XapaKTepuCTKI
K;jmfg CIydarHbIX BeJImdrH. MaTeMaTideckoe oXulaHve CJIy4daliHOV BeJIMYMHBI M er0 CBOVICTBA.
coneprarme  MoOIa v MenpaHa. ycrmiepcust 1 cpefHee KBaJpaTideckoe OTKIIOHEHVIe CITyJaviHOVI Beui-
uMHBI 1 Ux cBovicTBa. KoaddrmenT sapuaiim. KsanTwm, KBapTwiv U BeposiTHOe OTKIIO-
HeHye. MoMeHTBI ClydanHbix BeunH. CkomeHHOCTh M 3kcrecc. ITpomssopsamme dyHK-
1. TTpriMepsI IYCKpeTHBIX 1 HelTpephIBHAIX pacipesesieHnii (OrHOMMaIbHOe, ITyacCOHOB-

CKOe, paBHOMepHOe, IoKa3aTeJIbHOe, HOpMaIbHOe, DpjiaHTa, Beribyiuia).

2.1. OnpepneneHue, knaccupukaums,
cnocob6bl 3apaHns ClyyalHbIX BE/IMYUH

C/Lyuuﬂuoa Beaurunoll Ha3bIBA€TCS BEIMUINHA, TIIpVHMMAIOIIAs B pe3ysIbTaTe OITbITa OIHO
M3 CBOVX BO3MOXXHBIX 3HaUeHWV, IIPUYEM 3apaHee He M3BeCTHO, KaKoe MIMEeHHO 3HadeHle OHa
npumet. CirydarHble BelIMIMHBI 0003HAYaI0T OOJIBIIIMMM JIATMHCKMY OykBamu (X, Y, Zy, ...), a
VIX BO3MOXXHBIE 3HaUeHNs — COOTBETCTBYIOIIMMM MayIbIMy OykBamm (X, v, z, ...). CoObITHE, CO-
CTosIllee B TOM, YTO CJIydarHas BelmdmHa X IpUMeT 3HaueHue X, Oy/ieM oTpakaThb 3alichio X =
= x. C JIeBOVI CTOPOHBI 3TOTO PaBeHCTBA CTOUT VMM CJIIyYarHOV BEeJIMUMHBL, a CIIpaBa — IIPVHU-
MaeMoe €0 3HadeHVe. BeposTHOCTb 3Toro coObITHs OymeMm obosHauaTe P{X = x}. AHasorm4HoO,
P{X < x} - BepoSITHOCTB TOTO, UTO CJIy4aliHasl BeJIndnHa X IIpUMeT 3HadueHle, MeHbIIlee, UeM X.

CitydarHble BeJIMYMHBL AeJISTCS Ha OVCKpPeTHbIe, HellpepbIBHbIE 11 Ha BeJIMYMHBI CMe-
IITAHHOTO TUITA. BO3MOXXHBIe 3HaUeHMs O0UCKpernHol CITyYaviHOVI BEJIVUVHBI COCTaBIISIOT KOHEY-
Hoe I OecKOHeuHOe, HO CUéTHOe, MHOXXEeCTBO. BO3MOXHBIe 3HaueHUs HenpepuiHoil CiTydan-
HOVIBEJIMYMHBI COCTABJIAIOT HeIIpepbIBHOE MHOXeCTBO. Bce BO3MOXKHBIE 3HAUEHMS IVICKPETHO
CJIy4aliHOVI BeJIMUMHBI MOXXHO IIPOHYMepoBaTh (XOTs Obl B IIPMHIINIIE, €C/IVI OHM COCTaBJISIOT
OeckoHeUHOe MHOXEeCTBO), [IJIs1 HeIIpephIBHOV CJIyYarHOV BeJIMYMHBI 3TO cAe/IaTh HEBO3MOXKHO.
Cayuatinas Beaurvuna cMewanto20 muna KpoMe HellpepbIBHOIO MHOXeCTBa BO3MOXKHBIX 3HaUeHM
VIMEET eIll€ BO3MOXKHBIE 3HAaUYeHs, M30JIMIPOBaHHBIE OT 3TOrO MHOXECTBA.

COBOKYIHOCTB BCeX BO3MOXXHBIX 3HaUeHWVI CJTy4allHOVI BEeJIMUMHBI C COOTBETCTBYIOII-
MM VIM BEPOSITHOCTSIMV HAa3bIBAETCS 3aKOHOM pachnpedesenus BeposmHocieri STOVI CITy9avHOV Be-
mavHbL. [lepeuncinTh BO3MOXKHBIE 3HAU€HMs M yKa3aTb VX BEPOSTHOCTM MOXHO TaOJIMYIHO,
rpadpvdeckn wiv aHaauTdecku. Eciam pr = P{X = xi} - ecTb BeposITHOCTB TOrO, 4YTO CIydaviHas
BeyiamHa X rpuMet 3HaveHme Xx (k =1, 2, ..., n), To Tabmmiia U3 ABYX CTPOK IIpeCTaBIseT 1mad-
AuyHoe 3a0arue BeJIMIMHBL X:

Xk X1 X2 .. Xn
Pk p1 p2| Pk

HpVI AHAAUMUYECKOM 340aHUU CBSI3b MEXI1y BO3SMOXXHBIMV 3HaYCHMAMMU CHy‘{aT;IHOVI BeJIn-
YUMHBI M X BEPOATHOCTAMM 3a/1aéTCH C IIOMOIIIBIO MaTeMaTUYeCKOM CpOpMYJ'[BI, HalipmuMmep:

P{X=ki=p, =pl-p’, k=012, .. (2.1)
smech xx =k, 0 < p < 1. Ecsti oTa ¢BsI3b 3a1aHa C IIOMOIIIBIO rpanMKa, TO TOBOPST, UTO CJTyYaviHas
BeJIMYMHA 3a7aHa epaguuecku (puc. 2.1). B ro0oM cirydae, ecm o0Imiee 4nciio BO3SMOXHBIX 3Ha-

n
YeHWVI CJIy4arHOV BeJIMYMHBI PaBHO 71, TO z P =1 = ycaobue nopmupobiu Beposmmocmeil.
k=1
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IIpumep 2.1. Bemrymieno 1000 sroTepertHbIx Omy1eToB: Ha 5 I
V3 HYX BBIIafaeT BHMTphI B cymme 500 py6rtent, Ha 10 -
Bemrpeia B 100 py6iens, ma 20 - 50 py6mernt, Ha 50 - 10
pyOnen. OnpenermmTh 3aKOH paclpeneIeHNsl BepOsITHO-
CTeV CJIyYariHOVI BeJIMYVHbBI X - BBIMUI'PBIIIIA Ha OOVIH ou- i

JIeT. | | |
X1 X2 X3 X4 X5 Xg X7 X3

Beymmuna X MoxxeT mpuMHSATH OOHO U3 IISATU BO3-
Moxubix 3uauvenurt: 0, 10, 50, 100 u 500. 3amernm, uro Fuc. Z'I'FP{‘i’"‘IeCK_"e 3ajfiaHme
unciio Gutetos Ge3 BeMrphima pasHo 1000 - 5 - 10 - 20 —  AHCPETHON CLyHavHoN BETHHEMHRE
- 50 = 915. CnemomarensHo, P{X = 0} = 915/1000 = 0,915.
AnarrornuHo HaxoamM Bee ApyTue BepositHocTi: P{X = 10} = 0,05, P{X = 50} = 0,02, P{X =100} =
= 0,01, P{X =500} = 0,005. HarvimeHHBIVI 3aKOH ITpeACTaBNM TaOIMUIHO:

Xk 0 10 50 100 500
Pk 0,915 | 0,05 0,02 0,01 | 0,005

H,HSI HeITpepPbIBHBIX BEJIMYIMH 3TN CITOCOOBI 3adaHVIA ABJISIIOTCA HEIIprEMJIEMbIMIY, TaK KaK
HEBO3MOJXHO ITepeUdrCiITh BCE€ BO3MOXXHBIE 3HAUYEHMSI HerepBIBHOTZ CﬂyqaﬂHOVI BeJIVTYIIHBI.

2.2. dDyHKUMA pacnpeaesieHUs BEpPOSITHOCTEN M eé CBOMCTBA

Dynkyuetr pacnpedesenus Beposmuocmeit F(x) cyrygaviHon Beyaniel X B TOUKe X HasbIBa-
€TCSI BEPOSITHOCTh TOTO, UTO B pe3yJibTaTe OIbITa CIydaviHas BeJIMYMHA IIPUMeT 3HadeHWe,
MeHblIIee, ueM X, T.e. F(x) = P{X < x}. PaccMoTpuM cBovicTBa pyHKIMM F(X).

1. F(-o0) = lim F(x)=0. JevcrBurenbHo, 110 onpenenenno, F(-o) = P{X < -co}. ColObITE
ool

(X < -o0) sBIIsIeTCI HEBO3MOXXHBIM COOBITHEM: F(-00) = P{X < —oo} = P{V} =0.
2. F(ec) = lim F(x) =1, Tak Kak 1o ompenesenuio, F(e) = P{X < oo}. CobbITre X < oo sIBJISIETCS

nmoctoBepHBIM coObITHEM. CrtemoBaTeIbHO, F(o0) = P{X < oo} = P{U} = 1.
3. BeposiTHOCTB TOTO, UTO CITyuariHasl BeJIMYVHA IIPVMeT 3HadeHne 13 MHTepBasa [a, 3), pas-
Ha IIpupaIieHuio PyHKIINY pacipere/IeHns BepOsSTHOCTEV Ha 5TOM VMHTepBaJIe.
Pla.< X < B} = F(B) — F(ov). (2.2)
4. F(x2) =2 F(x1), et x2 > x1, T.e. PyHKUMS paciipefie/IeHNsI BepOSITHOCTeN siBjIsieTcs HeyObI-
Baroler PyHKIVe.
5.  ®yHKuMsA pacrpeesieHs BepOsSTHOCTeV HelIpephIBHa cleBa.
Hoxaxem 3-e covicto. O003HaumMM coObITHEe X < 0L yepe3 A, coObrtiie X < f§ - uepe3 B u
cobbrtre o < X < f3 - uepes C. OueBumHO, uto B = A + C (puc. 2.2), mpuaém cobsrtisa A n C siB-
nsaoTess HecobMecTHbIMM. CrteoBartenibHO, P(B) = P(A) +

+ P(C) wm P(C) = P(B) - P(A). A _
YeTBEpPTOE CBOVICTBO BBITEKaeT 13 TpeTbero. Iloso- —
XM, B (2.2) o = x1, a B = x2. [omyumm: P{x; < X < xo} = i
= F(x2) — F(x1). Ho P{x1< X < x2} = 0 Bcerpa, sHaunt F(x2) >
> F(x1). B
Pazimuns Mexny pyHKIMSMIU paciipesiesieHs Be- T %20 :ﬁ_ _j('ém N

POSITHOCTEV AVICKPETHOV VI HEIIPEPhIBHOV CJTyYarHbIX Be-
JIVMUVIH XOPOIIIO WIIIOCTpUpoBaTh rpadpmkamm. Ilycrs, Ha-
OpuMep, OUCKpeTHas CJIydyarHas BeJIMYrMHa WMeeT 7
BO3MOXHBIX 3HAUY€HUV, BEPOSTHOCTVI KOTOPBIX pPaBHBI

X1 Xy X300 X5 P xe
Puc. 2.2. dysknnmu pacrpeneieHus
OVICKPETHOVI CJTyYaHOVI BeJIMYIVMHBI

29



TEODVIH BEDOHTHOCI'GFI N MaremaTnyeCkan Ctatrcirika

PiX=xi}=pr, k=1,2, ..., n. Ecm x < x1, To F(x) = 0, Tax
Kak JieBee X HeT BO3MOXXHBIX 3HAaU€HWV CJTy4YaltHOM Be-
mmavHEel. Ecrim x1 < x< X2, TO JleBee X HaXOOWUTCS BCETO 1
OJIHO BO3MOXHOe 3HaueHle, a VMMeHHO, 3HaueHue Xi.
3uaunt, F(x) = P{X = x1} =p1. [Ipu o< x <x3 cmeBa or x ~ Flx + Ax)
HaxXOIWUTCA yXe JBa BO3MOXHBIX 3HaueHWs, II03TOMY F(x)
F(x) = P{X = x1} + P{X = x2} = p1 + p2. Paccyxpnas anaio-
IMYHO, MIPUXOAMM K BBIBOLOY, YTO ecm Xy < X <
<xk+1, TO F(x) =p1 + p2 + ... + pr, 1 <k < n. Hakoner, ec-
o x > Xy, To F(x) = 1, Tak Kak dyHKIMA Oyner paBHa
CyMMe€ BEpOSTHOCTEVI BCE€X BO3MOXKHBIX 3HA4Ye€HWUV, KO-
TOpasi, 110 yCJIOBUIO HOPMUPOBKM, paBHa efyuHuile. Ta-
K1M 00pasoM, rpadmk pyHKIINM pacpeneieHvis AVICKPETHOV CTyYaiHOVI BeJIMYVHEL SBJISeTCS
cTyneH4daTbiM (puc. 2.2). BosmoXHbIe 3HadeHMs HeNpepbIBHOV BeJIMYMHBI pacIiojlararoTcs
IUDIOTHO Ha WMHTepBajle 3a/jaHMs 3TOV BeJIMYMHBI, YTO obecreunBaeT IUIaBHOe BO3pacTaHUe
dyHKUMM pactpenenteHns F(x), T.e. e€ HempeprIBHOCTB (puc. 2.3).

PaccMOTprM BepOSITHOCTH ITOMAaHVS CIy4YallHOV BEeIVMYMHBI B MHTepPBaI [X, X + Ax),
Ax > 0:

xx+ Ax

Puc. 2.3. ®ysknmu pacrpeneieHns
HeNpepbIBHOV CJIyYaViHOV BeJIMYNHBI

P{x < X <x+ Ax} = F(x + Ax) - F(x).
ITepenném k penerty ripu Ax — 0:
lim P{x< X <x+Ax} = girr})[F(x +Ax) - F(x)]= girr})F(x +Ax) = F(x).

Ax—0
IIpenen paBeH BepOSTHOCTM TOTO, YTO CJIy4ariHasl BeJIMdMHa IIPVIMeT 3HaueHue, paBHoe
x. Ecmm dpysxima F(x) HenmpepbIBHa B Touke X, To lim F(x + Ax)=F(x), T.e. P{X = x} = 0. Ecmn
Ax—0

F(x) mMeeT pa3pbIB B TOUKe X, TO BeposATHOCTh P{X = x} OyzeT paBHa ckauky (PyHKLWM B 3TOU
TOUKe.

TaxyumM oOpa3oM, BEpOATHOCTD IOSABJIEHMS JII0O0OT0 BO3MOXKHOTO 3HaueHMs I Hellpe-
PBIBHOV BeJIMYMHBI paBHa Hyo. Berpaxenmne P{X = x} = 0 cj1emyeT moHuMaTh Kak IIpefiesl Be-
POSITHOCTY TIOTIaflaHMs CTyYalHOVI BeJIMIVHBI B OECKOHEUHO MaJTyI0 OKPEeCTHOCTh TOUKM X IIPU
HeOTpaHWYeHHOM YMEeHBIIIEHUN 3TOV OKpecTHOCTH. BepositHoctnt Pf{oe < X < ), Pla < X < B},
P{a < X < B} m P{o. < X < B} paBHBL ecyim X - HellpepbIBHAsI CJIy4ariHas BevaymHa. [ myc-
KPeTHBIX BeJIMYVH 3TV BepOATHOCTV He OVHAKOBBI B TOM CJIydae, KOI7la FpaHMIIbl MHTepBasIa o
u (i) B COBIMAZAIOT C BO3MOXXHBIMW 3HAUEHVSIMV CITy9ayiHOV BeJIMYWMHEBL [IJIs IVICKpeTHO
CITyYaviHOVI BEJIMYVHBEI HeOOXOIVIMO CTPOTO YUMTHIBATh TUII HepaBeHCTBa B popmyrte (2.2).

IMpumep 2.2. 3agaHa PyHKIMSA pacipeiesieHNs BepOsSTHOCTeV! CJTydartHOVI BeJINIMHbL X:

0, eciim x <0,
F(x)=<a-sinx, ecmu 0<x<m/2,
1, ecou x >m/2.

Ornpene/iNTh MOCTOAHHYIO O I BEPOSITHOCTb TOrO, YTO CJIydayHas BeIdMHa IIpuMeT
3HaueHNe, jiexXallee B MHTepBasie (1/6, m/3). IlocTpouts rpadmk YHKIMM pacpenereHus
BEPOSITHOCTEVL.

Tak xak F(x) = 0 mpu x <0 m F(x) = 1 npu x > m/2, TO BO3MOXHBIX 3HAaUeHWII HET JieBee
Toukn x = 0 1 mIpaBee TOUKM x = 1/2. DYHKIIMS paclpeesie sl BepOSITHOCTEV HelIpephIBHO
CJTyJaviHOVI BeJIMYVHBI SBJIA€TCS HempepbBHOM dyHKIMer, mostomy F(m/2) = 1. Vmm
o-sin(r/2) =1, orcropa mosrydaem o = 1.
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Frx) YTOOBI BEIYMCIIUTG MCKOMYIO BEPOSITHOCTD, BOCIIOJIb3yeMCs

L ! CBOVICTBOM 3 PyHKIIMM pacIpesiesleHVsl BepOsATHOCTeI:
! gL T T T T n. N3 1
: P{—<x<—}=F(=)—-F(—) =sin(—) —sin(—)=——-—=0,366.
: (o <x<3)=FG) - F()=sin(3) - sin( ">~
E : I'paduik pyHKIIMM paciipeierieHNs IIpeficTaBiieH Ha puc. 2.4.

0 /2

Puc. 2.4. VinmrocTpanmsa K
npumepy 2.2

2.3. MnoTHOCTb pacnpeaesieHnUs BEPOATHOCTEN M eé CBOMCTBA

M3 dopmyrsl (2.2) crtemyeT, YTO BEPOSITHOCTD ITONAfaHVs CJIy4YalfHOV BEJIMYVHEL B 3a-
IAHHBIV MHTEePBaJI OIIpeAeIIsieTCsl CKOPOCTBIO M3MeHeHMsl (PYHKLNMNM pacipeesieHNs BepOSITHO-
CTe1 Ha 3ToM MHTepBajle. CKOpOCTh M3MeHeHMsI HelIpephIBHOV (PYHKILIMIM paBHA €€ IIPOM3BO/I-
HOVL. DTO IO3BOJISIET BBECTN HOBYIO (PYHKLIMIO 1171 3aaHVs CITyYartHOV BeJINIIHBIL.

PaccMOTpMM CHOBa BEpOSITHOCTh IIOIAJAHMS CIYYallHOV BeJIMYVHBI B VHTEpBal
[x, x + Ax):

P{x <X <x+ Ax } = F(x + Ax) - F(x).

ITycte X - HenpepbIBHAS CITydariHas BedmHa. Torma i MajIblx 3Ha4eHUIT AX 9Ta Be-
POSITHOCTB OyJieT Takxke JocTaTouHO Masion. Ilogermm eé Ha Ax u HepemniéM K Ipeneny Ipu
Ax—0:

. Plx<X<x+Ax} . F(x+Ax)-F(x)
lim = lim .
Ax—0 Ax Ax—0 Ax

Ecymi 3TOT Iipepiert cyIriecTByeT, TO OH paBeH IIPOM3BOIHOV OT (PYHKIIVN pacIIpenesTeHs
F(x):
. F(x+Ax)-F(x) ., . _
tim —* = - () = f(x). (23)

Dynkums f(x) HasbIBaeTCS NAOMHOCMbIO pachpededeHus BepoamHocmen CITy9aiHOV BeJIV-
unHEI X. VI3 onpenesieHns CIeyeT, YTO PV MaIbIX 3HAaUeHMIX AX CIIpaBeIJIVIBO PaBeHCTBO:
Pix<X<x+Ax}=flx)-Ax. (24)
PaccMOTpyM CBOVICTBA IUIOTHOCTY PacIipernesieHus f(x).
1. Beerma f(x) = 0, Tak Kak dpyHKuM: F(x) siB1sieTcst HeyObIBaroIient (pyHKIIMe.

2. [Inna dpyHKIMm pacrpenesteHns F(x) cripaBelyiBo paBeHCTBO:

F(x) = j f(0)dt. (2.5)
JevicTBUTeNbHO, TaK Kak 110 orpetertenio f(x) = F(x), To F(x) sBnsieTcs ieppooGpasHov
pyHKIIVIeVT 110 OTHOIIIEHVIO K IUTOTHOCTY pacrpenernenns f(x). CiemoBaTeIbHO,

X

[ Fodt=F()

—oo

= F(x)— F(~o0) = F(x) -0 = F(x).

X
—oo

3. BepostTHOCTB TTOTIa/TaHVISL CITyYalfHOV BEJIVUVHBL B 3aJaHHBIV IHTepBal [0, 3) paBHa:

B
Pla< X < B} = f()dt. (2.6)
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HevicTBuTeNIbHO, B cOOTBeTCcTBUM ¢ popmystont HetoToHa - JlentbHmIla 3TOT ompernesnéH-
HbI yHTerpas1 paseH F() - F(o). [To cBovicTBy 3 ddyHKIIMM pacrpere/leHNsI BEPOSITHOCTEN 3Ta
Pa3sHOCTB U IpeJIcTaBiIsieT cobom BeposiTHOCTh Plon < X < B}

4. VIaTerpasi oT INIOTHOCTY pacIipefiesieHs BepOATHOCTY 110 Bcert 00s1acTv 3ajaHu CITy-
YartHOWM BeJINMYMHBI paBE€H €QVHIIIE:

T fyde=1. 2.7)

PaBeHcTBO (2.7) HpescTaBiIsgeT yCiI0BYe HOPMUPOBKIM BEPOSTHOCTEN I HeIIpepPBhIBHBIX
c1ydariHbIx BermmamH. [To cMblicity MHTerpast B (2.7) ecTb He UTO MHOe, KaK F(e°), a 110 CBOVICTBY 2
dyHKIMNM pactipesiesieHns: BepodaTHocTel F(eo) = 1. Ecyiv oOacTeio 3aaHMs CJTydartHOW BeJIu-

b

YMHBI SABJISIeTCS OTPe3oK [a; b], To j f(#)dt =1. YcroBre HOpPMUPOBKI BEPOSTHOCTEN YacTO VIC-
a

I10JIb3yeTCsl 17151 OIlperiesieHsl HeM3BeCTHOTO IlapaMeTpa 3aKOHa pacIipesie/ileHIs.

1 wuTIocTpary  TeOMeTPUYeckKoro CMBIC/Ia IIepeulCcIIeHHBIX CBOVICTB ITpUBeIEM
rpyMep rpaduka IIOTHOCTU paclipesiesieHn sl BeposiTHOcTel. [y Gosibliert HarIsJHOCTY Ha
puc. 2.5 mpeficTaBiieH Takxke rpaduK COOTBETCTBYIOIIer PYHKIIMUM pacipesieleHNs BepOsTHO-
CTer.

Sx)

0 a o a B
Puc. 2.5. dyHKIINA ¥ IUIOTHOCTD pacIipeesieHNs BepOsTHOCTeN
HeIIpepbIBHOV CJIy4YalMHOM BeJIMYVMHBI

Bes xpuBas 1wrtoTHOCTM pacmipeniesieHVsl BepOsITHOCTeN pacronaraercst Bpie ocu OX
(cBomicTBO 1), MPUYEM MaKCHMMyM IUIOTHOCTM JIOCTUTaeTcs B TOUKe X = 4, B KOTOpOW (PYHKIIMA
paciperiesieHVsI BEpPOATHOCTeV MMeeT HaMOOJIBIIYI0 KPYTU3HY. BeposdTHocTe ImomamaHums ciry-
YamHOV BeJIMYVMHBI B VHTepBasl [0, () UncIeHHO paBHa IUIOMIAIV KPWBOJIMHEVIHOVI TpalleIiv,
IIOCTPOEHHOV Ha 3TOM MHTepBajle KaK Ha OCHOBaHWM ¥ OrpaHIYeHHOVI CBepXy I'padMKOM IUIOT-
HOCTM pacrpenesieHNs (3aIllITpuxoBaHHasi ob1acTe Ha puic 2.5). [Tomanp Beevt KpMBOIVHEHO
Tparenyy, 3aKIIou€HHO Mexay ockio OX 1 rpadpmKoM IUIOTHOCTY pacliperiesleHNs, BCcerja pas-
Ha efyHuIle. JItobas PyHKIMS, YIOBJIETBOPSIOINIAs IlepeulciIieHHbIM BbIIIIe CBOVICTBAM, MOXKeT
OBITh IUTOTHOCTBIO pacIipefiesieHNsl HEKOTOPOVI HelTpephIBHOV CJTyYarHOVI BeJTIVHEL

IMpumep 2.3. 3afaHa [IOTHOCTD pacIIpeie/ie s BEPOSITHOCTEN CITyYariHOW BeIMUMHBL X:
1) 0, ecux<0
x)= S
m-e ", ecnn x > 0.

Ornpenernuts m. HanTyt BeposiTHOCTB IOTaIaHs CTydaHOV BeJIMYMHBL B MHTepBall [1; 2).
11 onipeniesieHst HEM3BECTHOTO ITapaMeTpa 111 BOCIIONIb3yeMCsl YCIIOB/ieM HOPMUPOBKI:

.[f(x)dx:1 WIH J.m~e_3xdx:—ﬂ~e_3x :—ﬁ(O—l):ﬂ:L
. 0 3 o 3 3
ITpn uaTerpUpoBanmM 6BUIO yuTeHO, uTo f(x) = 0, ecin xe (-o0; 0). VI3 moyueHHOTO pa-
BeHCTBa HaxoOuM, uTo m = 3 11, cJiefioBaTesIbHO, f(x) =3 - e, ecim x > 0, m f(x) = 0, ecmn x < 0.
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BeposiTHOCTD monagaHys CJIy4aliHOV BeJIMUMHBI B MHTepBal [1; 2) MOXHO BBIYMCIIUTB,
OIMpasiCh Ha CBOVICTBO 3 INIOTHOCTW pacIpeesIeHVis:

=—(e®—e7)=0,047

2
1

2 2
P{1<X <2} =jf(x)dx:3J‘e_3)‘a’x=3-L3-e_3’v
1 1 -

IIpumep 2.4. 3aaHa IVIOTHOCTD paciperiesieHns CiIydartHo BeJmanHbl X: f(x) = 4x - e-%,
ecr x > 0 u f(x) = 0, ecyim x < 0. OripenientnTh PyHKIIMIO pacIipeesieHns BepossiTHocTen F(x).
Ecrmm x <0, To F(x) =0, Tak Kax f(x) = 0 mpu x < 0. ITycts Teneps x € (0; o). Torma

F(x) = j f()dt = T f()dt +f f()dt = io-dt+4jz-e-2fdz.

ITpoBoyisi MHTerprpoBaHue 1o yactam, monyunm: F(x) =1—(1+2x)-e”". 3ameTum, aro
0, ecmmx<0,

F 1 oo, I1 F(x) =
(x)—1 opn x— OJIHas 3amImch oTBeTa: F(X) 1= (1+2x) e, ccmux > 0.

2.4. ®yHKUMA Cny4vyaidHOW BennuuHbl. MaTeMaTnueckoe o)xxugaHume

ITycte X - muckpeTHasd cilydayiHas BeJIMYMHA, VMEIOIIAs 11 BO3MOXKHBIX 3Ha4YeHW
X1, X2, ..., Xn, BEPOSITHOCTM KOTOPBIX PaBHBI COOTBETCTBEHHO p1, P2, ..., pn. PaccMOTpUM
HEKOTOPYI0 PYHKIIMIO ¥ = @(x). BO3MOXHBIM 3Ha4YeHUSIM X1, X2, ..., X, CJIy4amlHOV BeJIM-
uyHBl X OyAyT COOTBETCTBOBATh 3HAYEHUS Vi, Y2, ..., Yn, IPUUEM BEPOATHOCTSAMU STUX
3Ha4eHUM OyAyT TakxXe pi, P2, ..., Pn. JHAYEHUS Y1, Y2, ..., Yn — 3TO BO3MOXXHBEIE 3HAUEHMI
CJIy4YaviHOVI BeJIMUMHBI Y, sBJIdiollericss PyHKIIMen caydamHon BeananHbl X: Y = @(X).

CpenaeMm N msMepeHUV CITy4aViHOV BeJIMYMHBI X, BBIUMCIIVIM COOTBETCTBYIOIIVE 3HaJde-
HuA pysKImM O(X) 1 HanaéM eé cpegHee apudMeTHdecKoe 3HaUeHVe Ha OCHOBe T10JTyYeHHBIX
manHbIx. [Tycte N > n. Torma B mocieqoBaTeIbHOCTVI M3MEPEHUN BelIMUMHbL X Kakaoe 13 eé
BO3MOXXHBIX 3HaUE€HUV BCTPETUTCA MHOTOKpaTHO. [Tpenrmonoxmnm, 4ro 3HaueHne x1 IIOBTOpsieT-
cst N1 pas, x2 - N2 pasa, ..., xu - Ny pas, npuaém N1 + N> + ... + N, = N. Torza cpennee apudme-
THYecKoe 3HayeHme mqt dynxuym ¢(X) onpenesisieTcs ciieayIoIert CyMMO:

PN N, < :
m('p =;(p(x[)'7=;(p(xi)'pi'

bynem yBermumBaTe umciio msmepenvit crydarviHon BemamHbl X. IIpu N—eo wacToTa
* -~ -~
p; =N,/ N mnosiBiieHuUr 3HaYeHMS X; CpeIy M3MepeHnr OyaeT B HEKOTOPOM CMBbICIIe Ipubin-

- *
XKaTbCsl K VICTVIHHOVI BEPOSITHOCTY pi 9TOTO 3HaueHwst. I1pu N—eo Besmanza m,, 6ymet npubim-

n

XKaTbCsl K BeJIVYVHE 1y, OIIPEJIeIISieMOoVt CIIefyIomert hpopmyion: m, = Z(p(xl.) - p;. DTa Benm-
i=1

YlHA Ha3bIBaeTCs Mamemamuueckum oxuoanuem gyukyuu Y = @(X).

ITycte Temepp X dABIIsieTCS HEeNPePBIBHOV CJIy4YarHOV BeJIVYMHOM C IUIOTHOCTBIO pac-
IperesleHs BeposiTHOCTe f(x). byaeM cumTaTh, 4TO 3Ta BelM4uMHa OIlpefiesieHa Ha oTpesKe [4;
b], T.e. flx) # 0 mpu x € [a; b] u f(x) = 0 mpu x ¢ [a; b]. Pasgeim oTpesoxk [4; b] Ha n 371eMeHTap-
HBIX YacTer TOUYKaMM Xo = 4, X1, X2, ..., Xn = b TaK, 4T0 X < x1 < X2 < ... < Xx,,. B KaXXmoMm gacTraHOM
VIHTepBajle BIOepeM IIPOM3BOJIBHO TOUKY Zk: Xk-1 < Zk < Xr. BepOSITHOCTB pi ITOIaaHMs CITydan-

Xk
HOW BEJIMYMHBI B k-VI 4YaCTWYHBI WHTepBay OymeT paBHa p, = [f(x)dx= f(z,)-Ax,, roe
X1
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Axk = Xk — Xk-1, HpVIqu TOYHOCTbH HpVI6J’IVI)KeHT/I§I I1I0CJIeTHETO0 PaBEHCTBA 6y}1eT TeM BBbIIIIe, UeM
MeHbIte Axy. ByzmeMm paccMaTpuBaTh HOBYIO AVCKPETHYIO CJIYYavHYIO BEeIVYMHY Z, IT0jIaras,
YTO 3Ta BeJIMYNMHA IIPpVHMMaeT 3Ha4YeHle Zx, €CJIT TOJIbKO X IIoIIagaeT B k-V1 YacTUUHBII HTEep-
BaJl. TOF):[a Z 6y,ﬂeT VMIMETh 71 BO3BMOJKHBIX 3HAUEeHUI Z1, Z2, «eey Zn C COOTBeTCTByIOH_[V[MVI BEPOAT-
HOCTSMW p1, P2, ..., Pu. CJI€I0BaTEIPHO, MOXKHO BBIUVCIVTH MaTeMaTUYecKoe OXVaaHve PyHK-
i (Z):

=Y 0 P = 20z () Ax,

INonyuwiace MHTerpajbHasg cyMMa, KOTOpas CTPeMUTCS K OIpeeIéHHOMY MHTerpaily
PV CTpeMJIEHUM K HYJIIO Bcex Axy (IIPV 3TOM 1n—>eo, a Zx CTPEMUTCH K TeKyIlleMy 3HaueHUIO X):

= [@(x) f (x)dx.

dopmysia OyaeT Gosiee ob1ern:, ecyit MHTErpMUpoOBaTh B IIpeeriax OT —oo JI0 °°, TaK Kak
VIHTerpypoOBaHMe Ha yJacTKax umcIoBom ocy, rie f(x) = 0, He M3MeHseT 3HaUYeHWs MHTerpasa.

Mamemamuueckum oxuoanuem dpyHKIM @(X) cITydarHOV BeIanHbI X Ha3bIBAeTCs Be-
JMYVHA M, KOTOpas MMeeT CMMBOJIMdeckoe obosHaueHme M{@(X)} n ompenensercs no dop-
MyJIaM:

Z(p(xi )p;, Al OUCKPETHBIX CI. BEIL,
= M{p(X)} =12 (2.8)
J.(p(x) f(x)dx, nns HEMpepBIBHBIX CJ. BEIL,

rae xi (i =1, 2, ..., n) - BOSMOXHbIe 3HaUeHWs IVCKPETHOV CJTydayHOV BeJIMUVHBL; P; — BepOsSTHO-
CTU 3TUX 3HAUYeHWUIL; 1 — oOIliee YMc/I0 BO3MOXKHBIX 3Ha4eHU; f(X) - IUIOTHOCTh pacIrpesie/ieHyis
BEPOSATHOCTEVI HEITPEPBIBHOV CJTyYaTHOVI BEJIMTYMHBI.

Ipumep 2.5. CiryuartHas sermanriHa X 3a1aHa TabIMaHo:

Xi 0 1 2 3 4 5
pi 0,05 0,1 0,2 0,3 0,2 0,15

BeravcrmnTh MaTeMaTidecKoe oXvaaHue PyHKImm Y = X2,
ITpymenum dopmyity (2.8) I AUCKPETHOV CITydarHOV BeJIMYUHEI (11 = 6):

6
Mi{X* =in2 -p,=0%-0,05+0%-0,05+1%-0,1+2%-0,2+3%-0,3+4°-0,2+5%-0,15=8,65
i=1
IIpumep 2.6. 3aaHa IUIOTHOCTD pacHpeesieHst BepOATHOCTEVI CJIy4ariHOV BeJIMYMHBL
X: flx) = e, A >0, x >0, s x < 0 TWIOTHOCTD f(x) = 0. Havrtm maTemaTudeckoe oXwujaHye
dysxumm ¢(X) = X, roe k - nesnoe umciio (k = 0). Onmpasich Ha IOJTy4YeHHBIN pe3yJIbTaT, BBIUNC-
it M{X2} - [M{X}]2
Bocmiormesyemcst popmyrion (2.8) i HelpepbIBHOVI CITyYayHOV BeJIVTIVIHBL
< < < k!
MAQ(X)} = [@(x)f(x)dx = [x* -he™dx = |t = hox, dt = hdx| = — j edt =—

0 0

ITocrieqHut MHTerpasl BEIYNCIIEH MHTeTpypoBaHyeM 110 YacTaM k pas. Takum obpasom,
2

M{X?}~[M X7 jﬁ—% :%n
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PaccMoTpeHHBIVT 3aKOH pacIipesie/leHVsl BepOsITHOCTEVI CTy4daliHOV BeJIMYMHBI Ha3bIBa-
eTcs IoKas3aTeJIbHbIM (VJIM SKCIIOHeHIIMaIbHbIM) 3aKOHOM. IlosTydeHHBIN 31eck pesysibTar
M{Xx"*}) = L (2.9)
)\’k
OymaeT uCIIoIb30BaH B JaIbHeVIIIeM M3JI0KeHN MaTepuarla.

V3 dpopmyi (2.8) ciemyeT, uTo MaTeMaTHU4YecKoe OXMaHMe PyHKIIMN He Bceraa cylile-
crByer. Eci mHTerpas B (2.8) okasbiBaeTcs HeCOOCTBEHHBIM WMHTErpPasioM, TO OH MOXET CXO-
JIUTBCS VUIVL He CXOIWUTHCS. AHAJIOTMYHO, B IMCKPETHOM CJIy4ae, KOrja MHOXeCTBO BO3MOXKHBIX
3Ha4YeHWV CJIy4YayHOV BeJIMYMHBI SBJIgeTCsl HeOrpaHWUeHHBIM (11 = o), MaTeMaTI4ecKoe OXMU-
naHve PyHKIMM OyJIeT IpeCcTaBIIaTh COOOVI UMCIIOBOVI Psll, KOTOPBIVI TaKXe MOXKeT CXOIUThCA
WIN pacxoauTbca. MaTemaTudeckoe oXugaHvie (PyHKIIUM CYIIECTBYeT, eCIi COOTBeTCTBYIO-
IIVVI YVICJIOBOWI Psif (Z[.HH OVICKPETHOVI BeHWMHH) VIV COOTBETCTBYIOLMV VMHTErpasl ()IJ'IH He-
IIPePBIBHOVI BEJTMUVHBI) CXOAATCS abcooTHO. Ec/vt HeT abCOIIIOTHOV CXOAMMOCTY, TO TOBOPSIT,
YTO MaTeMaTi4ecKoe OXugaHne (PyHKINM He CyIIecTByeT.

2.5. Yucnosble XapaKTEpPUCTUKMU CJly4YalHbIX BeJINUMUH

YncsioBele XapaKTepUCTUKM CIy4YarHBIX BeJIMYMH MOXXHO YCJIOBHO pPas[e/InTh Ha OC-
HOBHBIE 1 BCIIOMOraTesibHble. K OCHOBHBIM XapaKTepuCTKaM OTHOCSATCS XapaKTepPUCTUKU I10-
JIOKEeHMsI CJIy4alHOV BeJIMYMHBI ¥ XapaKTePUCTUKM paccesHlsl. XapaKTepUCTUKI IT0JI0KeHVI
YKa3bIBAIOT HEKOTOPYIO TOUKY Ha YMCIIOBOVI OCY, BOKPYTI KOTOPOVI IPYIIMINPYIOTCS BO3MOXXHEBIE
3HaueHMs CJIydaliHOV BeJnumHbl. K HMM OTHOCATCA MaTeMaTudecKoe OXWMaHMe, Moja U Me-
ZIVaHa CJTy4aViHOVI BeJIMYMHBL. XapaKTePUCTUKV PaccesdHMs ABJISIOTCS HEKOTOPOVI MepoW pas-
Opoca BO3MOXKHBIX 3HAaUE€HWUVI CJIy4arHOV BeJIMUMHBI OKOJIO CBOETO IIeHTpa paccesiHNs, Hallpy-
Mep, MaTeMaT4ecKOro OXuaaHmsa. XapaKTepuUCcTKaMy paccestHUs SABJISIOTCS IVCIIePCHs U Be-
pOSAATHOE OTKJIOHEHWe CIydarHov BenumHbl. K 3TMM XapakTepmcTuMKaM MOXKHO OTHECTU U
CcpefHee KBagpaTnieckoe OTKIIOHEHVE CJIyYarHOV BeJIMUMHEI, XOTS 3Ta XapaKTepuCTUKa OTHO-
3HAYHO OIIpelesIsieTcsl AVICIIepCHeN.

HoromHuTebHbIe  XapaKTepUCTUKM HNPVMEHSIOTCA I JaJIbHeVIIero yTOYHeHWs
CBOVICTB CJIyYaViHOV BEJIVIYVHBL. K H1M, IIpeXe BCero, OTHOCSTCS acIMMEeT PV (VIJIV[ CKOIIIeH-
HOCTB) M 3KcIlecC (WIN OCTPOBEpPIIVHHOCTD) 3aKOHa pacrpefiesieHns cIydanHom BemanHbl. K
JIOIIOJIHUTEJIbHBIM XapaKTepUCTKaM OTHOCUTCS M KO3 PUILIMEeHT Bapualliy CJIydartHOV BeJIu-
UMHBIL, KOTOPBII XapaKTepu3yeT OTHOCUTENIBHBI pa3Opoc BO3MOXKHBIX 3HAUEHWV CIIy4YayHON
BEJINYVIHEL.

Mamemamuueckoe oxuoanue cay4aiuHou Besututsl SIBIISIETCS OCHOBHOV XapaKTePUCTUKO
IIOJIOKeHMs CJTy4dariHOV BeJIM4MHbL Ha uncioBot ocu. Ecim B popMysie 11 MaTeMaTueckoro
oXugaHusa PyHKIIUM OT CJIy4YariHOV BeJIMIMHbI HoI0XUTE @(X) = X, To HojIyunM MaTeMaTude-
CKO€e OXUIaHue 11 CaMOVI CJIIyYarHOV BEeJIMYMHBL:

n
z X;p;, UL QVICKPETHOV CJ1. BeJINYMHBL,
i=1

m, = M{X} = (2.10)

X =
jxf(x)dx, IJIsL HeIPePBIBHOM CJI. BeJIMYMHBL.

MatemaTiaeckoe OXWaHMe 11, yYKa3bIBaeT TOYKY Ha UMCIOBOV OCH, BOKPYT KOTOPOVI
TPYHIIVPYIOTCS BO3MOXKHBIE 3HAUeHMs CJTy4YalfHOV BeJIMUMHBL. B oIpenesiéHHOM CMBIC/Ie 3Ta
TOYKa SBJIIeTCS LIEHTPOM pacIipeliesieHsl BEpOsITHOCTEV CITy9artHOV BeJIMUMHBL 3aMeTIM, UTO
MaTeMaTH4IecKoe OXXMIaHVe CIIy9artHOV BeJIMIVHBI MOXXET He CYIIIeCTBOBATh.

OTMeTVM IIpocTevilIve CBOVICTBA MaTeMAaTYeCKOTO OXKMIaHVIS.
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1. MaTteMaTnueckoe OXWgaHVe HOCTOSHHON BeJImuMHbL C paBHO 3TOVI IIOCTOSIHHOVI BeJIu-

umne, T.e. M{C} = C. IlocTOsIHHYTO BeJTMUYMHY MOXXHO CUMTATh YaCTHBIM CJTydaeM JIVICKpeT-

HOVI BeJIYNMHBI C OJHVM BO3MOKHBIM 3HaueHVeM, BepPOsITHOCTb KOTOPOrO paBHa eIVHMIIE.

1. TTocTOSHHBIVI MHOXWUTETh MOXKHO BBIHOCUTH 3a 3HaK MaTeMaTMYecKOro OXWIIaHWUS, T.e.

M{C-X} = C-M{X]}, tne C - HOCTOSAHHBIVI MHOXWUTEJIb. DTO CjleflyeT u3 Toro, uTo B (2.10) mo-

CTOSIHHBIVI MHOXMTeJIb MOYKHO BBIHOCUTB KaK 3a 3HaK CyMMBI, TaK U 3a 3HaK MHTerpasa.

2. MaTemaTiyeckoe OXMaHVMe CyMMbl CIIydalHbBIX BeJIMYMH PaBHO CyMMe MaTeMaTiude-

CKMX OXVIAHWUV 3TUX CIy4YalHbIX BeranH, T.e. M{X + Y} = M{X} + M{Y}.

DTO CBOVICTBO 0000IIaeTcs Ha J1000e KOHEYHOe YNCIIO CITy4YalHBIX BemduH. [lajee

CBOVICTBA MaTeMaTWYeCKOro OXXMAaHMs OyAyT pacCMOTpeHBI OosTee TTOIPOOHO.

IIpumep 2.7. Havitit MaTemMaTndecKoe OXMIaHMe AVICKPETHOV CJIy4YariHOVI BeJIVMYVHBI,
3aaHHOV TabJIMYHO:

Xk 05 |15 2 3 3,5 4
pc (01 |02 (03 |02 (01 |01

ITo dopmyrte (2.10) my1s AMCKPETHBIX CJIyUYaVHBIX BeJIManH noyrydaeM: m,=0,5-0,1 + 1,5
-02+2-03+3-02+3,5-01+4-0,1=223. IlotyueHHOe 3Ha4YeHIe MaTeMaTYeCKOTO OXMa-
HUS My = 2,3 He cOBIIaJIaeT HY C OHMM W3 BO3MOXXHBIX 3HaUeHMVI CIydarnHon BeanHbl. Cama
BeJITYMHA MOXeT IIPMHMMATh TOJIBKO CBOVI BO3MOXKHBIE 3HAUeHMs, HO IIPpY MHOTOKPAaTHBIX W3-
MepeHMsIX BeJIMYMHBI CpeflHee apudMeTidecKoe M3MepeHHbIX 3HaueHU 1 OyleT HeorpaHYeH-
HO IIpuOIVDKaThCe K 3HaUeHUIO 2,3 IIpY HeorpaHMYeHHOM YBeJIMUYeHNN Y1ciia M3MepeHNiA.

IIpnmep 2.8. 3amana IWIOTHOCTE pacperiesleHNs BEpOATHOCTEVI CJTydaliHOVI BeJIMYMHBL X:

X
—, ecmu0<x<2,
S(x)=42

0, ecmux<0 wm x>2.

Tpebyetcs HaviTy MaTeMaTVYeCKOe OXXMJIaHVe 3TOV CITyJaliHOV BeJIVMYVHBIL.
Bocriomnesyemcs popmyston (2.10) mist HellpepbIBHOV CIyYatHOV BEJTVMYVIHBL:
oo 2 3 2
X X 8 4
m =M{X}=|xf(X)dx=|x-—dx=—| =—=—=133.
= MUXG = [af (e =[x D= ==

—o0 0 0

Ecrim MaTeMaTmdeckoe oXupaHVe CIIy4YalfHOV BeJIMUYMHBL He CYIIeCTBYeT, TO B KauecTBe
XapaKTePUCTUKM TI0JIOKEeHVS CITy9altHOV BeJIMYMHBI IIPUMEHSIIOT MOy WIV MeAVaHYy.

Modot crrygaviHont BerraviHbL X Has3bIBaeTCs TaKoe 3Ha4YeHVIe X, PV KOTOPOM ITTOTHOCTB
pacIipeiesieHVsI BEpPOATHOCTEV CJIydayHOV BeIMYMHEL f(x) IIpMHMMaeT MaKCHMMaIbHOe 3Hade-
Hute. VI3 onpenerieHns ciefiyeT, YTO MOJIa OIlpefielIsieTcs TOJIBKO sl HelIPePbIBHBIX CITydalHbIX
BelIMuMH. AHaJIOTOM MOBI IS OVICKPETHOVI CJIyYaViHOVI BeJIMYMHEL SIBJISIETCS €€ HavBepOsIT-
Hevree 3HaueHne. Moza o6o3Havaercs yepe3 Mod.,.

J1s1 HaxoXXaeHVsl MOIIbl HY)KHO 1CCIIeJoBaTh INIOTHOCTD paciiperiesleHisl BepOsiTHOCTe
Ha MaKCMMYyM. 711 3TOTo Hy KHO HaWTV CTallIOHapHBIe TOUYKM, KaK KOpHM ypaBHeHMs f'(x) = 0,
3aTeM HPVMEHWUTh K HayIeHHbIM TOYKaM OJIVH U3 JIOCTaTOYHBIX IIPU3HAKOB MakcuMyMa. Ecim
MaKCIMYyMOB BOOOIIle HeT, TO TOBOPSIT, UTO MOJIBI He cyIecTByeT. Eciii MakcuMyM ofuH, To 3a-
KOH pacIpefie/leHsi Ha3blBalOT OJHOMOaJIbHBIM, eCJIi MaKCMYMOB HeCKOJIBKO, TO — MHOIO-
MonasibHeIM. Ha puc. 2.6. mpepcrasiieHsl OpuMepbl IT'padMKOB OJHOMOHAIBHOIO U IBYXMO-
JIQJIBHOTO 3aKOHOB pacIIperiesIeH sl
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ITpumep 2.9. 3ajaHa IWIOTHOCTE pacIpeiesIeHNsl BepOATHOCTEV CJIyJariHOV BeJIMYMHEBL X:

fx) = Nx-e™, A>0, ecmux>0,

0, ecmux<O.
TpeOyeTcs HamTVI MOy 3TOVI CJIyYayHOV BeJIVUVIHBIL.
Ha¥iyiéM TIpov3BOITHYIO OT ITIOTHOCTY pactiperteniervis: f(x) = A2(e - Axex) = A2ex(1 - Ax).
YpaBuenme f’(x) = 0 mmeer ogmH KopeHb: 1 - Ax = 0 wom x = 1/A. Takum obpasom,
Mod, =1/A.

S Jx)

X X

Puc. 2.6. IlpuMepbI OMHOMOIAIBPHOTO M IBYXMOJAIbHOTO 3aKOHOB
pacnpeneieHMsA BEpOATHOCTEN

Meoduanoii cirygavieHOM BermmamHbBI X Has3bIBaeTCsl TaKOe 3Ha4YeHNe X, KOTOpoe pa3OuBaer

BCIO 00J1aCTh BO3MOYKHBIX 3HAU€HWUVI CJTy9artHOV BeJIMYVHEI Ha [IBe PaBHOBEPOSITHBIE YacTH, T. €.
P{X<x}=P{X=x}=0,>.

V3 ompenernieHns cjlemyeT, YTO MedMaHa, KaK ¥ MOJa, TOYHO MOXeT OBITh OIpefesieHa
TOJIBKO 711 HeIIPePhIBHBIX CJIy4YaliHbIX BeJInmarH. MemanaHa oObraHO obo3Havaercs yepe3 Med..
ITo ompenerieHnio, MeIaHa HaxOOWUTCS Kak peleHue ypasHenus F(x) = 0,5. OueBugHo, 9TO
IUISL OVICKPETHBIX BEIMYVH 3TO ypaBHEHMe MO0 He MMeeT pellieHns, b0 nMeeT OecuncrieH-
HOe MHO)KeCTBO PellleHUN B CWJIy CTyIIeHUaToro xapakTepa yHKIWM paclpeseleH s BepOosiT-
HocTell. B HeKOTOpPBIX 3a/1a4ax MeAaHa VCIIONIb3yeTcs U [JI OVICKPEeTHBIX BeJIMUMH. 3a Meua-
Hy IIPMHMMAaETCS HEKOTOpoe 3HadeHNe X, IOCTAaTOYHO OJIM3Koe K pellleHNI0 YKa3aHHOIO ypaB-
HEHMSI.

B ciiyuae cumMeTpwdHBIX pacIiperiesleHUII Me[yaHa COBIIaJaeT C MaTeMaTW4ecKyM
OXugaHVeM CJIy4avHOV BelnuunHbL. Eciii, K ToMy ke, paciipeferieHue SBJIseTcs OTHOMOIAIIb-
HBIM, TO COBIIQJIAIOT BCe TPU XapaKTePUCTUKM — MaTeMaTU4ecKoe OXMIaHue, Mofa 1 Me[/aHa.

IMpumep 2.10. 3ajana PyHKIMS paciipesiesIeHN sl BepOSTHOCTeN CJTydaltHOV BeJINMYMHbBI

2
X

20°

Havitt MeaviaHy CJIy4YaliHOVI BEJIMYVIHEL.

Menmany HaxoIyM Kak pelleHve ypasHeHus F(x) = 0,5:

2 2
X X

=0,5 HIIH exp{—
202} Pi 26°

X: F(x)=1-exp{—

}, ecmm x> 0wm F(x) =0, ey x < 0 (pacnpedeserue Pesest).

F(x)=1-exp{- +=0,5.

2
xzzlnéz—an nmm x=%+2In2-0o.

[Tponorapudmupyem nocjieHee paBeHCTBO: — 5
o)

OrpunaTtesibHOVI MelViaHa OBITH HEe MOXeT, TaK KakK BemumHa X oIIpefiesieHa Ha I10JI0-
xurestbHOM ntosryocu. CrienosaTtesibHo, Medy, = +2In2 -o. [Ij1s1 cpaBHeHMs IIPUBOAVIM 371eCh ApPY-

r'vie XapaKTepUCTVIKM TI0JIOXKEHMSI VISl TAaHHOTO pactipenenenus:: Mod =06, m_=0+T/2.

Hucnepcus Dy, voim D{X}, cityuaitHov BesimamHbI X SIBJII€TCS OCHOBHOVI MepoVl paccesi-
HVST BO3MOXHBIX 3HAaUEHUV CJTyYatHOVI BEJIMYVIHBI BOKPYT MaTeMAaTUYECKOTO OXXMIAHVIS. Hvc-
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nepcvisi oTIpeiesIsieTCsl Kak MaTeMaTuvyeckoe OXugaHue KBajipara OTKIOHEHMS CJIy4YarHOM Be-
JIVTYVHBL OT CBOET0 MaTeMaTU4YeCcKOro OXuagaHus. B cooTBeTcTBiM ¢ 3TVM OIpefiesieHreM,
D. = D{X} = M{(X - mx)?}. (2.11)
ITpumensa dopmyily, onpepeIsdmolly0 MaTeMaTUdecKoe OXXHMaHue ITPOM3BOJIb-
HOVI PYHKIINM OT CJIy4arHOV BeJIMYMHBI, 10Ty UMM

n

z(xi _mx)zpi’
i=l

D, =M{(X-m,)*}= (2.12)

=

[Ge=m) f(x)dx.

B (2.12) mepBast cTpoka COOTBETCTBYET AMCKPETHOV CITy4allHOV BeJIMYVHe, BTopasi — He-
HIpepbIBHOML. [1JIs CyllleCTBOBaHMS AVCIIepCHy HeOOXOMMMa CXOAMMOCTb YMCIIOBOTO psifja (e
n = o0) B (2.12) my1s OMCKPETHON BEJIMYMHBI, VI CXOOMMOCTB MHTerpaia B (2.12) mia Hempe-
PBIBHOVI BEJTMYMHBL.

Hucniepcus ob1agaeT cyIemy oMMy CBOVICTBAMIA:

1. [ducrmiepcusi IOCTOSHHON BeJIMYMHBL paBHa HYyIo, T.e. D{C} = 0, ecstu C = const. ITocto-
SHHas BeJIMYMHA He MMeeT paccesiHMsl, TaK KakK oOsIafjaeT eIMHCTBEHHBIM BO3MOXXHBIM
3HaUYeHVIEM.

2. TTocTOsSIHHBIVI MHOXWTEIIb MOXKHO BBIHOCUTD 3a 3HaK AVICIIEPCUY, BO3BES €ro B KBazpart,
T.e. D{C-X} = C*-D{X}, rme C - OCTOSHHBIVI MHOXWTEITb. []eVICTBUTEITHHO,

D[CX}=M{(CX —-M{CX})*} =M{(CX -C-m,)*} =
= M{C? (X =m,)*} = C* - M{(X =m,)’} = C* - D{X}.
3. s ro0ort mocTostHHOM BerumHbL C CIIpaBeiyIvBO CJIeAyTollee COOTHOIIEHe:
D{X} = M{(X - C)2} - (C - my)2.

DTO paBeHCTBO JIETKO JI0Ka3bIBAeTCsl HEIIOCPeCTBeHHBIM ITp/IMeHeHeM CBOVICTB MaTe-

MaTM4ecKoro oXmaaHus. V13 3Toro ciiemyeT, 9to mis moboro C BBIIONIHSETC S HepaBeHCTBO:
D{X} < M{(X - )3,

T. €. paccesiHMe CJIydaliHOVI BeJIYMHBI OKOJIO IIPOM3BOJIbHOV TOUKM C UMCIIOBOVI OCM BCerja He
MeHblIle, 4eM aycriepcus. PaBeHcTBo mocturaercs Tormga, korga C = miy. DTO CBOVICTBO 4acToO VC-
TI0JIb3Y€eTCs 7151 YITPOIIeHVsl BEIYVMCIIeHWU TPV HaXOXXIeHUW JIVICIIEpCUAL.

Hucniepcus He Bceryia sBJIgeTcs yI00HOV Mepot paccessHMs CJTydaltHOV BelnmumHbL. Ec-
IV, HaIIpuMep, cilydarHasi BeJinumHa X usMepsieTcss B MeTpax, To aucnepcus D, Oyaer msme-
PATBCA B KBaJlpaTHBIX MeTpaX. DTO 0OCTOSITeJIbCTBO BHOCUT OllperiesiéHHble HeyobcTsa. Ilo-
3TOMY 4acTO IIPUMEHSIOT cpedHee kBadpamuyeckoe 0mKAOHeHUe Oy

6, =D, wmu D =0 . (2.13)
VlHorma BMecCTO TepMMHa «CpefHee KBaJpaTW4decKoe OTKJIOHeHVe» IIPUMEeHSIOT
TEePMUH «CMAHOAPMHOe OMKAOHEHUE».
Aviciepcnio MOXXHO BBIUMCIUTBG MHBIM criocobom. Packpemas (2.11), momyumm: D, =
= M{(X - my)?} = M{X2 - 2Xm, + m2} = M{X?} - 2m.M{X} + m,2. [Tockonpky M{X} = my, TO
D, = M{X2} - m,2. (2.14)
ITpumep 2.11. Haitut MmaTeMaTdecKoe OXWMaHVe, OVICIIEPCHUIO U CpefHee KBajpaTide-
CKO€ OTKJIOHEHVIE CJTy4YavHOVI BeJIMYIVHbBI X, 3amaHHO TaOJIMYHO:

x | -1 0 1 2 25 | 3
e | 01]1011]02(03]02]01
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CHavajia HamgéM MaTeMaTudeckoe oxmmanme: m, =-1-01+0-01+1-0,2 + 2.0,3 +
+2,5-0,2+3:0,1=1,5. ucniepcuio BEIYMUCIIVIM HEIIOCPEACTBEHHO 110 popmyite (2.12):

6
D, =Y (x,—m,)’ p, =(-1-157-01+(0-15)"-0,1+(1-15)-02+(2-15)*-03+
k=1

+(2,5-1,57-02+(3-15)-0,1 =1,4.
Takmm oOpasom, maTeMaTdeckoe oxwgaHwe m, = 1,5, aucniepenss Dy = 1,4, cenosa-

TeJIBHO, O = \/D_x = \/1,_4 =1,183.

IIpumep 2.12. 3agaHa IVIOTHOCTD paciIperieieHNst BepOSTHOCTeVI CITyYalHOV BeJIMUMHBL X:

1.
—sin(x), eciu O0=<x<r,
f(x) =12
0, ecru x<0 wwm x>
Onpenem/n"b OVICIIEPCUIO 3TOVI CJIyYaviHOVI BEJIMYVIHBL.
Bocnonesyemcst dpopmysioit (2.14). Beramciium MaTeMaTuueckoe oXugaHme:

1: . U=x dU=dx
m,_ = J‘x-f(x)dx —E!x-sm(x)dx _‘dV _sin(x)dx V' = —cos(x)

—oo

o

= %[— X cos(x)|§ +

i T 1. x T
= | cos(x)dx]= —+ —sin(x) =—.
! (x)dx] ==+ sin(x) =

Haviém rerreps M{X2}: M{X*} = J.xzf(x)dx = %J-xz sin(x)dx. VIHTerpupys gBa’kKabl
—co 0

no wactsaM, momyunmm: M{X’}= %[— x” cos(x) + 2x - sin(x) + 2 cos(x)] = %(ﬂ'z - 4). Takum

obpasom,
2 2
1 T L
2 2 2
D, =M{X"}—m, =—(n"-4)—| | =—-2.

2 2 4
B xauecTBe Mepbl OTHOCUTEILHOIO OTKJIOHEHWS CJIydarHOV BeJIMUMHBI OT CBOEro MarTe-
MaTU4ecKOro OXwuaaHus IIpuMeHsieTcsa KoadduimeHT Bapuaniun. Koagpguyuenmom Bapuayuu
K, cjryuaviHOV BeJIMUMHBI Ha3blBaeTCs OTHOIIEHMe CpellHero KBaJpaTu4ecKOro OTKIOHEeHWs

STOVI BeJIMYMHBI K €€ MaTeMaTUYIeCKOMY OXWIAHMIO, T.€.

K, =—=. (2.15)

KoaddunmenT Bapmanyuy mmpoko mpuMeHseTcs B Teopuyn HagéxHocTu. Ilycrs, Ha-
IpuMep, cydarHas BesinumHa T mipeficTasiigeT cobovt BpeMs 0e30TKa3sHOM paboThl HEKOTOPOTI
TeXHUYecKom cucTeMbl. Torga, yeM MeHbIIe KO3(PUIIMEHT Bapyalyuy 3TOVI BeJIMYMHBI, TeM
BBIIIIe Ka4ecTBO JaHHOV cycTeMbl. TakyM 0Opas3oM, 11 ITOBBIIIIeHNs] KauecTBa CYCTeMbl Hy KHO
IIOBBIIIIATh CpefiHee BpeMsl 0e30TKa3sHOM paboThl M IIOHVKATh CpeflHee KBaJlpaTiiecKoe OTKIIO-
HeHye BpeMeHI 06e30TKa3HOV PabOTHI OT CBOETO Cpe/IHero 3HaueHus. 3aMeTHM, UYTO He JIJIs Bcex
3aKOHOB pacnpesiesieHNsI K03 PUIIMEHT Baprallii MOKHO M3MeHATh Kak yrogHo. Hampuwmep,
U151 SKCIIOHEHIIMaIbHOTO 3aKOHa pacIipesiesieHs KoadduIMeHT Bapualii Bcerjia paBeH eau-
HUIIe, a I HeKOTOPBIX pacIipefieIeHNiI OH MOXeT M3MeHSAThCsl TOJIIBKO CTyIleHdaThIM 00pa3oM.
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2.6. KBaHTWAKN, KBApTW/IM U BEPOSITHOE OTKJIOHEHUE

KBanmu.vto TIOpSIAKa p CIIy9artHOVI BeJIMUMHBI X Ha3bIBAIOT TaKO€e UVICIIO Xp, IUISL KOTOPO-
T'O BBIIOJIHSIETCS CJIeyIolee PaBeHCTBO:
P{X < xp} = p vt F(xp) = p. (2.16)

KBaaTIIM yIOOHBI 1171 CpaBHEHMS pas/IMYHBIX 3aKOHOB pacIIperieieHNs BEpPOsSITHOCTEVA.
B HeKOTOpPBIX CITydasix MOJIB3YIOTCS 0eyUAAMU: Xo1, Xo2, Xo3, ..., Xo9. OmHaKO HamOosIbIIIee pac-
IpocTpaHeHue MoIy4wIn KeapTwin. Kéapmuamu HaspiBatoT KBaHTWIM 1opsnakos 0,25, 0,5 u
0,75. byneM 1x o0o3Ha4YaTh COOTBETCTBEHHO Kak ki, k2, k3. KBapTm ki u k3 HaspiBatoT 0OBIYHO
HVDKHeVI 1 BepxHeVl KBapTwIssMi. Bropas KBapTwib k2 coBIIafiaeT, 0YeBUIHO, C PaCCMOTPEHHO
paHee MeqMaHOV pacripeneriedns. Ha pric. 2.7 mokasaHbl KBapTWIn Ha YMCIIOBO OCHL.

C momorpio KBaHTWIEN yIOOHO CpaBHMBATB paclperiesieHNs 110 BeJIMdMHe paccessHMs
BO3MOJKHBIX 3HA4YeHU CIIy4dalHbIX BeJIu-
uyH. B wactHOCTHM, ecyiu Awmcmiepcusi CiIy- 1
9YarHOV BeJIVYVHBL HE CyINECTBYeT, TO B () 75
KayecTBe Mepbl paccesiHVsI MOXXHO ITpVMe-
HuThk BermmumHy E = 0,5(ks - k1), koTopyto
Has3BIBAIOT BepoAmubiM  omkaoHeHuem w025
CPeOUHHBIM OmKAOHeHUeM. J1JIa cMMeTpd-
HBIX pacIIpeaesIeHn BepOsITHOE OTK/IOHEe- ki k Kk
HMe MOXXHO OIpeleInTh U3 CJIeyIoIlero

ypaBHEHWSL: P{|X - mx| <E}=0,5.

Yewm Ooriblile M3BeCTHO KBaHTWIEN, TeM OoJlee IIOJIHOe IIpeJicTaB/ieH e MOKHO COCTaBUTh
O XapaKTepe 3aKOHa pacIipefle/leHVsl CJIydarHoV BejnmduHbl. OIHaKo, omnMcaHue CIIydavHbIX
BEeJIMYIMH C IIOMOIIILIO KBaHTIIEN IIPMMEHNMO JIMIIb K HeIIPEPbIBHbIM CHy‘—IaVIHI)IM BeJIMYIMHaM.
J1J1s IVICKpeTHBIX CIy4YamHBbIX BeJIMUMH (PYyHKIIMS paclpereleHs] BepOATHOCTEN VIMeeT CTY-
IeH4YaThIl xapakrep. IToaromy ypaBHeHMe (2.16) OymeT MMeTh pellleHMs TOJIBKO Il HEKOTO-
PBIX 3HAUEHUI P.

0,50

Puc. 2.7. VinniocTpanys K NIOHATUIO KBapTIen

IIpumep 2.13. [laHa dpyHKIMS pacrperieleHN sl BEpOSATHOCTeN CITydaltHOV BeJIMIMHBL X

(pacmpenernienue Pertes):

2
X

2
20
OHpe):[eJ'IVITB KBapTVIJ’IVI 148 BepOSITHOG OTKJIOHEeHUe 3TOM cnyqaﬂHoﬁ BEeJIMMYMHBI.

Keantiim  moboro mopska p  omnpefeysdioTcs — ypaBHeHueM  (2.16), T.e.

2 2
X X

}=p wm exp{—
20° 20°
X, IOJIy49VM KBaHTWIb IIOPsiIKA p: X, = V2.0~ In(1- p) . Bropoit kopeHb ypaBHeHMs He IIO-
rajiaeT B 00J1acTh ompeslesleHMsl CIydaltHOM BeJimumHbl. OTMETUM Takke, 4TO HOJKOpeHHOe
BBIpa@XKeHVie B IT0JTy4YeHHOM (popMyJle He MOXeT ObITh OTpUIlaTe/IbHBIM, Tak Kak 1 - p <1 u, cyte-
nmosaTesibHO, Beeraa In(1 - p) < 0. IToacrassas B moyueHHyto dopmysity p =0, 25,0,51 0, 75 n

F(x)=1-exp{- },x20.

F(x)=1-exp{-

} =1— p. Paspemias 3T0 ypaBHeHVE OTHOCUTEIIBHO

IIpOBOSL  IIpeoOpasoBaHMs, HOIydMM Tpu KBaptwimt: k, =6-4/2(In4-1n3) = 0,760,

k, =0-42In2 = 1,180, k; =20-VIn2 =1,676. Cnenosarensro, E = 0,5(ks - k1) = 0,4550.
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2.7. MoOMEeHTbI C/lyyaiHbIX BEJIMMUH. ACUMMETpPUSA U dKcLecc

VIHorza 3HaHMe MaTeMaTU4YecKOro OXMAaHMs U OUCIIepCUM OKasbIBaeTcs HeloCTaTOu-
HBIM 11 XapaKTepUCTVKN CIJIy4YalHOV BeJIMUMHBL. B 3TOM cilydae MmpuBIIeKalOT MOMEHTHI CIIy-
4JayHOVI BeJIMYMHBI, YaCTHBIM CIy4daeM KOTOPBIX SBJISIOTCA MaTeMaTudecKoe OXMIaHue U IVC-
repcusl.

Hauaavrvim momenmom v iopsifika k cirygaviHov BeumHbl X Has3bIBaeTCs MaTeMaTiJe-
CKOe OXUIaHve BeJIMUMHBI Xk:

in" p;, ecnn X JUCKpeTHas ci. BelL,
v, =M{x*" =47 (2.17)
ka f(x)dx, ectu X HempepbIBHas CJI. BEIL.

)

Snecs k=0,1, 2,3, .... OueBunHO, yTO Bcerna Vo = 1, a vi = m,.
Llenmparvnoim MoMeHmOM Ui TIOpsAAKa k cIydartHOV BeJIMumHbI X Ha3bIBaeTcsl MaTeMaTu-
JecKoe OXMIaHVe BelmanHbI (X — vi)k:

i(xi _Vl)kpw
W =M{(X-v) 1 =1" (2.18)
v f(x)ax,

—oo

31eck mepBasi CTPOKa COOTBETCTBYeT AVCKPETHOVI CTy4ariHOV BeJIM4iHe, BTopas — He-
npepwBHOIL, k =0, 1, 2, 3, ... . OueBunnO, uTo Beerma Uo = 1, w1 = 0, po = D,. Takum oOpasom,
OVICIIEPCUSL CJTy YaVIHOVI BEJIMYMHEL — 3TO €€ LIeHTPaIbHbIVI MOMEHT BTOPOI'O IIOPsIKa.

ITpvmensist mpocTevivie IIpeoOpa3oBaHMs U MOJIB3YSACh CBOMICTBAMY MaTeMaTW9eCKOro

OXraaHvsd, IIOJIy Y M CpOpMYJ'H:I CBA3V MEXNY HadaJIbBHBIMWU V1 HEHTPa/IbHBIMV MOMEHTaMIM:

W, =V, =V Wy, =Vv,=3V,v, +2v; W, =V, —4v,v, +6v,v; —3v]. (2.19)

P acCMOTpMM, HalIpVIMeDP, ITI0CIIEN0BaTEJIbHOCTD ITOJTyYeH M CpOpMYJIBI LA U3:

W, =M{(X-v)=M{X>-3-X°Vv,+3-X-v. -V} =M{X’} -
=3V, -M{X*}+3v; -M{X}-V;.

YunreBag, uro M{X} = vi, mpuxonvm K popmyite mrs Us B (2.18). LlerTpasbHble MOMeH-
TBHI peKOMEeH]TyeTCsl BBIYMCIISTE Yepe3 HadaIbHble MOMEHTEI, TOJIb3ysCh popMystamu (2.19).

LleHTpasIbHBIVI MOMEHT TpPeThero IIopsiiKa U3 XapaKTepusyeT acMMMeTPUIO 3aKOHa pac-
IIpeJieJIeHs BePOSITHOCTEV! CITyYaltHOV BeJIMUIMHEL 3a Mepy acMMeTPpUY IIPVHVMAIOT BeJTUMHY

Sk, = % (2.20)
X
KOTOPYIO Ha3sbIBalOT acummempuen (VUIL CKOULEHHOCTbIO)
pacriperiejieHs CiIy4daiHOM BeJImdmHBL. OueBUIHO, 4YTO
acMMeTpusL sIBJIsieTcsl Oe3pasMepHON xapaKTepPVCTUKOM.
Ecrmn Sk, = 0, To 3aK0H pacripesiesieHVIsi BEPOSTHOCTEN SIB-
nsercs cuMmMeTpraHbIM. Ha puc. 2.8 mpuBenens! rpadmkm
IUIOTHOCTEV pacHpeneeHnsI BEepOsSITHOCTEN C OTpuIla-

TEJIBHOVA, HYJIEBOVI U TIOJIOXKUTEIBHOVI aCIMMETPIEVL. Puc. 2.8. 3akoHBI paciipeieieHmst
C pa3sHOM BeJIMYMHOM aCMMMeTPpUN
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LleHTpaJIbHBIVI MOMEHT YeTBEPTOI'O MOPSIKa W XapaKTepu3yeT OCTPOBEPIIVHHOCTD 3a-
KOHa pacrpefeseHsI BepOATHOCTeN CJIy4YariHOV BeJIMYMHBL. 3a Mepy OCTPOBEPIIVHHOCTHU 3a-
KOHa pacIipesie/ieHs IIpUHVMaeTcs BeimdnHa Ex,, onpenerigemas dopmysion

Ex, =3 (2.21)

X
G)C
DTa BeJIMYMHa HasbIBaeTCcsl KCLeccoM 3aKOHa pac-
npenesnenns. Ha puc. 2.9 nmpuseneHsl rpadpukut ITIOTHO-
CTeVl pacIipefieJieHV sl BEPOSTHOCTeV C Pa3sHBIMM 3KCIlec-

camu. B (2.21) nenenue Ha Oi HestaeTcs Ik TOro, YToObI

x 3KcIecc ObUT Oe3pasmMepHOV XapakrepucTukon. Ymco 3

BBIUMTAETCS C TOM I1eJIbI0, UYTOOBI 3KCIleCC HOPMaJIbHOTO

Puc. 2.9. 3akoHBI pacripeneneHms pacripenesieHvis, MCIIOJIb3YyeMOIr'o B KaueCTBe 3TaJIOHHOTO,
€ pasHOV BeIMIMHON JKCIecca ObU1 paBeH Hy/0. IDIOTHOCTH HOPMaJIBHOTO pacIiperie-

JIEHVA BepOﬂTHOCTeVI iMeeT BV

_ G
f(X)_\/EGx eXp{ 20)26

MaremaTmdeckoe OXVaaHue " OVCIIEPCHs COOTBETCTBEHHO pPaBHBI KOHCTaHTaM My U

}, —oo<x<oo (2.22)

4

Gi, a otHomeHue W/ 0, pasHo 3. CienosarensHo, Ex, = 0. Taknm oOpasom, ecrii Ex, < 0, To

BepllIVHa pacIpeie/leHisi MeHee OCTpasi, YeM y HOpMaJIbHOT'O pacripefesienus, eciau Ex, > 0, To,
HaIIpOTWB, BepIIMHa OoJlee ocTpasl.

ITpumep 2.14. OnpenenTh CKOLIEHHOCTb WM 3KCLECC I SKCIOHEHIMaJIbHOIO 3aKOHa

pacripeniertermst: f(x) =A-e ™, A>0, x>0.

|

Cormnacho (2.9), v, = M{X = %, k=1,2,3,.... Hamném rieHTpaibHble MOMEHTHL:
2_2 (1Y _ 1, .6 21 1Y 2
U, =V, =V, =?— ; =?, U, =V3—3V2V1+2V1 =F—3?E+2 Z :?,

, ., 24 6 1 2 (1Y 1y 9

Mu, =V, —4v.yv, +6v,v =3y, =?—4-?oz+6.?- 7 -3. 7 =?.

Taxvim 00pas3oM, It SKCIIOHEHITMAIBHOTO 3aK0Ha My = 1/A, 6,2 = 1/A2 CriemoBaTesbHO,
Skx=u—§=}%'}\'3=2, Exx=“—j— =}%'}\,4—3=6.
(O o,

3aMeTT/IM, YTO CKOIIEHHOCTD M SKCIIECC He 3aBUCAT B TaHHOM Cjly4dae OT IlapaMeTpa A

IIpumep 2.15. TpeOyeTcst HaTH Bce OCHOBHBIE XapaKTEPUCTUKI CITyUalHOV BeJIVNIMHBI
X (MaTeMaTVdecKoe OXuIaHVe, IVCIIePCIIOo, CKOIIEHHOCTD M 9KCIlecc), 3ajaHHOV TaOIMYHO:

Xk 1 2 3 4 5 6 7
Pk 0,1 02 035|015 | 01 | 0,05 | 0,05

ITepemHOXast BO3MOXKHBIE 3HaU€HMs CTy4dalfHOV BeJIMYMHBI Ha COOTBETCTBYIOIIIE BEPO-
ATHOCTW Y CKJIaJIbIBasl Bce IIpOM3BeieHNs, IT0TyYIM MaTeMaTdecKoe oxuaaHue: m, = 3,3. Boc-
riostb3yeMcs popmyrtont (2.18). Bce maHHbIe ISt 3TOTO IIpeCTaB/IeHbI B CIeAYIOIIe TaosIlle:

42



CnyyarHble BennynHbl

Xk 1 2 3 4 5 6 7 )y
Pk 0,1 0,2 0,35 0,15 0,1 0,05 0,05 1
Xk — My -2,3 -1,3 -0,3 0,7 1,7 2,7 3,7 --

(ex—mpr | -0,23 | -0,26 | -0,105| 0,105 0,17 0,135 | 0,185 0
(xx—my)2pr | 0,529 | 0,338 | 0,032 | 0,074 | 0,289 | 0,365 | 0,685 | 2,312
(xk—mx)3pr | -1,217 | 0,439 | -0,01 0,051 0,491 | 0,984 2,533 | 2,393
(ox—m)tpr | 2,798 | 0,571 0,003 | 0,036 | 0835 | 2,657 | 9,371 | 16,271

B mociienHem cTo011e TaOIMIIBI IIpeCcTaB/IeHbl IIeHTpajlbHble MOMeHTHL: U1 = 0, Y2 =
= 2,312, us = 2,393, ws = 16,271. Takum obpasom, aucniepcus D, = 2,312, cpefiHee KBazpaTide-
CKOe OTKJIOHeHMe Oy = 1,521. CiiemoBaTesIbHO,

W, 16.271

Sk =M—§= 2'392 = 0,68, Ex =—-3= 3
ol 1,521 o 1,521

-3=0,044.

2.8. Mpouzsoasiwme pyHKUUMN

Bce MoMeHTBI ciTydarHOV BeJIMUMHBI MOXKHO “3aIIOMHUTH C IIOMOIIBIO ITPOVM3BOJIAIIEN
dynxym. [pousbodaujen ¢pyHxyuell HAYALLHHIX MOMEHIOB CITydaliHOV BeJIMIMHbI X Ha3bIBalOT
MaTeMaTudeckoe OXupgaHue (PyHKIMM exp{uX}, rme u - HeKoTOpasi BCIIOMOraTesIbHas Iiepe-
MeHHasl:

i expiu - X, }py,
@, (u) =M {exp{uX}}=1"" (2.23)
jexp {ux} £(x)dx.

IlepBast cTpoKa COOTBETCTBYeT AVICKPETHOV CJTy4arHOV BeJIUMHE, BTOpas — HeIIpephIB-
HOTL.

YToGBI MOHATH CMBICII ITPOM3BOAIIEN (PYHKINIM, PACCMOTPUM pasjIoXkeHue KCIIOHeH-
Tl exp{uX} B pa1 MakiiopeHa:

2 3 n
W ), )
3! n!

exp{uX}=14+uX +

v \% v
Orcrona nostygyaem: @, (u) =M {exp{uX}}=1+v,u +72|u2 +??u3 +...+—';u” +...,

T.e. KoadppuimeHTaM pasjioxeHns PYHKIUMU @,(1) B psan MakilopeHa sBJISIOTCS HadasIbHbIe
MOMEHTBI, ITO/Ie/IEHHbIe Ha COOTBeTCTBYIONIMe daKTOopuasibl. DTa popMysia Takke HelloCpesCT-
BEHHO BBITEKaeT V3 CaMOr0 oIIpefiesieHNs IIpom3Boset pyHKumm (2.23).

IpousBodsaujen pynxyueil yeHMpaLbHbiX MOMeHmOo8 CITydaliHOV BeInduHbBl X Has3bIBaloT
MaTeMaTudecKoe oxvaaHue PyHKumm exp{u(X - my)}:

Y explu- (x, =m)ip
0, () =M {exp{u(X —m )}} =1 (2.24)
[explu(x—m )} f (x)dx.

Koaddunmentamn pasinoxenus ston pyHKIMM B psj, MakiopeHa SBJIAIOTCH IieH-
TpaJIbHble MOMEHTEI, I10/IeJIEHHbIe Ha COOTBETCTBYIOIIVe (PaKTOPYaIIbL:

(pu(u)=M{exp{u(X—mv)}}:1+ulu+M—Zu2 +M—3u3 +...+M—”u" +....
’ 2! 3! n!
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Taxum obpasoM, 3Has ITpousBoAsAIIe (PYHKIINM, JIETKO OIpeesnTh JIF000V HadasIbHbIV
v JIF000VI IeHTPATTBHBIVI MOMEHT 110 (POpMyJIaM

:dk(Pv(”) " :dk(pu(u)

> k
du* du*
u=0 u=0

v, (2.25)

Boob1ie B MaTeMaTVKe IIpoM3BOAsAIIel (PYHKIIMEN IIOCTIeOBaTeNIbHOCTH Ao, A1, ..., An, ...
Has3bIBAIOT PYHKIIVIO

Qo) =ao+mu+au2+ ... +taur+ ..,

ecJI TOJIBKO 3Ta (PyHKIMA cyiectByeT. DyHKIMA @, (1) SBiIseTcs Mpou3BoAsdIIert dPyHKIIVen
nocstegosaresbHoCcTH Vi /1! (n =0, 1, 2, ...), a dyHKIMA @Qu(1) - ITpom3BOIsIIel PYHKIIMEN I10-
CJIeZloBaTeIbHOCTH Un/n! (n = 0,1, 2, ...). Bo3bMéM B KauecTBe IOCIIEIOBATEIIBHOCTYI BEPOSITHO-
CTU Po, P1, +-., Pn... BOSMOXKHBIX 3HAYEHWUM X0, X1, ..., Xn, ... JVICKPETHOVI CJTy4YavIHOVI BEJIMYMHBI X.
Torma momyunm PyHKIVIO

Qp(u) =po+pru+pu2+ ... +pur+ .., (2.26)

KOTOpas Ha3bIBaeTcs npousboosuierl ¢pymkyuei Bepoamuocmen cirydanHon seranabl X. OdeBu-
Ho, uTo @y(1) =1 - ycioBue HOpMupoBKM BeposiTHOCTelt, a @y(0) = po. Kpome Toro, 3nas ¢p(u)
MOXXHO oIIpefennTs Bce BeposaTHocTH pi (k = 0, 1, 2, ...), T.e. HOJIHOCTBIO BOCCTAaHOBUTH 3aKOH
pacripenerieHms BepOSTHOCTEV CJTyYaviHOV BEJIVIYMHEL

k
1dp,®)

- k=123, 227
Pe =0 aut (2.27)

u=0

IIpumep 2.16. TpebyeTcst HaMTY MPOU3BOASAIILYI0 (PYHKINMIO Ha4aIbHBIX MOMEHTOB CJTy-
4JarHOV BeJIM4MHBL X, pacpeeIéHHOM 110 3aKOHy beprysum:

P{X=ki=p, =Cip'q"™* k=0,1,2,..,0<p<l,qg=1-p.

Vicniomne3ys 3Ty IpousBOASAITYI0 PYHKIINIO, OIIpeleINTh MaTeMaTrudeckoe oXuiaHue 1
JVICIIEPCUIO CJTy4YarHOV BeJIMYMHBIL X.
ITpumenvim dopmyity (2.23) 11 AUCKPETHBIX BeJIVMYVIH:

(pv(u):zeukpk :Zeukcyllfpkqnfk :Z Cyllc(peu)kqnfk'
k=0 k=0 k=0

[Tome3ysick popmyrtont 6rnaoma Hetotona (a+5b)" = z Cra*b"™, momyunm:
k=0

¢, () =(pe" +q)" =(pe” +1=p)" =(1+p(e" ~1))".
ITo dpopmyite (2.25) onpenmenuM HepBbie ABa HaUYaJIbHBIX MOMEHTA!

a(pv (I/I) u n— u 62(pv (u)
R T R G A WL e v

=[n(n-1)(1+p(e" -1)"*p*e™ +n(1+p(e" —1))"" pe"]

o n(n—"1)p* +np.

MaTemaTudeckoe OXupgaHue mni, COBIlagaeT C Vi, T.e. Ny = np. Hmcnepcmo D, BBI-
UrCJIM Yepe3 HadaJIbHble MOMEHTBI:

Dx=vo-vi2=n(n-1)p2 + np - (np)? = np(1 - p) = npq.
IMpumep 2.17. 3apgaHa nmpouspojsiias PyHKIWS BepOATHOCTEV CJIy4dallHOVI BeJIui-
unHbl X, IpUHUMaIet 3Havenus k=1, 2, 3, ...
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pu
uy=———, g=1-p.
0, (u) —qu q p

TpebyeTcs BOCCTAaHOBUTH 3aKOH paclperiesieHNns BePOSTHOCTEN CIydYarHOV BeJIu-
YVIHBI.
Bocnonesyemcst dpopmysnont (2.27):

1 00, (u 1 k! pg*
P{X:k}:pk:E';p—pk() =EL/€ =qu_1’
! u - Pd=-quw)| _,
roe k=1, 2,3, ... . DTOT 3aKOH pacIIpe/iejieHIsI BePOSTHOCTEV Ha3bIBAeTCs TeOMeTpuye-

CKUM 3aKOHOM, MJIN paclilipelejieHreM CDappT/I.

2.9. NMpuMepbl AUCKPETHbLIX 3aKOHOB pacnpeaesieHns

HexoTtopsle 3aKkoHBI paciipeiesieHVs BepOATHOCTEN JOCTaTOYHO YacTO BCTPEUalOTCs B
HpaKTUYecKMX 3aj1adax. PaccMOTpyM HeCKOJIBKO TaKMX 3aKOHOB.

PaBnomeproe pacnpedeserue. I'oBopsiT, 4To ciydaviHasi BemdmHa X pacIpereeHa II0
paBHOMEpPHOMY 3aKOHY, eCJIi OHa MOXXeT IPMHMMATh TOJIBKO IleJIble HeoTpuliaTe/IbHble 3Hade-
Hus OT 1 10 11, a BEpOSITHOCTYI BCeX BO3MOYKHBIX 3HAUeHMV OAMHaKOBBIL. Takmm oOpasom,

1
PiX=ki=p,=—,k=12,..,n (2.28)
n
OCHOBHBIE YlCJIIOBbBIE XapaKTepV[CTVIKV[Z
2 p—
MAMeMAMuueckoe 0KUOAHUe My = nTH ; Oucnepcus D, = nT; ckouterrocms Sk, = 0;
4

okcyecc Exy= —12+—F.

n° -1

Bunomuasvroe pacnpedesenue (pacnpedesenue bepryaiu). ToBopsT, 9TO CIIydariHas BeJIVY-
Ha X pacIipesiejieHa 110 OMHOMMaJIbHOMY 3aKOHY (WIM 110 3aKOHY bepHysum), ecyim oHa MOXeT
IIPVHMMAaTh TOJIBKO IleJIble HeoTpullaTeslbHble 3HadeHs oT 0 110 71, a BepOATHOCTM 3TUX 3Haye-
HUV OIIpeiesIsaoTcss PopMyJIon:

P{X=k}=P,(k)=Crp*q"™, k=0,1,2,.n; 0<p<1, g=1-p. (2.29)

Ilo CMBICITY cnyqaﬂHaﬁ BeymamHa X SBIISETCS UVICIIOM TOSIBJIEHIS HEKOTOPOro CcOOBITHMS
B 71 He3aBVICUIMBIX VICIIBITAHVSAX, €CJIVI BEPOSITHOCTD IOSIBJIEHMSI 3TOTO COOBITHSA B KaXKIOM VICITbI-
TaHUW ITOCTOSIHHA P.

OcHOBHBIE UNCIIOBBIE XapaKTePUCTVIKM:
mamemamuyeckoe oxuoanue my = np; oucnepcus D, = npq; naubeposmmueiiuiee 3navenue s,

_ 1-6
! 2p; sxcyecc Exy, = _pq

Jnpg npq

TaxymM oOpa3oM, CKOILIEHHOCTh pacIipeesieHns MOXeT OBbITb M IIOJIOKWUTEIbHOM U OT-
puiiarenibHON. Pacripeniesienvie craHoBUTCS cumMeTpudHbIM npu p=0,5. Bermumna skcrecca
BCer7la OTpUIIaTeIbHA ¥ IpUOIVDKaeTcs K HYJII0 IIpu Bo3pacTaHuu 1. OTMeTMM, UTO IIpU H—o
OVHOMMAJIBHBIVI 3aKOH pacIIpeieleHsI BepPOSTHOCTEN HeOTpaHMYeHHO IIpuOIvpKaeTcst K HOp-
MaJIbHOMY 3aKOHY.

buHOMMaIbHBIN 3aKOH pacIIperieleHsI BEPOSTHOCTEN IIPUIMEHSETCS. B TEOPUN CTPeIb-
Obl, B TeOpUM U IIpaKTUKe CTATVCTUUECKOTO KOHTPOJIS KauecTBa IIPOIYKIINM, B TEOPUIM MacCo-
BOTO OOCITy>XKVMBaHMS, B TEOPUM HAJAEKHOCTU M T.J. DTOT 3aKOH MOXeT IIPVMEHSTBCS BO BCEX
CJIy4asix, KoTja iMeeT MeCTO II0C/Ie[I0BaTe/IbHOCTh He3aBUCUMBbIX VICITBITAaHWIA.

np-q<ss<np+p; ckouiennocmo Sky =
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Pacnpedenerue ITyaccona. Ecrmi 4mciio He3aBUCUIMBIX VICIIBITAHWI 11 YCTPEMUTB K oo, a Be-
POSITHOCTB P YCTPEMUTBH K HYJIIO TaK, YTOOBI 1p CTPEMWIOCh K HEKOTOPOW IIOCTOSIHHOM A, TO
OuHOMMasIbHOe paclipesiesieHre OyeT HeorpaHMYeHHO NpUOIDKaThes K pacipenerienmo I1y-
accoHa. B obG1em cirydae roBopsiT, uTo ciIy4ariHas BemunHa X pacipeqesieHa no 3akony Ilyac-
COHa, eCJI1 OHa MOXET ITPpVHVIMaTh TOJIBKO LieJjIble HEOTpUIaTeJIbHbIE 3HAUE€HMS, a BEPOATHOCTN
3TVIX 3HaUYEeHUVI OIIpeJIesIaroTcs POPMYJIION:

xk
P{X=k}=P, :Fe—”, k=0,1,2,.; A >0. (2.30)
OCHOBHBIE YHCIIOBEIE XapPaKTCPUCTHUKU
mamemamuyueckoe oxcudanue m, = A; oucnepcus D, = A; nauseposmueiiuee 3navenue s , -1<s<A,

cxouenrnocms Sk, = L; sxcyecc Exy = i
NS A

T'eomempuueckoe pacnpedesenue (Pappu). DTOT 3aKOH pacIipefiesieHVsl BepOsITHOCTe TaK-
JKe CBSI3aH C I10CIIe0BATeIbHOCTBIO HEe3aBUCUMBIX MCIIBITaHM. [1ycTh ciTydarHOM BeTMYVHON
ABJIeTCS YMCIIO MPOBEAEHHBIX MCIIBITAHNMI O IIEPBOTO OCYIIeCTBIIeHVsI Ha0JII0[1aeMoro coobl-
Tusi. HarmpriMep, unicsio BBICTpeIoB [10 IepBOro MoIafiaHys B 11eJIb, YNCIIO IIPOBepeHHBIX M3/ie-
JIATA 0 TIepBOro MOsBJIeHNs OpakoBaHHOTO M3aeus U T.I1. O4eBMIHO, YTO BO3MOXKHBIMM 3Ha-
YeHVSIMY TaKoV CJIy4avHOV BeJIMUMHBI OyayT 1iesble uncia 1, 2, 3,..., IpuuéM 3Tu 3HauYeHus He
orpaHUYeHbI (TeopeTndeckn) cBepxy. Ecim p ecTb BeposITHOCTD TaHHOTO COOBITVS B OTHOM VIC-
IbITaHUY, a g=1-p, TO

P{X=kl=p, =pq"", k=1,2,3,.. (2.31)
Dta dopMyIia U IpelcTaB/IsieT TeOMeTPUYEeCcKIiI 3aKOH pacliperieleHIsI BepOsiTHOCTell. 3aMme-
TVM, YTO IIpM JIFOOOM 3HaUYeHUN p, He PaBHOM HYJIIO VIV eIVHMIle, HaBePOSTHEIIINM 3Have-
HueM gBiiseTcs eqyHuIia. C pocToM k BepOATHOCTVI MOHOTOHHO YOBIBAIOT.
OcHOBHBIE YNCIIOBBIE XapaKTePUCTIKA:

Mamemamuveckoe oxuoanue my =1/p; oucnepcus D, = q/p>

2.10. NMpumepbl HENpepbIBHbIX pacnpeaeneHnmn

PaBnomepnoe pacnpedesenue. ToBopsAT, 4To ciTydariHas BeyamHa X pacrpesiesieHa paBHO-
MepHO B MHTepBasle [a, b], ecyii e€ IUIOTHOCTH paclipeiesieHN sl BepOSTHOCTeV OIlpesiesisieTcs

dopmytoi:

1
——, ecau a<x<bh,
fX)=1b-a (2.32)
0,ecau x<a usu x>Db.
CootBeTcTByIOMIast PYHKIINS pacIIpeieieHVsl BePOSTHOCTEVI VIMeeT CIIeTy IOV BUL:
0,eciu x<a,
x—a
F(x) = — ecaua<x<b, (2.33)

-a
1, ecau x > b.

OCHOBHEBIE UMCIIOBBIE XapaKTepuUCTUKI:

a+b
MAMEMAMUYECKOe 0KUOAHUE Ty = > ;
b—a)?
ducnepcus Dy = —( 12) ;

cxowennocms Ske = 0;
sxcyecc Ex, =-1.2;
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1 b-a

K03 uyuenm Bapuayuu Ky = —- .

ppuy puay Nl

I'padpukm mmoTHOCTM M (PYHKUUM pacHperesieHNs BepOSTHOCTEV IIpWBeIeHBI Ha
puc. 2.10.

flx)

=> X

a b a b

Puc. 2.10. T'padvxm pyHKIMM ¥ IJIOTHOCTY paBHOMEPHOIO
pacrpenesieHNsA BepOATHOCTEL.

PaBHOMepHO pacmpefiesieHbl OIIMOKY OKPYIJIeHVs IIPY BBIIIOJIHEHMM UMCIIOBBIX pacué-
TOB, BpeMsl OXIJaHus aBToOyca, (TpamBasi 1 T.I1.) IPU YCJIOBUM, YTO MHTepBasl IBVDKEeHMS II0-
CTOSIHEH ¥ CTPOTO BBIIIOJIHSAETCS, a acCcaXup MpuObIBaeT Ha OCTAHOBKY B CJIy4YalfHBII MOMEHT
BpeMeHN. PaBHOMepHO paclipesiesieHO 1 BpeMsi OXWUaaHVs Hadasla 0OC/Ty >KMBaHMS 3asiBKM, I10-
CTyHamoIler B CJIy4alHBII MOMEHT B CHUCTeMY MacCOBOTO OOCITYXMBaHMs, eCiIv 00CIy KM Baro-
IIlee yCTPOVICTBO BKJIIOUYAETCs Yepe3 paBHbIe IIPOMEXYTKM BpemeHwn. I1pu 3ToM 1ipenmosiaraer-
Csl, UTO BCe 3asiBKM, IOCTYIMBIIINE K MOMEHTY BKJIFOUEHVSI OOCIIyXVMBAIOIIEero yCTPOVICTBa, He-
MeJJIEHHO IIPVHVMAOTCS K 00Ty KMBaHMUIO.

PaBHOMepHO pacripefie/IéHHbIe BeJIMUYMHBI IIPUMEHSIOTCS IS II0JIyYeHUs (FreHepaliyn)
peaym3anv CJIydarHbIX BEJIMYMH, MMEIOLIVX OPYyIe 3aKOHBI pacIiIipeneIeHvsl BEpOSATHOCTENL.
PaBHOMEpHOE pacrpefiesieHye sBJIsIeTCS CaMbIM ITPOCTBIM M3 HeITpepbIBHBIX 3aKOHOB pacIipe-
nesteHvist. IloaToMy mmyTém orpesiesiéHHbBIX Orepanuii JOCTaTOYHO JIETKO IOJIyYUTh I10CIIeI0Ba-
TeJIBHOCTD 4licesl, KOTOpble MOXXHO HNPUOIVDKEHHO CUMTATh peayM3alyisiMy CIy4YaliHOW Beu-
UMHBI, paclpe/ie/IéHHOV paBHOMEPHO B 3aJJaHHOM MHTepBasie. Takue unciia, a Takke nx pyHK-
IIMIOHaJIbHBIE ITpeo0pa3oBaHMsl, HasbIBAIOT ncefoocayqainbiMu duciamy. CyIiecTByeT MHOTO ajl-
rOPUTMOB IOJTy4YeHVsl paBHOMEPHO pacIpellelIéHHBIX IICeBI0CTyYaiHbIX urcesl. Bce oHm pabo-
TalOT TaK, YTO 4Yepe3 HEeKOTOPBIV Mepuof HauMHAIOT ITOBTOPSTHCSA Te 4Yicjla, KOTOphble yxXKe
BCTpedaInch. B 3ToM 1 3aKiIrouaeTcss CMBICII IICEBAOCITyYaltHOCTY MOJTy4eHHBIX umcesl. C rmo3u-
LIVVI TEOPUM BEPOSITHOCTEV IIOBTOPEHVE OJHOV ¥ TOV XKe pean3aliy HeIIpepbIBHOV CITyYar-
HOVI BeJINYVHBI SBJIeTCsL COOBITVIEM C HYJIEBOVI BepPOSATHOCTBIO. Eciii ke caMo 3TO coObITHE TIO-
BTOpPsIeTCS MHOTOKPATHO, TO 3TO OYEeBMIHBIV IIPU3HAaK TOIO, YTO VIMeeT MeCTO OTKJIOHEeHWVe OT
PaBHOMEPHOTIO 3aKOHa pacrIpezesieHs. 3aMeTVIM, YTO TeHepaTop IICeBIOCTyYalHbIX Yycesl TeM
JIydllle, 4yeM OOJIBIINT IIepHOf] IIOBTOPEeHMs OH MMeeT. B To ke BpeMs cileflyeT 3aMeTUTh, YTO
OpY OPaKTUYeCKOM VICIIOJIb30BaHWUM IIOJTYUYeHHBIX 4umcesl OHM Beerja okpyrorcs. Crregosa-
TeJIbHO, Jlake ITpV CaMOM JIy4llleM IeHepaTope IICeBOCIydalHbIX 4ycel OTKJIOHeHWe OT 3a-
JJaHHOTO 3aKOHa pacIpeiesleHIsl BepOATHOCTeV HeM30eXHO.

B mporpammMHOM obecrieueHunyn copeMeHHbIX DBM mMeeTcss mporpamma reHepanymn
PaBHOMEpHO pacIpele/IéHHbIX IICeBIOCTydarHbIX uncerl ¢ mapamerpamu a=0 m b=1. MoxHo
OpuOIVDKEHHO CYMTaTh, YTO UVCiIa, IIOJTyYeHHBIe C IIOMOIIBIO TaKOV IIPOrPaMMBI, SIBIISIOTCS
peaM3alsAMI CIy4artHOV BeJInduHbL X, pacipefeléHHON paBHOMepHO B uHTepsase (0; 1) n
VIMEIOITIeV MaTeMaTdeckoe oxvaanme m,=0,5 u nucnepcnro D.=1/12.
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DxcnonenyualvHoe (nokasamenvroe) pacnpedeserue. ToBopsaT, 94To cydaviHasi BesanHa X
pacrpeesieHa 110 3KCIIOHEHIIMaIbHOMY 3aKOHY, eC/Iu €€ IDIOTHOCTD pacIipefaesIeHns BEPOsTHO-
cTe1 onrperiesisieTcss POpMYyJIIONL:

f(x)=r-e™™, x>0, A>0. (2.34)
COOTBeTCTByIOLuaﬂ cpyHKLU/M pacipeneseHIs BEpOSTHOCTEVI VIMEET CJII YOIV B/
F(x)=1-e™, x>0, A>0. (2.35)

I'padpvikm w10THOCTM M PYHKILIMM paciIpefiesieHns BepodTHOCTeN IIpyBeeHbl Ha puc. 2.11.

0,02 f(X)

X t ' t X
0 100 200 300 0 100 200 300

Puc. 2.11. ®yHKUMS ¥ IVIOTHOCTH pacnpe/iejieHUsl BeposiTHOCTell
CJIy4aifHO# BeJIMYHMHBI, pacnpeae/éHHOM 10 IKCMIOHEHIMATBHOMY 3aKOHY

OCHOBHBIE YIICIIOBBIE XapaKTePUCTVKN:

A

1 1
mamemamuyeckoe oxudanue my = —; oucnepcua Dy = 7»_2 ; ckouenHocmb Sky = 2; sxcyecc Ex, = 6;

koappuyuenm Gapuayuu Ky = 1.

DKCITOHEHITMAJIbHOe pacIiperiesieHvie 3aBVCUT OT eIMHCTBEHHOrO IapameTrpa A. DTUM
dakTOM OIIpeeIsIoTC HEKOTOPhIe XapaKTepHble CBOVICTBA JAHHOTO pacIIpeeeHsl.

B wactHOCTH, cpeHee KBagpaTudecKoe OTKIIOHEHVe O, BCerJa COBIIaZlaeT ¢ MaTeMaTUYeCcKUM
OXngaHVeM, T.e. Bcerzia Koo puIeHT Bapraly paBeH equHuIIe.

TTocinemoBaTenbHOCTH peayM3anvv CJIy4aviHOV BEJIMYVHBI, paclpene/IEHHON II0 3KCIIO-
HEeHIMaJIbHOMY 3aKOHY, JIETKO IOJIyYNUTh 3KcnepuMeHTanbHO. IlycTs T ecTh cirydariHas Besu-
4MHa, paclpeneéHHas paBHoMepHO B mHTepBasie (0; 1), a t - omHO 113 3HAUEHUTI 3TOVI BeJI4I-
HblL. Torga 4nciio x, ornpenesiseMoe opMyJIIO

X=- % In(1-1), (2.36)

6yneT OOHVM W3 3HAYEHMV CJIyYaviHOVI BeJIMYVIHBI X, paciipeesI€HHOM 10 SKCIIOHEeHITMAIEHO-
My 3aKOHY C mapaMmeTpoM A. Ecut ¢ mostydaTs ¢ IOMOIIBIO reHepaTopa CITy9arHBIX 9ycell, TO X
6yneT peamsaleVi IICeBOOC/TyYariHOV BeJIMYIVIHBI X, pacmupenesi€HHOVI 110 3TOMY 3aKOHY. 3a-
MeTMM, 4TO 3Ta PopMyIIia BeITeKaeT HeIIOCPeNCTBEHHO 13 popmytel (2.35), ecyv mpenriosararh,
uTo cama PYHKIIM F(x) sABIIgeTcs cIy4arHOV BeJIMYMHON paBHOMEPHO paclpeiesIéHHOM B MH-
tepsaste (0; 1).

DKCIIOHeHITMaIbHOe (VWIN, MHa4de, II0OKas3aTeIbHOe) pacIperiesieHNe MPOKO IIPUMeHs-
eTCs B TeOpUM HaIEKHOCTU VI B TEOPUM MaccoBOro ooy xvBaHms. OKa3bpIBaeTcs, YTO CIIydar-
HOe BpeMs 0e30TKa3HOV pabOoThI MHOTMIX TEXHYECKMX CCTeM 00JIafaeT MMEeHHO 3KCIIOHEHIIN-
aJIbHBIM pacipenesieHieM. KpoMe Toro, BpeMsi BOCCTaHOBJIEHNS (PeMOHTa) OTKa3aBIIIer TeXH-
4YeCcKOVI CHCTeMbl YacTO TaKKe OKa3bIBaeTCs paclpee/IéHHbIM 110 TOMY 3aKOHY. B cBssu c atu-
MM pakTaMy 3KCIIOHEeHIIMaJIbHOe paclipefie/ieHle MOJIy4Io OTHOCUTEIbHO HIpPOKoe IIpyMe-
HeHue.

DKCHOHEeHITMaJIbHOe paclipesiejieHVe VMeeT OIIpede/IéHHYIO CBsI3b C paclperesieHrieM
ITyaccona. IlpenronoxmM, 9To MBI HaOJIIOIaeM HEKOTOPYIO IIOCIIeoBaTeIbHOCTb COOBITNN,
Pa3sBMBArOIIYIOCs C TedeHVeM BpemMeHn. Ecyii mHTepBasibl BpeMeHN MeXy MOMeHTaMM OCyIIe-
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CTBJIEHNS II0CTIeIIOBATEIbHBIX COOBITMII pacIIpeesleHbl 10 SKCIIOHEHITVaIbHOMY 3aKOHY C Ila-
paMeTpoM A, TO UMCIIO COOBITMV, OCYIIIECTBUBIINIXCS Ha MHTepBasle Bpemenu (0; t), Oymer pac-
IIpeJiesieHo 110 3aKoHY [lyaccoHa ¢ mapamerpoM At. B cBsisu ¢ aTmM 3akoH pacrpenertenms [y-
accoHa YacTO Ha3bIBAIOT 3aKOHOM PeIKMX COOBITHIL

Hopmanvroe pacnpedeserue. T'oBopsiT, 9To CiydaniHas BedndmHa X pacIpenerieHa IIO
HOPMaJIbBHOMY 3aKOHY, eCiIi e€ IUIOTHOCTb pacIipefieJIeHVsI BepPOATHOCTEV OIIpererisieTcs Cile-
ayro1et popMyJIIoL:

_(x—m)2
f(x)—; e 2, —co<x<0. (2.37)

_\/E-g'

CooTseTcTByIOmIas PyHKIMS pacipeiesleHsl BepOATHOCTEN IMeeT CJIey oI BUI:

x _(chm)2
F(x):ﬁjl e 29 dx. (2.38)

I'padpmxm 1I0OTHOCTM M PYHKUMM paclipesie/ieHNs BepOATHOCTeVI IIpUBeeHbl Ha PC.
2.12. Ha pucyHKe mpefcTasjieHbl rpadVKy JIByX HOPMaJIbHBIX 3aKOHOB pacIIpefie/ieHusl Bepo-
ATHOCTeVI C pa3HBIMU UMCJIOBBIMM XapaKTepUCTUKaMM.

' f(x)

0,2

0,1 T 0,5 1

AL S

-5 0 5 10 15 -5

Puc. 2.12. Tpadpvixm nsroTHOCTH M1 PYHKIMY pacrpeesieHNs BeposiT-
HOCTeV HOpMAaJIbHO pacnpeaeIéHHOM C/IyYatHOV BeJIMYMHBL.

OcHOBHBIE YMCIIOBBIE XapaKTePUCTVKA:
Mamemamuyeckoe oxxuoanue my = m; oucnepcusi Dy = 6% ckoueHHocms Sky = 0;
axcyecc Exy = 0; xoapgpuyuenm Bapuayuu Ky = o/m.

OrmeTyM, 9YTO HOpMaJIbHOe paclipesiesieHlie CMMeTPUYHO OTHOCUTEJIbHO CBOero Mare-
MaTWYeCKOTo OXWIaHus. B cBga3u ¢ 3TMM, MOIa, MeiraHa ¥ MaTeMaTudeckoe OXXUgaHve HOp-
MaJIbHO pacIipezieIeHHOV CJTyYalTHOVI BeJIMYIMHBI PaBHbBI MEXITy COOOVA.

HopmasibHoe pacriperiesieHVe y100HO MCIIO/Ib30BaTh B KauecTBe 3TaJIOHHOTO paciperie-
JIeHVIs TPV CpaBHeHUM CTydarHbIx BemurH. OgHaKo 1 cpaBHeHMS VICIIOJIb3YeTCsl He IIPOo3-
BOJIbHASI HOPMaJIbHO pacIpeeséHHasl c/IyJyariHasl BeJIM4YrHa, a BeJIM4vHa C HyJIeBbIM MaTeMa-
TUYeCKUM OXMaaHueM U eguHu4yHOM aucnepcueit: m,=0, D,=1. Obo3HauMM IUIOTHOCTb U
dYHKUMIO pacIiperiesieHNsl BepOTHOCTEN TaKOV BeJIMUMHBI COOTBETCTBEHHO uepes fo(x) 1 Fo(x).
Torma
1 ox P S
R(x)=—z=[e 2dt, fy(x)=—F=-e 2, —wo<x<e, (2.39)

N2m o, J2n

Hernas 3aMeHy IlepeMeHHOV MHTerpupoBaHMs B (2.38), JIerko MOJIyYMTh CBSI3b MEXAY (PYHK-
st F(x) m Fo(x):

X t

Fx)=F, (1. (2.40)
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TaxmmM 0Opa3oM, BepoATHOCTH HOIaaHVsI HOPMaIbHO pacipee/IéHHO CIy4darHOV BeJIMYVHbI
B VIHTepBa [0;f3) ompenernsiercss popMyIIovL:

Pla<X <p)=E =" a-m

)~ R (), 41)

OtmeTnM, uTO ITpeobpasoBaHe CIIy4YalrtHOV BeJIMUMHEI 110 dopmyite T=(X-m)/c HasbI-
BalOT OIlepalyell IeHTPUpoBaHMs (BbIUMTaHMEe MaTeMaTMJeCcKOro OXWMIaHWs) ¥ HOpMUpOBa-
HUA (Je/IeHVie Ha cpejHee KBajpaTiueckoe OTKJIOHeHMe) cIydartHov BeinanHbl. [TorryuenHyro
TaK/M 00pa3oM CIydarHyo BeInduHy | Ha3bIBalOT LIEHTPUPOBAHHON (C HyJIeBbIM MaTeMaTyi-
YeCKVM OXXMJIaHVeM) ¥ HOPMUPOBAHHOW (C eauHIYIHON Aycrepcrert). OueBUIHO, YTO LeHTPU-
poBaHe ¥ HOPMUPOBaHVe MOXKHO IIPOBOANUTD Pas3ie/IbHo.

[Tpu pemenum 3amay, CBA3aHHBIX C HOPMaJIbHBIM paclpezesieHueM, 4YacTO BMeCTO
dyHKIMM pacnpesesieHns BeposiTHocTen Fo(x) rcriorb3yercst pynkims Jlamiaca @o(x):

t2

Dy (x) = 24,

e
N2m I
OuesugHo, uTo Fo(x)=Fo(0)+®Po(x). Ho Fo(0)=0,5. [ToaToMy

Fo(x)=0.5+x(x). (2.42)

TaxmM 0Opa3oM, BepoATHOCTH HOIaaHVs HOpMaIbHO pacipeesIéHHO CIy4darHOV BeJIMYVHbI
B MHTEPBAJI [0,;3) MOKHO HaXOAWUTH 1 IO CIIeAyoieit hopmyiie:
B-m o—m

)= @, (—G ). (2.43)

Plo<X<B}=®,(

Beibop dopmyit (2.41) vwm (2.43) 3aBUCUT TOJIBKO OT TOTO, KaKue TabJIMIIbl MMeIOTCs B
pacrnopsbkeHU. B cimpaBouHom tnTepartype (a Takke B yueOHMKaX, B COOpHMKax 3aj1ad 1 T.IL.)
MOXXHO HaWTV TaOJMIIEl 3HAUeHWUN KaK (PYHKIMM pacrpefiesieHns: BeposiTHOcTen Fo(x), Tak u
dysxumm Jlamiaca @o(x). 3amernm, uro dpyHKUMS Po(X) sABIAETCS HEUETHOM (PYHKIIMIEN, T.e.
Do(-x) = -Do(x), a fo(x) saBIsieTcd yéTHOM PyHKIMEN, T.€. fo(-x) = fo(x). [ToaToMy 0OBIYHO IIpMBO-
OATCS TaOJIMITBI 3HAYEHMV STVIX (DYHKIIVVI TOJIBKO JIJIS TIOJIOKMTEITBHBIX 3HAUeHWIT apTyMEeHTOB.

HopwmaseHO pacriperie/IéHHBIe CTydaliHble BeIVYVHBL BCTPEYAIOTCS OUeHb YacTO B IIPaK-
TIUYECKMX 3a/jadaxX. DTO CBSA3aHO C TeM, YTO HOPMAIBHO pacIipele/IéHHas CTydaiiHas BeJIVIiHa
ABJIAETCA CJIEACTBYEM alIUTUBHOIO (CyMMapHOIO) B3aMMOIEVICTBVSL OOJIBIIIOrO YmciIa APYTHX
BeTTMUVH (VWi PaKTOPOB), KaKIask 3 KOTOPBIX BHOCUT MaJIy¥O JOJIIO B OOIINII pe3ysibTaT. Boob-
ITIe TIPVI OIIPEJIeIEHHBIX YCIIOBUSIX 3aKOH pacIIperiesIeHysi CyMMBI CJTyYayHBIX BEJIVYVH IIPU yBe-
JIMYeHUN 4YMciIa cjlaraeMbIX HeorpaHWYeHHO MpuOIvbKaeTcss K HOpMaJlbHOMY 3aKoHY. OO 3ToM
TOBOPUT lleHTpasIbHasl IpefiebHasi TeopeMa, KoTopas dopMysmpyetcst B Teme 5. HacTHbIM c1y-
YaeM 3TOVI TeOpeMbl SIBIIAIOTCS JIOKaJIbHas W VIHTerpajibHas TeopeMbl Myaspa-Jlarutaca, pac-
CMOTpeHHBIe B IIepBOV TeMe. VICKycCcTBeHHOe IOJIydeHVe pean3alliii HOPMaJIbHO pacliperie-
JIEHHOVI CJTyYartHOVI BeJIMUVMHEI TaKXKe OIMPaeTcs Ha LeHTPaJIbHYIO HpedeIbHyo TeopeMy. Oka-
3BIBAETCS], UTO y>Ke JIBeHa/IlaTh OIVHAKOBO PABHOMEPHO pacIIpeIeIéHHBIX CJTyYalfHbIX BeJTIH
B CyMMe IPe/CTaBJISIOT BeIVYVHY, 3aKOH pacIiperie/leH sl KOTOPOVI JOCTaTOYHO OJIM30K K HOp-
MasTbHOMY 3aKkoHy. Ecm #, i=1, 2,...,12, ecTh peasmm3arnyyi CJIy4aytHOV BEJIVYVHEL, pacIipeeéH-
Ho1 paBHOMepHO B nHTepBase (0; 1), To BeyumHa

12

x=) (t;—0,5) (2.44)

i=1

OymeT peanmsaiyert IeHTPUPOBAHHON ¥ HOPMMPOBAHHOW CIIy4YallHOV BeJIMYMHBIL, pacipese-
JIEHHOVI PMOJIVDKEHHO 110 HOPMaJIbHOMY 3aKOHY.
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Tamma-pacnpedesenue vi pacnpedeserue Dpaarea. Boriee CITOXKHBIM 3aKOHOM pacITpesiesIe Vst
BEPOSTHOCTEV HEIPepPbIBHBIX CIIYUYalHbIX BeJIMYMH SIBJISIeTCS raMMa-pacipeserenye. ITiornocts
pacrperiesieHVist BepOSTHOCTEVI BeJIMUMHBI 1, paclpeesIéHHOVI 110 5TOMY 3aKOHY VMeeT B

f(H)= %t‘“ exp{-At}, t>0,, t>0, (2.45)

raoe A>0, a>0, a I'(a) - ramMa-dyHKIIMS Dristepa:
I(o) = [ ¢ expl-t}dt (2.46)
0

[Tpu 11esIBIX 3HaUEHMSX O 3TO pacIipesiesieHyie COBIIaaeT ¢ pachpedeseruem Dpaarea. Ecam a=n -
nesioe, To I'(n)= (n-1)!. Torga IOoTHOCTH pacipenesieHNs 3auieTcs CJIeAy oM o0pa3oM:
n-1
f(t)= Ll exp{-At} (2.47)
(n-1)!

DTO pacmperesieHVie Ha3bIBAIOT pacIpeesieHrieM DpJlaHra 1-To Mopsaka. B gacTHOCTH,
pactipeneniedvie DpraHra 1-ro (mpu n=1) coBIafaeT ¢ 3KCIIOHEHIIMAIBHBIM 3aKOHOM pacIiperie-
seHus (2.34).

151 TaMMa-pacrpeiesieHs. MOXKHO 3ammcaTh PYHKIIMIO paclipefesieHIsi BepOSTHOCTeN
CJIeyFOIIIM 00pa3oM:

0, eciu t<0,

F(t)=4TI(a,At) Cecn >0, (2.48)
I'(o)
riae ['(o,At) - HemmotHas raMMa-@yHKIINS:
A
I'(o,At) = Iz“_l exp{-z}dz. (2.49)

0
B cirygae pacripenernieHvist DpiiaHra, Korga o=n, HTerpa (2.49) MoxxHo BeIamcIMTh. Torma
0, eciu t=<0,

F t) = n-1 k
®) 1—exp{—kt}-z@k—t|), ecau  t>0.

k=0

(2.50)

FaMMa-pacnpeneneHme nMeeT cJjieyrlinre OCHOBHBIE YIVICJIOBbIE XapaKTEePUCTUKI:

o 2
; Oucnepcus Dy = —-; ckowennocms Sky = ——;

A2 Ja

akcyecc Exy =

(0
MAamemamuueckoe 0KUuoaHue my = T

Qo

; koappuyuenm

f(x)

1
Gapuayuu Ky = —.
Vo

YToOBI MOJIYYNUTh OCHOBHBIE UM-
CJIOBBIE XapaKTePUCTUKI paciipe-
ZleJleHVss DpJlaHra, JOCTaTOYHO
BMECTO O IOACTaBUTH IIOPSIOK
pacIpeneeHis 1.
x [Tpvmepsr rpadmKoB
IUIOTHOCTM pacIIpeaesieHus Bepo-
SATHOCTEV TaMMa-pacapeaeyieHms

0,04

0,04

Puc. 2.13. T'padykn NJIOTHOCTH pacnpeaesieHisi BepOATHOCTeil
raMMa-pacnpe/ejJeHus PH Pa3HbIX 3HAYEHUAX MapamMeTpa O.
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IIpeyicTaBiIeHbl Ha puc. 2.13. Bee rpadvikm nonyuens! npu sHaueHvn A=0,1. 3HaueHMs: BTOpOTro
IapaMeTpa paBHBI cooTBeTcTBeHHO: 00=0,7 m1s rpadmka 1, 0=1,5 myia rpadmka 2 n o=2 11 rpa-
duika 3.

I'amma-pacripesiesieHvie MOXKHO WCIIOJIb30BaTh IIPY OIVICAHUM ITPOIIECCOB MacCcoBOro 00-
CITy>KMBaHWS VTN IIPOIIeCCOB BOCCTAHOBIIeHM:. JIerko ybenmThcs, YTO MHTepBal BpeMeHM, pac-
TIpeJIeIéHHBIV 110 3aKOHY DpJlaHTa MOpsIKa 1 C TapaMeTpoM A, IIpefiCTaBIIsIeT coOom CyMMy 71
VHTepBaJIOB, paclpele/IéHHBIX 110 SKCIIOHEeHIMaJIbHOMY 3aKOHY C TeM e napamerpom o. Ilo-
3TOMY C IIOMOIIIBIO pacIipesiesieHNs DpjlaHra 4acTO ONVCHIBAIOTCH IIPOIeCcChl MHOIO3TAIIHOIO
oOciryxmBaHMs. [amMMma-pacrpenerienue siBirsercs: 6osiee TMOKMM 3aKOHOM, ITOCKOJIBKY [JIS Be-
JIMYVHBL, pacIpeie/IEHHON II0 3TOMY 3aKOHY, Ko3duIMeHT Bapualuy MOXHO M3MeHSTb
IUIAaBHO, M3MeHsIsl 3Ha9eHs ITapaMeTpOB A 1 O.

IMpumep 2.18. HexoTopsle IprOOpHI ITOCIIEA0BATEIBHO IPOXOIAT MPOPVIIaKTIIeCKoe
obcyxvBaHMe. Bpemsi obcmyXmBaHMs OIHOTO IpMbOpa SBJISETCS CIIyYalrtHOVI BeJIMIMHOM,
pacITperiesIéHHOVI 110 SKCIIOHEeHIIVaJIbHOMY 3aKOHY C ITapaMeTpoM A=2 gac! (3To 03HaYaeT, 9To
cpenHee BpeMs 0OCITy>XMBaHMS OTHOTO Ipubdopa pasHO 1/A=0,5 uaca). KakoBa BeposiTHOCTB
TOTO, UTO BpeMs 00CITy> XVBaHVS YeThIPEX IIprOopoBs OyzeT He Oosiee ueM 1,5 gaca.

ITycTs t; - cJIyuyaltHbBIN MHTepBasl BpeMeHM 00CITy KuBaHMs i-ro (110 ouepemn) npubdopa.
Torma Bpemsi 0OCITyXMBaHMS YeTBIPEX TPUOOPOB OymeT paBHO BenmumHe 1=ti+t+ts+t;. Ciy-
yariHas BeyimumHa T Oyzer pacriperiesieHa 10 3aKOHY DPpJlaHra 4eTBEPTOro IopsiiKa, TaK Kak
OHa SIBJIIeTCSl CyMMOVI YeTBIPEX CITyYavHBIX BeJIMUNH, PaclpeiesIéHHbIX 110 OTHOMY " TOMY
Ke 3KCIIOHeHIIMaJIbHOMY 3aKoHy. CileioBaTesibHO,

- (21)'
F(t) =1—exp{-2t}- ZT' ecau t>0 u F(t)=0, ecau t<0.

k=0
Taxmm oOpasom, P{T<1,5}=F(1,5)=1-exp{-3}[9/2+9/2+3+1]=0,353.

Pacnpedesenue Beibysia. D10 pacrpenersieHVe MMPOKO IIPUMEHSIETCS B 3afjadax Hamex-
HOCTM VI B TEOPUM BOCCTaHOBJIEHVE. DTOMY 3aKOHY paclipesie/leHVsl BepOsTHOCTeV! IIOIUMHIeT-
csl CJIy4aiHBIV MHTepBaJl BpeMeHM 0e30TKa3sHOV paboThl HEKOTOPBIX YCTPOWCTB WIM MX 3Jle-
MeHTOB. I JTOTHOCTE pacnpenenieHnsI BepOATHOCTeV BeJIM4MHBL T, pacipeeIéHHOM 110 3aKOHY
BeriOyiuia, imeeT By

F(t) = hou-t“ " expf-at} £ 20, (2.51)
rae A>0, 0>0. dyHKIME pacrpeesieHs BepOSTHOCTEN 3alVIChIBAeTCs CIeYIOITIM 00pa3oM:
F(t)=1-exp{-At®}, t=0. (2.52)
£t Pacrpenernenne BernOyiuta
02 VMeeT J[Ba IapamMmeTpa, KOTOpBIe

MOTYT IPWHMMAaThL JIFOObIe II0JI0-
KUTeJIbHBIe 3HaueHws. IlosTomy
OHO SIBJII€TCS JJOCTAaTOYHO TMOKIM
" yOOOHBIM [JIsL aIllIpOKCUMAIINN
3aKOHOB pacIipesiesieHNs, II0JIy-
UeHHBIX ONBITHBIM ITyTéM. IIpm
o=1 pacnpenenerne BeriOyiuia

0 : : t CTaHOBUTCS  KCIIOHEHITMATbHBIM
0 5 10 15 pacnpenesieneM. OCHOBHBIE Y-
Puc. 2.14. Tpacbmkm IIIOTHOCTM pacIpeiesIeHNsI BepOsITHOCTEVI A1 CJIOBBIE XapaKTePUCTUKI pacpe-
3aKoHa pacripefiesienys Benbysuia. nerneHus BenOysuia: mamemamuye-
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2
A o[T(1+ 2

1
- 1
ckoe oxudanue my = A “I'(1+—=); Oucnepcus Dy =)-T?*(1+—]. Tamma-
o o o)
dyHKUME Divlepa ompererieHa B (2.46).
I'padvkyt mToTHOCTM 3aKOHa pacripernerieHnst BertOyiuia mpencrasieHsl Ha puc. 2.14. I'pa-
KM TTOCTpOeHsI TIpY 3HaYeHVN ITapaMerpa 0=1,7. Kpusas 1 coorBeTcTByeT 3HaueHmro A=0,03,

KpuBas 2 - 3HaveHmio 0,005, kpusas 3 - sHauenwnto 0,07 vt kpusas 4 - sHauenwro 0,09.

TepMuHbI ANA 3aNOMUHaHMUA

¢ (iywanHas BeJIMYMHA, OVCKpeTHas CilydaliHasl BeJlMuyHa, HellpephlBHas CilydaliHasi Be-
JIUMHA, 3aKOH pachpefesieHunsl BeposATHOCTeN, (PyHKIIMs paciipefie/IeHNsl BepOsTHOCTe,
yCJIOBVIE HOPMUPOBKV BEpOSITHOCTEVA.

¢ MaremaTiueckoe oXupaHWe, IVCIepPCHs, cpelHee KBajpaTideckoe OTKJIOHeHMe, KOo3d-
duimenT Bapuanuy, Moja, MeayaHa, KBaHTWIV, KBapTWIl, BepPOATHOe OTKIIOHeHWe, Ha-
yajIbHble MOMEHTHI CJIy4YayHBIX BeJIMYMH, IIeHTpajbHble MOMEHTHI, CKOIIeHHOCTb, acyM-
MeTpWs, SKCIIecc.

Cnucok KOHTPOJIbHbIX BOMpPOCOB

HaviTe orperiesieHvie CJIy4ariHOVI BeJIMYVHBIL.

B uém pasimane nyickpeTHOV 11 HeIIpepbIBHOV CJTyYaliHbIX BeJIMYH?

Yro Ha3bIBaeTCs 3aKOHOM paclipesiesleHN sl BepOSTHOCTeV CJIy4ariHOV BeJIMYMHBI?

KaxmmMu criocobamyt MOXXHO 3a71aTh AVICKPETHYIO CIIyYarHYyI0 BEJIMUVHY ?

Havite ompenesieHne PYHKLUMN pacIipeiesieHVis BepOsITHOCTeVI CJTyYaliHOVI BeJIMYMHBL

Ilepeunciite OCHOBHBIE CBOVICTBa (PYHKIIMM pacIipefiesleHVs BepOATHOCTeN CIIydaliHO

BeJINYMHBI 11 OOBSICHUTE MX CMBICIL.

Havite onpefiesieHe ITIOTHOCTY pacIipeieleHNs] BepOATHOCTE CIIydalrtHOV BeJIMYMHEL.

IlepeuniciiiTe OCHOBHBIE CBOVICTBA IUIOTHOCTM paclipefie/IeHNs BepOATHOCTeN CITydaliHOM

BEJITIMHBI 11 OOBSICHUTE VX CMBICIT.

9. UYemy paBeH MHTerpas OoT IUIOTHOCTV pacIipefiesieHIs BepOATHOCTeN 110 Bcevl 00IacTi 3a-
OaHWsL CJIy YartHOM BEJIVTYUVIHBI?

10. IlepeuviciiiTe XapaKTepUCTVIKM ITOJIOKEHVISI CJTyYariHOV BeJIMYVIHBI Ha YVCIIOBOVI OCIA.

11. IlepeuviciiiTe XapaKTepUCTVIKM PaccestHVs CJTyYartHOVI BeJIVYVIHBIL.

12. Kaxk onpepnessrorcs MaTeMaTrdecKoe OXUIaHve U JUCIIepCUs AVICKPeTHOW CJIyJYarHOV Be-
JIVYVHBI?

13. Kak ompepesisitorcss MaTeMaTndeckoe OXWaaHVe ¥ AVCIepcusl HellpepbIBHOV CITydalfHOV
BeJIVUVHBI?

14. Yro Takoe Moaa 1 MeAMaHa ¥ KaK OHV OIpeIesIsioTcs?

15. [Tawnre onpenerneHvie Ha4aJIbHBIX MOMEHTOB CJIy4aliHOVI BeJIMYVHBI.

16. [aviTe ornperesieHvie IleHTPaJIbHbIX MOMEHTOB CJTy4ariHOV BeJIVYVHBIL.

17. Yro Takoe acMMMeTpUs 1 SKCIlecC 3aKOHa pacIperesleHNs 1 KaK OHU OITpelesIsioTCs ?

18. Yro Takoe KBaHTWIM ¥ KBapTWIN 3aKOHa pacIipesie/leHVis ¥ KaK OHV OIIpeesIsstoTcs?

AL N

P N
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Bonpocbl ana obcyxaeHnmn

1.
2.
3.
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EcTb 5111 B OKpyKaroleM Hac MUpe «He3aBUCHMBbIe» CJTyJaliHble BeJIVTUMHbI?
ITorrpoOyviTe HaMTV IPVIMePbI TAaKUX BEJIMUMH.
OGocHyITe OTHOCUTEJIBHOCTD ITOHSTHS «He3aBUCUIMOCTb».



MHoOromMepHsbie cnyqaﬁHble BE€JINYUMHDbI

CTyaeHT [oJKeH
OCBOMUTbD:

® IIOHSATMS MHOTOMEPHOV CJIy4allHOV BeJIMYMHBI, YCJIOBHBIE 11 Oe3yc-
JIOBHBIE 3aKOHBI pacIIpedeIeHvis, CTaTUCTYIECKOV 3aBVICMOCTH, Y-
CJIOBBIE XapaKTePUCTUKI CJIyYariHbIX BEJIMYVH, JIMHUV PErpecCcu;

npuo6pecTn HaBbIKN:

e pellleHNs 3a7la4 Ha BbIUVCIIEHVIE XaPAaKTEPUCTVK CBSI3U MEXITy BeJIu-
4yHaMM (KOBapMallVIOHHBIV MOMEHT, KO3 PUIIMEHT KOPPEJISALIN).
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OHpe,HeJ'IeHVIe, KJIaCCVICbVIKaL[VIﬂ, CII0cOOBI 3aaHms MHOT'OMEPHBIX cnyqaﬁHHx BeJIMYVIH. (DyHKuVIsI

@ === pacipene/eHNs BEpOSITHOCTEN [IByXMEPHOVI CIIyUaiiHOVI BeJIMYMHBL 11 ee CBovicTBa. [IOTHOCTB pac-

HpefeieHN s BePOSITHOCTeN IBYXMEPHOV CIy4YaliHOVI BeJIMYMHBI M ee CBOVICTBA. YCJIOBHBIC 3aKOHBI

pacripeniesieHust BeposiTHocTelt. CraTucTideckasl 3aBUCHMMOCTb MeX[Ty BeamdnHaMmu. UucaoBble Xxa-

=N PaKTepUCTMKM MHOTOMEPHBIX CITydalVfHBIX BelTmdauH. KoBapMalvoHHEIVI MOMEHT U K03 dUIMeHT

KpaTtkoe KOppeJIsaiun. YCIoBHbBIe UMCIIOBble XapakTepucTuku. JIuuum perpeccun. KoppersinyoHHOe OTHO-
cofeprarve  yrieHue. JIpyxMepHoe HOpMasIbHOe pacIipesiesleHue.

3.1. OnpepeneHne MHOrOMepHbIX C/lyYalHbIX BE/INYUH

COBOKYIHOCTB 71 CJTy4aViHbIX BEJIVUVH IIPUHATO Ha3bIBaTh 1-MEPHOVI CITy4aliHOVI BeJIvi-
YVHOVI WIVI CHICTEMOWVI 1 CJIyYaliHbIX BeJIMYMH WIV 1-MepHBIM BeKTOpoM. B mambnevmem n-
MepHYIO CJIy4ariHyIo BeIn4nHy OyzmeMm obosHauaTh (X1, X2, ..., Xu), THe X;, i =1, 2, ..., n - oT-
ZleIbHbIe ciTyJariHble BeJImduHbL. B wactHocTM (X, Y) - nByxMepHas cilydariHas BejvunHa, (X,
Y, Z) - TpéxmepHasi cilydariHas BeJiuvHa U T.J. O4eBUIHO, YTO n-MepHYIO CIy4YaiHyo BeJIu-
YMHY MOXKHO TPaKTOBaTh KaK BEKTOP, KOMIIOHEHTBI KOTOPOTO SIBJIAIOTCS CJIy4YaViHbIMM BeJIdu-
HaMmy. JIByXxMmepHasi cilydaviHasi BeJIMUMHA IIpeIcTaBjIsieT coOOM BEeKTOp Ha KOOPAVHATHO
r1ockocTr XOY, a TpéxMepHast clyJarHas BeJIndiHa — BeKTOP B TPEXMepHOM IIpOCTPaHCTBe.

[ onpeniersieHys TuIIa 1-MEePHOVI CJIy4YaviHOVI BeJIMUMHBI JJOCTATOYHO YKa3aTh TUIILI CO-
CTaBJISIONINIX € KOMIIOHEeHT. 371ech pacCMaTpUBArOTCS TOJIBKO ITOJIHOCTBIO JIVICKPeTHBIe BeJIdi-
HBI (HOCTAaTOYHO KpaTKO) ¥ IIOJIHOCTBIO HeIpepbIBHbIe BelMuMHbl (Oostee mompobHo). Cr1oBo
«ITOJTHOCTBIO» O3Ha4aeT B JaHHOM CJTydae TOT (paKT, UTO Bce KOMITOHEHTBI CJTy4aliHOVI BeJTYVHbI
OTHOCATCS K OJJHOMY ¥ TOMY Jke Tuily. IlouTy Bce BOIPOCHI, Kacarolyecs M3ydeHns 1n-MepPHbIX
CJTyYayiHBIX BeJIVYVIH, MOXKHO PacCMOTPeTh Ha IIpVIMepe ABYyXMEePHOV CJTyJartHOV BeJIVTUVIHEIL.

ITycte B cryuartHom BemumHe (X, Y) BO3SMOXHBIMU 3HaUeHMSIMY KOMIIOHEHTHI X SIBJIs-
IOTCSl 3HAYEeHMS X1, X2, ..., Xs, @ BOSMOXKHBIMM 3Ha4eHVAMM Y SBJISIOTC Y1, V2, ..., Yq. Ilepeunciie-
HMe Bcex Iap BO3MOXHBIX 3HadeHU (x;, yj), 1=1,2,...,5,j=1,2, ..., g, c yKa3aHMeM BepOSITHO-
CTeV 3TUX IIap pij Ha3bIBAETC 3aKOHOM pacIipeesIeHsI BEPOSTHOCTEV ABYXMEPHO CITyYaltHOM
BeyiauHEI (X, Y). [1J1s1 AMCKpeTHBIX BeJIMYVH YacTo MPVMEHSIOT TaOJIMYHBIV CITOCOD 3a/JaHVAs:

Yi
n Y2 e Ya pir
Xi
x1 p11 p12 . P1q P
X2 p2 p22 . P2q p2
Xs ps1 ps2 - Psq ps
P P p= P 1

B mepBoM cTosI0l1e IepednciieHsl BO3MOXKHBIE 3HAUEHMs CJIy4YaliHOV BeJIMYMHEL X, a B
IIepBOVI CTPOKe — BO3MOXKHbBIE 3HaUeHMs CTydartHou BesiumHbl Y. Ha niepeceuennn i-i1 cTpoku
" j-To cTOI0IIa yKa3aHa BepPOATHOCTb TOTO, UTO CJIy4aliHas BeJIndnHa X IIpUMeT 3HaueH!e X; 1,
OIHOBPEMEeHHO, CIyJaliHasl BeJIMdMHa Y OpuMeT 3HadeHme Y, T.e. pij = P{X = x;, Y = y;}.
CyMMmpys Bce BEpOATHOCTU pjj IO OJHOMY M3 MHAEKCOB, COXpaHssA IIOCTOAHHBIM APYrov
VIHIEKC, MOXKHO IIOJIyYMTh 3aKOH pacIpeeIeHs BePOSITHOCTEV 11 OIHOMEPHOV BeIIVYUNHBL:

q K
PX=x}=Yp,i=12.,s, P¥=y}=>p, j=12..q
j=1 i=1
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DT BepoATHOCTY OyfieM 0003HavaTh COOTBETCTBEHHO pi+ U prj. CUMBOJI «3BE3I0UKa» 03-
HayvaeT, UTo I10 JaHHOMY VHIEKCY IIPOBEIEeHO CyMMIMPOBaHMe BEPOSITHOCTEN ABYXMEPHOW CIIy-
YJalTHOVI BeJIMUMHBL. BeposTHOCTY p;+ 1 p+ 3aIIMICaHBI B IIOCTIETHEM CTOJIOLIE 11 B ITOCIIeITHe CTPO-
Ke Tabymrrer. OueBMIHO, YTO OOBIYHOE YCIIOBVIE HOPMVPOBKV BEPOSITHOCTEN! [IJIS Pi+ VI P COXpa-

s q
HAeTCs, T.e. Zpl* =1 u Z p*j =1. M3 sToro cJIefyeT, 4TO CyMMa BCeX BepOﬂTHOCTeV[ Pii
j=1

i=1

Bcerna Oyzer paBHa equHMIIe (Yc106ue HOpMupobxu 0ByxmepHoix BepoamHocmerl):

izq:py =1. (3.1)

i=1 j=1

AHaJIOrMYHO MOJKHO 3ajlaBaTh W CJIydaliHble BeJIMuMHbI Oosblent pasmepHocTu. C poc-
TOM pa3sMepHOCTV IIPOLeCC 3alaHsl CITydaliHOV BeJIMYMHBI CTAHOBUTCSA TPOMO3IKMM. Tak, 11
TPEXMEPHO CITy4aliHOVI BEJIMYVMHBI ITOTpedyeTcs: TpéxMepHas TaOInIla, T. €. HECKOJIIBKO Tal-
JIVILI ITPeCTaB/IEHHOIO BBIIIIE THIIA.

IMpumep 3.1. [IsyxMepHasi ciTydariHas BeJIMUMHa 3a7aHa TabJIMIHBIM CIIOCOO0M.

il 1 0 1 2 3

0,03 0,04 0,03 0,03 0,02
0,04 0,06 0,07 0,05 0,03
0,05 0,08 0,09 0,08 0,05
0,04 0,08 0,06 0,04 0,03

Xi

R[N | W

Tpebyercs ompenennTs ogHOMEpPHBIE 3aKOHBI pacIpefieleHUs CIIyJalfHbIX BeJIu-
unH X 1 Y. BeraucnuTe BepodaTHOCTE P TOrO, UTO CclydanHas BendnHa X IIpUMeT 3Have-
HIe 13 uHTepBana (3; 7) u, omHOBpeMeHHO, Y IIpuMeT 3HaueHMe 13 MHTepBaia [0; 3).

s onperiesieHVs BepOSITHOCTEN pi» U P+ HYXXKHO IIPOCYMMMPOBaTh 3aJlaHHbBIE B
TabJImIle BepOSATHOCTY COOTBETCTBEHHO II0 CTpoKaM M 1o cToybiiam. CyMMUpys IO CTPoO-
KaM, IIOJIy4YMM 3aKOH pacIipeieleHVs BepOATHOCTeN CJIydalfHOV BeJIMunHbl X B Tabimu-
HOM ¢dopMe, CyMMUPYs IIO CTOJIOIIAM, IOJIYYMM 3aKOH paclipefieleHUs] BepOsATHOCTEe
CJIy4davHOV BeJIMYMHBI Y.

Xi 3 4 5 6 yj -1 0 1 2 3
p+ |015 (0,25 0,35 | 0,25 ps | 016 | 0,26 | 0,25 | 0,20 | 0,13

B vrrTepsast (3; 7) momnagaeT Bcero Ba BO3SMOXKHBIX 3HAUeHUT BeJIMUMHBL X: X =4 11 x = 6.
B muTepsat [0; 3) momagaeT Tpy BO3MOXKHBIX 3HaueHMs BermamHbl Y: y =0,y =1y = 2. Takum
oOpa3oM, B yKa3aHHYIO B yCJIOBUM 3ajauy 00JIacThk MOIafaeT Bcero mecth Touek: (4; 0), (4; 1),
4; 2), (6; 0), (6; 1) m (6; 2). Vickomast BEPOSITHOCTb paBHa CyMMe BEPOSITHOCTEN 3TUX Todek: P =
=0,06 +0,07 +0,05+ 0,08 +0,09 + 0,08 =0,43.

3.2. ®yHKUMS pacnpeaesieHust BeposTHOCTEN
ABYXMEPHOMW CNy4aillHOW BEJIMYMHDI

YHuBepcabHBIM CIIOCOOOM 3aflaHMs ABYMEPHOV CJTyYartHOV BeJIMUVHBI SBJISeTCs 3aj1a-
Hye eé PyHKIMM paclipesiesieHnsi BeposiTHOCTen. QyHkyueil pacnpedesenus Beposmuocmei 08yx-
MepHou caydainotl Beaununst (X, Y) B TOUke (¥, ) Ha3bIBaeTCsl BEPOATHOCTb TOTO, UTO CJIydaliHas
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BeruvHa X TIIpUMeT 3HadeHMe MeHbIllee, YeM X, a CIydaliHasl BeJIndnHa Y OHOBpeMeHHO
HIpVIMeT 3HavueHVe MeHblIlee, 9YeM Y, T.e.
F(x,y)=P{X<x, Y<y}. (3.2)

DyHKIMA pacrpenesieHns BeposiTHocTen F(x, i) paBHa BepOATHOCTH IIOTIaIaHVIS TOUKN
(X;Y) B obiacte D, 3amTprxoBaHHYIO 4acTh KOOPAMHATHOV IVIOCKOCTY Ha puc. 3.1.
V13 orrpenierieHyst BEITEKAIOT CBOVICTBA IByXMEPHOV (DYHKIIMW pacIIperierieHVs.
1. F(-o0, —o0) = F(-oo, y) = F(x, —o0) = 0. [levicTBUTeIIbHO, CO- y (xy)
b

ObrTmst X < —co M Y < —co IIPENCTABIISIIOT HEBO3MOXKHBIE COOBITVIS, >
CJIeloBaTeIIbHO, VIX BEPOSITHOCTh paBHa HYJIO. ITosToMy onmHOBpe- / /
MEeHHOe OCYIIeCTBJIeHIe JII00Or0 IIPyroro COOBITMS C HaHHBIMU

COOBITMSIMU SIBJII€TCSI HEBO3MOXKHBIM. 371ech U [lajlee 3aMeHa JIo- %\ /

6oro aprymenTa dpysHkuvm F(x, y) cMBOJIOM oo (MJIM —0) O3HaYaeT

HpeeIbHbIN IIepexof, IpU CTpeMJIeHUN K oo (WIN —o°) JTaHHOI'O

apryMeHTa.

2. F(oo, ) = 1. [TevicTBUTEITBHO, F(oo, o0) = P{X < oo, Y < oo}. Ho coObrmmst X < co 1 Y < oo TIpen-
CTaBJISIIOT COOOVI TocTOBEPHBIE COOBITIS. CItemoBaTelTbHO, F(oo, o0) = P{X < oo, Y < oo} = P{U} = 1.

3. F(x, ) = Fx(x) u Feo, ) = Fy(y), e Fx(x) u Fx(y)
ecTb OJIHOMepHBble (PYHKIIMM paclperielleHNs] BepOSTHOCTe
COOTBETCTBeHHO I BeymumH X u Y. JlokaxkeM, HaIlpuMep,
riepsBoe paseHCTBO. [lo ompenernenmio, F(x, o) = P{X <x, Y <
< oo}, HO cOOBITME Y < oo SIBJISIETCS IOCTOBEPHBIM, CJIeI0Ba-
TerbHO, P{X < x, Y < oo} = P{X < x}. Takum oOpazom, F(x, o) =
= P{X < x}, a 3Ta BepOATHOCTD sABJIsIeTCA PYHKIIMEN pacIipe-
4 b nernenust Fx(x).

Puc. 3.2. K onpenenenmio 4. BeposTHOCTb TOro, UTO CiIydamHas BejMduHa X
BE€POATHOCTU IIOIIaJaHVMsA TOYKNU
(X; Y) B pAMOYTOTHHIK IIpVIMeT 3HadeHVe U3 MHTepBasa [4; b), a BeylmumHa Y IIprMeT
3HadeHNe 13 MHTepBaia [¢; d), onpenessieTcss POpMyIIONn:
Pla<X<b,c<Y<d}=F(b,d)—F(a,d)—F@,c)+ F@, c). (3.3)

DTa BEpOSTHOCTD IIpefiCTaBjIsgeT COOOV BepOATHOCTh MOIMaaHMs CIydarHON TOUKM (X;
Y) B 3aIITPMXOBaHHBIV IPSIMOYTOJIbHUK, M300pakEéHHBIN Ha puc. 3.2,

JloxasaTebcTBO paBeHcTBa (3.3) BeITeKaeT 13 CBOVICTB BeposiTHOCTH. [1pu ontpenertienmm
BEpPOSITHOCTY IIOTIa/JaHMs TOUYKM B JaHHBIV IIPSIMOYTOJIBHUK BO3bMEM BEpOSITHOCTD ITOTaIaHs
TOYKM B KBaZIpaHT c BepimHo (b; d). OTHMMeM OT Heé BepOSITHOCTM IIOMalaHMs TOUKM B KBaJl-
PaHTBI C BepIIMHaMM COOTBeTCTBeHHO (1; d) u (b; ¢). Torma BeposSITHOCTB IIOIIAJIaHMs TOYKM B
KBaJIpaHT C BepIIMHOM (a; c) OyneT oTHsATa ABaxapl Ilostomy B (3.3) ykasaHHasl BEpOSITHOCTD
OIIVIH pa3 npubaBIIsieTcs.

5. ®dynkIMd pacnipeneriens BepositHocTelt F(x, y) sBiigeTcs: HeyObIBarOIIerL.

DT CBOVICTBA CHpaBelJIVBbI U I MHOTOMEPHBIX CIIyYarHbIX BeJIMUMH 0ojlee BBICOKOT
pasMmepHocTi. Heobxomymo ik [1e1aTh COOTBETCTBYIOIIME TIOIIpaBKI Ha pa3sMepHOCTb. Tak,
U1 TpéxMepHOM ciIydantHou BenvuuHel (X, Y, Z) dyHKUMsS pacipepesieHns B Todke (X, Y, z)
paBHa F3(x, v, z) = P{X <x, Y <y, Z < z}. Ilpu aTOM F3(~00, —00, —00) = F3(-o0, 1, z) = F3(x, -0, z) =
= F3(x, y, —o0) = 0, a F3(o0, o0, o) = 1. [lasiee, F(x, y, =) = F2(x, y), rue F2(x, y) ectb dyHKIMA pac-
HpesieleHNsl BepOATHOCTEN JIByXMepHOW ciIydavitHoy BeanuuHbl (X, Y). AHaJIOTMYHO MOXXHO
IIOJIyYUTh VI OCTAJIbHBIE IByXMepHBIe (PYHKIINIM pacIpenerieHns BeposiTHocTert. HyokHme nH-
IeKChl Yy (PYHKIMI yKasblBAIOT Ha MX Pa3sMEPHOCTH ¥ IO3BOJISIOT pas3iivMyaTh 3TU (PYHKIVNL
VHnekce y nByxmepHOV (PYHKIWMM pacIpenereHNs BepOsITHOCTeN OyeM yKasblBaTh TOJIBKO B
ciTydae HeoOXomamMocTH. Y oHOMepHBIX (PYHKIIMI B KauecTBe MHIEKCOB OyeM Bcerza yKasbl-
BaTh VM BEJIMYMHEBL, K KOTOPOVI OHa OTHOCUTCSL.

Puc. 3.1. Obmacts D
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CaoricTBO 3 siBjIsieTCd MpaBWIOM Ilepexofa K 3aKOHaM pacIpefiesleHusl BepOsSTHOCTeN
Oostee HU3KOM pasMepHOCTN. UTOOBI 113 MHOrOMepHOV (PYHKIIUW paclperneIeHNs BepOsTHO-
CTeVl TIOJTy9nUTh (PYHKIIVIO pacIipefiesieHI sl BEPOSITHOCTeVI Dojlee HU3KOV Pa3sMepHOCTV HYKHO
IIepeiT K IIpefesTy Py CTpeMIeHnN K OeCKOHEeYHOCTV YacTV apTyMeHTOB VICXOTHOV (PYHK-
. Hampumep, ns yeTeipéxmepHon pyHKIMM pacrpenenenus Fi(x, y, z, t) MOXHO IIOJIyYUThb
nByxMepHyo: Fao(x, t) = Fa(x, oo, oo, t). DTy dopMasIbHYIO 3aIliCh CileflyeT paccMaTpMBaTh Kak
HpezeIbHBIN Ilepexort oT pyHKUmM Fu(x, y, z, t) mput y—eo 11 z—>o.

CrpemiieHre apryMeHTOB K  OTHOCUTCS K TOMY CJIy4alo, KOrjja BO3MOXKHbIe 3HaUeHVs
(x, v) BermmumHE! (X, Y) pacrornararoTcss Ha Bcevl KOOpAMHATHOM IwiockocTu. Ecint obrmacts omn-
penerieHNs CJIy4YaliHOV BeJIMYVMHEI OIpaHNYeHa, TO BMeCTO OeCKOHEeUHOCTM HYXKHO VICIIOJIB30-
BaTh I'paHNYHBIE 3HaUeHVsS IepeMeHHBIX X U 1/, COOTBETCTBYIOIIMe 3Tom obmacti. Ilycte 00-
JIaCTh BO3MOYKHBIX 3HaU€HWU (X, i) TaKoBa, uTo O < x < 3 mipu mo0oM 3HaveHuUm § 1 O < y <Y IIpu
mobom 3HaueHNMN x (0071aCTh He 00s3aTeIbHO NpAMOYTOsIbHas). Torma ceovicTBa PYHKIMM pac-
HpefesIleHysi MOXKHO 3ammcarh Tak: F(o, y) = F(x, 8) = F(o, 8) = 0; F(B, v) = 1; F(x, y) = Fx(x),
F(B, ) = F+(y).

I'pacdpmkoM nByxmMepHOM (YHKIIMM pacIpelieieHNs sBJIseTcs IIOBepXHOCTb. [ muc-
KPeTHBIX BeJIMYMH 3Ta II0OBEPXHOCTDb VIMeeT CTyIeH4YaTyio popmy. [Ij1d HerrpephIBHBIX BeJINUYMH
rpaduK He MMeeT Pa3pbIBOB B 00J1aCTV orpesiesieHns: (PYHKINUM pacIipeesieHs.

ITpumep 3.2. 3amana PyHKIIMS pacpenesieHs BEPOSTHOCTEN ABYXMEPHOVT CITyYaitHO
T T
Beymansel (X, YV): F(x,y)=a- [arctg x+ EJ(arctg y+ 5} —co< X <00, —oo< y< oo,

Onpenermte k03 duiivenT a. Hamtn onHOMepHBIe PYHKUMM paclpeesieHus Beju-
umH X 1 Y. BeIanciimTh BeposiTHOCTD NontafgaHms Toukn (X, Y) B kBagpar: -1<x<1,-1<y<1.
I'lo BTOpOMY CBOVACTBY F(o0, o0) =1, ciieioBaTeNIbHO,

T T
F(oo,0)=a- (arctg oo + Ej(arctg o +Ej =a-m* =1. Orcroma HaxomuM: 4 = 1/72.
Bocrosp3yemcst cBOVICTBOM 3 PYHKIIMM pacIipelieieH s BEPOSTHOCTEVL:

. .1
Fy(x)=1lim F(x,y) = lim — (arctg X+ gj(arctg v+ gj =
y—oo y—oo TE

—L arct; x+E arct: +E —l arct x+E
p (ST |\ TS ) TR\

ITockosbKy IepeMeHHBIe X U Y BXOIAT B pyHKIMIO F(X, ) cMMMeTpU4HO, TO, OYeBUIIHO,
1 T
dynxma F(y) iMeeT aHaJIOTWYHYTO CTPYKTYpY: Fy (V) = — (arctg v+ E]
T
Bepmmnaamu kBazipata, 3aJaHHOTO B yCJIOBUM 3afaul, sBiisitoTcs Touku A(-1; -1), B(-1;
1), C(1; 1) m D(1; -1). I'lo cBomcTBY 4 AByXMepHOV PYHKIINN pacipesiesieHNs 10Ty dVM:

P{-1<X<1,-1<Y<1}=F(1,1)- F(-1,1) - F(1,- 1) + F(-1,- 1}

= niz (arctg1+ g) (arctg1+ g) - niz (arctg (-1) + g) (arctg1+ g) -
1 T T 1 T T
- n—z(arctg 1+ E) (arctg (1) + E) + n—2(arctg -1+ E) (arctg (1) + E),

Tak kak arctgl = n/4 n arctg(-1) = -n/4, To P{-1<X<1,-1<Y<1}=1/4=0,25.
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3.3. MnoTHOCTb pacnpenesieHnsa BeposATHOCTEN
ABYXMEPHOMW C/Ty4alHOW BEJINUMHDI

Harnném BepossITHOCTH ITOIafjaHus IBYXMepPHOW ciIydarHon BesunHbl (X, Y) B OpsiMo-
YTOJILHUK CO cTOpoHamM Ax u Ay, Tiojiaras, 9To OyHKIIME pacipesieieHns BepodaTHocTeit F(x, )
sBJIgeTcs HellpeprelBHOM 1 guddepenipyemon. IlycTs BepiHamMy NpsIMOYTOJIbHVKA ABJIA-
1otcst Toukn A(x; ), B(x; y + Ay), C(x + Ax; y + Ay) u D(x + Ax; y). Torma Plx < X <x+ Ax, y<Y <
<y+Ay)=Fx+Ax, y+Ay) - F(x, y + Ay) - F(x + Ax, y) + F(x, y).

ITomemmM a1y BeposTHOCTE Ha AxAy v mepeiiém K nmpeaeny npu Ax—0 n Ay—0:

P{x<X +Ax,y<Y + A F(x+ Ax,y + Ay) — F(x + Ax,
fim DESX<x+AvysY<y+Ayp 01 Foe+Aoy+Ay) -Fx+Axy)
Ax—0 AxAy Ax—0 Ax  Ay—0 Ay
Ay—0

T F(x,y +Ay)—F(x,y)} ~ lim i{aF(x +Ax,y) 8F(x,y)}.
Ay—0 Ay Ax—0 Ax ay ay

TTocneguumn mpenesl paBeH, OYEBMUIHO, BTOPOVI CMEIIaHHOVI YaCcTHOW ITPOV3BOIHOVI.

DTOT IIpenesT Ha3bIBAIOT NA0MHOCHbI0 pacnpedeserus Beposmuocmeil f(x, y) 08yxmepHou cAyuaiuHon
Beauuunvl (X, Y), o 08yxmepHoti naomHocmuio pacnpedeerus 6epoamrocmen:

2
_9F(x)
flw =",
oxdy
ItoTHOCTE pacmipeiesieHNss BepOATHOCTEN SIBJIAeTCs YI0O0HOM POopMOT 3a/1aHs 3aKOHa
pacIipeiesieHVsI BepOSITHOCTEV CJIy4YayHbIX BeJIMYMH, HO IIpVIMeHeHVe e€ OrpaHMYeHO TOJIBKO
HeIIpepBIBHBIMI CIIyYaiHBIMIU BeJIMarHaMu. ['padmkoM IByMepHOV IUIOTHOCTM paclipererie-
HWSI BEPOSATHOCTEN SBJISeTCsl TIOBEPXHOCTD, PacIojIoKeHHas Hajl KOOPAMHATHOW IUIOCKOCTBIO
XOY. Chopmyrmpyem cBOVICTBa JBYMEPHOV INIOTHOCTY paclpeiesIeHNs BePOsITHOCTEVL.
1. Bcerma f(x, y) = 0, Tak Kax F(x, y) ABigeTcs HeyObIBatoIIe PyHKIIVE.
2. HenocpencrsenHo us3 (3.4) BbITeKaeT cilefyollee paBeHCTBO:

(3.4)

x )y
F(x,y)= j [ fv)dvdu. (3.5)
3. Vcnosnb3yst cBOVICTBO 2 M, yYUTBIBast, 4TO F(oo, o) =1, mosryumm:
[ [ £ y)dray=1. (3.6)

—oo—o0

4. BeposTHOCTb MOIamaHMs CIydantHou Touku (X, Y) B Impom3BoibHYIO oOiacte D
paBHa MHTeTpajly OT IUIOTHOCTW pacIipefiesieHs BepOATHOCTeV IT0 3TOV o0J1acTu:

P{(X.Y)e D} = [[ f(x. y)dxdy . (67)
D
Ecrim D mipsIMOYTOJIBHUK € BepIHaMu B Toukax A(a; c), B(a; d), C(b; d) m E(b; c), To
bood
P{(X,Y)e D}y = [dx| f(x, y)dy. (3.8)

5. U3 (3.5) crremyer, uro
[fendv=rex)  w [ fGpdx=f,(). (3.9)

Hevicreurenbro, F(x, «0) = Fx(x) u fx(x) = F, (x) . C IpyToit CTOPOHEI, TIO CBOVICTBY 2,

F(x,00) = ji Tf(u,v)dvdu.

—oco—o0
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HuddepenIpys 3To paBeHCTBO II0 X, [IOJIyYMM IepBoe paBeHCTBO 113 (3.9).
CsorvicTBo 3 1ipesicTaBisAeT yciobue Hopmupobxu Bepoamuocmei. Eciim D oxBaThIBaeT Bce
BO3MOJKHBIe 3HaueHsI KOMIIOHeHT X 11 Y, To (3.6) 3ammIieTcs Tak:
[[ £ e yyxdy =1. (3.10)
D
DTO 03HaYaeT, UTO 0OBEM TeJla, 3aKITIOUEHHOTO MeXITy ITOBEPXHOCTBIO Z = f(X, i) 1 KOOp-
nyHaTtHOM 1wiockocTeio XOY, Bcerna paseH enyHuile. Ha puc. 3.3 n3obpaxén rpadmk IIoTHO-
CTU pacIpesielleH sl BepoATHOCTeN I BelnumHbl (X, Y), Bce BO3MOXHBIe 3Ha4eHs KOTOPOM
(x, y) HaxopgaTcs B obnactu D. Ha puc. 3.4 mpuBoamTcst rpadymK ITIOTHOCTY paciipefie/ieH1s Be-
PpOsITHOCTeVI CTydarHoOV BeymumHbL (X, Y), paBHOMEPHO pacIIpelesIéHHON B IIPSAMOYTOJILHOM
obmactu: f(x, y) =1/Sp, ecrm (x, y)e D u f(x, y) = 0, ecsm (x, y)& D, Sp = (b - a)(d - ¢).

z AN
l Ax,y) ST
|
y I
ic d?
it cdalioatel F >
b ’ .
X X ’
Puc. 3.3. TpaduK IVIOTHOCTH paciipe- Puc. 3.4. TpaduK IUIOTHOCTH paB-
JieJIeHVsI BepOsITHOCTEV ABYXMePHOI HOMEpPHOTO0 pacIpeeieHns BeIn-
BestmunHEI (X, Y) B o61acti D ayuHEI (X, Y) B IpAMOYIroJIbHUKE

CsoricTBo 5 sByIsIeTCcd OOIIMM IIPaBWIOM Ilepexofia OT IVIOTHOCTH pacIipelieieHNs Bepo-
ATHOCTEV Pa3sMepHOCTU 71 K IUIOTHOCTSIM paclipefiejieHNs BepOsATHOCTeN pasMepHocTu 1 - 1.
71 Takoro mepexopa JOCTaTOYHO 7-MepPHYIO IUIOTHOCTEL pacIpefiesieHs IIPOVHTerpupoBaTh
10 OJTHOMY M3 apI'yMeHTOB B IIpeJIeJIaX OT —° 10 .

IMpumep 3.3. 3agaHa IIOTHOCTE paclpeiesleHns BepoaTHOCTeN BesianHBI (X, Y):

f(x,y)=a-cos(x—y), Ostg, Oﬁysg.

Omnpenennts KoadduiimenT a. Hanty omHOMepHBIe ITIOTHOCTH fx(X) M fy(Y).

Bocrionpsyemcs yciroBrieM HOpMUPOBKYM BeposiTHOCTel (3.6):
T T

J [ Gy =

—oco—00

a-cos(x—y)dydx=a-

S 0 |
S 0 |
O 0 | 3

. T )
[Sln(E —y)—sin(=y)ldy =
=a- [cos(g - g) - cos(g -0)- cos(g) +cos(0)] = 2a =1. Orcroga Haxommm a = 1/2.

. >
OmrHoMepHBIe ITTOTHOCTVI OITpeTIesIsieM IT0 CBOVICTBY B: fy (1) = J- fx,y)dx = %Icos(x —y)dx =
0

—oo

= %[sin(g —y)+siny], f,(x)= _J;f(x, y)dy = %!cos(x -y)dy = —%[sin(x —g) —sinx]. Ilpume-

Hesl pOPMYJIBI IPVBEIeHIs IS CYHYCa, IOy YVIM:
T

fX(x)=%(cosx+sinx), OSxSE; fY(y)=%(cosy+siny), OSyS2

2
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3.4. YcnoBHble 3aKOHbI pacnpegeneHms. Ctatucrmyeckas 3aBUCMMOCTb

3Hasl IUIOTHOCTB paclipefielleHNsI BePOsITHOCTeN f(X, i) ABYXMEPHOV CIIyYarHOV BeJIV-
umHB (X, Y), MOXHO OIpenenTh OHOMEpPHbIe INTOTHOCTYM pacripenerieHus fx(x) n fy(y), moinb-
3ysick cBovicTBoM 5. [Ipm TakoM miepexorie Best MHGMOPMAIVS O XapaKTepe CBSI3U MeXIy BeIndu-
Hamm X 1 Y Oynet morepsiia. OOpaTHBIN Ilepexo, OT OOHOMEPHBIX IUIOTHOCTeN fx(x) 1 fr(y) K
IBYXMEPHOV IUDIOTHOCTU f(X, /) OKa3bIBaeTCsI HEBO3MOKHBIM.

[J1s yCcTaHOBJIEHVIS CBSI3VI MEXKITy ABYXMEPHOVI VI OTHOMEPHBIMI IUIOTHOCTSIMU paclipe-
IeJIeHNs BEePOSITHOCTEVI BBOIAMTCS IIOHSATVE YCJIOBHOV IUIOTHOCTW pacIIpefielieHVsl BepOSTHO-
crent. Ycao06Hotl naomuocmuio pacnpedesenus Beposmuocmen CITy9aiHOV BeJIMYMHBI Y 10 OTHOIIIe-
HUIO K BellmavHe X Ha3blBaIOT IUIOTHOCTH PacIIpesiesieHNsi BEPOATHOCTEVI BeJIYVHBL Y, BBIUVIC-
JIEHHYIO TPV YCJIOBUM, UTO BeJinumHa X IIpuHsUla 3HadeHne x. O6osHauaroT f(y | x). MoxHo mo-
Ka3aTh, YTO VISl IBYX HEIIPePhIBHBIX BEJIVUMH

S y) =y | 2) - fx) mflx y) = fle | y) - fr(y)- (3.11)

[ByxMepHas IUIOTHOCTh pacIipefelieHNs BepOSATHOCTeV paBHaA IIPOM3BEHEHWIO YCJIOB-
HOVI IUIOTHOCTW pacIipefesieHVist BePOATHOCTM OQHOV U3 3TUX BeJIMYVH M0 OTHOIIEHWUIO K Apy-
rovt Ha 0e3ycJIOBHYIO IUIOTHOCTh paclipesiesieHVsl BepOsSTHOCTY BTOPOVI BeJIMYMHEL 151 BoccTa-
HOBJIEHWSI JBYXMEPHOVI ITDIOTHOCTY HeOOXOAMMO 3HaTh OHY U3 YCJIOBHBIX IUIOTHOCTEV M COOT-
BeTCTBYIOIIYIO OJTHOMEPHYIO IUIOTHOCTE. Popmyrinl (3.11) HaseBalOT opMyIIaMy YMHOKEeHMs
IUIOTHOCTeVI paciipefiesieHns: BeposTHoOCTen. VIX cTpyKTypa coBIIaziaeT co CTPYKTypoit popMy-
JIbl YMHOXKEHVISI BEPOSITHOCTE! COOBITHIA.

YciioBHBIE TUIOTHOCTM pacIipefiesieHV sl BepOATHOCTeV CoAepkaT BCHO MHQOPMAIMIO O
3aBUCHIMOCTV MeX]Ty CTyYaviHbIMU BeJImdrHaMi. MoXeT OKa3aThCsd, YTO YCJIOBHAs IUIOTHOCTD
TIOJTHOCTBIO COBITajaeT ¢ 0e3yCJIOBHOV IUIOTHOCTBIO. B TakoM ciTydae roBopsiT, UTO /IaHHBIE Be-
JIVIYVIHBI SIBJISIOTCS CIAMUCmu4ecky He3abucumvimMu. 3aMeTV M, 9TO eI BeJIndrHa Y He 3aBUCUT
ot BeyumHbl X, To 1 X He 3aBucuT oT Y. [lenictBuTenbHO, IycTh f{y | x) = fy(y). JleBBle yacTn
paseHcTs (3.11) paBHBI, II0O3TOMY PaBHBI U ITpaBble YacTy, T.e.

f(x|)’)fy(y):f(y|X)fX(x) IR f(x‘y):f(ﬂx)f)((x)

Sy (¥)

Ortcrona cirenyet, uro ecyii (Y | x) = fr(y), To fix | y) = fx(x).

Ecim yciioBHBIe IUIOTHOCTM pacIipefielieHVsl BepOSITHOCTEVI He paBHBI 0e3yCIIOBHBIM
IUIOTHOCTSIM, TO CJTydayiHble BelnavHbl X 1 Y SBIIAIOTCA cmamucmuvecku 3abucumvimu. Popmy-
JIBI YMHOXKEHWSI IDIOTHOCTeN pacrpenertenvs (3.11) cripaseryvesl B jo0oM caydae. st cratn-
CTUYECK He3aBVICVIMBIX BEJINYNMH (POPMYIIBI CBOIIATCS K OIHOL:

fx,y) = fx(x) - fuly)- (312)

DTO PaBeHCTBO SIBJISIeTCs ITPU3HAKOM He3aBUCUMOCTY CJTyYaltHbIX BeJIMYVH.
V3 3ammcaHHBIX COOTHOIIEHUV BbITEKaeT cilefyrolas popMyJia [yIst oIpesiesieHns yc-
JIOBHBIX IIOTHOCTEVI pacrpesie/IeHNs: BepOsITHOCTEN 110 1By XMePHOV ITIOTHOCTA:

foln==tEN = LED (3.13)

=

[ £Ce, )y [ £, p)ax

AHaJIOTVYHO BBOAWTCS IIOHATME YCJIOBHOVI IUIOTHOCTHU paclipefiesieHNs BepOsATHOCTeNn
I MHOTOMEPHBIX BeJIMYMH 00JIee BEICOKOVI pa3MepPHOCTA.
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Boobe yci06Hbim 3akoHoM pacnpedeserus BeposmHocmeil OTHOV CIIyYaltHOV BEJIVIVHBI
II0 OTHOIIEHWIO K IPYyrovi HashIBAeTCsI €€ 3aKOH pacIlipenesieHus], II0JIyYeHHbBIVI IIPU yCIIOBUM,
YTO BTOpas BeJIM4MHa IIpUHsUIa KOHKpeTHoe 3HaueHue. Ilycts (X, Y) auckperHas cirydariHas
BeIMuMHaA. Bo3MOXHBIMY 3HAUEHMSIMY KOMIIOHEHTHI X SBJISIOTCS 3HAUYEHUS X1, X2, ..., Xs, a BO3-
MOKHBIMV 3HaUeHUAMU Y - V1, Y, ..., Yq. 3amaHbl BepoaTHocTH p;j = P{X = x;, Y = y;}. YcoBHBIN
3aKOH pacIipeielleHns BepOSATHOCTeV BeIMuyHbl X MPU YCOIOBUY, YTO BeJIMYMHa Y IpUHsIIa
3HadeHMe Y, OyeT MeTb CIeIy oIt BU/L;

PiX=x|Y=yy=—Lr =0 -1 s (3.14)

i=1

3mech M3MeHsieTCs WHEKC i, HO He WM3MeHseTCs WMHEKC j. 3aMeTuM, YTO II0 CBOeMy
CMBICITy 3Ta popMyJia IIOJIHOCTBIO 9KBMBaJleHTHa BTopovt dpopmyite 13 (3.13). Ipyrumu ciosa-
Mu, Jr0bas cTpoka (J:o0ovt cTosrbelr) B TaOnuile 3aaHus BeposiTHOCTel pj (cM. 11. 3.1), mope-
JIEHHAs Ha CYMMY BepOSITHOCTEVI 3TOVI CTPOKM (3TOTro CTOJIOIa), IIpeficTaBIsseT COOOV YCIIOBHBIN
3aKOH pacIipefielIeHNs BepOsITHOCTEVI OHOV 13 BEJIMYMH TI0 OTHOIIEHUIO K (PUKCUPOBAaHHOMY
3HaUYeHUIO Apyrov BedmuumHbL. Eciam, HampuMep, Bce BepOSTHOCTM BTOPOV CTPOKM TaOJIVIIBI
IIOZIEeINTE Ha P2+, TO TIOJIYUYMM YCJIOBHBIV 3aKOH pacIpeesieHns CJIy4artHOV BeJIMYIMHBL Y IIpu
yCJIOBUWM, YTO BeJImdmHa X MpUHsUIa 3Ha4eHVe X2.

JJ1s IVICKpeTHBIX BeJIMYMH CTaTUCTUYecKasl 3aBUCHMOCTh OIIpeflesisieTCs aHaJIOTMYHO.
Ecim ycjioBHOe pacriperiesieHvie BEpPOSTHOCTEVI OIHOW BeJIMYMHBI 10 OTHOIIEHUIO K IPYyTron
COBITaTaeT ¢ Ge3yCIOBHBIM 3aKoHOM, T.e. P{(X = x| Y =y} =pi, i=1,2,...,5,j=1,2, ..., g, TO Be-
mavHbl X 1 Y SBJISIOTCA CTaTUCTUYeCKM He3aBUCUMBIMU. Ecii 3TO ycjioBre He BBIIIOJIHSETCS,
TO BEJIVIUVIHBI SIBJISIOTCS CTATUCTVYECKY 3aBVICYIMBIMIAL

IIpumep 3.4. 3aaHa IUIOTHOCTB pacIpefiesIeHNsI BepOSTHOCTEV ABYXMEPHON CiIydari-

1
sout Besmumssl (X, Y): f(x,)) =14 nR>
0 mpu x°+y° =R, R>0.

mpu  x° +y° <R,

JlokasaTh, 4TO cTydaviHble BeJIavHbL X 1 Y SBJISIOTCS 3aBVCMBIMU.
Criryuarnnble BermmumHbl X 11 Y OyayT 3aBucuMbeiMK, eciit f(x | y) # fx(x). Hammém fx(x):
1 \/R].—xz o) /Rz _xz

TERz' dy:T, —-R<x<R

fr@) = [ £(x, y)dy =

—R*—x

3meck IpM pacCTaHOBKE IIPeJesIOB MHTETPUPOBaHMS ObUIO YUTEHO, YTO IUIOTHOCTD
f(x, y) paBHa HyII0 BHe Kpyra paamuyca R. B ciy cumMmeTpun 1mioTHocTH f(x, y), IUIOT-

2 }RZ 4,2
—2y , —R<y<R. CnemoBareib-
iR

VR —x?

2
#fi(x)= T DTO MOKas3bI-

HOCTb fy(y) MMeeT TaKyio Xe CTPYKTypy: f,(y)=

Seoy) 1 mRE
-—. _

fy()  mR* 2 R*—y? 2 JR? -y’

BaeT, 4ToO X n Y aBIISIOTCS 3aBVICUMBIMU BeJIMUYMHAMI. OTMeTT/IM, qTo YCHOBHbIe IIJIOTHO-

ctu f(x | y) u f(y | x) TakXKe MMeIOT OIMHAKOBBIe CTPYKTYphl. CileflyeT uMeThb B BUAY, YTO
OHV OIpeJiesIeHbl TOJIBKO BHYTpU Kpyra: x2 + y2 < R2. BHe 3TOro xpyra oHv paBHBI HYJIIO.

wo, f(x|y)=

HHH JOoKa3aTeJIbCTBa CYH_[eCTBOBaHT/Iﬂ 3aBVICVIMOCTM ME)K,JIy BeJIMYMHaMM Heobs13aTes/IbHO
HaXOAWTh yCJIOBHBIE IUIOTHOCTM pacIpeesieHns BeposaTHOCTeN. [locTaTouHO yOemmThCs, 9To
f(x, y) # fx(x)fv(y). B marHOM CiTydae 3TO HEpaBEHCTBO OYEBIIHO.
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3.5. Yucnosble XapaKTEpUCTUKN MHOrOMEPHbIX C/Iy4alHbIX BEJINUUH.
KoBapuauMOHHbIM MOMEHT U K03 hHULMEHT KOppensuun

ITpy M3ydyeHMM CBOVICTB JIByXMEPHOV CJIydarHOM BeJmduHbI (X, Y) MOXXHO TOBOPUTDL O
MaTeMaTUYeCKX OXXUAAHUAX OTHeJIbHBIX KOMIIOHEHT 1l VI 1y, 0 MX aucnepcuax Dy v Dy n T. 11
OnHako 3HaHMe XapaKTePUCTVK M30JIMPOBAaHHBIX KOMIIOHEHT He IO03BOJIeT AejlaTh BBIBOABI O
CYIIeCTBOBaHWUM CTaTUCTUYECKOVI CBSA3M MeXIy 3TVMM KOMIIOHEHTaMI U O XapaKTepe 3TOV CBi-
su. ITpu m3ydeHMrY MHOrOMEpHBIX BeJIVUMH IOIIOJIHMTEIbHO IIPUBJIEKAIOT TaKie XapaKTepu-
CTUKW, KOTOpPBble OTpakalOT CTaTUCTUUYecKylo cBaA3b. K TakmM xapaKTepucTMKaM OTHOCSITCS
CMelllaHHbIe MOMEHTHI CJTyYaViHbIX BeJIYIVH.

HYCTB IUIsl ABYXMEPHOVI CJIy4YarHOVI BeJIMYVIHBI (X, Y) 3aJaHa IDIOTHOCTBb pacIipeneie-
HMs BeposTHocTel f(x, ). Hauasvnvim momenmom vg, iopsinka k = ¢ + h AByXMepHOVI BEJIMYVHEI
(X, Y) Ha3pIBaeTca MaTeMaTHUeCKOe OXVIIaHVe IIpon3BeneHms Xs - Y

vgh=M{Xg~Yh}:I'[xgyhf(x,y)dxdy. (3.15)
Ecrn (X, Y) mByxMepHas AVICKpeTHasi CJIyvariHas BeJIM9Ha C BO3MOXHBIMY 3HaUeHVIs-
mu (x;, yj),i=1,2,...,5,j=1,2,...,q, U Cc BEpOATHOCTSIMU Pij, TO

S q
Vo =M{XE Y =YY xEyip, (3.16)

i=1 j=1
B dopmysax (3.15) n (3.16) g v h - nesnble unciia, §=0,h>20,g+h=k k=0,1,2, ....
Yricsto MoMeHTOB TopsifiKa k Oyzaer pasHo k + 1. ITpu k = 0 mMeeTcs Bcero oyH MOMEHT
Voo, KOTOPBIV BeTzla paBeH efyuHMIle (YCJI0BMe HOpMUPOBKM BepodTHOcTen). ITpu k = 1 nmeetcs
ZIBa MOMEHTA Vo1 I V1o, KOTOPBIE COBITAZAlOT ¢ MaTeMaTIeCKVIMI OXXMIaHMsIMY BermamH X 1 Y:
Vo1 = My VI Vig = M. [JOKaXXeM, HaIlpuMep, IlepBOe paBeHCTBO:

oo

Vi = MUYV = MUY = [ [eof oy = [ [ £ p)dslds =[x £, (0de=m,.

—oco—oo —oo

ITepeunciiiM MOMeHTBI HTOpsiKa ki Vok, Vik-1), V2(t-2), .., V(k-1)1, Vko. MOMEHTBI Vox M Vio SIB-
JISTIOTCS. MOMEHTaMM k-0ro mopsKa cooTBeTCTBeHHO BeranH Y 1 X. OcTasibHble MOMEHTHI (113
HepeunciIeHHbIX) IIpu k > 1 IpencTasiIgoT coOOM cMelllaHHble MOMEHTHI, KOTOpbIe U XapaKTe-
PU3YIOT CTaTVICTIYECKYIO CBSI3b MeXIy KOMIIOHeHTaMu X 11 Y.

J)1s aHayIM3a CTATMCTUYECKOV CBS3W y[IOOHee MCIIOIB30BaTh IIeHTpPasIbHble MOMEHTEHI.
Lenmparvnoiii Momenm Ug, IOpsAKa k 1ByxMepHO BeymumHbl (X, Y) 3To MaTeMaTudecKoe OXMu-
naHve nmpoussenenud (X — my)s(Y - my)h, Tak uto g + h =k, T.e.

oo oo

Mg = MAX =m)* (Y =m )"} = [ [(x=m ) =m) f(x,p)dxdy..  (317)

—oco—co

Ecmm (X, Y) nByxMmepHas OyCKpeTHasi ClydarHas BeIdiHa ¢ BO3MOXXHBIMY 3HayeHNs-
mu (x;, yj),i=1,2,...,5,j=1,2,...,q, U Cc BEpOATHOCTSIMU Pij, TO

o = MUK =m ) - =m ) =3 Y =m ) 5y =m )y (39

B stux dpopmyitax g m h - uenete uncia, §=0,h=20,g+h=k, k=0,1,2, ...
Paccmotpum MoMeHTHI 2-ro nopsiika. MOMeHT oo SBJIsIeTCs, OU4eBUAHO, aycrepcrent Dy
CJIy4dayHOV BeJIM4MHbL X, a MOMEHT o — aucnepcuent Dy Bermumabl Y. CMelIaHHBII MOMEHT
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W11 IMeeT IlepBOCTeIleHHOe 3HaueHVe PV M3YYeHUN 3aBVUCYMOCTY MeXy CJIy4daiHbIMV BeJlvi-
YMHaMM. DTOT MOMEHT IPUHATO Ha3bIBaTbh KOBAPUAUUOHHBIM MOMEHIIOM, MOMEHMOM CBA3U VIIU
IpoCTO Kobapuayuen v 0o003HaudaTh depe3 K., KoBapualmoHHBII MOMEHT XapaKTepusyeT JIN-
HeVIHYIO CBs3b MeXJy pacCMaTpuBaeMbIMM BeJlmdmHaMu. JIerko mokasarts, uro eciu X n Y 8-
JIAIOTCSL CTaTUICTUYECKN He3aBUCHMMBIMM BeJIMYMHaMY, TO KOPPeJIAIMIOHHbII MOMEHT paBeH Hy-
mo. devictBurenibHO, eciivt X 1 Y He3aBUCUMBL, TO f(X, y) = fx(x)fy(y) v, cJiemoBaTesIbHO,

Ky = [[G=m)(@-m)f(x,y)dxdy =

—oo—oo

= [Gc=m) fdx [ (v=m,) fy (v =, - p1,, =0,

31ech Uxi M [ly1 €CTh LeHTPaJIbHble MOMEHTHI IIepBOro HOPSIKa BeJINYVH COOTBETCTBEHHO
X m Y. DTy MOMEHTBI Bcer/la paBHbI HYJIIO.

TaxumM obpasom, ecstit BermmumHbl X 1 Y SBJISIOTCS CTATMUCTMYECKM He3aBUCUMBIMU, TO
Ky, = 0. OgHako oOpaTHOe yTBep X/ieHle He SIBJISeTCs BepHBIM, T.e. eyt Ky, = 0, To 3TO eIné He
3HAYUT, YTO HJAaHHbIe BeJIMYMHBI SIBJISAIOTCA CTAaTUCTUYECKM He3aBUCHMMBIMU. PaBeHCTBO HYJIIO
KOBapMalMIOHHOTO MOMeHTa O3HauaeT aKT, YTO MeXy BeJIM4MHaMM OTCYTCTBYeT JIMHeVHas
cBs13b. OHAKO MOXeT CyIlecTBOBaTh HeJIMHeVHas CBsi3b, KOTOpasi MOXKeT BBICTYIIaTh B pa3HBIX
dopmax. Popma cessu nipu Ky, = 0 orpenesnsercss MoMeHTamm Oosiee BBICOKOTO mHopsnka. Ha-
IIpUMepP, MOMEHT |21 OIIpefiesiseT IapaloIMyecKyIo CBsI3b MEXIY BeIMUMHON Y ¥ BeJIMIVMHON
X, MOMEHT 31 - KyOndecKyIo CB43b U T.1I.

PaccMmoTpuM nioipoGHee BOIIpOC O JIMHEVHOV CBSI3M MeXAy OByMs BemmamHamu. [Ipen-
TIOJIOKVM, YTO MeXJy CJIydarHbIMM BeimuHaMy X M Y CyIecTByeT CTaTUCTUJYecKasl 3aBUCK-
MOCTB, IIPMYEM TOYHO M3BECTHO, YTO 3Ta 3aBUICMMOCTD JIMHeVIHas. Toraa crpaBeyIiiBO paBeHCT-
Bo Y =aX + b + &. B atoMm paBeHcTBe cr1araemoe aX + b mpeictapiisieT coO00Vt KOMIIOHEHTY BeJIvi-
uMHBL Y, JIMHEVHYIO OTHOCUTEJIbHO BeIMYMHbL X, IPUYEM 4 M b SBJISIOTCS IIOCTOSIHHBIMU KO-
sadpPpurmentamn. Crraraemoe & ripercrasiisieT cO00VT HEKOTOPYIO CJIyYarHYIO BEJIMUNMHY, He 3a-
Bucsityo oT X. IlycTe m, m m: ecTe MareMaTnueckme oxwumanus Besmama X u &, a Dy -
nucrepcnsd BerimumHbl X. Torga MaTeMarndeckoe OXuaHMe BeJIMYMHBEL Y OyneT paBHO 11y
= M{aX + b+ &} = am, + b + me. CrrenoBatenbHO, Ky = M{(Y - m,)(X - mx)} = M{(aX + b + & - amy
b - me)(X - m)} = M{[a(X — ) + (& = m)](X - m)} = aM{(X ~ m)} + M{( & - me)(X - m.)}
= aD, + Kz Ho Kz, = 0, Tak Kaxk, 10 IIPeIIoiIoKeHIo, CBsI3b MeX/Iy BermanHamu X u § oTcyTeT-
ByeT. Takum obpasom, K,y = aD,. DT0 03HadaeT, YTO KOBapMalMIOHHbIVI MOMEHT IIPOIOPLIVOHa-
JIeH K03 durenTy, obecrieunBaroIieMy JIMHEHYIO CBSA3b MeXIy BemuuHaMiu. Ecim jvHen-
Hasi CBA3b OTCYTCTBYeT, TO 4 = 0 ¥ KoBapMallMIOHHBII MOMEHT TakXe oOpalljaeTcs B HYJIb.

T/Isyqume JIVIHEVIHOVI CBSI3VI MEXIY BeJIVYMHAMM SIBJISI€TCS HamboJ1ee IIPOCTOV U, B TO
Xe BpewMs, Hen30eXHOV 3agavent IPY MCCIIEAOBAHMM CTATUCTUYECKOV 3aBUCUMOCTVI MEX/TY Be-
JTMaVHaMU. VIMeHHO IT03TOMy IpUIAéTcs: OOoIbIIoe 3HaUYeHwe OIpeesIeHI IO KoBapyallyiOHHO-
ro MoMeHTa. [Ipy msydeHw cBOVICTB COBOKYITHOCTM 71 CITy4aViHBIX BelmanH X1, Xo, ..., Xn WcC-
HOJIb3yeTCsl TIOHATHE KOBapuayuoHHot Mampuybl — MaTPUILIbl, COCTOSIIEN M3 KOBapUalMMOHHbIX
MOMEHTOB ITOITapHO pacCMaTpUBaeMBbIX BeJIMUMH U3 JaHHOV COBOKYITHOCTM:

Ky Ky Ky,

K=| "2 f2 2n | (3.19)

K, K, .. K

3neck Kjj - KoBapMalMIOHHBII MOMeHT Mexay BeanHamu X n Xj, 1 <i<n, 1 <j<n.
s yaudmMKaimm 3anmcy BBefleHo obosHaueHne: 62 = Kji. IlociieqHee o3Hadaet, 4To gucrep-
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cuA 62 PopMaIbHO paccMaTpuBaeTcsl KaK KOBapUalMOHHBII MOMeHT Mexny X; 1 X;. Kosapua-
IMIOHHas MaTpulia JaéT MOJIHOe IIpeJiCTaBIeHNe O JIMHeHOV CBSA3V MeXIly BeJIMdrHaMu pac-
CMaTpVBaeMOVI COBOKYITHOCTV. AHaJIM3 MaTPUIIbI ITO3BOJISIET BBIABUTH T€ KOMIIOHEHTBI, MEXITy
KOTOPBIMM JIMHEeVHasI 3aBMCYMOCTb HanOoJIee CyIleCTBeHHa.

Beymruma koBapmanonHoro MoMmeHTa Ky, 3aBUCUT OT OUICHEPCUNL Cx2 U G2 BeltnmanH X
n Y. [TosTOMy 3aTpyAHUTEIIEHO CYANUTH O CHIe JIVHeVIHOVI CBSA3Y MeXI1y BeJIMYHaMV, OIpasich
Ha 3HadeHMe Koadduimenra K, Ecyii, manipumep, Ky > Kip, TO elné Helb3sl yTBepXXaaTh, YTO
JIMHEeVIHAs CBA3b Mexx1y Y u X cvibHee, yeM Mexay BesimamHaMy V vt U. DTo cBg43aHO ¢ TeM, 4To
y mapsl BeJimauH Y 1 X OUCIIepCy MOTYT 3HAUYUTEJIbHO OTJIINYAThCA OT AucHepcuii napel V mu
U. C menpio yCTpaHeHWMsI 3TOTO HGYL[O6CTBa IUI ISMEPEHVISL CVJTBI JIMHEVIHOV CBSI3N ObUI BBeIEH
K03hpuLuenm Koppessyuu:

K
—
Ty =——. (3.20)
c,0,
KoaddummenT xoppersumm spiiseTcss 0e3pasMepHOV BeIVYMHOV, He 3aBUCHIIEV OT

OVICIIEPCUL Ox2 U Oy2, IPWYEM BCeTla BBHIITOJIHAECTCS HepaBeHCTBO:

Ecmn | ry | =1, TOo MMeeTcst PyHKIMOHAIbHAS JIMHEVIHAS CBSI3b MEXAY BeIM4InHaMiu Y 1
X, Te. Y =aX+b, tme a u b - HeKoTOpbIe NTOCTOsHHBIe K03 duimenTer. Ecim 1, = -1, To a <0,
€CIIN 1y = 1, To a > 0. IpyruMm cjioBamMu, IIPA 1y, = -1 IMeeM MOHOTOHHO yOBIBAIOIIYIO (PYHK-
LIVIIO CBSI3U MeXAy Y U X, a IIpU 'y = 1 - MOHOTOHHO BO3pacTaIoIIy 0 (PyHKIIVIO.

Ecimu ryy = 0, To JtMHeVIHasA cBA3b MeXy BermunHamu Y 1 X orcyTcrByeT. [lociienHee 03-
HayaeT, YTO WIM BeJIMumnHbL Y 1 X gBJISIOTCSA CTaTUCTUYECKN He3aBUCUMBIMMY, VIV MeXIy HUMM
CYILeCTBYIOT TOJIBKO HeJIHeVIHble BUIIbI CBA3eVL.

ITpu paccMoTpeHMM COBOKYITHOCTM 11 CIIyYamHbBIX BeJIMUMH (11 > 2) VCIOJIb3yeTCs Koppe-
AAYUOHHAS MAMPUYA — MaTPULIa, COCTaBIeHHas 13 KO3 PUIIMEeHTOB KOPPesIALN:

1 r, .. 1,
T 1 .. r

R=| a (3.22)
Ty Ty o 1

Koppersaimonnasi Marpuita 6ojlee HaIIAIHO IIpeCTaBiIsieT JIMHEVIHbIe CBSI3U MeXIy
paccMaTpuBaeMbIMI BeJIMduHaMu. VI3 omperesieHns KOBapMallIOHHOIO MOMeHTa U Koaddu-
IIieHTa KOppeJIsalny CJIeflyeT, YTO Bcerjaa MMeIoT MecTo paBeHCTBa Kuy, = Ky U 1y = 1. Takum
obpasoM, koBapuanmonHas (3.19) u xoppersionHas (3.22) MaTPUIIbI SBJISIOTCS CUMMeTPIY-
HBIMV OTHOCUTEJILHO IJIaBHBIX AViarOHaJIeVL.

Ecrm xoadppurivenT ry, Mexay BerimamHaMy X U Y paBeH HYJIIO, TO TOBOPST, UTO 3T
ciTydaviHble BEIMUVHBI SBJISIOTCS HekoppeaupoBannvimu. Ecim 1y # 0, BeJIMUIMHBEL Ha3bIBAIOT KOp-
peaupobannbimu. CTaTUCTUYECKV He3aBVCUIMBIE BEIVMYVMHBI SBJISIOTCS HEKOPPeIpPOBaHHBIMIAL
ObpaTHOe yTBepK7ieHVe B 00IIeM ciIydae He SBJISIeTCs BEPHBIM.

BeraviciieHvie Ha4aIbHBIX MOMEHTOB TIOUTH BCeT/Ia MeHee TPYHAOEMKO, YeM BBIUNCIIEHVIE
LIEHTPJIbHBIX MOMEHTOB. [103TOMy 1S oIpesiesteHs [IeHTPaIbHBIX MOMEHTOB YacTO IIpUMe-
HSIOT (POPMYJIBI CBSI3V MeXIy Ha4aIbHBIMM ¥ IIEHTPaIbHBIMM MOMeHTaMW. B "acTHOCTM, 1
KoBapuanyoHHoro MomenTa Ky, = M{(X - my)-(Y - my)} = M{XY - m,Y - myX + mm,}. Tlomb3ysich
CBOVICTBAMV MaTeMaTWIeCKOTO OXXVI/TaHVS, TIOJTYUVIM:

Ky = M{XY} - mamy, o Ky = Vi1 - many,. (3.23)
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V3 dopmysiel (3.23) BbITEKaeT OJHO OYeHb BaXKHOe CBOVICTBO MaTeMaTWYecKMX OXua-
Huit. Ecim xoBapualiMoHHBII MOMEHT (M1 K03 PUIIMeHT KOppeJIsalm) paBeH HyJIio, TO Ma-
TeMaTuJeckoe OXulaHue IIpou3BeeH s CJTyJYaliHbIX BeJIMYMH PaBHO IIPOM3BEIeHIIO X MaTe-
MaTudecknx oxwvmgaHuit. CrpasemmBo m obpaTrHoe yTBepxkmeHue. OmHAaKO W3 paBeHCTBA
V11 = M1y, e1IE He cJleflyeT, YTO BeJIMumHbL X 1 Y SBJISIOTC CTaTUCTIYeCK) He3aBVCMBIMIAL.

IIpumep 3.5. Beramicimre umciIoBble XapaKTepUCTUKN My, My, Dy, Dy, Ky v 7y 101 ABYX-
MepHOVI IVICKPETHOVI CJTy4aviHOVI BeJIMYMHBI, 3aJaHHOoVI B ITpumepe 3.1.

I onpenesieHst XapaKTepUCTUK My, 11y, Dy v Dy BOocTIoib3yeMcst OTHOMEPHBIMM 3aKO-
HaMW pacIipesie/IeHIsl BepOATHOCTeN, yKe olpeeIéHHbIMI B ITpuMepe 3.1:

S g
m, :inpi* =3.0,15+4-0,25+6-035+8-0,25=555, m, :Z;yjp*j =-1-0,16+0-0,26 +
i= J=

+1-0,25+2-0,20+3-0,13 = 0,88. Harmgém 2-e HayaIbHBIe MOMEHTHI [yIst Beami X 1 Y:

M{X*} = x2p, =9-0,15+16-0,25+36-035+64-025=3395 M{¥*}=

i=1

q
=Y y’p.,, =+1:0,25+2-:0,20+3-0,13 = 0,88.

Crneposaresro, Dy =33, 95 - (5,55)2=3,15u D, =2, 38 - (0, 88)2= 1, 61. Torzma cpenHme
KBaJ[paTI4yecKyie OTKIIOHEHWS OYIyT paBHBL:

6, =D, =315=177; o, ,=,[D, =161=127.

KoBapualloHHbBIVI MOMEHT BBIYMCIISIeTCA HEeIloCpeCTBeHHO 110 VMCXOAHOV Tabsmile Be-
positHOCTev1. [ Tpymenum dpopmyity (3.23)

s 4
K, =vy—-mm, =M{XY}-mm, :sz[yj -mm, =
i=1 j=1

=3-((=1)-0,03+0-0,04+1-0,03+2-0,03+3-0,02) +
+4-((=1)-0,04+0-0,06+1-0,07 +2-0,05 +3-0,03) +
+6-((=1)-0,05+0-0,08+1-0,09 +2-0,08 +3-0,05) +
+8-((~1)-0,04 +0-0,08 +1-0,06 + 20,04 +3-0,03) — 5,55 0,88 = —0,024.
K,  -0,024
6.0, 177127

CrienoBatesibHO, K02 PUIMEHT Koppersiy OyzieT paseH 7, = =—0,011.
CymectByeT oueHb cj1abast jiMHerHas cBsi3b Mexny X 1 Y. OmgHako KoadpuimeHT Kop-

peJIAIy HacTOJIBKO Majl, YTO 3TOV JIVHEVHOW CBSI3bI0 MOXHO ITpeHeOpeub. [1jisl BBISBIIEHVS

HeJITHeVIHOVI CBI3V HeOOXOVIMO BEIUMCIIATh CMelllaHHble MOMEHTHI OoJjlee BBICOKMX HOPSIIKOB.

IIpumep 3.6. Berumicimre unciIoBble XapaKTePUCTUKN My, 1y, Dy, Dy, Ky M 1y D19 ABYX-
MepHOVI HeITpepbIBHOVI CJTy4artHOV BeJIM4VHBI, 3aJaHHOV B ITpumMepe 3.3.

OpHomepHBIe IUIOTHOCTU pacIipefie/ieHusl BepOsSTHOCTeV, HavileHHble B IIpuMepe 3.3,
VIMEIOT OVIHAKOBYIO CTPYKTypy. [ToaTroMy MaTemaTndeckne oXupgaHys v AUCIIEPCUN BeJIVUVIH
X m Y Oymyr pasHeiMu. OpHOMepHasi IUIOTHOCTB fx(X) WMeeT CJIeyIONINV BUZ:

1 . _
fx(x )=E(cosx+sm x). Hammém m, wm D, ¢puMeHSs WHTETPUpPOBaHME II0 YacCTsIM:
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o 2 K i
m, J.x fx(x dx—%J. cosx+sinx)dx=%[(xsinx+cosx)|§—(xcosx—sinx)lg]z
0

—oo

2
:%[g—1+1]=%. Dx=M{X2}—mﬁ=%Ix2[cosx+sinx]dx—mﬁ. WuTerpupys, mnoaydmm:
0
7 AN T 7 7’
D‘=_+__2_(_j —-2. rtak, m,=m,=— ¢é D ,=D =—+—-2.
8 2 4 16 2 Y4 16 2

KoBapualioHHbI MOMEHT BBIYMCIIVIM 110 popMyite (3.23):

= M{XY} = T Txyf (x, y)dxdy =

—oo—00

)
xycos(x — y)dxdy = ijcos(x — y)dxdy =
0

N | —

O 0 [ 3
S ey [ 3
O 0 | 3

1
2

2

1E T T T 15 T T T
=—| y[=sin(——y) +cos(—=—y)—cosyldy =—| y[(=—1)cosy+sinyldy = ———+1.
2£y[2 (2 ») (2 ») yldy 2!y[(2 )cosy yldy s>
n’ m n° n m
Tormga K =V —mi =——+4+]1—-——=———+1. CitegoBaTeyIbLHO, KO3 UIIMEeHT
v 8 2 16 16 2 b
(n—4)°
KOPPeJISLNU I'xy OyIleT paBeH: 7, = =(——— —+— =
PP y OYRET P "0, (16 2" )/(16 2 VT s

YucireHHbIe pacyéThl ITOKA3bIBAKOT, uTo My = 11y = 0,785, Dy = Dy= 0,188, Ky, = 0,046 11 1, =
= 0,246. IlocirenHee o3HavaeT, 4TO MeXy BenmuyHaMmy X 1 Y CyIecTByeT JIMHeHas cBs3b. Ec-
JIVL CTaBUTCS 3a/java 110 IIPOTHO3MPOBAHMIO OXXMaeMbIX 3HaUeHUTI BeJIMUMHBL Y 110 M3BECTHBIM
3HaUYeHMSIM BeJIMYMHBI X, TO MOXXHO II0JIb30BaThCs JIMHEVHON (PyHKIMeNn y = ax + b (Bompoc
ompenerteHns KoadduimeHToB a 1 b 3o MyHKIMM OyneT paccMoTpeH mosnHee). [Tpu sTom
TOYHOCTB IIPOTHO3a OyZIeT JOCTaTOYHO HM3KOM, TaK KaK KO3(PUIIMEHT KOPPEIIIny OTHOCK-
TeJIbHO Majl. MOXHO IIpe/IIo/IOXNUTh, YTO VMMeeTCs elllé 1 HeJIlMHeVHas CBsA3b. Ecin ydecTh eg,
TO MOJKHO IIOBBICUTB TOYHOCTB ITPOTHO3MPOBaHIIS.

3.6 YcnoBHblIE YNC/IOBbIE XapaKTEPUCTUKN. JIMHUK perpeccum.
KoppensiumoHHoe OTHOLUEeHue

YyicrioBble XapaKTepuCTVKY, HalieHHbIe Ha OCHOBE YCJIOBHBIX 3aKOHOB PacIIpeeIeHs
BEPOATHOCTEV, Ha3bIBAIOTCS YCAOBHbIMU HYUCAOBbIMU XAPAKMEPUCTTUKAMY CITyYalTHbIX BeJIVYVIH.
[Ipn aHay3e 3aBUCMMOCTV MEXIy BeIMYMHAMM YacTO OrPaHMYMBAIOTCS PACCMOTPEHMeM lc-
/106H020 MAMEMAMU1eckoe0 0KUOAHUA U YcA0BHOT Oucnepcu.

st pByxMepHOT ciTydalHo BeInumHbl (X, Y) MOXHO OIpefe/InThb Ba YCIOBHBIX 3a-
KOHa pacrpeiesieHs BepOATHOCTEN: YCIIOBHBIVI 3aKOH JUIS BeJIMYMHBL Y 110 OTHOIIEHWIO K X U
YCJIOBHBIVI 3aKOH paclperierieHVsl BeJIMInHbl X 10 OoTHoIIeHMIo K Y. TakuM oOpa3oM, MOXHO
BBIIEJIVTD [IBe TPYIIIbl YCIIOBHBIX YMCIIOBBIX XapaKTePUCTUK: YCJIOBHBIE YMCJIOBBIE XapaKTepu-
CTVIKM CJIy4aviHOVI BeJIMYVHBI Y 110 OTHOWIeHWIO K X M YCJIOBHBIE YMCIIOBBIE XapaKTepUCTUIKNI
CJIy4arHOV BeJIumnHbl X 110 OTHOIIEHMIO K Y. YCJIoBHOe MaTeMaTuyeckoe OXMaHue BeIdun-
HBI Y I10 OTHOIIeHMIo K X OymeM o0o3HaudaThk yepes 11,(x), a yCJIOBHOe MaTeMaTidecKoe OXua-
Hyle BeJIMYMHBI X 10 OTHOIIIEHMIO K Y — depes 1m,(y). YcioBHbIe nucriepcun 6yaeM o0o3HadaTh
uepe3 Dy(x) n Dx(y).

68



MHoromepHble CyyarHble BEMMHrHbI

J1151 HenlpepbIBHBIX CIy4YanHbIX BenanH (X, Y)

oo

m,@)= [y f@lody  w  m )= [x f(x]ydx (3.24)

—oo

st nyickpeTtHbIx BesianH (X, Y) ¢ BeposTHOCTAMM p;j = P{X <x;, Y <y}, i=1,2,...,5j=
=1,2, ..., g, yoI0BHBIe MaTeMaTI4decKye oXuaaHus orpenerstorcs popmystamm (cM. (3.14)):

1 d 1 -
my(xi):_'zyjpij u mx(yj)= 'zxip;j- (3.25)
= i=1

i* */

YCHOBHOQ MaTeMaTn4dYeCkKoe OXMOaHVe VMeeT OosIpIlioe 3HAYEHNE IIpm mccjiegoBaHNN
CTaTUCTUYECKOM 3aBVCUMOCTU MeXAy BeJIMMYMHaMIL. Ecmm HY>KHO ITpeCcKa3blBaTb OXWHOaeMbIe
3HAUEeHWS BEJIMUMHBI Y I10 M3BECTHBIM 3HAYEHMSIM BeJIMUMHBI X, TO CJIeAyeT VCIIOJIb30BaThb yC-
JIOBHOE€ MaTeMaTmn4deCKoe OXMIaaHue. CDYHKHV[H

y = my(x) (3.26)

HasbIBaeTCsl peepeccuell BeJIManHbL Y Ha X, a TpaduK 3Tont PYHKUMN - AuHuell peepeccuu Y Ha X.
OxkasbIBaeTcsi, UTo IpUMeHeHe 3ToV (PYHKIMN IS IIPOTHO3MPOBAHVISL OKMIIaeMbIX 3HaUeHUT
Y olecrreurBaeT MMHMMAaIBHYIO CpelHeKBaIpaTUYIecKylo OIMIMOKy HporHosuposaHus. IlycTe
IUI IIPOTHO3MPOBaHMs MBI IIpyMeHsieM pyHKIMIO i = @(x). Torma cpemHnit kBazgpat OMIMOKM
nporuosuposanus Oyzner paseH M{[Y - ¢(X)]?}. ITpu moObIx 3aKoHaX pacrpenesieHss MUHU-
MyM 3TOVI BeJIMYMHBI JJOCTUTaeTcs B cirydae @(x) = m,(x).

AHaJIOrM4YHO ompefiessieTcs perpeccus BelmumHbl X Ha Y: x = my(y). JIvaum perpeccun
y = my(x) 1 x = mx(y) pacroyoxeHsl Ha KOOpAMHAaTHOM IU10ckocT XOY CMMeTPUYHO OTHOCH-
TeJIBHO OVMCCEKTPVICHI IIEPBOTO ¥ TPeThero KOOPAMHATHBIX YIJIOB. B cBs3M ¢ 3TMM perpeccum i =
= m,(x) v x = m,(y) MOXXHO CYMTATh B3aIMHO OOpaTHBIMI (PyHKIIVISIMIA

Perpeccust He oxBaTbhIBaeT BCIO ITIyOMHY CTATMCTUYECKOV CBSI3V MEXIY BeIVYVHAMIAL
MoxxeT okaszaTbcsl, 4TO 11,(X) = my. B TakoM ciTydae perpeccusi OKasbIBaeTcsi OecriosesHom ¢ Tou-
KV 3peHVsI BO3MOXXHOTO ITporHo3uposaHms. OIHaKoO HesIb3s eJlaTh BBIBO, UTO BeInunHa X He
BivsieT Ha Y. [levicTBUTesIbHO, BeImdnHa X, He OKasblBasl BIVISIHWUS Ha MaTeMaTu4ecKoe OXujia-
HVle BeJIMYMHEBI Y, MOXeT CYIIeCTBeHHO BJIMATh Ha e€ IMCIepCcuIo WM Ha eé MOMeHTHI Oosiee
BBICOKMX TIOpSIKOB. /I yTOUHeHMs xapakKTepa BIVSIHWS OHOW BeJIMYMHBI Ha APYTYIO UC-
TI0JIb3YIOTCS YCJIIOBHBIE MOMEHTHI O0JIee BBICOKMX ITOPSIKOB, B YaCTHOCTY YCJIOBHASI AVICIIEPCHS.

J11s1 HenIpepBIBHBIX CJIy4YamHbIX BelnamH (X, Y)

D)= [[y=-m,F - f(r|0dy; D, ()= [[x=m (W] - f(x|pdx.  (3.27)

Anartorvaable POpMYITBI I AUCKPeTHBIX BernumH (X, Y) ¢ BeposTHOCTSIMU pjj = P{X <

<x,Y<y},i=12,..,5j=1,2,...,q, IMEIOT CJIEAYIOIIII BV
1 ) 1 J )
Dy(xi) = _'Z[yj _my('xi)] P> Dx(yj) = _'Z[xi _mx(yj)] Pi- (3'28)
P =1 N

INogyepkHEM elIé pas, UTO TOXKIECTBEHHOE COBIIa/IeHVe YCIIOBHBIX M 0e3yCIIOBHBIX IVIC-
Iepcuil He II03BOJIsIeT AeslaTh BBIBOJ, O HEe3aBUCHMOCTW CJIy4YayHBIX BeJIMYMH. DTO 3aMedaHue
OTHOCUTCS K JIIOOBIM YCJIOBHBIM XapakTepucTukKaM. Ecii xoTst Obl 0f1Ha M3 YCJIOBHBIX XapaKTe-
PVICTUK He COBIIA/IaeT C COOTBETCTBYIOIIEN 0e3yCJIOBHOV XapaKTEPUCTUKOV, TO paccMaTpuBae-
Mble BeJIMUMHBI SBJISIOTCS CTaTUCTUUYECKN 3aBVCHMbBIMIA.

BepHéMcs cHOBa K YIIOMSIHYTOV BBIIIIe 3ajjaye IIPOTHO3MPOBaHMS OXMIaeMbIX 3HaUeHWI
OJIHOVI BeJIMYMHBI 110 M3BECTHBIM 3HaUeHVSIM Apyrou BeJimunHbl. [1ycTh IporuosnpyioTcs 3Ha-
YeHMs BeJIMUMHBI Y II0 M3BECTHBIM 3HAUEeHWMSIM BeIWMUMHBI X C MCHOJIB30BaHMEM W3BECTHOW
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perpeccun y = my(x). Ha camom feste B pesysibTaTe ombITa OyayT IOSBIISTBCS 3HAUYEHWs BeJIN-
YMHBI Y, OT/IMYAIOIIMeCs OT IIPOrHO3MPYeMBIX 3HaUeHuTL: i = m1,,(x) + £. CitydariHas BeymmumHa &
SIBJISIETCSI OIIVOKOVI IporHo3upoBanist. Torna cpentmit kagpatT Docr ommmbkm & Oyer paseH:
Doer = M{E2} = M{[Y - my(X)]?}. (3-29)

Bermravia Do HasbIBaeTcs ocmamoutot oucnepcuer. CMBICT TepMIHA «OCTaTOYHasT IIVIC-
repcus» 3aKJI04aeTcs B ceAytomeM. HeompenenéHHOCTE B IIpecKasaHuy OXMgaeMbIX 3Have-
HU Y HOJIHOCTBIO ompenersiercss aucnepcuent Dy, Cama mucnepcuss D, oOyciiosiieHa, BoO-
HepBbIX, BIIVSHVEM Ha Y BeJIM4dMHbI X, BO-BTOPBIX, BCeMU APYTIMMM (HEYUTEHHBIMU B JaHHOM
omnelTe) pakTopamm. Eciv mmpoBoaMTCcs: MporHo3MpoBaHue Y ¢ MCIIOIb30BaHMeM perpeccun iy =
my(x), TO HEOIIPeneIéHHOCTh, CBsSI3aHHAsI C BIIVISIHUIEM X, camMmaetcsa. Ocraércs HeoIIpenenéH-
HOCTb, OOYCJIOBJIEHHasl HEy4TEHHBIMU (PaKTOpaMmy, KOTOpasi XapaKTepu3yeTcs OCTaTOYHOM
nucriepcuert. He ciemryeT myTaTh OCTaTOUHYIO AVICIIEPCHIO € YoIoBHOM nucnepcuent. [lepsast s
HVX eCTb Y1CII0, a BTopas — (OyHKIINA.

ITpencrasym nucnepcnio Dy B Buie CYMMBI JIByX KOMITOHEHT:

D, = M{[Y =m, 1} = MATY =m, (X)+m, (X)=m T} = M{[Y -
=, (P} + 2MALY = m, ()], (X) = m, T+ M {[m, (X) = m, T'}.

MoxxHOo IIOKa3aTb, UTO BTOPOE CjlaraeMO€ B 3TOM BbIpa’>XeHWV paBHO HYJIIO. Tor):[a

Dy = M{LY - my(X)12} + Mi{[my(X) = m,2). (3.30)
IMTonemm pasencTso (3.30) Ha Dy MAIY _l’)”y (X1} . M{[m, (g) -m,]"} 1

IlepBoe ciraraemoe B JIeBOVI YacTV 3TOrO COOTHOIIIeHMs IIpeICTaBsIseT JI0JII0 AUCIIepCun
Dy, obycioBiIeHHY0 HEKOHTPOIVPYEMOVT KOMIIOHEHTO &, BTOpOe cjlaraeMoe — JIOJIO IVCIep-
cumn Dy, 0Oyci1oBJIeHHYI0 KOHTPOJIMPYeMOV KOMIIOHeHTo 11,(X). DTo BTopoe OTHOIIIeHWe ViC-
II0JIb3YeTCsl B KauecTBe Mephbl CTaTUCTUUeCKOV CBsA3M Mexy BenmumHamyu Y n X. OHO Hasbl-

2
Ba€TCsl KOppeAAYUOHHBIM OMHOULEHUEM 1 obo3HauaeTcs ny/x (qT/ITaETCFII «39Ta KBalpaT UI'PEK Ha

MKC»). TakvM oOpasom,

, _Mim,(X)-m, )} MY -m, XV} | D,, (3.31)
yix D D D ‘ ‘

y y y
2
y/x

0<m), <L (3.32)

):[,J'IS{ KOppeALMMOHHOI'O OTHOIIEH A n BCeTia CIIpaBeJIIBO HEPABEHCTBO!

Pasencteo N>, =0 O3Ha4yaeT, uTo M = m,. [Ipu 3TOM OKa3bIBaeTCsl, YTO OCTATOYHAS
y/x 4 Y

aucnepcust Doer coBIIaziaeT ¢ aucnepcuert Dy, T.e. MpOrHo3upoBaHue BOoOIIe HeBO3MOXKHO. V3
aTOro dakTa HeJIb3s CelaTh BBIBOJ, O TIOJIHOV He3aBMCHMOCTY pacCMaTpUBaeMbIX CITydalfHbIX

BeJIMYNMH, ITOCKOJIBKY MOXXET MMETb MeCTO BJIVISIHVIE X Ha Apyrve 4mcijioBble XapaKTePUCTUKN
2

BerravHEL Y. Ecmr M),

= 1, To cymecTByeT dyHKIMOHa/IbHAs CBA3h MeXAy Y n X, KoTopas

TOYHO OINCBIBaeTcsl perpeccuent y = my,(x). OcraTounas aucrepcusi Doer OyaeT paBHa HYJIO, U
IIPOrHO3MPOBaHNe OXIJaeMbIX 3HaUeHWV BeJIMYMHBI Y I10 M3BeCTHBIM 3HaUeHWSM BeJIMIMHbBL X

C IIOMOIIIBIO perpeccum OyeT TOUHbBIM.

2

AHaJIOrMIHO OIIpenesrsieTci 1 BTOpOe KOppeJLiMOHHOE OTHOIIIEHVIe n x/y

. Koppesnsm-

OHHBbIE€ OTHOIIIEHVISI MOT'YT COBIIadaTh VIV He COBIIadaTh. HOC—)TOMY IIpV M3y4eHnn 3aBVICMMOCTN
MeXIy BeJIMYHaMn HeO6XOZ[VIMO BBIUMCISTE 00a OTHOILIEHSI.
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KoppersaimonHele OTHOIIEHM XapaKTepu3yIoT U JIVMHEVHYIO VI HeJIVHEeHYIO CBA3b B
cOBOKyITHOCTH. I103TOMY Bcera cripaBeyIvBhI 1Ba HepaBeHCTBa:

N 2r, U My, 27 (3.33)

xy 2
rae ry - KoadduumeHT Kopperiumn Mexay sermmumnHaMu X n Y. CpaBHUBast KoadpuiiyeHT
KOppeJILy ¢ KOPPeJIAIIMOHHBIMY OTHOIIEHVSIMI, MOXKHO cieJlaThb OIpefle/léHHbIe BBIBOMBI O
XapakTepe CTaTUCTUYeCKOM 3aBUCHMMOCTH. Tak, ecsivi KOppesIsViOHHbIe OTHOIIeHMs BeJIKU 110

CpaBHEHMIO C KBaZpaToM Ko3adduimeHTa KOppersiumiu, TO IIpeobdriaiaeT HeIMHeVHas CBS3b

2 2

2
v/x x/y~r

2
Mexny BenvunHamu. Ecmm, Hanpotus, M), =7, ¥, OJHOBpPEMEHHO, M "y, TO npeobia-

[laeT JIMHeHasa CBA3b. Ecim xotst Obr OTHO 13 KOPppeIAIMOHHBIX OTHOIIIEHUI PaBHO HYJIIO, TO
JIMHEMHAas1 CB3b ITOJTHOCTBHIO OTCYTCTBYET.

3.7. i1ByxMepHOe HOpMaJsibHOe pacrnpeaeseHume

[ByxmepHasi ciydarHas sesimanHa (X,Y) ¢ HOpMaJIbHBIM 3aKOHOM pacIipefiesieHns Be-
POSITHOCTEVI BCTpEeYaeTCst OTHOCUTEIIPHO YacTO IIPY PacCMOTPEHMI KOHKPETHBIX ITPaKTIUeCKIIX
3aga4. IlpoBenéM kpaTkuil aHa/IM3 TaKOV ABYXMEPHOV CJIy4YayrHOVI BeJIM4uHBL ['0BOpST, 4TO
IByXMepHasi cjIyuaviHasg BesimumHa (X,Y) pachpernereHa 0 HOPMaJbHOMY 3aKOHY, eCii eé
IUIOTHOCTB pacIipeiesieHs BepOATHOCTEV VIMEET CIIEMYIOIIV BT

1
flx,y)= —-0(x,y), 2 Q(x,y)= (3.34)
2n6.0,,/1-1;,
—m.)? x—m, )y—m -m,)?
—expi - 1 . (x Tg’lx) —21’3(1/( x)(y y) " (]/ . y)
2(1-ry) (o2 ‘ 0,0, o,

HamnéM omHOMepHYIO IUIOTHOCTH paclpesiesleHMs BeposTHocTel fx(x). BerpaxeHwue,

CTOsAIIIee B KBaIpaTHBIX CKO6KaX, MOKXHO HpeO6paSOBaTB, BBIZIeJII4 TTIOJTHBIN KBaZipart, I10JIy4VIM:
2

-m _ _ 2
AN Sk 1Y RO N
o, o, (o
T 1 (x—m,)? 1
Torma x)= x,y)dy = exp{— 2 1. X
fuo)= | flr gy = el 5 o fi
T y—-m X—m,
x | exp{- [ Ly 17 dy .
j p{ 2(1_rxzy)l. Gy xy GX ] y
_ 1 y-m, xX—m, dy
CrerraeM 3aMeHy IlepeMeHHOV, TI0JIOXKWB [ -7 |=t, ———=dt.

1 (x-m,)? 1 7 t2
-——expf- 1. jexp{——}dt .
2no, 202 N2m Y 2
IMocnenunit nHTErpast BMecTe ¢ K03 PUIIMEHTOM, CTOSIINM IIepell HUM, IIPeJICTaBIIsIeT

cobovt MHTerpasl OT IIOTHOCTY pacliperie/ieH s BepOsiTHOCTeV HeKOTOPOW CIIy4artHOV BeJIndu-
Hbl T. DTOT MHTerpasl HasbIBaIOT ellé uHTerpasioM [lyaccona, oH paBeH eguHMIIe:

[Momyumm:  fy (x) =

2
LYY
2

= el
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OKoHUYAaTeJILHO,

(x _mx)2

Fr(¥) = ———expl- ¥ (3.35)

210, 202

OdeBUITHO, YTO IJIOTHOCTS fy(I/)OymeT MMeTh TaKyIo e CTPYKTYPY, OIHAKO B HEVl BMECTO
apaMeTpOB 11y V1 Ox2 OyAyT CTOSITB 11y U O,2

Taxvm obpasom, fx(x) pencTasisieT cOOOV OOBIYHYIO INIOTHOCTh HOPMAJIBHOTO pacIipe-
OeIeHVsE OMHOMEPHOV CIy4YariHOVI BeJIMYMHBI X. DTO 03HayaeT, YTO MaTreMaTuyecKoe OXXwa-
HVe ¥ OVCIIePCHsi BeJIMIMHBI X PaBHBI COOTBETCTBEHHO 11y U O;2. AHaJIOTVIYHO MOXKHO yOemnThb-
Csl, 9TO 1My, VI G2 SIBJISIIOTCS COOTBETCTBEHHO MaTeMaTWYeCK/M OXVIAHMeM VI IVICIIepCHer CITy-
YJariHOV BeJIMuMHBL Y. JIoCTaTOUHO TPOMO3/IKIEe, HO IIPOCThIe BBIUMCIIEH IIPUBOIST K BBIBOILY,
YTO MapaMeTp Iy ABJIsieTCs He YeM MHBIM, KaK K03 PUIIMEeHTOM KOPPeJIAIy MeX/Ty BeIndu-
Hamy X n Y. Takum obGpasoM, Bce mapaMeTphl IBYXMEPHOV IUIOTHOCTY IIO CBOEMY CMBICITy CO-
OTBETCTBYIOT VX ICXOTHBIM O0O3HaUYeHMsIM.

ITockorbKy mM3BeCTHHI f(X,y) M fx(X), TO MOXHO OIIpeNeInTh YCIIOBHYIO IDIOTHOCTH pac-
TIpefiesyieHNs BeposiTHOCTe f(Y | X), MOIIB3ysch TeM, uTo f(x,y)=fy | x)fx(x):

— 1 _ 1 _ _ Gy _ 2
f(ylx)_ Gymexp{ 26;(1—1’@)[}/ my rxy o, (x mx)] }

CrpyKTypa yCJI0BHOV IUIOTHOCTW pacIipesiesieHsl BepOsTHOCTEV IIOJIHOCTBIO COOTBETCT-
ByeT CTPYKTYpe HOpMaJIbHOTO pactipenernenys. ITomoxmm

my(x):my+rxy2—y(x—mx) u Dy(x)zaz(x):cz(l—rz) (3.36)

TOI’H& MOJKHO 3aIlrcaTb:

flyl=—7— Fhis = @) (3:37)
y y

W3 storo ciemyet, uto my(x)  Dy(x) m3 (3.36) ecTh COOTBETCTBEHHO YCJIOBHOE MaTeMaTidecKoe

OXMIaHVe M yCJIOBHAS IVCIIEPCHS CTyYalfHOVI BeIIMYVHBL Y TIpM (PUIKCMPOBAHHOM 3HA4YeHWN

BEJIVUVHBL X, UYTO He IIPOTMBOPEYNT BBEIEHHBIM O003HAUEHVISIM.

Eciim xoaddpuiieHT Koppersiimm 1y, OyaeT paBeH HyJIIO, TO OKaXeTcsl, UTo 1y(X)=my, "
D,(x)=D,. B TakoM ciIy4ae ycjioBHas IUDIOTHOCTB f( | ) COBITaf&T ¢ Oe3ycsIoBHOV IUIOTHOCTBIO f(V)
Y, CJIelloBaTeIbHO, CITydarHble BeJIMYMHBI X M Y OKaXYTCS CTATUCTMYECKN He3aBVICVIMBIMIAL.
ITpu aTOM, ecTeCTBeHHO, BBIIIOJIHUTCS paBeHCTBO f(x,y)=fx(x)fy(y), T.e.

2 _ 2
expl— S| ETM)" W ";y) . (3.38)

2 o o,

fy) 2,3,
Takmm 0Opa3om, BOIIpOC O TOM, SIBJISIFOTCS JII HOPMAJIBHO pacIIpeie/I€HHble BeJIIHbI
3aBVICMIMBIMM VIV He3aBVCHMBIMY, pa3pellaeTcsl 3HaueHMeM Bcero OJHOro Ilapamerpa. Eciam
7=0, TO BestmamHBL X 1 Y SBJIAIOTCA CTaTUCTUYeCKN He3aBUCUMBbIMU. Ecimv, HarpoTus, ry,#0, TO
3TU CJIy4aviHble BeJIMYMHBI CTaTUCTIYeCKV 3aBUCVIMBI.
Bcé BpImIe m31oXKeHHOe IIPUBOAUT K BBIBOAY, 4TO eci X M Y pacipenereHbl HOpMaslb-
HO, TO perpeccuisi OMHOVI BeJIMYVIHBL Ha OPYIYIO Bcerga 6yneT JIVIHEeVIHOTA:

(o) o,
my(x) =m,+ nyG—y(x -m,) u m,(y)=m.,+ rxyo—(y - my) . (3.39)
X Y

JIvHMYM perpeccum SBJIAIOTCS HPSMBIMY JIVMHVAMMY, IIepeceKaroIIMICS B TOUKe (1y; 1y),
rpadmKy JIVHWUV CMMMETPVYHBI OTHOCUTETBHO OVICCEKTPVICHI IIEPBOTO U TPEeThero KOOpAHaT-
HBIX yTJIOB. [IpyTovi cB4311 MeXIly HOpMaJIbHO pacIIpeie/IEHHBIMI BeJIMUMHaMY ObITh He MOXeT.
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J1s1 TIporHO3MpoBaHMs OXMaeMbIX 3HaUeHUN BeJIMYMHBL Y 10 3ajaHHBIM 3Ha4eHVsIM
X crreyeT BOCIIOJNIb30BaThCs perpeccuen (3.39):

GV
y=m,+ rxyG—‘(x -m,). (3.40)

ITpu sTOM ocTaTouHas Avicriepcyst Docr cOBIIazaeT ¢ ycjIoBHOM nucriepcuent D,y (x):

D,., =D,(x)=62(x)=c2(1-r2) (3.41)

HevictBurenpHO, D (X-m, )]2} =

ocm

= MY =, (OF = MUY =) =1,y =
=M{[Y -m, 1) -2r,

)L M{(X = )(Y —m, )} +
(e)

X

2 2
o c o
2 Yy 21 _ <2 Yy 2 Y 2
+ry— M{X-m,]"}= o, — 2rxy —K,, +r, —5 0.
Gx Gx Gx

IMopacrasnas cropga Ky=ry0.0y, B coorBeTcTBUM C (3.20), mostyunm paseHcTBO (3.41). Ta-
KM 00pa3oM, KOppeJIAIOHHOe OTHOIIIeHe B TaHHOM CiIydae COBIIaflaeT C KBafpaToM Koad-

2 D 65 (- erv ) 2 2
duumenTa xoppersip: M, =1-—=1-— —=1-(1-r,,)=r,. DOT0 emgé pas mos-

D, o,
TBEPIKIIAET, UTO MEXITy BelmumHaMy X M Y MOXET CYII[eCTBOBATh TOJIBKO JIMHEVIHAST CBSI3b.
ITycTb K03 PUIIMEHT KOPPESILNA Ty, paBeH HyJtio. Torma IByxMepHast INIOTHOCTh pac-
IIpefieTIeH s BEpOSITHOCTEN IPEJICTaBIIsieTcst BeipakeHmeM (3.38). YpasueHue
(x—mx)2 N (y—my)z

2 2
(o o,

omperesIseT 3JUINIIC Ha KoopAnHaTHOM Iu1ocKocTr XOY ¢ 1IeHTPOM B TOUKe (111y; 111,) VI C OCSIMM,
MapaJUIeIbHBIMM OcsiM KoopamHaT. [Togermim ato ypaBHeHMe Ha k2 (k>0):
(x-m,)? N (y—my)z _
(ko,)* (ko)

Taxvim obGpa3oM, HOIyoCH 3JUTHATICA TTPOIIOPIIMOHAIBHBI CPEIHMM KBaIpaTUIecKM OT-
KJIOHEHVSIM ¥ paBHBI COOTBETCTBEHHO kG, 1 ko,. IlpunaBast KoHcTaHTe k pasjuHble 3HaUEHS,
IIoJTy4aeM 3JUIMIICHL Pa3jIMIHOTO pasMepa. Takme s/UIMIICHI Ha3bIBAIOTCS IAAUNCAMU PACCEAHUS.
Ha smHMM 350miIica paccestHMs IUIOTHOCTD pacIipeiesieHsi BeposiTHOCTeN f(x,y) sBjsieTcs IIo-
CTOSIHHOVA, T.e. 3JUIMIICHI pacCesiHMs ITPeJICTaBIIAI0T cOOOV JIMHMUM PaBHOTO yPOBHS (PYyHKIUNU
f(x,y). Ecn 6,=06,, TO paccesHVe Ha3bIBalOT KPYTOBBIM. DJUINIIC, TTOJTy4eHHBIVI IIpu k=1, Ha3bI-
BAIOT OUHUYHBIM DAAUNCOM PACCEAHUA.

Harném BeposiTHOCTB ITonaganms Touku (X;Y) BHYTpb a7unIica paccesiHys. ObosHaumM
3Ty obsactsb uepes D. Torma

2 _ 2
PICGY)e D) = [[ s )iy = [[expt- T2 T ey
D X~V D

=k?, (3.42)

2 2
20 20,
ITepernaéM K eHTPUPOBAaHHBIM ¥ HOPMUPOBaHHBIM CJIy4aliHbIM BeJIduHaM, Jeslast 3aMeHy
xX—m y-m dx d
L=y, Y =p, Torma — =du, —yzdv.
o, o, o, o,

Ypasuenme (3.42) Ha koopamHaTHOM IU10ckocT UOV OKaXkeTcst ypaBHeHMEM OKPYKHO-

2
cr: u?tv2=k2. Torma P{(X;Y)e D}=2—1n”exp{—%}dudv, npuuém obiacte D siBrsieTcst
D
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KpyroMm paamyca k. VIaTerpuposaHme ymoOHO IpoBecTV B IIOJIAPHOV cCucTeMe KOOpAMHaT.
ITycte u=pcosO, v=psinO. Torna anemenT mwiomany dxdy vsmMeHuTcd Ha pdpdo. ITomyuvm:
27 k 2 2 k
P((X;Y)e D} = [ d6[ exp(~2Jpdp =1 -2m-exp(~2 )
27 50 2 27 2 0

OkoHUYaTeIbHO,
2

P{(X;Y)e D}=1-exp {—kT}. (3.43)

Taxvm 00pa3oM, BepOATHOCTD MomafgaHus Toukn (X;Y) B 2JUIUIIC paccesiHWUS He 3aBUCUT
oT aucrepcui. BepositHocTs nonaganys Touku (X;Y) B eIMHMUYHBIN 3JUIAIIC paBHA IPpUOIV3U-
testpHO 0,39. ITpu k=3 BeposiTHOCTD OyzmeT paBHa mpuMepHO 0,99. DTo 03HadaeT, YTO IIOUTH BCe-
raa Touka (X;Y) momanéT B 2JUIMIIC paccesHIs C IIOTyocsiMu 30y 1 30y,

Taxke j1erko ompenessieTcsi BEpOATHOCTD IOMAafaHMs JBYXMEPHOV CJTydaliHOV BeIndn-
HbI (X;Y) B IIpsIMOYTOJIbHYIO 00JIacTh CO CTOPOHAMM, MapasUIeJIbHBIMM OCSIM KOOPIVMHAT, eciIn
TosIbKO X M Y cTaTUCTUYecKn HesaBucuMbl. Ecmm oOmacte D ompeserideTcss HepaBeHCTBaMM:
a< x<b, c<y<d, To

bd 2 _ 2
P, = P{(X;Y)e D}=jjf(x,y)dxdy=Ljdxjexp{—(x_mx) _yomy) Yy =

2 2
2n6,6, ¢ 20, 20,
b 2 d 2
1 (x—m,) 1 (y-m,)
=——- | exp{- ——}dx - - | exp{——————}dy.
210, '!: pl 202 } J2no, '!. pl 20, Iy
[Tpvmensisi popmyity (2.41), mosmyumim:
b—m, a—m, d—m c—m
P =[Fy(——) = Fo( 10F, ¢ y)_Fo(—y)]/ (3.44)
o o o, o,
VIV, B COOTBETCTBUM C (2.43),
b—m, a-m, d-m c—m,
Pp =[@y(——) = Py ][ ( y)_qjo (—J)] (3.45)
o, o, o, o,

Oynakumsa Po(z) - pysxums Jlariaca (1.43), a Fo(z) - pyHKUMS pacrpeneieHns BEPOSIT-
HOCTEVI HOPMUPOBAHHOW ¥ [EHTPUPOBAHHOV HOPMAJILHO pacpeneIéHHOVI CJIyJYarHOV BeJIu-
YVIHBI.

Ecrmn obimacte D oTivuaeTcs: OT pacCMOTpPeHHBIX, TO 3ajjava I10 aHaJIUTUYeCKOMY OIIpe-
JleJIEHVIO BepOSITHOCTM TIOIaJlaHus B 3Ty 00JIacTh MOXeT OKa3aThCs JOCTaTOYHO ciIoXHOM. To
JKe caMoe MOXKHO CKa3aTh U O TOM cJIydae, KOrja BeJumHbl X 1 Y OKa3bIBaIOTCH CTATUCTIYeCKN
3aBVICMBIMI. 3aMeTVIM, OJJHAKO, YTO IIPOCTHIM IIOBOPOTOM CUCTEMBI KOOPAVHAT MOXKHO IIepei-
TV OT 3aBUCVMBIX HOPMAJIbHO Pacpene/léHHBIX CJIy4YaliHbIX BeJIM4YMH K He3aBucuMbiM. Kpome
TOT'0, COBpeMeHHasl BbIUMCI/INTeIIbHasl TeXHMKa II03B0JIsgeT BBIYMCIIATh IpaKTUYecKy JIIo0ble 1H-
Terpasibl. B Takom ciryuae MOXXHO IOJIB30BaThCs HeIIOCpeicTBeHHO dpopmyrion (3.7).

IIpumep 3.7. JIByxmepHas ciaydanHag BermdnHa (X,Y) MMeeT HOpMasibHOe pacliperie-
JIeHVIe C IapaMeTpaMu M,=2, 6:=4, m,=3, 6,=2, ry=-0,8. 3anmmcaTe ypaBHeHMe JIMHUN perpeccum
Y Ha X v BBIUMCIIUTE OCTaTOYHYIO JIVICIIEPCUIO.

o
Bocriosb3yemest roroont popmyiont (3.40): y =m, + rxyc—y(x —m,). IlogcraBum crora 3a-

X

JlaHHBIe ITapaMeTphl 3aKoHa pacapenenenus: y=3-0,8 %(x -2), wm y=-04x+3_8.
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Eciim mostb30BaThCS 3TUM YpaBHEHMEM JIsSI IIPOTHO3MPOBAHVA OXMOAeMbIX 3HAYEeHUM
BEJIMUMHEL Y II0 M3BECTHHIM 3HAUEHWSIM BeIVYMHBI X, TO CpeHHV[V[ KBagpar OIIOKM IIPOTHO-

3UpoBaHMs OyIeT paBeH OCTaTOYHON nucrepcnn: D, = 05 (1 - rxzy )= 2%(1-0,8%)=1,44.

ITpumep 3.8. OnpenenTh BEpOATHOCTD IOIAIaHVs HOPMaJIbHO PacIipee/IéHHOV ABYX-
MepHO BeJIumHBI (X,Y) B 2JUIMIIC paccesiHMSA € TIOJIyOCSIMU 20y, 20y, €CJIV M3BeCTHO, UYTO BeJIu-
uyHbl X 1 Y ABJISIOTCSA CTaTUCTUYECKN He3aBVICUMBIMUL.

Tax Kak cjTyuariHble BeJIMYMHBI CTaTUCTUYECKN He3aBVCKMBI, TO KO3 PuIeHT Koppe-

JAUVU paBeH Hyo. TakuM 00pa3oM, JOCTaTOUHO NpuMeHUTb popmyity (3.43) mpu k=2. Vcko-
2 2
Masg BeposaTHOCTb P Oymer paBHa: P =1 —exp{ —k?} =1- exp{—%} =1-e7*=0,865.
k=2

TepMuHbI ANA 3aNOMUHAHUA

¢ YCJIOBHBIV 3aKOH pacHpesie/leHNsI BepOsITHOCTeN, CTaTUCTIYecKasl 3aBVCMOCTh, KoBapua-
LIMIOHHBIVI MOMEHT, KoBapualiysi, Koppessys, Ko3dpPuIiimeHT Koppesdimy, KoBapualiy-
OHHasl MaTpulla, YCJIOBHOe MaTeMaTdecKoe OXWaHVe, yCJIOBHasl OVCIIepCHsi, perpeccus,
JIVIHUW perpeccum, ocTaTouHas AVCIIepCs, KOppesaIIOHHOe OTHOIIIeHNe.

Cnucok KOHTPOJIbHbIX BOMNMpPoOCOB

[aviTe orperesieHrie MHOTOMEPHOV CJTy4YaiHOVI BeJIVYVIHEL.

2. Yro Ha3bIBaeTCsl 3aKOHOM paclpe[ie/leHsl BepPOATHOCTeV IBYXMEPHOV CIIy4aliHOW BeJIu-
YMHBI?

Kax MOXHO 3a71aTh IByXMepHYIO AVCKPETHYIO CJIy4YalHYIO BeJINIMHY?
Havite onperiesieHvie GyHKIMM pacIipeiesieHVsl BepOsTHOCTeVI [JBY XMePHOV BeJIYVHBI.

[TepeunciiTe OCHOBHBIE CBOVICTBA JIByXMePHOV (DYHKIIMV paclpeiesleHsI BepOsSTHOCTEN
" OOBICHUTE VX CMBICIT.

6. Kak mosyuyuTes IByXMepHYIO IUIOTHOCTb paclipefielleHVs BepOsATHOCTeN, 3Has (PYHKIIVIO
pacripefiesieHVisl BepOSITHOCTEVI [IBY XMePHOVI BeJIVUVHBI?

7. IlepeumciniTe OCHOBHBIE CBOVICTBA JBYXMEPHOVI IDIOTHOCTY PacIIpeielIeHs BEpOsSITHOCTE
" OOBICHUTE VX CMBICIT.

8. Kak ompenesmTh BepOATHOCTD ITOTaJlaHMA IBYXMEPHOV CJTy4arHOV BeJIMYMHBI B 3a/1aH-
HyI0 00yacTh?

9. [arvire onpesiesieHVe YCJIOBHOVI ITIOTHOCTY paclipesiesleHNs BepOATHOCTeT.
10. B xakoM cirydae ABe CJTy4aliHble BeJIMUIVHBI Ha3bIBAIOTCS CTAaTUCTUYECKV He3aBVCMBIMIL?
11. avite onpenerieHve Ha4aIbHBIX MOMEHTOB JIBYXMEPHOVI CJTy4ariHOVI BeJIVTUVIHBIL.

12. amTe ompenesieHne [eHTPaJIbHBIX MOMEHTOB JIBYXMEPHOV CJIyUayHOVI BeJIMUVHBI.
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13. YrTo XxapaKTepmsyrOT CMeIllaHHbIe MOMEHTHI 1By XMePHOVI CJTyYaliHOVI BeJIVYVHbBI?
14. Yro Takoe KOppesIsSLVIOHHBII MOMEHT?
15. Yro Takoe K03 PuIIMEeHT KOPpeIsLy 1 KaK OH OIlpefiesiieTcs?

16. [laviTe ornpemesieHvie yCJIOBHOTO MaTeMaTUYeCKOTO OXKMITAHVIA.
17. Yro Takoe perpeccus v JIVIHUS perpeccum?

Bonpoc ans o6¢cyxaeHmns

B xakmx 3agavaXx JXeJjilaTeJIbHO 3HaTbh CMelllaHHbIe MOMEHTBI CJ'IyLIaV[HBIX BeJTMYIMH?
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PyHKLUMOHaNIbHbIE Npeobpa3oBaHus
CJZIy4aMHbIX BEJINYUH

CTyaeHT foJ/HKeH
OCBOMUTbD:

e ImpaBwia (PYHKIMOHAJIBHBIX IIPeoOpa3soBaHMUI CIIyUYallHbIX BeJIMIMH
U CITelyaIbHBIX 3aKOHOB pacIipesiesIeHs;

nprMo6pecTn HaBbIKK:

e oIpefiesieHNs 3aKOHa pacrpeseleHVss PYHKIMM CITydaliHbIX Beju-
YVH U € YMCIJIOBBIX XapaKTepUCTHK.
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CDyHKLU/[ﬂ OIOHOVI CJIyYavHOVI BEeJIMYVHBL CDyHKLH/ISI HECKOJIBKVIX CJTyYamHBIX BEeJIVNYVH.
=8 TeopeMbl 0 MaTeMaTUUYeCKMX OXMIAHMAX M OVICIIEPCUSIX quHKLU/n?{ OT CJTy4YavHBIX BeJI-
unH. Hekoropele crelnaibHble 3aKOHBI paclperesieHns, IIpyIMeHsieMble B MaTeMaTiyde-

CKOW CTaTUCTUKE.
B\ b
KpaTkoe
corepKaHue

4.1. ®OyYHKUMA OQHOWN CNYYaUHOW BEJINYMNHDI

I[TycTp 3a/1aHO HEKOTOpPOE OIHO3HAYHOe (PYHKIIVOHAIBHOE ITpeobpasoBaHie CITyJaifHON
sBermavHbl X: Y = @(X). Bemmumaa Y Taxke OyAer cIydarHOV BEeIVMYMHOV, a €€ BO3MOKHEIe
3Ha4YeHVIs] TIOJTHOCTBIO OIIPeIeIITIOTCS BO3SMOKHBIMY 3HAUEHVISIMI BeTNIVHEL X.

3aKOH pacIipefiesieHsI BEpOSITHOCTEV! BeJIMYMHBI Y TaKKe IIOJTHOCTBIO OIIpeJIesIsieTcs 3a-
KOHOM pacIiperiesieHsi BeposTHocTen eranebl X. Ecym X ayickpeTHas ciTydariHas BeIM4avHa
C BO3MOYKHBIMV 3HaUeHVISIMU X1, X2, ..., Xy VI BEPOSITHOCTSIMI 3TVIX 3HaUeHWVI, COOTBETCTBEHHO, P1,
P2 ..., Pn, TO BOSMOXHBIMW 3HAaUeHWMSIMY BeJIUVHBL Y OYAYT Y1, Y2, ..., Yn, OIIPeMeIIsieMble IIpe-
obpasosanmeM: yr = @(xx), k =1, 2, ..., n. Takum obpaszom, P{Y = yi} = P{X = xi} = px U1t Bcex 3Ha-
geHN k. DTO M ecTh 3aKOH pacIperie/IeH s BepOSITHOCTEV! [T BeJIMYMHBL Y. DTO OTHOCUTCS K
ciIydarto, Korga PyHKIms Y = ¢(X) sABiseTcs B3aIMHO OTHO3HAYHOTL.

PaccMOTpyM HeNpepBIBHYIO CIIy4YaliHyIO0 BeJTMuMHy X C IUTOTHOCTBIO pacIIperiesieHvs
BeposATHOCcTe fx(x). Ecin pynkims Y = @(X) siBiisgeTcss MOHOTOHHOV (DyHKIIMEN, TO

y) = fxx@) ¥ W) |- (4.1)

Ecmn dyskuvm Y = ¢(X) He siBJIsieTcsl MOHOTOHHOV, TO BCS 00J1aCTh OIIpeJieieHns 3TON
dyHKIMM pa3duBaeTcss Ha MHTepBaJbl MOHOTOHHOCTN. ITycTh # — UMCIIO TaKMX VHTEPBAJIOB.
Brrpaxenme obpaTHOM PyHKIIMM IO OTHOILIEHMIO K JaHHOV Ha k-M MHTepBajle 0003Ha4YMM de-
pe3 xk(y). Torma

£00=3 fe@m ) 50| 42)

IIpumep 4.1. TpebyeTcs HanT pacripefesieHVe CITy9arHOV BeJIMIMHbBL Y = X2, eciiu Be-
marHa X VIMeeT IUIOTHOCTh pacIipefielIeHus BeposiTHOCTel fx(x). PaccMoTpeTh cityuart, Kormaa
BeyiymHa X pacirpefiesieHa HOpMaJIbHO C MaTeMaTUYecK/M oXuaaHueM mi, = 0 v aucrepceuent 62.

DyHKIIMA i = X2 IMeeT JBa MHTepBajla MOHOTOHHOCTH: (-oo; 0) 1 (0, o). Ha nHTepBase mMo-

HOTOHHOTO yObIBaHMS (PYHKIMM X = X, ()) = —\/; , 4 Ha MHTepBajle MOHOTOHHOI'O BO3pacTaHWs
4 1 ’ 1
dysKIVM X =X, (Y) = \/; . CitenoBaresnpHo, X,(y)=——=, a X,(y) = —F—=. IIpumennm dop-
2y 2y

myy (4.2): [, (¥) = [y (5, (D)1 5,(0) [+ (5, () - | %, () | - Tlonerassist criomma dyHKimm x1(y) m
x2(Y/), IOITyYMIM OKOHYATeIbHO: f, () = ﬁ[ fv (—\/; )+ fy (\/; )], y>0. Ecm X mmeer HOp-

2
MaJIbHOe pacrperererue, To f,(x)= 1 expi{— x—z} , IpmaéM  f (—\/; )=fy (\/; ). Crte-
N2no 20

22}, y> 0. Ecm/[y< 0, Tofy(y) =(.

1
TOBaTeJIbHO, =——-expi{—
Sr(¥) oo p{ 5
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PaccmoTrpum Oosiee momgpoOHO JMHeVHOe IpeoOpa3zoBaHVe CIIydarHOWM BeIMYMHBL X.

1 1 1
[ycre Y =aX + B, o # 0. Torma x(y)=—( =), xX(»)=— u |x'(y)] :ﬁ. [MTomcrasrsist
(94 (04 (94

510 5 popmyy (43), oy f () = w%| e =B,

JInnentHoe mpeoOpasoBaHMe He M3MeHseT TUIIa 3aKOHa pacipefie/leHNsl BepOATHOCTEVL.
OHO OpUBOANT JIVIIIH K M3MeHeHMIO MacIiTaba rpadrka ITIOTHOCTY pacIipeeieHys 1 K Iiepe-
HOCy Hadajla KOOp/IMHAT B TOUKY Yo = [3. DTO CBOVICTBO YacTO WCIIOJIB3YeTCs PV PelreHn 3a-
mad.

4.2. ODYHKUMUSA HECKOJIbKUX C/Ty4YaWHbIX BEJIUYMUH

PaccMoTpuM ciTydaiHyIo BeIMUMHY Z, KOTOpasl SIBJISeTCS (PyHKIMEN ABYX CIIyYarHBIX
BermamH X 1 Y: Z = (X, Y). byzmem cunrats, 9T 71100011 IIape 3HaYeHWN (X, ) ABYXMEPHOV Be-
mranEbL (X, Y) COOTBETCTBYeT eqVHCTBEHHOe 3HadeHWe z BeymumHbL Z. [lociiensee o3Hauaer,
uTo PyHKIMS z = Q(x, ) sBiIgeTcsa ogHosHauHoM. [1o onpenernennto, Fz(z) = P{Z < z}, Tak uTO
Fz(z) npencrasizsieT coboit BepOATHOCTH HoHananus Touku (X; Y) B Ty oOacTb 3HaUeHUN (X, V),
IUTSL KOTOPOVI BBITIOJIHSIETCSI HepaBeHCTBO @(X, i) < z. Obo3HaumM 3Ty obstacts uepes D.. Torma

F,(2) = [[ £(x, y)dxdy. (43)

3neck D, 3aBUCHUT OT z, a (X, /) - INIOTHOCTB pacIpeesieHNs BepPOsITHOCTEN 1By XMEPHOTI
cirygartHov BermamHE (X, Y).

3akon pacnpedesenus cymmpl cayuaiunsx beauuun. Ilycts Z = X + Y. Torma obractb vHTeT-
pupoBaHus B (4.3) IIpencTassieT cOOO IIONTyIUIOCKOCTD X + i < z (puc. 4.1):

Y F(2)= [[ frp)dxdy= [dy [ f(x,y)dx.
z x+y<z —oco —oo
>> x+y IMTopsanok vHTerprpoBaHys II0Ka3aH CTpeIKaMuL. 3ame-
—Z <7 z X HVM IlepeMeHHyIo: x = t — v, dx = dt. Torza

— — Fy(2)= [dy [ f(t=y, y)dt=[[ ] f(t=y,y)dyldt.
Puc. 4.1. VinmrocTpaums —eo  —oo —o0 —co

K BEIBO/TY hopMyTLI CBEPTH Haviém 1U10THOCTE pacripejiesieHust BEpOSITHOCTE fy(V).

[IpownsBomHas OT VHTerpasla 110 BepXHeMy IIpefesly MHTerpupo-
BaHMs paBHA MOABIHTErpaJIbHOV (PYHKITNY, BEIYMCIIEHHOV TPV 3Ha4eHUY IlepeMeHHOV MHTer-
pvpOBaHMs, PaBHOVI €€ BepXHEMY IIpeesly, T. €.

1) = [ f(z= 2, n)dy. (4.4)

Dopmyiia (4.4) crpasenyivBa IIst JIFOOBIX HellpepbIBHBIX BetamH X n Y. Eciii oHM cTa-
TUCTUYECKM He3aBUCUMBI, TO JBYXMepHas IUIOTHOCTb paclpefie/leHNsl paBHa IPOU3BeIeHIIO
OJIHOMEPHBIX IUIOTHOCTeNL. B 3TOM citydae

£ = [ fe =01 ()dy. (4.5)

Dopmyriel TiHa (4.5) HasbIBarOTCS hopmyramu cBépmru nByx dpyHKIML. II1oTHOCTE pac-
IpesiesIeHNs BePOATHOCTEeVI CYMMBI JIByX CJIy4aliHbIX BeJIMUVH paBHa CBEPTKe IUIOTHOCTeN pac-
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npepesieHns. 3aKOH paclipefie/IeHNs BepOATHOCTeV CYMMBI JIBYX CJIy4YayHbIX BeJIMYMH Ha3blBa-
eTcsd KOMITO3MIIMeN paciperielleHnIt 3TUX BeJinduH. [IpumeHsas MHOrokpaTHO pOpMyITy CBEPT-
KV, MOXKHO IIOJTy9WTh 3aKOH pacIipeiesieHIs BePOSTHOCTEVI CYMMBI OOJIBIIIEro UMciIa CTaTVICTH-
YeCKV He3aBVCVIMBIX CJTyYaviHbIX BeJIVYVIH.

4.3. TeopeMbl 0 MaTEMaTUUYECKUX OXKMAAHUAX U ANCNEPCUAX

ITocrte paccMOTpeHVsI MHOTOMEPHBIX CJTydaliHbIX BeJIMYMH M PYHKINI OT CITydaliHbIX
BeJIVUMH MOsBUJIaCh BO3MOXXHOCTb PacCMOTpPeTh CBOVICTBA MaTeMaTHMYeCKUX OXWIaHWUI 1 JIVC-
niepcunt 6ostee mogpodHo. ChopMyImmpyeM 3T CBOVICTBA B BHfIe TeOpeM.

Teopema 1. Mamemamuueckoe 0xXKuOanue CyMmol CAYHAUHbIX BeAunyun paBHo cymme ux marne-
MAMUYECKUX 0KUOAHUTL:

M{X + Y} = M{X} + M{Y}. (4.6)

Ecrin X, Y - HemlpepbIBHBIe CTydarHble BeJIMUMHBI C IDIOTHOCTBIO pacIipesiesieHus f(x, ),

To M{X+ Y}=]i T(x +y)f(x,y)dxdy =Tx[Tf(x,y)dy]dx +Ty[Tf(x,y)dx]dy. B nepsom cilaraemom

BHYTpPEeHHUVI MHTerpasl IIpeficTaBiIigeT coOOV OfHOMEPHYIO IUIOTHOCTh paciperneneHus fx(x), a
BO BTOPOM CJIaraeMOM - O[THOMEpPHYIO ITOTHOCTb pacrperesteHns fy(y). Takum obpasom,

oo

M{X +Y}= [xfy (x)dx + [yfy (y)dy = M{X} + M{Y},

—oo

AHaJIOTVYHO JOKa3bIBaeTCs TeopeMa I OUICKPEeTHBIX CJIydalHBIX BeuunH. Teopema
J1eTKo 0600111aeTcs Ha ciTydar IIPoM3BOJIbHOTO YNCIIa ClaraeMBbIX:

M{ixi} > M(X,}. (4.7)

i=1 i=1

CaedcmBue: MaTeMaTUecKoe OXMIaHMe JIMHEVTHON (PYHKIIUM OT CJTyYamHBIX BeJIMYMH
PaBHO JIMHEVIHOV (PYHKIMM OT X MaTeMaTU4eCcKnX OXXMIAaHWUM, T.e.

M{iaiXi + b} = S aM{X,}+b. (4.8)
i=1 i=1
Teopema 2. Mamemamuueckoe oxudanue npousbederus 08yx cayuanHvlx Besutun pabro npous-
Bederu1o ux MAMeMAMUHECKUX 0KUOAHUTL NAIOC UX KOBAPUAYUOHHDLIL MOMEHT, 111.€.
M{XY} = M{X}-M{Y} + K,y 4.9)

B . 3.5 6pw10 MOKasaHo (3.23), uro Ky, = M{XY} - mum,. D10 1 mokasseiBaer (4.9).

CaedcmBue: ecrmi iBe BEJIMUWMHBL SBJIAIOTCS HEKOPPEIVPOBAHHBIMI, TO MaTeMaTidecKoe
OXVIaHVie IPOVI3BEEHVIS STVX BEJIMYMH PABHO POVI3BEIEHIIO VX MaTeMaTIYeCKVX OXXVIIaHWIA.
DTO CIIpaBeIVBO U [T HECKOJIBKO CITyYaliHBIX BEJIYIH, €CITV OHVI CTATVICTIYEeCKV He3aBVICVIMBL.

IIpumep 4.2. Borancirs MaTeMaTdeckoe oxugaHvie dyHkimy Z = 2X2 + 3X - 1, ecrin
MaTeMaTiJecKoe OXXuIaHe CJTydartHOV BeJIanHbl X paBHO 11, = 2, a eé auicriepcust pasHa Dy = 5.
o cBovicTBaM MaTemaTVyeckoro oxumanvs M{Z} = M{2X2 + 3X - 1} = 2M{X2} + 3M{X} - 1.
Ho M{X?} = Dy + m,2, cnemoBarenbro, M{Z} = 2Dy + 2m,2 +3m,-1=2-5+2-4+3.2-1=23,
Teopema 3. [Tucnepcus cymmbl UAU pASHOCHIU CAYUATIHBLX BeAunt 0npedessiemcs (hopMYAOiL:
D{X = Y} =D{X} + D{Y} £ 2K, (4.10)
a0e Ky - koBapuayuonnsii momenm Besuuun X m'Y.
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HevicTBUTeIIbHO, PaCCMOTPVIM, HaIIpVIMep, CyMMY CJIy4YayiHbIX BemanH X + Y:

DX+ Y} = M{[X + Y - M{X + Y}]3} = M{[X - M{X} + Y - M{Y}}?} =
= M{[X - M{X}]2} + M{[Y - M{Y}]3} + 2M{(X - M{X})(Y - M{Y})}.

Anastornyao paBeHCcTBO (4.10) mokasbIBaeTcs U U1l Pa3HOCTY CITyYaliHbIX BEJIVUVH.
Teopema 3 0bo0r1ttaeTcst Ha crydarn 1 cIydanHbIX BermanH. Ecmm Z = X1+ Xo + ... + X, TO

D{Z}=D{d X, } =) DX, }+2> > K, , (4.11)
=1 =1 k=1 i%k
rie Ki - KoBapmalIOHHBIVI MOMEHT MeXIy i-V1 M k-T1 CJIyJartHbIMY BeJIMYVHAMIL.

Caedcmbue: ecrvi ciTydaviHble BEIVYMHBI SIBJIAIOTCS HEKOPPEIMPOBaHHBIMY, TO IIVICIIEp-
CMSl CYMMBI CJTyYarHBIX BeJIMYMH paBHa CYMMe X AVCIIePCIUL:

D{Z}zD{ZXk}ng{Xk} . (4.12)

Teopema 4. Hucnepcus npousBedenus 08yx crmamucmuuecki He3aBUCUMBIX CAYUATHBIX BeAUUUH
onpedessemcs credyroujeti popmyAou:

D{XY}=D{X}D{Y}+m.D{Y}+m.D{X}. (4.13)

HeV[CTBVITEJ'IbHO, JId He3aBVCUMMBIX CJ'IyLIaVIHbIX BeJIMTYTIH CHpaBe,Z[J'H/IBO paBeHCTBO
M{XY)=M{X}M{Y}=m,m,. Janee, M{X?*Y?}=M{X*}M{Y?}=[D{x}+m]-[D{Y}+m]]. Ta-
KM o0pasom,

D{XY} = M{[XY - M{XY}]*} = M{[XY —m,m ]} =
= M{[XYT*}=2m.m M{XY}+m.m, = M{X*}M{Y*} —m}m’ =
=[D{X}+m;]-[D{Y} +m) 1—mm,= D{X}D{Y} +m;D{Y} +m,D{X}.

Hucniepcuss mpomsBenieHnsl OBYX CJIy4dallHBIX BeJIMUYMH paBHa IIPOM3BEIeHMIO VX IIVIC-
IepCUvl TOJIBKO IS CTATUCTUYECKN He3aBUCUMBIX U LIeHTPUPOBaHHBIX (my = my, = 0) ciydan-
HBIX BeJITYNH.

IIpumep 4.3. ITpon3BoaATcs 3aroTOBKM IPpAMOYTOoIbHOM popMelL. [Tycts X - mmmpuHa 3a-
TOTOBKM, a Y - eé mmmHa. TexHOIOrMs IIpoM3BOACTBa obecriedmBaeT CiIefyIollie IlapaMeTpbl:
my =100, m, = 200, D, =4 v Dy = 9. Beramncre MaTeMaTdeckoe OXuaaHVe Y AVICIIePCIIO TUIOMIA-
IV 3aTOTOBKM TP YCIIOBUWM, UTO X 1 Y SIBJIIOTCS CTATUCTIYeCK! He3aBVICVIMBIMY BeJIVTYHAML.

ID1omane 3aroroBku S = XY. Tak Kak BestmumHBL X 1 Y SBJISIOTCS CTaTUCTUYECKM He3a-
BucuMbMyL, To M{S} = M{XY} = M{X}M{Y} = m,m, = 100-200 = 20000. ITo Teopeme 4

D{Z}=D{XY}=D D, +m;D, +m;D, =4-9+100°-9++200" -4 = 250036.

Cpenree KBagpaTiideckoe OTKIIOHEHME s OyzieT paBHO: O, = /D, =+/250036 = 500,04.

ITpumeneHue TeopeM 0 MaTeMaTUYeCKMX OXVIAHMAX M JVICIIEPCHSIX IT03BOJISIeT BO MHO-
IMX CJIydasix OIpelelIsTh YMCIIOBble XapaKTepUCTUKN (PYHKIWUV CJTydYaliHbIX BeJIMYVH, He OIl-
penesids mpeBapuUTeIbHO 3aKOH pacIpesieleHVsl BepOSATHOCTeN I 3TUX PYHKIINL.

4.4. HekoTopble cneumanbHble 3aKOHbI pacnpeaeneHms

PaccmMoTpuM HeKOTOpBIe 3aKOHBI pacIpeie/IeHNsl BepOsSTHOCTeVI, KOTOpble IIPVIMEeHSIOT-
cd B MaTeMaTU4ecKOV CTaTUCTVKe ¥ KOTOpbIe IOoJTydeHbl Iy TéM (PyHKIIMOHaIbHBIX Ipeobpaso-
BaHUV HOPMa/IbHO pacHpeneIéHHBIX CJTyYaliHbIX BEIVIIH.
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Pacnpedesenue y2. ITycTh cTaTUCTVYECKN He3aBVUICHMBIE CTydYaliHble BeJIMYMHEL X1, X2, ...,
Xy pacripesiesieHbl 110 HOpMaJIbHOMY 3aKOHY C MaTeMaTW4eCcKVM OXWUJIaHMeM 11, VI AucIepcuent
0,2 ITycte U cymma KBazlpaToB IIeHTPUPOBaHHBIX I HOPMUPOBAaHHBIX CTyYayHBIX BeJIVUMH:

UZ(X m)

ITornb3ysick mpaBvIaMm IIpeodpa3oBaHs CITyYaHBIX BeIIVYVH, MOXKHO ITOJIyYUTh TUIOT-
HOCTB pacIipesiesleHnsl BepOSTHOCTe BeJIduHbl U B cyIeIyomeM Buyle:

(4.14)

X

1 n/21. _Z
f(u)—m xp{ } u>0, (4.15)

rie /(z) - raMMa-pyHKIIMS. DTOT 3aKOH pacliperie/leHVsl BepOATHOCTeVI Has3bIBaeTcsl paciiperie-
JIeHVeM X2 C 1 CTelleHsMM cBOOOIBL. PacriperiesieHie 3aBUCUT TOJIBKO OT OJHOTO ITapaMeTpa — OT
4ycIIa CTelleHeVt CBOOO/EI 1. DTO UMCIIO ITpeJICTaBsIsseT cOOOM UMCIIO CTaTUCTUYeCK) He3aBUCH-
MBIX BeJINYWH, IpejIcTaBlIeHHbIX B cymMe (4.14). ITpy HeorpaH4YeHHOM yBeJIMUYeHU 11 pacIipe-
nestenue (4.15) HeorpaHWUeHHO ITpUOIIVIKaeTcs K HOpMaJIbHOMY pacrperierieHnio. MaremaTu-
yecKoe OXWJIaHue CIyJdarHo BelmunHbl U paBHO 4mcly cTerieHet cBOOOIE! 1. OTMeTUM OffHO
BakHOe cBovcTBO. CyMMa JIByX BeJIMUVH, pacIipeie/IEHHBIX 110 3aKOHY X2 C 711 VI C 112 CTeTIeHAMM
cBODOIBI, TaKXKe pacIipesiesieHa I10 3aKOHY X2 C 11 = 111 + 12 CTelIeHAMV CBOOOJIBL.

Pacnpedesernue Cmuviodenma. Ilycts cirydarviHas BeymamHa X pacrpesiesieHa HOPMaJIbHO C
MaTeMaTUJYecK/M OXWJIaHVeM 11, VI JUcIiepcren 6,2, a BelimunHa U pacripesiesieHa 110 3aKOHY )2
¢ n creneHsMM cBobozipl. Torma BemanHa

X_
T=—2"" (4.16)
U/n

Oynet pacripesiesieHa 110 3akoHY CTBIOfIEHTa C 11 CTeIIeHsIMM CBOOO/IbI:

_ 1 T(m+h/y T . N
f(t)_\/E T(n/2) (1+n) , <t<oo, (4.17)

Pacripenienienie CTprofieHTa 3aBUCUT OT OJIHOTO IlapaMeTpa M Takke IpuOiIvKaeTcs K
HOPMaJIbHOMY pacIipesieJIeHUIO NPy HeorpaHWYeHHOM YBeJIMUYeHUM 7. DTOT 3aKOH SIBJIseTcs
CMMMeTPUYHBIM OTHOCUTEJIbHO Hadasla KoopauHat. ['pacduk mioTHoCTM pactpenerteHus (4.17)
HaroMIMHaeT TpadVK IVIOTHOCTY HOPMaJIbHOTO pacrpese/IeHsl.

Pacnpedenernue @uuepa - Cuedexopa (F-pacnpedeserue). Ilycte citydavsas BemvramHa U
pacrperiesieHa 110 3aKOHY X2 C k cTerleHsAMM CBOOO/IBI, a BellmumnHa V - 110 3aKOHy X2 C 1 CcTelle-
Uk _n U
Vin k V

CHez[eKopa ¢ k vi n cTreneHsIMM CBO60):H>II

k
» Lt m/2) Zzl(1+kz) 2, z>0. (4.18)
[(k/2)T'(n/2) n

HaMu cBoOosibl. Torma BemunHa Z = Oynet pacrpesiesieHa 1o 3akony ®duiepa -

f(2)=

DTOT 3aKOH pacIIpefiesieHNsl BepOATHOCTEVI 3aBUCUT OT JIBYyX CTelleHeV CBOOOBI k 11 7.
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TepMuHbI AN 3aNOMUHAHUA

—_

NSO

*

10.
11.

12.

PyHKIMOHAIIPHOE IIpeoOpa3oBaHMe; KOMIIO3WUIINSA paclpereeHuniT; pacipeneieHue )2
(pacmpenerieHne «xu-KBajgpaT»); pactpenernedve CrbioneHTa; pacnpernernenme Duiepa -
Crenekopa; F-pactipenesienue.

Cnucok KOHTPOJIbHbIX BOMNMpPoOCOB

Kax onpenenmTe 3ak0H pacripenesieHnss PYHKIIVS AUCKPETHOV CITyYalfHOV BeTMIVHBI?
Kaxmm Oymer 3akoH pacripenerieHnss PyHKUIMM OT CITy4YallHOVI BEIMYMHBI IIPY JIMHETHOM
IpeoOpa3zoBaHUNL.

Ecrim HopMasibHO pacriperiesiéHHasi cjlydaliHasl BeJIMdMHa IIpeo0pasyeTcs JIMHEHO, TO Ka-
KOVI 3aKOH pacIiperiesieHsi OyieT MMeTb PyHKIIMS?

YTo Ha3bIBaeTCsl KOMIIO3UILIVEV paclipeiesIeHUN IBYX CJIydaliHbIX BeJI4H?
CdopmynmpyiiTe IIepByIO TeOpeMy 0 MaTeMaTUIeCKMX OXKUIAHVSX CIIydarHbIX BeJIVMIVH.
CdopmynmpyiiTe BTOPYIO TeopeMy O MaTeMaTU4eCcKUX OXMAaHMSIX CJTydaliHbIX BeJINYVH.
B kakom ciryuae MaTtemaTnueckoe OXuaaHVe IIPOM3BeNEHM: [BYX CJIyYalHbBIX BeJIMYMH
paBHO IPOM3BEIEeHNIO VX MaTeMaTUIeCKIX OXMIaHUI?

CdopmynmpyiiTe IIepByIO TeOpeMy O AVCIIePCUSIX CITydaliHbIX BeJINYNH.

B xakowm ciryuae aucriepcusi CyMMBI IBYX CJIy4YayHBIX BeJIMYMH paBHA CyMMe VX AVCIIep-
cun?

CdopmynmpyiiTe BTOPYIO TeopeMy O AVCIIEPCHAX CIIyUaHbIX BeJIMYIH.

B xakoMm cydae nmyicniepcuis ImpovsBeeHs By X CJIy4YarHbIX BeJIMYVH paBHa ITpou3Besie-
HUIO VIX OVICIIePCUL?

Ilepeunciire crierasibHble paciipesiesieHys, IoJyYeHHble MyTéM PYHKIMOHAIbHBIX IIpe-
00pas3oBaHNII HOPMaJIBHO paclpeieIéHHBIX CJTyYaliHbIX BEJIVTUINH.

Bonpoc ans o6yxaeHusn

IToueMy HOpMaIbHOE pacHperiesieHVie IMeeT TaKoe IMpoKoe puMeHeHe? OObsacHMTe

3TO, MICIIOJIB3Yysl MaTepuasl, PaCCMOTPEHHBIVI B TeEMe <<CDYHKLU/IOHaJIbHBIe Hpeo6pasoBaHMﬂ cIy-
YaVHBIX BEJIMYMH».
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3aKoH 60nbLUMX YKcen.
LleHTpanbHasa npeaenbHaa TeopeMa

CTyaeHT foJ/HKeH
OCBOMTb:

® 3aKOHBI OOJIBIIMX umCcesl B (popme HeOrwlmeBa 1 IIeHTpasIbHON IIpe-
JIeJIbHOVI TeOpeMBI;

npuo6pecTn HaBbIKK:

o HpT/IMEHeHT/IH 3aKOHa 6OJ'H>H_IVIX qricesl IJjIdd OLIeHKIM BepOHTHOCTT/I I10-
ITaTaHMA CJ‘[y‘IﬂVIHOVI BeJIMYMHBI B CIMMETPUYHbBIE (OTHOCVITeJ'[BHO
MaTeMaTmdeCKoro O)KI/IZI',aHT/ISI) VHTepBaJIbl.
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3akoH Oompmmix uvicernt B popme YebsimeBa. HepaserncTso YebsmmeBa. Teopema Yebritre-
 IS—==J:"" Teopema bepnysum. LlenTpasbHas IpefebHasd Teopema.

B\ b
KpaTkoe
corepKaHue

5.1. [MpepBaputenbHble 3aMevyaHus

3aKoH OOJIBIIMX UMCeST TOBOPUT O CBOVICTBAX CYMM CJTyYavHBIX BEJIMYVMH IIPV Heorpa-
HUYeHHOM yBeJIM4eH!M 4mciia ciaraeMeix. ITycte Z - cpeniHee apudmMeTdeckoe 1 CIydamHbIX
BeJIVUMH

1 n
Z_;;Xk'

3axon boavuiux uuces 6 popme Yebviuieba — 3T0 COBOKYITHOCTHh TeOpeM, KOTOpbIe IT03BOJIS-
IOT OLIEHUTBb BEPOSITHOCTD TIOTIa/IaHsI BeJIMUMHBL Z B MHTepPBal, CUMMETPUYHBII OTHOCUTEIIEHO
MaTeMaTU4eCcKOTo OXMIaHMs 3TOV CyMMBbIL. Takie cyMMBbI HOSIBJISIOTCS. TPV MHOTOKpPaTHBIX M3~
MepeHMsIX CITyYaHbIX BEeJTMIIH.

Ilyctp TpeOyeTcs olLleHUTh MaTeMaTH4YecKoe OXWaHVe CIydayrHOW BedndnHbl X, He
3Hasl 3aKOHa pacrpepesleHs: eposTHocTel. ChelaeM 1 M3MepeHUII 3TOV BeJINUMHBL U B Kade-
CTBe OLIEHKM 11, MaTeMaTU4ecKOoro OXuiaHVs BO3bMEM cperHee apudMeTdecKoe I0TydeH-

n
HBIX VI3MepPeHUIL: m; = lei .3pecw x;, 1 =1, 2, ..., n, - u3sMepeHHble 3HadeHMs1 X. Hackoibko
niz
Ormm3ko 3HaueHMe M, K WCTMHHOMY 3Ha4eHMIO MaTeMaTUYeCKOTO OXWIaHus m,? CKOIbKO
HY)KHO C[IeJIaTh VM3MepPeHMT, YTOObI MOXXHO OBUIO OLIEHWUTH 1y C yIOBJIETBOPUTEIIBHOV TOYHO-
cTbi0? MOXXHO 1111, XOTs OBbI IPUOIIVDKEHHO, CYAUTH O 3aKOHE pacIiperiesieHnsl BepOsITHOCTEN Ta-
KoVt cyMMbI? Ha HeKOoTOpble 13 TaKiX BOIIPOCOB MOXKHO OTBETUTD, IIPVIMEHSIS BBIBOIBI 3aKOHA
OOJIBIIINIX YVICeTI U1 IIeHTPAJIBHOVI ITPeIeIbHOV TEOPEMBI.

st popMyIMpoBKM TeopeM 3aKOHa OOJIBIINIX YMCesI BBEIEM IIOHATVE CXOLVMMOCTY IO
BeposATHOCTU. IlycTh Z1, Zo, ..., Zy — IOCIIENOBaTEIIBHOCTD CIyYalHbIX BeJIMuMH. ['0BOpsT, 4TO
3Ta I10CJIeOBATeIbHOCTb CXOMTCS 110 BEpOSITHOCTY K YMCITY 11, €CJIU 71 JIF0OO0Tr0 KaK YIOHO
MaJIOTO TIOJIOXKUTEJIBHOTO UNCIIa € BBITIOJIHSIETCS PaBeHCTBO:

lgl:PﬂZn -m, |<e}=1. (5.1)

Oco0eHHOCTH CXOAMMOCTH II0 BEPOSITHOCTM COCTOUT B TOM, UTO HEJIb3sI ITIOJTHOCTBIO OT-
BepraTb coObITHE | Z, — m; | 2 € IpU n—>o0. 3eCh YMECTHO BCIIOMHUTB, YTO BEPOATHOCTb HEBO3-
MOJKHOTO cOOBITHS paBHa 0, HO oOpaTHOe yTBepKIeH1e He BCeryia sBJIsSeTCs BePHBIM, T.e. COOBI-
THe, VIMeIOITlee HyJIeBYIO BEPOSTHOCTh, MOXKET, TeM He MeHee, IIPOVI30MTA.

CpovicTBa CyMM CJTyYamHBIX BEeJIMUMH paccMaTpUBaeT TaKXKe YeHMpaivHas npedesbHas
meopema. Ilpyi ompeneséHHBIX YCIIOBUSX 3aKOH pacIipeleieHNs CyMMBbl CJIy4aliHbIX BeJIMYNH
PV HeOTpaHVYEeHHOM YBeJIMYeHNN UlcIIa cjlaraeMbIX HeorpaHWYeHHO HpuOIIvpKaeTcs: K Hop-
MaJIbHOMY 3aKoHY. LleHTpasibHas IIpefiesibHas TeopeMa yKasblBaeT Ha 3T YCIIOBVIS.

5.2. HepaBeHcTBO YebbilueBa

ITycte Z - mpow3BOJIbHAS CITydarHasl BeJIMYVHA, VIMEIOIIIasi MaTeMaTidecKoe OXIjiaHe
m, n aucnepcuto D.. Hepaberncmbo Yebviueba yTBepKIaeT, YTO BEpPOSATHOCTb OTKJIOHEHMUS CIIy-
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YyayHOVI BeJIMYMHBI OT CBOET0 MaTeMaTU4eCcKOro OXWUIaHMs Ha BeJIMUMHY, He MEeHBIIYIO YeM &,
orpaHmveHa ceepxy BesiumHom D,/ €2, T.e.

D
4
P{Z-m, |ze}<— (5.2)
€
JokaxeM 3TO HepaBeHCTBO [IId CJTy4asl HelIpepbIBHOVI CJTy4YaliHOV BeJI4MHEL. BeposT-
HOCTB TIOIIaflaHMs CJTy4artHOV BeJIMYMHBI Z B MHTepBaJl, yKa3aHHEI B (5.2), paBHa MHTErpay
OT IUIOTHOCTY pacIipefiesieHIs BepOATHOCTe 110 00s1acTyi 3HaUeHU z, B KOTOPO! | z —m; | 2 €

2
(z—m,)

P{|Z-m,|2e)= [ fu(2dzs [ ZF2-f.(2)dz.

|z—m,|2e |z—m,|2e €

HocnenHee HEPaBEHCTBO 3aIlliCaHO Ha TOM OCHOBaHWM, YTO B obsracTm VIHTETpUpOBaHA

oTHoILIIeHMe (z — m;)2/€2> 1 my1d Bcex 3HaueHUN z. Tak Kak HOABIHTerpasibHasi PYHKINA He OT-

puniaTe€iibHa, TO paclipeHue obstacTm VHTETpUPOBaAHVISI MOXKET IIPVIBECTV TOJIBKO K YBeJIn4de-

T D
HIIO TOro MHTerpasta. CirenosarentbHo, P{|Z —m |>¢€} < %J.(z -m,)*f,(2)dz = >
e” €
HepaBencTso YebrbImreBa MOXHO 3aIIcaTh B APYTov popme:
D,
P{|Z-m,|<e}>1-—F. (5.3)

82

HepaBencrso YeOrmeBa JaéT 4OCTaTOYHO IpyOyro OLIEHKY BeposiTHOCTH. VIHOTHa Ta-
KVie OIIeHKV CTaHOBSATCS HpocTo OecriontesHbiMy. Hampumep, mome3sysice HepaseHcTBOM (5.3),
MOYKHO VIHOITIa ITIPUWTV JIUIIb K BBIBOY, UTO BEPOATHOCTD IONaJaHNs B JaHHBIV VHTepBal He
oTpuIiaTeIbHa, a HepaBeHCTBO (5.2) MOXeT IIPMBECTU K BBIBOJY, UTO BEPOATHOCTH He OosIblile
enqyHUIIBL. Takye olleHKV He HeCyT HMKaKov HoBov MHpopmanym. OnHaKo, B HEKOTOPBIX CIIy-
yasx OlleHKV BepOSITHOCTY ITOIaflaHVsl CJTydaliHOVI BeJIMYMHBI B MTHTepBaJl BIIOJIHE IIpYieMIeMBbI.
Hepasercrsom YebpleBa MojIb3yIOTCA TOTAA, KOTrJla APYToro IMOIXOMISIIEro crocoda OleHKN
BeposTHOCTM HeT. Hanborsiblilee 3HaueHne HepaBeHCTBO UeOblllleBa VIMeeT B TeOPeTUYECKOM
IUIaHe, IIOCKOJIbKY TeopeMbl 3aKOHa OOJIBIINIX urcell OasupyroTcs Ha HepaBeHCTBe YeOrIieBa.

IIpumep 5.1. C momompio HepaBeHcTBa YeObllieBa OIIEHUTH BEPOSATHOCTH TOTO, UTO
cJIydarHasi BeJIndrHa X OTKJIOHUTCA OT CBOErO0 MaTeMaTW4ecKoro OXMAaHU 1, MeHee 4eM Ha
30y, I1ie Ox — eé cpeliHee KBaJlpaTiecKoe OTKJIOHeHMe.

B marHOM citydae € = 30x. Bocioriezyemcst HepaBeHcTBOM (5.3):

2
o 1 8
P{{X-m, <30, }>1-——=1-—=—=0,89.
2
(3o ,) 9 9

ITpvmep (5.1) mokasbiBaeT, YTO BEPOATHOCTD ITOMalaHMs JIIOO0V CITyYalfHOV BeJIMYMHbBI
B VIHTEPBAI (M — 30y My + 30x) SBJISETCS BEIIMUMHON, OospIrent, yeM 8/9. DTOT HIDKHUN IIpe-
JleJ1 JIOCTUTaeTCsl B caMOM XYZIIeM ciIydae. 111 KOHKpeTHBIX CTydaviHbIX BeJIMUYMH 3Ta BeposiT-
HOCTb 3HaUMTeJIbHO Bhlllle. Tak, HapuMep, [IjIs HOPMaJIbHO paclipejiesieHHOV CIy4JaifHOV Be-
JIMYUVIHBIL 3Ta BepOSATHOCTh paBHa NpubimsuresHo 0,997. B cBsA3M ¢ BbIllIeckasaHHBIM, VHTEP-
BaJI (1my — 30x; My + 30x) OIPUHMMAIOT YacTO 3a MHTepBaJl IIPaKTUUeCK BO3MOXKHBIX 3HaUeHUI
crydaviHov BesiumHbL. CaM paKT, COCTOAIINUI B TOM, YTO /I BCeX BEeJIMUYMH BepOSITHOCTD I10-
HajlaHVs B TAKOV MHTepBaJl JOCTATOYHO BeJIVIKa, Ha3bIBAIOT «3AKOHOM MPEX CU2M».
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Ipumep 5.2. Ilycts my = 2, D, = 4. C nomo1pio HepaBeHCTBa YeObllleBa OLIeHUTD Be-
POSITHOCTB TOTO, UTO CJIy4ariHasl BeJIMdHa IpuMeT 3HadeHre 13 naTepsaios (0; 4) n (-1; 5).

s 1-ro maTepBasia € = 2. Torma P{| X -2 | <2} > 1 -4/22 = 0. Takum oOpasom, Be-
POSITHOCTD HOMafaHus caydartHov BeranHbl X B uHTepBai (0; 4) Oosbilie HyIIs. DTOT pes3yilb-
TaT He HecéT HOBOVI MHQOPMAIINN, TIOCKOJIBKY JI00ast BEpOATHOCTh He OTpuIlaTebHa. [ 2-ro
unTepBaia € = 3. CiregoBarennbHO, P{| X - 2| <3} >1 - 4/32= 0,56. DTOT pesysibTaT yXe IIpef-
CTaBJIsgeT MHTepec.

5.3. Teopema YebbiweBa

Teopema UeObmmesa. [Iycmy cayuainvie Beauuunst X1, Xo, ..., Xn nonapno nesabucumst u
umerom oucnepcuu, oepaHuyerHsle 00Hot u mou xe nocmoantoi, m.e. D{X1} < C, D{X2} < C, ..., D{X.}
< C. Toeda cpednee apugpmemueckoe smux BeAutur npu n—ee cX00UMCsA no Beposmuocmu Kk cpeoHemy
apupMemuueckoMy ux MameMamuueckux OKUOaHU:

1< 1<
Hm P{=" X, —= > M{X, }[<ef=1. (5.4)

nia nia

n—oo

1 n
PaccmoTpuM cilydariHyio BeIMUMHY Z, = —ZX . - 31ech cjlaraemble He3aBUCUMBL []o-
n =t

1 I <

stomy m,, =M{Z }= —ZM{Xk}, D, =D{Z,}= TZD{Xk}‘ B mocrienment cymme Kax-
k=1 n =l

nag n3 pucnepcunt D{Xi} menpme minm pasHa C. CiiegoBaTesIbHO, BCerla BBIIIOJIHSIETCS

C
HepaBeHCTBO D., < C/n. Takum obpasom, P{|Z, —m_, [<&} 21-—"21-——. [lepexons x
€ ne

IpeneIty mpu n—ee, monyumm: lim P{| Z, —m_, |< €} = 1. VI3 atoro cienyer (5.4).

)11 TIpaKTMKM TIpeJiCTaBIIsieT MHTepeC YacTHBIV CJIydalt TeopeMmbl YeOblmreBa, Korma
clydaviHble BeJIMUMHBL Xi, k = 1, 2, ..., 1, IMEIOT OMHaKOBble MaTeMaTu4ecKye OXVIAHWS U
onyHakoBble aucrepeny, T.e. M{Xi} = my, 1 D{Xi} = Dy 711 Bcex 3Ha4eHMM k. B 3TOM Citydae

lim P lZXk—mx <gp=1. (5.5)
n

n—>o0 k=l

PaccmoTpuM nmpakTudeckyro mHTepIiperanyio paseHcrsa (5.5). Iycrs Berumna X ¢ Ma-
TeMaTUYecKM OXWIaHueM ni, v auctepcrent Dy msmepena n pas. VIsmepenus x1, X2, ..., Xn
MOXKHO Takke CUMTaTh He3aBVUCHMBIMU CITy4aViHbIMY BeJIMYMHAMM C TeMU JKe XapaKTepucTu-

1 n

- *

Kamm my n Dy. Torma ciaydanHas BervamHa m, =— E X, Oyner mmeTh XapaKTepUCTVKM:
k=1

* 1 1< . 1 1 <& 1 &
Mm ==Y Mix}==Ym =m,, Dim}=D{=Y x,}=—9 Dix,}=—3D, =
n = Ly s n =l n- =

D)C
.

* . * *
11 BeJIMUIMHBL M TIOJITy4mM: lim P{‘mx - mx‘ < 8}= 1, T.e. olleHKa M C xapaKTepUCTUKaMU

n—seo

Mimly=m, u Dim}="s 56)
n

IIpU 11—>°° CXOONTCA I10 BEPOSTHOCTU K VICTMHHOMY MaTeMaTUYeCKOMY OXWUIaHWIO iy cnyqaﬂ—
— *
HoM BeytmumHbI X. TakiM o6pa30M, m_ MOXHO VCIIOJIB30BaTh B KaueCTBe OLI€EHKW HEV3BEeCTHOI'O

MaTeMaTUM4YeCKOIro OXXmaaHVIA. HVICHepCVISI OLE€HKNM CTPEMUTCA K HYJIIO C BO3pacTaHVIEM .
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B mpakTudeckmx 3ajavax MCIOIB3YIOTCS COOTBETCTBYIOIIME HepaBeHCTBa JeOblesa.
Hampumep, paBeHcTBY (5.5) COOTBETCTBYeT CileyIolee HepaBeHCTBO YeOrbIieBa:

n D
P 12Xk—mx <gp=1-—=

pp2 ey (5.7)

IIpumep 5.4. TexHoornyueckoe obopyaoBaHMe obeclieunBaeT cpegHee KBaapaTiiecKoe
OTKJIOHEHME IJIMHBI M3TOTOBIISIEMOV HeTajlvi OT MaTeMaTUYeCKOro OXMIAHMS 3TOVI IJIVIHBI He
6osree wem 0,05 cMm. beum m3mepensr 50 pertaneir. KakoBa BepOSTHOCTH TOTO, UTO CpelHee
apudmeTIIecKoe 3TVX M3MePeHMI OTKIIOHUTCS OT MCTVMHHOTO MaTeMaTNYeCKOTo OXMIAHMS He
Oosee uem Ha 0,027

B mannowm ciryuae € = 0,02, gucniepcust maMepsieMort BeranHbl Dy = 0,052, unciio nsme-

eauii n = 50. ITo popmyrte (5.7) P ‘igX -m,|<0,02 —1—ﬂ—1—i—0875
p ' PMYTIE D) M50 & ~ ™= 50.0,022 40 7

5.4. Teopema bepHynnu

Teopema Bepnyaru. Omuocumevtas uacmoma nosbienus Hekomopoeo cobvimus 6 nociedo-
BameavHocmu He3aB6UCUMbBIX UCNBIMAHULT CMPeMUmcs no BeposmHocmu Kk uCmMuHHOU BeposmHocmu
31020 COOLIMUSA NPU HeOZPAHUUEHHOM YBeAuteHUU YUCAA UCHbIMAHUTL.

ITycTe mpoBOAMTCA HOCIIEIOBATEIBHO 11 He3aBUCVMBIX VICIIBITAHWUI, B KaKIOM M3 KOTO-
PBIX COOBITHIE A MOXKET OCYIIEeCTBUTBCSI C BEPOSITHOCTBIO p. I1ycTh B 11 McHbITaHMSAX COOBITHE A
ocytiecTBwIoch k pas. Torma BesmumHa p* = k/n sBiisgeTcss 4aCTOTOM IIOSIBJIEHMS COOBITUS B 1
ucnblTaHMAX. Teopema bepHy UM yTBepKOaeT, UTO MCTMHHYIO HEeVU3BECTHYIO BEPOSITHOCTD I10-
sIBJIEHVSI COOBITIS A B OZTHOM VICIIBITAaHMV MOXKHO OLIEHUTD C IIOMOIIIBIO P’

IMycre X;,1=1, 2, ..., n, - IBOWYHas cIydaliHas BeJIdyHa:

Y = I, ecnu cobbiTHE A MPOU3ONLIO B { —OM HUCIBITAaHUH,
"7 10, ecnu cobbITHE A HE MPOM3OILIO B [ — OM MCIBITAHHUM.
* k 1 ! E3 *
Torma p :;:;Z:Xi npuuém, M{p } = pu D{p }=% (5.8)
i=1

Teopema bepHy U yTBepXK1aeT, UTo BeJIMUMHA p* IIPU N—>c0 CTPEMUTCS 10 BepOSITHO-
CTV K MICTMHHOVI BEPOSITHOCTM P OCYIIIeCTBJIeHs COOBITHS A B OTHOM WCITBITaHUM, T.€.

lim P lin_P <gr=1 mm limP E—p <er=1. (5.9)
n

n—oo P n—eo n

Taxvm obpa3oM, BesTMdaMHA p* MOXKeT OBITh VICIIOIb30BaHa B KauecTBe OLeHKN VMCTVHHON
He3BEeCTHOVI BePOSTHOCTH p OCYIIeCTBJIeHMs COOBITV A B OITHOM VICTIBITAaHUM.
ITpu KoHeuHBIX 11 TeopeMa bepHyin mpuMeHnseTcs: B popMe HepaBeHcTBa YebblIesa:

P E—p <€ Zl—p—qz.
n ne

(5.10)

DTO HEpaBEHCTBO 3aBUICUT OT BEPOATHOCTU p. BcromuMM, uTto BermmumHa pq = p(1 - p)
VMeeT HanOorblllee 3HadeHVe Iipu p = 1/2 (Ha uuaTepBasie 0 < p < 1). IIpu stom pgq = 1/4. Ecom
BMECTO BeJIMYVHEBI pq IIOACTaBUTh eé HanboJIblllee 3HAYeHVE, TO HEPABEHCTBO MOXET TOJIBKO
YCVJINTBCST:
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P E—p <gr21-

5.11
n 4dne ( )

-
IIpumep 5.5. CKOJIBKO HYKHO c[ieJIaTh BBICTPEJIOB 110 MUIIIeHM, YTOOBI C BEPOATHOCTBIO
He MeHbIrent 4eM 0,9 MOXXHO OBUIO yTBep)KIaTh, UTO OTHOCUTEIIbHAS YacTOTa IIOMafgaHmUI OT-
KJIOHWUTCS OT VICTVHHOVI BepOsITHOCTY IIOIIaJlaHVIA B MUIIIeHb MeHee yeM Ha 0,057
3neck € = 0,05, 3a11aH HYDKHII IIpefiesl BepOsITHOCTI OCYIIlecTB/IeHNs HepaBeHCTBa |p* -
-p| <&, auncIo UCIIBITaHUY 11 HeM3BeCcTHO. Bocriosbsyemcst popmyrtont (5.11):

Plk/n—p|<e}>1-1/(4ne*) =1-1/(4n-0,05*) =1-100/n = 0,9.
Orcroma, n = 1000.

5.5. LleHTpanbHaa npeaenbHaa TeopeMa

B yenmpasvnoil npedeavHotil meopeme TOBOPUTCS 00 YCIOBUSX, IIPW KOTOPBIX 3aKOH pac-

n
rpefiesIeHns. CYMMBI CJTy4YaliHbIX BeJIMUUH £, = Z X, HeorpaHudyeHHO IpUOIIVDKaeTcs K HOp-
k=1
MaJIbHOMY 3aKOHy HIpu n—eo. OrpaHmammcs (OpMyJIMPOBKOV TeopeMbl I CTaTUCTUYeCKN
He3aBVICVMBIX, OMIHAKOBO pacIipee/IEHHBIX, CJTyYaHbIX BeJIMIVH.

Teopema. Ecau X1, X, ..., Xu, ... — He3aBucumvie cayuaiinble Beautiunbl, umeioujue 00UH 1 mom
ke 3aKOH pacnpedeseHus ¢ MAMeMamuteckKum 0KUOaHueM my U oucnepcueti G2, Mo npu HeoepaHuueH-
HOM YBeaudenuuy n 3aKoH pacnpedeserHus cymMmul Z, He0PAHUUEHHO NPUDAUNKAENICS K HOPMAALHOMY 3a-
KOHY.

Apyrue dpopMyIMpoBKYM LIEHTPaILHON IIpeIeIbHON TeOpeMbl PacIIVpsIOT 00JIacTh eé
nevicTBysi. CMBICIT YCJIOBUV, TIPEIbSBIISIEMBIX CJlaTaeMbIM, CBOAMTCS K TOMY, UYTOOBI KaXIas M3
CYMMUPY€eMBIX BeJINYMH BHOCIIIAa OTHOCUTEIEHO MaJIyIO JOJIIO B OOIIIYIO CyMMY.

ITpakTiuecky LeHTpasibHas IIpefie/ibHas TeopeMa IIpUMeHseTCsl IPY KOHeYHBIX 3HaJe-
HUSAX YMcIa cJlaraeMblx BeJimuuH. Ecymt i BesImumHbl Z,; BBIIOJIHSIOTCS YCJIOBUS LIeHTPaslb-
HOVI IIpeJ1eJIbHOVI TeOpeMbl, TO TOBOPSIT, YTO 3Ta BeJIMUMHA VMeeT ACUMNIMOMU4ecku HOpMAaLbHOe
pacnpedeserue. ITpy BBITIOJTHEHMM YCIIOBUI TEOPEMBI MOXKHO CUUTATh, YTO

@) e expn E)”

N
e m,; = Ny M 0,2 = n0x2. PaBeHCTBO 6yneT TeM TOuyHee, yeM Oosibree n. C IIOMOIIBIO 11€HT-
PaIBHOV TIpeiesTbHOM TeOpeMbl MOXXHO 0OOCHOBATh BBIOOP HOPMaIbHOTO pacIpenesieHus It
aHHpOKCI/IMaLII/IT/I 3aKOHa pacnpeneHeHMﬂ T/ICCJTe,ILyeMOT?I CJ‘IyLIaVIHOVI BeJIMYMHBI. ,J_—_[OCTaTOLIHO
II0Ka3aTh, YTO 2Ta BeJIMYMHAa 06pa3yeTc51 B pe3ym>TaTe AIIVTVBHOI'O BOS)Z[EV[CTBVISI MHOI'MIX MeJI-
KX (paKTOPOB. PaCCMOTpeHHbIe paHee HpeueanHe TeOpeMbI MyaBpa [ Harmaca ABJIAKOTCA
OIHVM 13 BapVIaHTOB L[eHTpa.TIBHOVI Hpeneanoﬂ TeOpeMbI.

}, —oo<z<oo, (5.12)

TepMuHbI ANA 3aNOMUHaHMA

¢ 3akoH Oospimx uncest B popMe YebriieBa. Hepasenctso Yebroimesa. Teopema YeOritire-
Ba. Teopema bepnyium. LlenTpasibHas npefiesibHasd TeopeMa.
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N

10.

3aKoH B0rbLLN% Yncen. LieHTpanbHas npegensHaa Teopema

Cnucok KOHTPOJIbHbIX BOMpPOCOB

%

O uéM roBopuT 3aKOH OOJIBIINIX UMICesT?

YT0 Ha3BIBAIOT 3aKOHOM OOJIBIINIX UMIcell B popMe HebblreBa?

Cdopmynupyiite HepaBeHCTBO YeObIIieBa B IByx ero dpopmax.

K xaxmm ci1ygariHbpIM BeJTMYMHaM MOXKHO IIPVMEHUTh HepaBeHCTBO YeObleBa?
Cdopmynmpyitre Teopemy YebpiieBa. B kakmx yciioBrsx oHa IpyMeHMMa?

Kaxor npaxTidaeckmyt BBIBOJ, [1eJIaeTCsi Ha OCHOBe TeopeMbl YeOrbllIeBa 110 IOBOJY OLleHKN
MaTeMaTHMYeCKOr0 OXKVMIAHMS CITy YaltHO BEJIMYUMHBI?

Cdopmynupyiite TeopeMy beprysuim.

Kaxon mpakTiaeckuit BBIBOJL JlejlaeTcsd Ha OCHOBe TeopeMbl bepHYIUIM 110 IIOBOAY OIleHKN
HeV3BECTHOV BEPOSITHOCTV COOBITIS?

Cdopmynupyiite HeHTpaJIbHYIO IpeJie/IbHYI0 TeOpeMy.

Kak mpakTudeckn ncrosb3yeTcs IleHTpaJlbHas IIpefie/ibHas TeopeMa?

Bonpoc ans o6cyxaeHmns

[Touemy HOpMaJTbHOe pacITperiesIeHITe VIMeeT TaKoe IPOKOoe IIpUMeHeHe B OKpY KaroIeM Hac
Mupe? OObICHUTE 3TO, ONVPAsICh Ha 3aKOHBI OOJIBIINX UVICETT.
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Cratucrnueckan obpaborka
3KCNepUMeHTasNIbHbIX AaHHbIX.
OueHka napaMeTpoB

CTyAeHT [oJ/KeH
OCBOMUTb:

® IIOHATHUS BBIOOPKM, BapMAIlMOHHOTO Psifia, SMIMPUYECKNX 3aKOHOB
paciipeiesieHVs BePOATHOCTEVI, SMIIMPUYECKMX YMCIIOBBIX XapaKTe-
PVICTUK, TOYEUYHBIX ¥ MHTepPBa/IbHBIX OIIEHOK HeWM3BeCTHBIX Ilapa-
MeTpOB;

npno6pecTn HaBbIKK:

® IIOCTpPOeHMsI IMCTOIPaMMBbl, IIOJIUTOHA, SMIVPUYECKON (PYHKINU
pacripesiesieHs BEPOATHOCTEV, BEIYMCIIEHVST SMIIMPUYECKUX YCIIO0-
BBIX XapaKTepPUCTHK, IIOCTPOEHNIS [JOBEPUTEIILHBIX THBEPBaJIOB.
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TEODVIH BEDOHTHOCI'GFI N MaremaTnyeCkan Ctatrcirika

BeiOopxka. I'eHepasbHast COBOKYITHOCTb. BapmallMOHHBI psim. DMIOMpudecKye 3aKOHEBI

O =S  pacripenenienvisi BepositHOCTeTt. [Toymron 1 rrctorpamma. TouedrHble OIeHK apaMeTpoB

pactpenenennsi. CpovicTBa oreHOK. [ToHsATIIE HecMelleHHOCTY, 3 (PEeKTMBHOCTH, COCTOS-

TeJILHOCTM OIleHOK. MeTozipl HaxoXjeHwsl orieHOK. /losepuresibHble mHTepBasbl. Ilo-

ijfg CTpOeHMe [I0BepUTeJILHBIX MHTePBaJIOB i IlapaMeTpPOB HOPMAaJIbHOTO pacIipesle/IeHMs.
conepxarme 1 10CTPOEHVIE JOBEPUTEIbHOTO MHTepBaJla /IjIsl HeM3BeCTHOVI BePOSTHOCT COOBITHS.

6.1. 3apaum MaTeMaTUYEeCKOM CTaTUCTUKMU

JTroboe 1oHSITIIE TEOPUN BEPOSITHOCTEN €CTh OTpakeHue OIpeelIEHHOrO (Pr31IecKoro
riporiecca. OHO TIOSBIISI€TCS B CBSI3M C TpeboBaHMeM IIPaKTUKN W IpecTaBiIsieT cobovI CIIeICT-
Blle HEKOTOPBIX 3KCIIepUMeHTOB. 3afaderl MaTeMaTIU4YecKoll CTaTUCTUKN sBjiseTcd obpaboTka
SKCHepUMeHTAIbHBIX JTaHHBIX C I1eJIbI0 M3y4eHVsl CBOVICTB CJIy4alHBIX SIBJIEHWUV, ITOJTydeHMs
HEeKOTOpOV MaTeMaTH4eCcKOV MOe/IM M3ydaeMoro oowbekTa. MaTeMaTndecKasi Mozlelb OObeK-
Ta — 3TO CUCTeMa MaTeMaTWMYeCKMX COOTHOIIEHWV, KOTOPBIe OIVCBHIBAIOT C OIIpelleIéHHBIM
yPOBHeM IIPMOIIVDKEHMST CBOVICTBA BEJIVUMH, XapaKTepPMU3YIOMINX OOBEKT, a TakKe VX BO3MOX-
Hble CcBsA3Y. MaTeMaTiueckasi MOZIeJIb He TIOJTHOCTBIO OIVICHIBAeT PeaIbHBIVI OOBEKT, OTHAKO I10
Mepe M3y4YeHVs CaMOV MoziesI (BMeCTO OObeKTa) OHa MOXKET YTOUHSITBCS, BCE ITOJIHee OTpakas
CBOVICTBA 3TOr0 00BekTa. Ecyiv B 0ObeKTe MIMEIOT MeCTO CIIyJariHble SIBJIEHVS], TO er0 MaTeMaT-
JeckKasa MOoOeJIb o0s13aTeIIEHO GyneT BKJTIOYATh B Ccels HEKOTOpPbIE TIOHATHA TEOPUNM BEPOATHO-
crent. VI3syunTth onpesiesléHHbIe 3aKOHOMEPHOCTY CJIy4YayHbIX SBJICHUI MOXXHO TOJIBKO C IIOMO-
IIIbI0 MHOTOKPATHBIX IIOBTOPEHMVI OIIbITa ¢ 0OBbEKTOM C IIOoCiIeyolIer oopaboTKo pe3yIibTa-
TOB.

Kpome ocHoBHOV 3aaunt — 00pabOTKM SKCIIepUIMEHTAIBHBIX JTAHHBIX — MaTeMaTidecKast
CTAaTMCTVMIKA paccMaTpuBaeT M CMeXHbIe 3afadyi, TaKye, KaK MeTOMbl PervcTpaIyy, CIOCOOBI
OIIVICaHMs SKCIIEPUMMEHTAJIBHBIX [TAaHHBIX, a TaKXXe CaMO IUIaHMPOBaHVE SKCIIEPVIMEHTA. Hpe>1<—
Ile 9YeM IIPOBOANTH SKCIIEPVIMEHT, HeOOXOAIMO UETKO cpOpMyIMpoBaTh 11 OCO3HATH I1eJIb 3TOTO
SKCIIepVMEHTaA. XapaKTep SKCIIEpMMEHTa HOJDKEH MaKCVMMaJIbHO COOTBETCTBOBATb €TI0 LIeJIN B
TOM CMBICJIE, UTO pe3yJIbTaTbl €I0 6YHYT HOCTaTOUHBIMU IS OLIEHKV TEX WJIV MHBIX XapaKTepu-
CTVIK OOBEKTA.

Banaqy 110 M3y4EeHIIO CBOVICTB CJ'IyLIaVIHOVI BEJIMYNMHBI C IIOMOIIIBIO SKCIIEPVIMEHTAJIbHBIX
TJaHHBIX MOYKHO IIOCTaBUTBh B pPasHBIX BapuaHTaX. Bo-TIepBbIX, MOXXHO OTPaHMYUTHCS JIVIIb
OIIEHKOVI UMCIIOBBIX XapaKTepUCTUK BesmumHbl X. B 9TOM cilyuae 3a/iaya OTHOCUTCS K TpYIIIIe
3a71a4 oyeHku Heu3BecmHblx napamenipob. B aTy Tpymily BXOAST 3amauy BEIOOpa CTPYKTYPBI OIIeHOK
1 3a/1a4M aHaJIM3a KadecTBa 3TMX olleHOK. OIIeHNTh MOXKHO He TOJIBKO TTapaMeTpPhbl, OTHOCSIIIECs
K OTHOVI BeJIMUMHe (MaTeMaTyidecKoe OXMaHVe, IVCIepCuio U T.I1.), HO VM MapaMeTphl, CBsi3aH-
Hble ¢ IByMsI WwIn Oojiee BeravHAMM (KO3(PUIMEHT KOppeIIsiyy, KOPPeSIIOHHOe OTHOIIIe-
HVIe U T.IL.).

Bortee obmias 3amada - ycmanoBaenue 3axona pacnpedesenus BeposmHocmeil BeIVMIUHBL X.
ITycTb X1, X2, ..., Xn — N VI3MEPEHUII 3TOV BeJIM4MHBL [Tpum orcyTcTBUM vHOV MH@pOpMaIm oc-
TaéTcd IIpenriojiaratb, 9YTO 3T 3Ha4Y€HWA SABJIAIOTCS €JVIHCTBEHHO BO3MOJKHBIMUM 3HaU€HWMAMIVL
IQHHOVI CJTyYaVHOVI BEJIMYVMHBL, a BEPOSATHOCTb KaXIOro M3 HuX pasHa 1/n. Vcxoms w3 arToro,
MOXXHO IIOCTPOUTh (PYHKIIMIO paclipesieleHNs BepOATHOCTeVI BeIM4uMHbl X KaK JIVCKPeTHOM
cJIydaltHOVI BeJImuuHbL: F'(x) = k/n, e k - 4mciio usmepeHu, JieXXallyx Ha 9iCcIIOBOV OCH Jle-
Bee x. Bo3HIKaeT BOIIpOC, HeNIB3sl JIMI PV KOHEYHOM 3HAUEHUV 1 IIPOBECTV CIVIKMBaHVIE
dysKuMM F'(X) TaK, YTOOBI HOIYYNUTh (PYHKIINIO, OJIM3KYIO K MCTMHHOV (PYHKIMM paciiperierle-
HMsI? DTOT BOIIPOC pacCMaTpVBaeTCs B TPYINIe 3afad, CBSI3aHHBIX C yYCTAaHOBJIEHVEM 3aKOHA
pacIperiesIeHVIsI BepOSITHOCTEV! 110 SKCIIePUMEeHTaIbHBIM JTaHHBIM.
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CramcTnyeckan obpaboTka SKCeprMeHTarbHbIX AaHHbIX.
OueHKa napameTpoB

Crenyromrast rpymma 3aad — 3TO 3aa4v npobepku crmamucmudeckux eunomes. B xkauectse
TUIIOTe3 MOTYT OBITh TMIIOTE3BI O BUE 3aKOHa paclperleeHNs BEpOSITHOCTEV, TMIIOTe3BI O
HIPEeAIIONIOKMTEIIFHOM 3HAaUeHNN TeX VIV MHBIX YVCIOBBIX XapaKTepPVICTVK, TUIIOTe3bI O CyIIle-
CTBOBAaHWM TUIVI OTCYTCTBUM CTaTVICTMYECKOVI CBA3V MeXIy BelmdamHamMu 1 T.JI. PaspaboraHo
IOCTATOYHO MHOTO METOIOB IIPOBEPKM CTATUCTUUECKNMX TUIOTe3. JacTh 13 HIUX IIpearoiaraeT
00paboTKy JaHHBIX IIOCTOSIHHOTO 00BbEMa, ApyTasi 4acTh — JaHHBIX IIepeMeHHOro o0béMa.

Ecrmn paccMaTpmBaroTcsi HECKOIBKO CITyYavHBIX BEJIMUIMH B COBOKYITHOCTH, TO OIHOV 13
3a7ja4 MaTeMaTW4YecKOVl CTAaTVUCTVIKU SIBJISeTCS VM3ydeHVe ¥ allIpOKCHMAIVS CTaTUCTUYECKIX
cBs3eVt Mexy HuMm. PaccMoTpyM, HanpuMep, fBe cIydanHble BeimamHbl X 1 Y. MoxHO 110-
CTaBUTH CJIEIYIOIINVI BOIIPOC: 3aBVUCHUT JIV CJTydariHas BeJIMUMHA Y OT CJIy9avHOV BeJINMIMHBL X?
OTtBeTOM Ha 3TOT BOIIPOC OyzmeT ymbo «Ia», IMbo «HeT». 3aady B TAKOV ITOCTAHOBKE MOXHO
OTHECTM K TpyMIe 3a1a4 0uUCHepCUOHH020 AHAAU3A. B 3amadax OMCIIEpCMOHHOTrO aHasIM3a pac-
CMaTpPUBAIOT OOBIYHO HEKOTOPbIe (PAKTOPBI, KOTOPble MOTYT BIIVSITh Ha MCCIIEAYEMYIO BeJIVUN-
Hy. DaKTOpPBI MOT'YT OBITh KaK KOJIMUYECTBEHHBIMY, TaK ¥ KauecTBeHHbIMY. Harrpumep, 3aBucur
JII KOJIVIYECTBO IOPOXXHO-TPAHCIIOPTHBIX ITpoucIecTsmit ((pakTop B - KOJIMUeCTBEHHBINI) OT
11BeTa aBToMOOWIeN (dpakTop A - KauecTBeHHBIN). PaKTOPOB MOXeT ObITH U OoJiee IBYX. 3ama-
Yy TAaKOTO TWMIIA HA3BIBAIOT eIllé 3a7a4aMy (pakTOpHOro aHasms3a. [Ipentionoxmm rereps, uto X
M Y SBJISIOTCS CTATUICTVMYECKV 3aBVICVIMBIMM BeIMYMHAMM. TOrJia MOXKHO IIOCTaBUTh CIIETyIO-
IO 3a7a4y: HauTu Takyo dyHKImo Y = ¢(X), KoTopas ObI MaKCMMaJIbHO OTpakala CTaTV-
CTVMUECKYIO 3aBUICHMOCTh MeX/y BermumHaMmy. C IIOMOIIBIO TaKovl (PyHKIVM MOXHO ObUTO OBl
HanboJIee TOYHO IO 3a/JaHHBIM 3Ha4eHVsIM X IIPOTHO3MPOBATh 3HAYEHVsI, KOTOpble OyIIeT mpu-
HVMMaTh BeJIMaMHa Y. DTa 3a7a9a OTHOCUTCS K IPYIIIe 3a11ad peepeccuonto2o anaiusa. Takas 3a-
Jlaga MOXeT ObITb OJTHOMEPHOVI, MHOTOMEPHOTI, JIMHETHOV VIV HeJIMHEVIHOTL.

6.2. Bbibopka. BapaunoHHbIN paga.
AMnMpuyecKkne 3aKoHbl pacnpeaesieHus

ITycTe mpoBOIATCA 11 HE3aBUCUMBIX VICIIBITAHWV Hall CJTy4YaviHOV BeJInmdmHON X IIpu He-
VI3MEHHOM KOMIUIEKCE yCJIOBUM, OT KOTOPBIX 3aBUCAT KOHKPETHBIE peasiv3aliiv TOV BeJINYVi-
HbIL. B pesysibraTe vcribITaHMV HOJTyYeHBI 11 M3MepeHuit BermanHbl X: X, = {x1, X2, ..., xn}. CoBo-
KYITHOCTb X, TaKMX M3MePeHMII Ha3bIBatOT Bb00pKOTl CITydaliHOVI BeJIMUMHBL X, caMV M3MepeHs
Has3bIBAIOT 3JIeMeHTaMI BBIOOPKM, a UVCIIO M3MEPEeHUT 11 — 00bEMOM BBIOOPKI. DJIeMEHTHI BbI-
OOpPKM MOXXKHO CUMTaTh HE3aBUCHUMBIMV OAVHAKOBO PacIIpeIeIéHHBIMY CIIyYallHbIMI BeJI4V-
HaMM, TOCKOJIBKY OHU SIBJISIFOTCSI pe3yJIbTaTOM ITPOBEIEHNS IIOCIIeH0BATEIILHOCTY HEe3aBVICMBIX
VICHIBITAHWMVI C OIHOVI M TOVI XK€ CJIy4YaVIHOVI BeJIMYVMHOV X.

ITpenronoxmmM, uTo B BEIOOpKe X, IpeficTaB/IeHbl BCe BO3MOXKHBIe 3HaUeHs CJTydaltHO
BeJIMUMHBL X C YacTOTaMM, HPOIOPIIMOHAIIBHBIMU MCTVHHBIM (HEM3BECTHBIM) BEpPOSTHOCTSIM
3TuX 3HaueHuM. Torza BEIOOPKY Has3bIBAIOT eeHepalbHoil coBokynHocmbio. I'eHepabHast COBOKYTI-
HOCTB IIOJTHOCTBIO ITPEeICTaBIIsIeT 3aKOH pacIipeeIeHns BEpOITHOCTEVI CJTyJariHOV BeJIVTUVIHEL.
Ecmn X - myickpeTHas cilyvariHas BeJIurHa ¢ KOHeUHBIM YMCIIOM BO3MOXKHBIX 3HAaY€HWI, TO, B
HPVHIIVIIIE, MOXXHO IOy YUTh FeHepaIbHYI0 COBOKYIITHOCTh IIPY HEOTpaHMYEHHOM YBeIMYeHUN
unciia m3MepeHuit. I1o reopeme bepHysum (cM. 11. 5.4) OTHOCUTEIbHBIE YaCTOTHI IIOSBIEHMS TeX
VIV VHBIX BO3MOXHBIX 3Ha4eHUVT OyJ1yT CTPeMUTHCS 110 BEPOATHOCTY K MCTUHHBIM BepOSITHO-
cTam 3Tux 3HaveHnNt. BEam X - HenpepbIBHas cilydaliHasi BeJIMYVHA, TO CUTyallVsl yCIIOXKHSIeT-
CsI, TIOCKOJIBKY BO3MOXXHbBIE 3HAUEHWsI CITyYaviHOV BeJIMYMHBI B COBOKYITHOCTVI ITPEACTaBIISIOT
HellpepbIBHOE MHOXecTBO. VI3 cKkasaHHOTO cjlelyeT, UTo, BO-IIepBhIX, JIsl JII000ro KOHeYHOTOo 11
HeJIb3s1 YTBePXKaTh, UTO X, SIBJIseTCsl TeHepaJbHOV COBOKYITHOCTBIO, BO-BTOPBIX, UeM OoJIbIlle 11,
TeM OJIvDKe, B OITpefie/IEHHOM cMbIcie, X, K TeHepaJIbHOV COBOKYITHOCTM.
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Ta BbIOOpKa X, KOTOpasi AOCTATOUYHO XOPOIIIO COXpaHseT IIPOIOPILMY TeHepasIbHO CO-
BOKYIIHOCTVI, Ha3bIBaeTcs npedcmabumenstorl (Wivi penpesenmamubroil). DTO olpepeieHvie Iperl-
CTaBUTEIPHOCTY BBIOOPKN He I03BOJIAET AelaTh KOHKPeTHBIe BBIBOIIBI, TaK KaK He yKa3zaHa 00-
Ilass Mepa COOTBETCTBUSI MEXIy IPelCTaBUTeIbHOV BBIOOPKOV ¥ TeHepaJIbHOW COBOKYITHO-
cTBIO. Borrpoc o mpezncTaBUTeIbHOCTY BEIOOPKM HY)KHO pelllaTh B KOHKPETHBIX YaCcTHBIX 3a/a-
yax, oIMpasicb Ha KOHKpeTHble KpUTepU COOTBETCTBL.

Berbopka X, 371eMeHTBI KOTOPOVI PacIIOIOKeHBI B MOPsKe BO3pacTaHMs, Ha3bIBaeTCs
npocmuim BapuayuonHsim psoom. PasHOCTb R MeXXay HaMOOIBIIMM M HaIMEHBIIM 3HaUYeHVSAMU
M3MepeHU Has3bIBaIOT Wupomotl pacnpedesenus VI pasmaxom bapvupobanus. Eciv omyHaKoBble
10 3HAYeHWIO 3JIeMeHTHhl OObeVIHUTL B IPYIIIBI, TO IOJIyYaeTcs cepynnupobantviil Bapuayuon-
Hblil A0, KOTOPBIVI IIPECTABIISIETCS B BU/IE TaOJIVIIBL:

Xi X1 X2 Xr
ni ni na ny

B tabrmmte x; (i = 1, 2, ..., r) - pasimyaroiyecs: 3HaUeHMs 3JIEMEeHTOB; 11; — YMCII0 JIeMeH-
TOB, VIMEIOIIMX 3HAYeHMe X;; ¥ — YVMCIJIO Pa3INIHBIX 3HAYEHWI B BBIOOPKe, IIPpUUéM 11 + 1 + ... +
+n,=n.

ITo BapMaIMIOHHOMY PSITy CTPOWTCS IMNUpULeCKAs (PYHKYUA pacnpedeseHus BeposmHocmen
VICCIIe Ty eMOVI CJTy4YarHOV BeJIMYMHbBL DMIIMprdecKas PYHKINS paclipesie/leHs BepOATHOCTeN
F*(x) ompeperisieTcs Kak OTHOIIIeHMe YNCIIa O)(X) 37IeMeHTOB BBIOOPKM, MEHBIINX, YeM X, K 00-
1IeMy 4uciIy 1eMeHToB n: F*(x) = a(x)/n. Dta dpyHkimng OymeT MMeTh CTyIleH4YaThI rpaduK.
Ecrmi Bce 371eMeHTBI BBIOOPKM pasjIMyHbI, TO BeJIMYMHA CTyIleHeK Oyaer pasHa 1/n. C pocroMm
0o0BbéMa BBIOOPKM 71 BeJIMUMHA CTyIIeHeK YMeHbIIAeTCsl M CTPeMUTCS K HYJII0 Ipu n—eo. [l
HeIIpepBIBHOV BeJIMYMHBL IPU n—>oo sMIMpudeckass dyHKumsa F*(x) Oymer HeorpaHmdyeHHO
IpuOIDKaThCs K HEKOTOPOV HeIlpepbIBHOM (YHKIMM F(x). DTy CXOOMMOCTH CileyeT IIOHU-
MaTh KaK CXOOVMOCTb II0 BeposTHOCTU. Eciin BEIOOpKa MMeeT IOBTOPSIOIIVECS IO BeJIMUIMHe
3JIEMEHTBI, YTO XapaKTepHO VIS AVICKPETHBIX BeJIMYNMH, TO YA0OHee II0JIb30BaThCs CIPYIIINPO-
BaHHBIM BapMallVIOHHBIM PsAOM. B cilydae IMcKpeTHOV BeJIMYMHBI CTYIIEHUYATBIVI XapaKTep
dynkimm F*(x) ¢ BospactanmueM n coxpassiercsi. C pocTOM 1 MOTYT IOSIBJISITBCS TOIIOJTHUTEIb-
Hble CTYIIeHbKM JI0 TeX IOp, IToKa He OYIyT 3aperucTpupoBaHbl Bce BO3MOKHBIE 3HaUeHMs IVIC-
KPeTHOVI CJIy4YaltHOVI BeJIMUMHBI (€CJIV UIMCIIO X KOHEUHO).

ITpu Gosbiiom 06bEMe BEIOOPKM 11 OOJIBIIIOM YVICIIe Pas3IMYHbIX 110 BeI4VHe 3IeMeH-
TOB BBIOOPKM IOJIB30BAThCS IIPOCTBHIM ¥ CIPYIIIMPOBAHHBIM BapMallVIOHHBIMI PsAdaMy Hey100-
HO. B TakoM cirydae TOJIB3YIOTCS UHMEpBasbHbiM BapuayuoHHbIM ps0oM, KOTOPBIVI CTPOUTCS CIle-
OyrommM obpasomM. Best mmmpoTa pacipenesieHns: pa3OmBaeTcss Ha r YaCTUUHBIX MHTEPBaIOB U
IO/ICUMUTHIBAETCS UMCIIO 3JIEMEHTOB 11;, IIOTaBIINX B i-11 MHTepBas (i = 1, 2, ..., r). 11 Kaxmoro
VMHTepBaJla YKa3bIBAIOTCS ero IIpaBas Ou-1 M JIeBasi O TPaHMUIIBL VI ero cepeAnHa X,. Besa ata mH-

dopmartius npescTasiIsieTcss B Buje TabmMIlbl ITponsBosibHOM popMel. ITpuBeném onuH 13 Ba-
PVaHTOB TaKOVI TaOJINIIbL:

Howmep unTepBana 1 2 3 r
I'panuIeEl MHTEpPBasIa Olo=0l1 Ol=-0lp Ol+03 Olr_1+-0lr
CepenyHa nHTepBaia X, X, X, X,

Yucsio Touek B MHTEpBajie m 12 13 r
OTHOCUTEITbHAS YacTOTa m/n na/n nz/n n,/n
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CramcTnyeckan obpaboTka SKCeprMeHTarbHbIX AaHHbIX.
OueHKa napameTpoB

1t HamIsImHOTO HpefcTaBieHns 0 popMe IUIOTHOCTH pacipefiesleHs CJIydartHO Be-
JIVAVHBL X VICTIONIBb3YIOTCS TIOHSATUS 1M0AULOHA U 2UCIO02PAMMbL pacIIpeiesieHNs, KOTOpble CTPOSIT-
Cs1 10 MIHTEePBaJIbHOMY BapUallVIOHHOMY psifly. 11 IocTpoeHyst IToyMroHa Hy KHO U3 CepeIViHbI
KaK[IOTO YaCTMYHOTO MHTepBasla BOCCTAaHOBUTD IEPIIEHAMKYJISp WIMHON pi* = n;/n v coequ-
HUTb OTpe3KaMM IIPAMBIX BEPIIVHBI 3TUX HepIIeHIVKYJIAPOB. BepmHael KpartHux neprieHan-
KYJIAPOB COeVIHAIOTCS ¢ KOHIIAMV KparHUX YaCTUYHBIX MHTepBaoB. OTHOCUTE IbHBIE YaCTOThI
pi* IpefcTaBIeHBl B TabJIMIIe TIOCTIeAHEVT CTPOKOV. YTOOBI ITOCTPOUTD IMCTOTpaMMy, HY>KHO Ha
Ka’KJIOM YaCTVYHOM MHTepBajle IIOCTPOUTh MPAMOYTOJIBHUK BBICOTO pi* (puc. 6.1).

* *

Pk V43

Puc. 6.1. IlomuroH mn TcTorpaMMa SMIOMpPMYIEeCcKOro pacipeaejaeHms

OTHOCHTeIIbHBIe YacTOTHI pi* €CTh He UTO MHOe, KaK SMIVPUYecKyie BEpOSTHOCTH ITOTIa-
IaHVs CIy4YaliHOV BEJIMYMHBI B COOTBETCTBYIOIIVE VIHTepBasIbl (31ech M fajiee CMMBOJI ¥ O3Ha-
YaeT, YTO BeJIMYMHA OIIpesielieHa 10 3KCIlepyMeHTaIbHbIM JaHHBIM). Ecym o ocnt OY orkiia-
IOBIBaTh He p;*, a OTHOIIEeHMS pi*/ A;, THe A; — IJIVIHBI YaCTUYHBIX MHTEPBAJIOB, TO ITOJIUTOH W TC-
TOorpaMMa OyJyT pasIMaHBIMY (POpMaMM IpeCTaBIeHVIST IMNUPULECKOll NAOMHOCU pacnpedese-
U5l BEPOSITHOCTETL.

JIroGast rpynmmpoBKa MICXOIHBIX JaHHBIX, ITOJI00HAs TOVI, KOTOpas IIpVIMEHseTcs Ipu
ITOCTPOEHMN MHTePBAJIbHOTO BapMaIlMIOHHOTO pPsifia, IPVMBOANT K YaCTMYHON IToTepe MHQOP-
Maty. VIHTepBaJIbHBIVI BapVAIIVIOHHBIV Psifl, HE COAEPKUT TOYHBIX 3HAYEHWII 3JIEMEHTOB BBI-
O0opKM, Tak KakK BCe 3JIeMeHTHI, IIoNaBIe B i-i1 MHTepBasl (i = 1, 2, ..., 1), dpaKTmdeckn mpupas-
HMBAIOTCA K 3HAUYE€HUIO X,, HaxoIdlleMycs B cepervHe vHTepBasa. CoBpeMeHHasl BBIUVICIIVI-

TeJIbHAsl TeXHMKA II03BOJIeT IIPOBOIWUTH OOpPabOTKy HaHHBIX, VICXOIS HEIIOCPEICTBEHHO W3
IIPOCTOTO BapMAaIVOHHOTO psifia IIpu JIF000M 00béMe BBIOOPKN. VICIIoIb30BaTh MHTEPBaIBHBIN
BapMALVIOHHBIVI Pl PallMOHaJIBHO TOITIA, KOI[a 3TOro TpeOyeT caM MeTom oOpaboTKM 3KcITe-
PVIMEHTaIbHBIX JAHHBIX.

IMpumep 6.1. /17151 onpeiesieHs CpeHero pasMepa My>KCKOM 00yBVI, Ha KOTOPBIVI HYX-
HO OPMEHTVMPOBAThCS TPV ONTOBBIX 3aKyIIKaX, ObUI IIpOJIesiaH CIIeyIOIIil SKCIIepVIMEeHT. B Te-
UeHe OIpeIeIEHHOrO BpeMeH! B 00yBHOM MarasvHe (pUKCHPOBAJICS pasMep 00yBIU, KOTOPYIO
rprobpeTav HOKyIaTe/n. B pesysibrare Oplla HoIy4yeHa cjleyrolias BeIOOpKa:

39, 43,42, 40, 44, 39, 42,41, 41, 40, 42, 41, 42, 45, 43, 44, 40, 43, 41, 42,

41, 43, 38, 41, 42, 40, 43, 40, 44, 41, 43, 41, 39, 45, 43, 46, 42, 43, 42, 40,

43,42,41,43, 39,44, 40, 43,41, 42, 41, 43, 42, 45, 44, 42, 41, 42, 40, 44.

ITocTpouTs CrpynmnmpoBaHHBIV BapUallVIOHHBIV Pl M TpadUK SMIVPUYEcKor dPyHK-
LUV pacrperiesieHNs: BeposiTHocTen F(x) ciTydarHom BeImauHEl X - pasMepa o0yBU, KOTOPYIO
HOCUT MY>KCKOe HaceJIeHMe JJaHHOTO ropojia.

O0benuHsa ofMHaKOBbIe 3HaUeHMs pasMepa 00yBY, ITOJTydMM CJIey oIl CrpyHIIpo-
BaHHBIV BapVALIVIOHHBIV PSif;

Xi 38 39 40 41 42 43 44 45 46
n; 1 4 8 12 13 12 6 3 1
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DyHKIMS paclipeiesleHs] BEPOSTHOCTEVI B TOUKe X OIpenesIseTcs CIIemyIonM odpa-
30M. UmcI1o 271eMeHTOB BapMallVIOHHOTO Psifia, MEHBIINIX, YeM X, AeJINTCS Ha 00BEM BBEIOOPKM 1.
Hanpumep, mrst xe (x1; x2] cj1eBa HaXoAWTCs Bcero ofyH 71eMeHT, T.e F'(x) =1/60. s xe (x2; x3]
cJIeBa y>Ke HaXOIMUTCS IISITh 3JIeMeHTOB (11 + 1), T. e. F'(x) =5/60 =1/12, n T.71.

Fx) F(x)

0 —'_'_|7 x 0

T T T T T T T T T T T T T T X
38 40 42 44 46 215 220 225
Puc. 6.2. F'(x) pJist iMcKpeTHO Puc. 6.3. F*(x) nJ1s1 HempepbIBHOM
CJTIy4aViHOVI BeJIMYMHBI CJIy9ariHOV BeJIMIUHBI

I'padux smmmpuueckont @GYHKIMM paclpesieleHNs BepOATHOCTeVI IHpUBeNEH Ha
puc. 6.2. [T cpaBHeHMs Ha puc. 6.3 TpMBOAUTCA rpadVK SMIOMPUIecKOo PYHKINN paciipese-
JIEHVISI BEpOSITHOCTEV HeNpPepPBhIBHOV CJIy4YayHOV BeJIMYVHBL, PAaCCMOTPEHHOV B IIpuMepe 6.2.
J171s1 HenpepBIBHBIX CJTy4YarHbIX BeJIMYMH BePOSATHOCTb COBIIAJEHMS 110 BeJIMYMHEe IBYX WIN He-
CKOJIBKVMIX M3MEpPEeHUV CJIy4YaviHOVI BeJIM4YMHBI paBHa HYJIHO. Bee m3smepeHus mpakTideckm Bee-
I7la OKa3bIBAIOTCS Pas3IMYHBIMU, U cCKauku PyHKImM F*(x) OymyT paBHbI Beytmanse 1/171.

IMpumep 6.2. Hanipsoxenne (X) B 2JIEKTPUYECKO CETU 3aBUCUT OT ITOJIK/TIOUaeMoVi K Hert
HarpysKu, KoTopas MMeeT CJIyYavHBIV xapakTep. [ljig m3ydeHMs KojleOaHMV HaIpsDKeHUs B
CeTH B TeUeHe OIIperle/IEHHOrO Mepuoa BpeMeHM O0buIo crientato 30 M3MepeHNn I C TOUHOCTBIO
II0 IecSATBIX J0JIeVl BOJIbTa. bbUT IosTyueH cile1y oIyl BapyallviOHHbIV Psifl;:

215,0 2155 2159 2164 216,8 217,3 217,5 218,1 218,6 2189

2192 2194 219,7 219,8 220,0 220,2 220,3 220,5 220,7 220,9

221,3 221,6 221,9 2223 222,6 2229 2234 224,0 2245 225,0.

ITocTpouTts rpadmk smmmpuyeckot YHKIIUM paciipesiesieHVsl BepOsTHOCTeN ciTydari-
HOW BeJIMTUYMHBI X, HaMTU BEPOATHOCTD TOI'O, UTO HalIPps’KeHVie B CeTU GYJIQT HaXOOWMTbCA B MIH-
TepBasie oT 219 110 221 BOJIBT.

OMmmpudeckas PYHKIVS paclipeeieHns BeposaTHOCTeN F*(x) ciyuarHomn BesianHbl X
CTPOUTCS Tak Xe, Kak B Ipumepe 6.1. BesmmunHa Bcex cTyrneHeK OyzeT OIVHAKOBOV, paBHOM
1/30 (puc. 6.3). BeposiTHOCTb TIOmIajaHMs CIIy4artHOV BeJIMYMHBL B 3a/laHHBIV MHTepBasl oIIpe-
IersieTcs Mo oObIIHBIM ITpaBwiaM: P'{219 < X <221} = F/(221) - F/(219) =20/30 -10/30=1/3.

TaxumM oOpasomMm, nipumepHo B 33% citydaeB OyleT HaOJromaThbcsl HaIlpsDKeHMe B CeTH,
BeJIYMHa KOTOpOro Haxonurcs Mexuy 219 n 221 Borsramm.

6.3. IOMnNuMpuYecKue YUCNOBble XapaKTEepPUCTUKHN

YuicsioBble XxapaKTepUCTUKN CJIy4YaliHbIX BeJIMUYVH, HaliJleHHble Ha OCHOBe JKCIIepVMeH-
TaJIbHBIX JJAaHHBIX, Ha3bIBAOTCS MOUEUHbIMU OYeHKAMU STUX XapaKTePUCTUK VIV IMNUPUHECKUMU
xapaxkmepucmuxamu. IToObI IOHATE CTPYKTYPY (POpMyJI, OIIpelesIsSIoNIX SMIMpUdecKyie Mo-
MEHTBI CJIyUayHOV BeJIMYMHBI, PaCCMOTPYUM IIPOCTOV BapMAaIlMOHHBIV psif X, = {x1, X2, ..., Xu}.
MoxHo ¢dopMaIbBHO cYMTaTh, UTO paccMaTpMBaeTCs OVCKpeTHasl CilydaliHasl BeJIMYMHa,
VIMeIOIIas #1 BO3MOXHBIX 3HaUYeHUV C BeposiTHOCTAMM 1/n. MaTeMmaTndeckoe OXwiaHye 3TOM
CJTy9YaltHOVI BEJIMYMHBI U AVICIIEPCHSL OIIPeeIIoTCs 10 00I1eMy IIpaBIly:

1 n

* 1 11 * *\ 2 *\ 2
==>"x,, Dy =M{(X-m})*} ==Y (x,—m})>. 6.1
o= 2% Do MK =m )Ty =20 ) (e —ms) (6.1)
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OueHKa napameTpoB

@opmyibt (6.1) COOTBETCTBYIOT IIPOCTOMY BapMalMIOHHOMY psiay. [1s crpymnmmvposas-
HOTO BapMalMOHHOTO pslla YMCJIo cjlaraeMblX B (6.1) yMeHBIIUTCS 10 7, TJie ¥ — YMCIIO pasjind-
HBIX II0 BeJINYVIHE 3JIEMEHTOB BBIOOPK, 3a CYET IPYIIIMPOBaHS OAMHAKOBBIX CIaraeMBbIX. s
VIHTepPBaJILHOTO BapMAILIOHHOTO psfa OpMYysIEl OYAyT MMeTh TaKyIo Ke CTPYKTYpy, OIHAKO
BMECTO HeIlOCPeJICTBeHHBIX VM3MepeHUl, B Hell PUTypuUpyIOT cepelyHbl YacTUYHbIX MHTepBa-

JIOB X,;. YUWTBIBas 3TV OCOOEHHOCTVI, MOXKHO 3amvcaTh o01ivie (popMyIIbl 1T BBIYVICTIEHMS Ha-

* k3 - -
YaJIbHBIX V V1 IEHTPAJIbHBIX u r IMNUpUHECKUX MomeHmob CJIydariHOWM BEJINMYMHBIL

1 4 1< .k
_in’ —Z(xi -Vvq)",
= nig
. 1e . 1 o
Vi = ;lexi n;, W = ;le(xi —Vvy)' 1, 62)
i= i=
1 1<, .
—ink”i/ —Z(xl- —vl)"ni, k=12, ...
= ni

B atnx popmyrsiax mepsasi cTpoKa COOTBETCTBYET IPOCTOMY BapUallIOHHOMY pPsifly, BTO-
pas - CrpynmnMpoBaHHOMY, TPeThsl — MHTepBaJIbHOMY BapuallVIOHHOMY psay. @opMyJIbl CBA3M
MeXly [eHTpaJIbHBIMI Y HauaJIbHBIMI MOMeHTaMM He V3MeHsIeTcs, T.e.

o * *) * * * ok *3 L * * % * %) *4
W, =V, =V,", Uy =V;=3v,v, +2v°, U, =v,—4v,v, +6v,v,” =3v". (6.3)

DMIpudeckoe MaTeMaTidecKoe OXXMIaHue CTydayHOV BeJIMYMHBI COBIIA/IaeT C IIepBbIM
HayvaJIbHBIM MOMEHTOM V1', a €€ sMIMpudecKasi AVCIepcrs COBIa/laeT CO BTOPBIM IleHTpaIbHBIM
MOMEeHTOM W2". DopMyJIbl, OlpefesiolIyie OCHOBHbIE XapaKTePUCTUKN CITy4daltHOV BeJIVYVHBI,
TaKXXe COXPaHSIOT CBOIO CTPYKTYPy. B HUX JOCTaTOUHO 3aMeHUTH TeopeTndYeckrieé MOMEHTBI Vk U
Uk Ha smmvpudeckre Vi' 1 Uk'. TakuM oOpaszoM, sMIvpudeckmne XapaKTepUCTVKIM acMMeTpus
(CKOIIIEHHOCTB) V1 SKCIIeCC OITPeesIIOTCS IT0 OOBIYHBIM (POPMYyIIaM:

* *
* M * M
— 3 Ex — 4

X *3 2 X *4

)

X X

Sk

-3, (6.4)

* *
rae 0, =4/ D - sMmnmpuyeckoe cperHee KBajpaTideckoe OTKIOHeHVe BeJINMIMHEL X.

ITpu BEMUMCIEHVUY SMIVPUYECKMX XapaKTePUCTUK MOYKHO JiejlaTh HeKOTOphle ITpejiBa-
puTesIbHBIE ITpeobpa3oBaHMs BEIOOPKY, KOTOPbIe IIPUBOIAT K YIIPOIIEHUIO BerumciieHun. Ilpu
3TOM OIMPAIOTCS Ha COOTBETCTBYIOIIVE CBOVICTBA MaTeMaTWM4eCcKOTo OXWIaHWs, IVCIIepCun 1
T.. HarrpumMep, MaTemaTideckoe oXxujiaHie MOXXHO BBIUYMCIIATD 110 popMyJle:

m, :lZ(xi -CO)+C. (6.5)
n iz

INocrosinnag sermmumHa C BeIOMpaeTcs TakK, YTOOBI CyMMIMpOBaHMe OKa3aloch Hanbosiee
npoctbiM. [TpeoOpasosanme Tuma X - C o3HayaeT CABUT BCeVl BBIOOPKM IO UMCIIOBOVI OCK Ha
peymanny C. Jucnepcus He m3Mensercs, T.e. D'{X} = D*{X - C}. MoXxHO BBOAWTE MacIITaOHBIN
KoadduiveHT, T.e. paccMaTpvBaTh BelIMuMHYy O.X BMeCTO BeJIMYMHBI X, Te O — MacIITabu-
PYIOIINY MHOXWUTeNIb. I1pu BeIuMcieHnsx ciiefnyeT yunrtbiBaTh, uro M{oX} = aM{X}, a D{aX} =
= 02D{X}. Taxne mmpeoOpaszoBaHMsl YacTO MPUBOLAT K YIIPOIIEeHNIO BbrumcieHni. Ecivi Bbramc-
JIeHMs IpoBOATC Ha DBM, To 5T mpeobpasoBaHs He 11e1ecO00pas3HbL.

IMpumep 6.3. ITo BEIOOpPKe M3 mprMepa 6.1 BEUVUCINTD SMIOVIPITYEcKre MaTeMaTidecKoe
OXMAaHMe V1 OVCIIePCHIO pa3Mepa 00yBI, KOTOPBIVI IIOJIb3YeTCs CIIPOCOM Y HaceJIeHVIs.
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Bocnionbsyemcs popmysioii (6.5). Beidepem C = 42 n paccmoTpum BenmmumHy Y = X - 42:

-42 -4 -3 -2 -1 0 1 2 3 4
1 1 4 8 12 13 12 6 3 1

* * - -
3MHVIPV[°I€CKT/IG MaTeMaTmndeckKoe OXUIaHve m y :V1 71 BTOpOM Ha4daJIbHbIVI MOMEHT

GyreM BBEIUVMCIISTE TI0 BTOpoit dpopmyrie m3 (6.2) fUist v,

1 n
m, _;;yi i

:%[(—4)-1+(—3)-4+(—2)~8+(—1)~12+O-13+1-12+2-6+3~3+4-1]:
=-7/60=-0,117

CrieyioBaTesibHO, M, = m; +42 =41,883. D10 cpenHMI (SMIMPUYECKNTI) pasMep oOyBI,

KOTOPYIO HOCUT MY>KCKOe HaceJleHe JaHHOI'O Topoya. Berancavm aycrepcnio, IoIb3ych TeM,
uro D" =D,

D::D =v, - ——Z:yln—vl

_%[(—4)2 A4 (=3)% 4+ (=2)"8+(=D)>12+40% 1341212427 -6+3%-3+4> -1]-0,117* =
~2,89.

IIpumep 6.4. ITo gaHHOM BBIOOPKE CIIy4YaHON BeJIMUMHBI X BBIYMCIIUNTD BC€ OCHOBHBIE
SMIIMPUYECKIe XapaKTePVCTUKIL: MaTeMaTUdecKoe OXupaHwe ni,', gucnepcmio D,*, cpenHee

* *
KBaJIpaTNYecKoe OTKJIOHEHNE Oy, acuMMeTpuio Sk 1 skcrece Ex .

1,8 1,3 23 27 47 34 10 01 02 27 03 21 0,7 33 8,0
08 40 02 03 06 30 35 46 05 06 41 2,7 03 04 1,2
45 16 15 96 40 03 0,7 73 25 20 3,7 01 09 49 01
1,2 05 00 1,3 28 06 14 08 1,1 09 04 1,2 02 01 0,7.

HawnGospimmit a1ieMeHT BBIOOpKM paBeH 9,6, HanmenbIm - 0, pasMax BBIOOPKM paBeH
9,6. YunTsIBag, 9TO 371eMEHTHI BBIOOPKM pacIiperielleHbl He paBHOMEPHO Ha 3TOM MHTepBale,
LIVPVHY HepBbIX IIATY YacTUYHBIX MHTepBaIoB BbiOepeM pasHom 0,6, Byx cienyrommx - 1,2, a
noctegHero yHrepsasia - 4,2. CoctaByM MHTepBaJIbHBIV BapVaLIVIOHHBIV PSI, IIOACYNUTAB YICIIO0
3JIEMEHTOB BBIOOPKM, ITOIIABIIVIX B KaXKIBIVI YaCTWYHBIN MHTepBall. Ecyi 3HaueHMe 3r1eMeHTa
coBIa/aeT C JIBOVI IPaHMIIeN YaCTMYHOIO MHTepBasla, TO €ro cjieflyeT OTHOCUTE K JaHHOMY VH-
TepBaJly. 3HadeHMe, COBIIaJialollee ¢ IIpaBoVi FpaHUIIeV], He BKJIIOYaeTcs B JaHHBIV MHTepBasl. B
TIOCJIEAHVV MHTEePBaJI BKIIIOYAETCS M TO 3HaYeHme, KOTOpoe COBIIAJAET C €ro IIpaBovl I'PaHWIIeV.
BeravicireHnst IpoBoAsTCS B TaOINIle, comeprKallell BapMaIlMiOHHBIV PSIIT M CTPOKY, HEOOXOIm-
MBbI€ TSI BBIUMCIEHMS HadaIbHBIX MOMEHTOB.

ITo pesyItbTaTaM BEIYMCIIEHWV, TIOTyYMM: M, =V, = Zx n, =— 120 2,
v, = 1-2)@2;@ = %-447,84 =746, V= —2—3 =— 2252 88 = 37,55,
n o

v, :% x'n, =$-13351,26 =22252, D. =V, —v;>=7,46-2" =3,46, 6 =+/D. =186.



CramcTnyeckan obpaboTka SKCeprMeHTarbHbIX AaHHbIX.
OueHKa napameTpoB

i Zi + Zi x; 1i X1 x'n, xXn, X'n,

1 0+0,6 0,3 16 4,8 1,44 0,43 0,13

2 0,6+1,2 0,9 12 10,8 9,72 8,75 7,87

3 1,2+1,8 1,5 8 12 18 27 40,5

4 1,8+2,4 2,1 4 8,4 17,64 37,04 77,79
5 24 +30 2,7 5 13,5 36,45 92,42 265,72
6 3,0+4,2 3,6 8 28,8 103,68 373,25 1343,69
7 4,2+54 4,8 4 19,2 92,16 442,37 2123,37
8 54+96 7,5 3 22,5 168,75 1265,63 9492,19
> 60 120 447,84 2252,88 13351,26

BerumcimiM 1ieHTpasibHbIe MOMEHTEI 110 popmysiaMm (6.3):
W, =37,55-3-7,46-2+2-2° =8,79,

, =222,52-4-37,55-2+6-7,46-2> —3.2* =53,16
Taxvim 06pas3oM, acMMeTpus ¥ SKCIiecC OyAyT paBHBL

s =B 876 136 g oMo 4o 5327

o? 186 oM 3,46>

X X

—3=1,44.

6.4. ToueuHble OLleHKU NapaMeTpoB.
CBOMCTBA SMNUPUYECKUX XapPaKTEPUCTUK

TpeOyeTcs olleHUTh HEKOTOPHBIV IapameTp 6, CBA3aHHBIN CO CITy4YalfHOV BeIMIMHON X,
VICIIONIB3Ysl BBIOOPKY X, = {x1, X2, ..., Xn}. [IycTh B KadecTBe TaKoV OIleHKM BbIOpaHa OJHO3Ha4-
Hasi (PyHKIIMS OT 3JIeMeHTOB BBIOOpKM 0" = 0%(x1, X2, ..., Xn). [1JI1 KOHKpETHBIX 3HaYeHWII 2JIe-
MEHTOB BBIOOPKM 3Ta OLleHKa IIpefcTaBiIgeT coO0ov omHO umciio. Takme OLleHKM Ha3bIBAIOTCS
mMouedHbIMU OUeHKAMU napamempol, Tak Kak Ha 4YMCIIOBOVI OCV OHM M300pa’katoTcsl OHOW TOY-
KOV1. 3ajiava COCTOUT B TOM, YTOOBI HAWTM TaKylO OIIeHKY 0% KoTopas OpUla OBl B OIlpeesIéH-
HOM CMBbICJIe Hanboslee OJIM3KOV K OlleHMBaeMoMy IlapameTpy 0.

Kak dynkims 351:eMeHTOB BEIOOPKM, OlleHKa 0% sBjidercs cydavHow BeaunHon. Or-
penermM eé MaTeMaTdeckoe oxmgaHune. OHO, oueBMIHO, OyJIieT 3aBUCeTh OT VCTUHHBIX YMCIIO-
BBIX XapaKTepUCTUK M3y4aeMOV BeJIMYMHBI X 1 OT 00béMa BeIOOpKM n. ITycTh mos1yyeHo pases-
CTBO:

M{6*} =0+ ¢(6, n), (6.6)
rae (0, n) - HekoTOpast PYHKIMA MCTMHHOIO 3HadyeHMs IapaMmeTrpa 0. JKesarerbHO, 4TOOBI
dysxums ¢(0, n) paBHsIIach HyJII0. DTO OB 03HaYaJI0, YTO MaTeMaTdecKoe OXMaHve OLeHKN
IIapaMeTpa paBHO MCTMHHOMY 3HaueHMIO 3Toro mapamerpa. Ouenka 0%, oOamaroriast TakmuM
CBOVICTBOM, Ha3bIBAETCS HecMewjéHHol oyenkoll mapaMetrpa 0. Ecrm ¢(6, n) # 0, To 0% HasbBaeTcs
cMewénnoll oyenkol lapaMeTpa 0, a cama pyHKIME (0, 11) Ha3BIBAETCS CMeUjeHUEM.

Ecimm mpu n—ee olleHKa IapaMeTpa CXOAWUTCS 110 BePOATHOCTY K MCTVMHHOMY 3Ha4YeHUIO
apaMeTpa, TO OlLleHKa 0* Ha3bIBaeTcs cocmoAmesvHoll oyerkol TTapameTpa 0. g gaasHerero
VM3y4eHVsl CBOVICTB OLleHKM 0% MOXXHO ompefenTb e€ IMUCIepCuio, KOTopas Takke OKaKeTcs
dyHKIIMeN OT MCTMHHBIX YMCIIOBBIX XapaKTepUCTUK M3ydaeMOoVl CIIydartHOV BeJIMauHbl X 1 OT
obwvéma BBIOOPKM 11, T.e. D{0*} = D(0, n). Ecyin orienka cocrosTensHas, To D(0, n) ctpemMuTcs K
HYJIIO IpU n—>eo. Pas3ymuHble OLIeHKM OHOTO ¥ TOTO Xe ITapaMeTpa OyayT MMeTb pa3Hble [IVC-
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nepcumn. Ta 13 HUX, KOTOpasd VMeeT HaVIMEeHBIITYIO IVCIIePCUIO, Ha3bIBaeTCs AghpexmubHoi ovyeH-
KOl JAHHOTO IIapaMeTpa.

ITpoBeném KpaTKuii aHaJIV3 SMIVPUYECKMX YMCIOBBIX XapakrepucTuk. Hampém mare-
MaTu4JecKoe OXUIaHVe VI QUCIePCUIO OLEHKN 11" ICTMHHOIO MaTeMaTUYeCKOTO OXVIAHVIS My

. 1 ¢ 1 ¢ 1 1
CITyYaviHOVI BEJIMYVHBL X: M{mx}=M{—2xi}:—ZM{xi} =—me =—-nm_=m,.
nio nio nio n
D

. 1 1 & 1 & 1
Dim Y =D{—>» x}=—>» Dix}=—>» D =—-nD_ =—%,
(i =DE )= YDl =YD =D, =

371ech YUTEHO, UTO 3JIEMEHTHI BBIOOPKM X;, SIBJISISICH HE3aBVUCUMBIMM peayin3alivisiMI CITy-
YayHOV BeJIMUMHBI X, VIMEIOT Te )Ke caMble XapaKTepPUCTVKM, YTO M caMma BeymuvHa X. Takum
obpasomM,

D
* _ * _ X
M{m }y=m_, D{m_}= . (6.7)
n
VI3 3TOTO CIIeyeT, UTo My" SIBJISIeTCS] HECMEIIIEHHO M COCTOSITEITEHOV OLIEHKOV VCTVH-
HOT'O MaTeMaTUYeCKOTO OXVIaHMS My CJTydartHou Bermanabl X (D{m;"}—0 mpu n—eo).
AHAJIOTMYHBIVI aHAJIV3 TSI SMITMPUYECKON uciepenn D,* ToKa3biBaeT, 4To

. D
M{Dy=D -==.
n

TaxvmM oOpasom, sMIIpydecKast AVICIIEPCHS SBJISIETCS. CMEIIEHHOVI OLIEHKOVI IVICIIEPCHATA.
CwmemreHne paBHO (-Dyx/n) v cTpeMnUTCs K HYITIO IIpH n—eo. OHAKO HpY MaJIoM 00bEMe BBIOOP-
KV 5TO CMellleHVe OKa3bIBaeTCs CyIeCTBEeHHBIM. [IJI ero ycTpaHeHs BBOOWUTCS IIOIIPABOYHBIV
K03 PUIIMEHT, TPV YMHOXEHUY KOTOporo Ha D" mojtyuaercs Apyras OlleHKa AVCIepCu, He
VIMeFoIast CMeIlleHs. DTa OlleHKa 0003HavaeTcss OOBIYHO uepe3 S2 (YmTaeTcs: «S — KBaJpar»):

s2=" D, umm SZ=LZ(x[—m;)2. (6.8)

n—1 n—1

OueBumaHo, uto M{S2} = D,.

BerumciteHne myicriepcuy BeJIMUMHBL 52 He IIPEICTABIISeT IIPVHIIVIINAIBHBIX TPYIHO-
CTeVl, HO OKa3bIBAeTCS IOCTATOYHO IPOMO3IIKIM. BBIUnciieHs II0Ka3bIBaIOT, YTO 3Ta AVICIIEPCIS
IIPOIIOPIVIOHAIPHA BeJavHe 1/71 1, cJle1oBaTe/IbHO, CTPEMUTCS K HYJIIO IIpU H—>eo. Takmm 00-
pasoM, BeJuHa S? BJISeTCsl HeCMEIIEHHO I COCTOSITeIIbHOV OIIEHKOVI MICTMHHOV IVICIIEPCU
D.. Eé pekoMeHTyeTCsI MCIIOIb30BaTh BMECTO OIIeHKM D", 0COOEHHO TPV MaIbIX 3HAUEHVISX 1.

CBOVICTBOM HECMEIIEHHOCTY 00JIafaloT TOJIPKO IIepBbIe [IBA SMIVIPUYECKMX MOMEHTA.
MowmeHTBI 60JIee BBICOKMX ITOPSIIKOB HII TPV KaKVX BECOBBIX KO3 PUIIMEHTax CyMMVPOBAHVIS
TaKVIM CBOVICTBOM He OOJIaIaIOT, T. €. OHM BCeria MMEIOT HeyCTpaHVIMOe CMeIlleHle.

PaccMoTpmM KpaTKO METOABI HAaXOXKAEHNMs oIleHOK. OfVH 113 MeTO0B IIpeIIoIaraeT 3a-
IaHVie CTPYKTYPBI OLIEHKM C TOYHOCTBIO O HEM3BECTHBIX ITapaMeTPOB, KOTOPHIE OIIPeJIesISIOTCS
V3 yCJIOBVS MMHVMYMa AVICIIepCH OIleHKN. ITprMepoM IIpriMeHeHws 5TOro MeTofa SBJIsSeTCs
oIperiesieHVe OLeHKM MaTeMaTIYIecKOTro OXMAaHVs CITy9arHOV BeJIMUVHBL B CIydae HepaBHO-
TOUHBIX M3MepeHunt. [1ycTs o Beibopke X, = {x1, X2, ..., X4} TpeOyeTcs OlIeHUTD ITapaMeTpPHI 1y
v Dy, ipraém nsMepeHms X; ObUIV IPOM3BEIeHbI C Pa3sHOV TOYHOCTEHIO, T.€.

Mixi} = my, M{(xi-my)2}=02,i=1,2, ..., n.
YeM MeHbIIIe IVCIIEPCHS M3MePEeHWs], TeM OOJIbIlle JOBEPVISL 9TOMY M3MEPEHMUIO, T.e. 13-
MepeHMs JOJDKHBI YUMUTBHIBATHCS OIIEHKOVI C pa3sHBIMI BeCOBBIMM Ko durmenTamm. Viexons ms3
3TOTr0, BBIOEpeM CIIEYIOIIYIO CTPYKTYPY OLIEHK:
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n
.
m,_= Zbl.xi . (6.9)
i=1
YTo0b!I O1feHKa ObUTa HECMEIIIEHHOT, HEOOXOIVIMO BBIITOITHEHVIE YCIIOBVISL:

Mim'y =M (> b} =S bMix}=m. Y b, =m..
i=1 i=1 i=1

n
T.e. Zbi =1. KoaddnrmenTs! b; Hy)XHO BEIOpaTh TaK, YTOOBI OHV MUHVMW3MPOBaJIV OBI AVIC-
i=1

IIEPCIIO OII€HKMN. Tak KakK VI3MepeHA CTaTUCTMYECKN He3aBMC1MBI, TO
n n
* 2 .2
D{m,} =D{z bixi}=2bi o; . Koaddummentsr b HODKHBI OIpedesaTbCsd W3  YCIOBUS:
i=1 i=1

n n
beof =min, i=1,2,..,n, Opu orpaHNYeHNUN Zb[ =1.
i=1 hi i=1

ITpoBozIsS MMHMMM3ALINIO, TTOJIYUVIM:
2

o

b =——, e &, = 2. (6.10)

i =
n Gl
Zo‘f
j=1

Vrtak, mpy HepaBHOTOYHBIX M3MEPEHWSIX IUIS OIeHKM MaTeMaTMYecKOTro OXXVIaHVS
cJlemyeT I0JIb30BaThes (popmyrton (6.9), moacrasiiss B Heé K03 dpurimeHTH b; 113 (6.10).

Bropovt MeTorn HaXOXIEHMS OLEHOK — Menod MOMeHn06. B 3TOM MeTofe VICIIONIb3yIOTCS
TeopeTnyecKrie (POPMYIIbl, KOTOpPbIe CBS3bIBAIOT OILIEHVBAEMBIVI ITapaMeTp C MOMEHTaMU CIIy-
YaviHOVI BEJIMYMHBL. [[JIs ITOJTydeHMs OLIeHKV HEeW3BECTHOTO IlapaMeTpa HY>KHO B COOTBETCT-
BYIOIIYIO0 (POPMYJIy IIOICTaBUTh BMECTO TEOPETMYECKNX MOMEHTOB SMIIMPUYECKV€ MOMEHTHI.
[TpenonoxnmM, HarlpyUMep, YTo CIydaliHas BeJIMdmHa X pacipesesieHa 110 SKCIIOHeHIIaIbHO-
My 3aKoHY: f(x) = Aexp{-Ax}, rme A > 0, x > 0, mpuuém nmapamerp A HemsBecTeH. Tpebyercs ore-
HWUTBH 3TOT napameTp. ITycTs 1o BeIOOpKe X, IOIydYeHa OIleHKa MaTeMaTWYeCKOTrO OXXWIaHVIS
my" vcciIemyeMont caydariHon BenavHbl. C Ipyrov CTOPOHBI, M3BecTHa (POopMyJla, CBS3bIBAO-
Iasi ITapaMeTp A 3KCIIOHEHITVAJIBHOTO paclpesieleHNs C MaTeMaTUIeCKUM OXVIAHVEM MMy A =
=1/m,. IlopcTasinsgs B 3Ty ¢pOpMYITy BMECTO 111, OLIEHKY 11", TIOJIyYVM OLIeHKY ITapameTpa A: A* =
= 1/m,’". B HEKOTOPBIX CITydasix OLeHKW, IOJy4YeHHBbIe 3TUM IIPOCTBIM CIIOCOOOM, COBIIAIAIOT C
OIleHKaMW, IIOJTy9eHHBIMV C IIOMOIIIBIO APYIMX, O0JIee CJI0KHBIX METOJIOB.

Tpetuit Mmeton, - Memod Haubosvuie2o npabdonododus. DTOT MeTox TpedyeT 3HaHMS 3aKOHa
pacrpezieyleHVsl CJIy4ariHOV BeJIMYMHBI C TOYHOCTBIO [I0 HEW3BECTHBIX IlapameTpos. ITpenrio-
JIOXKVIM, YTO IUIOTHOCTB pacIIperie/IeHVIsI BEpOsITHOCTeN BeymumHbl X paBHa fx(x, 0), rue 0 - He-
VI3BECTHBIVI IIapaMeTp, KOTOPhIN Tpebyercs orleHNTh. Torma Kaxjmaoe M3MepeHvie X; 113 BEIOOPKMU
Xu = {x1, X2, ..., Xn} OyIleT MMeTb IUIOTHOCTb pacIpeneeHus fx(xi, 0). DireMeHTH BBIOOPKN X; SIB-
JISTIOTCS CTATVICTIYIECKV He3aBVICHIMBIMIL, IIO3TOMY 71 — MepHasl INTOTHOCTb pacIIpere/IeHVs Bepo-
SITHOCTEVI BBIOOPKM paBHa IIPOV3BEIeHNIO OJHOMEPHBIX IUDIOTHOCTET, T.€.

f(xl,xQ,...,xn,G)zf:[lfx(xi,e). (6.11)

DTy IUIOTHOCTb HA3BIBAIOT (pyHKkyueil npaBoonododus. MoXXHO IpemdrionaraTb, 9YTo B BbI-
Oopke dallle BCTpedaroTcs Te BO3MOXKHBIE 3HaueHWs BeJIMYMHBL X, I KOTOPBIX IUIOTHOCTH
pacirpesie/ieHusl MeeT OTHOCUTeSIbHO Oosiblve 3HaueHus. VI3 aToro ciemyer, 4To B KadyecTse
OlleHKM MapameTpa 0 JIOTMYHO B34Th TaKoe 3HaueHMe, KOTOpoe MaKCUMU3UpPYeT (PYHKIIMIO
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npasgonogodms. OmHaKo ¢ 11eJIbI0 YIIPOIeHVsl BBIYMCIIeHUI VCIOIb3YIOT He (PYHKIIVIO IIpaB-
IOTI0001Is HEIIOCPEeICTBEHHO, a €€ HaTy payIbHBIN JIorapudM:

L(x,, xy,...,x,,0)= anln[fX (x,,0)]. (6.12)

HokazaHo, uTo 3Ta (PYHKIMS MMeeT MaKCMMYM, IIpuuéM 3HaveHue 0 = 07°(x1, x2, ..., Xn),
PV KOTOPOM JOCTUTAeTCs 3TOT MaKCUMYM, SBJISIeTCs OLIEHKO ITapameTpa 6, obramarortient Hau-
MeHbIIIen avcriepcrert. Takviv oOpa3oM, IS oripeiesieHys OLIeHKV HY)KHO PeIlnTh ypaBHeHe
OL(X,,X,,..., X,,0) _ 0
00
Pertente sToro ypasHeHws 0°( X1, X2, ..., Xy) ¥ OyHer oreHkon Imapamerpa 6. OrerHku,

HaviJIeHHble TaKVM CIIOCOOOM, Ha3bIBAIOTCS OYeHKAMU MAKCUMAALHO20 (U Haubobuie2o) npaBoono-
006us1. OL1eHKV MaKCYMaJIBHOTO ITPaBIOIO00Ms Beera SBIISIOTCS 93P PeKTMBHBIMIM OIIeHKaMIA.

(6.13)

IIpumep 6.5. ITo BeIOOpKe 00béMa 1 = 20 HavieHa OIeHKa Aucrepcuy D, ciydarHomn
BermmumHbl X: D, = 4,8. OnpenesinTe HeCMeIIEHHYIO OLIeHKY S2 HeM3BeCTHOVI AVCIIePCUTL.

" pr 2 48-505.
19

Bocronbsyemcst popmysioit (6.9): S =

n—-1 "
IIpumep 6.6. Hekoropas nocrosiHHas BenmamHa C OpUla M3MepeHa TpeMs M3MepUTeIb-
HBIMI IIpuOopamu 1o 4 pasa KaXIbIM. VI3MepeHs, IIOJTydeHHbIe ¢ IIOMOIIIBIO TIEPBOro IIPMoo-
pa, pasHsI 4,75, 4,9, 5,05, 4,85, ¢ momorpio BTOpOro npubopa - 4,9, 5,1, 4,7, 5,15, ¢ momorrisio
TpeTbero mpubopa - 4,7, 4,95, 5,05, 5,25. Kitacc TOUHOCTM M3MEPUTEIBHBIX IPUOOPOB TaKO,
YTO TIEPBBIN M3 HMUX oOecrieunBaeT cpejHee KBaapaTmieckoe OTKIIOHeHne m3Mmeperuit 61 = 0,1,
BTOpOVI - G2 = 0,15, TpeTuit - 63 = 0,2. TpebyeTcs o1leHNTh UCTMHHOE 3HaueHMe BeJImanHbI C.
Mamepenmst Bermunabl C SIBIISIOTCS HepaBHOTOYHBIMIL. [103TOMYy NpyMeHMM 11 OLleH-
o;, 02°
K1 popmyiy (6.9). Beramcamm koaddpurmenTsr by mo dpopmynam (6.10): o, = —122 == =4,
o, 0l
o, 02° 16
Ols,g =—5 = =—, Oy,, =1. ITockoIBKYy KaXXIbIM IIpMOOpOM OBUIO crenaHoO 110 4 13-

ol 015> 9

12
MepeHms, To n = 12, 11, cJleqoBaTesIbHO, ZOLi = 4-4+4-%+ 4.1= 4-% =2711.

i=1

4 1 1
Taxnm obpasowm, b, ,= YT 0,148, b, .= 16 0,066, b,.,,= 711 0,037.

ITopcraByM HavileHHBIe 3HaY€HMS VI COOTBETCTBYIOIIMe M3MepeHns B popmyity (6.10):
my=C"=0,148(4,75 + 4,9 + 5,05 + 4,85) + 0,066(4,9 + 5,1 + 4,7 + 5,15) +
+0,037(4,7 + 4,95 + 5,05 + 5,25) = 2,8934 + 1,3101 + 0,7382=4,94.
Mtak, B KauecTBe OLIeHKV VCTUHHOTO 3HaYeHs BeyimumHbl C criemyeT B3aTb C* = 4,94,

IIpumep 6.7. ITocTpouTh OLIEHKY MaKCHMaJIbHOTO IPaBHONONOOVS I IapaMeTpa A
CITyJaviHOVI BeJIMYMHEL X C INTOTHOCTBIO pacHperie/IeHns BeposiTHOCTeN fx(x) = Aexp{-Ax}, x > 0.

ITyctp mmeeTcs BerOOpKa: X, = {x1, x2, ..., Xu}. Torma dyHkIMs npasgononodmus Oymer
paBHa

f(x, %y, 0 x,, A) = ﬁfX (x;, A) = f[[ﬂ exp(=Ax;)] = A’ exp{—/iixi}.
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Harmpém storapudpm dpyHKIMM ITpaBaoIogo0ms:

L(x,,%y, .0, X, A) =In[ f(x,,X,, ..., x,,A)]=nlni —ﬁin.
i=1
[TpupaBHMBas MPOM3BOAHYIO 3TOVI PYHKINN IO ITapaMeTpy A K HYIIIO, IIOJIy4YMM ypaB-

oL n
HEeHVe, OIpeesIoliee OIeHKy 3TOro Iapamerpa:— =—— ) X, =0, OTKyma ciemyer, 4to
oA A ‘T
. n 1
A= - = —. lonyueHHass MaKCMMaJIbHO IIPaBIONOA00HAs OlleHKA ITOJTHOCTBIO COBITA/IaeT
X, ¥

C OLIEHKOW 3TOTO ITapaMeTpa C IIOMOIIIbIO Me€TOIa MOMEHTOB.

6.5. [losepuTtenbHble MHTEepBanbl. O6Wne onpeaeneHns

ToueuHble OIIEHKNM OIIEHMBAIOT HEM3BECTHOE 3HadeHNe IlapaMeTpa ofHVM umciaoMm. He-
IIOCTaTKOM TOYEYHBIX OIIEHOK SBJISIETCS TO, YTO B HVX He YKa3blBaeTCsl TOUHOCTh OIEHKN I1apa-
MeTpa IIpY BBIOOpKaX KOHEYHOro o0béMa. MOXKHO JIMIIB CKa3aThb, YTO IIPW H—>eo OLEHKM Ilapa-
METPOB CXOISITCS TIO BEPOSITHOCTY K VICTVHHBIM 3HaYeHVsIM 3TUX IlapaMeTpos. VIHorma ymobHee
OlLleHNBaTh 3Ha4YeHVe ITapaMeTpa C IIOMOIIBIO MHTepBajla, B KOTOPBIVI 3TO 3Ha4YeHVe II0MajiaeT C
OIIpeNIeTIEHHON BepOosITHOCTBIO. ITycTh O - oreHMBaemsI mapamerp, a 61 m 02 - nBe PyHKIVIM
371eMEHTOB BBIOOPKM X1, X2, ..., Xy, TaKue, 9To 61 < 6. Ecyivt BBITIOJIHSIeTCS COOTHOIIIEHIE

P{61 <0 <6y} =Y, (6.14)

To MHTepBaiI (01, 62) HaseBaercs 100 y-IporieHTHBIM dobepumetibiM uHmepfaiom TTapamerpa 6.
[dpyrvMu cjtoBaMu, JOBEPUTEIBHBIVI MHTEPBal — 3TO MHTEPBaJl, B KOTOPOM C 3a/laHHOV Bepo-
ATHOCTBIO HaXOIWTCS 3HaueHVe HeW3BeCTHOTO IapaMmeTpa. 3HadueHMs 61 m 02 Ha3bIBalOT COOT-
BETCTBEHHO HVDKHEVI U BepXHeV TpaHUIIaMI JIOBEPUTEIIbHOTO MHTepBala, a Y — 008epummeasHoil
Beposimuocmovio Vi k03gppuyuenmom dobepus. HepaxxHo, kakmm oOpa3oM ObUIN IOJTyYeHHI Tpa-
HUIIBI HTepBasia 61 1 6, BakeH caM (paKT BBITOJIHEHNS COOTHOIIeHM (6.14). [loBepuTeIbHbIN
VIHTepBaJI JIa€T OITpeIe/IeHHYI0 MHMOPMAIINIO O TOYHOCTV OIeHKV JTAHHOTO ITapaMeTpa.

[1J1 TIOCTpOeHs TOBepUTeTbHOTO MHTepBala HeOOXOIMMO 3HaTh TOT VIV MHOW 3aKOH
pacriperiesieHnsi BeposTHOCTer. [IpenIiosioxnM, HampuMep, YTO HEW3BECTHBIV IapaMeTp 6
MOXHO MHTepPIIPeTHpPOBaTh KaK HEKOTOPYIO CIyYarHYIO BeJIMUMHY C M3BECTHOV IUIOTHOCTBHIO
pactipenenienns sepositHocTeix f(0). [1ycts 07 = 0°(x1, X2, ..., X;) - TOUeUHad OlleHKa IlapaMeTpa 6.
Torma B HEKOTOPBIX CIIydasX MOXXHO OIpPeNeINTh YCIIOBHYIO IUIOTHOCTB pacIIpelerieHVs

BEPOSITHOCTET £(0]67)=— f(0"16)£(6)
[r©"10)1(©0)a0

CJ'Ie)IOBaTETIBHO y "3 COOTHOIIIEHMA

)

P{6, <0<0,}= j f(0167)dO =y MoxHO onpenenTh rpaHUIIBL 01 U 0, TOBEPUTEITHHOTO WH-
61

TepBaJla C JJOBEPUTEIIEHOV BEPOSTHOCTBIO Y.

OpnHako He Bcerjia MOXKHO 3a/JaTh HEM3BECTHBIN ITapaMeTp IUIOTHOCTBIO pacIipelierIeH s
BeposiTHOCTeV. OOBIYHO HEW3BECTHBIVI ITapaMeTp SIBJISeTCS HEKOTOPOV IIOCTOSIHHOVI BeJIYN-
Hom. [ToaToMy HpM IOCTPOEHMY JOBEPUTEIIBHOTO MHTEepBala IIOJIB3YIOTCS He YCIIOBHOV IUIOT-
HOCTBIO pactipererteHus f(0 | 6%, a ycimoBHOM 1wioTHOCTBIO f(0° | 0). PaccMoTpuM opuH 113 BO3-
MOYKHBIX CIIOCOOOB IIOCTPOEHNS [I0BEPUTEIIEHOTO VIHTEepBaIa C MCIIOIb30BaHMEM 3TOV IUIOTHO-
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cTu. 3aaayiM HEKOTOPYIO [JOBEPUTEIIbHYIO BEPOSITHOCTD Y VI PaCCMOTPUIM COOTHOIIeHue P{| 0" -
-6 <8=y.

DTO COOTHOIIIEHWEe OIIpefiesigeT CMMMEeTPUUHBI OTHOCUTEIBHO O JOBepUTeIbHBIN MH-
TepBaJl. PaccMaTpmBasi 3T0 COOTHOIIIEHVE KaK YpaBHEHVE OTHOCUTEIIBHO O, MOXHO OIIPeeINTh
d, VCII0JIB3y ST M3BECTHYIO IUIOTHOCTH f(6° | 0). Tem caMbIM JOBepUTEIIBHBIN MHTEPBAJI Oy/eT Ha-
neH. HevictBureribHO, P{| -0 | <3} =P{-0<0 -0<3}=P{0-0<6"<0+3}=P{6'-5<0<0"+
+ 8} = v. IlocsierHee paBeHCTBO 0O3HauaeT, uTo O € (0" - §, 6" + J) ¢ BeposITHOCTBIO Y. [laHHBIE cO-
OTHOIIIeHMs TIOKa3bIBalOT, UTO IIPY IIOCTPOEHMM [JOBEPUTESIbHOIO MHTepBala MOXXHO MCXOAUTD
KakK 13 IIoTHOCTH f(8" | 0), Tak 1 13 wioTHOCTH f(O | 67).

Beymrunaa § onpenerisier MIMPVHY 1OBEPUTEIEHO-

ro uHTepBasa. /s pUKCMpOBaHHOTO 3Ha4eHNMs JOBepu-

TeJIbHOV BEPOSATHOCTY Y M [IJI HeM3MEeHHOV IUIOTHOCTM

f(6" | 8) 3Ta BeyIMUMHA ABJIAETCS MOCTOSHHONM. ['paHMIIBI

0 IOBepUTEeIbHOTO MHTepBasla OIpeesIsioTcsl paBeHCTBa-

M 0 =0-0 10 =06+ 05 Eum cunraTts 6 1 0" mepemen-

HBIMM, TO 3TM [IBa paBeHCTBa SBJIAIOTCA ypaBHEHMSAMU

Puc. 6.4. loBeputesbHas 001acTh IIPSMBIX  JIVIHWVAL. Beg oOsacth, 3akimrouéHHAad MeXay

€ NPSAMOIMHEHHEIMH rPAHUIAMH STUIMM TIPSIMBIMW, Ha3bIBaeTcsl 008epumessHoil 004acnbio

(puc. 6.4). Pacrionarast moBepuUTeILHOV 00JIACTBIO0 MOXKHO

oIIpeesnTh JOBepUTeIIbHBIVI MHTepBaJl I JII000ro 3HadyeHms oueHkn 0. Ha pucyHke ykasa-
HBI TPaHNLIbL JOBEPUTEILHOTO MHTepBasia 01 11 02 1171 IIpOM3BOJILHOTO 3HAaYeH M OLleHKM 07,

I'parnibl moBepuTeIbHOV 00JIaCTV He 00s3aTeNIbHO SIBIISIOTCS IIPSMBIMM JIMHVISIMIAL
(DopMa JOBEPUTEJILHOM obacTu OLpeHesIseTCs CTPYKTYPOVI CaMOVI OLIEHKM U, ITPEXe BCEro,
BUIIOM 3aKOHa paciipenestenus f(0° | 0). 3meck paccMoTpeH caMbIVt ITPOCTOV CJIy4ar IOCTPOeHMs
nmosepuTenbHOM obacti. Ha puic. 6.5 m3o0paxkeHa gosepuTesibHasi 00J1acTh 11 HEM3BECTHO
BEPOSTHOCTY COOBITHSA. ['paHmIIaMVI 3TOVI 00J1aCT ABJISI€TCS JIVIHMS SJUINIICA (CM. II. 6.7).

J1s1 IYICKpeTHBIX CTydaliHbIX BeJIMYMH He Bceria MOX-

HO HaWTU JOBEPUTEeJIbHBIV MHTepBasl, MMeIoIui Ko3duiim- )4

€HT JOBepVIsl, B TOYHOCTM PaBHBIN Y, €C/I Y 3aJaHO ITPOV3BOIIb- |1

HO. DTO CBsI3aHO C TeM, UYTO 3aKOH paclipefie/leHNsl IUCKPeTHON P2 177"~ !

CJIy4ariHOVI BeJIMYMHBI IMeeT CTYIIeHYaThIl Xapakrep. D1 E
YcraHoBIIeHMe [NOBepUTEIILHOIO WHTepBajla He O3Ha- £ ! .

4JaeT TOro ¢pakTa, UYTO HEM3BECTHBIV IapaMeTp IIPVHAaIJIeXNUT * 1 p

3TOMY MHTepBasly. MOXHO JIMIIIb YTBEPXXIaTh, UTO C BEPOSATHO-
CTBIO Y 3TOT IapaMeTp HaxOOWUTCS BHYTpU WMHTepBasia. Ilpu
3TOM, pa3syMeeTcs, C BepOSTHOCTEIO 1 - ¥ MaHHBIV ITapaMeTp Ha-
XOIWTCSL BHE 3TOTO MHTepBala. [loBepUTENIbHYIO BEPOSTHOCTD Y BEIOMPAIOT JOCTATOYHO OOIIb-
mont (y = 0,9 + 0,99). CiiennyeT nMeTh B BULy, YTO IPW yBeJIMYEHUW JOBEPUTEIIbHOV BepOSITHO-
CTV yBeJIMYMBAETCS JIVHA JOBEPUTEIIBHOIO MHTepBala. TakuM o0pasoM, IIpu BeIOOpe 3Hade-
HUS JIOBEpUTEIIbHOV BEPOSITHOCTY CileflyeT IpUIepXuBaTbCs pasyMHOro Komirpomucca. Ecim
€CTb HeOOXOIIMMOCTh IIOBBICUTD IOBEPUTEIbHYIO BEPOSITHOCTD TPV COXPaHEHUV JIMHBI J10Be-
PUTEILHOTO VHTepBasla, TO HY)KHO YBeIMYINUTb O0BEM BEIOOPKIAL.

Puc. 6.5. JoBepurenpHas
o0Js1acTh B popMe 37IMIICA

6.6. [loBepuTenbHble UHTEpPBaJibl NapaMeTpoB
HOpMaJsibHOIro pacripeaeneHus

HYCTB X - cnyqaﬂHaﬂ BeJIM4MHa, paCHPEJI,eTIéHHaSI II0 HOpMAJIBHOMY 3aKOHY C MaTeMa-
TUYeCKMM OXWMIaHVeM My U ;:mcnepcmer?l Ox2. Tpe6yeTC$[ OIIEHMTHb HeV3BeCTHOe MaTeMaTn4e-
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cKoe oxuanme miy. [To Beroopke X, = {x1, X2, ..., Xu} BEIUMCIIIM SMIVPUYECKOe MaTeMaTIIeCcKoe
OXWIIaHVIE 11", KOTOPOe SBJISeTCS TOYETHOV OIIeHKOVI ITapaMeTpa My

s 1 E . . D o
mxz_zxi’ M{mx}zmx’ D{mx}z ~ = x'
n n n

ITockonbKy OIleHKa 71," ABJISIETCS JIVHEVIHOVI OTHOCUTEILHO WV3MepeHUV HOPMaJIbHO
pacrpesieJIEHHOVI CIy4YalfHOV BeJIMYMHBI, TO caMa OHa TakXe Oy/ieT mMMeTh HOpMaslbHOe pac-
IpefiesieHyie C MaTeMaTIIeCKM OXXVIaHVIEM 11y VI AVCTIEPCUEVt Ox2/ 1.

ITycTp 0,2 gBisieTcs M3BecTHOM BemunHoOM. [Ipeobpasyem oreHKy ;" B eHTPUpPOBaH-
HYIO Y1 HOPMUPOBaHHYIO CJIy4ariHyo BeJinumHy T:

m.—m, n(m.-m)
GX/\/; o, ’

Bermumaa T paciipenejieHa HOpMaJIbHO € HYJIEBBIM MaTeMaTYeCKVIM OXKMIaHMeEM U e[~
HUYHOU m/lcnepcmeﬂ. HOJ'HJ?:YSICB TaGJ'IT/ILIaMVI HOPMaJIBHOI'O paclipeiesIeHs M MICXOOA 113 3a/laH-

T =

M{T}=0, Di{T}=1. (6.15)

HOT'O 3Ha4Y€HVIA BEPOATHOCTU Y, MOXXHO pennTh dieyroiniee ypaBHeHe OTHOCUTEJIbHO SY
P{T|l<e =y wm P{-e <T<e}=Y. (6.16)

11 HOpMaJIbHOTO pacIIperiesieHNsl BePOATHOCTE IOIaflaHys CJIydaliHOVI BeJIMYMHBL B
3aJaHHBIN VHTepBaJl BbIpa’kaeTcst uepes dyHKIIVIIO Jlariaca:

Pl-e,<T<e¢g,}=Pl-¢,<T<¢,} =D(¢,)-D(—¢,)=2D(€,). 3nech yureHa HEUETHOCTH
¢dysxuym Jlaraca, T.e. @(-z) = -@(z). 11 onpenenienust €, HyXXHO, MOJB3ysch Tabymient
dynskmym Jlarriaca, pelmmTs ypaBHeHe
D(e,)=Yy/2. (6.17)
Bepuémcst BHOBB k o1teHKe m1,". [TogcraBum B (6.16) Beipakerue st T 13 (6.15):
Jnm; —m,)
<———5<e ).

X

Pl-e, <T<e }=Pl-¢,

Pa3pe1ua${ BHYyTpeHHee HEPaBEHCTBO OTHOCUTEJIBHO My, ITPVIXOAVM K BbIPa’K€HIIO!

. o
Pim] - f e
n
Utax, ecyiut m," - sSMOMpUYecKoe MaTeMaTidecKoe OXMaHvie HOpMaJIbHO pacipefesiéH-
HOVI BeJIMYMHBI C UICTVMIHHBIM MaTeMaTUYeCK/M OXXVAaHVeM 11, VI I3BeCTHOV VICIIepcrent 62, TO

.
m_ €| m
X X Y
f J_
C BEPOSTHOCTHIO Y. [Tpu1 3TOM BemumHa €, HAXOAUTCA 110 TaOIMIlaM HOPMaJIBHOTO pacliperiesie-
HMs, Kak pellleHne ypasHeHMs (6.17).

(6.18)

IIpumep 6.8. Kitacc TouHOCTM WM3MepuTeIbHOrO IpubOopa obecrieunBaeT CpPeTHIOI
KBaJIpaTNYecKyIO IOrPeITHOCTb M3MepeHnit Ox = 0,05, mpruéM ormmbKa M3MepeHU ! pacipere-
JleHa I10 HOpMaJIbHOMY 3aKOHY C HyJIeBBIM CpelHMM 3HaueHueM. ITpu m3smepenun HekoTopom
IIOCTOSIHHOVI BeJIMYMHBL OBbUIN ITOJIyUYeHbI clefytoye 3Havenms: 5,25; 5,23; 5,29; 5,31; 5,22; 5,26;
5,23; 5,26; 5,26; 5,24; 5,25; 5,21; 5,27; 5,24; 5,28; 5,25. ITocTponTb JOBEpUTEIILHBIV MHTEPBaI AJIS
VICTMHHOTO 3Ha4YeHWs U3MepsieMOVI BeJIUVHEI C JOBEPUTEIbHOV BepOsSTHOCTBIO 0,95.
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Vsmepenne X gBIIsieTCst CJIydariHOV BeJIVUMHOV C HeM3BeCTHBIM MaTeMaTUYeCKUM OXKM-
ZIlaHVIeM 11 VI MI3BECTHBIM CPpeHVMM KBaJpaT4YecKM OTKJIOHeHVeM Ox. Tak Kak cucTreMaTnde-
cKas ommbKka Impubopa paBHa HYJIIO, TO 3HaUYeHMe V3MepseMOVl BeJIMYMHBI COBIIafiaeT C M.
CyMMupys Bce M3MepeHMs U J1eJIsd MOIyYeHHY0 CyMMY Ha 4uciIo M3MepeHunt 1 = 16, Hanjgém
OILIeHKY m,": m," = 5,253. Pemmim ypasnenue (6.17) mipu vy = 0,95: (D(SY) = 0,95/2 win (D(EY) =
0,475. I'lo 3Hauenuto dpyHkumm Jlamwraca, pasaomy 0,475, mo Tabimile orpesesisieM COOTBETCT-
ByIOIllee 3HaUeHVe apryMeHTa 3TOV (PyHKIIU: €, = 1,96. Torma c BeposarHocThiO 0,95 cripasen-

JIMBO BbIpakeHMe: m_€ | 5,253 —1,96'%; 5,253+1,96- 0,05
J16

V16

TeJIbHBIVI IHTEPBAIL: M € (5,228; 5,278) ¢ BeposiTHOCTRIO Y = 0,95.

. BBILIT/ICJ'ISISI, IIOJIy4rM [OOBEPVI-

IIpumep 6.9. CiryuanHas BesimumHa X pacrpereieHa HOpPMaJIbHO U MIMeeT AVICIIePCUIO,
paBHYyI0 16. CKOJIBKO pa3 HY>KHO M3MEPUTh CITy4YalHYIO BEJIMYVHY, YTOOBI C BEPOSITHOCTHIO He
MeHbIer1 yeM 0,9 MOXXHO OBUIO yTBepKIaTh, UYTO SMIIMpPUUECKOe MaTeMaTudecKoe OXMIIaHVe
OTKJIOHUTCS OT UCTVHHOI'O MaTeMaT4eCcKOro OXXMIaHVs Ha BeJIMIMHY He Oosbinyio dem 0,27?

3nmece vy = 0,9, 6,2 = 16, 6x = 4. Hen3BecTHOVI BeJIMUMHON SBJIIeTCS OOBEM BBIOOPKM 1.

PertM ypaBHeHIe CD(SY) =0,9/2 = 0,45. VIcriosp3yst TabIIMILYy, ITOJTYIVIM: e, = 1,645. Otxnone-

4 6,580

(o)
HVe OLIeHKM 1M," OT 11, OyneT He Oojee yeM €, = =1,645-—

Jn Jn A

6,580 <0,2, wim Jn > 6,58

n 05
n=>1082,41. O6bém BbIOOPKM 11 - Iiesioe umciio. [TlosToMy Gepém Ovpkariiiee Iiejioe 4wCIIO:
n = 1083.

ITycTe Temeps aucnepcus Ox? cirydanHoV BesmauHbl X HemsBecTHa. ITycts S2 - Hecme-

1 n

. . 2 *92

IEHHAS OIIeHKa JVICIIEPCUM TOVI BEJIMYMHEL T.e. S~ = 1 E [x, —m_]". Joka3aHO, 4TO Be-
n—14

. Ilo ycrmoBuro 3710 OT-

KJIOHEeHMe O/DKHO OwITh He O0ostee uyem 0,2: =329, wm

manHa [(n - 1)S?]/ 6,2 pacpenerneHa 110 3aKoHY X2 ¢ (1 - 1)-i1 cTenieHbpIo cBOOOMBI (CM. II. 4.4).
Unicsio cremieHeVt cBOOOIBI PaBHO YVCIIy He3aBUCKMBIX CJIaraeMbIx B S2. Bcero ciiaraemsIx 11, ofi-
HaKoO, I3MEePeHWs X, BXOLAIIe B S2, BXOIAT Takke W B 11", YTO VI IPVUBOINUT K YMEHBIIIEHWIO
9gyca  He3aBUCHMBIX — CJlaTaeMbIX Ha eauHMIly. /[lokasaHO Takke, 4YTO BeIM4MHa

Nn(m, —m,)
S

CregoBarenibHO, II0JIB3YysiCh TaOymilent pacripenenenuss CTbiofeHTa, MOXHO peIInThb

T= pacmipenerieHa o 3akoHy CTeiofieHTa c (11 - 1)-71 cTereHbIo cBOOOIBI.

ypasHeHue (6.16) OTHOCUTENIBHO €, IIPU 3a[[aHHOM 3HAYEHMV [JOBEPUTEIbHOV BEPOSITHOCTH Y.

HaHBHeI?HHee IIOCTPOEHME JOBEPUTEIIBHOI'O MHTEPBa/Ia aHaJIOTMYHO IIOCTPOEHUIO JOBEPUTEIIb-
HOro MHTepBaJia B CJIydae M3BECTHOM AOVICTIEPCUN Ox:

moe|m - Sim e, o
X x Y \/; > x Y \/;
ITo cBoent cTpykrype dopmyita (6.19) cosnagaer ¢ dpopmyrtont (6.18). Pasimame 3axtro-

4aeTcs B ToM, 4To B (6.19) ncnone3syeTcs BermmumHa S, a He 6x. KpoMe Toro, B TaHHOM ciTydae
Ipu pellieHNM ypaBHeHMs (6.16) npumeHseTcs Tabimiia pacrpeneens CTbIoIeHTa.

C BEPOSITHOCTHIO Y. (6.19)
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ITpumep 6.10. ITycTs yonoBusa mpumepa 6.9 coxpaHsIOTCs, HO CpeliHsAs KBajpaTndecKas
ommOKa M3MepPUTeIPHOrO IIpubopa SB/IseTcss Hem3BecTHOW. TpedyeTcs IIOCTPOUTH IIOBEpU-
TEJIbHBIVI MHTEePBaJI AJIS M3MEPsIeMOVI BEJIMYUVIHBL.

B mpumepe 6.8 yke ObUTO HaviieHO 3HaueHMe 1m," = 5,253. [1j1g mocTpoeHmst JOBepUTeITb-
HOT'O MHTepBaJla HY>XHO BBIUMCJINTE OLIeHKY S$? mucnepcum Ox2. Hampém Bropovt HavdaiabHBIV
MOMeHT. [1JI 3Toro IpocyMMIupyeM KBaJpaTbl BceX 3JIeMeHTOB BHIOOPKI M IIOIeJIVM HOJTydeH-

HYIO CYMMY Ha 7:
1 n
* _ 2 _
V, = in -
nim

= %(5,212 +5,222 +25’232 +25’242 +35’252 +35,262 +5’272 +5,282 +5’292 +5,312) _

= 27,596.

16

" D= 120.002=0,0021.

Takum obpasom, D.=v, —m, =27,596-5253°=0,002, S*= 1
n —
V3Briekast kopeHb, HaxoguMm S = 0,046.
Pemviv ypaBHeHMe (6.16), iMes B BU/Ty, UTO IOBepuUTeIbHas BepossTHOCTD Y paBHa 0,95, a
YMCIIO0 cTelleHert cBoOompl paBHO r = n - 1 = 15. I1o Tabmmie Haxommm g, = 2,13. I'loncrasisasa

BBIUVICIIEHHBIe 3HaueHus B (6.19), moiryunm: m, € (5,253 -2,13 -%; 5,253+2,13 %J .
J16 J16

%)
Pil’<sy’<x’) =v

2
X1 X2
Puc. 6.6. IlocrpoeHne moBepuTeILHBIX MHTEPBAJIOB B CJIy4dae
CMMMETPUYHOTO ¥ HECMMMETPUIHOTO 3aKOHA pacIpeeIe s

HpOBO,[LS[ BBIUVICIIEHVIS, HAVIIEM OKOHYATEIFHO JOBEPUTEIIbHBIV MHTEPBaII

m, € (5,229;5,277) ¢ BepostHOCTRIO ¥ =0,95.

ITosryueHHBII TOBEpPUTEILHBIV MHTepBaJI OKasaJicsi Oojlee y3KMM, YeM WMHTepBasl, Haml-
TIleHHBIV B IpyMepe 6.8. DTo cBg3aHO C TeM, YTO JaHHas KOHKpeTHasl BRIOOpKa yKasblBaeT Ha 00-
Jlee BBICOKYIO peaJIbHYIO TOYHOCTB IpuOopa, 4eM Ta, KOTopasl oIpesiejieHa M3rOTOBUTesIeM IIpy-
6opa. OgHako 11 HOATBEPIKIeHMS 3TOro Hy>KHO 3HaUNTeJIbHO YBeJIMUNUTE OOBEM BHIOOPKIL.

PaccmoTpumM mpoitecc IMOCTpOeHMs NOBEPUTEIbHOIO MHTepBasla I OUCIIepCU HOp-
MaJIbHO pacHpee/IéHHON cIy4darHon BeJimanHbl. [Tycrs

»_(n=1)S’
X =—.

G2

X

(6.20)

DTa BeJIMYMHA MMeeT pacipesesieHne X2 ¢ (n - 1)-1 crenensio cBobonbl. Pacipenenenve
X2 He sBJIsIeTCS cCMMeTpuYHbIM. [To3TOMy HEBO3MOXXHO VCIOJIB30BaTh ypaBHeHMe Tuma (6.16)
IUIs omperiesleHMs] IpaHWUIL MHTepBasia. IlocTpoeHne goBepuTeIbHOrO MHTepBala B CIydasx
CMMMeTPUYHBIX ¥ HeCMMETPUYHBIX pacIipesie/IeHUN WIUTIOCTpUpYyeTcs Ha puc. 6.6.

ByrieM mcxonuTh 13 cileIyIoIero ypaBHeHvs:

P <x’ <xit=v. (6.21)
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DTO ypaBHeHMe COAeP>XXUT [IBe Hen3BecTHbIe, [I0O3TOMY MMeeT OecuriciieHHOe MHOXXeCTBO
perieHni. YToOBI ITOJTyYNTh OAHO peIlleHVe, HY)XHO VIMETh OHO IOIIOJIHWUTEIIbHOE YCIIOBIE.
BepositHOCTh TIOnIajanms B mHTepBasl (1% X22) paBHa Y. BeiObepem mHTepBasl Tak, YTOOBI OCTaB-
1Iasics BepodaTHOCTE 1 - y OblIa pacipesierieHa opoBHy Mexy uHTepsaiamut (0; x12) m [X22 o)
(Ha pmc. 6.6 OHM 3aIITPMXOBaAHBI), T.e. MOIOXUM P{y2 < x12} = (1 - v)/2 m P{)2= 22} = (1 - v)/2.
Torma P{}2=y:2} =1- (1-v)/2=(1+Y)/2. I'pa"nibl 12 1 )22 orpenesnsieM 13 IBYX ypaBHEHWIL:

I+y 1-y
Pz =— o P 2aai = (6:22)
Vcnionp3yeTcst Tabimila 3HAUEHWI )2, I KOTOpPbIX P{x2 = 2} = o. ITo Tabmmiiam pe-
IITAIOTCS YpaBHeHMs (6.22) OTHOCUTEIIBHO X12 U )22 IpY 3aJaHHOM 3HadueHuw Y. YuurbiBasg (6.21),
-1s? 1)s? -1S?
(n—z) <X} =7y um P{Q <o’l< %} = v . Takum oOpasom,
X 2 1
IOBepUTeIbHBIV MHTepBaJl [IJId AVCIIepcuy OyaeT MMeTh CJIeIy oI BV

2 2
(n DS ,(n 1)S) C BEpPOSITHOCTBIO Y. (6.23)

%2 %

Orcrofa mosyumM JI0BepUTEeIBHBIV MHTEepBal I CpeqHero KBaJgpaTU4ecKoro OTKIIO-
HEeHUT:

monyumm: P{y; <

Jn-1-8 n-1-8
€l ;
e 4
IIpumep 6.11. IlycTb B ycstoBusx npumepa 6.8 cpenHsis KBagpaTdeckas olInOKa m3Me-
puTesbHOrO IIprbopa sBisieTcs HensBecTHo. Ha ocHoBanuM BEIOOpKYM TpeOyeTcs: IIOCTpOUTh
JOBePUTEIbHBIVI MTHTEPBaJI VI Ox C JOBEPUTEIIbHOV BepOsATHOCTHIO ¥ = 0,95.

HecmMmernénnast oreHka aucrepcym S? ObUla yXXe HalifleHa II0 JaHHOV BBIOOpKe B IpU-
Mepe 6.10. ITosrygeno S2 = 0,0021 1 S = 0,046. ITpumensis TaOImIIbl, pelllaeM [1Ba ypaBHEHMS:

PO > 1}—1+Y 1+0,95_0975 Py >X2}—12Y 1- 095_0’025.

Ilo umciy crenenert ceobomae! ¥ = n - 1 = 15 u o BepositHocTH, pasHon 0,975, HaxoguM
x1%2 = 6,26 . I'lo BeposaTHOCTHM, pasHOM 0,025, oipenersieM Y2 = 27,5. CiiemoBaTesibHO, C BEpOATHO-
creio 0,95

) C BEpOSTHOCTHIO 7. (6.24)

, 15-0,0021 15-0,0021 V/15-:0,046 /15-0,046
o €[ ; ) u o € ;
27,5 6,26 27,5 16,26

HpOBOHﬂ COOTBeTCTBYIOU_[T/Ie BbIUMICIIEHVA, OKOHYaTEeJIBHO HonyqaeM:
62 €[0,0012;0,0050) u o, €[0,034;0,071) ¢ BeposTHOCTBIO Y = 0,95.

).

OTMETT/IM, YTO eI M3BeCTHO MaTeMaTn4deCKOoe OXUIOaHVe My CJ'IyLIaVIHOVI BeJIMYMHBI, TO
BMECTO OLIEHKM OVICIIEPpCU S2 cj1efyeT VCII0JIb30BaTh OLIEHKY

D" = %Z[xi -m 1% (6.25)
i=1

DTa OlleHKa gBJIsIeTCs HECMEeIIEHHO OLIeHKOV VCTMHHON aycriepcun D, 1 pacripenerie-
Ha I10 3aKOHY X2 C 11 CTeIIeHsIMU CBOOOIBI.

PaccMmoTpeHHBIe crTOcOOBI TTOCTPOeHNS I0BePUTEIbHBIX MHTEPBAJIOB MOXKHO IIPUMEHSITh
" I aCMMIITOTUYECKM HOPMaJIbHBIX OILI€HOK. LIeHTpaanaﬂ IIpenesjibHas TeopeMa IIOATBEP-
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XKIIaeT CTpeMJIeHVe 3aKOHa pacIipefiesleHsl CyMMBI CIyYalHbIX BEeIMYMH K HOPMaJIbHOMY 3a-
KOHy IIpY yBeJIMYeHWN YNcjla CjlaraeMbIX. DTO OIpPaBAbIBAaeT IIpVIMEHEHVe pPacCMOTPEHHBIX
CII0CO0OB ITOCTPOEHMS TIOBEPUTEIbHBIX MHTEepBaJIOB Ipy Oosbimx 1. Tabrmmiel pacrpemerte-
"y CThIOfIeHTa 1 X2 pacCuMTaHbl Ha MaJible 00BEMBI BEIOOPOK. [Tpm Gospimx o0pémax BeIOO-
poK BMmecTo pacrpenerieHns CTbhIOIEHTa VICIIONIB3yeTcs HeIOCPenCTBeHHO HOpMaslbHOe pac-
penerteHve. YTo KacaeTcs pacperne/eHVs X2, TO TPaHWYHbIe 3HAYEHNS Y12 U1 )22 BBIYVCIISIOTCS

1o popmyiam:
X =n—1-g -\2(n-1), x5 =n-l+e, -y/2(n-1), (6.26)

r7ie €, SBJISIETCS pellieHvieM ypaBHeHvst (6.17) mpu 3aaHHOV OBEPUTEIBHOV BEPOSITHOCTM Y.

6.7. TMocTpoeHue AOBEepUTENILHOrO MHTEpPBaJla A/l BEPOATHOCTU CO6bITUSA

IlycTp B 1 mocsiefoBaTeIbHBIX He3aBUCHMBIX MCIIBITaHMSX COOBITIE A OCYIIeCTBWIOCH k
pas. Torna BeposSTHOCTH COOBITVSI A MOXKHO OLIEHUTH C IIOMOIIBIO OTHOCUTEIIBHOV YacTOTHI €r0
OCyIIIecTBJIeHNs, T.e.

(6.27)

.k
p ==
n

Bermunza k pacriperiesieHa 110 3aKOHY bepnysum, TaK YuTO

M{p*}=%M{k}:%-np=p 17t D{p*}=nL2D{k}=ni2-npq:%,r)1eq =1 - p. Beymmunsaa p*

SIBJISIeTCS HECMEIIIEHHOVI 1 COCTOSITeJIbHOVI OLIeHKOVI BEPOSTHOCTU P OCYIIIeCTBIIeH!s COObITH A
B OJTHOM VICIIBITAaHW.
ITpeobGpasyem olleHKy p* B LIEHTPUPOBaHHYIO 1 HOPMUPOBaHHYIO CJTy4arHyo BesauHy T

r=L—L_ | .(p-p), M{T}=0, D{T}=1.

vpq/n \pg

bynem cunrats, 4to 1 mocTatouHo Besmko. B cooTseTcTBIM € IpenesibHOV TeopeMort My-
aBpa-Jlarrlaca, MOXXHO IIpearioiaraTh, 4To BelIMdmHa 1 pachpenesieHa IPpUOIVDKEHHO 10 HOP-
MaJIbHOMY 3aKOHY C HyJIeBbIM MaTeMaTu4ecKuM OXuaaHueM ¥ edyHU4IHOM awucrepcuert. ITo
TabymMIIaM HOPMAJIBHOTO paclpene/ieHns, MCXOAsS W3 3a[JaHHOTO 3Ha4YeHMs TOBEPUTEIIbHON Be-
POSITHOCTM Y, MOXKHO pellINTh YpaBHeHe (6.17) OTHOCUTEIIbHO e, . Torma

P{~e, <T<eg}=Pl-g, < é-(p*—p)<sy}=y. (6.28)

Pa3pema$1 BHYTp€e€HHee HEPaBEHCTBO OTHOCUTEJIBHO p, IIOJIYy4MIM OKOHYATEJIbHO:

* P4 * [P
P{p —¢, <p<p +g, 7}27.

n
TaxuM 05GpasoM, C BEPOSTHOCTBIO Y PE | p. — €1 /ﬂ; p+ €1 /ﬂ . (6.29)
n n

I'pann1ibl 3TOrO MHTEpBAaJIa 3aBUCST OT OIleHVBaeMoro apamerpa p. [iig ns0asiieHus ot
3TOr0 MOYKHO MCITOJIb30BaTh OVIH U3 CJIeIyIONINX CIIoco00B. B rieppoM criocobe B BBIpaXkeHMsIX
IUIsl TpaHUIL] MHTepBala p 3aMeHsIoT Ha p*. Torma ¢ BeposTHOCTBIO, TPUOIVKEHHO PaBHOM Y,

PE| P ¢,
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Bropor1 criocob mpeprionaraeT pacliipenie MHTepBajla 4O MaKCUMaIbHO BO3MOYKHOTO.

151 3TOTrO BeNMUMHA pq 3aMeHsieTcs eé HamOOoJIbIIMM 3HadeHMeM. Bermumna pg npuHuMaeT
MakcuMatbHoe 3sHadeHue 0,25 ipu p = 0,5. Torga ¢ BeposITHOCTEIO, He MeHbIIIeVt 4eM, Y

" 0,5 . 0,5

PE| P —gy-ﬁ;p +€y-\/; .

(6.30)

Tperuit crioco® IpeprionaraeT TOYHOe OIlpefesieHIe IPaHNUI MHTepBaa. PaccMoTpuM
OCHOBHOE HepaBeHCTBO, KOTOPOe VCIIOJIb3YeTCs IS ITOJTy YeHVsl [I0BepUTeIbHOTO MHTepBasla:

|T|<8Y WIH |p*—p|<z~:y %, Wi n(p*—p)2<8$p(l—p).

DTO HepaBeHCTBO OIpeleIsieT I0BePUTeIbHYI0 00JIacTh /I HEeM3BeCTHOV BePOSTHOCTI
p. ITpuBeném sTo HepaBeHCTBO K OoJlee yI0OHOMY BUY:

(n+8§)p2—(2np*+8§)p+np*2<0. (6.31)

HoBepuresbHasi 00JIaCTh IIpeICTaBIIsieT cCOOOVT MHOXXECTBO TIap 3Ha4eHwN (p, p*), moma-
JaIIVX BHYTPh 2JUIMIICA, ypaBHeHMe KOTOPOro MMeeT BU/L;:

(n+8§)p2—(2np*+8§)p+np*2 =0. (6.32)

Ha pwc. 6.5. mpuBenéno m3obpaxenne obacty (6.31). DyuImIic BBIXOAUT 3a PaMKM KBaJl-
parta ¢ JUIMHOV CTOPOHBI, PaBHOV eIVHNIle, B HaIlpaBjIeHUM ocy adciycc. 3allTprxoBaHHbIe
4JacTy He BXOAAT B JIOBEPUTEIbHYIO 00J1acTh, IOCKOJIBKY BCerja [JO/DKHO BBIIOJIHSATHCS Hepa-
BeHCTBO 0 < p* < 1. D deKT BrIXOAa IVINIICA 3a PaMKM KBajipaTa 00yC/IOBJIeH TeM, UTO pacIipe-
nenenust bepHyumm s BemmumHbL Kk 3aMeHeHO HOpMa/IbHBIM pacrpepesieHreM. C pocToM n
3JUINIIC CTAHOBUTCS BCE DoJlee Y3KMM, «JIMIITHME» YacTy yMeHbHIaTcs. [Ipy n—ee ayummric crs-
rMBaeTCsd K JIMaroHasv KBajpaTa C ypaBHeHIMeM p = p’, T. e. OlleHKa p* OyzIeT coBIazaTh (II0 Be-
POSITHOCTYM) C MICTMHHBIM 3HaueHMeM BepOSITHOCTU p (cM. TeopeMy bepHysum mn3 3akoHa 601b-
IIVIX YVICeJT).

151 onpenerieHs TOBEPUTEILHOTO MHTepBasla HY>KHO PeIllNTh KBaJ[paTHOe ypaBHeHIe
(6.32) mpu1 M3BeCTHOM 3HaueHMM oleHK p*. I[ToyunmM gBa KOpHS:

pi=a(p,e,n)-B(p .e,.n), p,=ap’,e,n)+P(p,&,,n), (6.33)
) 2np” +¢2 . e, 4np (1-p') +e?
o(p ,e,,n)=—", ,E . n)= )
(po&pm) 2n+el) Pp".&,.m) 2n+e2)

Harmpnennsle 3HaUeHMs p1 U p2 (p1 < p2) ABJISAIOTCS TpaHUIIAMU JOBEPUTEIIBHOTO MHTepBa-

7a (puc. 6.5), TaK 4TO ¢ BEpOSITHOCTBIO Y,
pe (py; p2)- (6.34)

ITpn Gosnblx 3HaAYEHMSIX 11 BCe TPU CIIOcoba JalOT MpaKTUYeCcKy OVHAaKOBble pe3yJib-
TaThl. AIIIPOKCHMAaIs paclipereieHns bepHyIUM HOpMaJIbHBIM paciipefiesleHVieM CUMUTaeTCs
IIOITyCTMMOVI, €CJIV BBIIIOJIHSeTCS HepaBeHCTBa: np = 4 u ng = 4. OTciofa cjlefyeT, 4To Hau-
MeHblIlee 3HaueHue n gocturaetcd mpu p = 0,5. Torma goypxHo ObITh 11 = 8. Eciin p = 0,05 wm
p = 0,95, To morpxHO ObITH 11 > 80. Vicxoms 13 3THX OIIeHOK, MOXHO IIPUOJIVDKEHHO CYIUTH O IIpa-
BOMEPHOCTY IPUMeHeHMs] PacCMOTPEeHHBIX 3[1ech cI1ocoboB. Tak Kak BepOsITHOCTb p HeM3BeCT-
Ha, TO ISl OLIEHKM 3TOVI IIPaBOMEPHOCTM BBIUUCISIOT np* U 1q". MOXHO HOCTPOUTH HOBEpW-
TEeJIBHBIVI VIHTEpBaJl, OIMpasCh Ha 3aKOH pacrpenesieHns bepHyIum, omHaKo 3Ta IIpolenaypa
IOCTAaTOYHO Tpomospkasd. LlerecoobpasHOCTh IIpVIMeHeHMsl 3TOVI IIPOLedypbl O4eHb COMHUI-
TeJIbHA, TaK KaK PV MaJIbIX 3HAUEeHVSIX 1 TOYHOCTH OLIEHKM BePOSTHOCTM p HAaCTOJIIBKO HI3Ka,
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CramcTnyeckan obpaboTka SKCeprMeHTarbHbIX AaHHbIX.
OueHKa napameTpoB

uTO BBIOOP crI0coDa IIOCTpOeHMs JI0BepUTE/ILHOTO MHTepBasla yke He VMeeT IIPaKTIYecKoro 3Ha-
ueHVst. OTMETVM, YTO JOBepUTeIbHAsI 00JIaCThb I BEPOSTHOCTVI COOBITHS, IIOCTPOEHHAs C VIC-
TIOJIB30BaHVeM 3aKOHa pacripeiesieHns bepHysuin, orpaHdeHa cTyreH4aTov JIMHVEV, HallOMM-
Harome JHuIo yumrca. Ho ona He Oyaer BeIxonuTh 3a paMky kagpaTa: 0<p<1,0<p"<1.

IIpumep 6.12. beuto mpoBeneHo 36 He3aBMCUMBIX VICIIBITAHWUI, IIPY 3TOM COObITHE A
POM30IIIO B 9-T11 McnbITaHMsAX. OIEHNUTh MCTVHHYIO BEPOSTHOCTD p OCYIIECTBIIEHVISI COOBITIS
A B OITHOM VICHIBITAaHWUY C JOBEPUTEIILHOV BepOATHOCTHIO ¥ = 0,9.

B manHOM citygae p* = 9/36 = 0,25. ITockonbky np* =9 >4 ung =27 > 4 (g = 0,75), To
IOITyCTVMa alIIpoKcuManms pacipenesienns bepryiuim HopMaibHBIM pacrpefiesieHueM. Pe-
mas ypasaenve (6.17) oraocurensHo €, pu Y/2 = 0,9/2 = 0,45, mo Tabnmvite sHaueHwi PyHK-

mm Jlarwraca HaXooM g, = =1,645. Bocniosibzyemcst popmyrton (6.30):

pe|0,25-1,645- 1/025 0,75 ;0,25+1,645- 1/025 0,75

IIpousBonsi cooTseTcTByIOIIMe BbramciieHus, noinyumm: pe (0,131; 0,369) c BeposiTHO-
CTBIO, TIPpUOITVDKEHHO paBHO 0,9.
Harniném Tertepb JOBepUTeIIbHBIN MHTEPBaI 110 popmyrie (6.31):

0,5 0,5
pe|0,25-1,645-——;0,25+1,645- ]
( N V36

wm pe (0,113; 0,387) c BeposATHOCTBIO, He MeHbIIelt yem 0,9.
BerumciiM TouHble 3HaUeHMs IPpaHUIL I0BepUTeIbHOTO MHTepBaia. s Toro Hamaém
KOpPHM ypaBHeHMs (6.32) 1o popMmysiam (6.33):
2-36-0,25+1,645

a(p’,e,,n)= ’ =0,2675,
(722pm) 2(36+1,645%)
2
B(p' &, m) = 1,645:/4-36-0,25 o,zs+1.,45 _ 01158,
2(36+1,645%)

Cneposarenbho, p1 = 0,2675 - 0,1158 = 0, 152, p> = 0, 383, n pe (0,152; 0,383) ¢ BeposiTHO-
cThIO, paBHoO 0,9.

Tpu nHTepBaa, TI0JTy4YeHHBIe pa3sHBIMI CIIOCODaMV, MajIo OTIMYAIOTCSA APYT OT OpyTa.
HvHel vHTepBasioB paBHBI cooTBeTcTBeHHO 0,238, 0,274 n 0,231. 3ameTnm, 4TO BbIpakeHWe
«TOYHBbIe T'PaHWUIIBI MHTepBala» SBJISIeTCS YCIOBHBIM, IIOCKOJIBKY pacrpeperieHve bepryium
ObUIO IPUOIIVDKEHHO 3aMeHEeHO HOPMaJIBHBIM pacIipererieHneM. B 0co00 OTBETCTBEHHBIX CIIY-
YJasx U3 3TUX TPEX MHTEPBAJIOB IIPEAIIOUTHUTEILHO BBIOMPATh CaMblil OOJIBIIION HTEPBaJL.

TepMuHbI AN 3aNOMUHAHUA

¢ Beibopka; BapmallMOHHBIN Psifl; IIPOCTOV BapMAallMOHHBIV Psifl; CTPYIIIMPOBAHHBIN Bapya-
LIVIOHHBIVI Psid; MHTEPBAJIBHBIVI BapMAIllVIOHHBIVI P, SMITMpUYecKast cpyHKLU/Iﬂ pacrpene-
JI€HVIs, IIOJINI'OH; I'ICTOI'paMMa,; SMIIVPpYeCcKasd INIOTHOCTD pacIlIipenesIeHVIs.

¢ DOMIOMpwYecKyre YrcIoBble XapaKTePUCTUKY; TOYeUHble OIIeHKN ITapaMeTpOB; CMeIEHHbIe
OLIEHKW; HeCMEIIEHHbIE OLIEHKM; COCTOATEIbHbIE OILI€HKU; 9cpcpeKTV[BHbIe OII€HKW; METO[I
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¢

LN =

15.
16.
17.
18.

MOMEHTOB; MeTOf], HauOoJIbIllero MIpaBaoNoOao0Ms; (PYHKUMS IIpaBaoIono0us; OleHKa
HamOOJIBIIIErO IIPaBIOIOA00MS.
[loBepuTesTbHBIE MIHTEPBAJIBI; JJOBEPUTEIIbHAS BEPOSTHOCTD; KOA(PPUIIMEHT JTOBEPUSL.

CnMCOK KOHTPOJIbHbIX BONPOCOB

ITepeuncimre OCHOBHBIE 3a/Ja4M MaTeMaTUYeCKOV CTaTUCTUKMN.

YT0 Ha3BIBAIOT BEIOOPKOVI CITyYartHOV BeJINYMHbI?

Ilepeuniciiite BUABI BapMaALVIOHHBIX PSIIOB M IIOSCHUTE, YeM OHM OT/IMYAIOTCA APYT OT
apyra.

Yro Takoe pasmMax BHIOOPKM?

Kak roctponTts sMOmpmdeckyio (pyHKINIO pacIperieieHns BepOSTHOCTEN?

YT0 TaKoe MOINTOH ¥ UTO TaKOe TVCTOrpaMMa SMIVIPUYIECKOTO pacIipeIeIeHs?

Kax mocTponTs sMImpryiecKyro IIOTHOCTb paciperiesieHNs: BepOATHOCTe?

Kak BBMMCIISIOTCS SMIMPITYecKyie YVCTIOBbIe XapaKTePVCTVKN CITy9ariHbIX BeIVYVIH?
Kaknie orieHKv Ha3pIBaIOT TOU€YHBIMY OLIeHKaMV ITapaMeTpOB?

Kakme orieHKv Ha3bIBaIOTCs HECMEIEHHBIMM ?

Kakme orieHKV Ha3bIBAIOTCSI COCTOSATEIbHBIMI?

Kaxkwne onienkn HaspiBatoTcst 3(pdPeKTVBHBIMM?

ITepeuncinTe METOIBI IIOJTyYeHMs OII€HOK W MOSICHUTE MX CMBICIL.

Kak mocTpouTh OIleHKYy MaTeMaTW4ecKOro OXWMIaHMs CJTy4dalriHOW BeJIMYMHBI 10 e€ n3Me-
peHMAM?

Kak rmocTpouTs o11eHKY AVcIepcry CITydaiHOV BeJIMYMHEI 10 e€ M3MepeHmsIM?

Kak roctponTh HeCMelIEHHYO0 OlIeHKY JIVCIIePCUN CIIy4YaliHOV BeJIMUMHbI?

YTO0 TaKoe 0BepUTEILHBIVI MHTEepBal U UTO TaKoe JIoBepuTesIbHasl BepOSATHOCTE?

Kakwne 3akoHBI pacrpesiesieHNs: IIPUMEHSIOTCS TPV IIOCTPOeHUN JOBePUTeIbHBIX MHTepBa-
JIOB JIJIs1 ITapaMeTpPOB HOPMaJIbHO pacIpesie/IEHHOV CJTy4arHOV BeJIMYMHBI?

Bonpocbl ans o6cyxxaeHuns

1.

2.
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MpoBepka CTaTUCTUUECKUX rMnoTe3

CTyaeHT [oJ/HKeH
OCBOMUTb:

® IIOHSATME CTATVUCTUYECKOV TMIIOTe3bl, CTaTUCTUYeCKOIo KpuTepus,
ommOOoK IepBOro ¥ BTOPOTO Pora;

npuo6pecTn HaBbIKKN:

® UICTIOIB30BaHMS Hamboslee pacIpoCTpaHEHHBIX KpUTepues IIpoBep-
KV TMIIOTe3, B 4acTHOCTH, Kputepus x2-ITupcona.
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CraTucTraeckast mpoeepka rumotes. [Ipoeepka rumnoTes o ImapaMeTpax HOpMaIbHOTO pac-
5= npepgenenvs. Kpurepun ksantwien. Kpurepui comtacus [ Tupcona 1 ero npumeneHve.

B\ b
KpaTkoe
corepKaHue

7.1. O6ume nonoxeHus

JTroboe IpeaIroIoKeHe OTHOCUTETBHO VICCIIeOyeMOVI CITyYaviHOVI BEIMYMHBI, VICTVUH-
HOCTbh KOTOPOT'O TpebyeTcsi IIpOBepUTh Ha OCHOBE BBIOOPKM 3TOVI CITy4YalfHOV BeJIMYMHBI, Ha3bl-
BaIOT crmamucmuteckoil eunomesoi. ['rioTesa MoXxeT KacaTbCsl HEM3BECTHBIX ITapaMeTpPoB 3aKOHa
paciiperiesieHVsI BEpOSATHOCTeV, CAMOI'0 3aKOHa pacIIpefiesieHNs], CMelllaHHbIX CTaTUCTUYeCKIX
MOMEHTOB, ONVICBIBAIOIIVIX CBsI3b MeXy BermumHamy, 1 T.10. CylecTByeT Oosibiioe pasHooOpa-
31l CTAaTVICTUYECKVX TUIIOTe3 ¥, COOTBETCTBEHHO, OOJIBbIIIOe KOIMYECTBO PasHOOOPa3HBIX MeTOo-
IIOB IIPOBEPKM 3TUX TUIIOTE3.

OOmas mmest TPOBEPKM CTATVUCTIYIECKMX TMIIOTe3 3aKIovaeTcs B cledymomeM. ITycts
vMeeTcs BbIOOpKa X, = {X1, X2, ..., Xx} CJIy9artHOV BeJIMUMHBL X 1 BBIABUTAETCS HEKOTOPasi TUIIO-
Te3a OTHOCUTEJIBHO 3TOVI BeJIMYMHBL. DTy TUIIOTe3y Has3bIBaIOT Hy.ebot eunomesotl (Ho), a mpoTu-
BOTIOJIOXKHYIO eVl — atvmepHamubrotl eunomesoi (Hi). ITpearionoxmM, 4To KaKMM-TO 0Opa3oM OIl-
periesieHa Takas n-MepHasi o01acTb D, uTo npu (X1, X2, ..., X»)€ D HyJsleBasi TuIioTe3a NpyHUMaeT-
cs, a mpm (X1, X2, ..., X»)€ D oTa rumoresa orsepraercs. Torga obmacTe D HasbIBaeTcs kpumuie-
ckotl obaacmuio. TIpy mpUHATUNM pellleHMsI Ha OCHOBe KOHKPETHOV BBIOOPKM BO3MOXKHBI Cile-
IyToIlyie BapyMaHThI: Turoresa Ho sBjisgeTcs BepHOVI, ¥ OHa IIPMHUMAETCsl B COOTBETCTBUM C KpU-
TepueM; Ho siBjIsieTcst JIOXKHOVI TUIIOTe301 VI OHa OTBepraeTcsi B COOTBETCTBUM C KpUTepreM. DT
pellieHNs] SIBJISIOTCS BepHBIMU. BO3MOXHBEI BapuaHTBI, KOIZIa IIPUHSITOe pellleHue SBIIsSeTcs
ommbouHbIM: Ho oTBepraercs, sBissCch MCTMHHON ImmioTe3on, wiv Ho npuHMMaercs, XoTs Ha
CaMOM [ieJle OHa SIBJISIeTCS JIOKHOVL. B IepBoM ciTydyae omIMOKy B pellleHMM Ha3bIBAIOT 0uuOKol
nepBo2o poda, BO BTOPOM CiIy4ae — 0uiubxot 61mopozo pooa.

AJITOPUTM HOCTPOeHMsI KPUTUYECKOV 00JIacTy ¥ HMPaBWIO IPUHSATHS pelleHns Hasbl-
BaIOT CIMAMUCHUYecKUM Kpumepuem ITAaHHOV TUIIOTe3bI TWIN IIPOCTO KpuUTepueM IumoTessl. Han-
JIy4IIVM KpUTepyeM IS JaHHOV TMIIOTe3Bl SBJIsieTCs TOT, KOTOPBIV olecrieunBaeT HaIMeHb-
LIyI0 BeJIMYMHY BEPOATHOCTEV OIIMOOK IepBoro m Broporo poga. ObGo3HauMM BepOSITHOCTB
ommOKV IIeEPBOTrO pojia Yepes O, a BEPOSITHOCTH OIIMOKM BTOPOro poza — uepes f3. Bermrunny o
Ha3BIBAIOT elé ypobHem 3Hauumocmu. [JokazaHo, UTO OJJHOBpeMeHHOe yMeHBIIIeHVe 3TUX OILIN-
00K HEBO3MOKHO: YMeHbIIIeHVe OIHOW M3 HMX Hen30eXXHO BJIedéT yBeIndeHue Ipyrov (mpu
IIOCTOSIHHOM 00BéMe BbIOOpKM 71). [TosTOMYy Hpm HmocTpoeHMM KpUTHMUYECKoy 00sI1acTy IIpOBO-
OWUTCA MUHMMM3aLIVE 110 OTHO U3 BePOATHOCTeVI OLIMOO0K, B TO BpeMs KaK JpyTas BepOsiTHOCTb
dukcupyeTcs Ha omperenéHHOM 3HadeHUM. C Ipyrov CTOPOHBI, CTOMMOCTD OIIMOOK VIN IIO-
Tepy OT HUX, He Bceraa sBJIAI0TCA OAMHAKOBBIMI. B cBs31 ¢ 3TMM BBIOOp 3HaUeHUI BeIIMYMH O
v B omrpenersieTcsi B 3aBMICHIMOCTYI OT KOHKPETHOT'O COIePrKaHs peltaeMOV 3aad.

Perrervie 06 mcTMHHOCTY TUIIOTe3bI Ho IpMHMMAaETCS Ha OCHOBE CpaBHEHVSI HEKOTOPOTI
BBIYVICJIEHHOVI BeJIMUMHBI R ¢ OIHUM WU ABYMsI KPUTUYECKUMI 3HaUYeHWUSIMM, SIBJISIOIIVIMICS
TpaHNIIeV VIV TpaHUIIaMV KpuUTUdecKov obmactv. Ecrv st Kputvdeckovt 0671acTil MCIIONb3Y-
eTcd HepaBeHCTBO R = R;, TO TOBOPAT 0 npabocmoporteil KpUTUIeCKON 00J1acTi, ecjiv HepaBeH-
cTBO R < Ry, TO TOBOPST 0 s1eBocmoponHetl KpuTmdecko obtactu. Eciiv, HakoHell, TpUMeHSIIOTCs
o0a HepaBeHCTBa, TO KPUTMUECKYIO 00/1acTh Ha3bIBAIOT 08yxcnioporteil. OTMeTVM eIlg, 4To cxe-
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Ma IIOCTPOeHMsI KpUTUYeCKo 00J1acTy IIpsAMBIM 00pa3oM CBs3aHa CO CXeMOVI IIOCTPOeHMs 110-
BEepUTEIIPHOIO MHTepBaJIa.

7.2. [poBepka rmnotes o napaMeTpax pacnpeaesieHumn

PaccMoTpyM HeKOTOpPBIE IIPOCTBIe KPUTepUM, IpUMeHsieMble K TUIIOTe3aM O IapaMeT-
pax cIyJalHbIX BeJIMUYIMH, TaKMX, KaK MaTeMaTidecKoe OXXuaaHe 1 IVCIIePCHs.

Cpabnenue mamemamuyeckux oxudanuil. ITycTb MeeTcs iBe BBIOOPKM HEKOTOPOVI OITHO
CITyYaviHOVI BeJIVYVHBI, ITOJTyYeHHbIE B PAa3HBIX YCJIOBUSX, VIV JIBYX Pa3HBIX CJIy4YallHBIX BeJIV-
unH. TpebyeTcss IpoBepuUTh, OAVHAKOBBI JIV MCTVHHBIE MaTeMaTI4YecKye OXVIAHVS, COOTBeT-
CTBYIOIIVE 3TUM BBIOOpKaM. TaKyro cuTyalliio MOXXHO IIPOCMOTPETh Ha CJIelyIoIleM IIpuMepe.
VIMeeTcs nBe TIPOV3BOICTBEHHEBIE JIVHWY, BBITYCKaIOIIVe ONVHaKoBble n3nerms. Kadecrso ms-
TOTOBJIEHHOTO W3IeJIVs XapaKTepu3yeTcsl C/TydarHou BeymanHou X. BbUT ocyiecTsiiéH KoH-
TPOJIb 11 VI3[IEJIVIVI, I3STOTOBJIEHHBIX Ha IIepBOVI JIMHWUM, U IToJTydeHa BBIOOpKa X, = (X1, X2, ..., Xn).
ITo BTOpOWI JIMHMM OCYIIIECTBJIEH KOHTPOJIb Haf, k m3genmsMu v HoaydeHa Bbeibopka X'k = (x'1,
X2, ..., X't). Ilo aT¥M BBIOOpKaM HY>XHO IIPUHATH pellleHre O TOM, OVHAaKOBbIe JIV VICTVHHbBIE
MaTeMaTU9ecKye OXXVIAHS BeJIVMUMHBL X IS STUX JIVIHUA.

Bynewm nipenioriarate, 4ro X MeeT HOpMaJIbHOe pacripernerieHve: N(1m1, 612) IyIs IIepBo
vy 1 N(ma, 622) st BTopovt JiHMN. PaccMOTpyM cHavasla BapyaHT, KOTrTia O1 U O2 M3BeCT-
HbL BeBuraem rumoresy Ho: m1 = mp, T.e. MaTeMaTV4ecKyie OXKMIaHVSI OAVHAKOBBL. AJIbTepHa-
TUBHOW I'MIIOTE30M 6y)1eT Hi: my # mo.

Onenka m* OyzeT MMeTh HOpMaJIbHOe pacIpesieieHNe C ITapaMeTpaMu 1 1 612/1, a
OlleHKa 1>* - HOpMaJIbHOe pacIipejiesieHVie C ITapameTpamu ma u 622/ k. Ecyiv rumoresa Ho Bep-

Ha, TO pa3HOCTb m1* — my* OyAeT pacrpesesieHa 10 HOpMaJIbHOMY 3aKOHY c napaMmeTpamu 0 u

2 2 2 2
6, ©, ko, +no;
_— ==

n k nk

. CiremoBaTeIbHO, BEJIMUMHA

(m* —m,*)- M

Jko: +no;

SIBJISIETCSI LIEHTPUPOBAHHON ¥ HOPMMPOBAHHOV HOPMAaJIbHO pacHpeneIéHHOV CJIyYaviHOV Be-
marHoN. Hamjém nByXcTOpOHHIOI KPUTHMYECKyIo 00J1acTh, MOJIb3ysACh 3TuM dakToM. Iloso-

KUM P{| t | >t,} =0, win 1—P{| t | <t,}=oa, wm 20(t,)=1-a, , tne P(t,) - PpyHKIMA

=

(7.1)

Jlarwiaca. Takym 0O6pa3oM, 4TOOBI HAVITV KPUTMYECKOe 3HAUeHVIE t,, HY>KHO PELINTh yPaBHEHVIe
l-o
@(ta)ZT, (7.2)

IIpV 3aJaHHOM yPOBHE 3HAaUMMOCTU O, IIOJIB3YCh Ta6m/1uer71 HOPMaJIBHOT'O pacIipedesIeHI.

Kpurnaeckas obacTe onpenersieTcss HepaBeHCTBOM | t | > t,. OTcroga BbITeKaeT IIpaBy-
JIO IIPVIHSATVSL pPeLleHsl: eCJIV BEIYMCIEHHOe 3HaYeHvIe [ yIOB/IeTBOPsIeT HEePaBeHCTBY — fy < f <
< ty, TO rumoTe3a Ho npuHMMaeTcs, ecjiv, HallpOTUB, | t | > t,, To runotesa Hy orBepraercs.
CMBICII 3TOro mpaswla COCTOUT B TOM, UTO f MIMeeT HOpMaJIbHOe 3TaJIOHHOe paclipefesieHuie
TOJIBKO PV paBeHCTBe VMCTVHHBIX MaTeMaTU4YecKuX OXugaHu. /1 HepaBeHCTBa | t| > t, 3a-
JlaHa JI0CTaTOYHO MaJlasi BepOSITHOCTEL O. Eciii oHO peasimsyeTcsi, TO 9TO O3Ha4aeT, YTO IIPO-
VI30IIUIO0 MaJIOBepOsiITHOe coObITMe. MBI IpesirioaraeM, 4To Ife-To B HaIllMX PacCyXAeHUsIX 10-
IyIeHa ommbka. Ommbka MoXeT ObITh TOJIBKO B OOHOM, a VIMEHHO, B ITPEeAIIOIOKEHUN O TOM,
YTO I'MIIOoTE3a Ho TICTVIHHA. CJ‘IEHOBaTeJ'IbHO, FT/IHOTESy HY)I(HO OTBepFHYTB. 3aMETVIM, 9TO B Ta-
KOM cjIy4ae MbI COBeplllaeM OIINOKY C BEpOSTHOCTBIO (.

117



TEODVIH BEDOHTHOCI'GFI N MaremaTnyeCkan Ctatrcirika

Vlccnenyemas BesmumHa He 00si3aTeIbHO JIOJDKHA VMIMeTh HOpMaJIbHOe pacIipesiesieHue.
[Tpu Gompimmix 1  k (TOpsiiKa gecsTKOB) MOXKHO IIPVIMEHSITh HOpMaJIbHOe pacIIperierieHnie, YTo
oIpaB/IbIBaeTCsd 3aKOHOM OosbImx ymcest. Ecyii aucniepcny ofgyiHaKoBEL 612 = 622 = 62 11 OfMHa-
KOBBI O0BEMBI BELIOOPOK 11 = k TO BBIUMCIIEHNE | YIIPOIIaeTCs:

(my*=my*)-/n
V2.6

PaccMmoTpuM Teneps citydari, Korda O1 M G2 HeM3BeCTHBL. bygem cumnrars, 4To 612 = 022 =
02. BeIamcimiM o1eHKM 3TMX AVCIEPCHN TI0 IIePBOT 1 BTOPOV BBIOOpKaM S12 1 Sy

1 & 1 &
ST=— N (x. —-m*?*, SI=—) (x —-m,*".
1 n—l;(l l) 2 k—l;( i 2)

t= (7.3)

Ecrmn runioresa Ho BepHa, TO pa3HOCTB m1* - my* OyneT pacmperiesieHa 10 HOpMaJIbHOMY
3aKOHY C HyJIeBBIM MaTeMaTU4YecK/ M OXWJIaHVeM, a BeJIndrHa

L (m* —m,*)-Nnk g [Stn=D+Si(k-1)

SvVk+n ’ n+k-2

Oyner pacrpenerieHa o 3akoHy CTeiomeHTa ¢ 11 + k - 2 crenenssMu cBobompl. Takvm obpasoMm,
ypaBHeHMe Pf |t > ta} = oL cJIemyeT pemrath 1o TabimiaM pacrpeaerienns CTblofeHTa.

, (7.4)

IMpumep 7.1. Ha nByx 3aBofax BBITYCKAIOTCS aBTOMOOVIIbHBIE IITVHBI OJHOV W TOVI JKe
MapKu. beun viccreroBaHbl JaHHbBIe 110 BpeMeHM HOpMaJIbHOW 3KcIuTyaTauyy mviH. ITo 20 mm-
HaM I1epBOro 3aBofa Obum BeramciteHsl m1* = 36200 (kM. mpobera) m Si2 = 252400. ITo 40 mmHaM
BTOPOTrO 3aBofa ObUM BeIUMCIIeHB! 2% = 37800 (kM. mipobera) 1 S;2 = 326200. C ypoBHeM 3HaUM-
Mocti o. = 0,05 mpoBepuUTh IMIIOTe3y O TOM, YTO CPEeIHWI IIPOOeT IIVH, M3TOTOBJIEHHBIX Ha 3TUX
3aBoOJIax, OJIVTHAKOB.

Berumcimm S:

Sf(n —1)+S§(k—1) _[252400-19+326200-39
n+k-2 58

Iaree BbIUMCIINM f:
(m, *—m,*)-/nk _ (36200 —37800)-~/800 _
S\k +n 550+/60

Pemmvim ypaBHeHme P{’ t] > ta} = 0,05. I'lo Tabmmiiam pacrpenerenuss CTpIOIeHTa C UMC-
JIOM cTereHe cBobombl 58 HaxoouMm f, = 2. Tak Kak | t| = 10, 6 > 2 = t,, TO TMIIOTE3y O paBeHCT-
Be cpefjHero mpoodera IIVH, M3TOTOBJIEHHBIX Ha Pa3sHBIX 3aBOIaX, CJIEAyeT OTBEPTHYTh.

Cpabnenue ducnepcuil. PaccMoTpmM cHoOBa 1iBe BBIOOpKM. IlepBast BerOopka X, = (x1, X2, ...,
Xn) IIpeACTaByIsgeT M3MepeHMs CIIydalHOV BeJIMYMHbL X, BTOpas BbIOOpKa Yi = (Y1, Y2, ..., Vk)
IpeJiCcTaBiIgeT U3MepeHNs CIydatHoN BeJIumHbI Y. [TycTh BbIYMCIIeHBI OLIeHKV IVICTIePCITL:

n k
S =LY - m R ST =Y - m
i=l i=1

n—14

t= -10,6.

TpeOyeTtcs mpoBepuTh TUIIOTE3y O TOM, UYTO UCTMHHBIE AVICIIEPCUM 3TUX BeIIMYMH OfV-
HaKOBBL

Beinsuraem rumnotesy Ho: 6.2 = 6,2, T.e. AVCIIEPCUN OIMHAKOBBI. AJIbTepHATUBHO IIIO-
Te3ont Oyaer Hi: 6.2 # 6,2 Ecimn BeymumHbl X 11 Y MeIoT HOpMaIbHOe pacIipesiejieHle, TO OT-
HomreHue F = 5,2/5,2 6ynet nmets F-pactipenerienue (Puiepa) co crereHsiMu ceobomst 11 — 1 u
k - 1. Tak xak F-pacripenernenue He siBjIsieTcs CMMMETPUYHBIM, TO MOXKHO IIOCTPOUTH ABYXCTO-
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POHHIOIO KPUTHUUYeCKyIo o0sacTe, niontaras P{F < Fi} = a/2 u P{F > F»} = o/2. Permast atn1 ypas-
HeHms 110 Tabmmre F-pactipemernenmsi, HaxoguMm Kputmdeckue 3HaueHus Fi m Fr. Ilpaswio
OpuHATH pemteHus: ecsi F1 < F < F», To rumioTe3a 0 paBeHCTBe OVCIEPCUN IPUHVMAETCs, B
IPOTMBHOM CJIy4ae 3Ta I'MIIoTe3a OTBepraeTcs.
YnoOHee cTponTh OIHOCTOPOHHIOI KpUTMYecKyIo obacTe. s sToro B orHommenun F
B 3HaMeHaTeJle BCerja Hy>XHO CTaBUTh MeHbINyIO oleHKy u3 S;2 u S,2. Torma F Oyner Bcerna
OoJIbliTe eqVHMITEL 1 HYDKHSIA TpaHuIla He moTpeOyercs. ITomararor
max(S>,S yz )
F .5 72)
x>y

U pelllaioT ypaBHeHVe

P{FzF)=q, (7.6)

MCIIONB3Ys Tabmmirel F-pacripenerieHns ¢ yuéToM umicent crernieHert cooonsl. Eciu F < F,, To TM-
II0Te3a O paBeHCTBe OVCIepcuil HpuHuMaeTcs, ecint F > F,, To 3Ta rumoTesa oTBepraeTcsi.

IIpumep 7.2. Ilo nanabeM nipuMepa 7.1. ¢ yposHeM 3Haummocty o = 0,05 mpoBepuTh -
II0Te3y O paBeHCTBe MCTUHHBIX AVCIIePCUT Ipobera IIVH, M3rOTOBJIEHHBIX Ha IIePBOM 11 BTOPOM
3aBopax. B mpumepe 7.1. MbI mpefirionarasm, 9YTo OHV O VHAKOBEL Tak jv 310?

Tak Kak OLIeHKV OVCIIepcuil yXKe BBIUVC/IeHBI, TO CTPOVM OTHolleHue F 1mo dpopmyiie
(7.5):

Fe 326300 ~1
252400

b

Pertaem 1o TaGymiiam ypasHenue P{F > F,} = 0,05, yanTeIBasi, 4TO YMCIIO CTEIIeHeV! CBO-
0ol MeHbIIeN ayucriepcuy pasHO 19, a Oosbinen nucnepcun - 39. HaxoguM KpuTmdeckoe
sHaueHme: F, = 2,02. Tak kak F =1,3 <2,02 = F,, To TUII0OTe3y O paBeHCTBe MCTUHHBIX AVICIIEPCUII
MOJKHO IIPUHSITB.

JaHHBIVI KpUTepUI MOXXHO IIPVIMEHWUTD U [T CpaBHeHMs ABYX VIV HeCKOJIbKMX MaTe-
MaTU4ecKnx oXugaHui. B gyacTHoCTM, 3TOT KpuTepuit B TaKOM BapuaHTe IpUMeHsdeTCsd B JIVIC-
IIepCYOHHOM aHaJIM3e.

7.3. Kputepuih KBaHTUIEN

ITycTp BBIOOpPKA X, = (X1, X2, ..., Xs) IPEACTABIISAET M3MEPEHNs CIIyJalHOV BeJIMIMHBL X.
Kpurepuit xsaHTWIIIeT MCIIONB3YeTCS I IIPOBEPKY TUIIOTe3bI O TOM, YTO MCTUHHOe paciiperie-
JleHVie BeJIMYMHEBL X MMeeT KBaHTWIb X, HOpsaKa p, T.e. F(x,) = p, roe F(x) - cTuHHas pyHKIIMS
pacIperiesieHVsl TOVI BeJINYMHBL.

3neck TumoTesa Ho: 4nciio x, yOOBIIeTBOPsieT paBeHCTBY F(xp) = p, TAe p - 3a/jaHHas Be-
POSTHOCTB; Hi: 9TO paBeHCTBO He BbINOJIHsAeTCs. KpuTudeckasi 061acTh CTpOUTCS CIIeyIONTM
oOpasom. Haxomyres umcrio k 351eMeHTOB BEIOOPKM, TIOIABIINX B MHTePBaT (-oo, X;). Jaee pac-

k
cMaTpuBaeTcs ypaBHeHne P{—— p|=¢€ } =0, KOTOpoe MOXHO pas/ieInTh Ha [Ba YpaBHEHVIS:
n

Plk<mp-g¢,}=0a/2 nu Plk2np+¢_ }=0/2. Tak kax k pacipesiesieHo 110 3akoHy beprysum,
TO OIIPEJIEIISIOTCS TaKye 1ieJIble Uncia ky 1 kz, 17151 KOTOPBIX BBIIOIHSIIOTCS IPUOIIVDKEHHBIE pa-
BeHcTBa Plk <k }=0/2 n P{k2k,} = a/2. IlpaBwio npuuHsTms pemrenns: ecin ki < k < ko,
TO TMIIoTe3a Hy IpuHMMaeTcs], B IIPOTMBHOM CJIy4ae TMIIOTe3a OTBEPraeTcsl.
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PaccMoTpeHHBIM KpUTeprieM MOXKHO I0JIb30BaThCs TOJIBKO IIPY MaJIbIX 00BEMax BbIOOP-
kn. [Ipu Gompimom oOBEMe BBIOOPKM MOIB30BaThCA pacipenesieHreM bepHy i HeymoOHO.
ITosTOMy HOJIB3YIOTCA TeM (paKTOM, UTO BeJIMdIMHa

t:k_np’ q=1-p, (7.8)
VIpq

PV IOCTATOYHO OOJIBIINX 3HAUEHVSAX 11 pacIperierieHa IPUOIIVDKEHHO IT0 HOPMaJIbHOMY 3aKo-
Hy C HYJIEBBIM MaTeMaTW4eCcKuM OXMAaHWeM U eauHudHOoM aucnepcuent. CiieqoBaTesIbHO, O
TabyIMIIaM HOPMaJIbHOTO pacIpesie/IeHVsi MOXKHO PeIlnTh ypaBHeHMe (7.2) 1 HalTu KpuUTude-
ckoe 3HaueHMUe t,. IIpaBwio mpuHATKS pellleHMsE OObIYHOe: eciIV BBIYMCIIEHHOe 3HaueHue f
YIOBJIETBOPsieT HePaBeHCTBY - t, < t < f,, TO ruIIoTe3a Ho IIpyHMMaeTcs, ecyIv, HaIllpoTuB, | t | >ty
TO runoTtesa Hy orBepraercs.

Eciu B Kputepuyt KBaHTWIEN IOJIOKUTE p = 0,5, TO ITOIy4nM KpUTepuit IIPOBEPKU I'-
II0Te3bl O MeIMaHe VICTMHHOTO pacipenesieHns. Kpurepun KBaHTWIen yIo0eH TeM, YTO caMy
3JIeMeHTBI BBIOOPKM B VX UMCIIOBOM BBIpaXKeHWN He VCIIOJIB3YIOTCs. VICIIoIb3yeTcs JINIIb caM
dakT nornagaHMs 371IeMeHTa BHIOOPKM B OITpeie/IéHHbIN HTepBal. Kpurepuit KBaHTWIe Ipu-
MeHseTCs TakKe TPV ITpoBepKe HeKOTOPBIX IPYIMX TUIIOTe3.

IIpumep 7.3. Caenano 30 nsmepeHuit cirydariHon sesimamuel X: 2,8; 2,6; 3,6; 3,2; 3,9; 3,4;
4,1; 3,7, 2,7, 3,9; 2,8; 3,8; 3,5; 3,1; 3,3; 3,5, 3,4; 3,7; 3,0; 3,3; 3,5; 3,7; 4,0; 3,6; 3,5; 3,1, 3,8; 3,5; 3,9; 3,6.
C ypoBaeM 3HaummocTy o = 0,05 IpoBepUTH TUIIOTE3y O TOM, YTO MeAMaHOV VMCTVMHHOIO 3aKOHa
pacIipeniesieHns sBJIgeTcs umncio 3,5.

B manaom ciryuae n =30, p = 0,5, g =0, 5, np = 15. Yncsio k = 12 - umciio 371eMeHTOB BbI-

12-15 3

Oopkm, KoTopble MeHblle, YyeM 3,5. Torma ¢ = =— =~ —1,1. Pemmm ypaBHeHMe
4/30-0,5-0,5 2,74

D(ty) = (1 - 0,05)/2 = 0,475. I'lo Tabrmtam HaxomuM: t, = 1,96. Tak Kak |t| < t, TO TUIIOTE3Y O

TOM, UTO MeJIyiaHa MOXeT ObITh paBHOM 3,5, IPVHVIMAEM.

7.4. [poBepka rMnoTtes 0 pacnpeaesieHnsax

PaccmoTpuM 3amady npoBepku eunomes 0 3aKoHe pacnpedejeHiis. DMIVIPUYIecKrie 3aKOHBI
pactrpeqiesieHVsi BepOSTHOCTEV VIMEIOT IVICKPeTHBIVI XapaKTep He3aBVCVMO OT TOTO, SIBJISeTCS
JIL 5Ta BeJIMYMHA OVICKPETHOV VIV HelPpephIBHO. VIcIoib30BaHye TaKoro 3aKOHa B pasiinmd-
HBIX pacyéTax OKasbIBaeTcsl He Bcerja yaoOHbM. IToaToMy Bo3HMKaeT 3ajjaya 3aMeHbI ero HeKo-
TOPBIM TEOPETUUIECKM 3aKOHOM pacIIpesiesieHs, KOTOPBIVI ObUT OBl B OIpeneIEHHOM CMBIC/Ie
OMM3KMM K SMIMPUYECKOMY 3aKOHy. DTa 3afava pelaeTcs cilenyiomym obpasom. ITo Bumy
TYICTOrpaMMBl, TIOJIUTOHa WIN Ipadmka sMIMpudecKort GYHKIMM paclipeesieHns Mo cIpa-
BOYHMKAM BBIOVIpaeTcs IOOXOMSIINI TeOPeTNUIeCKUII 3aKOH pacIIpeiesIeHVsI VI BBIIBUTAeTC
rurore3a (Ho) 0 TOM, 4TO MMEHHO 3TOT BBIOPAHHBIV 3aKOH SBJISI€TCS MCTUMHHBIM 3aKOHOM pac-
IIpeiesieHs M3ydaeMoVl BeJIMYMHEL. 3aTeM II0 OIpele/IEHHOMY KpUTepuio 0JIM30CTI TeopeTu-
YeCcKOro ¥ SMIIVPUYECKOro 3aKOHOB pacIipe/ie/IeHV BBIIBUHYTas IMIIoTe3a IIPpUHVIMAaeTCs VI
orBepraercd. Camu Kpurepum OIM30CTM MOTYT OBITh pas3IMIHBIMK, II03TOMY VICTVMHHOCTD BbI-
IBVHYTOVI TUIIOTe3bI MOXKHO IIPOBEPUTH Pa3INUHBIM OOpa3OM.

Kpumepuii x2-ITupcona. OgHyM 13 Hamboslee pacIpOCTPaHEHHBIX KPUTEPUEB SIBIISETCS
kputepunt x2-Ilnpcona. Beg mmpora sMmmMpudeckoro pacrpenesieHns pa3OvBaeTcs Ha 1 dac-
TUYHBIX VMHTEPBaJIOB, VI CPaBHMBAIOTCS BEPOSITHOCTY IOMNalaHMs M3MePeHHBIX 3HaUeHUN CITy-
JaviHOV BeJIMYVHBI B 3TV VHTepPBaJIbl [IJIs CJIydasl SMIMPUYECKOIro pacrpeseleHVs W s CITy-
yasi TeOpPeTUUecKoro pacripesiesieHs. B kauecTse Mepbl OTKIIOHeHMs1 OepéTcs BesumHa
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, _ 2
x> :Z (n, —np,) , (7.9)
i=1 np;
rae n - 00BEM BBIOOPKM, 1; — UMCIIO 3JIEMEHTOB, IOIABIINX B [-I1 MHTEPBaJl, P; — BEPOSITHOCTD
IIOIIaflaHs B I-TBIVI VIHTEPBaJl, BBIUMCIIEHHAs Ha OCHOBE TeOPETMYECKOrO pacIpenesIeHNs.
CMBICIT BeJITYVMHEBI X2 3aKJIIOYaeTCs B CJIeAyIolIeM. B kauecTBe Mepbl OTKIIOHEHMS SMIIMpIIde-
CKOTO pacIipefielIeHNsI OT TeOPEeTNYeCcKOro B i-M MHTepBaJle MOXKHO B3SATh KBafpaT PasHOCTU

MeXAy C-)MHT/IpV[‘IeCKOV[ n TeopeTT/ITfIECKOVI BEPOATHOCTBIO ITOIIadaHWA M3yqaeMor71 BeJIMYMHBI B
2

n.
* 2 2
stot uHTepBa: (p;, — p,)" =|—-p, | =—(n, —np,)”. Ecm Ternepr cymmmpoBaTh KBajipa-
n

ThI OTKJIOHEHUTI 110 BCeM MHTepBalaM, TO Bce OTKJIIOHeHMs OyIyT yUTeHbI C OVHaKOBbIM BeCOM
He3aBMCVMO OT BeJIMUMHBI p;. [Tpn ogHOM 11 TOM Xe abcoIIOTHOM OTKJIOHEHWMM OTHOCUTeSIbHAas
BeJIMYMHA OTKJIOHeHMs OyaeT TeM OoJibllle, UeM MeHbIIle BepOsITHOCTD p;. LlerrecoobpasHo BBe-
CTU BecoBble KO3 PUIIMeHThl, 00paTHO MPONOpLMOHaIbHBIE BEPOATHOCTSM pi. BbIOOp K03d-
durMeHTOB B BUe 11/p; IPUBOAUT K dpopmyiie (7.9).

BeposiTHOCTM p; BEIUMCIIAIOTCS 10 TeOPeTUYeCcKo (TMIIOTeTrdecKov) PyHKIMM pacipe-
nereHvs F(x) vy 1Io COOTBETCTBYIONIEN IUIOTHOCTM f(X):

p, = F(z)~F(z,)= [ /0,

I7le zi1 VI zi — JieBas U IpaBasi TpaHuIIbI i-Oro MHTepBaJla.
OkaspIBaeTcsi, UTO ecJIv TMIIOTe3a BepHa, TO BeJIM4MHa X2 pacipefiesieHa 1o 3aKoHy X2 ¢ k
=r - 1 cTenteHsiMM cBOOOMIBL. DTMUM (PaKTOM OOBSICHSETCS BBIOOP CTPYKTYPBI BeCOBOro Koaddm-

renTa. 1o Tabimilam pacriperiesieHsi (2 pelraeTcs: ypaBHeHVe OTHOCUTeIILHO 3HaueHusl ), :
P’ 2y} =0, (7.10)
I7e o - MaJlasi BeJln4unHa, BeiovpaeMast B npenerax 0,01 + 0,1. Drta BermmumHa (ypobers sHauumo-
cmu) II0 CMBICIIY SBJISIETCS BEPOSATHOCTBIO OTBEPIHYTH VICTMHHYIO I'MIIOTE3Y, T.€. BEPOATHOCTBIO
ommGKM TIepBoTO pora. Bermrumma ). - KpUTMYeckoe 3HadYeHMe BemauHbl }2. OHa sBIseTcs

_ _ - . 2
HVDKHEV T'paHuIlell OJJHOCTOPOHHe KpuTudeckon obsactu [, ; °°) JaHHoro kpurepus. ITpa-
BIJIO IIPUHATWS PellleHsl OCHOBBIBaeTCs Ha CpaBHEHWV BBIYMCIIEHHOTO 3HadeHus Y2 ¢ KpUTH-

2 2
YeCKVM 3HadYeHVeM X(Zx . Ecrmm X <X o TO TUITIOTE3a O COOTBETCTBUV SMIIMPUUIECKOI'O 11 Teope-

TNYECKOIo 3aKOHOB IIPVMHMMAETCA, B IIPOTMBHOM CJIydae, KOI'la BbIYMCIIEHHOE Xz II0ITagaeT B
KpUTNYECKYIO O6J'IaCTB, 9Ta I'MIioTe3a OTBepraeTcsi.

V.[,[Leﬂ 9TOr0 KpuUTepMs 3aK/II0O4YaeTCAd B CJIEAYIOIIEeM. Bemmamuaa X2 paciipeneijieHa 110 3a-
KOHY X2 TOJIBKO B TOM CJjIy4dae€, Korja rmrores3a Hy sBnsieTcst victuHHOM. VIMeHHO IIp1 3TOM Yy CJIO-

2
BUM OBUIO OIIpeleJIEHO KpUTUYeCcKoe 3HaueHne Xa TaKVM o6pa30M, YUTO BEPOATHOCTD BBIIIOJI-

2
HeHMs HepaBeHCTBa X2 = ), O4eHb Masia (0). IIpearionoxmm Tereps, 4TO 3TO HepaBeHCTBO, TeM

He MeHee, BBIITOJIHWIOCH, T. €. BhIYMCIIeHHOe 3HadeHye X2 II0IaJIo B KPUTHUYeCKyIo 00/1acTb. DTO
3Ha4YMUT, YTO MHPOM3OIUIO MajoBeposATHOe coObITre. Ecyim Bce Hamm paccyXieHus BepHBI, TO
TaKoOVl pe3yJIbTaT SIBJISIeTCs JOCTaTOYHO peAakuM. IToaromy MBI mopsepraeM COMHEHMIO HaIll
paccyxnaeHusi. Mpl MOIJIM clielaTh OIIMOKY JIMINB TOT/A, KOTJa ITPeriooXWIN UCTMHHOCTD
rposepsieMont rurotessl Hy. CiieroBaTesibHO, 3Ty TMIIOTe3y HY)KHO OTBeprHyTh. [IpunHmMasn Ta-
KOe pellleHe, Mbl MOJKEM COBEPIINTh OIIMOKY C BEPOSITHOCTBIO O, IOCKOJIBKY MMEHHO C 3TOM
BEpPOSATHOCTBIO YKa3aHHOe MaJIOBEPOSTHOE COOBITIIE MOXKET ITPOV30MTIHA.
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Ecrin TeopeTnueckoe pacripefiesieHne COAEpXUT HeW3BeCcTHBIe MapaMeTphbl, TO Ieper]
BBIUVICJIEHVIEM BEPOSITHOCTEN! pj, STV IlapaMeTphl (HalIpuMep, MaTeMaTidecKoe OXMiaaHue, JIVC-
Iepcis U T.I1.) OLIEHMBAOTCS 10 TOVI JKe caMoV BBIOOpKe. B TakoM ciTydae 4mciio crerieHert cBo-
Oompl k pacripenerneHus X2 yMeHbIaeTcsi: k = r — s — 1, e s — 4MCII0 OLIeHEHHBIX ITapaMeTpPOB.
Yricito 9acTUYHBIX MHTEPBAJIOB CJIeAyeT OpaTh He MeHee 8, OIHAKO, eCyIV /ISl HEKOTOPBIX VH-
TepBaJIOB TP BBIYMCIIEHNSIX OKa3bIBaeTcs np; < 5, TO MX HY>KHO OOBEIVNHSATH C COCEITHVIMI VH-
TepBajslaMi1, 4YTOOBI ObUIO 1p; = 5 (B OTBETCTBEHHBIX CJIydasx He momyckaercs np; < 10). Obiee
YIICIIO IHTEPBAJIOB IIPY 3TOM, €CTeCTBEHHO, COKPAIIIaeTCsl.

Kpumepuii w?. HemocraTkoM kpurtepwms x2-IIupcona sBisieTcs TO, YTO [PIS €ro IpyMeHe-
HMsL HeoOxomyM OoJIbIIoN 06bEM BEIOOPKI. DTO CBSA3aHO C T€M, YTO B KPUTEPUM VICIIOIb3YeTCs
VIHTePBaJIBHBIV BapWAIIMOHHBIN Psifl, TPV IOJIyYeHNM KOTOPOTo MMeJla MeCTO JacTU4YHas Io-
Tepsi MHopMarmy (3a CYET rpyNIMpoBaHNs JaHHBIX). B cirydae Masibix 0OBEMOB BEIOOPOK Iie-
J1eCOO00Pa3sHO MCIIOIb30BaTh KPUTEPUV, HEIIOCPe[CTBEHHO OIMparolyecss Ha M3MepeHUs WC-
criemyemovt BermumHbl. Hanbortee pacrpocTpaHéHHBIM KpUTepyieM TaKOro TUIla SIBJIsieTcsl Kpu-
Tepum w? (1 ero MogudmKamnymu). B aTom Kputepun B KadecTBe Mepbl OTKJIOHEHM SMIIpIde-
CKOTO pacIipefiejieH s OT TeOpeTNYecKOro IpVMeHseTCs BeTdIHa

w’ = [[F ()~ F(0)) dF (x),
rae F'(x) - smmmpudeckast GYHKIMS paciipeneieHns BepositHocTels; F(x) - TeopeTmyeckas (rm-
roreTndeckasl) GyHKUMs. VIHTerpupoBaHye IIPUBOANUT K CJIeAyIOIIeMYy BbIpaXKeHWUIO:

n . 2

@ . +lz F(xi)—zl_l

12n nig 2n

I7ie X; - 3JIeMeHThI BRIOOpKN. [loKa3aHo, UTo pacrperiesieHVie BeJIMYMHBI 110)? PV BO3pacTaHUM 11

IIOCTaTOYHO OBICTPO CXOOWUTCS K HEKOTOPOMY IIpeesIbHOMY pacIpeesleHVIo, [jIs KOTOPOro

cocrap/leHa TabsmIIa.

HpaKTVI‘-IeCKVI KpurepreM MOXXHO ITI0JIb30BaTbCA yoKe IIPU 1 > 40, YTO BBI'OHO OT/IMYaeT

3TOT KpuTepuil oT Kputepus 2. CxeMa OpUHATUA pellleHNs aHaJIOTMYHa CXeMe, pacCMOTpeH-
HOM BbllIe. Pemtaercs ypasHeHMe

, (7.11)

P{nw?2>z,} =0, (7.12)
T.e. TI0 3aJJaHHOMY yPOBHIO 3HAYMMOCTY O, II0 TabJIMIIaM HaXOAWUTCS KPUTNYECKOe 3HAYEHWE Z,.
Ecyn okasbiBaeTcst, 9To nw? < z,, TO TUIIOTE3a O COOTBETCTBUV SMIIVPUYECKOTO U TEOPETINIECKO-
TO pacrpeesIeHn I IIPVHVIMAETCS, B IIPOTVBHOM CJIy4ae — OTBepraeTcs.

IIpumep 7.4. ITo BeIOOPKe, 3a1aHHON B IIpuMepe 6.4, IOCTPOUTD HOJINUTOH 1 FUCTOrpaM-
My. [TomoOpaTh mOAXOOAIINI TeOPeTUUeCKUTI 3aKOH pacIipefiesleHNsl BepOsITHOCTel 1 IIpoBe-
PUTb TUIIOTE3y O COOTBETCTBUM 3MIIMPUYECKOrO 3aKOHa paclipesiesieHs BEIOpaHHOMY Teope-
TUYEeCKOMY 3aKOHY ITpM ypoBHe 3HaummocTu o = 0,05.
I'To marHBIM IpUMepa 6.4 COCTaBUM CIIEAYIONIYIO TaOJIMITY:

i 1 2 3 4 5 6 7 8 >
Zi+Zi 0+0,6 0,6+1,2 | 1,2+1,8 | 1,824 | 2,4+3,0 | 3,0:4,2 | 4,2-5,4 | 5,4+9,6
A; 0,6 0,6 0,6 0,6 0,6 1,2 1,2 4,2
X; 0,3 0,9 15 2,1 2,7 3,6 4,8 7,5
n; 15 12 8 4 5 8 4 3 60

pi" 0,267 0,2 0,133 0,067 0,083 0,133 0,067 0,05 1
pi'/A; | 0,445 0,333 0,222 0,112 0,138 0,111 0,056 0,012




[poBepKa CTaTrCTrYecKx rmnortes

B Tabmmite ncnonb3yroTes crremyoniye o0o3HadeHMs: A; — IIVPWHA i-TO MHTepBaJia; pi* -
SMIIMPpUYecKasl BEpOSATHOCTD IIOIIaJaHus B i~V MHTepBall. B mociieqHern cTpoke IIpeAcTaBIIeHbl
3HaYEHMS SMIMPUIECKOV IUIOTHOCTU pacipeeieHns BEPOSTHOCTEN IJIsl YaCTUYHBIX MHTEPBa-
710B. 1o maHHBIM 3TOV CTPOKM CTPOVMIM I'MCTOTpaMMy W IIOJIMIOH paclipesiesleHvis], KOTOpble B
JaHHOM CJIy4ae dBJIAI0TCA ABYMs pasIMYHBIMM IpaduecKMy IIpeicTaB/IeHVsMY SMIpuJe-
CKOVI INTOTHOCTY pacIipesie/ieHNs BepOsSTHOCTe M3ydaeMoVt BeJIndmHbl (puc. 7.1).

pi*/ A; Pt*/ A

Puc. 7.1. TucrorpamMma M IOJIUIOH paclpesiesieHNs1, IIOCTPOeHHbIe
110 MHTepBaJIbHOMY BapMalVIOHHOMY PsIIy

W3 rpadpmkoB BUITHO, UTO SMIIMpPUUYECKOe paciipesieieHVie OUeHb IT0X0XKe Ha TeopeTuye-
CKOe 3KCIIOHeHIIMaIbHOe pacIipefiesieHe. B 1osb3y BeIOOpa 9KCIIOHEeHIIMaIbHOTO paclipesierie-
HVSL B KauecTBe IMITOTeTIYEeCKOIo TOBOPUT UM TOT (paKT, YTO OIIeHKM MaTeMaTH4eckoro oXma-
HUS M CpeHero KBaJpaTudeckoro OTKJIOHEHWs J10cTaTouyHo Omimsku. VIsecTHo, 4TO B Cilydae
SKCIIOHEHIIMaJIbHOTO pacIIperiesleHls 3TV apaMeTpbl paBHBIL.

o
1 oIleHKM IlapaMeTpa A SKCIOHEHIMaJIbHOrO pacrpeneieHus F(x)=1-e™,

2
f(x)=4e™™, x=20, A>0, ucnonb3yem cooTHoIIeHUe My = 1/), 3aMeHMB MaTeMaTUUeCKoe

OXMJIaHWe My €T0 OLIEHKOVI 111,*, BBIYVCIIEHHOM B IIpuMepe 6.4: A =1/m,"=1/2,033 = 0,492 = 0,5.
Takvm oOpa3om, ruIIoTeTMYeCKOe pacIiperiesieHrie IMeeT BT

F(x)=1-e"", f(x)=05-¢*, x>0.

TeopeTndeckre BepOSTHOCTHM IIONAJaHMsA CJIyYarHOVI BeJIMYVHBI B YaCTUYHBbIE VHTep-
BaJIbl BEIUMCIIAIOTCA 110 popmyite: pi = F(zi) - F(zi1), i1 =1, 2, ..., 8. Hanpumep, p1 = F(0, 6) - F(0) =
=(1- 6_0’5'0’6) -(- 6_0’5'0) =1-0,741=0,259. Torma np: = 60 - 0,259 = 15,54. BeirtosnHsis aHaso-
TMYHbIe BBIYMCIIEHNS [JI BceX MHTepBaJIoB, BHECEM IIOJIyUeHHbIe pe3ysibTaThl B Tabimmity. Ilpa-
Basd rpaHMIla IOCJIeHero MHTepBajla IIPUHATa PaBHOM oo, TaK KaK B Cjly4yae I'MIIOTEeTMYeCKOro
pacIipeniesieHys CJTy4ariHasi BeJIMuyHa MOXKeT IIPUHMMAaTh 3HaueHus B uHTepBasie (0; o).

B cooTBeTcTBUM C TeopueVt 3HaUeHV 1p; He JOJDKHBI ObITh MeHbIIle IIITH. B Tabsiiie 31O
OBUTIO yuTeHO IyTéM OOBedVMHeHMs 5-TO MHTepBaia ¢ 6-M, a 7-ro - ¢ 8-M. B mByx mociemHmx
cTOsI0axX IIPOBOAUTCS BBIUMCIIEHNE BeJIMUYMHBI X2 HellocpecTBeHHO 1o dpopmyrte (7.9). Tlomy-
4JeHHOe 3HadeHye paBHO X2 = 1,4306.

1] ozirzi | omi | F@) | F(zn) pi npi ni=npi_| (ni=npi)*/ (npi)
1] 0:0,6 16 0,259 0 0,259 15,54 0,46 0,0136
2106+12 | 12 0,451 0,259 0,192 11,52 0,48 0,02

31 06+1,2 8 0,593 0,451 0,142 8,52 -0,52 0,0317

4 1 0,6+1,2 4 0,699 0,593 0,106 6,36 -2,36 0,8757

51 0,6+1,2 5 0,777 0,699 0,078 4,68

6| 06+1,2 8 0,878 0,777 0,101 6,06 226 04736

71 0,6+1,2 4 0,933 0,878 0,055 3,3

8 1 06+1,2 3 1,000 0,933 0,067 4,02 052 0,014

) 60 1,000 60 0 1,4306
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Tak Kak OKOHYATeIIBHBIV PACUET BEJIMIMHEI X2 IIPOBOAMIICS I10 6-TV MHTEepBalaM ¥ OVH
rapamMeTp ObUI OLIEHEH (A) IO 3TOVI e BBIOOPKE, TO UMCIIO CTelleHeV CBOOOIIbI paciIpere/IeHs
X2 O6ymet paBHO k = 6 - 2 = 4. [lo Tabimiiam pacrpenerneHus y2 ¢ 4 creneHsiMu cBoOOIBL U C
ypoBHeM 3HaummocTu o = 0,05 HaxomuM KpuTudeckoe 3HadeHMe X2 = 9,5. Berunciennoe 3Ha-
ueHue X2 MeHbIlle KpuTndeckoro. CjieioBaTesIbHO, TUIIOTe3a O COOTBETCTBUM SMIIVPUUECKOTO 1
TeOPeTMIeCKOTrO paclipesieJieHVs IIPVHVIMAaeTCs. DTO O3HAadaeT, 9YTO MOXXHO pacCMaTpuBaTh VC-
cJleflyeMylo BeJIMUMHY KaK BeJINYMHY, paclpeIe/léHHYIO 10 SKCIIOHEeHIIaIbHOMY 3aKOHY C Ia-
pamerpom A = 0,5.

B 3axmroueHne 3ameTnM, UTO IPMHSTYE JIIOOOV IMIIOTe3bl BOBCe He O3HA4YaeT, YTO OHa
IIeVICTBUTEIPHO MCTMHHA. PaKT IPUMHATHS IMIIOTe3bl O3HAYaeT JIUIIh TO, YTO JTaHHas BRIOOPKa
He IIpOTUBOPEUNT 3ToN rumnotese. He ciregyer Taxke 3abbiBaTh, YTO MNPV HPUHATUN WIN OT-
KIIOHEHUVI TUIIOTe3bl MBI MOXKEM COBEPIIVTH OIHY M3 OMIMOOK: 100 OImMOKY IIepBOro popa,
mbo ommOKy BTOporo popa. [TosToMy IIpy IIOIOIHEHMUY CTAaTUCTIYECKMX ITaHHBIX (yBesde-
HUY 00bEéMa BEIOOPOK) TUITOTE3y CHOBA PEKOMEH/TYeTCs IIPOBEPSTh.

TepMuHbI ANA 3aNOMUHaAHUA

¢ Crarncrrdeckasl TMIIOTe3a; HysleBas I'MIIOTe3a; ajlbTepHaTVBHad IMIIOTe3a; KpUTUYecKas
00J1acTh; MPaBOCTOPOHHSISE KpUTHUYecKasi 00JIacTh; JIEBOCTOPOHHSI KpUTHUUecKasi 00s1acTh;
IBYXCTOPOHHSSI KpuUTHYeckasi 00J1acTh; OIIMOKa IlepBOro poja; ommbKa BTOPOrO pofa;
CTaTUCTUYECKUV KPUTePUIL; KpUTepuN KBaHTWIer; Kpurepun x2-IIupcona; kpurepun w?.

Cnucok KOHTPOJIbHbIX BOMNMpPoOCoOB

YTo HaA3BIBAETCS CTAaTUCTUUECKOV TUIIOTE3071?

Yro Takoe ajibTepHATUBHAs VIV KOHKYpUpPYIOIIas ruoTesa’?

Yro Ha3bIBaeTCs CTAaTUCTUUYECKM KpUTepriem?

HaviTe ompernesieHne OMIMOOK IIEPBOrO 1 BTOPOTO poa.

YTo Takoe KpuUTIIecKkasi 001acTs?

INosicHuTe, YeM OTIIMYAeTCsl OMHOCTOPOHHSIS VI IBYXCTOPOHHSIS KpUTHUYecKue 001acTi?

Kakne 3akoHBI pacripeesieHss MOKHO IIPVIMEHUTD ISl IIOCTPOeHMsT KpUTIYIecKom obJiac-

TV B CJIy4ae IIPOBEePKM IMIIOTe3bl O MaTeMaTUYeCKX OXVUITaHMsSIX?

8. Kakom 3akoH pacIpernereHMsI IIpUMeHsieTcs Il IOCTPOeHMs KPUTUUYeCKOW olyiacTvi B
cJIy4ae IPOBepKYM I'MIIOTe3bl O AVCIePCHsIX?

9. TlosgcHuTe, KaKasd ruroTesa IpoBepsieTcs C IIOMOIIBIO KpUTepys KBaHTMIe?

10. Kaxko KpuTepui MOXHO IIPUMEHUTD IIpW IIpOBepKe I'MIIOTe3bl O MeAraHe?

11. Kakosa ocHOBHas uzes Kputepus y2-IlvpcoHa mpoBepku rmmoTes o 3aKOHaX pacipezesie-
HUST?

12. B uém nmpuHIMNMaibHasg pasHulla Mexay KpurepueM y2-ITupcona n kpurepuem m??

NG ®PN =

Bonpoc ans obcyxxaeHms

B xakmx CUTYyalVAX BO3SMOXXHa ITpOBEPKa KOHerTHOVI TUITIOTE3bI CTaTVCTUYEeCKVMI MeTO,HaMT/I?
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OAncnepcuoHHbIA aHanus3

CTyaeHT [oJ/HKeH
OCBOMUTb:

e 1oHsATHE daKTOpa, YpoBHeN daKTopa, IUlaHa KCIepuMeHTa, OCBoe-
HMe cXeM OJHO(aKTOPHOIO, /IByxdaKTOPHOIO aHa/Iu3a, Tpéxdax-
TOPHOTO aHa/IM3a (IUIaH «JIATMHCKUI KBapaT»);

npuo6pecTn HaBbIKKN:

® IIpOBeleHMs IVICIIEPCMOHHOIO aHaIM3a I10 MMEIOIIMCSA VICXOIHBIM
TaHHBIM.
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[locTaHOBKA 3amauy IOUCIEPCUOHHOTO aHajmz3a. OXDHOOAaKTOPHEI OUCIEPCUOH-
O met ananms. IByXOaKTOPHENT AMCHEPCUOHHEN aHam3. TpéxQaKTOpHBNL OuUcC-
[IEePCUOHHBY aHanM3. IlJaH «JIaTUMHCKMM KBaIpaT».

B\ b
KpaTkoe
corepKaHue

8.1. [locraHoBKa 3afjaun AUCNEPCUOHHOr0 aHann3a

B ducnepcuonnom anasuse ycraHapiavBaeTcs PaKT 3aBUCVIMOCTVI VIV He3aBVICMMOCTH VAC-
CIIeTyeMOVI CIIy4YalfHOV BeJIMYVMHBI OT OHOTO MJIM HeCKOJIbKIX dpakTopoB. Camm paKTOpEI MO-
I'yT OBITh KaK KOJIMYECTBEHHBIMM, TaK ¥ KaueCTBeHHBIMV. MOXXHO, HapyMep, IIOCTaBUTh BO-
ITPOC, 3aBUICUT JIV KOJIMYECTBO JTOPOXHO-TpaHCIOPTHEIX ITponciiectsuit ([ITII) ot msera aBTo-
MoOwmIen? 3xeck pakTop - IIBET aBTOMOOWIS — sIBJIsieTcsl KaueCTBeHHBIM. MOXXHO IOCTaBUTh
apyrom Borpoc: 3aBucuT i Kormaectso I TTI ot Bo3pacra BoguTesna? 3mech pakTop - BO3pacT
BOIIUTeEJIS — SIBJIsieTCsl KOJIMYeCTBeHHBIM. B pesysibTaTe nycriepcOHHOTO aHaI3a MOXET OBITh
IIPUHSTO OIHO M3 IBYX PeIeHuiT: WIN «1a», WIN «HeT». AHaJIu3 MOXXHO ITIPOBOJIUTH KakK IT0 Ka-
XIIoMy (PaKTOPY OTIIeIbHO, TaK ¥ IO IBYM WIV HeCKOJIbKMM paKTopaM OfHOBpeMeHHoO. B mep-
BOM CJIy4ae aHaJI3 Ha3bIBAIOT 00HODAKIMOPHBIM OUCHEPCUOHHBIM AHAAU30M, BO BTOPOM — 08yxcbax-
MOPHBLM VITTA MHO20(DAKIOPHBIM.

OOGryro 1ocTaHOBKY 3ajlauy AMCIIePCHMOHHOIO aHaIn3a pacCMOTPUM JIs CJTydas, Korja
nMeeTcs Tpu pakropa. ITycte X - HeKoTOpas cilydariHasl BeJIM4yHa, Ha KOTOPYIO MOTYT BIIVSATh
daxToper A, B 11 C. TpebyeTcst BEIACHUTD, KaKye 13 3TuX (paKTOPOB SBJISIOTCS CYIIleCTBeHHBIMM
B CMBIC/Ie BJIVSHMA Ha BeJImdnHy X U KaKue — HecyIlleCTBeHHbIMI. [IJIs OTBeTa Ha 3TOT BOIIPOC
Bce (PaKTOPBI KBAaHTYIOTCS B OIIpe[le/IEHHOM CMBICIIe VIV, KaK IIPUHSATO TOBOPUTD, pPa30dMBaroTCs
Ha yposHu. Hammpumep, mis dpakropa A - «I1I1BeT» — YPOBHSMU SIBJISIIOTCSI pas/IMYHBIe IIBeTa:
ypoBeHb A1 - «KpacHBIN», Ay — «CUHUM», A3 — «3eJI€HBIN» U T.JI. YpoBHsAMU dpakTopa B - «B0O3-
pacT» - MOIyT OBbITh pasIMyHble HellepeceKarolyecs: MHTepBaJlbl, HallpuMep, ypoBeHb B1 - BO3-
pact ot 20 o 30 set, yposens Bz - ot 30 o 40 m T.1.

ITyctb dpaxTop A mmeet ypoBHM A1, Az As, ..., Ay, daxTop B - yposum By, By, Bs, ..., By,
daxrop C - yposuu Ci, Gy, G, ..., Cu. HenaroTca naMepeHms: BeJIMYMHbBL X IIpY pas/IMYHbIX KOM-
OuHanusX ypoBHet aKTOpoB, Hampumep, npu KoMmomHamysx (A, Bi, Ci), (A2, Bi, Ci), (A1, By,
C2), (As, By, Ci) m T.o. Cxema BeIOOpa KOMOMHAINI YPOBHEN (PaKTOPOB, IIPW KOTOPBIX CIIeflyeT
IeraTh M3MepeHMs, Ha3bIBaeTCs NAAHOM skcnepumenma. Ecrv mepebupaioTcss Bce BO3MOXKHEBIE
KOMOVHAIMM ypoBHeV PaKTOPOB, TO IUIAH SKCIepVMEHTa Ha3bIBAIOT HOAHBIM (DAKMOPHbIM NAA-
Hom. ITpenronoxmmM, uTo KaXXaplvi paKToOp MMeeT 110 s ypoBHer. Torma umciio pasjiMuHbIX KOM-
OuHauy yposHen paKTOpoB OyJieT paBHO S3. DTO UMCIIO MOXKET OKa3aThCsi OOJIBIINM, UTO IIPU-
BOIUT K OOJIbIIIOMYy O0BEMY BBIOOPKM. UTOOBI COKpaTUTh TpeOyeMbIt 00bEM BBIOOPKM, IIpVIMe-
HAIOT ApyTye IUIaHbl 3KcIepuMenTa. KitaccueckuM IIpyMepoM TaKoro IUIaHa SIBJISeTCS HAaH
«aamuuckuil xk6adpam», KOTOPBIN IIpUMeHseTcs i TpéxdakropHoro aHaymsa. CMBICI 3TOro
IUIaHa COCTOUT B TOM, UTO IUIS M3MepeHWUI OTOMparoTCsl TOJIBKO TaKye KOMOWMHAIIMM YpOBHeN
dakTopoB, cpeiyt KOTOPbIX KOMOVHAIIMY C OJMHAKOBBIMI IIapaMy YPOBHeV BCTpedaroTCsl TOIIBKO
oIVH pa3. Takov IIaH M03BoJIsieT COKPaTUTh MUHMMAaJIbHOe YMC/I0 M3MepeHNIi C s3 J10 2.

VsMmepeHns, crertaHHble IIpy KOMOVHaIMM ypoBHen dakTtopos (A;, B, Gi), Oymem obo3Ha-
yaTh Yepes X, I7ie ¥ — HoMep M3MepeHNs Ipy JaHHOV KOMOMHaImm. B aucriepcrioHHOM aHammse
ITpeIIioyiaraeTcs, UTo BCe M3MepeHMs SBJISIOTCS CTaTUCTIYeCKV He3aBUCUMBIMU ¥ pacrperie/IéH-
HBIMI T10 HOPMaJIbHOMY 3aKOHY C OJTHOVI U TOVI ke Aycriepcuert 62. [IpenriosiaraeTcst Takxxe, 9To

Xijkr = Mij + Sk,
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[ncnepcroHHLIA aHank3

T71e Mij — MaTeMaTn9IecKoe OXMaaHue BelanHbl X mpu KomOnHanym yposaeit (A;, Bj, Cv); Sk -
HOPMaJIbHO pacIipefle/IéHHas clydaliHas BeJIdyHa C HyJIeBbIM MaTeMaTW4eCKM OXMAaHVeM
u nucrepcuen 62. TpebyeTcs niposepuTh rumoTesy Ho 0 TOM, 4TO BCce MaTeMaTH4ecKye OXu/a-
HMS OAVMHAKOBBI, T. €. Mijx = m JJIsl Bcex 3HaueHu i, j, k. DTa rumoTesa sKBMBaJleHTHa IIPeIIo-
JIOJKEHWIO, YTO HY OJIVH 13 paKTOPOB He BJIMsAeT Ha BeJIMUnHYy X.

AJIbTepHATVIBHOVI WIVI KOHKYPUPYIOIIeV rmroTe3on Hi ABJIseTcs: MperookeHue, 9o
X0Ts ObI oyH akTOp BIMsgeT Ha BerumHy X. [TprHymMas perrenve Ho, MBI OTBepraeM BiVISTHVIE
Ha X omHOBpeMeHHO Bcex dakTopos. [IpuHmmMas perenve Hi, Mbl IIpu3sHaéM, UYTO Ha BeJIMUMHY
X oOKasbIBaeT CyIIleCTBEHHOe BIIVsiHVME XOTs Obl ogyH dakrop. Crenars BbIBO, OoJlee geTabHO
MOXKHO TOJIBKO ITOC/Ie JOTIOJIHUTEIbHOIO aHaIn3a Ha OTCYTCTBUE B3aVMOJIEVICTBYS MeXIy dak-
Topamu. Ecsiv Takoe B3amMOIeVICTBYIe VIMeeT MeCTO, TO MOXKeT OKa3aTbCsl, UTO KaXIbIl paKTop
VIHIVIBUIyaJIbHO He BJIVseT Ha BeJIMuMHy X, HO 3a CYET VX B3aMMOJIEVICTBIS BIsiHMe (paKTopoB
Ha X B COBOKYITHOCTM OyIeT cyllecTBeHHBbIM. Eciii B3ammopenicTBust MeX1y ¢akTopamu HeT, TO
pellieHVe O BIVISIHMY Ha BeJIMuMHy X MOXXHO IPVHVIMATB 110 KaXI0My (paKTopy He3aBUCIMO.

8.2. 0OaHOhaKTOPHbIA ANCNEPCUOHHDbIA aHaNu3

ITycte mpoBepsietcs runoresa Ho o ToM, uto dpakTop A He BimsgeT Ha Beymunny X. [Tpen-
HOJIOXKWM, UTO pakTop A mMeeT k ypoBHeit: A1, A, ..., Ax. Ha xaxmoMm ypoBHe daxTopa cretaeM
1o 1 m3MepeHuit. ITosrydmm coBokynmHOCTh M3Mepenmit xij, i =1, 2, ..., k,j=1,2, ..., n. ObozHaummM
uepes 11; MaTeMaTIdeckoe oXMgaHue BeJndnHbl X Ipu i-M ypoBHe dakTopa A. ObIree MaTeMa-
TUYecKoe oXuaaHue eJimanHbl X 00o3HaumM vepes m. Ha ocHOBe aKcriepriMeHTaIbHBIX JaHHBIX
TpebyeTcs IIpoBepuTh TMII0Te3y Ho 0 paBeHCTBe Bcex MaTeMaTIIeCcKVIX OXKMIaHL:

Homi=my=...=m=m. 8.1)
J1s mpoBepKM I'MIIOTe3bl BBIUMCIIAIOTCS OLIeHKM MaTeMaTU4YecKMX OXMIIaHWI Ha Bcex
yPOBHsIX paKTOpa 1 OlleHKa 00IIIero MaTeMaT4ecKOro OXMIaHI:
S « 1 ko 1k
m; =—3x;, i=1,2,...,k; m o=——3¥x;=—2m,. (8.2)
nj=1 knizij= ki=1

3aBMCHIMOCTD VICCIIe[lyeMOVI BeJIMUMHBI OT dpakTopa A MOXeT 0OHapyXXUTbCs IIPU CpaB-
HEeHWM OIIEHOK MaTeMaTWYecKVX OXWUIaHWUI m;* (U1 Bcex i) C OIleHKOW OOIero MareMarude-
ckoro oxupanusa m”. OgHaKo Takoe cpaBHeHVe B AVICIIEPCMOHHOM aHaIu3e JlejlaeTcs He Hello-
CPeJICTBeHHO, a C IIOMOIIBIO SMIIMPUYeCcKX Aucrepcuii. VIMeHHO Mo3TOMy TaKoVl aHaIu3 Ha-
3bIBA€TCS AVCIIEPCUIOHHBIM.

Omnyckas koadpdpuimeHT 1/ (kn), KOTOpBIT PUTYPUPYET B OLIEHKE AVICIIEPCUN BEJINIMHBI
X, paccMOTpUM CyMMy KBaJpaTOB OTKJIOHEHWV V3MepeHHBIX 3HadeHWUV 3TOV BeJIMYMHBI OT
00111ero SMIMpMIecKOro MaTeMaT4ecKoro OXXMaaHVs:

* 1 R #92 op #q2
kn-D; =hkn-—-> > [x; -m P =0=>>[x; -m']>.
kn 3 = i=l j=1
Mnesa AVCIIEPCMOHHOIO0 aHaJlr3a COCTOUT B TOM, YTO 3Ta CyMMa pa36VIBaeTC$I Ha IBe€
KOMIIOHEHTBI, OJHa 13 KOTOPBIX 00ycIIoB/IeHa BiMsiHMeM pakTopa A, ipyras — BceMu IpyTMu,

HeKOHTpoJIMpyeMbIMI, (pakTopamu. ITposenném Takoe pasdueHme:

0=3x,—m'T =3 S [(x, —m )+ (m, —m' )] =

i=l j=1 i=l j=1

[x; —m?]2 +Zi2-(x”. —mf)-(m; —m*)+2i[m; -m ]

J=1 i=1 j=1 i=1 j=1

k n
i=1
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Yunureisas, uTo BTopoe cjlaraeMoe paBHO HYJIIO (B CIJTy He3aBMCUMOCTV M3MepeHUN! Be-
ayHEL X), TIOITy 9VM:

0= Ql + Qz s (8.3)
k n k k n
e Q= ZZ[xij -m' T, Q= nZ[M, -m'T, Q= ZZ[XU. —m ]’ . 3mech B cymme Q1 rpoBe-
i=1

i=l j=1 i=l j=1
IIleHO CYMMMpPOBaHUe T10 MHAEKCY .

KommnoneHnTa Q1 XxapakrepusyeT OTK/IOHEHMe CpeIHMX 3Ha4eHWUN BeJnmunHbl X Ha pas-
HBIX YPOBHAX (paKTOpa OT OOIIero cpejHero sHaueHNs, T.e. XxapaKTepusyeT BiIusHMe ¢daKTopa
A Ha paccMaTpvBaeMyIo BeJIMUMHY. Berrumba Q1 HasbIBaetcs pacceuBanuem no gpaxmopy. Kom-
roHeHTa (> yKas3blBaeT Ha paccesiHVe CIIyYaviHOVI BEJIMYMHBI BHYTPU YPOBHeN (pakropa, T. e.
3Ta KOMIIOHEHTA CBs3aHa C BIIVISTHVEM Ha BeJIMUMHY X HEKOTOPBIX APyrux ¢akTopos. Bervram-
Ha Q> Ha3bIBaeTCA ocmamounviM pacceubaruem. CpaBHUBAS T JBe KOMIIOHEHTBI, MOXKHO CIie-
JIaTh OIIpelleJIEHHBIE BBIBO/IBI OTHOCUTEIIBHO TOTO, CYIIIeCTBEHHO JIV BiIvsHIe dakTopa A.

OudeBMIHO, YTO CpaBHEHME yKa3aHHBIX KOMIIOHEHT JO/DKHO IIPOBOUTBCS Ha OCHOBE
HeKOoToporo Kpurepusl. Tak Kak BeymamHa X 10 yCIIOBUIO MIMeeT HOpMaJIbHOe pacIipesiesIeHyie C
aycrepcuert 62, To BenmumHa /62 Oymet uMmeTh pacrpenesieHue )2 c (nk - 1) crereHbro cBoboO-
npl. C Opyrov cTOpoHBl, Bce BesmumHbl 11" (1 =1, 2, ..., k) Takke OyayT paciperesieHbl 110 HOpP-
MaJIBHOMY 3aKOHY C OIVMHaAKOBOV Auicrepcuert 62/n. ITpenmonoxmum Tereps, 4to rumoresa Ho
BepHa. Torga Bermmumna Q1/ 62 OyneT pacrpenerieHa 1o 3aKoHy X2 ¢ (k - 1) crereHbt0 CBOOO/IBL.
Onmpasice Ha CBOVICTBA pacIpelieleHns )2, MOXKHO CHeIaTh BBIBOZ, YTO OTHOIIeHVe (J2/G2
TaKXXe pacIIpe/ieIeHO 110 3aKOHY X2 C UMCIIOM CTelleHel CBOOOIbI, paBHBIM pasHocTH (nk — 1) -
- (k = 1) = k(n - 1). CineposaTesibHO, OTHOIIIeHMe F, omrpenesiseMoe (popMyJsIon

_ 0 /k-D)
0, k(n=1]’

Oynet mmets F-pacripenenenmne (Purrepa - CHemekopa) co creneHsimu codonbl k - 1 m k(n - 1).

[asee 1IpoBepKa I'MITOTe3bI IPOBOIMTCS OOBIMHBIM 00pa3soM. 3alaéTcsl ypoBeHb 3HaUMIMOCTV
0. (BEpOSATHOCTB OLIMOKY IIeEPBOro pofia) v 1o TabiviiaM F-pacripesiesieHst pelliaeTcsi ypaBHeHMe

P{F>2F,}=q. (8.5)

(8. 4)

V3 sTOr0 ypaBHeHWsI HaXOAWUTCA KpUTHUUYecKoe 3HaveHue F,, KOTopoe sBIIsieTcs HVDKHe
rpaHuIIer KpuTideckKon obactvt 3HaueHw 1 F. [IpaBiuio mpuHSTHS pelieHns CTlefIyToIee: eciin
F - BeIunciieHHOe 3HaueHue 110 dpopmyite (8.4), To mpu F < F, runoresa Ho npuHMMaeTcd, a Ipu
F > F, runore3a otsepraercs. CMBbICII 3TOrO IpaBiwia odeBuneH. Ecim dakTop A He okasbiBaeT
CyIIIeCTBEHHOTO BIIVISTHMS Ha X, T.e. TmIioTe3a Ho MCTUHHA, TO BeymurHa Q1 I0/DKHA OBITH OTHO-
CUTEIBHO MAaJIOV 110 OTHOILIIEeHMIO K BeymamHe Q. Ecymv Jxe oTHoILeHMe F oKa3bIBaeTCsi OOJIBIIINM,
TO BIIMsIHMe paKTopa A cileffyeT HpU3HATh CYIIIeCTBeHHBIM.

ITpu «pydHBIX» BEIUVCIEHNSAX YI0OHee I0Ib30BaThCs CIIeYIOMNMM (POPMYIIaMIL:

0= Zix; —nekem”, O =n(}m? —k-m?), 0, =0-0,. (8.6)

i=l j=1
Camm BBIUMICIIEHVISE OOBIYHO IIPOBOMAT B TaOmmitax. OOVH 13 BapMaHTOB TaKOM TaOIMIThI
npuBoauTcs B ripumepe 8.1.

IMpumep 8.1. Vccenyercs: 3aBUCMMOCTD IIPOIIEHTHOTO coflepXkaHusl Opaka (BeJMunHa
X) cpenyt u3JIesINi, M3rOTOBJIEHHBIX 3a e[MHUILy BpeMeHM, OT TeMIlepaTypbl OKpY KaloIlen cpe-
npl (pakrop A). beul mponsBeiéH MoIcYeT KoImdecTsa OpaKOBaHHBIX W3IEINI I IATY VH-
TepBaJIOB BpeMeHM IIpU TPEX pas3IMIHbIX TeMIlepaTypax OKpYy Kalollen cpefibl. PesyibTaTsl 13-
MepeHMI ITpeJicTaBJIeHbl B CileflyTolliel Tabsmiie.
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ITporieHT Gpaka Ipy HOBBIIIIEHHOV TeMIlepaType 2,5 3,3 24 3,0 2,6
IIpornieHT Gpaka IpU HOPMATUBHOV TeMIlepaType 24 3,2 2,2 2,7 2,3
ITporieHT Gpaka Ipy HOHVDKEHHOVI TeMIlepaType 2,6 34 3,0 3,1 2,8

MeTomoM IMCIIEpCMOHHOTO aHaIv3a MPOBEPUTh TMIIOTe3y O BIIVSHUM TeMIlepaTypbl
Cpembl Ha IIPOLIEHTHOe cofieprkaHve OpaKa CpelIy M3TOTOBJIEHHBIX M3IeIINIAL.

Ilycte ypoBeHb dakTOopa A1 COOTBETCTBYeT IOBBIIIEHHOV TemIlepaType, A» - HOpMa-
TUBHOW TemIlepaType, As — IIOHVDKeHHOV TeMIlepaType. Bce BbrumciieHms: mposefém 1o gop-
Mys1aMm (8.3) B offHOVI TaOsmIle.

*

A; Xij mi Xii? m;*2

A1 | 2513324302627 | 625 | 10,89 | 576 | 9,0 6,76 | 7,6176

Ay [ 241322227123 |25 | 576 | 1024 | 484 | 7,29 529 | 6,5536

As | 26 |34 1303128298 | 676 11,56 9,0 | 9,61 7,84 38,8804

)y 83 | 1877 | 32,69 | 19,6 | 259 | 19,89 | 23,052

B nocrtemaert cTpoke TabIIMIIBI 3aMIVICAHBI CYMMBI 3JIEMEHTOB CTOJIONOB. TakmM obpasoM,

m'= 8; =2,7667, m” = 17,6546, Q =18,77 + 32,69 +19,6 +25,9+19,89 —3-5-7,6546 = 2,03,
0, =5(23,052-3-7,6546) = 0,439, Q, =2,03-0,439=1,591, F = % = 1,65

ITo Tabrmiie F-pacrpernerieHys IIpy cTelleHsax cBOOoAr! k1 = 2 11 ko = 12 11 ypoBHe 3HaUMMOCTH O
= 0,05 maxoguM Kputndeckoe 3HaueHme F, = 3,88. Tak kak BerumcieHHOe 3HadeHne F = 1,65
MeHBbIIle KPUTINYIecKoro 3HavyeHns F,, To npuHmMaercs runoresa Ho. PesysbraTs! aHaimsa mo-
Kas3bIBAIOT, UTO BIIVIsSIHVE TEMIIEpaTyPHOTO peXXrMa Ha IIPOIleHTHOe colepykaHve Opaka B TOTO-
BOV ITPOOYKINV He SABJISIE€TCA CYIeCTBEHHDBIM.

8.3. [Byx(aKTOpHbLIN ANCNEPCUOHHDbIA aHANN3

AByxdaKTOPHBIN aHAIN3 IIPOBOIMTCS aHAIIOTMYHO. 110 KakIoMy (aKTOpy BBIUMCIISIETCS
CBOE OTHOIIleHMe F 11 HaxOIWUTCs CBOE KpuTudeckoe 3HaueHMe F,. OmdmeM cxeMbl OByxdax-
TOPHOTO aHaJIM3a OT OTHO(MAKTOPHOTO SIBJISIETCS TO, YTO B ABYX(PAKTOPHOM aHa/IV3€e ITOSIBIISIETCS
HEOOXOIMIMOCTB ITPOBEPKV TUITOTe3bI 00 OTCYTCTBUN B3aVIMOAEVICTBIISL MKy (PaKTOpaMIL.

ITycte mposepsieTcs rumoTesa o BimsiHUM dakTopoB A 1 B Ha Beymumny X. ITpenrmoso-
X1M, 4T0 pakTOop A mMeeT k ypoBHers, a dpaxTop B - n yposHen. VismepeHwue Besumabl X Ha i-
oM ypoBHe dakTopa A 1 Ha j-OM ypoBHe (pakTopa B Oynem oOo3HavaTh Xij, e r - HOMep U3-
MepeHMs Ha JaHHOV KOMOMHAaumM ypoBHe. OTOpOocM BpeMeHHO TPeTUit MHIEKC, CUMTast, YTO
Ha KaKIov KOMOMHAaIMu ypoBHeN (paKTOPOB c/ejlaHO II0 OJHOMY M3MepeHMIO. Beeném o0o-
3HAYEHVIS:

* 1z . * 1k
m, =—in]-, i=1,2,...k; m,; =—inj,
nj=1 k iz
1 a (8.7)
j=12,.,n, m =—2 2%, i=1,2,.. k.
nk j=1i=1
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3neck m'; + eCTh AMIMPpUYecKoe MaTeMaTdeckoe oXiaaHue BeJInumHel X Ha i-oM ypoBHe
daxTopa A, m"+j - Ha j-OM ypoBHe ¢daKTOopa, m" — oOIllee SMIMPUYeCcKOe MaTeMaTYecKoe OXN-
naHve BeuuHEeL [1ycTe m;i+, m +j, m — COOTBETCTBYIOIIVE VICTUHHBIe (Heu3BeCTHbIe) MaTeMa-
Tdeckre oxupanusa sermunHbl X . Torma ocHoBHas rumortesa Hy 3akiIouaeTcs B paBeHCTBe

BCeX MCTVHHBIX MaTeMaTUYeCKX OXVITaHWI:
Hy: m,=m, =..=m,_,=m,=m,=..=m, =m.

+ +n

JJ1s1 TIpOBEpPKM 3TOVI TUIIOTe3BI CyMMa KBaf[paTOB OTKIIOHEHWUVI MI3MEPeHMII OT 00IImero
SMIVPUYECKOr0 MaTeMaT4IeCcKOTo OXKMIaHVs pa30mBaeTcs Ha TPV KOMIIOHEHTHI:

0=0+0,+0, me Q=Y Ylx,~m'F, Oy =n-Ylm.~m'T,

n . (8.8)
Oy =k lmy,—m'V, Q=3 % [x,—m, —m +mT.
i=1 i=1 j=1

KommnonenTra Q1 xapakrepusyeT BivsiHMe dpakTopa A Ha paccMaTpvBaeMyIo BeJIMUMHY.
Bermmamuna Q1 HasweiBaeTcs pacceubanuem no gpaxkmopy A. KomrionenTa Q> xapakTepusyeT BIIVs-
Hue pakTopa B Ha paccMaTpuBaeMylO BeJIMUMHY ¥ HasbIBaeTcs pacceubanuem no gpaxkmopy B.
KommnioneHnTa Q3 yKaselBaeT Ha paccesHMe CJIy4dallHOV BeJIMUMHBI BHYTPY KOMOVMHAIIUI YPOB-
Hel1 (PaKTOPOB, T. €. 3Ta KOMIIOHEHTa CBsi3aHa C BIVSHYEM Ha BeJIMYMHY X HEKOTOPBIX JPYITX
daxTopos. BermrurHa Q3 HasbIBaeTCs 0CIMAMOUHbIM pacceubanuem.

Tak kak BesiumHa X 110 YCJIOBUIO MIMeeT HOpMaJIbHOe pacIipesiesieHue ¢ AVCIiepcrert 62,
To BermumHa /02 Oyaer umeTh pacrpenesieHne x2 ¢ (nk - 1) crenensio ceobomel. Bee Bermrun-
HBl M+ (i =1, 2, ..., k) Takke OyayT pacrpenesieHbl 110 HOPMaJIBHOMY 3aKOHY C OAVMHAKOBO
aucnepcuert 62/n, a BeImauHel m'+j (j =1, 2, ..., n) - 10 HOpMaJILBHOMY 3aKOHY C AMCIIepCUer
02/ k. ITpenmnomnoxmm Tenieps, uro runoresa Ho BepHa. Toraa Bermrunaa 1/ 02 OyaeT pacupene-
JIeHa 110 3aKoHY c X2 (k — 1) creneHbIo cBOOOIBL, a BeyumHa 2/ 62 OyaeT pacrperesieHa 110 3a-
KOHY ¢ %2 (n - 1) cTerreHnto cBobompl. Ommpasich Ha CBOVICTBA pacrperie/IeHns X2, MOXHO cie-
J1aTh BBIBOJI, UTO OTHOIIIeHMe (J3/ 62 TakKe pacIpereieHO I10 3aKOHY X2 C UNMCIIOM CTeIIeHew CBO-
60mp1, paBHBIM pasHocTH (nk - 1) - (k-1) - (n-1)=nk-k-n+1= (k- 1)(n - 1). CrenoBaTensb-
HO, oTHoIIeHMe Fi, ompenerszemoe dpopmysion

_ O Mk-l) _Q-(n-)
b0, (k=D (n-1)] o,

Oynet mMeTh F-pactipenerienue (Puiepa - CHeekopa) co creneHsimMu cBooonsl k — 1 (k - 1)-
(n - 1), a orHOLIEHMe F>, onipeesisieMoe POPMYJIION

__ Q=) _Q,-(k=1)
2 - ’
Oy /[(k =1)(n-1)] 0,
Oynet nmeTs F-pacmipepiesieHne co cTereHssMu ceooonst n - 1 u (k - 1)(n - 1).
Hartee 3amaéTcst ypoBeHb 3HAUMMOCTM O M 110 Tabmvaiam F-pactipenernenviss nBaxnbl pe-
maercs ypasHenme P{F > F} = o.. Ilo crenensm csobomst k — 1 u (k - 1)(n - 1) onpenernsiercs

(8.9)

(8.10)

KpuTm4eckoe 3HaueHme Fy1, a 1o crerersim ceobonbl 1 — 1 u (k - 1)(n - 1) - KpuTHdeckoe 3Have-
Hue Fqp. [TpaBwio npuraTys pemtenvis cnenyrolnee: ecim Fi < Fop n F < Fp To runoresa Hy ipu-
HMMaeTcsl. DTO O3HavaeT, 4To oba pakTopa He OKasbIBaIOT CYIIeCTBEHHOT'O BIMAHMA (IIpY 3a/JaH-
HOM yPOBHe 3HauMMOCTM) Ha Vccile[lyeMyIo BeJIndnHy. B crydae, Korga B3aMoIeviCTBIe MeXITy
daxTOpaMy OTCyTCTBYET, pellleHre MOXKHO IIPVHMMATh 110 KaXIoMy (PaKTOpy VHAUBUIYaIBHO.
Ecrn Fr 2 Fyg vt F> < Fop, TO dakTop A BinseT, a pakrop B He Bimset Ha BermunHy X. [Tpu Fi < Fy
u F» 2 Fyp, HatpoTuB, pakTop A He BimseT, a dpakTop B Biamser Ha BermmunHy X. HaxoHer, ecin
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F1 2 Fa v F> 2 Fyp, TO HYXXHO IIpM3HaTh BisiHMe Ha X 0bonx daxkropos. He cienyer 3a0bIBaTh,
YTO 3TV BBIBOMBI IMEIOT BEPOSITHOCTHBIV XapaKTep, TaK KaK MMEIOT MeCTO BEPOSITHOCTY OIIMOOK
MIepBOro 1 BTOPOTO pona.

ITpu «pyduHBIX» BEIUMCIEHNSAX YI0OHee I0Ib30BaThCs CIIeAYOMMMY (POPMYIIaMIL:

k n k
* * *
0= E Zx;—n~k~m2, len(Zmif—k-mz),
i=l j=1 i=1

) (8.11)
0, =k(2m3 _n.m*z)’ 0,=0-0, -0,.

JJ1s1 TIpOBepKYM IMITOTE3BI 00 OTCYTCTBUM B3aMIMOLEVICTBIS MeXy dpakTopamy HeoOxo-
IVIMO VIMETb 110 HeCKOJIBKY M3MepeHMI Ha KaKIom KoMOvHamy yposHelt pakropos. IIpenrro-
JIOKMM, YTO Ha KaKIOV KOMOVHAIM ypOBHEN (PaKTOPOB CAeIaHo 1o ¢ m3mepeHmit. Torma pac-
CMaTpuBaeTcs OObIUHas 3a7ava ABYX(aKTOpHOro aHaIn3a, B KOTOPOV BMeCTO X;j OepyTcs Besu-
YUVHBI Xij +:

1¢ . .
Xt :?Exij” i=1,2,.,k j=12,.,n

I'imioTesa 06 OTCYTCTBUM B3aMMOJEVICTBUS IIpOBepsieTcs CJIeyIoM o0pasoM. Beruric-
JISIeTCS DOIIOTHUTEIbHOe OTHOIIeHe Fs:

_ O, Itk =D(n-1)]
o0 lkn-e-1]

e O, = Zii(xijr =)

i=l j=1 r=1

OtHomenne F; Oynmer mMets F-pactipenenienne co cremensmu ceoboper (k - 1)(n - 1) n
kn(t - 1). Kak 0ObIYHO, IO YPOBHIO 3HAUMMOCTH O, I TAHHBIM CTEIIeHSM CBOOOIBI OIIpeiesieTcs
KpuTideckoe 3HadeHne Fo3. Ecn F3 < Fy3, TO B3amMopieicTBie Mexly dpaKTopaMy He SIBJIsSieTCs
CyLLIeCTBEHHBIM. DTO O3Ha4aeT, YTO pellleHre O BIMAHUM PaKTOPOB MOXXHO IPVHMMATh VMHIIN-
BUIyaJIbHO 110 KakaoMy dakropy. Ecim Fs > Fy3, To B3aumoenicTBrie MeXay dakTropamu Ipu-
3HaETCH CylIeCTBeHHBIM. B TakoM cilydyae Hy»XHO IIpOBeCTV OIHOMAKTOPHBIV aHJIN3 IO KaXX[Io-
My (aKTOpy OTHeIbHO, 3aTeM Yy4ecTb, UTO B COBOKYIIHOCTM 3TU (PaKTOPbl TakKXke OKa3bIBaIOT
BJIVISIHVIE Ha VICCIIeyeMYIO BEeJTVUVHY .

8.4. TpéxcdaKTOpHbIX AUCNEPCUOHHbIN aHAIN3.
MnaH «JIaTUHCKUWA KBagpaT»

PaccmoTpeHHy0 cxeMy HpOBeAeHVs IVMCIePCYOHHOIO aHaIu3a MOXXHO ITPVIMEHSTh U
s Gostbiero umciia dakropos. OgHAKO ¢ POCTOM umciia PaKTOPOB Pe3KO ITOBBIIIaeTcs Tpe-
OyeMbIl1 OOBEM M3MepeHMIT CIIy4YarHOV BeJIMYMHBL. B CBA3M ¢ 3TMM MHOIA OTKa3bIBAIOTCA OT
IIOJIHOTO (PaKTOPHOTO IUIaHa VI IIPUMEHSIOT TOT IUIaH 3KCIIepUMeHTa, KOTOPBIV IIO3BOJISIeT CO-
KpaTUTb 4MCIIO M3MepeHuit. PaccMoTpuM ogHMM M3 TaKMX IUIAHOB — IUIAH «JIaTMHCKUV KBaJl-
pat», IIpuMeHsieMBbIN B TPExdaKTOPHOM aHasIu3e.

VImeetcst cirydariHast BesindrHa X, Ha KOTOPYIO, BO3MOXHO, BIVSIOT Tpu pakTopa A, B
C. Ilycte KaxapIit dpakTop MMeeT n ypoBHen. Torga st peajmsalyiy IIOJIHOIO aKTOPHOIO
IUIaHa II0TpedyeTcs He MeHee yeM 13 M3MepeHUN. Ves 1miaHa «JIaTMHCKUI KBajpaT» COCTOUT B
arepyromemM. VisMepeHus [IeIalOTCs O TaKOVI CxeMe, B KOTOPOW KaXkgas Ilapa ypOBHeW pas-
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JIMYHBIX (PAaKTOPOB BCTpedaeTcsi TOJIBKO oauH pas. [IpencraBumM Tabsmiient Takyro cxemy s
n=3:

Al Bl CYl Al BZ CZ Al B3 C3 CYl CZ C3
cxema m3mepenmvt | 4,B,C, A,B,C, A,B,C, |, marpuma CK =|C, C, C,
A,B,C; A,B,C, A,B,C, c, C C,

3neck mobas mapa ypoBHeN BCTpedaeTcs TOJIBKO ofuH pa3. CTpokm TaOiInIIbl COOTBET-
CTBYIOT yPOBHSIM dpakTOopa A, CTosIOLBI - ypoBHSIM dakTopa B. 11 yaoOcTBa dTeHMs TaOIMIIbI
V3MepeHUN MOXKHO PsiIoM 3ammcaTh knodesyro MaTpuily CK misa yposraeit dakropa C. Takon
IUTaH 3KCIIepVIMEHTa I03BOJISieT COKPATUTh YMCIIO M3MepeHm ¢ 13 1o n? (c 27 mo 9 mpm n = 3).

Vsmepenns BermumHbl X MHAEKCUPYIOTCS ABYMsI MHOeKcamu: 1o dpaktopam A u B.
[TpuHamIeXXHOCTh M3MepeHs OqHOMY 13 ypoBHel dpakTopa C onpenestsiercs 1o matpuiie CK:

X X X3
Xop Xy Xp3

X3 X3 Xa3

BMHVIPVI‘IGCKVIG MaTeMaTn4decKre OXXMOaHVIA HaXOOATCA I10 qupMynaM:

s I R 1
m,, =_inj’ I’I’l+j :_inj’ m, =_inj’ =_zzx (8.12)
n = 1 i ns

i=l j=1

3meck 1’1+ - SMIVpUYecKoe MaTeMaTidecKoe OXijaHye Ha i-OM YpoBHe dakTopa A, m'+
j — TO Xe Ha j-OM ypoBHe dakTopa B, m"; - Ha t-oM yposHe dakropa C, m" - obIriee sMImpmnde-
CKOoe MaTeMaTudecKoe oXuaHue. Bee mamekcs m3MensoTcs ot 1 110 7.

[artee mporiefypa aHaimM3a aHaJIOTMYHa cXeMe ABYxdaKTopHOro aHaimsa. [IpuBeném
COOTBETCTBYIOIIVIE (POPMYJIBL:

Q:Q1+Q2+Q3 +Q4, rae Q:izn:[xlj—m*]z, Ql ZH'ZH:[m;—m*]z,

i=1 j=1

o (8.13)
, =n- Z[m , Oy =n- Z[m m’ 2’ 0, = [xij_m;_mj-j_m:-l_ 2m*]2-
=1 j=1
ITocsie BeIUMCIIEHVSI STMX CyMM HaXoOATCA TpVI OTHOIIIEHWA:
(n=2 (n—2 (n-2
p Q02 L 0=)) . 0-(n-D) 10
0, 0, 0,

Yuicrio crerieHert cBoOoAR! onvHAK0BO M1t Q1, Q2, Qs, v paBHO (11 - 1). Y cymmsl Q4 mMeeT-
ca (n - 1)(n - 2) crenenert cBoOomel. Takmm obpaszoM, KpuTndeckoe 3HaueHme F, HaXOOAUTCS 110
tabrmriam F-pactipenenenvs ms (n - 1) v (n - 1)(n - 2) cTerieHen cBOOOAEI IIpY 3aJaHHOM yPOBHE
3Ha4MMOCTH O, KaK pelleHve ypasHeHMs (8.5).

Permenvie mpuHMMaeTcss TOUHO Tak e, KaK B AByxdakTopHOM aHasmse. Ecim BbImos-
HAIOTCSA HepasBeHcTBa F1 < Fy, F» < F,, F3 < F,, To runore3a Hy npuHMMaeTcs. DTO 3HAYNUT, UYTO
BIIVISTHIIE BCeX TPEX paKTOPOB Ha MCCIIeAyeMyIO BeJIMUVHY IIPU3HAETCS He CYIlIeCTBeHHBIM.

Ecsit xoTst Ob1 07THO U3 yKa3aHHBIX HepaBeHCTB He BBIIOJIHAETCs, TO I IIPVHSTHS pellle-
HVIS TI0 KaXIoMy paKTopy MHAVBUIYyaJIbHO HeOOXOoIMa TI0JIHasl YBePEeHHOCTh B TOM, UTO B3au-
MOZIEVICTBIS MeXAy dpakTopamyt HeT. Eciii Takom yBepeHHOCTM HeT, TO IPUIETCS JI0TIOJTHUTE b
HO IIPOBEPSITh TUIIOTe3y 00 OTCYTCTBMUM B3aMMOZEVICTBUS MeXay dpakropamu. DTa Hpolleaypa
aHaJIOTMYHa TOVI, KOTopas ObUIa pacCMOTpeHa B cxeMe 1By X(PaKTOPHOI'O aHaJIM3a.
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TepMuHbI AN 3aNOMUHAHUA

¢ JlucniepcroHHBIVI aHaJIN3; OTHO(AKTOPHBIVI IVCIIEPCUMOHHBIV aHaIN3; IBYX(aKTOPHBIV U
MHOroaKTOPHBIV AVCIIEPCMOHHBIV aHa/IU3; IUIaH 3KCIepVMeHTa; IIOJIHBbII (PaKTOPHBIN
IUIaH; IUIaH «JIaTMHCKWUI KBaJlpaT»; paccerBaHe 110 (paKTOpy; OCTaTOUHOe paccevBaHe.

Cnucok KOHTPOJIbHbIX BOMNMpPoOCOB

Kakyro 3asiauy pelraer qyciepcrOHHBIV aHaIn3?

Kax nonmMars TepMirHBI «0OJHOPaKTOPHBIV aHaIN3» Y «MHOTO(aKTOPHBIVI aHaJIV3» ?

YTO TaKOe «IUIaH 3KCIIepVIMEHTa» B IVCIIEPCMOHHOM aHaIM3e?

B uém 3axmrogaeTcs mest ojIHOro bakKTOpHOro IUlaHa U IUlaHa «JIaTUMHCKUI KBajpaT»?
Kaxkor1 kputepuit mpoBepKy I'MIIOTe3bI VCIIOJIb3YeTCs B IVCIIePCMOHHOM aHasv3e?

Kak cpaBHMBaroTcsi MaTeMaTwdecKye OXMIOAHWMS MCCIIelyeMOVI BeJIMYMHBI Ha pa3HbIX
YPOBHSIX paKTOPOB?

7. Yro HasbIBaeTcsd paccevBaHMeM 110 paKTopy?

8. Uro Ha3bIBaeTCs OCTaTOYHBIM paccerBaHMeM?

9. OObsgcHUTe IPaBWIO IPUHATHS PellleHns B OHHOPaKTOPHOM AVCIIEPCMOHHOM aHaJsIu3e.
10. OObgacHUTe MpaBWIO IPUHATHS PellleHNs B IByX(aKTOPHOM IMCIepPCYOHHOM aHaJIM3e.

11. Kak mpoBepuTb IMIIOTe3y 00 OTCYTCTBUM B3avMOIEVICTBI MeX1y dpakTopamm?

12. Ha duro ykaselBaeT KjIro4yeBas MaTpwlla B IUIaHe «JIaTMHCKUW KBagpaT» AVCIIEPCYIOHHOIO
aHaym3a’?

AN N

Bonpoc ans o6cyxpaeHns
Hpe)Z[HOHO)KV[M, YTO BacC ITIOIIPOCWIIV BBISICHUTH C IIOMOUIIBIO CTaTUCTUYECKMX METOHOB, BIIVIAET

I 1[BeT aBTOMOOWIeN Ha KOJIMYeCTBO aBTOMOOWIIbHBIX aBapuit. Kak Obl BBI pemasm 3Ty 3aj1a-
ay?
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CTyaeHT [oJ/HKeH
OCBOMUTb:

® METOAMKY IIOCTpOeHMsl (PYHKLWV, alllIpOKCUMMUPYIOMIVX CTaTUCTH-
yecKye 3aBUCVIMOCTY MeX]ly BeJIMYMHaMU, VI CXeM IIpOBeleHs per-
PeCcCMOHHOTO aHaJIN3a;

npuo6pecTn HaBbIKKN:

¢ IIpOBENEeHN: PerpecCrMOHHOIO aHaIM3a: JIMHEMHOTO, HEeJIVMHEeVHOrOo,
OIHOMEPHOI'0O, MHOTOMEPHOIO.
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ITocraHoBKa 3a71a4Mt perpeccOHHOrO aHaIM3a. JIMHeHbIN 11 HeJIMHEeTHbIV OJHOMEePHBIN
5= perpeccoHHBIV aHaJIM3. MHOTOMEepHBIVI JIMHEeVHBIV perpecCOHHbIV aHaJIN3.

B\ b
KpaTkoe
corepKaHue

9.1. [lMocTraHOBKa M CXeMa pelueHUs 3afjaum perpecCMoHHOro aHanamsa

3aada perpeccMOHHOTO aHaIM3a - 3TO 3a7lava 00 annpokcumayuu, T.e. IPUOIIVDKEHHON
3aMeHe, CTaTMCTIYECKOV CBA3V MeXIy BelIMuMHaMM (PyHKIIMOHAJIBHOV CBA3bIO0. B perpeccron-
HBIVI aHaJIN3 BXOIAT VI COIyTCTBYIOIIME 3a/a4l, CBI3aHHbBIE C OIIEHKOV TOYHOCTY aIllIpPOKCHMa-
LM, eé JOCTOBEPHOCTH, a TakKKe 3a7aull II0 BBISABJIEHMIO TeX IIepeMeHHBIX, KOTOphIe CYIIecT-
BEeHHBIM 00pa3oM BIIVSIOT Ha MCCIeyeMyIo CIyYarHyIo BeJIMIMHY.

PaccMoTpum 0OIITyI0 TIOCTAaHOBKY 3azlaui perpeccroHHoro aHaymsa. [lycTs Ha BeyamHy
Z MOTYT (IIpendfIosIoXNTe/IbHO) BIVATh BeyimauHel X, Y, ..., T. VIMeroTcs m gpyTruie BeIM4IMHbBI
(w1 paKTOpPHI), BIVSIONIMEe Ha BeJIMUMHY Z, KOTOpbIe He SIBJISIOTCS KOHTPOJIMpyeMbIM. B cBsa3m
C 3TVIM TOYHOe BBIUMCIIeHMe (IIPOrHO3MpOBaHMe) 3HaUeHNI BeJIMYMHBI Z 110 M3BeCTHBIM 3Haue-

HysM BesiavH X, Y, ..., T okasblBaeTcsl HEBO3MOXHBIM. B perpeccroHHOM aHasv3e IIpeqriosia-
raeTcsl, 4To Il BO3SMOXKHBIX 3HaUeHMVI YKa3aHHBIX BeJIVYVIH BBITOIHAETCS COOTHOIIeHVIe
z=0(x, Y, ..., 1) +§, (9.1)

e ¢(x, Y, ..., t) - HemsBecTHast PyHKIMS, a § — cllydaviHas KOMIIOHeHTa, 00yCIIOB/IeHHas Heyd-
TEHHBIMM (paKTOpaMM ¥ He3aBUCHIas OT IlepeMeHHEBIX X, VY, ..., t. ITpenmnosnaraercs, uro ciy-
YariHas KOMIIOHeHTa & MeeT HOpMaJIbHOe pacIpefie/IeHye C HyJIeBbIM MaTeMaTIIecKM OXN-
JaHueM 1 aucnepcuert 62, ITpubmokéHHoe ompenenene GyHKIMU @(x, Y, ..., t) IO aKcrepu-
MeEHTAJIbHBIM [ITAHHBIM U SIBJISI€TCSI OCHOBHOVI 3a/1auel perpecCMoHHOro aHasmsa.

3aMeTVM, 9TO apryMeHTBI VICKOMOU (PYHKIIMV MOTYT OBITh JIMOO CITydarHbIMY, JI0O He
CJIy4YaviHBIMM BeJIMYMHaMI. 371ech CyIeCTBeHHO TO, UTO HEeKOHTPOJIMpyeMas KOMIIOHeHTa ABJIsd-
eTcs CJTydaliHOW BeJIVMYMHON. DTa 0COOEHHOCTh OT/IMYaeT 3ajady PerpecCrOHHOIO aHajIu3a OT
OPYTHX 3a7a4 IIOA00HOTO TUIIA, HAIIpUMeP, OT 3a4a4ll MHTePIIOJIAIIAL

B n. 3.6 yXe roBopmwIock 0 TOM, UTO JIyulllent (pyHKIIMe 1)1 IIPOrHO3MpOBaHMs 3Hade-
HUVI OJTHOVI CJIy4aViHOVI BeJIVUYVHBI 110 3HAaYeHVISIM JPYTOVI BeJIMUMHEI SIBJISIeTCsl perpeccus. JTo
HIOJIOXKEHVIe CIIPaBeyIMBO U IS CJIyYasi, KOIfa Y 3aBUCHMMOVI IIEpeMeHHOV eCTh He OAWH, a He-
CKOJIBKO apTyMeHTOB. JleVicTBUTeIbHO, eciu Obl ObUIa M3BeCTHa yCJIOBHAsl IUIOTHOCTB pacIipe-
neinenus f(z | x, y, ..., t), TO MOXHO ObUIO ObI OITpelIeINTh YCIIOBHOE MaTeMaTidecKoe OXuaaHve
BeJIMYMHBI Z I10 OTHOIIIeHUIO K BeytmumdaM X, Y, ..., T:

m_(x,y,..)=M{Z|X,Y,..,T}= Iz~f(z|x,y,..., t)dz .

Dta pyHKIM ObUTa ObI HaWTyUIllell B CMbICJIe MMHVMYMa CpellHero KBajpaTa OTKIIOHe-
HWSI VICTVHHBIX 3Ha4eHUV BeJIMYMHBI Z OT MPOrHo3upyeMbix. Ha npakTuke 1mosryduTs yciioB-
HBIVI 3aKOH paclpeie/leHNsl BepOsITHOCTeVl HeBO3MOXKHO, IIOCKOJIBKY MccilejoBaTesIb pacriosiara-
€T TOJILKO M3MEepeHVSMI CIyYarHbIX BeJIMYVH, He VMes HMKAaKOW JIOIOJIHUTeIbHOV MHMOP-
Matvin. B cBsg3u ¢ atvM, pyHKINS @(X, Y, ..., t) MOXeT ObITh yCTaHOBJIEHA TOJIBKO ITPMOIVIKEH-
HO. DTy (DYHKIIVIO Ha3bIBAIOT annpokcumMupyouet pyHkyuetl VoI npoeHosupyouetl pyHkyuel.

3amada perpecCMOHHOIO aHajIM3a yCJIOBHO pasOuBaeTcs Ha fiBa oTana. Ha mepsom sTarie
BBIOMpaEeTCd CTPYKTypa allllpOKCUMUPYIOIIer (PYHKUIMM C TOYHOCTBIO JI0 HEeVM3BECTHBIX IIapa-
METpPOB. DTOT BBIOOp [ejlaeTcsd Ha OCHOBE HEKOTOPBIX M3BECTHBIX (PU3MUECKMX, XUMIYEeCKMX,
SKOHOMMYECKMX (¥ T.I.) CBOVICTB paccMaTpuBaeMOro Mpoliecca Wiy Ha OCHOBe MHBIX cooDpaxe-

136



PerpeccroHHbIii aHant3

HWIL. B "acTHOCTHM, ecyin M3ydaeTcs 3aBUCHIMOCTb MEXIY IBYMsS BeIVYMHaAMV, T.e. MIIETCS arl-
HpOoKCUMUpYIoIIasi PYHKIMS z = @(x), TO MOXXHO HaHeCT! 3KCIlepyMeHTaIbHble TOUKM (Xi, Vi),
i=1,2, ..., n, Ha KOOPOVHATHYIO IUIOCKOCTb M 110 XapaKTepy PacIIOIOXKeHVs 3TMX TOYeK cIelaTh
HIPeTIOJIOKEHNS O CTPYKType almpoKcuMupytomeit pyHakiym. [Ipy moiaHOM OTCyTCTBUM VH-
dpopmMarm 0 CTPYKTYpe arIpoKCUMIUPYIOIIeit (PYHKIIMY B KauecTBe TaKoV (PYHKIIVV BBIOVIPAIOT
MHOTOWIEH OT eé apryMeHTOB. CTelleHb MHOTOWIEHa MOXeT OBbITh yTOUHEeHa IpW JaTbHeVIIeM
VICCTIETTOBAHWAA.

Ha BropoMm 3Tame ompenersioT HewmsBecTHble KO3(UIIMEHTHI arlIpOKCUMIPYIOIIent
PYHKIIMM 13 YCIIOBVISI MMHVIMYMa CpeIHero KBajpaTa OIIMOKY IIPOrHO3MpoBaHus. [leaeTcs 3To
cremytorM oopaszom. I1ycTs MMeeTcs N He3aBVICHMBIX M3MEPEHNII COOTBETCTBYIOIIVIX 3HAUEHMT
pemuna Z, X, Y, ..., T:

Z, Xy Y, .. b
Zy Xy Yy o Iy
zZ, X, VY, .. t,

Torma mis Kaxmoro zi, i =1, 2, ..., 1, MOXXHO 3aIIliCaTh:
Zi= (p(xi, Yiy .., b, 4, b, ..., h) + é,‘, (9.2)
rae ¢(xi, Yi, ..., ti, a, b, ..., h) - PyHKIMA, CTPyKTypa KOTOpo ObUIa BeIOpaHa Ha IIepBOM 3Tarle C
TOYHOCTBIO [I0 HEM3BECTHBIX KO3 PuimeHToB 4, b, ..., h. HekoHTponmpyemas: koMmrioHeHTa &;

HpescTasiIsieT coOom owubky annpoxcumayuu. Takum oOpa3oM, cpeqHMUI KBagpaT OMIMOKM arl-
MIpOKCHMaIuy Oy/IeT paBeH:

1 n 1 n 1
_zgzz :_Z[Zi _(P(x,-,y,-,---ati)]z =—-8. (93)
n o nio n

KoaddurmenT 1/n He BrimsgeT Ha mpoliecc MuHUMM3anyn. IlosToMy 0OBIYHO MUHUMM-
3UpYIOT cymMmy S. HeoGxommMbIM yciioBreM 3KCTpeMyMa (PYHKIIUY HECKOJIBKMX ITepeMeHHBIX
ABJIIeTCSl PaBeHCTBO HYJIIO YaCTHBIX IPOM3BOAHBIX II0 3TVM IlepeMeHHBIM. Jlerko BuieTh, 4To
BeJINYMHA S MMeeT MUHVMYM U He nMeeT MakcuMyMa. IToaToMy 1t onrpeiesieHmsl TOUKM 9KC-
TpeMyMa (MMHMMYMa) JOCTaTOYHO PEIINUTh CUCTEMY YpaBHEeHU:

dS J 8(p
_=_2 . iy i""'ti’ ,b,...,h '_:0,
- ;[21 o(x;,y a 0=
dS L a(p
—=-2 —o(x;,y;, .. t;,a,b,.,h)]-—=0,
ob ;[Z’ rrYuroatis & 15 (9.4)
dS z o0p
_:_2 ;T iy ‘,...,ti, ,b,...,h '_:0.
o = 22N O Y i by ]
Ilycte 3sHAYenus a’, b’ ..., h* ecTb pellieHVe JaHHOV CyCTeMbl ypaBHeHUI. Torma dpyHKIIA
Z=0(x, Y, wnt, @b, .., h) (9.5)

Oynmer HawwIydIlen alllIpOKCUMMPYIOMIel (DYHKIIVEN B CMBICJIe MVHMMYyMa CpeIHero KsajpaTa
OIIMOKM IIPOrHO3MPOBaH (HavIydlllet 11 BBIOpaHHOV CTPYKTYPBI).

To4HOCTB amIIPOKCUIMAIINUV OIIpeIesIsIeTCs 0chamouHoil oucnepcueri. CMBICII OCTaTOYHO
IVICIepcum paccMoTpeH B I1. 3.6. Eciiv B KadecTBe pyHKIMM Q(X, Y, ..., t) BBIOpaTh yCJIOBHOE Ma-
TeMaT4ecKoe OXuaaHue (X, Y, ..., t), To Ayuciepcys BeJIMInHbL Z OyneT paBHa

D.=D, + D, (9.6)
rae D, - nycniepcyist KOHTPOIIMPYeMOV KOMIIOHeHTBL Q(X, v, ..., t) u3 (9.1); De - aucniepcrisi HEKOH-
TposmpyeMovi KoMroHeHTs! &. [Ipu mporHosuposanmy 3HaueHw z 110 popmyste (9.5) Heomperte-
JIEHHOCTD, CBsI3aHHAasI CO CJTyJaliHbIM XapaKTepoM I1epBoVt KOMIIOHeHTH! B (9.1), cHuMaeTcs, a Heorl-
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PeneIéHHOCTh, OOYCIIOBIIeHHAsT CJTyYaiiHbIM XapaKTepoM HEKOHTPOJIMPYEeMOVI KOMIIOHEHTHI &, oc-
taércs. [Tostomy aycniepenio D Ha3bIBAIOT OCTATOYHOVE AyicIIepcrert. TOYHO OIpenemTh 3Ty IVic-
IIePCIIO HEBO3MOYKHO, ITOCKOJIBKY HEV3BECTHO YCJIOBHOE MaTeMaTIdecKoe OXVIaHue (X, v, ..., ).
[t armpoxcmMupyrortieit pyHkyv (9.5) octaTouHas aycriepcys orpesersieTcs: popMyIIou:

D, = LZ[zi A (9.7)
n—K o

B a0t popmyste umcrio k siBIIsieTcs UmMcIIoM OLleHEHHBIX IapaMeTPOB arlIPOKCUMUPYIOIIeNt
dyHKIIMM. DTV HapamMeTpbl ObUIN OlleHeHbI Ha OCHOBE OfJHOVI V1 TOV JKe BBIOOpKM n3MmepenHwur. ITo-
3TOMY UVCIIO He3aBVICHMBIX CJlaraeMbIX B cymMe (9.7) Oyzer paBHoO 11 - k, a He 1, Kak B (9.3).

ITpenmosnoxmmM, 9To MoJTydyeHa HeKoTopas allrpokcumMupyomas dpyskiys tima (9.5). To-
rha s 3Tov PyHKIMM MOXKHO 3ammcarh paBeHCTBO: D, = Dy + D*oer. IIpy 3TOM D’ocr He OyrieT
MVHVMAaJIBHOV, TaK KaK allIpOKCHMVPYFoIiasi (PyHKIIVS SBJISIETCS BCETO JIVIID ITPUOIVDKEHHBIM
BeIpakeHMeM perpeccunt. Tem He MeHee, MOXXHO BBeCTM HEKOTOPBIVI KO3 DUIIMEHT CBs3M, aHa-
JIOTVIYHBIVI KOPPEJIAIVIOHHOMY OTHOIIEHNIO, KOTOPBIVI XapaKTepu3yeT CYIy CBSI3U MeXy Besu-
YMHOW Z VI BCeMU apI'yMeHTaM U alllIpOKCUMUPYIoIert PyHKIUNY B COBOKYITHOCTM:

2_D _ ocT
R*=—9 =1- o (9.8)

Ecrm anmpokcnMupytorias pyHKINSA VMeeT BCero OAMH apryMeHT, Hanpumep X, To Be-
mmavHa R2 OymeT sSBIIATHCS OLIEHKOV KOPPEeJISIMIOHHOTO OTHOIIEHVS ni /.- Ecoii, xpome ToTO,
VIMeeT MeCTO TOJIBKO JIMHEVHas CBsI3b, TO BelmumHa R2 Oymer orieHKoM KBagpaTa Koaddurim-
eHTa KOppeJIsiinmn rzi. Ecim apryMeHTOB HeCKOJIBKO, a CTaTUCTUYecKas CBsi3b TOJIBKO JIVMHeVI-

Hast, To | R| HaskBaroT 06064EHHbM K0IGPPULUEHNIOM KOPPeAALULL.

PaccmoTpumM nofpobHee cirydart, KOrja aliIpOKCMMUPYeTCs 3aBUCHUMOCTD BeJIMYMHBL Z
BCETr0 OT OHOVI CJTydavHOV BeymunHbl X. Beibepem cTpyKTypy ammpokcumupyromen dyHK-
LI B BUJle MHOTOWIeHa CTelleH ! 4:

Z=0agX7 + agaxt + ...+ ax + ao. 9.9)
Torna cucrema ypastenwi (9.4) sanmimeTcst CIeAyonmM oopasom:
dS
a—z—ZZ[z (ag +a,x; +ayx} +...+a,x])]-x] =0,
uq i=1
=—ZZ[Z (ag +a,x; +a,x> +.. Aax])] X1 =0,
a—z—ZZ[z (ag +a,x; +a,x> +.. +ax)] 0.
a i=1

[TpeoOpazys 3Ty cucTeMy, MOTYUYHM:

< 2 < 2g-1 N 1 N N
q q- q+ q _ q
aqzxi +aq_1§xi +...+a1§xi +a0§xi—§ ZiXi s
i=1 i=1 i=1 i=1 i=1
N g1 S N N 1N 1
q- - E 9 E . —E I~
ng X; +aq_1§ X, THeAap ) xitag ) x; =) z.x; -, (9.10)
-1 i=1 i=1 i=1 i=1

OcobeHHOCTBIO JaHHOV CUCTEMBI 4BJIseTCs TO, YTO e€ MaTpulla K03 PUIMeHTOB CiM-
MeTpydYHa OTHOCWUTEIBHO CBOeV ITIaBHOV IyaroHaim. Kpome Toro, 31eMeHThI MaTPUIIbl MOTYT
3HAYNTEIbHO Pa3/IMYaThCsl MeXIy cODOV. DTO MPMBOAUT K HEYCTOMYVMBOCTY ITpollecca perire-
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HMS CUCTEMBI, T.e. MajIble OTKJIOHEHMs B 3Ha4eHMIX K03 PUIIMEeHTOB MOTYT IpUBeCTU K 00JIb-
IIMM OTKJIOHEHVSIM B CaMOM peIlleHMM CUCTeMbl. B Iersix m3bexanmns 3toro sdpdekra peko-
MeH/IYeTCsl BEIUMCIISATh KO3(PPUITMEHTBI CYCTEMBI C JOCTATOYHO OOJIBIIION TOYHOCTHIO.

Ecrin momerinTh Bce ypaBHEHMS CUCTEMBI Ha 0OBEM BBIOOPKM 71, TO OKaXKeTCsl, UTO Mat-
PUIIa CYICTEMBI TIOJTHOCTBIO OyIIeT COCTOSATH M3 SMIVPIIECKIX MOMEHTOB CITyYalfHOV BEJIVMIVHEI
X, a mpaBble YacTM CHUCTeMBI OyAyT IIPEeNICTaBIIATh SMIVIPUYECKIe CMeIllaHHbIe MOMEHTHI CITy-
varHeIX BermmunH X u Z. Takum oOpasoM, KoadduimeHTsl anpoKCcMMUpyomiet dyHKIUN
OIIpeIeJIAIOTCS SMIVPUYECKMMY MOMEHTaMM pacCMaTpVBaeMbIX CJTyYalrtHbIX BeJIMYMH.

9.2. OpAHOMEpPHDbIW JIMHENHDINA PEerpecCUMOHHbIA aHaNn3

IIpn g = 1 nonydaeM JIMHEVHYIO alllIPOKCUMUPYIONMIYI0 PYHKUMIO z = aix + ao. [d
yao0cTBa OyzeM 1CIIosIb30BaTh Ipyroe obo3HadueHue: z = ax + b. B Takom cirydae

S = Zn‘gf = i[zi —ax, —b]’.
i=1 i=1

KoaddpurimenTs! a 1 b ontpeesIsitoTcs CCTeMOV ypaBHEeHWIL

n n n
ainz + bel. = inzl.
i=1 i=1 i=1
n n
ain +bn = ZZi.
i=1 i=1

Pemrast cucremy no npaswiy Kpamepa, mosryumm cirefyrolye OLeHKN I8 HeM3BeCTHBIX
apaMeTpPOB aIlllPOKCUMUpPYIoIert PyHKIINN:

n n n
"inzi —inzzz-
% _ =l i=1 =l
a= 2
n n
2
S -3
i=1 i=1

Taxvm obpa3oM, anmpoKcuMmpyomas YHKINMS ¥ OCTaTOYHAs OVUCIIePCHs OIpemnests-
10TCcs popMyITamm:

(9.11)

, b*=% lezi—a*ilxi . (9.12)

1 n
Z=a*x+b* D = z. -Z.1%.. 9.13
ocm n—ZZ[ 1 l] ( )

* * * * * *
B coorsercrBum ¢ (9.12), b*=m_—a*m_, THe m, u m_ecTb SMIMPUYECKVe MaTeMaTiTde-
CKMe oXuIaHvs BeyvavH Z v X. YuuTbIBast 3T0, MOXKHO Cpasy 3alaTh CTPYKTYpPY allIpOKCHMMUPYIO-
- * *
mevt pyHKIM B Buge: Z = a - (x —m_ )+ m_ . [IpoBozs onTiMM3ariyIo 110 apaMeTpy 4, TIOJTyIvIM:

K * G * * *
a*=—==r_-—, b*=m_—am_. (9.14)
D zx z 1 x
X GX
CrremoBaTesIbHO,
.
~ * * o) *
Z=m, +r, -—((x—m). (9.15)

X
* *
B dopmyiax (9.14) n (9.15) K, wu 7, eCTb COOTBETCTBEHHO IMHUpULecKUe KoBApUuayuoH-
Hblll MOMeH U Koaghgpuyuenm xoppessyuy 111 Bermavd X u Z:

* 1 & * *
sz :_Z{‘xi _mx){zi _mz)9 sz = *Zx* 4 (916)
n i
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* * * *
rme 6, =+D. u o, ,=4D, -svOoupudeckue cpeiHue KBajpaTndecKie OTKIIOHeHMs. s

SMIIVIPVYECKOr0 KOBapMAIIOHHOTO MOMEHTA CIIPABEIINBO CJIEAYIOIee COOTHOIIIEHE:
n n n
| 1 1
K. :_inzi - _in —Zz,. : (9.17)
nio niz niz

Dra popmyria sKkBUBaJIeHTHa popmyrte (3.23) 1 TeopeTdecKx MOMEHTOB.

Moxxno HanTi K09 PUITMEeHTHI alIpoKCUMUpYIoert PyHKIMIO z = ax + b ucxoas He-
IIOCPEJICTBEHHO W3 TeOPUN CJIyYaltHbIX BeJIMUIMH. [1j1 3TOoro Hy>KHO MMHUMM3MUPOBATh MaTeMa-
THUYecKoe OXMlaHye KBafpaTa OTKJIOHeHWs CJIy4YaliHOV BeJIMIMHbI Z OoT PpyHKIvm aX + b:

M{[Z-aX -b}=M{{(Z-m))—a(X -m,)—(b—m, —am ]} %mibn.

BOSBO,[L?[ B KBaZlpaT W ITO0JIb3YysICh CBOVICTBAaMM MaTeMaTMYeCKOTO OXWUIaHV, I10JIy4VIM:

6’ -2aK _ +a’cl +(b—m, —am,)’ — min. Orcrona ciiesyeT, uto

a,b

c c
z _ _ z _ z
,b=m,—-r,—~m,, Te. z=m, +r1,
c c c

X X X

a=r,

(x—m,).

Dopmyria coBnaéT ¢ popmyiont (9.15), ecri B Hel 3aMeHUTh TeOpeTUYecKrie MOMEHTHI
SMITMPUYECKVIMIA.

Ecymm msBecTHO, uTo BeymmumHbl X 1 Z MMEIOT HOpMasIbHOe paclipesiesieHle, TO HavleH-
Has alIpoKCUMMpYIomias PyHKIM 0 CTPYyKType OyeT TOYHO COBIaZaTh C TEOPeTUYecKOou
perpeccueit. TeopeTuueckasi perpeccus IOBTOpsieT CTPYKTypy dopmyrisl (9.15), Ho BMecTO M-
INVPUYECKMX XapaKTePUCTUK COJIeP>XUT TeopeTndecKne XapaKTepuCTUKN. DTO coBHajieHe CBs-
3aHO C TeM, YTO, COIVIACHO 3aKOHaM IIpeoOpasoBaHMs CIIy4YallHBIX BeJIMYMH, [Be HOPMaJIbHO
pacripefiesiéHHbIe BeJIMYMHBI MOTYT VIMeTh TOJIBKO JIMHEVIHYIO cBsi3b. HuKakmx gpyrux cpsasen
MeXIly HUMM OBITb He MOXeT. B okpy»KarollleM Myupe IIPOKO PacIIpOCTpaHeHO HOpMaJIbHOe
pacripeiesieHve (COIJIaCHO IIeHTPasIbHOV IIpefesIbHON TeopeMe). I1o3TOMy 1 JIMHEVHBI per-
PeCCHMOHHBIV aHaJIU3 VIMeeT IIMPOKOoe IIpVMeHeHe.

ITocTpoeHne moBepUTEIBHOTO MHTEPBaIa I KO3(PPUIIMEHTOB CBS3MU r* 1 4* B 00IIeM
cJIydae sBJIIeTCs TPyaHOM 3amadent. Ecym Bermmumael X M Z MMeOT HOpMasIbHOe pacrpeperie-
HMe WIN JO0CTaTOYHO OJIM3KOoe K HOpMaJIbHOMY paclipefielIeHNIo, TO r* OyjdeT paciperesieHO
HOPMa&JIPHO C MaTeMaTW4YeCcKVUM OXWIaHMeM r u naucraepcuen 62 = (1 - r*2)2/n. Bermmumna
_r¥-r (r*—r)\/;

o, 1—r*
MaJIPHO pacIIpeiesIéHHOV CITy4daliHOV BeJIMamnHON. PaccMoTpuM ypaBHeHme P{| T | < g} = 1.
Ouesnpno, uto P{| T | <eg} = 2D(e,}. Pemas ypasaenme @(g,} = y/2 1o TabimiiaM HOpMaJIbHOTO
pacrpeniesieHVisl IIpY 3a7]laHHOV JIOBEPUTEIIbHOV BePOATHOCTH Y, HanaéM &,. Ilomyunm nosepm-
TeJIbHBIVI VIHTEPBaJL:

T

npu Oonpmmx n OyleT LeHTPUPOBAHHOV M HOPMWMPOBAHHOV HOP-

1—p*? 1—p*?
F¥-g ——— <r<r¥tg ——— (9.18)
o, o,
C BEpOSITHOCTBIO Y. VI3 3TOr0 MHTepBasia JIErko MOy YaeTcst JOBEPUTEIbHBIV MHTePBaJT IS a*:
1-r** o 1-r** o
a*—sy—- f<a<a*+ey—- =, (9.19)
G, O, c, O,

HpVI MaJIbIX 3HAYE€HMAX 11 HY?KHO ITOJIB30BaTbhCA paclipellejIeHeM CTBIO)IQHTa.
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IIpumep 9.1. IIpu mccrteroBaHMM 3aBUCIMOCTYI MKy CITydaviHBIMM BerarHamu X 1 Y
ObU1a osTydeHa cjleyrolas Tabsmiia M3MepeHNI COOTBeTCTBYIONTMX 3HAaYeHWT STUX BeJI/YIH:
x:03 04 05 05 06 07 08 09 09 1,0 1,1 1,4
v:02 08 1,2 1,1 1,8 25 3,1 34 38 41 44 59
BeraviciinTe KoBapuarnioHHBIVI MOMEHT 1 KO3 ULIMEHT KOPPeIsii. AIITPOKCUMIPO-
BaTh CTATUCTIYECKYIO 3aBUCMOCTD MeXX]Ty STVMM BeJIUMHaMU JIMHeTHOV PyHKImen iy = ax + b.
Bce BBIUmcIeHns ygo0HO IIPOBOANTE B CHelaIbHOV Tabmiie. B sreBoit gacTy Tabmmiip
BBIUMCISIOTCS. Bce HeOOXOIMMBIe CYMMBI (ITOC/IeIHsIsl CTpOKa TaOJIMIIbI) [IJIsi OIlpefie/IeHns KO-
scpdurmenTos anmpokcuMupyroment dyHkuyy. Hanpém cHavaia sMrnvpudeckyie MaTeMaTy-

YecKvie OKUIAHMS: N, = 1’2 =~ (0,758, m; = 322’3 ~2,691.

[Tonmp3sysace dopmysnamu  (9.12), BeramcmM  K03(PUIIMEHTH  alllPOKCUMUPYIOIIeN
dyHKIV:

S = 12-30,52-9,1-32,3

12-8.03 =912 ~534, b =2,691-534-0,758 =-1,36.

Takmm oGpasom, armpokcMmpyioras PyHKIs nMeet By Y = 5,34x—1,36.

i Xi vi Xi i xi2 2 ¥ Vi=yi | 0, =9)°
1 0,3 0,2 0,06 0,09 0,04 0,242 -0,042 0,0018
2 04 0,8 0,32 0,16 0,64 0,776 0,024 0,0006
3 0,5 1,2 0,60 0,25 1,44 1,310 -0,110 0,0121
4 0,5 1,1 0,55 0,25 1,21 1,310 -0,210 0,0441
5 0,6 1,8 1,08 0,36 3,24 1,844 -0,044 0,0019
6 0,7 2,5 1,75 0,49 6,25 2,378 0,122 0,0149
7 0,8 3,1 2,48 0,64 9,61 2,912 0,188 0,0353
8 0,9 3,4 3,06 0,81 11,56 3,446 -0,046 0,0021
9 0,9 3,8 3,42 0,81 14,44 3,446 0,354 0,1253
10 1,0 4,1 4,10 1,00 16,81 3,980 0,120 0,0144
11 11 4.4 4,84 1,21 19,36 4,514 -0,114 0,0130
12 1,4 5,9 8,26 1,96 34,81 6,116 -0,216 0,0467

> 9,1 32,3 30,52 8,03 119,41 | 32,274 | -0, 026 0,3122

Bo BTOpOV YacTy TabyIMIIBI BEIUMCIIIETCS OCTaTOuHas aucrepcus o dpopmyste (9.13) ¢
Y4ETOM TOTO, UTO OBUIM OIleHEeHHI [iBa ITapaMeTpa (a m b):

1 03122=0,03122.
-2

ocm

Taxum o6pa30M, CpenHs KBadpaTmdecKasd orvoKa alIIpOKCMMalM COCTaBUT BEJINMYVHY

O, = \/ D, . = \/ 0,03122 = 0,177 . Beraviciim KoBapuarioOHHBII MOMEHT 110 popmyrie (9.17):

s

K = 5-30,52 -0,758-2,691= 0,494 .

xy

s orpeneeHms KoacpchIuV[eHTa Koppersnmm HeOOXOIMMO BBIUMCIIUTD OLIeHKM IVIC-
nepcuvi BeranH X 1 Y:
D, = % -8,03-0,758% = 0,094, &, =4/0,094 = 0,307.
* 1 2 *
D, =5 11941-2691" =271, o, = V2,71 = 1,646.
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% K;:v 0’494
CneposaresibHo, 7, = ——— = 0,307-1,646
6.0, DU

=0,978.

[TorryuenHbIVI KO3 MDUIMEHT KOPPEJISALINM OUeHb BBICOK. DTUM 00bACHsIeTCs Majlasi Be-
JIMYVHA CpegHeVt KBagpaTU4ecKoVt OIIMOKY arlIpOKCYMAaLIVL.

9.3. MHOromMepHbIii IMHENHbIA PErpecCUOHHbIA aHaIN3

PaccMoTpuM citydart, Korjga cjlydariHasi BeJI4yHa Z 3aBVICUT OT HECKOJIBKVIX CITyYaviHbIX
BeyanH X;, 1 =1, 2, ..., k, IpraéM 3aBUCHMOCTB IIpeIioiaraeTcs anHeHo. Torma OymeM
VIMeTb CJIeYIOIIYIO CTPYKTYPY aIllllpOKCUMMpPYIoIer (pyHKIIN:

k
y=b+Yax;. (9.20)
i=1

KoaddurmenTst a; v b 3oVt PyHKIMM HY>XHO O1leHUTh. [1ycTh MeeTcst 1 rpyni cooT-
BeTCTBYIOIIVX M3MePeHUN Yj 1 Xjj. 371ech i - HOMep IIepeMeHHOV, | - HoMep mu3MepeHus, j =1, 2,
..., n. KoadpdummeHTs! onrpefesiaioTcs n3 ycjIoBMs MUIHMYMa CYMMBI KBaJpaTOB OTKJIOHEHW
VICTMHHBIX 3HAYeHWVI BeJINUVHEI Y OT IIPOTHO3UPYeMBbIX:

n k
Z(J’j _b_zaixij)z =IIC_}ibn, a=(a,,a,,..,a,). (9.21)
J=1 i=l ’

k 1 n
* * *
HPOBOHH MVIHVIMWM3aIllnioo 110 b, HOHY‘IVIMZ b = my - Zaimﬂ , riae my = _Zyl ’
i=1 n j=1

1 n

* -~

m, =— E x; . IloncraBum HavienHoe b B Beipaxkenwe (9.21):
nig
Jj=1

*

n k

* 2 . —_
Z[(yj _my)_zai(ng -m,)]" =min, a =(a,,a,, ..., a;).
j=1 i=1

a

ITpupaBHMBas YyacTHBIE ITPOU3BOIHEIE 110 KO3 PpUIIMIeHTaM K HyJIIO, IIOJIy UMM CUCTEMY
YPpaBHEHWUIL:

MuHUMM3aIMS CBOOUTCA K PeIleHnI0 3TOVI CUCTeMBI k ypaBHeHUI ¢ k Hen3BeCTHBIMA.
BBeném st KpaTKOCTV 3a1ICH SMIIVIpYecKie KO3 PuImeHTs KOBapyaIyiL:

Ksi zlz(xij _m;i)(xsj _m;s )/ i’S:1’2/ e k;
n4=
1 . N
Kys =;Z1(yj _my)(xsj -my), s=1,2, .., k
j=

142



PerpeccroHHbIii aHant3

ITosryumM crte1y oIy o 3aIvich CUCTEMBI:
Kja, +Kppa, +Kyza; +...+ Kypa, =K
Kyay + Kpay + Kyag +..+ Kya, =K 5,

yls

(9.22)

Ka, +Ka, +Kiqas +...+ Kpa, =Kyk.

Pemrast e€, HannéM Ko puiiveHTsI 4;". ATIITPOKCMMMpPYIoas (PyHKIV 3alluIIeTCs:

k
y=m, + Z a; (x; —m,). (9.23)
i=1
MOXXHO Terlepb OIIeHUTh OCTaTOYHYIO IVICIIEPCUIO:

n k
Z[(yj —m; —Za; (x _m;i)]z' (9.24)
j=1 i=1

D z#

oCcT

n—x—14

Cucremy ypasHeHmit (9.22) B IpWMHIMIIE MOXHO PEIINTh JIIOOBIM CIIOCOOOM (MaTpud-
HBIM criocobom, 1o dopmysam Kpamepa, meromom I'aycca wm Xopnana - T'aycca). OgHako
HY>XHO IIPMHSTH BCe CIIOCOOBI COXpaHeHWsl TOYHOCTM pelteHus. MaTpuila koadduimeHTOB
CUCTeMBI sBJIsIeTCS cMMMeTpudeckon (Tak kak Kis = Ks). Kpome Toro, xoadduimeHTsr MOTyT
3HAUNUTEILHO Pa3JINYaThCs 110 aOCOIIOTHON BeJIMUMHe. DT 00CTOSATEILCTBA YacTO MPUBOIAT K
HEeYCTOVIUMBOCTY PeIlleHNI CYICTEMBI.

[J1s yripolieHus: CTPYKTYPbI alllIpOKCUMUPYIoNet PyHKINM peKOMeH TyeTcsl IpoBec-
TU TIOAPOOHBIV aHAJIN3 KOPPEJIAIIMOHHON MaTPUIIBI C 11eJIbI0 BBIABIEHNS TeX apryMeHTOB, KO-
TOpble HanboJlee CyIIIeCTBeHHO BJIVAIOT Ha BeJIMUMHY PyHKIIUNA:

1 * % * *
Fp hy o Ny Ny
% 1 * * %
, Py e By Ty,
% % * % % *
ry o ryp 1oy, 1, _ K B Kys
] rls - * k9 riy - *
0,0, c,0,
* * * 1 *
T T Thy o o Ty
* * * *
r, r 7 r 1

vl y2 y3 o vk

EC/TV HaViTyTCsl TBe TiepeMeHHblIe, ISl KOTOPBIX | 7is'| = 1, TO OJTHy M3 3THX ITepeMeHHBIX
MOXKHO He YumTHIBaTh. B/ HaIETCs TlepeMeHHasi, I KOTopoit |7yl = 0, To a1y mepemen-
HYIO TaK’Ke MOXKHO He YUYMUTBIBATb.

PaccmoTpuM nompobHee ciTydart IByX apryMeHToB. I1ycTp anmpokcumupyromas QPyHK-
oyt uMeeT Buf;: iy = b + axx + a.z. Vimeercs n rpynm msMepennii (xj, zj, vj), j = 1,2, ..., n. Torma

b=m,-am,—am,,
S « 1o S
rme m, =— Yy, m,=—xx;, m,=—3x;.VIMeeMm cucremy:
U L ~tjr ~
j=1 n j=1 n j=1
Kya, +Kypa, =Ky,
Kya, +Kya, =K,,

Permrtas CHCTEeMY II0 IIpaBWIIy KpaMepa, HaXOOVIM:
* * * * * * * *
* KlyK22 _szKlz * szKn _KlyKZI
ax = * * * * b az = * * * * M
K11K22 _K21K12 KnKzz _K21K12

(9.25)
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3nech K03 PUIMEeHTH BEIpaKeHbl Yepes3 IleHTpa/IbHble MOMEHTBI BTOPOTrO IHOpsIKa, T.e.
K03 durmenTs! KoBapuanmi u ayicnepcenn (Ki = 672 - myiciepcns i-ov1 BeJImInHbI). MOXXHO BbI-
pasuTbh K03 PUIIeHTH Yepe3 KoaqaqmumeHTm KOPPeJIAIIY, TIOIb3YSICh TeM, 11O Kis = 1100

* *2 2
. O, T ryz r.. . O'y T ryx r.
axz—*-l—*z, QZZ—*'l—*Z. (926)
O-y - 7’xz O-z - 7’xz

3aMeTM, 9TO ecJIV OTCYTCTBYET 3aBVUCHIMOCTb MEXITy apryMeHTaMI (PYHKINM, T.€. Iy, = 0,
TO KaXIbI1 KO3(PUIMEHT IO CTPYKType COBIIaJjaeT C COOTBETCTBYIOIIMM K03 duIeHToM
OJHOMEPHOVI JIMHEVIHOV PEerpecCcumu.

OcraTouHas Ayicriepcyis oleHVBaeTcst (PopMyIIon

. 1 < . . * . .
DOCT :72[(]/] -m, _ax(xj _mx)_az(zj _mz)]z' (927)
=1

OTMeTnM, 9TO B CJIy4ae ABYX apryMeHTOB OOOOIIEHHBIVI KO3(PUIIMEHT KOppesinm
MO>XHO BBIUMCIIUTE 110 pOopMyJIe

2
L,
R?> =Y W (9.28)
2
1—r

Xz

9.4. OpHOMEpHbIW HEJIMHEWHDbIN PperpecCMOHHbIA aHaNu3

B cootBeTcTBUM € OOIIMMM MOJIOXKEHWUSIMM, TPV HEJIMHEVHOM aHaIi3e MOXXHO IIpuMe-
HATB JIF0Oble HeIMHeVHble PyHKIINY, Mes B BULy CTpYKTypy (9.2). Ecii myist BeIOopa anmpok-
CUMUPYIOIIEN cpyHKm/M HeT HMKAKOV OOIIOJIHUTEILHOT MHcpopMam/M, TO B KaueCcTBe TaKOWm
dysxumm 6epyTt MHorowrtensl. ITonarag B (9.9) g = 2, g = 3 u T.1., MOXHO pacCMOTpeTh CiIydan
KBaJIpaTUYHOVI alIIpoKcuMupyomet pyHKImy, Kyoudeckon u 1.4, Hanpumep, mis anmmpok-
cumupyloment pyHKIMM Buaa y = ax? + bx + ¢ (¢ = 2) HemusBecTHbIe KO3 PUIIMEHTBI OITperesid-
FOTCS CJIEAYIOLIEV CUCTEMOVI Y paBHEHWIA:

&4 &3 N 2
ayx; +bxx; +cxx; = Xyx
' i=1

= i= =

aZx +b2x +c2x anylxi. 9.29)

i=1 i=1

ITocste onpenesieHNs OIIEHOK HEM3BECTHBIX KoadduiimeHToB (4, b, ¢*) ocTaTouHas Ayic-
riepcuist HaXOMUTCs 110 o011ent popmysie

1 1 ~ ~ * * *
D, =—Z[yl.—yl.]2, rie y,=a xl.2+b X, +c . (9.30)
n— -
OrieHKa KOppPeJIsALVOHHOTO OTHOIIIeHNs OIlpefiesigeTcs 110 dpopmMyiie
D
=1-—=" 9.31
ny/ x D’ ( )

y

IIpumep 9.2. ITpu mccirenoBaHMM 3aBUCHMMOCTI MEXTy CJIy4YarHBIMM BesiayHaMu X n Y

ObUTa 1IoJTydeHa cilefiyoliasi TaOImIla M3MepeHNiI COOTBETCTBYIONINX 3HAUeHUT 3TUX BeJINIMH:
x»13 15 15 1,8 19 20 21 24 24 25
yv:02 08 1,2 1,1 1,8 32 25 31 34 38

ANIpoKcMMMPOBaTh CTAaTUCTUUECKYIO CBsi3b MeXy Y 1 X MHOTOWIEHOM BTOPOIO IIO-
pAnxa.
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BHocuM gaHHEBIe B TaOsmIly, B KOTOPOVI BBIUMCIIIEM Bce HeOOXOAMMbIe CyMMBI, KOTOPBIe
durypupyror B cucteme ypasHeHui1 (9.29):

X y X2 x3 x4 Xy yx? y? y-y)?
1,3 4,1 1,69 2,197 | 28561 5,33 6,929 | 16,81 0,2134
1,5 6,2 2,25 3375 | 5,0625 9,3 13,95 | 38,44 0,3249
1,5 8,1 2,25 3375 | 5,0625 12,15 | 18225 | 65,61 1,7689
1,8 9,3 3,24 5832 | 10,4976 | 16,74 | 30,132 | 86,49 0,5213
1,9 11,4 3,61 6,859 | 13,0321 | 21,66 | 41,154 | 129,96 | 0,0961

2 12,2 4 8 16 24,4 488 | 14884 | 0,0025
2,1 13,7 4,41 9,261 19,4481 28,77 60,417 187,69 0,2480
2,4 14,8 576 | 13,824 | 33,1776 | 3552 | 85248 | 219,04 | 22801
24 16,2 5,76 13,824 33,1776 38,88 93,312 262,44 0,0121
2,5 18,4 6,25 | 15625 | 39,0625 46 115 338,56 | 1,1449

19,40 | 1144 | 3922 | 82,172 | 1773766 | 238,75 | 513,167 | 1493,88 | 6,6122

B TIOCJIeTHE CTPpOKe Ta6J'IVILIBI IIPUBOIATCSA CYMMBI 2JIEMEHTOB CTOJ'[6L[OB. Takmm 06pa—
30M, II0JIy4aeM CUCTEMY .

177 ,38a+82,17b + 39,22¢c = 513,17
82,17a+39,22b +19,4c = 238,75
39,22a+19,4b+10c =114 ,4

Permtast cucremy, Haxomvm: a = -0,4; b = 12,16; ¢ = -10,57; y=—0,4x2+12,16x—10,57.

B I10CJIeIHEM CTOJ'[6]_[e Ta6J'IT/[LIbI BbIUVICJIEHA CyMMa KBalpaTOB OTKJIOHEHU IIPOrHO3MPYEMbBIX

3HaYeHU oT VICTUHHBIX 3HAYEeHM Y. OcrtaTouHas Tvicriepcust paBHa
1 < ~ 12 1
D =— —y. " =——-6,612=0,945. OrreHka VICIIEPCUL Y:
oo =—— ;[yl il =0 I Avicriep
D; = 14193’9 - (111%)’4)2 =~18,5. Orienka KOPPEJISIIMIOHHOTO OTHOIIIEHISL:
*2 D ocm 01945
n =1-—"=1- =0,949. Takoe BbICOKOe KOPPEJISLIMOHHOIO OTHOIIEHMsS TOBOPUT O

ylx D, 18,5

CWIBHOW 3aBVICYIMOCTY MEXJ1y BeTdiHaMM.

Ecymn BeIOMpaeTcst CTpyKTypa ampoKCMMUpyIolier PyHKIUN B Buae i = a@(x) + b, rae
¢(x) - mobas M3BecTHas HelIMHeVHasl (PYHKILVS, TO peKOMEHyeTcs caejlaTh 3aMeHy z = @(x) 1
paccMaTpuBaTh 3ajady JIMHEHOTO OITHOMEPHOTO PerpeccMOHHOTO aHajIn3a C aIlllpOKCHMU-
pytorent pyHKIMen iy = az + b. IlpusenéM mprmMepsl TaKMX 3aMeH.

1. y = ax2 + b - mapaOosueckas anmmpokcumManys. 3aMeHa z = x2.

a
2. y =—+b - rumep0Oornryeckas anmpokcuManys. 3aMeHa z = x-1.
X

3. y=ae" +b - anmpokcuMariys rokasaTe/IbHOV (PYHKIIMeVt. 3aMeHa z = ex.

MoxxHO mpuBecT IpuMepbl 1 0ojlee CJIOKHBIX allIPOKCUMUPYIONINX PYHKIINI, KOTO-
pble IyTEM OIIHOV WIM HeCKOJIbKMX 3aMeH IlepeMeHHBIX CBOIATCS K JIMHEVHBIM (DYHKIIVISIM.
Takue 3amMeHBI OOBIYHO PEKOMEHIYIOTCSI, XOTsl OOIINY 0OOBbEM BEIUMCIIEHUT ITPU TaKMX 3aMeHax
IIPaKTIUYeCcK! He YMeHbIIIaeTCs.

3ameTuM, 4TO 371eCh B KpaTKOM popMe M3JI0KeHbI TOJIbKO OCHOBHBIE IIOJIOXKEeHMsl per-
peccronHoro aHaymsa. /1)1 6os1ee mogpobHOro 3HaKOMCTBA C PerpecCOHHBIM aHaIM30M HYX-
HO CMOTpeTb CHelMaIbHYIO JIMTepaTy Py, HOCBAIIEHHYIO 3TOMY BOIIPOCY.
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TepMuHbI AN 3aNOMUHAHUA

*

PN

XN

11.

12.

13.

14.

15.

PerpeccvoHHBIVI aHa/IV3; aIIIPOKCHMAIIVS; aIIPOKCUMUpYIOas (PYHKIIMS; ITPOTHO3M-
pyfomasi pyHKIIMS; ommbKa arpoKCUMaIIn; OCTaTOYHasl JIVcIepcys; 0O0OIEHHBIN KO-
apPuULIEeHT KOPpeIIsaLnL.

Cnucok KOHTPOJIbHbIX BOMNMpPoOCoOB

Kakyro 3ayiauy pelraer JycriepcyOHHBIV aHaIN3?

YTo HaspIBaeTCA alIIPOKCMMIUPYIOLIE VIV IPOrHO3UpYIolet PyHKIen?

Kakas dyHKIMS TeopeTwdecKu sBJIsIeTC Hawwlydllen I POTrHO3MPOBaHMS B CMBbICIIE
MIMHVMYMa CpeJHero KBajlpaTa OIIMOKM IIPOTHO3MPOBaHMs?

Harvire ci1oBecHy10 POPMYJIMPOBKY 3a7layull perpecCMOHHOrO aHaIn3a (IIOCTaHOBKa 3a7aun).
Kak xtaccnduimpyiorcs 3ajaum perpecCoHHOIo aHasmsa?

YTO MMHMMM3MPYETCS B perpecCMOHHOM aHaIn3e U 110 KaK/M IlapaMeTpam?

Kak BeIOMpaeTcs cTpykTypa armmpoKCcUMUpyIoler yHKIIUNY B perpecCMOHHOM aHam3e?
YTo TaKOe ocTaTo4Has AUCIIePCHs, UTO OHA OIIpefiesiseT?

YT0 Ha3bIBaIOT «0000OIIEHHBIM KO3 PUIIMEHTOM KOPPeIIALII»?

Kak orperiesisiioTcs OlleHKM KOPPeJIAIMOHHOTO MOMeHTa U Ko3ddulivieHTa KOppesimm
II0 3KCIIepVIMeHTaIbHbIM JTaHHbBIM?

B kakom cilyuae MOXHO OrpaHMYMUTHCA IIOJIyYeHMEM JIMHEHOV aIllllpOKCUMMpPYIOMen
dyHKLMM ITPU OTHOMEPHOM perpecCMOHHOM aHaIm3e?

OT KaKkMx IapaMeTpoB 3aBUCUT JIMHEeVHas allllpOKCUMUpYoas PyHKINSA B OZHOMEPHOM
perpeccmoHHOM aHaImse?

Kak cokpaTuTh 4Mc/I0 apryMeHTOB allllpoOKCUMMPYoer PyHKIUM B MHOTOMEPHOM JIN-
HeVTHOM perpeccMOHHOM aHaJI3e?

Kakmmm ocobeHHOCTSIMM OOs1ataeT Marpuiia Ko3PUIMEHTOB CHUCTeMbI YpaBHEHWI, OIl-
penesIsoniert napaMeTphl alIpoKCUMUPYoLIen QyHKII?

B xakmx ciayuasx 3agady HeJIMHENHOIO OJHOMEPHOIO PerpecCrOHHOro aHan3a MOXXHO
CBeCTM K 3ajlave JIMHeVHOrO OJJHOMepPHOro aHasm3a?

Bonpoc ans o6cyxaeHmns

ITpuOBUTE TOProBOro HMpemNpUSTIS 3aBUCUT OT MHOTMX pakTopos. ITommpoOyriTe mepe-

YMCIINTh OCHOBHBIE q)aKTOpBI n HpoaHanM3MpyT71Te, KakKmne M3 HMX MMMEIOT B3alMHBbIe CTaTVCTU-
YecKne CBA3N.
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TEMA 10.

NMpuMmeHeHue DBM

CTyaeHT [oJ/HKeH
OCBOMUTb:

® O3HAaKOMJIEHME C ITaKeTaM¥ ITPUKIIQTHBIX IIpOorpamm;
npuo6pecTn HaBbIKKN:

¢ ITIPVMMEHEHVI ITaKeTOB ITPUKIIaIHBIX IIPOrpaMM JISI pellleHVs 3agaq
CTaTMUCTMYEeCKOI'o aHaJIm3a.
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Pemrennie BeposTHOCTHBIX 3aa4 B cpefe Microsoft Excel. Cpencrsa pereHmst craTucTi-
@S yeckux 3amau B makete MathCAD. CrenvaymsupoBaHHble TaKeThI IIPOrPaMM.

B\ b
KpaTkoe
coziepKaHue

10.1. O6ume 3aMeuyaHums

151 pellieHNs 3aja4 TeOpwY BEpOSITHOCTE U MaTeMaTUYecKoV CTaTUCTVUKM MOXKHO VIC-
IIOJIB30BaTh JIIOOBIe MaKeThl IIporpaMM, IIpeJHa3HaueHHble I pelleHns MaTeMaTJecKuX 3a-
Jlay HIMPOKOro Kjlacca. B HacTodinee Bpemsi cylliecTByeT MHOIO IaKeTOB IIPOrpaMM, B KOTOPBIX
IIpelyCMOTPEHO pellleHre BepOsITHOCTHBIX 3alay M 3a/jad MaTeMaTU4ecKol cTaTUcTuKN. Vime-
eTCs MHOTO ¥ CIlelIaJIbHBIX TIaKeTOB IIpOrpaMM, OpMEeHTUPOBaHHbBIX MIMEHHO Ha pellleHle CTa-
TUCTUYECKMX 3afad. BeIOOp IlakeTa IOJDKEH OMpeHesIsaThcs KBalnduKalyen CIenyasIicTa B
maHHOV obracty. CrienmasmicTy, ci1abo 3HaKOMOMY € MeTOIaMI TeOPUI BEPOATHOCTEN 1 MaTe-
MaTI4ecKOV CTaTUCTVKM, HelleJlecoo0pa3HO BBIOMpaTh CJIOXKHBIV, YHMUBEPCAJIBHOTO IUIaHa, I1a-
KeT nmporpamMM. OcBoeHNe CJI0KHOIO MaKeTa sBJIeTcsl He Bcerja IIpocThIM jesioM. Kpowme Toro,
HeJJOCTaTOYHO KOMITEeTeHTHBIVI UeJIOBeK B BOITpOCax CTaTUCTUKM He CMOXEeT a/ieKBaTHO pearw-
poBaTh Ha 3aIIpOChl IPOrpaMM, He IIOHMMas CyTH 3TUX BOIIPOCOB. B TakoM ciTydae nprMeHeHe
KOMITbIOTepa J1acT TOJIbKO OTpUIIaTeIbHBIV pe3ysIbTaT. B cBA3M ¢ 3TMM M3ydaroliyM JTaHHBI
KypPC peKOMeH/IyeTCsl HauMHaTh C IIPOCTBIX (B OCBOEHMM) ITaKeTOB YHMBEPCaJIbHOTO XapaKTepa.
OpHMM 13 JOCTYIIHBIX M IOCTATOYHO IPOCTBIX Il OCBOeHMd MakeToB sbiigercss MathCAD. B
3TOM IIaKeTe MMeeTcs IIVPOKUT Habop omepaTopoB 1 PYHKIINI, KOTOPBIe IIO3BOJISIIOT pelllaTh
MHOT'VIe 3a/Ja4V TeEOPUI BEPOITHOCTEN 11 MaTeMaTU4IecKom cTaTucTuki. B cpene Excel Microsoft
Office Takke MMeIOTCsI aHAJIOTMYHBIe (PYHKIMM. BO3MOXHOCTM 3TMX IIaKeTOB IIPUMEPHO paB-
Hble, pasJi4ye 3aKIodaeTcs, IIpex]ie Bcero, B popMe IipefcTasiieHns MH@opmaliym. B mepsom
IIaKeTe IIporpaMM MHAOpMaIMs IIpefcTaBiIseTcss B 0ojlee ecTeCTBeHHON popMe, TIPUBBIYHON
10 KypcCy BBICIIeV MaTeMaTVKI. Bo BTopoMm nakeTe mHdopMaliys pasMeliaeTcs B 3JIeKTPOHHBIX
Tabimitax. PaccMoTpuM MeTOOMKy pellleHNMs 3afayy JIMHEHOIO IIpOrpaMMMpPOBaHMs B IIPO-
rpamMuOM cperte MathCAD (Bepcuu 8 u Boitire) n B cpenie Excel Microsoft Office. DTm mmakeTst
IIporpaMM sIBJISIOTCS HanOoJslee TOCTYIIHBIMY [JIsl PSZI0OBOrO I10JIb30BaTesIst DBM.

10.2. CpeacrBa pewueHMs CTaTUCTUYECKUX 3aaau B nakete MathCAD

ITaxer MathCAD nipegHasHaveH crielIMaIbHO I pellleHs MaTeMaTidecknx 3afgad. OH
VIMeeT TPY BCTPOEHHBIX pefaKTopa: TEKCTOBOV peHaKTop, rpaddmiuecKiil PeIakTop 1 peqakTop
MaTeMaTUIecKMX POpMyJI. DTO JOMOIHSIETCS IOCTATOYHO MOIITHBIMY CPeCTBaMI peaTi3alinm
IIPOIIECCOB BBIYMCIIEHNUII. B CBSI3M ¢ 3TMM makeT ymoOeH Kak Iyl pelleHMs 3aaad, TaK M IS
odopMIIeHMST JOKYMEHTOB, COIep)KaIllyX MareMaTmdeckyie (POpMYJIbl M IIPOIIECCHl BBIUVICIIE-
Hy. VI3MeHeHMe 3Ha4YeHWUV ITapaMeTPOB BHadajle JOKYMEHTa IPVBOAUT K IIEPecdéTy Bcex
dopmys1, comepXKalmx 3TM apaMeTphl, 110 BCeMY ITOKYMEHTY. DTO CBOVICTBO IIaKeTa yIOOHO
PV aHAJIV3e BIIVISTHMS ITapaMeTpoB (POpMyJIbl Ha pe3yJIbTaT pelleHs IIOCTaBIIeHHO 3aaqll.

ITepeunicitM KpaTKO HEKOTOPBIE M3 OCHOBHBIX (DYHKIINVI, KacaroIyecss 00paboTKm Kc-
IIepVIMeHTaIbHBIX TAHHBIX. Bee 3T pyHKIMM cileyeT McKaTh B MeHIO «DyHKIOMI» B pasaernax
«CratucTtuka» n «Perpeccus».

1. mean(X) - cpemHee apudMeTIIIeCcKOe M3MEPEeHNTI, COJIePKaIXCs B BeKTope X (OIeH-
Ka MaTeMaTV9eCKOTO OXVITAHVIA).
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2. var(X) - cMmeménHas oueHka aucrepcun (D*), Var(X) - HecmemniéHHas orjeHKa Ic-
nepcum (S2).

3. line(X, Y) - muHevHas perpeccusi Buaa i = b + ax. Bektoper X n Y IIpencTaBIsioT COOT-
BeTCTBYIOIIVE M3MepeHusd BeimumH X 1 Y. PesynbraT BeIIaéTcs B BUjle BeKTOpa, IepBas KOM-
IIOHEeHTa KOTOPOro COMIeP>XUT OIIeHKY b, a BTopasl — OLIeHKY 4.

4. cvar(X, Y) - KoBapralMIOHHBIVI MOMEHT.

5. korr(X, Y) - koadppuiieHT KOppessamm.

6. stderr(X, Y) - ocrarouHas gucriepcyis Iocjie IpMeHeH s JIMHETHO perpeccuit.

PaccmoTpymM npumep 00paboTKM IBYX MacCMBOB M3MEPEHUN CIIyYalrHbIX BeJIMUnH X U
Y, mocTaBuB 3ajauy OLIEHUTh MaTeMaTHUdecKye OXUIaHVs U AVICIIePCUI 3TUX BeJIMYMH Y HalTu
JIMHEVIHYIO aIllIPOKCUMAIIMIO CTATVUCTUUECKOV CBS3V MEXy BeIM4IMHaMM B Buae y = b + ax.
Hivoxe mpeyicrasiieHa IojIHas pacliedaTka pelleHs JaHHOV 3afaM.

VcxomHble aHHBIe 3a/1aéM B BUfle BEKTOPOB-CTOJIOIOB. BerumcimiM cHavaia OIleHKM Ma-
TeMaTUYeCKMX OXXUIAHU M OLIeHKY JVCIIePCUTL.

1 -1
2 1

X:= |3]| mean(X)=3 Y:= | 4| mean(Y)=4.
4| var(X)=2 7 | var(Y)=13,6
5) Var(X)=2)5 9 ) Var(Y)=17

Omnpenenm K03dUIIMEHT JIMHEHO perpeccuy, KoBapualiOHHBII MOMEHT, K03d-
duIMeHT KOppeIsym ¥ OCTaTOYHYIO AVCIIePCHUIO.

line(X,Y)=| , é

cvar(X,Y)=5,2 corr(X,Y)=0,997

stderr(X,Y)=0,365

Taxum obpasom, m," =3, m," =4, D, =2, D, = 13,6, 52 = 2,5, Sy2 = 17. JIuHus mvHetHOT
perpeccun: y = 2,6x - 3,8. OcTaTouHasi Aucriepcusl NPy TaKoWl alIpokcuManyy paBHa Doer =
=0,365.

3aMeTnM, 9TO 3TOT IIPMMeP HOCUT YVCTO WIIIOCTPATUBHEIN xapakTep. [TosToMy 00bEM
BBIOOPKI B3SIT OUeHBb MaJIbIM. VI3 3TuX ke cooOpakeHWUN M3MepeHMs B3STHI C 3aBeloMO OOJIb-
M K03 puieHToM Koppersumi. B rakeTe MMeroTCs I MHOTO IPyTvX (OYHKIVN IJIs CTaTH-
CTUUEeCKVX BBIUMCIIeHU . B makeTe mpesicTasiieH OOJIBIIION HabOp 3aKOHOB pacIiperiesieHNs Be-
POSITHOCTEV, TIO3BOJIAIOIINIL PelllaTh 1 YMCTO BePOSTHOCTHBIE 3a/1aui. YuTaTesTo mpeiaraeTcs
pa3zobpaTbcs ¢ HUMIU caMOocToATeIbHO. OTMeTM TakXKe, YTO pa3MepHOCTb BeKTOPOB B JTaHHOM
IaKeTe IIpOrpaMM OrpaHIYeHa.

10.3. PewueHne ctaTUCTUYECKUX 3aaau B cpeae Microsoft Excel

ITporiecc pemtenns 3ama4 B cpenie Excel MeHee mpuiBiiekartesieH, IIOCKOJIBKY OH He TI03BO-
JISIeT 3aIVICBIBATh 3TU 3a7a4un B Mx oObraHOM dopme. [TepeuniciinM ocHOBHBIe PyHKINNM, KOTO-
Ppble MOXKHO VCIIONIb30BaTh PV PeIIeHnN 3a/1a9 TeOPUN BepOsSTHOCTEN 11 MaTeMaT9eCcKOV CTa-
TUCTVIKIAL.

1. CP3HAY(X) - cpennee apudMeTdeckoe M3MEPEHNN, COIepKallnxcs B MaccuBe X
(o11eHKa MaTeMaTM4YeCcKOTo OXKMIaHVIs)

2. AVICITP(X) - cmeménHas otteHka aucrepcvm (D*), IVICII(X) - HecMeIiéHHas O1leH-
Ka gucrepcuu (S2).
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3. CTAHAOTKIIOH(X) - orteHKa cpegHero KBagpaTniecKoro OTKIOHeHMH (S).

4. CTBIOOPACIIOBP(1 - o, r) - KpUTUYecKoe 3HaYeHMe, HallfleHHoe 110 paclipesierie-
Hyto CThIOfIeHTa 11 IIOCTPOeHMs JOBePUTeIbHOTO MHTepBasla. 371ech O — JOBepuUTesIbHas Be-
POSITHOCTb, ' — YMCJIO CTelleHelt CBOOOIBI.

5. MOIA(X) - o11eHKa MOABI CJTyYalTHOVI BeJIMUMHBIL.

6. MEJIMMAHA(X) - orleHKa MeIviaHbI CJTyYaliHOV BeJIMUVHBIL.

7. DKCHECC(X) - orreHKa 3KcIiecca CJIy4aviHOV BeJIVUVHBIL.

8. CKOC(X) - orieHKa acMMMeTpuM pacrpesie/leHs CJIy4atHOV BeJIMYVHBIL.

9. JIMHEVIH(Y, X) - nuueviHast perpeccust Bupa y = b + ax. Maccusbt X n Y mipejicras-
JISIOT COOTBETCTBYIOIIMe M3MepeHys BeramH X 1 Y. Pe3ysibTar BbIIaéTcs B BUe BeKTopa, I1ep-
Basi KOMIIOHEeHTa KOTOPOTO COIIeP>XXUT OLIeHKY b, a BTopasi — OLIeHKY 4.

10. KOBAP(X, Y) - KoBapMaIiOHHbBIT MOMEHT.

11. KOPPEJI (X, Y) - k03pPpUIIMeHT KOppesTsiiv.

12. CTOILIYX(X, Y) - KopeHb KBaJIpaTHBIV 3 OCTATOUHOV AVCIIEPCUN TI0CIIe TIpUMeHe-
HVISL JIVHEVIHOVI PerpecCui.

MaccuBbl MOXXHO 3a7laBaTh IIPOCTBIM IepeuncieHyeM 4yces], WIN ¢ IIOMOIIBIO alipecoB
s4eeK, B KOTOPBIX HaXOIATCS YMCIIa, VIV C IIOMOIIIBIO 3ajaHVis AMaIla30HOB aIpecoB.

PaccmoTtpum nmpumMep 06paboTKM ABYX MaccuBOB 00BbEMa 11 = 30 M3MepeHu CITyJaiHbIX
BetuMH X 1 Y, IIOCTaBMB 3a/1ady OLIeHUTh MaTeMaTydecKye OXIIaHWs, IUCIIepCu, MOy, Me-
IVaHy, aCMMMETPUIO ¥ 3KCIlecC 3TUX BeJIMUMH M HaWTU JIMHEVHYIO allIpoKCHMMAalNIo CTaTu-
CTUYECKOVI CBSA3M MeXAY BeJIMurHaMu B Buze iy = b + ax. [TocTponmM Taxxke moBepuTeIbHBIN MH-
TepBaJl U1l MaTeMaTUIecKMX OXuIaHui ¢ koadduiirentoM nosepus 0,95, monw3ysch pacmpe-
nenenvieM CrprofeHTa. Hipke mpescrasieHa MojiHasg pacliedaTKa pelleHus JaHHOV 3ajlaMi.
Maccus X mpepacTabiieH guaria3oHOM ajpecos ssueek B2 : G6, a maccuB Y - OuarasoHOM agpecoB
B21 : G25.

WexomHbpI MacCB JaHHBIX
2,3 3,9 54 2,8 51 3,3
3,8 2,7 2,9 3,4 2,9 3,6
X: 4,8 3,5 2,8 5,3 3,5 34
24 2,7 3,9 4,4 3,6 4,1
2,1 4,3 3,6 4,5 3,7 3,2
OrneHKa MaTEMaTMYeCKOTO OXXVITaHVISA 3,5967
Ouenka aucrnepcum 0,7283
OneHka HeCMeIEHHOV IVICIIePCUN: 0,7534
CpenHee KBaJipaTyecKoe OTKJIOHEHVIe 0,868
Kpurinuaeckoe 3HageHne 2,0452
JIeBasi rpaHuIIa JIOBEPUTEIILHOTO MHTEPBaJIa 3,2725
I[TpaBasi rpaHNIIa JOBEPUTEIILHOTO MHTEpBasIa 3,9208
Mona pacripenerenms 3,6
Menmnana pacripesiesieHs 3,55
AcummeTpust 0,4102
DKciecc -0,34
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Bropas tabmia

VcxomHbITT MacCUB HaHHBIX
4,1 6,2 8,4 3,8 7,1 3,9
5,8 3,7 4,7 5,4 3,9 6,6
Y: 7,2 55 4,2 6,3 4,5 5,4
4,6 4,6 51 59 4,6 6,1
3,8 6,1 5,6 6,5 7,1 4,2
OreHKa MaTeMaTUYeCcKOr'o OXXVIAHI: 5,3633
OneHka aucrepcum: 1,4637
OneHka HeCMeIEHHOV IVICIIepCUN: 1,5284
CpenHee KBaJipaTyecKoe OTKJIOHEHVIe 1,2305
Kpurinuaeckoe 3HayeHme 2,0452
JleBasd rpanuiia 1oBepUTEIILHOIO MHTEpBasIa 4,9039
ITpaBas rpanuiia TOBepUTEIILHOIO MHTEpBasIa 5,8228
Mopa pacnipenerieHus 4,6
MenuaHna pacripeiesieHvist 5,4
AcumMmmeTpust 0,4864
DKciecc -0,4261
KoBapmalioHHbIVI MOMEHT 0,8785
KoadduimenT xkoppessimm 0,8509
ITapameTpbl IMHEVIHOV perpeccumn ‘ 1,20626 1,02483

Bce BrIumMC/IeHMA IIpOBeIeHbl C IOMOIIBIO ITepeUlC/IeHHbIX BbIIlle (PYHKIINV, KpOMe BbI-
YVCIIeHVIsI TPaHWULL JOBEPUTEIbHOIO MHTepBasia. [1j1s BerumcieHns rpaHinl] B COOTBETCTBYIOIIE

- * -
SUeVIKM  BBOOWINCE popMysel: m —t,-S/An - [UIS JIeBOV TpaHMIBl VHTepBala W

m + t,-S/ \/_ - [UIs TIpaBOVI TpaHUIIbI MHTepBasla. 3HaueHus 1, t,, S B3ATHL U3 IIPebITyIIX

BBIYVICJIEHWTL.

TaxmmM obpasoM, 1ojlydyeHa cileflylolias allpoKcuMupyromas pyskims: y = 1,206x +
+1,025. IlosryyeHBI TakKe TOBEpUTEIbHBIE MHTEepBAIIBL: Mmy€ (3,273; 3,921) ¢ BepositTHOCTRIO 0,95;
mye (4,904; 5,823) c BeposTHOCTBIO 0,95.

CpertaeM ogHO oueHb BaXHOe 3aMmedaHue. Ecii mpuMeHsieTcs pyHKINS, pe3ysIbTaToM
KOTOPOVI sIBJIsieTCsl MaTpuiia (B paccMoTpeHHOM Tipumepe 310 dyukims JIMHEVIH, kotopast
BBIJIAET [1Ba IapameTpa), To PopMyIy PyHKIMM HeOOXOOVMO BBECTH B SUeViKM KaK popMysty
MaccyBa. [JIsi 3TOro Hy)KHO BBIIOJIHWUTH Cilefyromye nevicTsus. HyxHo BBecTm dopmyity B
SI4eVIKy, B KOTOpOV OyZeT pa3MellaTbCs IIEPBBIV 2JIeMeHT MaTPULIbL — pe3ysIibTaTa. 3aTeM cile-
IyeT BBIIEINTD BCe sUeViKy, B KOTOPBIX OydeT pasMellleHa MaTpulla - pe3ysbTaT, HauMHas C
TOVI, B KOTOPOW y>Xe BBefleHa popMmyria. [laee ciemyer Haxarh kiasuily F2, a 3aTeM - Kj1aBu-
um CTRL + SHIFT + ENTER. Eciin dopmyiia He Oyner BBefleHa Kak popMyJsla MaccyBa, TO Oy-
ZleT BbIBe[IeHO JIMIIIb OJJHO 3HaueHue B Ty S4eViKy, B KOTOpYIo Obljla BBelleHa dpopMyiia.

CriermaibHbIe aKeThl IIPOrPpaMM, CO3IaHHble 71 pelle s OOJIBIINX CTaTUCTUIeCKIX
3aj1ay, cjiefyeT M3ydaThb U IIPUMEeHSITh I10CJIe OCBOeHMs TeX IIPOCThIX CPe/ICTB pellleHs CTaTu-
CTVMUECKNX 3a/ia4, KOTOpPbIe MEIOTCS B PACCMOTPEHHBIX ITaKeTax.
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NMpakTUKyM

1. Metoauka BbINOJIHEHUA 3afau

Bce nperyiaraemele 3ajaunt pasjesieHbl Ha JiBe TPyIIIbL. 3ajauyt IIepBOVI TPYIIIbI IIpef-
Has3HaueHBbI IS pellleHNs BO BpeMsl ayJIUTOPHBIX ITPaKTUYeCKMX 3aHATU. 3a/1auy 3TOV IpyI-
IIbI MOTYT VICIIOJIb30BaThCsl CTYA@HTaMM [IJIsI CAaMOCTOSITeJIbHOV TpeHMpoBku. OfHaKo IIpeyia-
raTh X K 00si3aTeJIbHOMY BBIITOJIHEHUIO He peKOMeH/yeTcs. 3afadyy BTOPOV TPYIIIEL IIpe/iHa-
3HaueHbl [l BBIIOJIHEHUs CTydeHTaMlM B KauecTBe CaMOCTOSTeIbHOW paboThl. DTU 3a1auu
IIpejyIaraioTcsl CTyJleHTaM B BlJle HeKOTOpOro TUIIOBOrO pacdéTa, pacCUMTaHHOIO Ha Bech ce-
MecTp. BapuaHT ciieryeT BbIOMpaTh 110 HOMepPY CTyAeHTa B CIVCKe CTyAeHTOB Ipymisl. [Toce-
JIOBaTeJIbHOCTb M BpeMsi BBIIIOJIHEHWS 3a[laHuV JOJDKHBI TOUHO COOTBETCTBOBATh KaJleHapHO-
My IUIaHY. BbINlojIHeHMe TUIIOBOTO pacdéTa 00si3aTesIbHO JI BCeX CTYeHTOB, B TOM UlCIIe CTY-
IIEHTOB 3a0YHOI'0 O0y4YeHVIs.

PaboTa cTymeHTOB Hajl TUIIOBBIM PacyéTOM [IOJDKHA HaUMHATBCSA C IIEPBBIX 3aHATUI 10
mucauiuivHe «Teopust BeposATHOCTeVI M MaTeMaTudeckas CTaTucTuKa». IIpexnie dem BbINOII-
HSTh KOHKpeTHOe 3a/jaHye, HeoOOXOAVMO TIIATeIbHO pa30o0paThcs C TeOpeTUIecK M MaTepua-
JIOM, aKIIeHTMPYys BHMMaHMe Ha IIOCTaHOBKY 3ajgaum B obmieMm sume. He ciiegyer 3amoMmHaTh
dopMyIIBI, eciIv He TIOHATEH X CMBICIL. B mepByIo odepenb Hy>KHO OCMBICJIUTD Te YCJIOBYS, IPU
KOTOPBIX 3TU pOopMyJIbl BO3HMKAIOT. [Tocsie ocBoeHMs TeopeTyeckoro MaTepiasia HeoOXoAMO
pa3zobpaTh IIpyMepBbl, pelléHHble Ha JIEKIVMOHHBIX M MPaKTUIeCKMX 3aHATUAX, VI CPaBHUTD UX C
TeM 3afaHVeM, KOTOpoe IPeACTOUT BhIIOIHUTE. CaMo 3afjaHie BBIIIOJIHSETCS C MO POOHBIM
omvicaHVieM Bcex 3TarloB perieHys. HaumHaTh pellieHe Hy>XKHO C OIMCaHMsS 00O3HAYeHMIT Tex
coOBITNII, KOTOpBIe PUTYpUPYIOT B 3agade. Harmpumep, «IlycTe A - cobbITHe, COCTOSIIIEE B TOM,
uyTO Oy/eT oIHO IoIafaHue B IIeJIb TPV OIHOM BBICTpesie» U T.II. B KOHIle peleHMs ciemyeT
3anmcaTh OTBeThl K 3afave. CiieflyeT IIOMHUTbD, YTO pellleHe 3a/JaHn TUIIOBOrO pacdyéTa He SB-
JISIeTCsl caMOlLelIbi0. DTO JIIIIb CPefCTBO OCBOeHMs MaTepuaia usydaeMon avcuyiuinasl. [Toa-
poOHOe omvicaHVie 3TaIloB pellleHNs 3a7a4qy, MOTUBalIVs IPVIMeHeHs TeX VIV MHBIX POopMYJI C
IIO3HaBaTeJIbHOV TOUKM 3peHMs MMeeT Oosblllee 3HaUYeHMe, YeM caMy BBIUMCIIeHMs U OTBeT 3a-
naunt. TakuM oOpa3oM, orvicaHue 3TalloB pellleHs 3ajau SBJIgeTCs OoIlpee/IEHHBIM IoKas3aTe-
JIeM ypOBHsI OCBOeHIs MaTepuasia CTyeHTOM.

PaccMmoTpeHHBIVI B KOHIIe TpaKTUKyMa IIpUMepP BBIIIOJIHEeHVs TUIIOBOIO pacuéTa MOXeT,
B OIIpefeIEHHOV Mepe, IIOMOYb BBIIIOJIHEHUIO CTYIeHTOM cBoero s3amgaHus. OIHaKO 3TOT
IpuMep Hejlb3s MHTePIIpeTUPOBaTh KaK HeKMUN I1abJI0H, KOTOPBIN CIIpaBejIB B JIFOOOM CITy-
yvae. BoIBIIMHCTBO 3alaHNUI SABJISAIOTCA VHOVBUYJIBHBIMIM He TOJIBKO II0 COep KaHWMIO, HO U
II0 JIorm4ecKov cxeMe. TakuM o0pa3oM, B pasHBIX BapMaHTaxX OAHOro (110 HOMepY) 3afaHus MO-
T'YT BCTPETUTbCA pasHble dpopMysibl. HekoTopble 3amaum HOIYCKAlOT pas/IMyHble ITOAXOIbI K
pelleHIo, IPUBOIAIINME K IIPpaBWIBHOMY pe3yJIbTaTy. B TakoM cilydae MOXXHO BbIOpaTh J100071
V3 HUX, eCIM TOJIbKO B (pOPMYJIMpPOBKe 3ajlaHNs HeT CIelajIbHbIX OTOBOPOK II0 3TOMY BO-
Ipocy.

YacTp 1IpesicTaBIeHHBIX 371eCh 3a7lad COCTaBjIeHa HerNoCpeACTBeHHO aBTOpoM. [Ipyras
4JacTh 3aj1a4 B3ATa U3 pasIMYHbIX VICTOYHMKOB, CIIMCOK KOTOPBIX IIpwlaraeTcs B KOHIle IIPaKTu-
KyMa.

152



[NpaKTrnkym

2. 3apaum oig ayauTOpPHOM M CaMOCTOATENIbHOM paboTbl

Tema 1. Cixy4dariHble cOOBITHS

1.1. CKOIBKO TPEX3HAUHBIX UMCe]I MOXKHO cocTaBuTh 13 1udp 1, 2, 3, 4, 5, 67

1.2. CKOIBKO TPEX3HAUHBIX UMCeI MOXKHO cocTaBuTh 13 1udp 1, 2, 3, 4, 5, 6, ecyint 3Tt
4yicila He JOJDKHBI IMeTh IOBTOPAIOIIMXCs Indp?

1.3. CKOJIBKO CYIIIeCTByeT ABY3HAUHBIX Ulcesl, y KOTOPBIX 00e 1 Phl YéTHBIE?

1.4. CKoIbKMMM CrIoco0aMy MOXKHO BBIOpaTh TPEX CTYLEeHTOB 13 87

1.5. CkosmpKMMM criocobamMy MOXKHO BBIOpaTh IIpeficeqiaTesis, ceKpeTaps M KasHades XKU-
JIMIITHOTO KOOIIepaTBa, ecyIv KOOIlepaTvB COCTOUT 13 12 ujieHOB?

1.6. CKoIbKMMM CrIoco0aMy MOXKHO pa3MecTUTh 5 ITOKyIIaTesIel B oUepeni B Kaccy?

1.7. CKOJIBKO CJIOB MOXKHO COCTaBUTH IIYTEM IIepPeCcTaHOBKM OYKB B CJIOBE «KPOCCBOPI»
(TTom, «CIT0BOM» ITOHMMaeTC JIl00ast KoMOMHaIs OyKB)?

1.8. I'pynma Typuctos 13 12 yesioBek pasOuBaeTcs Ha TpY paBHBIE 110 YMCIIEHHOCTY TIO/-
rpymmbl. CKOJIBKO CyIIlecTByeT BapMaHTOB TaKOro paszesieHns (0e3 yuéTa IepecTaHOBOK IIOfI-
rpymm)?

1.9. YUemy paBHo Beipaxenme (A+ B)(A+C)(A+C)?

1.10. Yrpocture Beipaxenue: C (B+C)A+B)B+C).

1.11. Tpu cTpesika OJHOBpPEMEHHO AeIaloT II0 OJHOMY BhICTpesty 1o MmutteHn. CoObITre
Ax - TIOIIajaHMe B MUIIIeHb k-M cTpesikoM (k =1, 2, 3), cobbITie B - 11MesI0 MecTo TOJIBKO OIHO
noraganne, cooerrrie C - momagaHM ObUIO He MeHee OfHOro. Beipasuts coOwrtust B n C uepes
coOBITYS Ak.

1.12. Moneta Opocaetcsi 3 pasa. Ax - COOBITHeE, COCTOsIIIIee B TOM, YTO Tep0 MOABUTCS TP
k-m ©pocke (k =1, 2, 3), B - cobeITIe, cocTosiIIee B TOM, UTO repO MOsBUTCS 2 pasa. Beipasurs
coObrTie B uepes coObrTms Ax.

1.13. B xopoOke HaxonuTcs 5 meTasient, U3 KOTOPBIX 2 AeTaJIil UMEeIOT CKPBIThIe 1eeKThI.
Hayran Gepétcst metaib. KakoBa BepOoATHOCTB TOTO, UTO 3Ta AeTasIb IMeeT CKPBITBIV JedPeKT?

1.14. B ycioBmsix mpeapimyinen 3agadan ObUIO HayTajf B34TO 73 KopoOxu niBe metam. Ka-
KOBa B€pPOSITHOCTB TOTO, UTO TOJILKO OJTHA M3 HYX VIMeeT CKPBITBIV JTlepeKT?

1.15. Ha ctose nexur 15 sk3aMeHaIMOHHBIX OMy1eToB ¢ HoMepamu 1, 2, ..., 15. I1penona-
BaTeJIb HayTay OepéT 2 6rwtera. KakoBa BepOsSITHOCTB TOTO, UTO OHM M3 IIEPBBIX YETBIPEX?

1.16. VI3 oTpe3ka [-2; 2] Hayzmady B34THI 11Ba umciia. KakoBa BepOSITHOCTh TOTO, UTO VX
cyMMa OoJIbIlle eITHUIIBI, a MOIyJIb Pa3HOCTY MeHBIIle eIVTHUIIbI?

1.17. Vicxons m3 yciioBum 3agaun 1.8 HanTu BeposiTHOCTB Toro, uto Typuctel K 11 M mo-
NajyT B OJHY IIOArPYIIIY.

1.18. Bpocarorcst Tpu urpasbHble KocTr. OnpeiesinTh BepOATHOCTh TOIO, YTO CYMMa BbI-
TIaBIIVIX OYKOB OyneT paBHa 14.

1.19. BeposiTHOCTB Ipeo10J1eTh IUIAaHKY Ha JaHHOV BBICOTe IS IIPBITYHA B BBICOTY paB-
Ha 0,8. KaxoBa BepOsITHOCTb TOTO, UTO CIIOPTCMEH BO3bMET 3Ty BBICOTY, €CJIV OH MMeeT IIpaBo Ha
TPV HOMIBITKY, IPUYEM OodepeiHasl IIOIIbITKA JIeJIaeTCsl TOJIBKO TOria, KOIfa IpedblayIiie IIo-
IIBITKY OBUIV HeyJauHBIMM?

1.20. Vicxoms w3 yonosun 3agaun 1.11 HanTi BepositTHOCTM cobbITii B 1 C, ecyint msBecT-
Ho, uto P(A1) = 0,5, P(A2) = 0,7, P(A3) = 0,6.

1.21. [Ipoe moouepénHo OpocaroT MOHeTYy. BeMrpbIBaeT TOT, KTO IIepBbIM B pe3yJIbTaTe
HOoIy4uT opsia. KakoBa BeposITHOCTB TOTO, UTO MI'Pa 3aKOHYMTCS He II03[JHee YeM I10cjie BTOPO-
ro 6pocaHusi MOHETBI BTOPBIM UTPOKOM?

1.22. B Tupe mmMeeTcs 5 py>ken, BepOSTHOCTB ITOIIaflaHMs 13 KOTOphIX pasHa 0,5, Tpu py-
)b C BEpOATHOCTBIO nonafany 0,7 v ABa pyXbs ¢ BepoaTHOCThIO nonaganvs 0,8. OnpenennTs
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BEpOSITHOCTD ITOIafaHVs B MUIIIEHb IIPY OHOM BBICTpeJle, eCJIV CTPeJIOK OepéT oIHO M3 pyxKen
Hayzauy.

1.23. B mpogaxy IIOCTYIIaroT TeJIeBU30Phl Tpex 3aBooB. IIponykiys nepsoro 3aBoja co-
nepxut 10% TereBM30pOB cO CKPBITEIM J1edeKTOM, BToporo — 8% m TpeTbero - 6%. ITpnobpe-
TEHHBIV TeJIeBU30p OKasasica Oe3 medexrToB. KakoBa BEepOATHOCTb TOTO, YTO 3TOT TeJIEBU3OP
OBUT M3rOTOBJIEH Ha IIEPBOM 3aBOfle, eCyIM B MarasuH IocTymmwio 40% TeeBU30pOB C IIepBOTro
3aBojia, 25% - co BToporo m 35% - ¢ TpeTbero?

1.24. VsBecTtHO, uTO 95% BBITyCKaeMOV IIPOIYKIIUN YIIOBJIeTBOpseT CTaHAapTy. YIIpo-
IIleHHasl cXxeMa KOHTPOJI IPU3HAET MPUTOSHOV CTaHJapPTHYIO ITPOIYKIIVIO C BeposATHOCThIO 0,9
U HecTaHJapTHYIO — ¢ BeposATHOCThIO 0,08. OrpenenTs BepOATHOCTh TOTO, YTO M3/eJIne, IIpo-
1Iefiiee YIIpOIIEHHBIVI KOHTPOJIb, YIOBJIETBOPsIeT CTaHAapTYy.

1.25. Batapes fajia 6 BBICTPEJIOB 110 BOGHHOMY OOBeKTY, BepOSITHOCTh ITOTa/laHMs B KO-
topbi pasHa 0,3. Havrru:

a) HavBeposiTHeVIIIee YVCIIO IIOMafaHmil I €T0 BepOSATHOCTH;

0) BepOATHOCTH paspylleHns 00beKTa, ecyIv [JIs ero paspylleHus TpeOyeTcs He MeHee 2
IIOITaTaHV.

1.26. Kpyr pasmenéHn Ha Tpu paBHBle YacTi. KakoBa BEpOATHOCTb TOIO, YTO U3 6 TOUEK,
OpolleHHBIX Hayga4dy B KpyT, TPV MOMHaAyT B OHY YacTb KPyTa, [Be — BO BTOPYIO, O[THA — B TPETHIO?

1.27. CtaHOK-aBTOMAT IITaMITyeT JieTayIi. BeposTHOCTB TOro, 4To M3roTOBJIEHHA [leTalb
okaxetcs OpakosanHo, paBHa 0,02. ITop3ysice dpopmyston Ilyaccona, HamTVI BepOSITHOCTD TO-
ro, uro cperny 100 geTtasient OpaKkoBaHHBIX OKaXkeTcsi He MeHee 2 11 He Ooitee 4.

1.28. TecToBem1 O1TeT comepXXmT 5 Borpocos. Ha KaXXapIvi BOIIpOC IpefjlaraeTcs JBa Ba-
pVaHTa OTBeTa, 3 KOTOPBIX OIVH gBJIseTcs IpaBIIbHBIM. 71 oydeHns 3a4éTa HY>KHO IIpa-
BWIBHO OTBETUTBH He MeHee ueM Ha Tpu BoIlpoca. KakoBa BepOsITHOCTb TOTO, YTO HEKTO, BbIOU-
pas OTBeThI HayJlauy, MOXeT II0JTyYUTh 3a496T?

1.29. [Tora msaenmit mepBoro copTa B IIpoayKiym 3aBoa cocrasisier 70%. Kakosa Bepo-
SITHOCTB TOTO, 4TO M3 0ToOpaHHbIX 400 m3memmi okaxetcs ot 270 mo 300 m3mermmvt epBoro copra?

1.30. BeposiTHOCTB OTKa3a mpubopa mpu vcabraHmy pasHa 0,2. CKOIBKO Takvx IprOopoB
HY>KHO VICIIBITAaTh, YTOOBI C BEPOSTHOCTBIO, He MeHbItert 4eM 0,99, morryunTh XOTst ObI OfVH OTKas3?

Tema 2. Ciry4dariHble BeJIMIMHBI

2.1. UrpasibHasg KocTh Opocaercd ABa pasa. Ilycte X - cymMMapHOe 4YICIIO BBIIIaB-
mux oukoB. CocTaBUTh 3aKOH paclipesle/ieHNsl BepOATHOCTe CJIydalHOV BeJIMUMHBL X.

2.2. Cpenu pecatu meTasievi iMeeTcsl YeTbIpe OpaKoBaHHBIX. VI3 Bcevt mapTwum ciIydan-
HBIM 00pa3oM B34TO Tpu AeTasi. CocTaBUTh 3aKOH pacIipefiesieHNs dnciia OpaKoBaHHBIX JIeTa-
JIEVI CPEAV B3STBIX.

2.3. BepodTHOCTb ITona/1aHMs B 11eJ1b IIpU KakoM BeicTpesie paHa 0,6. CTpesibba BemeT-
Cs1 710 TIePBOTo IoIafgaHus B 11ejib. CocTaBUTh 3aKOH pacipe/iesieHns CJIydaliHOVI BeJIMUNHEL X -
4yic/Ia CAeIaHHbIX BBICTPEJIOB.

2.4. B nonoHeHne K ycJIOBMSM 3a1aum 2.3 IIpe/IiosiaraeTcs, YTo MMeeTcs BCero Tpu Ia-
TpoHa. OnpenenuTs M MOpeacTaBUTh Irpaduyeckn (PyHKIIMIO pacrpeesieHns BepOATHOCTeN
CJIy9alHOVI BeJIMUMHBL X 4McjIa CAeJlaHHBIX BBICTPEJIOB 10 IIePBOro IIonaJaHuis.

2.5. OyHKOms pacHpeeeHyss BepOATHOCTeV HeIIPePhIBHOV CJIY4YayHOV BeJIMUMHBI X
omnpezesgeTcss PopMyJIONt:

0, ecom x<0,
F(x)= ax®, ecom 0<x<3,
1, e Xx>3.

154



[NpaKTrnkym

OnpenermTs K03 PUIMEHT a M IUIOTHOCTD paciiperiesieHns BeposTHocTen f(x). Harrtm
BEpOSITHOCTh TOTO, UTO BeInuMHa X IpUMeT 3HaueHue 13 uHTepsaia (1; 2).

2.6. 3ajaHa IUIOTHOCTD pacIpeesieHNsl BepOsSTHOCTEeV HeIIPePhIBHOV CJTy4YatHOV BeJIv-
4yHbIL X:

f(x)z{a-sinx, ecmn 0<x<m,
0, ectm x<0 wm x>T.

OrnpenemmTh K03 PUIIMeHT a 1 PyHKIINIO paclipeie/leHs BepOATHOCTeN BeJIMYMHBI X.
Havitvi BepodTHOCTB TOrO, YTO BeimumHa X IpuMeT 3HaueHue 13 uHTepsaia (1/3; n/2).

2.7. InoTHOCTB paciipesiesieHVs CJIydartHOV BeJimduHbl X 3a71aHa popMyIIon

1
f()=———, —co<x<oo
2
m(l+x7)

(3axoH Kommm). OnpenesnTs BepOsITHOCTb TOTO, YTO CJIydarHas BeldyHa IIpyMeT 3HadeHve 13
nHTepBaia (-1; 1).

2.8. IlokasaTp, 4TO MaTeMaTW4ecKoe OXWAaHVe IVCKPEeTHOV CJIy4YarHOV BeJIMYMHBL,
pacipenesIéHHO 110 3aKoHY [lyaccoHa ¢ mapaMeTpoM A, paBHO caMOMYy IIapaMeTpy A.

2.9. Beramcimmre MaTeMaTHYecKoe OXMIaHVe U OVICIIEPCUIO AVICKPeTHOW CIIy4dariHO Be-
JomumHbI X, 3aaHHOM TaOJIMYHO:

Xk -1 0 1 2 4 6 8
Pk 0,1 015 | 0,35 0,2 0,1 0,05 | 0,05

2.10. BerumcymmTe MaTeMaTH4ecKoe OXMaHVe Vi IVCIIePCHIO HellpephIBHOV CITydaltHO
BeJINYMHBI X, ecIiv

_ J4x-e™, ecmmx =0,
Jx)= 0, ecmmx<O.

2.11. BerumcimTb Koaq)cpmumeHT Bapuanmm I CJIyYariHOV BeIIMYMHEI, OIIpede/IEHHOM
B 3ajaue 2.6.

2.12. OnpepennTh Bce KBapPTWIM CTyYariHOVI BeJIMYMHBL X, pacIlpefe/IéHHON 110 3KCIIO-
HeHIIMaJIbHOMY 3aKOHY: f(x) = 3e-3, x > 0. Havitu BepodTHOe OTK/IOHeHMe CJTy4artHOV BeINYVHBIL.

2.13. BerumcimmTbh MaTeMaT4decKoe OXuaaHMe, IVCIIePCIIO, CKOIIeHHOCTb M 9KCIecc He-
IIpepbIBHOV CJTy4YaliHOVI BeJIMYMHBL X, paclipeieIéHHO paBHOMEpPHO B MHTepBasle [1; 5].

2.14. BerumcnmTe nepsble TpU HEeHTPaIbHBIX MOMEHTa CJIy4YayrHOVI BeJIMYMHBI, OIlpesie-
JIEHHOVI B 3agaue 2.8.

2.15. HempeprpiBHas cinydariHas BeruyHa X IHOAUYMHEHa 3aKOHY pacHpenesieHus C
ITIOTHOCTHBIO f(x) = 0,5 - e-1*], oo < x < co. OpenesMTh MaTeMaTIeCKOe OXNIaHue, IVCIIePCUIO,
CKOILIEHHOCTH U SKCIIECC 3TOVI CJTyYaVIHOVI BEJIMYVHEL.

2.16. OnpenenMTh TPOVU3BOALAIIYIO (PYHKIIVIO Ha4aJIbHbIX MOMEHTOB JIVICKPETHOV CITy-
YJalTHOV BeJIMUIMHBI X, paclpefesIéHHO II0 TeoMeTpaecKoMy 3aKoHy: P{X =k} =pgk-1,0<p <1,
g=1-p,k=1,2,3,.... C noMomipso IponsBopsiiei GyHKIMM HaTU MaTeMaTideckoe oXnusia-
HVIe VI IVICIIePCUIO 3TOVI BeJIVYVHEBL.

2.17. OnpenenTh IIPOU3BOALAIIYIO PYHKIIMIO HadaJlbHBIX MOMEHTOB CITy4allHOV BeJjIv-

N _ A
unHel X, pacrpene/iéHHo 1o 3akony Ilyaccona: P{X =k} = F e, A>0, k=0,1,2,....

C nomoripio npomsBofsiet (PyHKIIMY HalTH MaTeMaTudeckoe OXMIIaHMe ¥ OycIep-
curo X.

2.18. VIHTepBas1 BpeMeHM 0e30TKa3HOV pabOThl TEXHMYECKON CUCTEMBI pacIpefeséH 10
SKCIIOHEHIIVaJIBHOMY 3aKOHY ¢ ImapaMeTpoM A = 0,1 (gac-!). OnpenennTs BEpOSITHOCTD TOTO, UTO
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OTKa3 IIpOoM301iIeT He paHee yeM uepe3 5 yacoB 6e30TKa3HOV paOOThl. BerumciimTe BeposTHOCTD
TOTO, UTO OTKa3 IPOM3OMIIET MeXITy 5-10 1 6-10 YacaMu I10CJIe Havasla pabOThI CUCTEMEL.

2.19. HopmMasibHO pacnpenenéHHas clydarHas BelauuynHa X vMeeT MaTeMaTudeckoe
oXugaHve m, = 2 v gucnepcuio Dy = 4. OnpenenmmTs BepOSATHOCTb TOrO, YTO 3Ta CIydariHasl Be-
JIMYVHAa IIpVMeT 3HadeHue u3 uHTepsaia (1; 3).

2.20. I'lo 1enm, MMeroIIeN B IOJIOCHL (aBTOCTpazia), MIMpUHA KOTOpOol paBHa 16 MeT-
POB, BeIETCA CTperbba B HaIIpaBJIeHMM, ITePIeHAVKYJIIPHOM aBTocTpane. IIpuiienBanme Be-
JETCs TI0 cpefiHen JMHUM aBTocTpasbl. CpejHee KBajipaTndeckoe OTKJIOHeHVe B HallpaBJIeHUN
cTpestbOBI paBHO Gx = 6M. VIMeeTcs crcTeMaTHdecKas OIIMOKa B HaIlpaBJIeHUN CTPeJIbOBI — He-
TOJIET 3 MeTpa, KOTOpas IIpy HaBOJKe He yumThiBaeTcd. OmpeesnTh BepPOATHOCTb TOTO, UTO
IIpY TPEX BBICTpeJIaxX IIPOU3ONIET TOJILKO [iBa MOIaJlaHNsl B aBTOCTpaLy.

Tema 3. MHOrOoOMepHbIe cIy4ariHble BeJIMIMHbI

3.1. IsyxmepHas cilydarHas BesmanHa (X,Y) ¢ OMHaKOBOV BepOsSITHOCTBIO MOXeT IIpu-
HUMaTh 3HaueHus: (2; 1), (2; 2), (3; 2), (3; 3), (3; 4), (4; 5). HartTit BeposITHOCTB TOTO, UTO TOUKa (X;
Y) okaxeTcs B obstactu D, ecyiit o6s1acTh D omperiesieHa HepaBeHCTBaMmu X <3 my > 2.

3.2. 3akoH pacmpenesieHUsl OVCKPETHOV OBYXMepHOW ciydartHon semunHbl (X,Y)
IIpeJicTaBJIeH CilelyIoIer TabmIiert:

D 1 0 1 2
Xi
1 0,04 0,04 0,03 0,03 0,01
3 0,04 0,07 0,06 0,05 0,03
5 0,05 0,08 0,09 0,08 0,05
7 0,03 0,04 0,04 0,06 0,08

OnpenermmTs OAHOMepPHBIe 3aKOHBI pacIipesie/ieHNs CIydarHbIX BesavH X n Y.
3.3. dyHKUMS paclpeneleHNs IByXMepHOV cilydaliHov BemumHbl (X, Y) mMeer cile-
OYyIOILVIVI BV
F(x,y)=l-e“—e™+e ™™, x20,y20, (a>0,b>0).

OrnpenemnTs ogHOMepHbIe PYHKIMM paciipesiesieHNs ¥ OJJHOMepHble IUDIOTHOCTU pac-
pefesieHs BepodTHOCTe BestnunH X, Y.

3.4. [IsyxmepHasd ciaydarHasg BeiimumHa (X, Y) MMeeT IUIOTHOCTh pacIpesleleHUs Be-
posiTHOCTEN

A
e y)= (16 +x°)(25+ )

TpeOyetcs onpenesnTs BelMUMHY A 11 HanT (PYHKITUIO pacIipeiesieHNs BepOsSITHOCTE
F(x, y).

3.5. OnpenennTh BEpOSTHOCTD IIOTIaJaHMs TOUKM ¢ KoopanHaTamu (X; Y) B 00s1acTh, om-
penensieMyto HepaeHcTBaMm 1 < x <2, 1 <y < 2, ecsiv AByXMepHas PYHKIIMS paclperesieHs
BepoHTHOCTeVI iMeeT BU/.

2 2 2 2
F(x,y)= l-a™ —a™ +a™, ecrm x20,y20, a>l,
’ 0, ecu x<0 mm y<O0.
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3.6. ITo gByXMepHOV IUIOTHOCTM pacipererieHus f(x, Y), olpeneéHHON B 3agade 3.4,
HaVITV OIHOMEPHYIO ITTOTHOCTB fx(X).

3.7. Vicxopst m3 yooBuit 3agaunt 3.2 opene/InTh yCIIOBHBI 3aKOH pacrpernerteHns P{Y =
=yj | X =3}. Sensarorcs v BesmamHbI X 1 Y CTaTUCTIYeCKM 3aBUCYMbBIMM?

3.8. JIByxMmepHas cirydariHas BesimumHa (X, Y) pacrperesieHa paBHOMEPHO B TPeyroJib-
HUKe, orpaHyyeHHOM IIpsamMbiMu X = 0, y = 0, x + y = 1. BerancamTs MaTemMaTgecke oXXugaHvist
My VI My, DVICTIEPCUN Ox V1 Oy, KOBapMALIVIOHHBIVI MOMEHT Ky, 11 K03(pPUIIMEHT KOPPEIIALINAMN Tyy.

3.9. [Iiist AByXMepHOVI CTy4YaliHOVI BeJIMUMHEI, 3aJaHHOV B IIpuMepe 3.2, BBIUVCIUTD Ma-
TeMaTuJecKie OXXUAaHWs My VI 1y, OUCIIEPCUN Ox U Gy, KOBapMAaIIVIOHHBII MOMeHT K, 11 K03d-
PUILIMIEHT KOPPEeJIALINN Tyy.

3.10. /Iy1ss mByxMepHOVI CITy4aliHOV BeJIMYMHBI, OIpele/IéeHHON B IpuMepe 3.8, BBIUVC-
JIATH YCJIOBHOE MaTeMaTU4decKoe OXXMaHue 11,(xX) ¥ YCIIOBHYIO AVICIIEPCHIO Gy2(xX).

3.11. OnpenenTh B TOUKe (2, 2) IUIOTHOCTBH paclperieieHNs IByXMepHOV HOPMaJIbHO

1 0
0 2

3.12. KoopamHarts! (X; Y) caydarHOM TOUKM A Ha IDIOCKOCTY TTOAUMHEHB HOPMaJIbBHOMY
3aKOHY

pacIIpefiesIéHHO CJIy4darHoN BeJimamHbI (X, Y), ecant M3BecTHO, 4To my =my = 0u K =

1 1| x> y°
S p) = s——expi——| 5+
7 2mab 2|a* b’

Onpeaem/rrb BEPOATHOCTD TOI'O, UYTO TOUKa A OKaXxeTcs BHYTPV 3JUINIICA C HEHTPOM B
Hadasle KOOpAMHAT c 11oj1yocsiMu 3a/2 v 3b/ 2, coBrafgarommmMm ¢ OcsSIM KOOpAMHAT.

3.13. I1oTHOCTB paciipesiesieHVsE BepOATHOCTEN ABYXMEPHOVI CJTy4YalftHOM BeJIMInHBI (X,
Y) 3azaHa B BUzle

f(x,y)=k-exp{—4x* —6xy—9y°}.

OrnpenemnTh HOCTOAHHYIO k, KO3 PUIIMEHT KOPPEeJIALN Iy, M YCIIOBHBIE 3aKOHBI pac-

npeneseHus sepoaTHocTen f(x | y) mufly | x).

Tema 4. ®yHKIIMOHAIBLHBIE IIpe00pa30BaHMs CJIyYaiHbBIX BeJIUINH
4.1. IuckpeTHas cilydaiHas BeJinunHa X, 3aJaHHOV TaOJIM4YHO:

Xk -2 -1 0 1 2 6 8
Pk 0,1 0,15 0,3 0,2 0,1 0,1 0,05

Hawrtu pacripeniesieHve BepOATHOCTEV BeJIMUMHBL Y = X2,

4.2. CiryuariHas BesimumHa X paclipesielleHa paBHOMepPHO B mHTepBasle [4; b]. Ompene-
JIATB 3aKOH pacIipefiesieHVs BeJINnImHbl Y = eX.,

4.3. CiydariHast BelmMamHa X pacripesiejieHa HOpMaJIbHO ¢ MaTeMaTUYeCcK/ M OXXKMIaHVieM
my 1 aycrepcren 6,2 OnpenennTsb 3aKOH pacIipeie/IeHVst BeJINMdnHbL Y = eX.

4.4. OrpeniesNTh 3aKOH pacIiperiesieHns CJIy4daHOM BeJImduHbL Y = InX, ecyiut BesimdnHa
X pacrpesierieHa 110 SKCIIOHEHITMaIPHOMY 3aKOHY C ITapaMeTpOM A.

4.5. Hamtv1 II0THOCTD pacIipesielieHVs BepOATHOCTeN [IId IUIOMIaAn S KBagparta, ecin
ero cropoHa X sBJIgeTCs CJIy4allHOV BeJIMUYVHOV, pacIipefeIéHHOV paBHOMEPHO B MHTepBajle
[0; 1].

4.6. Havitu 3aKOH pacripefesieHns: CyMMBI Z ABYX He3aBUCUMBIX CITy4aHbIX BelanH X
n Y, Kakas 3 KOTOPBIX MIMeeT paBHOMepHoe pacliipesierieHre Ha naTepsaiie (0; 1).
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4.7. CjryuanHble He3aBUCHMBbIe BeJImdMHbL X 1 Y pacrpeiesieHbl 10 OJJTHOMY U TOMY JKe
II0OKa3aTeJIbHOMY 3aKOHY ¢ IapamMeTpoM A. Hawn 3akon pacrupenernenvs sermane U = 2X u
V = X + Y u ux MmaTtemMaTrueckue OXVIaHs.

4.8. Hamtv 3aK0H pacrpeniesieHs IIpOM3BeIeHs By X He3aBUCVIMBIX CJTyYaliHbIX BeJIvi-
umH X 1 Y, KaXasd U3 KOTOPBIX MMeeT paBHOMepHoe pacipesieieHre Ha uaTepsaie (0; 1).

4.9. Ciryuariaple BesimumHbL X 1 Y pacropeqesieHbl 110 IOKa3aTeJIbHOMY 3aKOHY C mapa-
MeTpoM A. Havti 3akoH pactipeneriervst Benmumael Z = Y/ X.

4.10. Permiite 3apauy 4.9 mpu ycioBum, 4TO IIapaMeTphl paclpeiesIeHUi SABIJISIOTCA pas-
JIVTIHBIMV VI PaBHBI COOTBETCTBEHHO Ax VI Ay.

4.11. VI3BecTHBI MaTeMaTUYeCKOe OXXVIAHVE VI IVICIIEPCHST CITyYayiHOV BeJIMUMHBL X: 11y = 2,
D, = 3. Hantit MmaTeMaTrdeckoe OXXuaaHe Y JVICIIePCHIO CITyYaliHOV BeJIUInHbI Y = 3x - 5.

4.12. CiyuanHas BerimumHa X pacliperiesieHa pasHoMepHO B mHTepBaie [0; 2]. Hanru
MaTeMaTrdeckKoe OXmaaHme BeJIMYmHbL Y = - X2 + 3X - 2.

4.13. CiiyuanHas BerimamHa X paclpererieHa pasHoMepHO B mHTepBaie [0; 1]. Hanru
JVICIIEpCUIO CITyYaliHOVI BeJIMUMHBL Y = 2X2,

4.14. [IsyxmepHas ciaydariHas BeimamHa (X, Y) mMeeT ciledyroliye XapaKTepVCTUKIA:
my=2,my,=0,D,=1, Dy =2, Kyy = -1. Onipennesinte MaTeMaTH4uecKoe OXMIaHVe ¥ AVUCIIePCUIO
CJIy4avHOV BelumnHbl Z = X - 2Y.

4.15. CityuanHble BesimaMHEL X 1 Y MIMEIOT MaTeMaTudecKre oXumganus my, = -1, my =1
u gucnepcuu D, = 4 u D, = 9. Hanitm MaTemMaTndeckoe oXwgaHve CIy4daliHOV BeJIMYMHBI Z =
=3XY + 5, ecyivt m3BecTeH KO3(PPUILIMEHT KOPPeIALNN Ty = 0,5.

Tema 5. 3aK0H 0O/TBIIIMX YMCEST

5.1. C nmomMoripio HepaBeHCTBa YeOkblIeBa OLIEHUTh BEPOATHOCTb TOTO, YTO CIIydariHas
BelavHa X IIpUIMeT 3HaueHve 13 MHTepBaia (3; 5), CMMMETPUYHOTO OTHOCUTEIIFHO MaTeMaT-
4JecKoro oxwuganus seranHel X. VisBectHo, uTo nucriepcus X pasHa 0,36.

5.2. Onenuts IMHY d MHTepBajla, B KOTOPBIVI MOXeT II0IacTh M3MepeHHOe 3HaueHue
CJIy4arHOV BeJIMUMHBL X ¢ BepOATHOCTHIO He MeHbIert 4em 0,9, eciu cpefiHee KBazpaTUdecKoe
3HayeHMe cIydarHom BesimumHbl paBHO 0,5. CumMraTh, UTO yKasaHHBIVI VMHTepBal SBJIAeTCS
CMMETPUYHBIM OTHOCUTEJIbHO MaTeMaTU4YeCKOTo OXXWIIaHM VCCIIeyeMOV BeJIMYMHBL

5.3. B mononHenme K ycI0BuIO 3a71a4m 5.2 M3BECTHO, UTO 11, = 2. YKas3aTb MHTepBaJl, B KO-
TOPBIV IIOIAIET M3MepeHHOe 3HaueHVe BeJIMUMHBI X ¢ BEpOsITHOCTBIO He MeHbIelt yeM 0,9.

5.4. CpenHee kBazpaTnueckoe OTKIIOHeHMe Kaxmom m3 2500 He3aBMCHMBIX CIIyYallHBIX
BeJIMYMH He IIpeBocxoanT 3. OIeHUTh BEpOSTHOCTH TOTO, YTO aOCOITIOTHAS BeIMUMHA OTKJIOHe-
HUS CpellHero aprdMeTNIecKOro cIydalHbIX BeJIMUMH OT CpeHero apmudMeTueckoro nx Ma-
TEMATUYECKMX OXVIaHWU He IIPEeB30VIIET 0,3.

5.5. BeposiTHOCTB TOsiBIIeHMsI COOBITHSI A B OHOM oIbITe paBHa 0,4. Mo)XHO 11 C Bepo-
aTHOCTBIO Oospinient 0,97 yTBepXaaTh, UTO UncIIo k mosgsiieHnit coobrtst A B 1000 HezaBMUCHMMBIX
ucnbITanHu Oynet B mpenesiax ot 300 go 5007

5.6. CKOJIbKO HY>KHO ITPOBECTM I10CIIeOBaTeIbHBIX He3aBVCVMBIX VCIIBITAHMI, YTOOBI C
BEpOSITHOCTBIO He MeHbIrent yeM 0,95 MOXHO ObUIO yTBepkKHaTh, UTO OTHOCUTEJIbHAs YacTOTa
TIOSIBJIEHVIS COOBITVSA A OTKJIOHUTCS OT VICTMHHOV BEPOSITHOCTM COOBITHS MeHee ueM Ha 0,087

Tema 6. CraTncTi4ecKkas o6paboTKa 3KcmepMMeHTa/IbHBIX JaHHBIX. OIleHKa ITapaMeTpoB

6.1. 3amanHa BeIOOpKa ciyuanHou Benwumub X: 0,5; 0,8; 1,2; 1,4; 1,6; 1,7; 1,8; 2,0;
2,2; 2,5. TToctpoutes rpadmuk smnmpudeckon PyHKIIUU paclpejieleHNss BepOosATHOCTeN
F(x).
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6.2. 3aaH MHTepBaJILHBIV BapUalVIOHHBIN psif, (B IIEpBOI CTPOKe — I'paHWUIIbl MHTepBa-
JIOB, BO BTOPOVI CTPOKE — UCJIO TOY€K, IIONaBIINX B [IaHHBIVI MHTepBaJl):

04+08 | 0,8+12 | 1,2+1,6 | 1,6+20 | 2,0:24 | 24+28 | 2,8+32 | 32+36
2 5 8 14 16 10 8 7

ITocTpouTh NOJIMIOH U TUCTOTPaMMYy pacIIpefieleHs.

6.3. 3aaH crpynmnMpoBaHHBIV BapMaLIOHHBIN Psjl (B IIepBOVI CTPOKe — BO3MOXKHBIE 3Ha-
yeHWs CJIy4daliHOVI BeJIMUVHBI, ITOSBUBIINECS B BBIOOPKe, BO BTOPOVI CTPOKe — YMCIIO TaKMX 3Ha-
JeHW1 B BEIOOpKeE):

0,2 04 0,8 0,9 1,0 1,1 1,2 13 | 15 1,8
5 7 12 15 20 18 13 5 3 2

BerumcimTe sMmmmpudeckne xapakTepUCTHKI: MaTeMaTideckoe OXMAaHue, IVICIIePCHIO
I HECMEIEHHY O OVCIIEPCUIO.

6.4. Ilo nHTepBaJIbHOMY BapMallMOHHOMY Psy, 3aJJaHHOMY B 3ajiade 6.2, oIperesnThb
SMIIMPUYECKe YNCIIOBble XapaKTePUCTUKM: MaTeMaTudecKoe OXMaHMe, CMeIEéHHYIo 1 He-
CMEILEHHYIO IVCIIEPCUL.

6.5. ITpu mccirenoBaamy 3 PEKTUBHOCTM paOOTHI CHCTEMBI MacCOBOTO OOCITYKMBaHWIS
ObUM 3apVIKCVIPOBaHBI MHTEPBAJIbl BpeMeH o0cTy XmBaHms 60 3asBOK:

05 06 14 08 10 1,8 02 04 01 03 1,1 09 0,7 0,2 1,2
01 06 04 08 12 03 1,7 02 16 05 02 01 1,5 1,0 09
1,3 04 16 03 01 06 15 01 05 08 1,1 0,7 1,1 0,6 05
07 04 14 06 05 1,3 03 12 02 10 01 08 04 06 0,1

BbramciinTs sMompudeckyie XapakKTePVICTUKI BpeMeH! OO0CITy> KBaHMs 3asBKI: MaTeMa-
TUYecKoe OXngaHue, AVICIIePCUIO, aCIMMEeTPUIO 1 3KCIIecc.

6.6. II3BecTHO, UTO CpefHMe KBaJpaTudecKie OTKIOHEHVs M3MEepeHHOIO 3HaueHMs OT
VICTVIHHOTO JIJIs1 YeThIPEX TaibHOMepoB paBHBI cooTBeTcTBeHHO 0,5; 0,8; 1,0 1 1,2. VIsmMepenus o
11eJIV 3TYMU JaJIbHOMepaMy IOKa3aJIvi COOTBeTCTBeHHO cileflyrolne pesysbrartsl: 12,6; 13,2; 11,8
1 12,2. O1ileHUTB CpefiHee paccTOsIHYeE 10 LeJIN 110 3TVUM JaHHbBIM.

6.7. Hantut onieHKy HamOOJIbIIIero IIpaBAONOAo0Ms MaTeMaTMUIecKoro OXMIOaHMs CIIy-
JarHOV BeJIMYVHBI, pacIpeeIéHHOM 110 3aKoHy IlyaccoHa.

6.8. [TocTpounTh JOBEpUTEIILHBIN MHTEPBAJI C JOBEPUTEIbHON BeposiTHOCTEIO Y = 0,95 my1a
HeV3BeCTHOIO MaTeMaTW4ecKoro OXMAaHMs CIIydalHOV BeJIMYMHBL X, eCI M3BeCTHO, YTO OHa
VIMeeT HOpMaJIbHOe pacIipefiejieHNe ¢ Auciepcuert 62 = 9, a olleHKa MaTeMaTN4eCcKOro OXuia-
HYs 110 BEIOOpKe 00béMa 1 = 100 paBHa m” = 4,6.

6.9. IlocTponTh JOBEPUTEIILHBIN MHTEPBAJI C I0BEPUTEIIbHON BeposiTHOCTRIO ¥ = 0,9 my1d
HeV3BeCTHOIO0 MaTeMaTH4YecKOro OXMIaHMs CJIy4darHOV BeJIMdyHbl X 10 BapUallMOHHOMY ps-
11y, IpefCcTaBJIeHHOMY B 3a/jaye 6.2.

6.10. I'To BeIOOpPKe, ITpenCcTaBIIeHHO B 3aa4e 6.3, IOCTPOUTD IOBEPUTENIBHBIN MHTEePBaJI
IIJIA AVICIIEPCUY C JOBEPUTEIIbHOV BeposITHOCTEIO Y = 0,95.

6.11. [1)1s1 o11eHKM BepOSATHOCTY OCYIIeCTB/IeHsI HeKOTOPOIro COOBITHS A OBUIO IpOM3Be-
neHo 50 1mociietoBaTeJIbHBIX He3aBUCHUMBIX MCIIBITAaHUM. B 3THx mcnbITaHMsIX COOBITHE A OCyllle-
crBmwIoch 40 pas. [TocTpouTts OBepUTEIBHBIN MHTEPBAJI I HEM3BECTHOV BEPOSITHOCTM COOBI-
TV C JOBEPUTEIIbHOM BeposiTHOCTHIO ¥ = (,9. Bocrionib3oBaThest TpeMsi criocoO0aMm IOCTPOeHMs
JI0BEPUTEJIbHOIO MHTepBala.
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Tema 7. IIpoBepKa cTaTMcTM4IeCKMX TMIIOTE3
7.1. 1aHe1 iBe BEIOOPKM:
X:0506140810180,20401031,1090,70,21,2;

Y.0,7041,40,6051,30,31,20,21,0.

ITo 5TrM BEIOOPKaM IIPOBEPUTE TUIIOTE3Y O TOM, YTO BeJIMUIMHBL X 11 Y MIMeIOT OIMHaKO-
Bble MaTeMaTu4decKyre OXWIaHWs, eCIV M3BeCTHBI AucHepcun BemduH: 6,2 = 0,2, 6,2 = 0,25.
Yposens sHaumMocTV ITpUHATE paBHBIM O = 0,05.

7.2. [1aHBI B BBIOOPK:

X:253624284039322431234129

Y:2,7 3121254239 33 22 3,6 24.

ITo sTMiM BEIOOpPKaM IPOBEPUTH TUIIOTE3Y O TOM, UYTO BeJIMIMHBL X 1 Y MMeIOT OgMHaKo-
Bble MaTeMaTuJecKyie OXUIIaHVs, eciv IVCIIePCUn BeJIMYMH OVHAKOBBL: Ox2 = 0,2 = 62. Ypo-
BEeHb 3Ha4YMMOCTV IPVUHATEL paBHbIM O = 0,05.

7.3. I1o paHHbBIM HIpyMepa 7.2 HIpOBEepUTH TMIIOTe3y O PaBeHCTBe AVICIePCUil BeINanH X
n Y . I[TocTponTh OIHOCTOPOHHIOI KPUTNYECKYI0 0071acThb ¢ ypoBHeM 3HaummMocTu o. = 0,05.

7.4. Jlasa BBIOOpKa CITy4arHOVI BEJIMIVHBI X:

25283637 244528434039 3224312341 209.

C nomMomnipio KpuUTepusi KBaHTWIEN IPOBePUTh TMIIOTe3y O TOM, UYTO Me[MaHOV 3TOro
pactipeniesienus sBysgercs Med, = 3. YposeHb 3HaUMMOCTY IIPpUHSATL paBHbIM o, = 0,05.

7.5. ITo BapmanmoHHOMY psfly, IIpe/iCTaBJIeHHOMY HVDKe, IIPOBepPUTh TMIIOTe3y O TOM,
4YTO McCIleflyeMasi cJlydariHasl BeJIMdMHa VMeeT 5KCIIOHeHIIMaJIbHOe paclpepesieHne. YpoBeHb
3HAYMMOCTY HPUHSATH paBHbIM o = 0,05.

0+4 4+8 8+12 | 12+16 | 16+20 | 20+24 | 24+28 | 28+32
28 20 16 13 8 5 6 4

B nepBomt cTpoke mpejicTaBiIeHbl I'PaHUIIBI MHTEPBAJIOB, BO BTOPO — YMCJIO TOYeK,
IIONABIINX B JaHHBIV MHTePBaJI.

7.6. ITo BapualMloHHOMY psijly, IIpe/iCTaB/IeHHOMY HIDKe, IIPOBePUTh TUIIOTE3Yy O TOM,
UTO MCCIeyeMas cilydarHasl BeJIu/Ha VMeeT HOpMaJIbHOe pacipesiesieHne. YpoBeHb 3Haul-
MOCTW IIpUHATE paBHbIM 0. = 0,05.

0+2 2+4 4+6 6+8 8+10 10+12 | 12+14 | 14+16
5 7 10 18 16 12 8 4

B nepsoi1 cTpoke mpepcTaBieHbl FpaHUIIBI MHTEPBaIOB, BO BTOPO CTPOKe — UMCIIO0
TOYeK, IIOIaBIINX B JJaHHBIV MHTepBaJl.

Tema 8. [IncriepcMOHHBIV aHAIN3
8.1. CpetaHo 110 5 M3MepeHUN CIIy4YatHOV BelIMuMHbL X Ha KaXIOM W3 YeTBIPEX YPOB-
Her1 pakTopa A. IToryueHHBIe pe3ysIbTaThl IPeACTaBIeHbl B CJIeAYIOIeN TabsmIe:

Yposuau Howmep nsmepenvia

daxkTopa 1 2 3 4 5
A 28 32 36 34 32
Az 34 36 38 32 35
As 30 29 31 30 33
Ag 36 35 34 36 38
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MeTorioM [IMCIIEPCMOHHOIO aHajI3a IIPOBEPUTEH TMIIOTe3y O TOM, 4To (pakTop A He
BJIVSIeT Ha MaTeMaTu4decKoe OXugaHve BeJImdMHbl X. YpOoBeHb 3HaYMMOCTU IIPUHATE PaBHBIM
o = 0,05.

8.2. ®akTop A mMmeeT 4 ypoBHs, pakTop B - 5 yposHen. CeraHo o ogHOMY M3Mepe-
HWIO CITy4JavHOV BeJIMuMHbl X Ha KaKIoi KoMOMHanum yposHen dakTopos. [TorrydeHHsre pe-
3yJIbTaTHI IIPEICTaBIIeHEl B CJIeAyoIelt Tabmte:

Yposuu Yposuu dakropa B
dakropa A B: B, Bs By Bs
A 38 32 46 44 35
Az 44 41 45 42 33
As 32 33 40 37 33
Aq 31 36 38 36 34

MeTtopom AycIIepcMOHHOIO aHaIv3a IIPOBEPUTh TMIIOTe3y O TOM, 4To pakTophl A 1 B He
BIVSAIOT Ha MaTeMaTudeckoe oxmupaHue Berumubl X. [Ipenmosararth, 4To B3amMOIEVICTBS
MeXxy dpaKTopaMy HeT. Y poBeHb 3HaUMMOCTV HPUHATE paBHBIM O = 0,05.

8.3. IIposeputs rumoresy o BimsgHMUM dakTopos A, B, u C Ha mccienyeMyIo BeJIManHy X,
ecsiv Bce paKTOPBI MMEIOT 10 YeThIpe YPOBHS, a M3MepeHNs c/ieJIaHbl 110 IVIaHy dKCIIleprMeHTa
«JIATVMHCKUV KBazpaT». Pe3ysibTaTel M3MepeHU 1 IpeiCcTaB/IeHbl B CJIeIyIolelt Tabsmile:

Yposun Yposuu dakropa B
daxTopa A B: B, Bs By
Ay 55 44 6,1 58
Az 51 51 53 6,3
Az 58 4,3 58 59
Ag 50 4,8 54 6,6

IIpenmonarats, 4TO B3aMMOMEVICTBUS MeXAy dakTopaMmy HeT. YpoBeHb 3HAUMMOCTU
HpUHATH paBHBIM o, = 0,05.

Tema 9. Perpeccr1oHHBIV aHa/IN3

9.1. B pesysibTaTe 3KCIlepMMeHTa IIOJIyueHa cjledyollasi TaOImila COOTBETCTBYIOLIVIX
3HaYeHWVI CJTy4YaHbIX BelanH X n Y.

X:15 17 14 22 27 21 20 1,8 28 3,0 1,2 1,3 1,8 1,9 29

Y:22 25 21 24 49 32 30 26 52 60 20 21 27 28 56.
ATIIIpOKCMMMpPOBaTh CTATUCTUYECKYIO 3aBMCHMMOCTE BeJImumuHbL Y oT X dyHKimen Y = ax + b.
BbrancimTe octaTouHyIO AMCIIEPCHIO, HAWITU OLIeHKY KoadduiieHTa KOppesIsaiui.

9.2. I'lo maHHBIM, ITpeficTaBIeHHBIM B IpuMepe 9.1, arrpoKCcMUpoBaTh CTaTUCTUYECKY IO
3aBUCHMOCTD BeJIM4uHEL Y oT X dyHKimen Y = ax2 + bx + c. BeranomTs octaTouHyto aucrep-
CMIO, HaWITV OLIeHKY KOpPpeJIAIMIOHHOro oTHomeHs. CpaBHUTE ITOJIyYeHHbIe pe3yJIbTaThl C pe-
syibpTaTamu Irpumepa 9.1.

9.3. Ilo maHHBIM, IpeCcTaB/IeHHBIM HVDKe, alllIPOKCHMMUPOBATh CTATUCTUYECKYIO 3aBU-
CUMOCTD BeJIMuMHBL Y oT X 1 Z PyHKIMeNn iy = ax + bz + c. BBI4McImMTh 0CTaTOYHYIO IVCIIEPCUIO,
HaVITV OLIeHKY 00O00IIEHHOT0 K03 puiiieHTa KOP eI

X:11 11 12 1,2 13 14 16 1,8 21 22 22 24 25 26 28

Z:13 141519 14 13 21 1,5 1,8 1,6 21 22 21 25 29;

Y:01 05 08 1,8 1,2 1,7 3,6 21 3,6 3,5 47 54 53 6,7 88.
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3. 3apgaHusa ANns TUNOBbIX PacyéToB

Tema 1. Cxy4dariHble cOOBITHS

S3aganume 1. BromosHUTL HevicTBus, yKa3saHHBIE B 3a7a4e, II0JIb3YsCh OIepalysiMy Ha COOBI-
TUSMU U IX CBOVICTBAMI.

1. Joxasars Toxuectso: (B+C)B+C)B +C)=BC.

2. Monera Opocaercs 1o mepBoro IosiBiieHus repba. Ax - coOBITMEe, COCTOSIEe B TOM, YTO
rep6 mosiBuTCS IIpU k-oM Opocke, B — coOBITHME, COCTOSIIIIEE B TOM, UTO IO IIEPBOTO II0SBIIe-
Husi repba IpUAETCs caernaTh He MeHee 3 OpockoB. BeipasuTs B yepes coObITs Ay

3. Cpemano 3 BeicTperia 1o munmeHn. CoObITre Ay - TIomIafaHve Ipu k-TOM BBICTpPeTTe, COOBI-
Tre B - mBe mysm nomasi B MuIIeHb. BelpasuTs coObITHEe B uepes3 coObITIS Af.

4. Vupocrurs Bepaxenve: A(B + C)(A+ B)(A+ C).

5. bBporrens! gBe urpanbHble KocTr. CoObITIE A; — Ha 1-071 KOCTM BBITIAJIO | OUYKOB, COOBITHIE By
- Ha 2-0¥1 KOCTM BBIIAIO k oukoB (i, k =1, 2, ..., 6), cobprtie C - cyMMa BBIITaBIIVIX OUYKOB
pasHa 10. Berpasuts cobsiTiie C uepes coObrTvs A; v Bx.

6. YeTBepo CTYHEHTOB CHAIOT 3K3aMeH IT0 MaTteMatvke. CoObITVe Ay - k-T1 CTYHEHT YCIIeIHO
CIIaéT 5K3aMeH, cOObITIE B - TOJIBKO TpM CTy[IeHTa CMOIJIM YCIIEITHO cAaTh 3K3aMeH. BrIpa-
3UTH cOOBITHUE B yepes coObITHs Ay.

7. W3BectHO, uTO CcOOBITMSE A M B HecoBMecTHBI. UeMy paBHO B TakOM CJIy4yae BBIpaXeHUE

(A+ B)(A+C)(A+C)?

8. Tpu petaym cIydarHBIM 00pa3oM pasMelIaroTcs o TpéM smykaMm. Cobbrtre Ay - i-g fe-
TaJIb ITOIIa/iaeT B k-1 SIIVK, cCOObITHe B - 3-Ui SIVK Iocile pasMelleHns feTajlell OKasbIBa-
eTcs Iy CThIM. BbIpasuTh coOpITHe B uepes coObITISA Ajx.

9. WsBectHO, uTO cOOBITUS A, B 11 C COCTaBIISIOT HOJIHYIO IPYyIITy cOOBITUI. YeMy B TaKoM

ctygae paBro Beipaxkerue A+ AB+ AC+ BC+BA +CA?
10. Yupocturts BeIpaXkeHMe: (4 + B)(A+ B)(A+B).

11. B xopoOke HaxomgTcsl KpacHble, CMHVIE VI KEIThIe MIaphl. VI3 siyKa Haygady mu3BlekaeTcs 3
mapa. [Tycte Ax, Br m Cr — cOOBITIS, COCTOSIIIE B TOM, UTO k-T1 VI3BJIEUEHHBIN IIap MIMeeT
COOTBETCBEHHO KPACHBIVI, CMHUI ¥ XEJITBIVI 1IBET, a cobbITie D - B umciie M3BIIeYSHHBIX
IIIapOB TOJIBKO OAVH KpacHBIN. Beipasuts coObrTie D gepes cobwrmmst Ay, Bim Cr (k =1, 2, 3).

12. U3BecTtHO, uTO A C B. YeMy B TakoM cirydae paBHO Bblpaxenue (AC + A)(BC + A)(C + B)?

13. IMaxMaTucT UrpaeT B IIaxMaTbl CO CBOMM IapTHEpoM 4 mapTun. CobbITie Ay — OH BBIUT-
pbIBaeT k-yio mapTuio, COOBITHE B — Bcero OH BbIMIpaeT 2 napTuiu. Beipasuts coOrrTie B ue-
pe3 cobbrtist A (k =1, 2, 3, 4).

14. Jokasatb Toxectso: (B+ A)(B+ A)(B + A) = AB.

15. B cocraBe ycraHOBKM 2 0j10Ka ogHOro Tmma u 3-ro 610ka proporo tmma. CoObiTe A; - vc-
npaseH i-11 6710k 1-ro tvma (i = 1, 2), Bx - uctipasen k-Toivt 0110k BTOporo tuma (k =1, 2, 3),
cobpITie D - ycraHOBKa paboTocriocobHa. Berpasuts cobbrtne D dyepes A; 1 By, eciu ycra-
HOBKa paboTOCIIOCOOHA B CIy4dae MCIIPaBHOCTY XOTs ObI OHOTo 0JI0Ka IIepBOro THUIIa VI XO-
TS OBI ABYX — BTOPOT'O TUIIA.

16. Ympocturs Beipaxenue: C (E +C)(A+B)(B+ 5) .

17. Moseta Opocaetcs 4 pasa. Ay — COOBITHE, COCTOsIIIEe B TOM, UTO Tep0d IOSBUTCA Py k-ToM
Opocke, B - coObITHE, cOCTOSIIIEe B TOM, UTO repd mosBuTCs 3 pasa. Berpasure coOsiTiie B
yepe3 coObITIS Ar.
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19.

20.

21.

22.

23.
24.

25.

[NpaKTrnkym

V3BecTHO, uTO CcOOBITMA A M B HecoBMecTHBI. YeMy paBHO B TaKOM cjIy4ae BhIpaKeHVe
(A+B)(A+C)A+C)?

Bpomens! gBe urpanbHble KocTi. CobbITie A; — Ha 1-71 KOCTM BBITIAJIO | OUKOB, COOBITHE By -
Ha 2-v1 KocTy BbImasio k oukoB (i, k =1, 2, ..., 6), cobpITite C - IIpov3BeieHIe BhIIaBIINX OU-
KOB paBHO 12. Berpasurs cobbrtue C uepes codbITys A; 11 By.

B xopobOke HaxomATCs KpacHbIe, CMHVIE W XEJTThIe IIapbl. V3 AlnKa Haygady m3BieKaeTcs 3
mapa. ITycte Ay, B 1 Cr — COOBITHS, COCTOSIIMIE B TOM, UTO k-7 M3BJIEYEHHBIV IIap VIMeeT
COOTBETCBEHHO KPACHBIVI, CMHWMV ¥ XEITHIV 1IBET, a cobbiTrie D - B umciie M3BIIEYSHHBIX
IIapOB TOJIBKO OVIH CVHMM. BeIpasuts coObrTre D depes coOwrrmst Ay, By Cr (k =1, 2, 3).
MsBecTHO, 4TO cOOBITMS A, B 1 C COCTaBJISIOT TIOJIHYIO TPYIITy COOBITMI. YeMy B TakoM

cJtydae pasHO BeipaxeHne B+ AB+ AC+ BC + AB+CB?

[IMaxMaTuCT UrpaeT B IIaxMarThbl co cBouM napTHEpoMm 3 maptun. CoObITrie Ay — OH BBIUT-
phIBaeT k-fo mapTuio, COObITHE B - Bcero oH BBIMTpaeT OHY IIapTHio. Berpasuts cobbiTiie B
uepes cobbrTis Ax (k=1, 2, 3, 4).

WsBectHO, uTo A C B. Yemy B TakoM citydae paBHO BeIpakeHme (AB + B)(AC + B)(A + C)?
Tpoe cTynenToB craroT 3Kk3aMeH 1o MareMaTuke. CoOwlTiie Ay - k-1 CTy[IeHT yCIIEITHO
CI1aéT 5K3aMeH, COObITME B - TOJIBKO OIMH CTYJI€HT CMOT YCIIeITHO CIaTh 3K3aMeH. Beipa-
3UTH COOBITHIE B uepe3 coObITIS Af.

Yemy pasHo sbipaxkenve (B+C)(B+C)(B +C).

3agaHue 2. BeramcmTh BEpOSATHOCTY COOBITII, YKAa3aHHBIX B TEKCTe.

1.

10.

3a KpPYIJIBIM CTOJIOM CUIAT 5 My>XKumH 1 5 xeHIMH. KakoBa BepOsSTHOCTB TOrO, YTO JBa JIV-
11a OJITHAKOBOIO I10j1a He CUIAT PsAIOM, eCiIv MecTa 3aHVMaJIVICh CJIIyJarHo?

Ha croste nexxar 20 sk3aMeHalMOHHBIX OmieToB ¢ HoMepamu 1, 2, ..., 20. IlpenomaBaTerns
Oepét 3 moObIx OmteTa. KakoBa BepOSITHOCTH TOTO, YTO OHM M3 IIEPBBIX YETHIPEX?

VImeeTcst 6 OTpe3KOB, IJIMHBI KOTOPBIX paBHBI COOTBETCTBEHHO 2, 4, 6, 8, 10, 12 enuHuIIaM.
Havityt BeposiTHOCTB TOTO, UTO € IOMOIIBIO B3SITBIX HayTall TPEéX OTPe3KOB MOXKHO ITOCTPO-
VTB TPEeYyTroJIbHUK.

IIaTe cTyeHTOB 13 IPYyHIIbl M3y4aloT aHIJIMVCKUM SI3bIK, IIeCTh CTYAeHTOB — HeMeLKNUI 1
ceMb CTYHEeHTOB — dpaHITy3ckuit A3bIK. CJIyuarHBIM 00pa3oM BbIOpaHO UeThIpe CTy[eHTa.
KakoBa BeposITHOCTB TOrO, UTO [IBO€ M3 HMX M3Yy4aloT aHITIMVICKUI A3BIK, OOVH M3ydaeT
dpaHITy3CKMUIL 1 OIVIH — HeMeIIKII?

Ha cemu kaproukax HammcaHel mudpsl oT 1 o 7. Haymady mseiekaroTcst e KapTOUKIU.
KaxoBa BeposITHOCTB TOTO, UTO CyMMa LIMdp Ha 3TMX KapToukax OyeT 4eTHOM?

B macTepckyto mig pemonTa moctymwio 10 TesieBU30poB, U3 KOTOPEIX 3 HY>XXIaloTcs B 00-
meM peMmoHTe. MacTep Hayraj 6epér niepsble 5 mTyK. KakoBa BepodTHOCTE TOTO, YTO J1Ba
V3 HYIX HYXXIIalOTcs B 00IIIeM peMoHTe?

bpocarorcss nBe mrpasibable KocTy. HamTy BepOATHOCTE TOrO, YTO BBIIAZeT OHVHAKOBOE
YVICIIO OYKOB Ha 00emX KOCTSIX, ¥ BEPOSITHOCTD TOTO, YTO Ha 00erXx KOCTSIX BBIIazleT YéTHOe
YIICIIO OUYKOB.

W3 mostHOM KOsIoe! KapT (52 KapThl) BEIHMMaeTCs Hayraj, Tpy KapTel. HanTi BeposiTHOCTD
TOr'O, UTO 3TVIMW KapTamMu 6YZLYT TPOVIKa, ceMEpPKa M Ty3.

TenedonHbIT HOMEp cocTouUT M3 mATN I p. HamTi BepossTHOCTB TOrO, YTO HOMEp Telle-
dona cryuartHo BeIOpaHHOrO abOHEHTa He COIepKUT OIVHAKOBBIX IIdP.

B maxmMaTHOM TypHMpe yuacTByIOT 20 4estoBeK, KOTOpble pa30mBaioTcs Ha [Be TPYIIIIBI IT0
10 gerntoBek. OmpenenTh BEPOSITHOCTb TOrO, UTO UeThIpe Hanboslee CIJIPHBIX MIPOKa pas-
ZeJIATCs MeX/y IpyIlamMi IIOPOBHY.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

YeTeIpéXTOMHOE COYMHEeHVe PacIioyIoKeHO Ha IOJIKe B cIydartHoM nopsake. Hamru Bepo-
ATHOCTB TOT'O, YTO TOMa CTOSIT B JJOJDKHOM HOpsJIKe CIIpaBa HajIeBO WIN cJIeBa HallpaBo.
KakoBa BepOATHOCTB TOI'O, UTO YeThIpeX3HAaUHBIVI HOMep CIy4altHO B34TOrO aBTOMOOWIA B
OospIIIoM TOpOzIe VIMeeT Bee MM PHI pasHble ¥ BEPOSTHOCTb TOTO, YTO OH MMeeT Bce Hyd-
PBI OOVIHAKOBBIE?

INonnasg xonopa xapt (52 xapTsl) menmtcst monosiaM. HaT BepodTHOCTE TOTo, YTO YMCIIO
YEPHBIX 1 KPAaCHBIX KapT B 00emx IauKkax Oy/ieT OfHaKOBBIM.

Ha monke nexar 15 yyeOHMKOB, 13 Hux 7 - 1o mMaTeMmaruke. CTyneHT Haynaudy Oepér 3
ydebHMKa. KakoBa BepOSITHOCTB TOTO, UTO B3sIThle y4eOHVKN — y4eOHMKY 10 MaTeMaTuKe?
UrpasibHast KocTk Opocaercs f1Ba pasza. KakoBa BepOATHOCTB TOrO, UTO CyMMa BBITIABIIIVIX
0uKOB OyzeT He MeHee 7 11 He Oostee 10?

B ypre 2 Gesnbix 1 4 uépHbIX Iapa. VI3 ypHBI HapaMu IIOC/e0BaTeIbHO M3BJIEKAIOT BCe
mapel. KakoBa BepOsSTHOCTE TOTO, UTO B IIOCTIe[IHeN Mape o0a I1apa OyayT 4épHbIMMU?
Crynent 3Haet 15 3 20 Borrpocos yueOHov mporpaMMel. Ha sK3aMeHe mmpefjiaraeTcs oTBe-
TUTb Ha 3 BOIIpOCa, KOTOphIe BBIOMpAIOTCs CiTy4daliHbIM oOpaszoMm. Kakosa BeposiTHOCTB TO-
TO, UTO CTYA€HT CMOXeT OTBEeTUTD Ha ITpeJI0KeHHbIe BOIIPOCHI?

OTpe3ok mpsAMOV, IMHA KOTOPOTO paBHa 2, NeJINTCS CIydarHbIM oOpa3oM Ha 3 9acTu.
Hariti1 BeposiTHOCTB TOTO, UTO M3 IIOJIyYeHHBIX YacTel MOXKHO IIOCTPOUTDH TPEYTOJIbHUIK.
CropTmBHasi KoMaH1a cocTouT 13 20 ClIOPTCMEHOB, U3 KOTOPbIX 5 OOKCEPOB, 7 IITaHIMICTOB
u 8 6opuos. 111 Oecefbl ¢ XypHaJIMCTOM OBUIO BBIOpaHO CiIy4daliHBIM 0OpasoM 3 CIIOpPT-
cmeHa. OmpefesnTb BepOSITHOCTb TOTO, YTO BbIOpaHHBIE CLIOPTCMEHBI IIPeJICTaBIISIOT pas-
JIVYHbIe IVICHUIUIVHBI CIIOPTa.

Ha BoceMu KapToukax HammcaHbl 1dpsl oT 1 go 8. Haymauy m3BiiekaroTcs e KapTOUKML.
KaxoBa BeposITHOCTB TOTO, YTO CyMMa LiMdp, HalMCaHHBIX Ha 3TUX KapToukax, OyzeT He
MeHee 127

Bpocarores n1Be urpabHble KocTi. HaiTy BeposgTHOCTE TOTO, UTO CyMMa BBIIIaBIIVIX OYKOB
Oynet He 6ortee uem 10.

Kaxmnas w3 umdp 1, 3, 5, 6 u 8 Harmcana Ha ogHOV 13 IIATN KapTodek. KapToukm riepeme-
HIVBAOT U pacKiIafbiBaioT B psj. KakoBa BepoATHOCTh TOTO, YTO IOJTyYeHHOe IISATHU3HaYHOoe
91ICII0 OyAeT AesUThes Ha 47?

Hayran BeIOMpaeTcs AByx3HauHOe umiciio. OmpeneanTh BepOSITHOCTb TOIO, YTO CyMMa
Iudp 3TOro Ymcsia sSBJIsSeTCsl IPOCTBIM YMCIIOM.

W3 nostHOrO Habopa moMuHO (28 MITYK) HayAady BeIOVpaloT 7 KocTert. KakoBa BeposiTHOCTb
TOT'0, YTO Cpeyt HMX OKakeTcs TPW KOCTU C IIeCTBI0 OUKaMm?

I'pynma, cocrodiias m3 8 uesloBeK, 3aHMMaeT MecTa 3a KPYIVIBIM CTOJIOM B CJIy4YayHOM IIO-
panke. KakoBa BepOSTHOCTb TOTO, UTO IPW 3TOM JIBa OIIpee/IeHHBIX JIMIa OKaXyTCs CU-
OAIIMY PAIOM?

3apgaHue 3. BramcimTh BEpOSATHOCTY COOBITII, YKAa3aHHBIX B TEKCTe.

1.
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B nmepsom smyke HaxomATcs mapel ¢ HoMepamu oT 1 10 5, a BO BTOpoM - ¢ HOMepaMu OT 6
7o 10. VI3 kaXOoro smyKa BEIHYIJIN 110 ofHOMY Inapy. Kakosa BepOsSTHOCTBE TOTO, YTO CyM-
Ma HOMepPOB BBIHYTBIX IIapoB pasHa 117

B ciyuavmsi momeHT Bpemenu Xe [0, T] mossisieTcss pagyiocUrHal IINTETBHOCTEIO t. B
ciryganiabivi MoMeHT BpeMmenn Ye [0, T] BIrodaeTcs npreMHMK Ha BpeMs t < t. Hantu Be-
POSITHOCTH OOHapY KeHVIsI CUTHaJIa, eCJIVI IPVIeMHVK HacTpanBaeTcsi MTHOBEHHO.

[IBe urpasbHble KOCTV OpocaroTcst OnuH pas. Hairty BeposTHOCTb TOTO, UTO CyMMa BbITIaB-
LIVIX OYKOB SIBJISI€TCS IIPOCTBIM UVICIIOM.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

[NpaKTrnkym

Bpemst mpuxona iByx mapoxoioB He3aBUCIMO paBHOBO3MOXKHOE B TeYeHVe JaHHbBIX CYTOK.
OrnpenennTs BEpOSITHOCTH TOTO, UYTO OHOMY M3 ITaPOXOIO0B IPUIETCS OXIMAATh OCBOOOXK-
IleHNs IIpudasia, ecyIvi BpeMs CTOSHKI IIepBoro Iapoxojia - 4 4aca, a BTOporo - 2 gaca.
JlaHBI IBe KOHIIEHTpUYeCcKIe OKPYKHOCTM panmnycoB r1 = 2 1 12 = 1. Ha GosbImen okpyx-
HOCTM Hayzady cTaBaTcs fase Touku A u B. KakoBa BeposATHOCTB TOro, 4TO O0Tpe3oK AB ne
repeceveT Malyl0 OKPY>KHOCTb?

B nmepsom smyke HaxomATcs mapel ¢ HoMepamu oT 1 10 5, a Bo BTOpoM - ¢ HOMepaMut OT 6
1o 10. VI3 kaxmgoro siyKa BbIHYJIM IO OAHOMY Iapy. KakoBa BepoATHOCTb TOrO, UTO IIpO-
V3BelleHVie HOMePOB BBIHYTHIX IIapoB OyaeT He MeHbItre 207?

Harvitit BepodaTHOCTB TOTO, UTO HPY CIIy4alHOM pa3MellleHn 3 MIapoB 110 3 AIMKaM OfVH
AIIMK OKaXKeTcs ITyCThIM.

M3 otpeska [-1, 2] Haymady B3sTH Ba umciia. KakoBa BEpOSITHOCTB TOTO, YTO MX CyMMa
OosIbIIIe eMVHMIIBL, a MOAYJIb PA3HOCTV MEHBIIIe eVHNIIBL?

JBa ymIia yCJIOBWINCH BCTPETUTHCS B OIpee/IéeHHOM MecTe Mexay 12 u 13 wacamu. Ilpu-
LIV IIePBbIM XOET BTOPOro B TeueHuM 15 MuHyT, nociie yero yxogut. OnpenenmnTsb
BEPOSITHOCTb TOTO, UTO BCTpeda COCTOMTCS, eCJIV KKV MOXKeT IIPMOBITh Ha MeCTO BCTpe-
4y B JIFOOOTT MOMEHT B TeUeHUM YKa3aHHOTO Yaca, a MOMEHTBI BpeMeHU MX IIpuXxozia He3a-
BUCUIMBL.

bpocarorcsa Tpu urpanbabie KocTr. OnpeaeniTh BepOATHOCTb TOIO, UTO CyMMa BBIIIaBIIVIX
OuKOB OyzeT paBHa 12.

Ha oTpeske mmHom d Hayady BeIOpaHBI IBe TOuky. KakoBa BepOsITHOCTb TOTO, UTO pac-
CTosHMe MeXay Humu OyneT Mensite 0,547

[IBa urpoka 1o odepenu 6pocaroT UTrpajIbHYIO0 KOCTb, KaKIBIV 110 OHOMY pa3y. Bemrpas-
IIVM CYMUTAETCS TOT, KTO IMOJIYUUT OosIblliee UmciIo OUKOB. HamTy BeposiTHOCTb BBIMTPHIIIA
IIepBOr0 UTPOKa.

W3 orpeska [0, 2] Haymauy B3sTHI OBa umcia. KakoBa BepOSITHOCTH TOTO, UYTO MX CyMMa
MeHblIIIe 3, a MOAYJIb Pa3HOCTV OOJIbIIIe eIVIHIIBI?

Ha oTpeske mymHOM 24 Haynady BeIOpaHBI ABe TOUKM. KakoBa BEpOATHOCTB TOTO, UTO pac-
CTOsIHVIe MeXAy HUMM OyzmeT Gosbiie d?

3eHuTHas OaTapes, cocTosIas u3 4 OpyANil, IPOU3BOANUT 3aJIII II0 IPYIIIIe, COCTOSIIEN 13 4
camortéTos. Kaxmoe opynme BeiOmpaet cebe 11e/1b Hayady He3aBUCHMO OT OCTaIbHBIX. Ka-
KOBa BEepPOATHOCTb TOT'O, UTO BCe OPYAVS BBICTPEJIAT 110 Pa3HbIM caMOJIETaM?

Kop xomoBoro 3amka coctout m3 Tpéx 1mdp. Hekro, He 3Has Koma, cTajll Haymady IpoOo-
BaTh pa3InduHble KOMOMHamm 13 Tpéx umdp. Ha xaxmyro momeltky oH TpaTuT 1o 20 ce-
KyH[I. KakoBa BEpOSITHOCTB TOTO, UTO 3aMOK OyZIeT OTKPBIT 3a OIVH Yac?

Ha 1u1ockocTy HauepueHbI TapasUle/IbHble TIpsiMble, HaXOAAIIVecs Ha pacCTOsSSHUM 2d Ipyr
oT gpyra. Ha miockocts Haymauy OpocaeTcs MoHeTa paguyca r < d. HamTu BeposiTHOCTB
TOT'0, YTO MOHETA He IIepecedéT HY OJHOV ITPSIMOVL.

B rpynme u3 20 cTymeHTOB 5 4BIISAIOTCS OTIIMYHUKaMM, 9 - xopolmcTraMu 1 6 CTyJeHTOB
ydaTcsl yIoBeTBopuresibHO. KoMmccnsi 1o mmpoBepKe KadecTBa IIOATOTOBKM CTYIeHTOB
HayZady BbIOVpaeT YeTBIPEX CTYHAEHTOB M3 3TON Ipymibl. KakoBa BepOSITHOCTB TOTO, UTO
cpeny BBIOpaHHBIX OKakKeTcs OIVMH OTIMYHMK, [IBa XOPOIINCTa ¥ OOVH CTyeHT, oOyJaro-
IIVVICS Ha OLIeHKY YJIOBJIETBOPUTEIIBHO?

Touka B3sATa Haymady BHyTpU Kpyra paguyca R. HamTit BepOSATHOCTE TOTO, UTO 3Ta TOUYKa
OKaXeTCsl BHyTPY BIVICAHHOTO B KPYT IPaBWIBHOIO TPEYTOJIbHMKA.

Ha orpeske AB mymHOM d 1I0cTaB/IeHbl Hayiady fBe Toukyu L v M . Havitu BepogTHOCTB TO-
IO, UTO TOUKa L oKakeTcs Ormvbke K Touke A, ueM K Touke M.
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22,

23.

24,

25.

Komoma xapt (36 xapr) nmemmrcs mortosiaM. HamTit BeposSTHOCTB TOTO, YTO B OIHOV ITaYKe
4EpHBIX KapT OymeT B 2 pa3a OoJIbIlle, 4yeM KpacHBIX.

Touka B3sTa Haymady BHYTpU Kpyra paguyca R. HanTit BepOSATHOCTE TOTO, YTO 3Ta TOUYKa
OKa)keTcsl BHyTPY BIIMICAaHHOTO B KPyT KBajlpaTa.

W3 xonompl KapT (36 KapT) BbIHMMaeTcs Hayjgady Tpu KapTel. OnpenennTs BepOsSTHOCTb
TOTO, UTO BBIHYTBIMI KapTaMy OyayT IaMa, ceMépKa 1 Ty3.

Ha OeckoHeuHYI0 IIaxMaTHYIO JOCKY CO CTOPOHOV KBafpara d OpocaeTcsi Hayady MOHeTa
panuyca r, 2r < d. Havitit BepoTHOCTB TOTO, YTO MOHeTa I1eJIIKOM ITOIa/IéT BHYTPb OTHOTO
KBajipaTa.

Havti BeposATHOCTB TOTO, UTO JHM POXIeHMs 12 ueloBeK IPUXOAATCS Ha PasHble MeCAIIbI
rofa (IpezriosiaraeTcsi, YTo AeHb POXKIeHMs KakI0oro YeloBeKa C paBHBIMY BEPOSATHOCTSAMM
MOJXeT IIPUXOAUTBCS Ha JII000T MecsI] rofia).

3amanne 4. BbramcimTbh BepOATHOCTM COOBITWIL, IIOJIB3YACh POpMyslaMU CIIOXKEHUS U (VIN)

1.

10.

11.

12.
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YMHOXX€EHVIsSI BEPOSTHOCTEN.
Tpu cTpesika ogHOBpeMeHHO [IeJIaloT 110 OJJHOMY BBICTpesly 110 MuieHU. Kakosa BeposiT-
HOCTB TOTO, YTO MUIIIEHb OyZIeT IIopakeHa TOJIBKO OIHOVI ITyJIeVi, eCJI BEpOsITHOCT II0IIa-
ZlaHVs B MUILIeHb I IIepBoro crpesika pasHa 0,8, g sroporo - 0,7, it Tperbero - 0,67
B xiacce yuarca 10 mampumkos u 8 mesodek. Ilo sxpeOuio BEIOMparoT 5 y4eHMKOB 3TOTO
KIacca. KakoBa BeposITHOCTB TOTO, UTO CpeJiy HMX OKaXKeTcsl He MeHee Tpéx [jeBouek?
W3 cocyma, copepkariero 2 6espix 1 4 4€pHBIX IIapa, ABOe II00YepETHO M3BJIeKAOT Iap
(6e3 Bo3BpareHmus). Haiity BepodTHOCTD TOTO, UTO KaK/bIV 13 YYaCTHMKOB BEIHET ITePBBIM
OertbIvt mIap.
B ypHe 4 Gespix 11 6 uépHBIX mIapoB. VI3 ypHEI HayTaz n3BiIeKatoT 4 mapa. KakoBa BeposiT-
HOCTB TOTO, UTO Cpey HuX OyeT XOTs Obl J1Ba YEPHBIX I1apa’?
[Boe mooyepénHo OpocaroT MOHeTy. BeIMTpbIBaeT TOT, KOTOPBIN IIEPBBIM B pe3yJIbTaTe I10-
JIyauT opiia. KakoBa BepOATHOCTh TOTO, YTO MUI'pa 3aKOHUYUTCSA He II03/lHee yeM I10CjIe BTO-
poro OpocaHMs MOHETBI BTOPBIM UIPOKOM?
BeposiTHOCTM TIOmIamaHMs B 1ieJIb IIPU CTpeIbOe M3 TPEX OPYAUI COOTBETCTBEHHO pPaBHBIL:
0,8;0,7; 0,9. BeruncimTe BepOsSITHOCTD ABYX IIOIAIaHWVI IIPVI OHOM 3aJIIle U3 BCeX OpyAuTL.
Cpenn 100 s10TepertHbIX OMIETOB €CTh 5 BHIMIPHIIIHBIX. HarTi BeposiTHOCTb TOTO, UTO Cpe-
IOV Tpéx Haygady BEIOpaHHBIX OVJIeTOB OyIleT He MeHee ABYX BBIUTPBIIIHBIX.
YT1oOBI HOIYYNUTH IOJIOXKUTEIHYIO OLIeHKY Ha 3K3aMeHe CTYJIeHT JI0JDKeH OTBeTUTH IIO
MeHBIIIeVl Mepe Ha TPW BOIpoca M3 IpeIoKeHHBIX IATi. KakoBa BeposATHOCTBH TOrO, 4TO
CTYJIeHT YCIIeIIIHO BBIIePXXUT 3K3ameH, ecii oH 3HaeT 20 13 30 BOIrpocoB IIporpaMMBbl ?
B amyike 12 petasteit, cpery KOTopbix 8 okparleHHbIX. COOpIIMK Hayady w3BJIeKaeT 4 fe-
Ta. HaiTv BeposiTHOCTB TOTO, UTO XOTs OBl JIBe eTasIv U3 B3SIThIX OYIyT OKpallleHHbIM.
ABTOOYCHBIVI MapIIpyT 0OCITyXMBaeTcs TpeMs aBToOycamu. BeposgTHOCTY BO3HMKHOBEHVIS
HeVICIIpaBHOCTEV aBTOOYyCOB Ha MapIIpyTe B TeYeHWUI CMEHBI paBHBI COOTBETCTBeHHO: 0,2;
0,1; 0,08. OnpenennThs BEpOATHOCTH TOTO, YTO B TE€UEHNV CMEHBI HeVCIIPaBHOCTb BO3HVIKHET
TOJIBKO y OJTHOTO aBTODYyCa.
Tpwu GackeTbosmmcTa MPOM3BOAAT IO OMHOMY OpOCKy Ms4a. BeposTHOCTH momagaHus Msda
B KOP3MHY I IIepBOro, BTOPOTO 1 TpeThero Oackerbosmicra paBHBI cooTBeTcTBeHHO 0,9,
0,8 1 0,7. HarTyt BeposITHOCTB TOTO, YTO YAAUHBIMU OYAyT TOJIBKO [1Ba OpocKa.
Crynent 3HaeT 20 13 25 BOpPOCOB IIpOrpaMMbl. 3aueT CUMTaeTCs CIaHHbBIM, eCIV CTYAeHT
OTBETUT He MeHee UyeM Ha TPU M3 UeTbIpeX II0CTaBIeHHbIX B O1leTe BOIIPOCOB. B3risiHyB Ha
IIepBBIVI BOIIPOC OmleTa, CTyAeHT 0OHapYXXII, 4TO OH ero 3HaeT. KakoBa BeposiTHOCTB TOTO,
YTO CTYy/JeHT CAACT 3aueT?
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PagyicT Tprokapl BbI3bIBaeT KOppeclioHAeHTa. BeposTHOCTb TOoro, uTto OyaeT HpUHST Iep-
BBIVI BBI30B, paBHa 0,2, Bropont - 0,3, Tpetun Be130B - 0,4. ITo ycimoBusim mmpméma, coObITHS,
COCTOSIIIIVIE B TOM, YTO JTAaHHBIVI BBI30B Oy/eT yCIIblIaH, He3aBucUMbL. Haiiti BeposiTHOCTD
TOTO, UTO KOPPECIIOHIEHT BOOOIIIe YCITBIIIINT BBI3OB.

B amuke 12 perasnen, cpeny KOTOpeIX 8 BhIcIIero KadectBa. COOPIIMK IOCITEIOBATETTHEHO
HayZauy M3BJIeKaeT U3 AlVKa 110 OHOV JeTaIu J0 IIepBOro HOsBJIeHWs JIeTali BbICIIIero
KauectBa. Hantu BEpPOSTHOCTH TOT'O, YTO 6yneT IIpOU3BEeIEeHO He Dostee TPEX M3BJIEUEHUIA.

B sammmke mMmerorcsa 10 moret o 20 xorreex, 5 moHer 1o 15 xorr. VM 2 monets! 1o 10 Korr.
Hayrap, 6epércs 6 MoHeT. KakoBa BepOSITHOCTB TOTO, UTO B CyMMe OHM COCTaBST He Oosiee
onHoro pyo6ssa?

B mByx ypHax HaxomOsTcs LIapbl, IPUYEM B IIepBON YpHe 5 OeirbIx I1apos, 11 uépHbIX 1 8
KpacHBIX, a BO BTopom cooTBeTcTBeHHO 10, 8 1 6. VI3 00enx ypH Haymady m3BIeKaeTcs 110
onHOMY mIapy. KakoBa BepoSTHOCTB TOTO, UTO 00a IIapa OHOTO I1BeTa’?

BepodTrHOCTB yiydmmTh CBOVI HpeAbIIylnuil pe3ysbTaT ¢ OAHOV HOMIBITKM IS JaHHOIO
criopTcMeHa pasHa p. OnpenesmTb BepOATHOCTh TOIO, YTO Ha COPEBHOBaHMAX CIIOPTCMeH
YIJIYUIIWT CBOVI pe3yJsIbTaT, ecily paspeliaeTcs JgejiaTh JiBe ITOIBITKI.

JIBa cTpesika MOOYEpEAHO CTPEISIOT IO MUIIEHM 10 IIepBoro mnomnagaHusA. BeposrHocTb
ronagaHus IS IepBoro crpesika pasHa 0,2, a g sroporo - 0,3. Havitut BeposiTHOCTB TOTO,
YTO BCero OyzmeT cestaHo 2 vwin 3 BbICTperIa.

B ntotepee Bbmymeno 100 6wietos, n3 kotopeix 20 - BeMrpsbiHele. KymieHo 5 Owieros.
KaxoBa BepOsITHOCTB TOTO, UTO Cpely KyIUIEHHBIX OWIeTOB He MeHee [IBYX SBJIAIOTCS BbI-
WUTPBIIIHBIMI?

XKiopwm cocrout 13 Tpex cymen. IlepBeivi v BTOpoVt cyAby NPUHMMAIOT IIpaBWIbHOE perlle-
HMe He3aBUCUMO IPYT OT apyra c BeposaTHOCThIO 0,8, a TpeTuit cyabs s pelleHus: Opo-
caer MoHeTy. OKOHUYATeIbHOE pellleHe XXIOpY IIPMHVMAaeT 10 OOJIBIIMHCTBY rostocos. Ka-
KOBa BePOSTHOCTH TOTO, UTO KIOPV IIPUMeT IIpaBWIbHOe pellleHvie?

ITaTe cTyaeHTOB M3 FPYHIIEl M3yYaloT aHIJIUVICKU A3bIK, IIIeCTh CTYIEeHTOB — HeMeLKUM U
CceMb CTYAEeHTOB — ppaHITy3cKui s3bIK. CiTydgartHbIM oOpa3oM BeIOpaHO Tpu crymeHTa. Ka-
KOBa BepPOATHOCTB TOTO, UTO [iBa U3 HUX U3Y4YaloT OJVH ¥ TOT )K€ MHOCTPaHHBIN S3bIK?
Beposarrocts monaganvis B 11e1b s iepsoro opyaws pasHa 0,3, g sroporo - 0,4, mis
Tpetrero - 0,6. 11 paspy1ieHus e Tpedyercs xoTs 0bl 2 monagaHms. Kakosa BeposiT-
HOCTB TOTO, UTO IIPY OIHOM 3aJIIle 13 BceX OpYAui 11eJib OyeT paspylieHa?

Tpu cTpesika ogHOBpeMeHHO AeslaloT 10 OJHOMY BbICTpesly IIo muileHu. Kakosa BeposT-
HOCTBh TOTO, YTO MMUIIEeHb OyeT IopakeHa He MeHee UeM NByMs ITyJISIMU, eCJIVI BEepOsiT-
HOCTb IOIaJaHus B MUIIeHb 1Id IepBoro crpeska pasHa 0,5, mis Broporo - 0,6, mis
Tpetbero - 0,8?

JIBa cTpesika MOOYEpPEAHO CTPEISIOT IO MUIIEHM 10 IIepBoro mnomnagaHusA. BeposrHocTb
ronagaHus IS IepBoro crpeska pasHa 0,3, a ra sroporo - 0,4. Havitut BeposiTHOCTB TOTO,
MUIIIeHb Oy/ieT opaXkeHa [ePBbIM CTPEJIKOM.

[Boe 11004epénHO OpocaloT MOHETY. BeIMIpBIBaeT TOT, KOTOPHBIV IIEPBBIM B pe3ysIbTaTe II0-
JIyauT opiia. KakoBa BepOsITHOCTB TOTO, UTO BBIMTIPaeT UTPOK, OpOCcaroIiii MOHETY IIepBbIM?

3agaHue 5. BuIumc/nMTh BEpOATHOCTY COOBITHIA, TIOIB3YCh (POPMYJIION IIOJTHOV BePOSTHOCTH U

1.

() popmyrtont barteca.
Ha 3aBope 30% netasnent mpomssoamtcst riexoM Nel, 45% - 1iexom No2 m 25% - 11exom Ne3.
BeposiTHOCTD M3roToBIeHMs OpakoBaHHOV Hetanyu 1jig 1-oro 1exa pasHa 0,05, mrs 2-ro -
0,01, s 3-ro - 0,04. Hayran BeiOpaHHas n3 o0IIero moToka JeTaaib OKasajlack OpakoBaH-
Hovt. OnpenenTh BEPOSITHOCTb TOTO, UTO 3Ta JleTaIb ObUTa M3rOTOB/IeHa 1-M I1exoM.
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Tpoe 0XOTHMKOB OTHOBpPEeMEHHO BBICTPeJIVIIN I10 MeIBe/I0, KOTOPBIN ObUI yOUT OHOI ITy-
sien1. OnpenenTh BEPOATHOCTD TOTO, YTO MefiBelb ObUT yOUT IepBbIM OXOTHMKOM, €CJIN Be-
POATHOCTY MOIIafIaHVA [JIs OXOTHMKOB paBHBI cooTBeTcTBeHHO 0,4, 0,35 1 0,3.

B ypre HaxomwuTcs gBa OeslbIx M 4eThIpe U€pHBIX IMapa. VI3 ypHBI M3BJIeKaloT [IBa IIapa,
1IBeT KOTOPBIX OCTaéTCsl HeM3BeCTHBIM, M OTK/IaJbIBAlOT MX B CTOPOHY, IOCJIe Yero BBIHU-
MaroT TpeTnii map. OnpenennTs BEPOSTHOCTb TOTO, UYTO TOT IIap OeIbIiL.

WMsBectHO, uTO 5% Beex myxumH 1 0,25% Bcex XeHIMH - gagbToHMKN. Ha obcienosanme
IpUOBUIO OOVHAKOBOE YVCIIO MY)XUMH ¥ XeHIIMH. Haygauy BeIOpaHHOe JIMII0 OKa3aIoch
najibToHMKoM. KakoBa BepOsITHOCTB TOTO, YTO 3TO My>K4MHa?

B mpopaxy mocTymnaroT TesleBU30pH Tpex 3aBodoB. [Tpomykis mepBoro 3aBoga Comep>XXuT
20% TeeBM30pOB CO CKPBITBIM AedekroMm, BToporo — 10% wm Tperpero - 5%. Kakosa Be-
POSITHOCTH IPMOOPeCT MCIIPAaBHBIN TeJIeBM30p, ey B MarasuH rnoctymwio 30% TereBu-
30poB ¢ nepsoro 3aBoza, 20% - co BToporo 1 50% - ¢ TpeTbero?

[IBa 11exa IITaMIyIOT OJHOTUIIHBIE AeTa. IlepBem ex maer o% Opaka, a Bropoit — 3%.
1151 KOHTpPOJIst 0TOOpaHO N1 JIeTasIeVt M3 IIepBOTO 1iexa ¥ Nz U3 BTOPOro. DTu Ny + Ny eTasieit
CMeIllaHbl B OHY NApPTUIO, M M3 Hee HayHady WM3BJIeKalOT OOHY AeTaslb. KakoBa BeposiT-
HOCTb TOTO, YTO OHa OpakoBaHHasA?

B smmke sexuT 20 TeHHUCHBIX Ms4ell, B TOM 4ncile 15 HoBbIX. [IIs UTpbl Hayga4dy BbIOW-
paroTcs 1Ba Msg4a U II0CJIe UTPhI BO3BpAIaloTCs 00paTHO. 3aTeM Il BTOPOV UTPHI TaKxke
HayZady M3BJIeKaloTcs elrle 71Ba Mg4a. KakoBa BepOSITHOCTB TOTO, YTO BTOpasi Urpa Oymer
IIPOBOAMTHCS HOBBIMVI MSTUaAMM?

B Tipe mmMeetcs 5 pykeit, BepodTHOCTB IIONagaHMs 113 KOTOPEIX pasHa 0,5, Tpu pyXbsi C Be-
posaTHOCTBIO nonaganms 0,7 v aBa pyXbsi ¢ BeposaTHOCTbIO nonaganv 0,8. OnpenenmTs
BEPOSTHOCTD IIOTIZIaHNs B MUIIIEHb TPV OTHOM BBICTpeJIe, eCJIN CTPEJISIONINI OepéT OgHO
VI3 pyXen Hayagady.

s KOHTPOJISL ITPOAYKLUMN U3 TPEX HAPTWUI OeTajIeVi B3sATa IJIS VICIIBITAHVSA OOHA [deTallb.
Kaxk Besmika BeposTHOCTb OOHapYXKeHNs OpaKOBaHHOVI IIPOAYKIINY, €CJIVI B IIePBOVI ITapTUV
2/3 perasient OpakoBaHHEIE, BO BTOpoii — 1/3, a B TpeTben - Bce AeTam JoOpOoKadeCcTBEeH-
HBIE?

W3 mosmHOTrO HAbOpa KOoCTelt IOMIMHO Hayraz, 0epyTcs ase KocTn. OIpenenTs BepOosSTHOCTb
TOT'0, YTO BTOPYIO KOCTh MOKHO IIPUCTaBUTh K IIePBOVAL.

Ha nByx craHkKax oOpabaTbIBalOTCSI OOHOTUIIHBIE NeTaln. BeposiTHOCTh Opaka mist 1-ro
craska cocrasrsteT 0,03, st BToporo - 0,02. O6paboTaHHBIe HeTaIv IIOCTYTIAIOT Ha OO
koHBeriep. Haymauy B3sgras ¢ KoHBelepa [eTajib oKasaslach 0e3 Opaka. OmnpenemnTs Bepo-
STHOCTB TOTO, YTO 3Ta JeTajIb ObUIa oOpaboTaHa Ha 1-M cTaHKe.

B niepBomt ypHe HaxonuTcs 6 OerIbIx 11 4 UépHBIX IITapOB, a BO BTOPON — 5 OesIbIx 11 4 YEPHBIX.
VI3 miepBOVI YpHBI BO BTOPYIO IlepeJIoXIIN OfMH IIIap, II0CjIe Yero 3 BTOPOV YPHBI M3BJIeK-
JIV OOVH IIap, oKas3aBIImiics OestbIM. KakoBa BEpOSITHOCTB TOTO, UTO M3 IIE€PBOV YPHBI BO
BTOPYIO OBLJI IlepesIoKeH OeJIbIn map?

I'pynma ms 15 ciopTcMeHOB CTpeJIKOB BKIIOUaeT 3 MacTepa CIopTa, 6 KaHAMIATOB B MacTe-
pa 1 6 HepBOpa3psaIHMKOB. BeposTHOCTM TTOpakeHVs MUIIIEHM 71 CIIOPTCMEHOB PaBHBI
cootsercTBeHHO 0,9, 0,8 1 0,7. Haynauy BeIOpaHHBIN CTpesIOK ceiayl BEICTpeII U Iopa3I
MuiieHb. KakoBa BepOsSITHOCTb TOTO, 3TOT CTPEJIOK SIBJISI€TCSI MacTepOM CIIopTa?

Tpu cTpesika mpomsBeny 3ail, IpUYEM [IBe IIyJIM IIopasiIv MuleHb. HanTi BeposiTHOCTD
TOTO, YTO TPETUI CTPEeJIOK IIOMaJl B 11ejIb, €CIIV BEPOSITHOCTY IIOMa/JaHVs B MUIIIEHD IIep-
BbIM, BTOPBIM U TPEeTbUM CTpeJIKkaMy paBHBI cooTBeTcTBeHHO 0,6, 0,5, 0,4.

BeposarnocTs nonaganms B 11e51b IIpy OAHOM BhIcTpesie paBHa 0,4. BeposTHOCTE mopakeHwst
nesm IIpy ogHoM nonagaHvm pasHa 0,1, mpu aByx nonaganmsax - 0,3, mpm Tpéx 1onaza-
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Husax - 0,6. ITpousBeeHo Tput BEICTpesia, B pe3yJibTaTe KOTOPHBIX I1eIb ObUTa HopaxkeHa. Ka-
KOBO Han0oJTee BepOSTHOE YVICIIO ITOTTafaHvL?

B maptvit n3 5 m3genmiit KoiMdecTBO OpaKOBaHHBIX M3IENVII MOXKeT OBITh JIFOOBIM C OffVHa-
KOBOVI BEPOSITHOCTBIO. VI3 TTapTmm B35 TO OITHO M3MIesIie, OKa3aBIleecs OpakoBaHHBIM. Kakoe
IIPEeLITOJIOKEHe O KOJTMYeCTBe OpaKOBaHHBIX M3e/Nii Hanbostee BEPOSITHO, €CIIV IIPVHSTH
BO BHVIMaHVe pe3yJIbTaT 3TOTO OIIbITa?

B nepBoit ypHe HaxoauTcs 6 OeIbIX 11 4 YEPHBIX IIIAPOB, a BO BTOPOVI — 4 OesIbIX 1 6 YEpHBIX.
VI3 Kax[ov ypHBI Haygady M3BJIeK/IN 110 OHOMY IIapy, a 3aTeM M3 3TUX JIByX IIIapOB Hay-
Jady B34T oOuH Iap. HamTy BEpOsITHOCTB TOTO, UTO B34T OeJIbIV I1ap.

Ha cOopky moctymaroT gerany ¢ IByx aBroMaToB. [lepssivi maér B cpenHem 0,2% Opaka,
Bropont - 0,1%. Havtu BeposTHOCTB HoOITazaHms Ha cOOPKY OpaKOBaHHOM [IeTasIv, €CJIN C
nepsoro aproMara nocrymwio 2000 getaseii, a co Broporo — 3000.

B Tpéx ommHakoBBIX KOpoOKax Haxogutcs 1o 10 mertastent, BKIO4asi OpakoBaHHbIe. B mep-
BOVI KOpoOke - 2 netasiv OpakoBaHHBIE, BO BTOpom - 3, B TpeTkell — 1. HekTo BBIOMpaeT
HayTaJl, OHy 13 KOpPOOOK 1 HayHauy OepéT 13 Hee fgeTayib. KakoBa BepOSTHOCTb TOTO, UTO
3Ta [eTaIb OKaKeTcs OpaKOBaHHO?

B cocyn, comepxarinii 5 mapos, omnyiieH Oesibin map. KakoBa BepOSTHOCTD, HeVICTBY S Hay-
Jlavdy, BBIHYTH OeJIblil IIap M3 3TOro cocyna? Bce mpearnosioxeHns o mepBoHaYaIbHOM CO-
CTaBe IIapOB CYNUTAIOTCS OAVHAKOBO BO3MOKHBIMIA.

Papuortamiia MoxxeT mpuHaIeXXaTb K OOHOM M3 Tpéx maptuii ¢ BepodatHocTsamu 0,2, 0,3 1
0,5. BeposiTHOCTM TOTO, UTO JIaMIIa IIpOpadOTaeT 3aJaHHOe YVCIIO YacoB IS TUX HMapTuil,
pasusbl cootBeTcTBeHHO 0,7, 0,8 11 0,9. OmIpenestnTh BEpOSITHOCTB TOTO, UTO JIaMIIa IIpopado-
TaeT 3aJlaHHOe YMCIIO YacoB.

OnpenermTe BeposTHOCTE Toro, uro 100 namriouek, B3ATbIx Haymady m3 1000, oxaxyTcs
VICIIPaBHBIMM, €CJIV M3BeCTHO, YTO YMCJIO MCHOpYeHHBIX jamrodek Ha 1000 mTyk moxer
ObITE paBHBIM OT 0 10 5 ¢ OIVTHAKOBOVI BEPOSITHOCTHIO.

B nponaxy moctynaioT TeneBu3opel Tpex 3aBofoB. IIpoaykins nepsBoro 3aBoja COIepKUT
10% TereBM30pPOB CO CKPBITBIM edeKToM, BToporo - 8% m Tperbero — 5%. IIpnobperén-
HBIVI TeJIeBM30p OKasasics Oe3 medekToB. KakoBa BEpOSITHOCTB TOTO, YTO 3TOT TEJIEBU30P
OBUT M3rOTOBJIEH Ha IIePBOM 3aBOJle, eC/IV B MarasuH roctymwio 30% TeieBr30poB C IIepBo-
ro 3aBoza, 20% - co Broporo 1 50% - ¢ TpeTbero?

B Tupe nmMeetcs 5 pyxeri, BepossTHOCTB IONagaHMs U3 KOTOpbIX paBHa 0,5, Tpu pyXbs C Be-
postHOCTBIO nonagaHusa 0,7 u ABa pyXbs ¢ BeposTHOCTbIO nonaganusa 0,8. ChernaH BbI-
CTpeJI U3 HayZady B3sITOTO PyXKbsl, IIPY 3TOM 3aduKCHUpOBaHO Iolajanue B 1esib. Onpere-
JIUTB BEPOSITHOCTB TOTO, UTO 3TO PYXKbé IIPpMHAa/JIeXXasIo IIepBOvi FPYyIIIIe.

MsBectHO, uTO 95% BBIITyCKaeMoOVI MPOAYKIIMN YIOBJIETBOPSIET CTaHHAAPTY. YIpOIlleHHas
cxeMa KOHTPOJIA HPU3HAET IIPUTOTHOV CTaHAPTHYIO IIPOAYKIMIO ¢ BepoATHOCThIO 0,9 1
HecTaHIApTHYIO - c BeposaTHOCTBIO 0,08. OmpenenTs BepOSITHOCTh TOIO, YTO M3flesivie,
Hpolllefiiee YIIPOIIEHHBII KOHTPOJIb, YAOBJIETBOPseT CTaHAAPTY.

3agaHue 6. BuramcmTh BeposATHOCTM COOBITUW, TI0JIB3YsCh popMyJIon bepnysum, ciaencTss-

1.

2.

MW 113 Heé, VIM €€ aCMITTOTMYECKIMYI IIPVOIIVDKEHVSIMIA.
BepositHOCTB OTKa3a npmbopa mipu mcnbiTanmuy pasHa 0,2. CKoJIBKO TaKyx IprOOpPOB HYX-
HO WCIIBITATh, YTOOBI C BeposTHOCTHIO 0,99 oIy unTh XOTs OBI OMH OTKa3?
BeposTHOoCTh M3roToseHus gerasay OTIIMYHOIO Kadectsa pasHa 0,8. KakoBa BepOsATHOCTB
Toro, uto cperu 10 gerasent He MeHee 9 OTJIIMYHOrO KauecTBa?
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Ecimi B cpegHeMm steBmn cocTasiisiioT 1%, KakoBa BepOSITHOCTB TOTO, uto cpeay 200 uerroBek
oKakeTcs 4yeTBepo JieBlIen? Kakosa BeposiTHOCTB cpeny 200 uestoBeK 0OHapyXUTh He Me-
Hee 4 j1eBI11ETI?

B HekoTopoMm cemerictse 8 merent. BepodaTHOCTh poXXmeHMsT MasIbuMKa VWIN JIeBOYKM paBHa
0,5. Havrtv BeposITHOCTB TOTO, UTO a) MMeeTcs 4 MasibumKa M 4 1eBOUKy; O) 9mciIo MayTbum-
KOB 3aKJIIOU€HO MeXy 2 11 6 (BKIIIOUNUTEIIBHO).

BeposiTHOCTB XOTsI OBl OZTHOTO ITOSIBJIEHVISI COOBITVS TPV YETHIPEX HE3aBMCUMBIX VICITBITa-
Husx paBHa 0,59. KakoBa BepOSITHOCTD IIOSIBJIIEHNMS COOBITIS IIPY OIHOM OIIBITE, €CIIN IIPU
KaXX[IOM OIIBbITe 3Ta BepOSITHOCTD OMHAaKOBa?

barapes mana 14 BBICTpeJIOB IO BOEHHOMY OOBEKTY, BEPOSTHOCTH IIOMAaJaHMs B KOTOPBIN
pasHa 0,2. HarrTut a) HamBeposiTHevIIIIee YVICIIO ITOAfaHVIL 11 eT0 BEPOSTHOCTE: O) BeposiT-
HOCTh paspyleHuss 00beKTa, ecyI [JIsl ero paspylleHus TpeOyeTcss He MeHee 4 Iomaza-
HUIL.

B HekoTopoMm obmiectse mmeetcs 1% nanbToHMKoB. Kakos morpkeH OBITE 0OBEM CITydatHOM
BBIOOPKM (C BO3BpallleHIeM), YTOOBI BEPOSITHOCTb BCTPETUTDh B Hell XOTs OBl OTHOTO Hajib-
TOHMKa Obuia He meHee 0,957

UrpanpHast KocTb Opocaercst 6 pa3. HamTi BeposTHOCTb TOTO, UTO XOTs OBl 71Ba pasa Iosi-
BUTCS YMCIIO OYKOB, KpaTHOE TPEM.

BepositHOCTh nontaganms B ek pasHa 0,2. COpaceiBaeTcst oguHouHO 7 60M06. Harrt Bepo-
ATHOCTB TOTO, YTO OyzieT a) He MeHee 6 rioIagaHmit; 0) He MeHee 2 IIOMaIaHNA.

Ha otpesok [0, 10] Haymauy Oporero 5 Todek. HaiiTui BeposiTHOCTb TOTO, UTO [IBe TOUKU
nonagyT B orpe3ok [0, 2], onna - B [2, 3], nBe - B [3, 10].

BepositHOCTE HONIamanms B etk 11pu KaxkaoM BeicTpeste pasHa 0,001. Havitit BeposaTHOCTB
HoragaHus B 11eJ1b ABYMs 1 OoJlee BbICTpesiaMu, eciiu crietaHo 5000 BbICTpesIoB.

B xpyr BromcaH kBanpar. KakoBa BepOSTHOCTB TOTO, UTO 13 8 TOUeK, OpOIIeHHbIX Haydavy B
KpYT, TP ITOIIaAyT B KBajlpaT, /iBe — B O[JIH CETMEeHT, TPU — B OCTaBIIIVecsd TPy cerMeHTa?
CraHOK-aBTOMAT IITaMITyeT JeTa/li. BeposTHOCTb TOro, 4To M3roTOBJIeHHas [ieTajlb OKa-
xetcs OpakosaHHOV, pasHa 0,02. Havrtu BepostHOCTB TOTO, uTO cpemm 100 metasent Gpako-
BaHHBIX OKa’keTcsl He MeHee 2 11 He Dojtee 4.

UrpaspHas kocth 6pocaercst 12000 pa3. Havtvi BepoSTHOCTB TOTO, YTO UMCIIO BBIIAIeHU
ofiHOro ouKa Oyret 3axmoueHo Mexay 1900 m 2150.

Cucrema paayosIOKaIIOHHBIX CTAHIIMY BeNET HaOIIoIeHMe 3a T'PYHIION OOBEKTOB, CO-
crosment 13 10 egymmr. Kakaemn 113 00beKTOB MOXKeT OBITH (He3aBMCHUMO OT OPYITX) IOTe-
psH ¢ BeposTHOCTBIO 0,1. HamTut BeposiTHOCTB TOTO, 4TO He MeHee NIBYX OOBEeKTOB Oymer
IOTepsHO.

ITpubop cocTtouT M3 8 ONHOTUITHBIX 3JIEMEHTOB, HO MOXeT padoTaTh HMpU HAJIMYUU B VC-
IIPaBHOM COCTOSIHUM He MeHee 6 13 HUX. KaXIbI 113 3JIeMeHTOB 3a BpeMs | paboThl Ipu-
6opa BBIXOOWUT U3 CTPOsl HE3aBUCUMO OT ApPYyIux ¢ BeposaTHocThIO 0,2. HaliTyt BeposiTHOCTB
TOTO, YTO IIPUOOP OTKaXeT 3a BpeMs f.

BeposiTHOCTH BBIUTpBIIIIa IO OOHOMY JIoTepertHoMy Owiety pasHa 0,005. Havrtu BeposiT-
HOCTb TOTO, 4TO, MMes 100 O1y1eTOB, MOXXHO BBIMIPATh XOTsI OBI I10 IBYM 13 HUX.

TectoBem OwieT comepxmuT 5 BompocoB. Ha KaXkabIit BOIIpoC IIpefyiaraeTcs 1Ba BapuaHTa
OTBeTa, M3 KOTOPBIX OIVH $BJIAeTCs IIpaBWIbHBIM. [IJIg MoIydeHMs 3adéTa Hy>XHO IIpa-
BWIBHO OTBETUTH He MeHee UeM Ha Tpu Borpoca. KakoBa BEpOATHOCTb TOTO, UTO HEKTO,
BLIOVpas OTBETHI Hay/lauy, MOXeT IOJIYYUTh 3a4éT?

BeposiTHOCTB XOTsI GBI OIHOTO BBHIMIPHIIIA IO 5 joTepetHbIM Omtetam pasHa 0,1. Kakosa
BEepPOSITHOCTb BBIMTPHIIIA 110 OJHOMY OWJIeTy, ecyi IIpefliosiaraTe, 4To [JId BCeX OMIeToB
3Ta BepOATHOCTb O VIHAKOBa?
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[ o1 v3mennii lepBoro copTa B IpoayKimu 3aBojia cocrasisteT 70%. KakoBa BepoaTHOCTB
TOTO, 4TO M3 0ToOparHbIX 400 M3germt okaxetcs ot 270 o 300 n3mervt mepBoro copra?
CKOJIBKO HY>KHO B3STh CITyYaVHBIX 1P, ITOOBI BEPOSTHOCTD ITOSIBJIEHS CpeIy HYX -
PBL, KpaTHOM TpéM, Obuta OpI He MeHee 0,9?

BepositHOCTD mosiBIIeHMsT coObITIS B ogHOM omblTe pasHa 0,6. KakoBa BepOsSTHOCTH TOTO,
YTO 3TO COOBITIIE IOSIBUTCS B OOJIBIIIMHCTBE 113 60 OIIBITOB?

BeposarHocTh M3roTrosneHus gerasay OTIMYHOTO Kadectsa pasHa 0,9. KakoBa BeposATHOCTB
TOTO, YTO cpenu 8 meTasient He OoJlee 6 OTVIMYHOTO KadecTBa?

barapes nmasa 10 BeICTpesIOB IO BOEHHOMY OOBEKTY, BEPOSTHOCTH IIOMAaHMs B KOTOPBIN
pasHa 0,3. Hamrtut a) HamBeposiTHerIIIIee YVICIIO ITOAfaHVIL 11 eT0 BEPOSTHOCTD; 0) BeposiT-
HOCTh paspylleHnss 00beKTa, eIV Il ero paspylleHus TpebyeTcss He MeHee 3 Iomaza-
HUIL.

[MTaxMaTucT Urpaer B IMIaxMaTbl CO CBOMM IapTHEpoM 4 maptun. BepodTHOCTh BeIMIpaTh
HapTUIO paBHa 1y1g 3Toro maxMatucTa 0,4. Havitu BeposATHOCTB TOrO, YTO OH BBIUTpaeT He
Oosiee 2 11 He MeHee 3 TTAapTUIL.

Tema 2. Crty4dariHble BeJTMIMHBI

3amaHne 7. 3a/1aH 3aKOH paclpepesieHNs OVUCKPeTHON cilydarHo BerunHbl X. Havrtu mate-
MaTu4eckoe OXwaaHue, AVCIIePCUIO, CpefHee KBaJpaTudeckoe oTkiIoHeHMe. IToctpouts rpa-
dUK PyHKUMU paclipeliesieHNs BepOsSTHOCTeV CTyYalfHOV BeJIMIMHBI X.

1. x | 10 | 101 | 103 | 106 | 11
p| 06| 01 | 01 | 01 | 01

2. x | 101 | 102 | 104 | 107 | 11,1
p| 05| 02 | 01 | 01 | 01

3. x | 10,3 | 20,3 20,7 21,3 | 22,1
p 04 0,3 0,1 0,1 0,1

4. x | 10,6 | 20,6 21 216 | 224
p 0,3 0,3 0,2 0,1 0,1

5. X 11 21 21,4 22 22,8
p 0,2 0,2 0,3 0,2 0,1

6. x | 11,5 | 21,5 21,9 22,5 | 23,3
p| 01 0,1 0,3 04 0,1

7. x | 12,1 | 221 22,5 23,1 | 23,9
p 0,1 0,3 04 0,1 0,1

8. x | 128 | 228 | 232 | 238 [ 246
p | 01| 02 [ 04 [ 02 |01
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9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

13,6 | 23,6 24 246 | 254
0,3 0,3 0,2 0,1 0,1
145 | 24,5 24,9 25,5 | 26,3
0,3 04 0,1 0,1 0,1
155 | 25,5 25,9 26,5 | 27,3
0,2 04 0,2 0,1 0,1
16,6 | 26,6 27 27,6 | 284
0,1 0,5 01 0,2 0,1
17,8 | 27,8 28,2 28,8 | 29,6
0,3 0,2 0,2 0,2 0,1
191 | 291 29,5 30,1 | 30,9
0,2 0,1 0,1 0,1 0,5
20,5 | 30,5 30,9 31,5 | 32,3
0,1 0,3 0,3 0,2 0,1
204 | 304 30,8 31,4 | 32,2
0,1 0,2 0,2 0,3 0,2
20,2 | 30,2 30,6 31,2 32
0,2 0,1 04 0,2 0,1
199 | 299 30,3 30,9 | 31,7
0,3 0,3 0,2 0,1 0,1
195 | 295 29,9 30,5 | 31,3
0,1 0,1 0,3 04 0,1
19 29 29,4 30 30,8
0,2 0,3 0,2 0,2 0,1
184 | 28,4 28,8 294 | 30,2
01 0,2 0,2 04 0,1
17,7 | 27,7 28,1 28,7 | 29,5
0,2 0,3 0,2 0,2 0,1
169 | 26,9 27,3 27,9 | 28,7
01 0,1 0,2 04 0,2
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24, X 16 26 26,4 27 27,8
p 0,3 0,3 0,2 0,1 0,1

25. X 15 25 25,4 26 26,8
p 0,2 0,1 0,1 0,3 0,3

3apganne 8. HerpepriBHas ciTydariHast BesmamHa X 3aaHa (PYHKIIMEN pacpenerieHns (3agadn
1-14) win IWIOTHOCTBIO paciiperesieHNnsl BeposTHocTel (3amaum 15-25). TpeOyetcs: a) HamTui
IUIOTHOCTh pacupenesienus (1-14) wim dyskuio pacmpenesieHns BepositHocTenn (15-25);
0) HamTM MaTeMaTudecKoe OXWIAHVeE, AVICIIePCUIO, CpellHee KBaJpaTHdecKoe OTKIOHEHWe,
CKOIIIEHHOCTB ¥ 3KCIIeCC paclipefiesIeHyIs]; BEPOsSTHOCTb TOTO, UTO CJIydaliHas BeJIMIMHA OTKIIO-
HWTCSI OT CBOETO MaTeMaTYeCKOTO OXVIAHVIS He OoJlee, YeM Ha OJIHY YeTBEPTYIO JJIVIHBI BCETO
VHTepBaJla BO3MOXKHBIX 3HaUeHWUV 3TOV BeJIMYMHBL B) IIOCTPOUTE rpadVKn PYHKIIMIA pacipe-
IeJIeHVs VI ITTOTHOCTY pacIIpelierieHNsl BepPOsSTHOCTEL.

1. F(x) =

3. F(x)=

5. F(x) =

7. F(x) =

9. F(x) =

0 mpux<O0,
2
xj mpu0 < x <2,

I npux>2.

2
0 mopux<-—,
PEA=3

3.2
X
1 npux>2.

npn§<xs2,

0 mnpux<O0,
e'—1 mulO<x<iIn2,
1 npux>2.

a

0 mpux<—,
P 4

—cos2x npn£<xSE,
4 2
1 Hp1/1x>E
5
0 mpux<O0,
3
% mpu0<x <2,

1 npux>2.

0 mpux<l,

11. F(x)=4Inx mpul<x<e,

1 mpux>e.

2. F(x)=

4. F(x) =

3
0 mpux<-—,
P 4
4—g an/I§<xS1,
X 4

I mpux>1.

0 npu x <0,

2sinx an0<xS%,
1 HI/Ix>E
p 6

0 mpux<O0,

6. F(x)= Jx mpu0 < x <1,

8. F(x)=

10. F(x) =

12. F(x) =

1 nopux>1.

0 mpux<o0,

2sin > an/IO<xSE,
2 3

1 o I/Ix>£
p 3

0 mnmpux<O0,

3
ol mpu 0 < x <3,
27

1  mpux>3.

0 mpux<0,

Ux mpu0<x <1,
I opux>1.
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13. F(x) =

15. f(x)=

17. f(x)=

19. f(x)=

21. f(x)=

23. f(x)=

25. f(x) =

0 mpux<0,
2

ail mpu 0 < x <4,
16

1 npux>4.
0 mpux<0u x>§,

2cos2x an/I0<xS%.

npux <0 u x >3,

0
x2
) npu 0 < x < 3.

0 nmpux<0wu x>1,

g{/; nmpu 0 < x <1.

0 npnxS% ux>l,

6

2
x3 X

0 nmpux<0wu x>1,
1

3/ x?
0 npux<0wu x>4,
3w
64

mpu0<x<1.

npu 0 < x<4.

3
———1pu —<x<1.
P 4

14. F(x) =

16. f(x)=

18. f(x)=

20. f(x)=

22. f(x)=

24. f(x)=

Tema 3. MHOroMepHbIe ciIyudariHble BeJIMIMHBI

3aganme 9. 3akoH pacrpefiesieHVs AVMCKPETHOV IByXMepHOW ciIydavHom BesauHbl (X,Y)
rpeficTabiieH TaOnmilent. OnpeneanTs OfHOMepHBIe 3aKOHBI pacIperieieHns CIydJaliHbIX BeJIu-
uyH X n Y. Hanmu ycioBHBIe TUIOTHOCTM paciipefie/ieHVsl BepOATHOCTeN BeJIMYMH. BeravcamTs
MaTeMaTUdecKue OXWUIAHWV My U 11y, AUCIIePCUN Oy VI Oy, KOBapUAallVIOHHbBIVI MOMeHT K, 1 KO-

3 PuULIIEHT KOPPEIIALINN Ty

Bo3MoXxHEBIe 3HAUEeHMS CJ'Iy‘IE:lVIHBIX BeJIMYNMH BBI6paTB II0 HOMEPY BapVaHTa.
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0 mnpux<2,
lng npu 2 < x < 2e,

1  mpux>2e.
0 nmpux<0wu x>1,

%\/; mpu 0 < x <1.

npux<1u x>\/;,

HpI/I1<x§\/Z.

0

2

X

0 mpux<0wux>3,
2 1-X npu 0 < x <3.
3 3

0 HpI/IxSOI/Ix>§,

cos> an0<xSE.
2 3

0 mpux<0Omu x>%,

1
opu < x < —.
P 4

b
Jx

Yi
hn b2 Y3 Ya Y5
Xi
X1 0,04 0,04 0,03 0,03 0,01
X2 0,04 0,07 0,06 0,05 0,03
X3 0,05 0,08 0,09 0,08 0,05
X4 0,03 0,04 0,04 0,06 0,08
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1;2;3;8), Y=(9 11, 13; 16; 18) 2.X=
1,2;4,6), Y=(57,9;11; 14) 4. X =
3;,-2,2;7), Y =(8;10; 12; 14; 16) 6. X =

-2;,-1;1;3), Y = (6; 8;12; 14; 16)
2;3;5;8), Y=(7,9;10; 11; 13)
-2;,-1;2;4), Y =(3;5;10; 12; 15)

1. X=( (
3. X=(- (
5. X=(- (
7.X=( (

1,4,7,8), Y=(4,7,9;10; 11) 8.X=(-3-1,1;4), Y= (6;7;10;12; 14)
9. X=(-1,1;3;6), Y=(3;5; 8 10;12) 10. X = (-4;-2;2;4), Y=(5,7;9; 11, 13)
11. X=(1;3;57), Y = (2; 4, 10; 12; 14) 12. X = (-4;-3;1;2), Y = (6;9; 10; 12; 15)
13. X =(-2;2;4;6), Y = (9, 10; 12; 14; 15) 14. X = (-5;-3;1; 3), Y = (5; 8; 11; 14, 15)
15. X=(1;2;4;5), Y=(7;8;9;12;13) 16. X = (-3;-1;3;5), Y =(3; 6; 8;10; 12)
17. X =(1;4;5,6), Y =(2;5; 8,11, 15) 18. X=(-4,-1;1,2), Y=(1,4;,7;12;15)
19. X =(2;3;4;6), Y =(7,10;11; 12; 14) 20. X =(-1;1;4,5), Y= (6; 7, 10; 14; 16)
21. X=(1,23;5), Y=(4,8 9,11, 12) 22.X=(2;3;57),Y=(3;6; 8,10;12)
23.X=(2;3;5;8), Y=(7,9;10;11; 13) 24.X=(-2,-1,3;5),Y=(1,3;5;8,12)

25.X=(-1;2;4;6), Y= (4, 6; 8;11; 14)

3amanmne 10. [IsyxmepHas ciiydariHasi BermunHa (X,Y) pacripesiesieHa paBHOMEPHO B TPeyIoJib-
HMKe, orpaHmdeHHOM npsMbiMu x = 0, y = 0, ax + by = c. Hantit omHOMepHBIe INIOTHOCTH pac-
HpesieieHsl BEpOsITHOCTe M YCJIOBHBIE IUIOTHOCTY pacipesiesleHns. BeraucnTs MaTemMaTide-
CKIMe OXMIaHWS My VI My, OUCTIEPCUN Ox U Oy, KOBapMaLMIOHHBII MOMeHT K., 1 ko3 duiienT
KOPPEJISINM 1. KoadpdpuirmeHnTe! 4, b, ¢ BBIOpaTh 110 HOMepy BapuaHTa.

l.a=1,b=2;c=4 2.a=2b=1,c=4 3.a=1,b=3;c=6 4.0=3;b=1,c=6 5.a=1b=4;c=8
6.a=4,b=1,c=8 7.a=2,b=3;c=6 8.4a=3;b=2,c=6 9.0a=3;b=4,c=12
10.a=4;,b=3;c=12 11.a=1,b=5,c=5 12.a=5b=1,c=2 13.a=2,b=5;c=10
14.a=5,b=2;,c=10 15.a=1,b=1;,c=4 16.a=1,b=1,c=3 17.a=1,b=2;c=8
18.a=2,b=1,c=8 19.a=1,b=2,c=6 20.a=2,b=1,c=6 2l.a=1;b=1;c=2
22.a=1;b=6;,c=6 23.a=6;b=1;,c=6 24.a=3;b=5,c=15 25.a=5,b=3;c=15

Tema 4. ®yHKIMOHAIBLHBIE IIpe0Opa3oBaHMs CJIydalHbIX BeJIMINH

3amanne 11. [IvickperHas BeyimurHa X 3a7aHa TaOIMIHO:

Xi -4 -3 -2 -1 0 1 2 3 4 5
pi 002 | 0,03 | 0,05 0,1 0,2 0,3 0,15 0,1 0,05 | 0,05

3ammcaTh B Bule TaOIMIIbI 3aKOH paciIpefesieHns 3aganHon dyukimm. Hantu maTema-
TUJeckoe oxuaanue pyHKiym. OyHKINIO BBIOpaTh 110 HOMEPY BapuaHTa.
1.Y=05X2 2.Y=2X2-40 3.Y=2|X[-10 4.Y = X2-20 5.Y=|X]+10
6.Y=2x 7. y=(X+22 8.Y=2/X-3-50 9.Y=(X+1)2-30 10.Y=|X-2| +10
11.Y=2"x 12, Y=2(X-12-30 13.Y=2|X+2|-4 14.Y=(X+3)%2-50 15.Y=|x-3|+3
16.Y=05(X+2)2 17.Y=2x-11 18 y=2'x+1 19.Y=20- X2 20.Y=10- | X]|
21.Y=30-2X2 22.Y=4-2|X+2] 23.Y=2|x|-10 24.Y=2xl1 25 y=2xl2
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3apanme 12. MaTtemaTrdeckue OXUOAHVS VI VICLIEPCUVE CTATUCTUYECKV He3aBVICVIMBIX BEJTVUVIH
X n Y paBHBI 11y, Dy 1t my, Dyy. BeramciimTe MaTeMaTHUecKoe oXugaHue 1 Quciepciio pyHKIUI
Z =2XY - 9. VlcxomHble faHHbIe BBIOpaTh II0 HOMEPY BapyaHTa.

1.my=5Dy=2,m,=1,Dy=52.m=3,D:=4,my=2,D,=63.my=-2,D,=3;,my=7,D,=8
4.my=-5D,=5my,=3,Dy=45.my=-2,D:=9,m,=1,Dy=46.my=1,D,=8;my=-1,D,=3
7.my=9,Dy=5m,=-1,Dy=68.my=4,D.=4,my=3,D,=99.m,=-3, Dx=8;, my=6,D, =12
10. my=8,D,=3;my=3,Dy=711.my=6, Dy =12, my,=4,D, =512.m, = -6, D, =10; my=2, D, =4
13.my=3,Dx=2;,my=4,D,=1514.m,=1,Dx=4; my=3,D,=715.my=-2, Dy =5,m,=6,D, =9
16.my=4,D.=6;my,=5,D,=417.m;=6,D,=8;m;=9,D,=618.m,=3, D, =12, my=-1,D,=5
19.my=1,D:=2,my=4,D,=920.m;=3,D:=6;m;=3,D,=921.my=-2,D:=4;,my=7,D,=6
22.my=-6,D:=7,my=2,D,=523.my=2,D:=8;m,=1,D,=624.m:=4,D,=8;m,=-2,D,=4
25.my=7,Dx=2,my=5,D,=6

Tema 5. 3akoH O0JIBIIMX UMCEIT

3amanmne 13. ducnepcus caydanHon BesimanHbL X pasHa 62. C 1IoMoIbio HepaBeHcTBa eObI-
IIIeBa OIIeHUTBH BEPOATHOCTh TOTO, YTO CiIydariHas BeJIMdyHa OTKJIOHUTCA OT CBOErO0 MaTeMaTu-
YecKoro oXmujgaHus He Oojlee yeM Ha BelnumHy €. IlapameTpsl BEIOpaTh 10 HOMepY BapuaHTa.

1.02=15;e=2 2.02=14;e=2 3.02=1,1;e=1,5 4.02=1,2,¢e=18 5.02=1,e=1,8
6.02=1,2,e=1-8 7.02=13,e=22 8.02=25e=3 9.02=18,e=24 10.02=1,6;¢=3
11.02=15,¢=22 12.02=14,¢=1,8 13.02=2,e=3 14.062=1,7,e=21 15.02=3;e=2
16.02=2,6=23 17.062=18;e=3 18.02=1,6;e=21 19.062=2,e=25 20.062=2,e=28
21.02=18;e=23 22.02=2;,e¢=2 23.02=1,3;e=22 24.062=1,3;,e=2 25.02=2,e=24

3aganne 14. [ crydaiHOV BeJIMYIMHBL 13 3afaHn 13 oneHmBaeTcss MaTeMaT4ecKoe OXula-
Hue. CKOJIBKO HY>KHO c/iejIaTh M3MepeHuI1, YTOOkI ¢ BeposiTHOCThIO, He MeHbIent 0,95, cpenHee
apVICpMeTT/I‘IeCKOe ITUX T/I3MepeHVH7I OTKJIOHMJIOCH OT MCTVMHHOI'O MaTeMaTMYeCKOTrO OXUIaHWA
He OoJjlee yeM Ha BeJIMUMHY €7

3amanme 15. [171 olleHKM IIpolieHTa JedeKTHBIX [leTasieit 00cIeIyioTcsl Ha Halndye IKQeKTOB
n petaient. C IIOMOIIBIO HepaBeHCTBa eOblllleBa OIIEHWUTHh BEPOSTHOCTH TOTO, YTO OIS Jie-
deKTHBIX eTasient k/1n OTKIIOHUTCSI OT VICTMHHOVI BepOSTHOCTH HedeKTHON JeTaii He Ooslee
4yeM Ha BeJIMumHYy €. [lapameTpsl 1 11 € BBIOpaTh 110 HOMEPY BapuaHTa.

1.n=64;¢=0,08 2.n=49;e=0,09 3.n=64,e=01 4.n=36e=01 5.n=25¢=0,.2

6.1=49,¢=0,1 7.n=36;¢=0,12 8.n=25¢e=013 9.n=64,¢=011 10.n=49;e=0,11
11.n=36;,e=0,13 12.n=25e=014 13.n=64;,¢=0,12 14.n=49;e=0,12 15.n=36;¢=0,14
16.n=25¢=0,15 17.n=64,e=013 18.n1=49,¢=0,13 19.n=36;e¢=0,15 20.n=64;¢=0,14
21.n=49e=0,14 22.n=49;e=015 23.n=64,¢=0,15 24.n=64;e=0,16 25.n=64;e=0,17
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Tema 6. CrancTiveckas 006paboTKa 3KcrepuMeHTaIbHBIX TaHHBIX. OIleHKa ITapaMeTpoB

3apanne 16. ITo JaHHOV BEIOOpKE CIIydarHOV BeJIMUMHbI X BRIUMCINTD BCe OCHOBHBIE SMITVPU-
YyecKue XapaKTepUCTUKIL: MaTeMaTudecKoe OXugaHue 1", auciepcuio D*, HecMelgHHyTo uc-
nepcuio S2, cpefjHee KBajpaTUdecKoe OTKIOHeHUe Gy', IIOCTPOUTH JI0BePUTEIILHBIVI MHTepBal
I MaTeMaTUYeCKOro OXMIaHMsl, IIOCTPOUTh JT0BePUTeIIbHbIV MHTepBasl I AUCIepcun (10-
BepUTEJIbHYIO BEpOSITHOCTD ITOJIOKUTE paBHOM 0,95).

1. 16 15 24 26 49 32 10 01 00 28 03 22 08 32 8,0
07 41 02 03 07 33 34 46 06 05 42 3,7 01 04 1,2
45 16 1,5 96 40 03 0,7 73 25 21 2,7 03 09 49 01
1,2 05 03 14 28 06 14 08 1,1 09 04 12 02 01 08

2. 14 06 36 36 34 37 3,7 36 58 06 83 06 56 38 34
20 33 36 06 70 1,2 0,7 21 3,0 75 12 51 57 45 3,0
13 21 37 64 10 37 37 09 22 24 34 13 57 14 1,2
06 36 34 07 37 16 1,1 1,3 22 3,7 35 23 32 27 14

3. 0112 05 24 26 49 32 10 01 00 28 03 22 08 3,2
07 15 02 03 07 33 34 46 06 05 42 3,7 01 04 1,2
45 06 01 16 15 76 42 03 0,7 73 25 21 2,7 03 09
49 02 15 18 05 21 09 14 02 1,1 04 52 05 1,7 1,2

4. 0004 1507 29 03 21 06 02 03 74 02 01 13 1,5
03 1,0 01 25 12 35 52 13 10 33 25 96 16 05 3,1
08 1,9 00 05 1,5 21 30 23 10 23 1,5 22 14 03 09
1,2 23 03 1,1 20 02 1,3 04 01 62 44 14 09 1,7 0,5

5. 020117 08 49 02 25 03 24 02 19 05 16 18 0,2
26 1,0 08 43 1,1 09 27 09 58 1,9 03 26 1,0 0,0 1,2
11 26 15 26 04 05 05 02 26 13 04 00 23 03 1,2
02 201108 17 39 18 29 04 23 35 0,7 41 1,5 03

6. 18 04 15 17 02 24 10 07 40 1,1 09 25 08 54 18
03 24 09 00 1,1 10 25 14 25 02 05 04 02 24 1,2
04 00 22 03 1,1 02 19 10 08 16 08 1,1 1,3 09 1,6
03 03 08 01 01 36 300307 13 08 12 26 1,3 11

7. 0165070216 257007 46 52 40 25 08 1,6 3,2
59 05 32 09 01 31 30 29 32 33 31 53 01 78 0,2
51 33 29 15 28 31 32 04 1,7 19 29 08 55 09 0,7
013129 023211 06 08 1,7 3,0 1,8 27 22 09 51

8. 3308 293203 4518 14 75 20 16 47 15 98 34
05 46 1,7 01 21 19 46 27 46 03 09 08 04 45 23
07 00 41 06 20 03 35 20 14 30 14 22 25 18 30
050515 03 02 67 56 06 1,3 25 15 23 48 25 21

9. 411531 18 1,7 1,2 29 19 33 16 3,5 28 23 21 22
55 35 46 60 21 14 13 1,2 47 29 34 35 23 51 3,2
18 61 22 55 34 35 23 12 12 13 25 18 78 56 3,5
30 15 15 34 42 50 35 70 64 50 35 28 73 27 35
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

178

29
0,5
0,6
0,5

51
6,5
2,8
4,0

55
7,3
2,5
4,0

2,5
04
0,6
04

6,1
7,5
3,8
5,0

2,1
0,3
0,5
0,3

59
7,0
4,1
5,0

6,3
7,8
3,7
5,0

4,1
4,9
24
2,8

24
04
0,5
04

3,8
5,2
1,8
6,9

0,7
4,1
0,0
04

2,5
4,5
7,1
2,5

2,0
4,7
21
2,0

0,6
3,5
0,0
04

3,5
55
8,1
3,5

0,5
29
0,0
03

3,8
54
7,5
3,8

3,3
5,6
8,5
3,3

4,2
57
19
2,1

0,6
3,3
0,0
04

2,1
34
1,9
55

2,5
15
3,6
14

4,1
5,6
3,2
2,5

4,2
6,2
3,0
1,9

2,2
1,3
3,2
1,2

51
6,6
4,2
3,5

1,8
1,1
2,6
1,0

51
6,3
4,4
3,8

51
6,8
4,1
3,2

3,0
4,2
3,6
2,0

2,0
1,2
2,9
1,1

4,0
3,9
29
4,0

2,8
0,1
0,5
0,2

2,8
7,0
6,5
4,4

24
8,0
74
4,6

2,5
0,1
0,5
0,2

3,8
8,0
7,5
54

2,0
0,0
04
0,2

4,0
74
7,0
53

3,7
8,4
7,9
55

1,9
7,7
2,6
19

2,3
0,0
04
0,2

3,3
4,0
2,3
3,3

0,3
1,9
1,8
0,2

2,7
3,1
4,4
5,2

2,2
2,8
4,5
57

03
1,6
1,5
0,2

3,7
41
54
6,2

0,2
1,3
1,3
0,2

3,9
4,3
53
6,0

3,5
4,0
54
6,4

2,0
71
4,0
54

0,2
1,5
14
0,2

2,8
2,8
8,3
7,8

4,0
1,7
0,3
6,0

2,2
24
4,5
6,0

1,6
1,9
4,7
4,6

3,5
1,5
0,2
5,2

3,2
34
55
7,0

29
1,2
0,2
4,3

3,6
3,7
54
54

3,0
3,2
5,6
7,3

2,1
5,7
2,3
3,6

3,2
14
0,2
4,8

2,6
5,6
6,1
34

1,6
4,1
3,1
50

3,9
2,3
3,3
4,5

3,9
1,8
31
93

14
3,6
2,7
4,3

4,9
3,3
4,3
55

1,2
29
2,2
3,6

4,9
3,7
4,4
8,2

4,9
31
4,2
55

3,2
4,2
4,2
4,1

1,3
3,3
2,5
4,0

2,7
3,7
4,3
3,8

1,2
2,4
1,7
0,6

2,9
2,2
2,2
8,0

2,6
1,6
1,6
8,5

1,1
21
1,5
0,5

3,9
3,2
3,2
9,0

0,9
1,7
1,2
04

41
3,6
3,6
7,7

3,8
2,9
3,0
9,5

2,5
3,5
3,5
4,2

1,0
1,9
14
0,5

6,0
2,5
3,5
4,6

6,6
4,1
1,3
1,2

4,3
57
2,2
74

4,4
6,2
1,6
6,7

57
3,6
1,1
1,0

53
6,7
3,2
8,4

4,7
29
0,9
0,8

53
6,3
3,6
6,6

54
6,9
3,0
8,8

8,5
7,8
3,0
3,0

53
3,3
1,0
09

4,1
6,6
2,0
1,9

1,8
0,3
2,6
2,2

2,6
3,9
2,3
6,0

2,1
3,9
1,7
4,7

1,5
0,2
2,3
1,9

3,6
4,9
3,3
7,0

1,3
0,2
1,9
1,6

3,9
4,9
3,6
54

34
4,9
3,0
7,3

6,3
34
2,8
5,8

14
0,2
2,1
1,8

51
2,7
21
3,6

14
0,8
1,3
1,3

4,5
4,4
3,5
4,5

4,7
4,6
3,3
3,7

1,2
0,7
1,1
1,2

55
54
4,5
55

1,0
0,6
0,9
1,0

54
53
4,6
4,8

5,6
55
4,4
5,6

4,2
4,2
2,9
3,9

1,1
0,7
1,0
1,1

6,5
6,0
3,9
2,3

4,2
0,7
19
2,0

3,8
4,5
2,8
3,8

3,8
4,7
24
98

3,6
0,6
1,7
1,8

4,8
55
3,8
4,8

3,0
0,5
14
14

4,9
54
4,1
8,5

4,8
5,6
3,7
4,8

3,7
4,8
6,2
2,5

34
0,6
1,5
1,6

2,6
3,9
4,7
2,2

14
0,3
2,2
4,3

3,3
3,3
8,8
8,3

3,1
3,0
9,6
3,6

1,2
0,3
1,9
3,7

4,3
4,3
9,8
93

1,0
0,2
1,6
31

4,5
4,4
8,8
4,7

4,2
4,2
9,7
9,9

2,2
2,2
4,2
6,8

11
0,3
1,8
34

1,9
4,0
55
1,7

9,0
4,0
1,6
2,2

3,1
6,1
6,6
3,7

2,8
6,8
7,5
4,7

7,8
3,5
1,3
1,9

4,1
7,1
7,6
4,7

6,5
29
1,1
1,6

4,3
6,7
7,1
54

4,0
74
7,9
4,6

2,3
3,8
53
29

7,3
3,2
1,3
1,8

1,8
2,8
3,9
34

3,0
2,0
2,6
1,9

3,2
4,2
4,5
4,5

2,9
4,3
4,7
2,9

2,6
1,8
2,3
1,6

4,2
52
55
55

21
15
1,9
1,3

4,4
52
54
59

41
53
5,6
5,6

41
2,5
6,7
6,2

24
1,6
2,1
15

1,7
1,7
7,5
24
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2. 72 90 48 29 28 26 72 49 56 57 40 58 53 35 31
40 84 55 57 41 26 26 27 43 34 98 85 57 50 3,0
29 56 67 56 65 30 52 34 32 26 49 3,6 54 3,1 57
48 41 3,8 39 83 57 96 88 7,7 57 4,7 98 4,6 57 3,9

22. 16 04 14 16 02 22 09 0,7 36 1,0 0,8 23 0,7 50 1,6
03 2208 00 10 09 23 13 23 01 05 04 02 22 1,1
04 00 20 03 10 01 1,7 1,0 0,7 15 0,7 1,1 1,2 09 1,5
03 0207 010133270306 1207 11 24 1,2 10

23. 58 32 48 35 34 29 46 36 50 33 52 45 40 38 39
72 52 51 52 41 29 28 30 42 35 95 73 52 47 3,2
31 51 59 67 63 77 38 31 30 29 64 46 51 52 40
68 49 35 78 39 72 52 87 81 67 52 45 90 44 53

24. 53 64 33 27 30 26 53 39 43 44 34 57 42 31 65
34 60 49 28 41 30 29 26 39 31 43 29 44 39 35
33 34 60 44 43 44 34 27 26 25 36 31 78 61 44
40 28 3,0 43 50 45 72 6,7 56 44 38 75 3,7 46 49

25. 58 2,8 46 3,2 30 25 44 35 49 29 51 43 3,7 35 3,6
73 51 63 81 35 27 26 24 64 44 50 51 3,7 69 4,8
32 80 36 74 49 51 37 25 30 23 39 32 92 74 51
45 28 27 50 59 68 50 90 83 68 51 43 94 41 5,2

3amanne 17. [1j151 OLIeHKI BepOSITHOCTY MOSIBIIEHMS JledpeKTOB ObUIM 0OC/IeIOBaHBI IeTall, BbI-
IycKaeMble HeKOTOpO IIpon3BopacTeeHHO avHMen. Cpean Hux ObUI0 OOHapyXeHO k medeKT-
HBIX JeTasieit. ITocTpouTk moBepuTeIbHBIN MHTepBasl 11 UCTUHHOV BEPOSITHOCTY IIOSIBIIeHS
medeKTHO JleTaJIi C IOBePUTeIbHON BepodaTHOCThIO, paBHOM 0,95. [TapameTrpsl 1 11 k BBIOpaTh
110 HOMepy BapuaHTa.

1.n=64;k=8 2.n=49;k=9 3.n=64;,k=10 4.n=100; k=10 5.n=81;k=12
6.1n=49; k=7 7.n=100; k=12 8.n=81;k=13 9.n=64;k=11 10.n=81; k=11
11.n=100; k=13 12.n=81;k=14 13.n=64;k=12 14.n=100;k=11 15.n=100;k=14
16.n=81;k=15 17.n=81;k=10 18.n=100;k=18 19.n=100k=15 20.n=64;k=9
21.n=100;k=16 22.n=49;k=8 23.n=100,k=17 24.n=81;k=9 25.n=100; k=19

Tema 7. IIpoBepKa cTaTCTHM9IeCKMX ITMIIOTE3

3amanme 18. ITo nperncrasienHoM B 3a1aHmy 16 BEIOOpKe MOCTPOUTD IHOJIUIOH U TMCTOIPaMMY.
ITogobpaTh MOAXOASAIINII TEOPETUYECKMTI 3aKOH pacIipeesIeHNsI BePOsITHOCTEN U IIPOBEPUTH
TUIIOTe3y O COOTBETCTBUM SMIIMPUYECKOTo 3aKOHa paclipesielieHVs BbIOpaHHOMY TeopeTide-
CKOMY ITpu ypoBHe 3HaummMoctn o = 0,05.

3amanme 19. Vicione3ys JaHHBIe TaOMIMIIE 3aaHMs 16, ¢ TOMOIIBIO KpUTEpHs KBAaHTWIEN IIpo-
BEpUTh T'MIIOTe3y O TOM, UTO Me[MaHa pacIipefie/leHNsl paBHa SMIIMPUUECKOMYy MaTeMaTide-
CKOMY OXXMIaHUIO.
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3amanne 20. [Tpearonoxmm, 9To [Be IepBble CTPOKM TaOJIMIIBI 3aaHMs 16 SBIISIOTCS M3Mepe-
HUSIMM CJTyYaViHOVI BEJIMYVIHBI X, a OBe mocyiemHme - VISMEPEHVISIMM CJIyYarviHOVI BeJIMYVHBI Y.
ITIpoBepuThb rUIIOTE3y O paBeHCTBEe MaTeMaTUYeCKUX OXMIaHuii BeravH X n Y.

Tema 8. [IncriepcMOHHBIV aHAIN3

3aganne 21. ChenaHo 110 5 M3MepeHUN CJIydarHoV BeIMYMHbL X Ha KaKIOM U3 YeThIPEX YPOB-
Hel1 dakTopa A. IlosydeHHBle pe3ysIbTaThl IIpecTaBieHbl MaTpuiierl X (CTPOKM MaTpUIIbI CO-
OTBETCTBYIOT YPOBHSIM (paKTOpa, CTOJIOIEI — HOMEPY M3MepeHwmsi). MeTomoM IycIepcrioHHOTO
aHaJIu3a IIPOBEePUTh TMIIOTe3y O TOM, YTO paKTop A He BiIMsHeT Ha MaTeMaTudecKoe OXMIaHue
BeyumHbl X. YpoBeHb 3HauMMoOCTH O IpuHATh paBHbIM 0,05. MaTpuily BbeIOpaTh 110 HOMepy

BbIpMaHTa.
537 9 3 4 9 6 4 5 2 6 2 4 6
4 8 8 3 4 7 3 5 8 4 6 7 3 5 8
1. X = 2. X = 3. X=
7 6 2 4 6 6 6 4 7 6 9 5 2 9 6
9 5 6 4 6 359 56 4 4 9 8 7
39 4 2 6 75 2 9 4 4 3 4 9 8
75 5 3 9 546 6 9 2 4 6 5 3
4. X = 5. X = 6. X =
2 6 2 55 57 6 4 3 8 9 3 6 5
5 5 8 4 8 8 53 9 5 5 8 4 5 3
3 2 2 9 1 39 6 4 2 4 3 7 9 4
4 5 7 3 2 7 8 5 5 2 3 58 3 6
7. X = 8. X == 9. X =
54 3 1 4 543 6 5 2 6 2 4 3
8 6 7 4 5 75 9 3 4 9 57 6 5
9 3 8 4 7 7 9 3 5 2 2 6 4 2 5
4 5 7 4 6 4 7 5 2 4 4 8 6 7 5
10. X = 11. X = 12. X =
79 2 5 3 36 2 5 6 5 6 2 4 6
8 4 5 4 6 4 5 9 4 6 349 8 5
9 3 6 9 2 7 9 6 4 5 4 6 2 4 5
4 7 5 3 4 7 3 5 8 4 8 7 6 5 8
13. X = 14. X = 15. X =
8 6 2 5 6 6 4 9 7 6 9 5 2 9 6
9 5 4 4 6 55 8 5 4 4 3 9 8 7
4 5 4 2 5 8 5 8 9 4 56 4 9 7
7 5 5 3 8 546 6 7 34 6 5 4
16. X = 17. X = 18. X =
2 4 2 5 6 5 6 6 4 8 8 5 3 6 5
558 409 75 2 9 5 4 7 4 5 6
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8 6 2 95 7 3 5 4 6 6 27 9 5
4 5 7 3 2 2 8 8 53 3 58 3 4
19. X = 20. X = 21. X =
543 1 4 53 9 6 5 8 4 3 4 3
327 41 75 6 3 4 4 5 7 6 4
8 4 8 3 6 9 4 3 9 8 2 6 8 27
4 57 47 4 7 6 2 4 589 75
22, X = 23. X = 24. X =
79 2 5 8 3 8 2 5 6 6 9 2 4 6
9 39 4 6 9 54 79 6 4 9 8 8
7 8 4 3 9
4 8 9 75
25. X =
57 2 46
6 4 9 8 4

3amanne 22. Pakrop A nmeet 4 yposHs, dakrop B - 5 yposHen. CaesraHO 10 OTHOMY M3Mepe-
HUIO CJTy4aliHOV BeI4aMHbI X Ha KaXII0 KoMOMHanmm yposHer pakropos. ITosyueHnHsle pe-
3yJIbTaTHI IpeJiCcTaB/IeHbl MaTpuLiert X (CTPOKM MaTPUIIBI COOTBETCTBYIOT YPOBHSM (pakTopa A,
CTOJIOLBI - ypOBHAM pakTOpy B). MeTomom AmcIriepcMOHHOIO aHasIM3a IIPOBEPUTh TUIIOTE3Y O
TOM, 4TO pakTOphl A 1 B He BIMAIOT Ha MaTemMaTH4JecKoe oXupgaHue seunHbl X. [Tpeanona-
raTh, UTO B3aVIMOJIEVICTBMS MeXIy dakropaMyu HeT. YpoBeHb 3HaUYVMMOCTW O IIPVHATh PaBHBIM
0,05. MaTpuity BbIOpaTh 13 3afaHus 21 110 HoMepy BbIpMaHTa.

3amanmne 23. [TposepuTs rumoresy o BimssHUM dpakTopos A, B, 1 C Ha mccieryeMyIo BeJIMIVHY
X, ecim Bce (paKTOPBI MIMEIOT 110 YeThIpe YPOBHs, a M3MepeHMs Ce/laHbl 10 IUIaHy 3KCIepu-
MeHTa «JIaTMHCKUI KBagpaT». Pe3ysibTaTsl M3MepeHU IIpecTaB/ieHbl MaTpuient X, MCKIIIoYast
IISTHIV CTOJIOeN] (CTPOKV MaTPWMIIBI COOTBETCTBYIOT YPOBHSAM (pakTopa A, CTONIOLBI - YPOBHSIM
daxropy B). Ilpenmonarars, 9To B3aMOIEVICTBIS MeXIy dPaKTopaMi HeT. YPpOBeHb 3HAUVIMO-
crv oo mpuHATh paBHBIM 0,05. MaTpuily BeIOpaTh 13 3amanus 21 mo HoMepy BbIpMaHTa (He 3a-
OBIBas VICKITFOUNTB TISITHIVI CTOJIOELT).

Tema 9. PerpeccriOHHBIVI aHAJIN3

3amanmne 24. [Tpy 3yueHMM 3aBUCYMOCTY MeXTy BeJIMUMHON Y 1 BelTmamHov X ObUTO oIy de-
HO 15 map COOTBETCTBYIOIIMX 3HAYEHWV STUIX BeJIMYMH. AIIIPOKCUMWUPOBATh CTATUCTUYECKYIO
3aBUCUIMOCTD BeJIMUMHEI Y oT X JiuHeHov dyHKIMen y = ax + b. Belumc/mTh ocTaTOYHYIO [yic-
IIepCHIO U OLIeHKY KoadduiimenTa koppeamnym. JJaHHble BBIOpaTh 10 HOMepy BapuaHTa.

1. X.-10 -08 -06 -04 -02 00 02 04 06 08 10 1,2 14 16 18
Y:-21 -29 -35 41 42 -39 37 32 -13 02 15 34 53 57 7,5

2. X:-10 -08 -06 -04 -02 00 02 04 06 08 10 1,2 14 16 1,8
Yy:-1,2 -18 -2,7 -34 -36 -29 -24 -21 -04 11 28 46 65 64 83

181



TEODVIH BEDOHTHOCI'GFI N MaremaTnyeCkan Ctatrcirika

3.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

182

X:-10 -08 -06 -04 -02 00 02 04 06 08 10 1,2 14 16 18
Y:-01 -07 -14 -22 -23 -18 -1,6 -1,3 13 24 3,6 51 74 7,6 94
X:-10 -08 -0,6 -04 -02 00 02 04 06 08 10 1,2 14 1,6 18
Y:-06 -15 20 -27 28 24 22 -1,7 02 17 31 48 68 74 91
X:-10 -08 -0,6 -04 -02 00 02 04 06 08 1,0 1,2 14 1,6 18
Y:-01 -05 -1,1 -1,6 -1,9 -13 -1,2 08 13 26 42 57 7,7 84 99
X:-05 -03 -01 01 03 05 07 09 1,1 13 15 17 19 21 23
Y:-01 02 -08 -12 -14 -15 -13 -11 -0,7 -02 04 14 24 36 51
05 -03 -01 01 03 05 07 09 1,1 1,3 15 17 1,9 21 23
109 07 02 02 -05 -06 -04 -02 03 07 15 23 35 47 62
05 -03 -01 01 03 05 07 09 1,1 1,3 15 17 19 21 23

18 17 1,1 07 05 04 06 09 14 18 24 34 46 58 71

05 -03 -01 01 03 05 07 09 1,1 13 15 17 1,9 21 23

14 13 07 03 01 01 02 04 08 1,3 19 29 38 51 66

-05 -03 -01 01 03 05 07 09 1,1 13 15 17 1,9 21 23

23 22 18 12 1,1 12 1,3 15 1,7 24 3,0 41 49 63 78

04 -02 00 02 04 06 08 1,0 12 14 1,6 1,8 20 22 24

43 35 2,8 2,7 25 2,6 27 3,1 34 41 49 59 71 83 97

04 -02 00 02 04 06 08 1,0 1,2 14 1,6 18 20 22 24

52 46 38 36 34 35 38 40 45 52 58 71 82 93 108

04 -02 00 02 04 06 08 1,0 12 14 1,6 1,8 20 22 24

47 41 34 31 28 29 33 35 41 47 54 65 7,7 88 103

:-04 -02 00 02 04 06 08 1,0 1,2 1,4 1,6 1,8 20 22 24

161 55 48 47 45 46 47 51 55 62 67 80 91 101 116
X:-04 -02 00 02 04 06 08 1,0 12 14 1,6 18 20 22 24
Y:58 49 43 42 41 40 43 36 49 54 63 75 86 92 11,2

X:00 03 06 09 12 15 1,8 21 24 27 30 33 36 39 42

Y:91 73 58 44 32 23 14 08 04 02 01 01 04 08 15

X:00 03 06 09 12 1,5 1,8 21 24 27 30 33 36 3,9 42

Y:99 82 69 53 41 31 23 1,7 13 1,1 10 09 14 18 26

X:00 03 06 09 12 15 1,8 21 24 27 30 33 36 3,9 42

Y:93 74 64 48 36 27 18 12 08 06 05 03 07 13 21

X:00 03 06 09 12 1,5 1,8 21 24 27 30 33 36 3,9 42

Y:102 83 74 47 45 3,6 29 24 18 15 14 12 18 24 33

X:00 03 06 09 12 15 1,8 21 24 27 30 33 36 3,9 42

Y:107 87 79 53 51 41 33 29 22 20 18 1,7 22 30 39

:-06 -0,3 00 03 06 09 1,2 1,5 1,8 21 24 27 30 33 3,6

194 76 60 46 34 23 14 08 03 01 03 02 01 04 1,0
:-0,6 -03 00 03 06 09 1,2 1,5 1,8 21 24 27 30 33 3,6

198 79 64 51 39 27 18 12 07 03 01 02 05 08 14

06 -03 00 03 06 09 1,2 1,5 1,8 21 24 27 3,0 33 3,6

104 84 69 57 45 32 23 18 1,2 09 06 08 1,1 14 19

:-0,6 -0,3 00 03 06 09 1,2 1,5 1,8 21 24 27 30 33 3,6
Y:108 89 75 61 51 38 28 23 17 14 09 13 17 19 24

RN X XX
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25. X:-06 -03 00 03 06 09 1,2 1,5 1.8 21 24 27 3,0 33 3,6
Y:11,3 94 81 66 56 44 33 28 23 19 13 1,8 22 25 3,0

3amanmne 25. [Ipenmosarasi, 4To anmIpoKCUMaLVIO 3alaHMs 24 MOXHO YJIyYIINTB, alllIPOKCH-
MMPOBaTh CTATUCTUYECKYIO 3aBUCVIMOCTD BeJIMUMHEL Y oT X pyHKIIMen y = ax2 + bx + ¢ vcxops
M3 TOVI K€ CaMOVI TaOJIMIIBI MICXOIHBIX TaHHBIX. BEIUMCINTD OCTaTOYHYIO AVCIIEPCUIO U OLIEHKY
KOppPeJISLMOHHOr0 oTHoIeHMs. CpaBHUTD IIOJIy4YeHHBIe pe3ysIbTaThl C pe3yJIbTaTaMy JIMHe-
HOI'O aHaJIM3a 13 3adaHus 24.

3aganne 26. I1o nipericTaBiieHHBIM JaHHBIM alllIPOKCUMUPOBATh CTATUCTUYECKYIO 3aBVICMOCTD
BeJIIMHBL Y oT X 1 Z dpyHKUMeN y = ax + bz + ¢. BEIUMCINTE OCTaTOYHYIO AMCIIEPCHIO, HANTY
OIIeHKY 0000méHHoro KoadduimeHTa Kopperammit. 3HaueHnsI apryMeHToB X 1 Z IpefcTaB-
JIEHBI HVDKE:

12| 1,2 13| 14| 15| 16| 1,7 | 1,8 21| 22| 23| 24| 26| 26| 2,7
21| 35| 26| 1,3 22| 18| 15| 19| 14| 25| 17| 21| 16| 15| 23

CooTeTcTByIoIIVe 3HaueHNsI PYHKIMM Y BBIOpATh 110 HOMepy BapuaHTa.

1. (11159 (34 |-11]22 12|04 |18 |05 |44 |21 |36|30| 19 |47
2. (1414928 -08[23|08|02|18|07 |42 |22 /|34|24| 24|52
3. 1095626 |-05[22|11|05|20|04 |48 |21 [39|23|23 |44
4. 110 |54 |341-09,24 (1205|1806 |39 |21|33|20|24]|51
5. 109 |58 32|-05/18 0701|116 | 11|49 |22 |39|25|19 |53
6. 57| 75| 63| 58| 66| 67| 67| 69| 72| 80| 74|82| 79| 83| 9,2
7. 59 71| 68| 55| 71| 60| 66| 75| 70| 85| 81| 81| 80| 78| 88
8. 63| 77| 66| 59| 64| 65| 64| 70| 68| 87| 75|80 83| 81| 93
9. 62| 72| 68| 60| 63| 69| 65| 73| 74| 84| 74|81 | 87| 78| 97
10. | 57| 72| 70| 59| 62| 68| 68| 70| 73| 89| 82|84 79| 81| 9,2
11. | 49| 76| 59| 35| 53| 49| 46| 46| 48| 69| 55|57 58| 50| 71
12. | 51| 75| 62| 36| 58| 50| 47| 54| 40| 62| 50| 65| 50| 46| 71
13. | 48| 77| 61| 36| 56| 46| 44| 51| 44| 65| 52|57| 53| 48| 63
14. | 52| 76| 61| 39| 57| 44| 42| 48| 40| 70| 47| 66| 55| 46| 6,6
15. | 45| 73| 59| 31| 58| 52| 44| 47| 42| 69| 49| 65| 51| 55| 64
16. | 38| 53| 45| 42| 55| 51| 53| 58| 61| 79| 72|82 81| 7,7| 86
17. | 40| 53| 47| 44| 50| 52| 56| 53| 60| 80| 66| 80| 79| 80| 86
18. | 45| 55| 46| 38| 58| 48| 48| 59| 67| 77| 74| 73| 83| 74| 86
19. | 47| 54| 46| 37| 48| 47| 49| 60| 64| 74| 71|80| 78| 79| 93
20. | 44| 53| 54| 44| 49| 56| 49| 59| 59| 79| 67|79| 82| 73| 89
21. | 27| 1,7| 32| 44| 41| 49| 49| 48| 66| 54| 68| 61| 80| 77| 7,7
22. | 31| 19| 27| 42| 39| 44| 50| 46| 68| 59| 69| 70| 73| 76| 74
23. | 28| 16| 29| 46| 36| 40| 51| 45| 60| 57| 71| 64| 74| 74| 7,7
24. | 26| 15| 31| 42| 43| 47| 48| 53| 60| 52| 63 |68| 79| 74| 7,7
25. | 34| 18| 26| 41| 39| 48| 47| 47| 66| 59| 72|62| 78| 78| 7,0
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4. NMpuMep BbINOJIHEHUA TUNMOBOIro pacyéra

Tema 1. Cixy4dariHble cOOBITHS

3adanue 1. CymHO VIMeeT OIHO pyJieBOe YCTPOVICTBO, YeThIpe KOT/Ia 1 fiBe Ty ponHeL. Co-
ObITVIe A 03HaYaeT MCIIPABHOCTb PYJIEBOTrO YCTPONICTBa, By (k =1, 2, 3, 4) - icipaBHOCTB k-TO
kotna, a G (j =1, 2) - ucripaBHOCTD j-ov1 TypOuHbL. CobbITHE D - CyIHO yIpasiseMoe, uTo Oy-
IIeT B TOM CJIy4ae, KOTTIa VICIIPaBHBI PyJIeBOe YCTPOVICTBO, XOTSI ObI OIVH KOTEI U XOTs OBl OffHa

TypOuHa. Berpasuts cobbrtysi D 1 D uepes cobbrtust A, By C.

Pewenue. ITycte cobbITrie E 03Ha4aeT MCIIPaBHOCTD XOTs ObI OHOTO KOTIIa, a coObITHe F
- VICIIPaBHOCTH XOTsi ObI OfiHOW TypOmHBL. Torma, B COOTBETCTBUM C OIpefesieHVieM OIleparui
CYMMBI COOBITVII, MOXKHO 3aIIVICaTh:

E=B1+By+B3+BsuF=C1+ C,.

C npyrovi cTopoHbI, coOBITIE D IIPOMCXOANT TOTIA M TOJIBKO TOTTIA, KOTAa IIPOVICXOSAT
n A 1 E v F omHOBpeMeHHO, UYTO COOTBETCTBYET IIPOM3BEIeHIIO STVX COOBITII, a COOBITIIE D
BBITIOJTHSIETCS TOT/IA M TOJIBKO TOT/Ia, KOTZIa He IIPOVICXOMUT XOTsI ObI OFTHO M3 3TVX COOBITIIA,
YTO COOTBETCTBYET CyMMe IIPOTMBOIIOJIOXKHBIX cOOBITHIL. Takmm obpasom,

D=AEFuD=A+E+F
quITbIBaH, 910 E = El 'Ez '§3 '§4 128 F = a . (_jz , HOquVIM OKOH4YAaTEeJIbHO:

D=A-Bi+By+Bs+Bs)(Ci+C), D=A+B,-B,-B,-B, +C, -C,.

3adanue 2. Ha BOCBMM OIMHAKOBBIX KapTOUKaX HaIVICaHbI COOTBETCTBEHHO umcia 2, 4, 6,
7, 8,11, 12 n 13. Hayrap OepyTcs ase KapTouku. OnpenesnTb BEpOSITHOCTb TOTO, UTO 00paso-
BaHHas 13 IBYX IIOJIy4YeHHBIX uvicesI Apo0b COKpaTiMa.

Pewenue. Tlycte A - coObITHe, cOCTOsIIIIee B TOM, YTO IOJIy4eHHas ApoOb cOKpaTmMa.

N A
Bocrosibzyemcsi KitaccudeckyM orpesiesieHnieM BeposTHOCTH: P(A) = N e N - obee umciio

VICXOMIOB OIIBbITa, a N — YMCIIO VICXO0B, KOTOPBIe IIPUBOIAT K OCyIllecTBIeHMo coObITid A. Tak
KaK IOPSAIOK M3BJIeueHNsl KapToueK B JJaHHOM CJIydae He yMeeT 3HadeHMd (Hamopumep, 2,7 n7,
2 SABJISIOTCSA Hepas3IMIVMBIMY KOMOVHAIVISIMU II0 YCITIOBMSIM OITBITA), TO ITOACYET YMCiIa MCXO-
IIOB OIIBITA JIeJIaeTcs Mo popMyJle I Unciia coueTaHmit. [IpoOs OymeT coKpaTMOV, eciv ABa
HOJIyYeHHBIX YMciia IIpUHajIe)XXaT MHOXXeCTBY 13 5 uucell (2, 4, 6, 8, 12), KOToOpble IMEIOT XOTs
061 oguH o0t menmrernb. Yncta 7, 11, 13 SBISIOTCS IPOCTBIMM, VI VX TIOSIBJIEHVIE CPeI BBI-
OpaHHBIX IBYX He MPUBEHET K ocytecTseHmo A. Takum obpasom,

2= B T8 g, N,=C; =L 10, pay="222

N=Cl=— ——=
e 2 3121 28 14

3adanue 3. Ha oTpeske AB mymHOM d Hay#gady IocTaBieHbl 11Be Touku L v M. Hamrut Be-
POSITHOCTB TOTO, UTO TOUKa L OymeT Oimvpke K Touke M, 4yeM K Touke A.

d

X2

A L M B '
| | | | Xy = 2x15

0 X X2 dB LX)
0 d

Puc. 1. VInmocTpanys K 3agaHuio 3
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Pewienue. IlycTs x1 VI X2 €CTh COOTBETCTBEHHO KOOpAMHATHI TodeK L m M Ha ymcioBomn
oc, TIpY yCJIIOBUM, 9TO TOUKa A OTpe3Ka CoBMellleHa ¢ HadasioMm oTcuéTa (puc. 1). Torma obmacts
D BO3MOXHBIX MICXOIIOB OIIbITa OyIIeT oIpeesiaThcs CiledytonMy HepaseHcTBaMi: 0 < x1 <d un
0 < x2 <d. Ecmm mo ocu aberyice OyzeM OTK/IagpIBaTh X1, @ IO OCK OpAMHAT — X2, TO 3Ta 00J1acThb
Oyner mpencTaBiIsTh cOOOM KBagpat co ctopoHoit d. ITycrs C - cobbITHE, coCTOsIIIee B TOM, UTO
Touka L Oymer Omoke K Touke M, geM K Touke A. O6acte D¢ 3HaUeHWIT X1 U X2, KOTOPBIE IIpU-

BOIOAT K OCyIecTBiIeHnio cobbrtisi C, omperersieTcss HepaBeHCTBOM: |xl —x2| <X, wm

— X, <Xx; —x, <x,. VI3 3Tx HepaBeHCTB HaXOAMM IrpaHUIIbI 00s1acTit D¢, monarast X1 — X2 = -X1 U
X1 - X2 = X1. DTV YpPaBHEHW OIPelesIAI0T HpsMble JIMHUM X2 = 2x1 U X2 = 0, BTOpast n3 KOTOPBIX
coBIazgaer ¢ ocbio abcumcc. Taknm obpasom, cobbrtTre C ocyectsutcs, ecym 0 < x2 < 2x1. Boc-
II0JIb3yeMCsl TeOMEeTPUYEeCKVM OIlpefieJieHVieM BepOSITHOCTY COOBITHS. B maHHOM ciydae Mepoir
MHOXXeCTBa VICXOIIOB OIIbITa SIBJISIeTCS IUIOMIAAN COOTBETCTBYIOIIMX obsacteit. O4eBUIHO, UTO
wromaae obact D pasHa d?, a mwiomans obmacti De cocrapisger Bermranny 0,7542. Crieqosa-
TEeJIbHO,
mes(D.) 0,75d°*
mes(D) d?

3ameTVM, YTO BO3MOJKHO X1 < X2 TWWIM X2 < X1. DTO He MIMeeT 3HaueHMs, TaK KaK B JTIOOOM
cJIy4ae paccTOsIHVE MeXK/Iy TOUYKaMM PaBHO MOYITIO Pa3HOCTM 3TVX KOOPAMHAT.

3adanue 4. [IBoe TIOOYEPENHO CTPEIISAIOT IO MUIIIEHN IO IIePBOTO IIOTafaHMs, IIPUIEM
VIMeeTCsI Bcero 6 Iysib. BeposiTHOCTD IomnafaHus B MUIIIEHB [IJ1 IIepBOro crpesika pasHa 0,3, st
sroporo - 0,4. OmnpenermMTh BepOSITHOCTb TOTO, UTO: a) MUIIEHb OydeT IopaXkeHa IIepPBBIM
CTpeJIKoM; 0) MuIIIeHb Oy/ieT ITIopakeHa BTOPBIM CTPeJIKOM; C) MUIIIeHb He OyzeT IopakeHa.

Peuwienue. ITyctb A - coOBITHE, COCTOSIIIIEE B TOM, YTO MUIIIEHb OyJleT MopakeHa IepBbIM
CTpeJIKOM, B - MuIIleHb IOpakeHa BTOPBIM cTpesikoM, C — MullieHb He OyeT nopaxeHa. Beemém
IIOTIOJTHUTEIIBHO CJIeNIyIOoIIe COOBITIS: Ay — TIEPBBIVI CTPEJIOK IIOA/IET PV CBOEM k-OM BBICTpe-
j1e, Bx - BTOpOT CTpesioK momanét npu k-oM BeIcTperte, k =1, 2, 3 (Tak Kak BCero MOXHO CIIeJIaTh
He Oostee 6 BbIcTpesioB). CoObITIIE A MOXET IIPOM30MTI B TPEX BO3MOXKHBIX CUTYalIVsIX: TWIN A1,

P(C) = =0,75.

wm A, B, -A,,im A, -B, - A4, - B, - A;. DT0 03HauaeT, 4TO IIePBbIV CTPEIOK MOXKET IIOPa3UTh
MWIIIEeHb VIV TIePBBIM BBICTPEJIOM, VIV BTOPBIM, WiV TpeTbuM. Takum obpasom,
A=A +A4 B -4, +4,-B,-4,-B, - 4,.
Criaraemsle B 3TOVI CyMMe SIBJISFOTCSI HeCOBMECTHBIMY cOObITHsIMM. [TosToMy
P(A)=P(A4,)+P(A,-B, - 4,)+ P(4,- B, - 4, - B, - 4;).
BeposTHOCTE Mpow3BeieHNsl COOBITUIT B 3TOM BBIPaKeHUN paBHa ITPOM3BEIeHIIO Bepo-

SATHOCTeVI TIepeMHOKaeMBIX COOBITUM, TaK KaK pe3ysIbTaT KaXk[0ro BbICTpesia He 3aBUCUT OT TO-
ro, YTO IPOM3OLUIO MPW JPYyIMX BbICTpernax. YuurteiBad, uto P(Ax) = 0,3, P(By) = 04,
P(4,)=0,7, P(B,)=0,6, (k=1,2,3), momyamm:
P(A) = P(A) + P(4)P(B,)P(4,) + P(4,)P(B,)P(4,) P(B,) P(4;) =
=0,3-[1+0,7-0,6-[1+0,7-0,6]]=0,3-[1+0,42-1,42] = 0,479.

Bropoit crpesiok Takke MOXeT IOpasuTh MUIIIEHb VIV PV IIePBOM, VIV TPV BTOPOM,
VIV IpU TpeTbeM BhicTpesie. OHAKO OH MMeeT IIPaBo Ha OuepeHOV BLICTPesI TOIr/ia, Korza Bee
IIpefbIIyIe BhICTpesIbl ObUIM HeyaauHbIMU. PaccyXeHus, 1mojgoOHble M3JI0)KeHHbBIM BbIIIIe,
IIPUBOJIAT K CJIeIyIOIIeMy pe3yyIbTaTy:

P(B) = P(A4)P(B,) + P(4)P(B)P(4,)P(B,) + (4)P(B)P(4,)P(B,) P(4;) P(B;) =
=0,7-0,4[1+0,7-0,6[1+0,7-0,6]] = 0,28[1+0,42-1,42] = 0,447.
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Hakowner, ouesupgro, uto C =4, - B, - A4, - B, - A; - B;, T.e. Bce 6 BBICTpesIOB OBUIM He-

ynaunbiMu. Torma
—_— u n 7 n q n — 3 ~
P(C)=P(A4))P(B,)P(A4,)P(B,)P(4,)P(B,) =[0,7-0,6] = 0.074.

3ameTnM, uTo cOOBITMS A, B, 11 C SBJISIOTCSI HECOBMECTHBIMM ¥ COCTABJISIIOT IIOJIHYIO
rpymy, T.e. P(A) + P(B) + P(C) = 1. DTrM MO>XXHO OBUIO BOCIIOJIB30BATHCS TPV BBIUMCIIEHU
P(C).

3adanue 5. BeposTHOCTV HOIaaHVs TPV KaK[OM BBICTperie I TPEX CTPEIKOB PaBHBI

4 3 2
COOTBETCTBEHHO —, -, — . Ilpu omHOBpEeMeHHOM BBHICTpeJIe BCex TPEX CTPeKOB MMeJIOCh [IBa MOo-
nagaHys. OnpenesTb BEpOSITHOCTb TOTO, UTO IPOMaxHYJICS TPETU CTPEJIOK.

Pewenue. ITyctb A — coObITHIE, COCTOSIIIIEe B TOM, YTO OBUIO JBa ITOIafaHus, coObITHe B -
IIepPBBIVI CTPEJIOK IIOTIalI B 11eJ1b, cOObITHE C - BTOPOVI CTPeJIOK Horajl B 1iestb. CoObITie A MOXeT
IIPOV3OMTY IIPW JIBYX ITPEIITOJIOKeHMSAX: TPeTUll CTpesIoK IoIlal B 1ieIb — rumoTesa Hy vwim
TPeTU CTPeJIOK IIPOMaxHYJICs — ruroTe3a Hy. ATIpropHbIe BepOSTHOCTH (O OIbITa) 3TUX I'M-

riore3 m3BectHel: P(H )=— n P(H,)= 1—g = l Ecyim BepHa rumnoresa Hi, To cobbITiie A Mo-
3 3 3

XKeT IIPOM3OVTH TOJIBKO TOIJIA, KOI/IAa OHVIH M3 JABYX APYIMX CTPEJIKOB IpoMaxHETcs. Ecim xe

BepHa ruroresa Hs, To coOpITie A IIPOV3OVIIET JINIIIb B TOM CJIydae, Korga Oyzer IomagaHue y

IIepBOrO 1 BTOPOro cTpesikos. CIreoBaTesibHO,

P(A|H,)=P(BC +BC)=P(BC)+P(BC)=P(B)P(C)+ P(B)P(C),
P(A|H,) = P(BC) = P(B)P(C),

Tak Kak cooprtmss BC m B C HecoBMecTHBI, a COOBITUA A U B SBIISMIOTCS CTaTUCTUYECKM He 3a-
BUCUMBIMI. Bocrioip3yemcs V[CXO,HHBIMVI ,ELaHHbIMVI, HOJIY UMM

4 3 12
P(4|H ——1—— -—)-=—, P(4A|H,))=——=—
(A[H)=Z0=-+0 5>420 P4|Hy) =57 =
Borunciiim P(A) o cpopMyne TIOJIHOVI BEPOATHOCTM:
7 2 121 13
P(A)=P(A |H,))P(H))+P(4 H,))P(H,)=— —+——=—.
(4)=P(A |H,)P(H,)+ P(4 |H,)P(H,) 20312073 " 30

HakoHer1, BBIYMCIMIM VICKOMYIO BeposiTHOCTD P(H, |A) :

P(H, |4) = PA|H,)P(H,) 12 130 _ 6
P(A) 20 3 13 13°

3aMeTnM, UTO 3Ty 3a7ady MOXKHO PelInTh IpyTruM oOpa3zoM. Tak Kak ObUIO TOJIBKO JBa
IIoTIa/IaHMsl, TO KTO-TO OIVH IIPOMaxHYJICS. DTO MOXeT OBITh IepBbINI CTPeJIOK — rumoresa Hj,
BTOpOW - TuroTe3a H» v Tpetuit - rumoresa Hs. Pekomenpyercs pasobpats 3Ty 3amady, mc-
XOJIsl M3 YKa3aHHBIX rMItoTe3. EcTecTBeHHO, OTBeT JOJDKeH IOJTyYUThCA TOT JKe CaMBbIA.

3adanue 6. IIpoBonmTcs 6 VICIIBITAaHWMI, B KaXKIOM M3 KOTOPBIX COOBITIE A MOXET IIpO-
VI3OVITV C OJTHOVI VI TOM XXe BepoATHOCThIO p = 0,4. HamTy BeposITHOCTBH TOrO, UTO B 3TVIX VICIIBI-
TaHMSIX COOBITVIE A ITPOM3OVIIIET JIBa Pa3a M BEPOSTHOCTHh TOTO, UTO COOBITVIE A TIPOM3OT/IET XO-
T OBl IBa pasa. OnpenenTh, CKOJIBKO pa3 HY>XHO IIPOBeCTU VCIIBITaHMe, YTOOBI C BepOsITHO-
CThIO, He MeHbITIe, uyeM 0,98, coObITre mpon30nIIo XOTS OBI OAMH pas.

Pewenue. Ilycte B - coOBITHE, COCTOSIIIEE B TOM, UYTO A IIPOM3OIIIO fABa pa3a, coobrrie C
- A mipomsovizieT XotTs Obl 1Ba pasza. O4eBUIHO, MMeeT MEeCTO cxeMa He3aBVICHMBIX IIOCIeoBa-
TeJIBHBIX MCIbITaHui opu n = 6, p = 0,4, g = 0,6. Torna BeposaTHOCTb cOOBITHSA B ompenernsiercs
HerocpeicTBeHHO dopmyriont bepHysuim
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|
P(B)=P{k=2'=p, (2)=C.p°q* =ﬁ-0,42 0,6 =15-0,16-0,1296 = 0,311.

BepositHOCTb coOBITISL C yII0OHEe, 0UeBUIHO, BEIYMCIIATh Yepe3 BepOATHOCTh IIPOTUBO-
ITOJIOXKHOT'O COOBITHA:

P(C)=1-P(C)=1-P{k <2} =1-Pk =0} - Pk =1 =1-C,p’q° - C;p'q’ =
=1-0,6°-6-0,4-0,6> =1-0,047 — 0,187 = 0,766.
[1J1s1 oTBeTa Ha ITOCIIeTHMII BOIIPOC 3a/iayuli JJOCTaTOUYHO BOCIIOJIb30BaThCs M3BECTHO
dopmyrion:
o In(1—P) _[In(1-098)| _|[In(0,02)] [-3.912
n=z = = ~ =7,
In(1-p)| [In(1-0,4) |n(0,6) [-0,51]
Tak Kak n JI0JDKHO OBITH 11eJIBIM YMCIIOM, TO CJleflyeT B3AThb 11 = 8. TakvumM oOpas3oM, ecsmm vic-
IIBITaHVIe IIPOBECTN 8 pas, TO ¢ BeposTHOCTHIO P = 0,98 coObITiie A TIpOoM30IET XOTS OBI OIMH pas.

656.

Tema 2. Crty4dariHble BeJTMIMHBI

3adanue 7. 3amaH 3aKOH paclipefieleHVs IVCKPeTHON cIydarHom Bervamabl X. Harmm
MaTeMaTH4decKoe OXWMIaHue, OVCIIepCUIO, CpefHee KBaJpaTudecKoe OTKIIOHeHUe. IlocTtponTs
rpadpvK PyHKIIMM pacliperieieHs BEpOATHOCTEV CJIyUarHOV BeJIVUHBIL.

x |92 9,8 10,2 10,8 11,6
p |01 0,2 04 0,2 0,1

Pewierue. Haviiém cHavasia HadaJbHbIe MOMEHTBHI Vi CJTyYariHOVI BeJIMYMHBL X:

V=) % p,=92-01+98-02+10,2-0,4+10,8-0,2+11,6-0,1 =10,28;

i=1

v, = fo -p;=9,2%-0,14+9,8%-0,2+10,2*-0,4+10,8% -0,2+11,6* - 0, =106,072.
i=1
TaxmmM oOpa3oM, MaTeMaTHUeCKoe OXMIaHVe paBHO i, = vi = 10,28. [Iucniepcuto ompe-
JeJIVIM Yepe3 HadalbHble MOMEHTHI:
Dy = vy - v12=106,072 -10.282 = 106,072 - 105,6784 = 0,3936.

CpenHee KBagipaTiidecKoe OTKIIOHEHMeE paBHO: O, = /D =4/0,3936 = 0,627 .

I'padux dyHKIIMM pacrpeniesieHNsI BEpOATHOCTEN JVCKPETHOVI CIy4dartHOV BeINYVHEI
X vIMeeT TrOpu3OHTaJIbHbIe YUYacTKM MeX]y TOYKaMy e€ BO3MOXHBIX 3HaueHuN. VIsMeHeHUe
3Ha4YeHMs (PyHKIIMM ITPOVICXOAUT CKaUYKOM B TOUKaX BO3MOKHBIX 3HaueHWI. I'padpmk dpyHKImm

IIpesicTaBJIeH Ha puc. 2. 1

0, mpn x<9,2,

0,1, mpu 9,2<x<9,8,
0,3, mpn 9,8<x<10,2,
0,7, mpm 10,2<x<10,8,
0,9, mpu 10,8<x<11,6,

1,0, mpn x=11,6. | ' ! ' '
092 98 102 10,8 11,6
Puc. 2. Tpadpmk dyHKIMM pacmpene-
JIEHVsI BEpOSTHOCTe

AHanTIYecKoe BhIpakeHne (PyHKIVM pacipesiere-
HVST BEPOSITHOCTETA.
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3adanue 8. HenpepbiBHas ciy4ariHasg BeymavHa X 3a/jaHa IDTOTHOCTBIO pacIIpeesTeHys
BeposgTHOCTelt. Tpebyercs: A) HamTy PYHKUMIO pacIipelieieHNs BeposaTHocTelr; b) Hamy Ma-
TeMaTuJeckoe OXulaHue, IVUCIepCuio, CpeiHee KBajpaTndeckoe OTKJIOHeHe; CKOIIIeHHOCTb 1
9KCIlecC paciperiesieHNs; BepOATHOCTb TOrO, YTO CIydayHas BeJIM4iHa OTKIOHUTCS OT CBOEro
MaTeMaTU9eCcKOro oXwaaHvs He Oostee, ueM Ha 0,5; B) mocTpownrs rpadpuxm ¢pyHKIIMI pacipe-
TleJIeHVsl VI INIOTHOCTY pacIipesie/IeHNs BepOsITHOCTEV.

0 npu x < 0,
Jf(x)=

Pewenue. Haviném dpynximro pacripeperienns F(x). Ecm x <0, To f(t) = 0 mis
te (—oo; x). Cj1emoBaTesIbHO,

F(x) = jif(t)a’t: jom:o.

4x-e™ mpux>0.

Ecimm x > 0, To
2x

X 0 X
F(x)= [ f()dt = [0-dt+[4t-e™'dt =|z =21, dz = 2| = [z-e7dz =
—oo —oo 0 0

2% 2x
+ je"zdz =DQx-e X —e*
0
0

2

U=z dv=e“dz ~ x "
: =1-(1+2x)e .
0

= =—Z.e
du=dz v=—e"*

3meck cHavasIa cAelaHa 3aMeHa ITepeMeHHO, 3aTeM IIPVMMeHEH MeTOI, IHTET PYPOBAHIST
110 9acTsaM. Taknm obpasom,

0 npu x < 0,
F(X)= -2x
I-(14+2x)-e mipu x > 0.

HavinémMm HavasibHbIe MOMEHTBI CJIy4YamHOV BeJIMYMHBL:

Vi = Txkf(x)dx = ]:xk Ax-eFdx = |Z =2x,dz = 2dx| :%Tzkﬂ e ids = (k;l)!-

—oco 0 0
INMociieguuit vHTerpas OepéTcs IyTEM II0CIIeIOBaTeIbHOTO MHTErpUpOBaHMs 110 YacTsM
(k + 1) pa3. 3HaueHMe 3TOTO MHTErpaJla MOXXHO TakKe HAMTHU B CIIPAaBOYHMKAX II0 OIIpeesIeéH-
HBIM MHTerpaiaM. Takum obpasom,

BbrumcsinM 1eHTpabHble MOMEHTHI (3aMeTnM, uto Wi = 0 Beer/ia):
3 1 3 1
W,=v,-v;=—-1=—, MS:v3—3v2vf+2vf:3—3-§+2:5,

2 2
15 3 3
=V, —4v,v, +6v,v: -3v/ =——-4.3+6-=-3=",
M, 4 3V 2 Vi 1T > )

Tenepb MOXXHO OITpeNeNINThL BCe UMCIIOBBIE XapaKTePUCTVMKI: MaTeMaTidecKoe OXMia-
1
HU1e m, = vi = 1, moucnepcus Dy = w2 = 3,‘ CpemHee KBaJpaTndecKoe OTKIOHEHWe

-3
c=,D, = % ; CKOIIIeHHOCTh Sk, = % = % : (%j =2 ; 9KCIIecC
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B nnynkre B) TpebyeTcst HalITVI BepOSITHOCTD P{ |X - mx| < 0,5}. IIpeobpasyem HepaBeH-

CTBO, CTOsAIIIEE I10/1], CIMBOJIOM BEPOATHOCTL
Plx -m|<05}=P{~05< X —m <05}=Pm —-05<X <m_+0,5}

IMoncrasisd cropa m, = 1 v IIpuMeHsis CBOVICTBO (PYHKIIMM paciIpefie/ieHsl BepOsSTHO-
CTeVI, IIOJIyYVIM:

POS<X<15}=F(15)-F(05) =1-(1+2-1,5)-¢" =[1-(14+2-0,5)-¢ "] =
=2.¢"'—4.¢7 =2-0,368—-4-0,05=0,536.

09 f(x) 1 F(x)

//\ 1

\x .

0
0 1 2 3 0 0 1 2 3

—

0.3

Puc. 3. T'padpmxv mnoTHOCTM M PYHKINUM pacIipeneIeHNs BepOATHOCTe

I'pacdpmkm mwioTHOCTM M PYHKIIMM pacrpesie/IeHNUs] BepOSITHOCTE MOXHO CTPOUTH I10
OT/e/IbHBIM TOYKaM, ITPOBOJISl Uyepes 3TU TOUKM IUIaBHYyIo Kpusyio. ITporiecc mocTpoenms rpa-
dvKoB He oTIMUaeTcss OT OOBIYHOIO Ipollecca, MPUMEHSeMOro II0 OTHOIIeHMIO K JIroboi
dyHkIMM npn eé nccnegosanumn. I'padukn mpencrasiieHsl Ha puc. 3. PaccMoTpenHoe paciipe-
HeieHue SBJIsIeTCs pachpedeseHuem Dpaarea BTOPOTO MOPsiIKa.

Tema 3. MHOrOoOMepHbIe cIy4ariHble BeJIMIMHbI
3adanue 9. 3aKOH pacIIpesiesieHVs IVICKPETHON IByXMEPHOM CIIy4YaltHOV BeJIMumHBL (X,
Y) penCcTaB/IeH CIedyIOIev Tabmen:

Z 1 3 5 8 9
Xi
004 | 004 0,03 0,03 0,05
004 | 007 0,06 0,05 0,03
11 001 | 0,08 0,09 0,08 0,05
13 0,03 | 004 0,04 0,06 0,08

OrnpeniennTh 0OTHOMepHBIE 3aKOHBI pacrperiesleHns CJTydanHbix eiunH X 1 Y. Hanrn
YCIIOBHBIE TUIOTHOCTY pacIipefiesieHust BeposTHocTeit Bermuvi P(xi|y2) m P(yi| x1). Beravcrmars
MaTeMaTuJecKye OXuaaHus ny v my, gucnepcuu Dy u Dy, KoBapmanyoHHbII MOMeHT Ky, 11 Ko-
3 PULIIEHT KOPPETIALINN Txy.

Pewierue. CKJ'[a,D;BIBaSI 9JIEMEHTHI CTPOK, INIYy4YVIM OIOHOMEPHOE paclipeliesiIeHne BeJIn4dn-
HbI X, CKJIaJIbIBas 3JIEeMEHTbBI CTOJI6LIOB, IDIy49rM OHOMEpPHOE paclipeesieHne JI BeJINMYVHbBL Y:

x | 7 ] 9 1113 y | 1 3 [ 5 [ 8] 09
p~ 10,910,225 ]0,31]0,25 p« | 0,1210,23 022 [0,22]0,21
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ITomenmB 351eMeHTBI BTOPOTO CTOIONA Ha VX CYMMY, IIOJTyYVM YCIIOBHBIV 3aKOH pacIipe-
nenerms P(xi|12), a omems 2meMeHTEI TIepBOTE CTPOKM Ha X CyMMY, TIOJTYYMM YCJIOBHBIV 3a-
KOH pacripemtertenvs P(yk| x1):

X 7 9 11 13 Vi 1 3 5 8 9
P(xi‘yz) 4/23 17/23 |8/23 |4/23 P(yk|x1) 4/19 {4/19 | 3/19 | 3/19 | 5/19
Hampém MateMaTvdeckue OXMIAHMS M OVCIIEPCUY, VICXOIS M3 OITHOMEPHBIX 3aKOHOB
pacupenernenus: my, = 70,19 + 90,25 + 110,31 + 130,25 =10,24, m, =190,12+ 30,23 + 50,22 +
80,22 + 90,21 = 5,56; M{X2} = 490,19 + 810,25 + 121 0,31 + 1690,25 = 109,32; D, = 109,32 -
(10,24)2 = 4,462; M{Y2} =10,12 + 90,23 + 250,22 + 64 0,22 + 81 0,21 = 38,78; D, = 38,78 - (5,56)2
=7,866. VI3Bekast KopHU, noiryumm: o = 2,112, o, = 2,805.

KOppeJ’ISH_H/[OHHBIVI MOMEHT BBIUUCIEFIETCA IIO ABYXMEPHOMY 3aKOHY paclipenejieHn:.
BerumciiiM cHavasia HauajJIbHBIV CMEIIaHHBI MOMEHT BTOPOTO IIOpsAOKa:

M{XY}=7(10,04+30,04+50,03+840,03+940,05) +9(10,04 +30,07 +50,06 + 80,05 +
90,03) + 11(1 0,01 + 30,08 + 50,09 + 80,08 + 90,05) + 13(10,03 + 30,04 + 50,04 + 80,06 +
90,08) = 57,82. Torna Ky = M{XY}- m, my = 57,82-10,24 5,56 = 0,886. Takum obpasoM, ry? =
Kyy/ (0x0y) = 0,15. VI3Biiekast KOpeHb, IIOITydmM: 1y, = 0,387.

3adanue 10. [IByxMmepHast ciaydariHas BermavHa (X, Y) pacroperneiieHa paBHOMEPHO B
TpeyroJibHUKe, orpanndeHHoM npsaMbeiMu x = 0, y = 0, 4x + 5y = 20. Hantn omHOMepHBIe IUIOT-
HOCTW pacIIpefiesieHNsl BepOsSITHOCTeV 1 YCJIOBHBIe INIOTHOCTY paclipesiesieHns. Beramncimre Ma-
TeMaTuJecKre OXUIaHus my U my, gucnepcun D, v Dy, KoBapualimoHHBIT MOMeHT Ky, 1 K03d-
PUILIIEHT KOPPEJIALINN Ty

Pewenue. ITmomans TpeyronpHMKa pasHa 10, cregosarenbHO f(x, y) = 1/10 BHYTpPU Tpe-
yronbHMKa 1 f(x, y) = 0 BHe TpeyroipHMKa. Haimém omHOMepHEIe ITIOTHOCTH pacIpeerieHs
BEPOSITHOCTETL:

(20-4x)/5

¢ 1 1 20-4x 20-4x 10-2x
)= [ £(x,y)dy = Sy =—. - _ ,
[y () _fmf( »)dy j = < x
AHaJIOrM4HoO,
- (20-5y)/4
1 1 20-5y 20-5y 4-y
x) = X, y)dx = —dy =—- = = .
fr () Imf( ») j = m -
Havném HavasrbHbIe MOMEHTHI:
o 5 K+l k2 |? K+l k+2
10-2x 1 10x 2x 1 10-5 2-5
v, =[x (x)dx =[x ——dx=—- - =— - .
" £ S5 () { 25 2 e k+2)0 5 kel ke

1 4. 4k+1 4k+2
AHaJIOTMYHO HaxXoOuM: V b= (———-

8 k+1 k+2

CKMe oXupaHus: my =5/3, m, =4/3. I1pu k = 2, mostyumm: va, = 25/6, vz, = 8/3. CrtemoBaTesibHO,

D,=25/6-(5/3)2=25/18,D,=8/3 - (4/3)2=8/9.

). Iosaras k = 1, HamaéM MaTemMaTUe-

SanmrmneMm YyCJI0BHbBIE IDIOTHOCTU pacCIIpeleIeHVIA:

Sy 18 4

_ Sy 125 5
fy(3) 10 4-y 20-5y -

.00 10 10-2x 20—4x’

fxy) = s f(x) =
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Hanném cmenraHHBI HaYa/IbHBII MOMEHT BTOPOTO HOPSIKA:

o 12 GO (20— 4x)° 10000 /1 2
v = | | xf (x,y)dxdy = — | xdx dy=—|——F——dx=
11 J.J. vf (x, y)dxdy 10_! ,([y Y 109 50 500 2 3 4

Taxmm obpasom, Ky = vi1 - memy; =5/3 - (5/3)(4/3) = -5/9. Torma
K 5 1

Xy

r, = =- = .
Y 0.0, 9-/(25/18)-(8/9) 2

Tema 4. PyHKIIMOHAIbHBIE IIpe00pa3oBaHMs CJIy4dalfHbIX BeJIMIMH
3adanue 11. [dvickpeTHasi BesmmumHa X 3a/1aHa TaOJIMYHO:

X -4 -3 -2 -1 0 1 2 3 4 5
pi 0,02 | 0,03 | 0,05 0,1 0,15 0,3 0,15 0,1 0,05 0,05
3amcaTh B BUIle TaOIMIIBI 3aKOH pacrpeeieHns 3amganHon Pysknmm. Haty maTema-
TU4Jeckoe oXuganue pyHkym Y =8 - 2 X +1].

Pewenue. Haniném cHadasia Bce BO3MOXKHBIe 3HaUeHVs (PyHKUMY 1 BHECEM X B 3aTOTOB-
JIEHHYIO TaOsImILy:

Yk -4 -2 0 2 4 6 8
Pk 0,05 | 0,05 0,1 017 | 033 0,2 01

BeposiTHOCTM HOACUMTHIBAIOTCS CIIeAyIOIIMM oOpa3oM. 3HaueHue 4 (PyHKIIMS IPVHU-
MaeT ToJIbKO Ipu x = 5. Torma BepodaTHOCTB 3TOrO 3HadueHMs pasHa 0,05. 3HaueHMe 4 PyHKIIMS
npuHMUMaeT npm x = -3 urpu x = 1. Torga BepositTHOCTE 3TOTO 3HaYeHud pasHa 0,03 + 0,3 = 0,33
W T.I.

MaTtemaTtideckoe oXXnjjaHVe BBIUMCIISETCS KaK OObIHO: 11y, = 3,36.

3adanue 12. MaTemaTuyecKkvie OXWIAHUS M JAVICIIEPCUV CTATVCTYECKM He3aBUCVIMBIX
BesivaviH X n Y paBHEbI 1, = 10, Dy = 8 mw my, = -5, Dy = 12. BerancimmTe MaTeMaTHdecKoe oXusa-
HMe 1 aucnepcuio pyHkumm Z = 2XY - 9.

Peuierue. BerumcimM MaTeMaTuueckoe oXumaHMe. TakK KaK BeJIMYMHBI CTaTUCTUYIECK
He3aBVCHMBI, TO MaTeMaTu4deckoe OXMaHVe IIpOoV3BeieHNsl paBHO IIPOM3BeeHNI0 MaTeMaTy-
gecKmx oxumaHu: m; = M{2XY - 9} = 2- M{XY} - 9 = 210+(-5) - 9 = -109. 171 BbIAMCI€HNS
IVICIIEpCUV BOCIIOJIb3YeMCsI BTOPOVI TEOPEeMOVI O AUCIIePCUSIX:

D{Z} = D{2XY -9} =4D{XY}=4[D D, +mey +m§Dx] =4[8-12+100-12+25-8] =1496.

Tema 5. 3akoH 601bIIMX YMCeIT

3adanue 13. Jucniepcyst cirydavHOV BeyavHbl X paBHa 62 = 3,5. C IOMOIIBIO HepaBeH-
crBa YeOplIeBa OIEHUTH BEPOSTHOCTh TOTO, UTO CJIydaliHas BeJIMYMHaA OTKJIOHWUTCS OT CBOErO
MaTeMaT4ecKOTo OXuaaHus He Oojlee yeM Ha BeJIM4YMHY € = 2,5.

Pewenue. ITomp3yemcst HepaBeHcTBOM YeObIIeBa:

35 275
(2,5)° 6,25

2
P{|X—mx|<8}>1—:—2=1— 0,44,

3adanue 14. s cIyvdaliHOV BEeIVMYMHBL U3 3adaHnsa 13 oIeHMBaeTcs MaTeMaTidecKoe
oxynadre. CKoJIbKO HYXKHO c/iefIaTh M3MepeHMi, 9TOObl ¢ BepOsITHOCTHIO He MeHbImert 0,95,
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cperHee apydMeTHdecKoe 3TUX M3MEepPeHWVI OTKIOHVIIOCh OT VICTVHHOTO MaTeMaTITdecKOro
OXMITAHIS He GojTee ueM Ha BeTUMHY €7

Pewienue. Eciut ivcriepcist BeamHBI X paBHA 62, TO VICIIEPCHST CPeTHETo apuidMeT-
YeckoTo 1 eé M3MepeHuVI OyreT paBHa 62/n. Bocrionbsyemcsi HepaseHcTBOM UeGbImeBa st

2
o . c 3,5
cpemTHero apvdpMeTUeckoro M3MepeHu m': P{‘m -m ‘ <gl>1- =1- .TTo ycrto-
' ne’ n(2,5)

3,5

> >0,95. Orcroma HaxoauM:

BUIO 3aJlauM JOJDKHO BBIIIOJIHSTBCS HepaBeHCTBO | — 2.5
n(z,

L <005=>n2 L
n(2,5)° 0,05-6,25
pémn =12,

3adanue 15. 11 oleHKM IIpoIeHTa JedeKTHBIX AeTasiert 00CIeyIoTcs Ha HaJlmdue Jie-
dexToB 1 metastert. C IoMOIIbI0 HepaBeHCTBa JeOrlleBa OIIeHUTh BEPOSTHOCTh TOTO, UTO JI0JI
nedeKTHBIX JeTasievt k/n OTKIIOHUTCS OT MICTMHHOV BEePOSITHOCTY JedpeKTHOM [IeTaIn He Oosiee
4JeM Ha BeJIumHy €. Permmts 3amauy misgn =81lwm e = 0,1.

Pewienue. 3armmitteM HepaBeHCTBO UeObIITeBa 110 OTHOIIEHUIO K /10JIe JedpeKTHBIX JeTa-

=11,2. Yncro m3MepeHm JOIDKHO OBITH 1I€JIBIM, IIO3TOMY Oe-

- * *
aen p* = k/n: P{‘ p - p‘ <gp>1- p_qz Tax Kak MCTVHHAasI BepOATHOCTD p MHOsBJIeHNs JTeeKT-
ne
HOVI [leTaJIil HeV3BeCTHa, 3aMeHVM IIpou3BeieHie pg ero HanOosIbIM 3HadeHreM (ripu 0 <p <

0,25

<1), pasubsim 0,25: P{|p" — <01} >1- = 0,69
) p {\p p\ } TRRE

5

Tema 6. CtaTucTueckas 06pa60TKa IKCIIEpMMEHTAaIbHBIX TaHHBbIX. OI_IeHKa InapamMeTpoB

3adanue 16. ITomoOHOe 3amaHVIe TOIPOOHO PaCCMOTPEHO B y4eOHOM ITOCOOMIL.

3adanue 17. [111 OLIEHKM BEPOSTHOCTY MOSIBIIEHNS AeeKTHBIX JIeTayleVl, BBITyCKaeMbIX
HEKOTOPOV ITPOM3BOCTBEHHON JIMHMEN, ObUIo oOciiemoBano n metasient. Cpeny obciemoBaH-
HBIX JIeTasierl OpUI0 OOHapykeHO k medeKTHBIX meTasiert. [TocTpouTs moBepUTeNTbHBIN MHTepBaT
IUISE ICTVIHHOVI BEePOSTHOCTV IIOSIBJIEHVIS L[eqi)eKTHOTZ JeTajivi C JOBEPUTEIILHOV BEePOSATHOCTHIO,
pasHov 0,95. Permnts 3agauy nipu n = 121 m k = 20.

Peuierue. 3armimeM JOBePUTETBHBIV MHTEPBAII /IS BEPOSITHOCTM COOBITHS:

* [Pq. - /Pq . =
PE|p —€, 7,]9 +E, . C BEpPOSITHOCTHIO Y. B maHHOM citywae p* = 20/121 =

= 0,165. I'lo TabrmiiaM HOpPMaJIBHOTO pacIperiesieHns 110 3aJaHHOV [JOBePUTEIEHOV BEPOSITHO-
cu ¥ = 0,95 Haxommm: €, = 1,96. Hanmém moBepuTeIbHBIN MHTEPBAJI IBYMS CIIOCOOAMIA.
ITepsbIt crioco®. BMecTo HeM3BECTHOV BEPOSTHOCTU IIOSIBJIIEHMS HedeKTHOW IIeTasIu

nosictaBuM  eé oreHky: pe€|0,165— 1,96\/ 0165 512_1 0.165) ;0,165 + 1,96\/ 0165 512; 0.165)

Boravcrss, monysnm:  p € (0,165 —0,066; 0,165 +0,066). Vimr p e (0,099; 0,231) ¢ Bepositro-
CTBIO, IPMOITVDKEHHO paBHOM 0,95.
Broport crmoco6. BmecTo HemsBecTHOrO Ipom3BelleHMs Pq MOACTaBUM ero HamOosIbliiee

sHauenme (pu 0 < p < 1), pasuoe 0,25: p €| 0,165-1,96, /%, 0,165+1,96, / ?’2215 . Berumcrrsis,
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nonyarm:  p € (0,165 -0,089; 0,165+0,089). Vimu pe (0,076;0,254) ¢ BeposTHOCTBIO He

MensbIent geM 0,95. Broport cioco0 HagéXxHee, XOTS OH TaéT Dolee MIVPOKII MHTEPBaI.

Tema 7. IIpoBepKa cTaTMcTMIeCcKMUX I'MIIOTE3
3adanue 18. ITomoOHOe 3aaHMe TTOIPOOHO pacCMOTPeHO B y4eOHOM ITOcoOmL.

3adanue 19. Vicrionw3ys JaHHBIE TaOJIMIIBI 3a[aHNs, C IIOMOIIBIO0 KpUTEPMs KBaHTIIIEN
IIPOBEPUTH TUIIOTE3y O TOM, YTO Me[yaHa pacIpenesieHNs paBHa SMIMPUIeCKOMY MaTeMaT-
YecKOMY OXMIaHMIO.

14 18 24 26 49 22 13 01 00 28 03 22 08 32 82

09 31 01 03 08 33 34 47 05 05 42 3,7 01 04 1,1

48 1,6 15 96 40 03 0,7 73 25 21 2,7 03 09 49 02

1,7 04 03 1,3 28 06 14 08 1,1 09 04 1,2 0,2 01 0,7

Pewerue. Ci10x1B Bce 371eMeHTBI BBIOOPKM U TIOHEIMB Ha 4mciIo msMepeHunt 60, mosy-
4yM OILIeHKY MaTeMaTudecKoro oxwupganus m* = 1,99. Hampém umcino aimeMeHTOB, KOTOpoe
MeHbIlle MaTeMaTudeckoro oxwganwus: k = 37. g memmansl p = 0,5. CremoBaTebHO,

_k-mp 37-60-05 7
Jnpg  4/60-0,5-0,5 3,873

pacIipefiesieHIIO HaléM KpuUTdeckoe 3HadeHme t, = 1,96. Tak kak |t < t, TO TUIIOTe3Y O pa-
BEHCTBe Me/[VaHbl VI MaTeMaTIYIeCKOTO OXXMIAHS MOKHO IIPVHSTh.

=1,807. ITpnu yposre 3Haummoct o = 0,05 110 HOpMaIbBHOMY

3adanue 20. ITomoOHOe 3amaHVIe TOIPOOHO PaCCMOTPEHO B y4eOHOM ITOCOOMIL.

Tema 8. [IyiciepcMOHHBIVI aHAIN3

3adanue 21. ChenaHo 1o 5 M3MepeHuII CITyJarHOV BeJTMIMHBL X Ha KaXKIOM 3 UYeTBIPEX
yposHen dakTopa A. ITosrydeHHbIe pesysibTaThl HpeficTaB/IeHbl MaTpuileit X (CTPOKM MaTPUIIbI
COOTBETCTBYIOT YPOBHsIM (paKTOpa, CTOJIOLBI — HOMEPY M3MepeHst). MeToIoM AMCIepCcrOHHO-
ro aHaJIn3a IIPOBEPUTh IMIIOTe3y O TOM, 4TO dakTop A He BIMHeT Ha MaTeMaTudecKoe OXuyia-
Hue BeunHbl X. YpoBeHb 3Ha4MMOCTY O IIPVHATE paBHBIM 0,05.

7 6 4 3 9

5 7 8 8 9
X =

4 3 4 6 5

8 9 7 8 6

Peuierue. Bee BeIUmciieHMs: yaoOHO POBOAUTH B CIEIMaIbHOV Talimile. BHecéM B Heé
VICXOIHBIe JaHHBbIe, BBIUMCIVM OLIeHKN MaTeMaTu4yecKu3 OXWUIaHWI Ha KaXIoM ypoBHe dak-
TOpa, BBIUMCIIMM KBaJpaTbl M3MEpPeHWUI M KBaZpaTbl OLIEHOK MaTeMaTHMYeCcKMX OXWMIaHWUI.

5
« 1 _
Or1eHKM BBIYMCIIAIOTCA 110 popMyIie m,; = EZxU , 00IIIasi cyMMa KBaZlpaToB M3MepeHUI! IIpef-
=1
CTaBJIeHa B TIOCJIe[IHeV KJIeTKe IocyiefiHert cTpoky. OreHKa o0IIiero MareMaTiieckoro oXnsa-

* 4 3 1 4 * *
HUS m = ZZxU :ZZmi =63, m~ =39,69. CymmMa KBaJIpaToB OIIEHOK I10 YPOBHSM
i=1

1
207595
daxTopa pasHa 33,64 + 54,76 + 19,36 + 57,76 = 165,52.
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Ai Xij m;* xi]-Z m;*2
Al | 7 6 4 3 9 | 58 | 49 | 36 16 9 81 | 33,64
A | b 7 8 8 9 | 74 | 25 | 49 64 64 | 81 | 54,76
As | 4 3 4 6 5144 | 16 9 16 36 | 25 | 19,36
Ag | 8 9 7 8 6 | 76 | 64 81 49 64 | 36 | 57,76
z 154 | 175 | 145 | 173 | 223 870

Taxmm oOpasom,

k n
0=>>x —n-k-m?=870-5-4-39,69 =762,

i=1 j=I

k
0, =n(Q m?’—k-m?)=5-(16552-4-39,69) =338,

i=1
0,=0-0, =762-338=424.
Berumciimwm F:
0 /(k-1)  338/3 1127
T 0, [k(n-1)] 42,4/16 353

ITo Tabmmrte F-pacripenerienmst ipu crerneHsx cBoOomsl k1 = 3 11 k2 = 16 u ypoBHe 3HauM-
Moctu o = 0,05 HaxoguMm KpuTndeckoe 3HaueHue F, = 3,24. Tak Kak BbIUMCIIEHHOe 3Ha4yeHNe
F = 4,25 Gosnplre KpuTideckoro 3HadeHms F,, To rumoresa Hy otBepraercs. Cienyer mpu3HaTh
BIVstHME paKTOpa A Ha MccilelyeMylo BeJInduHy IIpu yposHe 3HaumMoctu 0,05.

3adanue 22. daxrop A meet 4 yposHs, pakrop B - 5 yposHert. CriestaHO 110 OITHOMY W3-
MepeHUIO CJIIyJarHOV BeJIMYMHbL X Ha KaXIov KoMOvHanmm yposHen pakTopos. IToiryuenHble
pe3yJIbTaThl IpeficTaB/ieHsl MaTpuiiert X (CTPOKM MaTPUIIbI COOTBETCTBYIOT YPOBHSIM dpaKTOpa
A, cTOTIOIIBI — YPOBHSM (pakTopy B). MeTomom AyCIIepcOHHOTO aHasIv3a IIPOBEPUTh IUIIOTE3Y
0 ToM, uTO pakTOpel A 11 B He BimsieT Ha MaTeMaTdeckoe oxvgaHue sernanael X. [Ipenmnosa-
raThb, YTO B3aMMOIEVICTBUS MeXIy (pakTopaMy HeT. YpoBeHb 3HAUMMOCTM IIPVUHATH pPaBHBIM
o = 0,05. Marpuity B34Th 13 3aganus 21.

Pewerue. PactvipyiM IipegpIIy Iy o TaO/IMILy ¢ yUETOM IOsIBIeHs BTOPOro dpakTopa.

4,25.

5 X Xif?
mi+* i+ *2
A; Bi1 | B2 Bs B, Bs B1 B> Bs Bs4 Bs
A1 6 4 3 9 5,8 49 36 16 9 81 33,64

7

5 7 8 8 9 74 25 49 | 64 64 | 81 | 54,76
As 4 3 4 6 5 4,4 16 9 16 | 36 | 25 | 19,36

8

6

Ay 9 | 7 | 8| 6 | 76 | 64|81 | 49 | 64 | 36 | 57,76
m+* 6,25 | 5,75 | 6,25 | 7,25 6,3 CyMMBI KBaJIpaTOB
m.* |36 39,1 [331 391 [526]3969 | 154 | 175 | 145 | 173 | 223 | 870

Bce mamHBIe 1 pe3yiIbTaThl BHIYMCIIEHNII IpeACcTaBIeHbl B Tabmmie. 3HaueHust Q m Q1
BBIYVICJIEHBI B IIpeIbIAyIIelt 3a1a4de:

0, =k(Q m> —n-m™)=4(36+39,1+33,1439,1+52,6-5-39,69) = 5,8,
i=1

0,=0-0,-0, =76,2-33,8-5,8=36,6.
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— QZ (k_l) — 5a83 ~0.48.

b

0 -(n=1) _3384 . o
0. 36,6 0, 36,6

ITo crennersim cBoOonpl k -1 =3 m (k - 1)(n - 1) = 12 onpenenseTcs: KpUTHUUIECKOe 3HaUe-
Hue Foy1 = 3,49 mpu o = 0,05, a o creniersim cBobompl 1 -1 =4 m (k - 1)(n - 1) = 12 - KpuTndeckoe
3HaueHne F, = 3,26. Ilo ycioBuio 3amaum B3auMOAEVICTBUS MeXay dakTopamy HeT ITosTomy
MOYKHO IIPUHSITH pellleHne 10 KaxXIoMy dakTopy MHAMBUAyaIbHO. Tak kak F1 > Fy1, TO cilefyer
rpu3HaTh BivstHue dakTopa A. Tak Kak F2 < Fy, TO cileflyeT oTBeprHyTh BiMssHMe dakTopa B Ha
VICCITeyeMyIO BeJINUNHY.

3adanue 23. ITpoBepurs TMIioTe3y O BimsHMM akTopos A, B, n C Ha mcciemyemyo Be-
mmavHy X, ecyv Bce (paKTOPBI MMEIOT II0 YeThlpe YPOBHS, a M3MepeHMs CAeIaHbl II0 IUIaHy
SKCIIepVMeHTa «JIATVMHCKUI KBazpatT». Pe3ysibTaThl M3MepeHUiI IIpecTaB/IieHbl MaTpuilenn X,
VICKITIOYas IIATBIVI CTOJIOeI] (CTPOKM MaTpPUIIbI COOTBETCTBYIOT YPOBHM dpakTopa A, CTOJIOIIBI —
ypoBHsIM dakTopy B). ITpenmoraraTs, 4To B3aMOIeVICTBUS MeXy dakTopamy HeT. YpoBeHb
3HauMMoOCTM O IIpuHATH paBHbIM 0,05. MaTpuily BeIOpaTh 13 3agaHus 21, MCKIIOYMB IIATHIN
crosioerr.

Pewenue. VIsMeHVIM HpebIIyITyIo TaOIMIly ¢ yYETOM MOSBIIEHNSI BTOPOTo dakTopa M C
y4E€TOM TOro, 4TO MaTpuila X He MMeeT IsiToro crosiona. Kpome Toro, jobasmm Ba cTonbiia B
TalJIMILy ISl BBIYMCIIEHMS OLIeHOK MaTeMaTJeCcKOTo OXMIIaHVs Ha YPOBHAX TpeTbero dakro-
pa C v KBaIpaToOB 3TMX OLIEHOK.

Torpa F| =

By Xij Xif?2
m* m; + *2 me*2
A Bi| B Bs B, B1 B Bs | Ba
7 6 4 3 5 7 49 36 16 9 25 49
5 7 8 8 7 6 25 49 64 64 49 36
As 4 3 4 6 4,25 5,75 16 9 16 36 18,06 33,06
8
6

9 7 8 8 5,5 64 81 | 49 | 64 64 30,25
ma* 6,25 | 5,75 | 6,25 6,06 CyMMBI KBaZIpaTOB
m.* | 36 | 39,1 [ 33,1 | 39,1 36,72 | 154 | 175 | 145 | 173 | 647

BorumciieHne oleHOK Ha ypoBHAX pakTopoB A 1 B mposonuTcs Tax Xe, Kak B AByXdak-
TOPHOM aHa/Im3e. BerumcieHme olleHOK Ha ypoBH:AX ¢pakTopa C IIpOBOOMUTCS MO KIIOUEBO

¢ ¢, ¢ ¢,

c, ¢ ¢, ¢

matpure CK: CK = . Takum oGpasom,

c; €, € G
C, € C G

. 1 .
n, :_ini:_(xll+x42+x33 +X24)=—(7+9+4+8):7,
443 4 4

m; :_inj =— (X + Xy, + X5 +X3,) = —(5+6+7+6) =06,
4t=2 4 4

u T.1a. O0masg cymMma (647) KBagpaToB M3MepeHUi IIpeficTaBleHa B IOC/Ie[Hel KJIeTKe I10cyIef-
Het1 crpokm. OlleHKa 00IIIero MaTeMaTI9ecKOro OXKVIaHIs
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CyMMa KBaJIpaTOB OIIeHOK IO ypoBHsM dpakTopa A paBHa 25 + 49 + 18,06 + 64 = 156,06.
CymMa KBaIpaToB OlIeHOK I10 YpoBH:AM dakTopa B pasna 36 + 39,1 + 33,1 + 39,1 = 147,3. Cymma
KBaJIpaToB OIIeHOK 110 ypoBHsM pakTopa C pasHa 49 + 36 + 33,06 + 30,25 = 148,31. Torna

0= Zn:i[xg—m*]z = iixj —4.4.m™ =647-16-36,72 = 59,48,

i=1 j=I i=l j=1

O, =n-Y[m,—m' = n(Q m; —nm™)=4(156,06—4-36,72) = 36,72,
i=1 i=1

O, =n-Y [m,,—m' > =n(> m’ —nm™)=4(1473-4-36,72) = 1,68,
j=1

J=1

O, =n-Y [m/=m' 1 =n(Q m? —nm™) =4(148,31-4-36,72) = 5,72,

t=1 j=1

0,=0-0,-0,-0,=59,48-36,72-1,68 - 5,72 =15,36.
BerumciimmM otHornenws Fi, Fi, Fi:

_0,-(n-2) 36,722

F, = 4,78,
0, 15,36
0, (n-2) _1,68-2
F2 = = =0,22,
0, 15,36
F =% 1) 57225,
0, 15,36

Kpuriraeckoe 3Hauenme F, Haxogurcs 1o Tabmviaiam F-pacripenenenns wst (n - 1) =3
(n - 1)(n - 2) = 6 cTenieHeVt cBOOOIBI P 3aJaHHOM ypoBHe 3HauvmmMocT o = 0,05. VI3 Tabrmrib! Ha-
xomyM: Fy, = 4,76. Takum obpasom, F1 > F,, F2 < F,, F3 < F,, YuuTbIBasi, 4T0 B3aMMOLIEVICTBVISI MEXITY
daxTopamm HeT (10 YCIIOBUIO 3a/]aum), [IeJlaeM BBIBOJI, UTO pakTop A BIIMsieT Ha VCCIIeyeMYIo Be-
avHy, a paktopsl B 1 C He BIVSIOT Ha 3Ty BeJIMUMHY (IIPM TaHHOM YPOBHE 3HAaUVIMOCTH).

Tema 9. PerpeccrioHHBIV aHa/IN3
3adanue 24. ITomoOHOe 3aaHVIe TOIPOOHO PACCMOTPEHO B y4eOHOM ITOCOOMIL.
3adanue 25. [TomoOHOe 3amaHVIe TOIPOOHO PaCCMOTPEHO B y4eOHOM ITOCOOMIL.

3adanue 26. ITo maHHBIM, IIpeICTaBIEHHBIM HVDKE, alllIPOKCYMMPOBATh CTATUCTUYECKYTO
3aBUCUMOCTD BeyimuvHbl Y oT X n Z dyHKumen y = ax + bz + ¢. BeramcamTe octaTouHyIo Aayic-
IIepCIIO0, HAaWTV OIIeHKY 0000mEHHOro KoadduiieHTa KOp eI

X110 1,8 15 08 1,8 08 1,3 08 0,7 06 1,7 1,9 09 0,7 1,5

Z:19 02 18 09 0,7 09 19 18 22 -02 -04 -04 1,0 20 19
Y: 50 66 60 48 66 46 56 52 44 42 64 68 48 4,4 6,0.

Bce Berumciienusi OyneM npoBoauThk B Tabiuile. bymem periath 3amauy He depes IleH-
TpaJIbHble MOMEHTBHI, KaK B TeKCTe IT0coOms, a depe3 HadaslbHbIe. B Tabnile moy4yaem Bce Ko-
3 PuIIMeHTHI crCTeMBI, OITpeseIsrolielt KO3 dUIIMEeHTbI allllPOKCUMUpPYIoLIen (PyHKIVN:
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[NpaKTrnkym

n n n n
2
ain +b2xizi +ch[ = inyi
i=1 i=1 i=1 i=1
n n n n
2
ale.zi +b22i +cZzi = Zzl.yl.
i=1 i=1 i=1 i=1
n n n
ale. +bZzi +cn= Zyl.
i=1 i=1 i=1
ITomenmB Ha 11, TTOJTHOCTBIO TIEPEXOINM K HavaIbHbIM MOMEHTAaM:
1S, b 1 Il 1S
a-— X +b-=) xz,+c-—D X, == Xy,
n i n o n o n o
1 n 1 n 1 n 1 n
2 _
a-—inzi +b-—Zzi +c-—Zzi ——Zziyi
n o n o n i n i

1L 1 1<
a.;;xi+b.;gzi+c—;;yi

B Tabriiie mpernicTaBiieHs! Bce HEOOXOAVIMBbIE JaHHBIE.

Xi Zi Vi xi? zZi? yi? Xi Vi Xi Zi Zi i
1 1,9 5 1 3,61 25 5 1,9 9,5
1,8 0,2 6,6 3,24 0,04 43,56 11,88 0,36 1,32
1,5 1,8 6 2,25 3,24 36 9 2,7 10,8
0,8 0,9 4.8 0,64 0,81 23,04 3,84 0,72 4,32
1,8 0,7 6,6 3,24 0,49 43,56 11,88 1,26 4,62
0,8 0,9 4,6 0,64 0,81 21,16 3,68 0,72 4,14
1,3 1,9 5,6 1,69 3,61 31,36 7,28 2,47 10,64
0,8 1,8 5,2 0,64 3,24 27,04 416 1,44 9,36
0,7 2,2 44 0,49 4,84 19,36 3,08 1,54 9,68
0,6 -0,2 4,72 0,36 0,04 17,64 2,52 -0,12 -0,84
1,7 -04 6,4 2,89 0,16 40,96 10,88 -0,68 -2,56
1,9 -04 6,8 3,61 0,16 46,24 12,92 -0,76 -2,72
0,9 1 4.8 0,81 1 23,04 4,32 0,9 4,8
0,7 2 44 0,49 4 19,36 3,08 14 8,8
1,5 1,9 6 2,25 3,61 36 9 2,85 11,4
17,8 16,2 81,4 24,24 29,66 453,32 102,52 16,7 83,26
1,187 1,08 54271 1,616 1,977 30,221 6,835 1,113 5,551

B mpenmociiesiHent cTpoke 3amnvicaHbl CYMMBI 3JIEMEHTOB CTOJIOIIOB, a B ITOCJIe[THeN CTpo-
Ke - cpellHVe apudMeTndecKne 3TUX 3JIEMeHTOB (3MIMpuYeckye HadajlbHble MOMEHTHI). 3a-
IIUIIIeM CUCTeMy YpaBHEHWV, OIpeleIsionx Ko3duIMeHTs! allllpoOKCUMUpPYIoIet dyHK-
17178

1,977a+1,1136+1,187¢c = 6,835
1,113a +1,977b +1,08¢ = 5,551 .
1,L187a+1,08b+c =5,427
Permrag cucremy, monmyunm: a* = 0,62, b* = -0,25, c* = 4,97. Takum 0O6pa3oM, anIIIpOKCMMU-

pytomas dpyHkumsa mmeet sun: y = 0,62x - 0,25z - + 4,97. Beruncnum aucnepcuto Dyt Dy =
= 30,221 - (5,427)2 = 0,769. Torma S2 = 0,769 15/14 = 0,824. B monotHMUTEILHON TalJIviIle BBIYVIC-
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JIMM OCTaTOYHYIO AMCIIepCHIo (depe3 Y 0OO3HadeHBI CIIPOTHO3MpPOBaHHBbIE 3HaueHMs (PyHK-
LY, BBIYVICJIEHHBIe I10 alllIpOKCUMUPYIOLIert (PyHKIINN).

Xi Zi vi vi | yi-yi | Wi -yi)?
1 1,9 5[ 5115 0,115 0,013225
1,8 0,2 6,6 | 6,036 -0564 0,318096
15 1,8 6| 545| -055 0,3025

0,8 0,9 48| 5241 | 0,441 0,194481
1,8 0,7 6,6 5911 | -0,689 0,474721
0,8 0,9 46| 5241 | 0,641 0,410881
1,3 1,9 56| 5,301 | -0,299 0,089401
0,8 1,8 521 5,016 | -0,184 0,033856
0,7 2,2 44| 4,854 | 0454 0,206116
0,6 -0,2 42| 5392| 1,192 1,420864
1,7 -0,4 64| 6124 | -0,276 0,076176
1,9 -0,4 68| 6,248 | -0,552 0,304704

0,9 1 48| 5278 | 0478 0,228484
0,7 2 44| 4904 | 0,504 0,254016
1,5 1,9 6| 5425 -0,575 0,330625

17,8 16,2 81,4 81,536 | 0,136 4,658146

TakmmM obpaszom, Doer = 4,658/(n - 3) = 4,658/12 = 0,388. CnenosaTerbHO, R2 = 1 -
- 0,388/0,824 = 0,529, Torma IR| = 0,727. Pe3ysibTaT MOXHO MHTEPIIPETHPOBATh CJICIYIOIIVIM
obpasoM. [Torb3ysace anmpokcuMupyrorment pyHKIer, MbI cHUMaeM 52,9% HadalbHOV HeOII-
PeneriéHHOCTM OTHOCUTEIbHO 3HauUeHMI BeJImunHbL Y. B To ke Bpems 47,1% HeonpeneiéHHO-
CTV cOXpaHsieTcs. DTa HeOolIpeleIEHHOCTh CBsI3aHa C IPYTMMM, HEyYTEéHHBIMI B TAaHHOV 3a/1ayde,
daxTopamm. 3aMeTVM, YTO BCe BBIUMCIIEHNS YA0OHO IIPOBOAUTE B IIporpaMMHOV cpefie Micro-
soft Excel.
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