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IIpeaucroBue

Yro Takoe Tpuronomerpua’! CKydHBIE U HUKOMY HE HYXHBIE (Op-
MYJBl — CKaXYT TMOYTHU BCE CTAPUIEKTACCHUKU. TeM He MeHee, MbI
XOTHM BacC B 3TOM pa3yOeauTh.

Yr10o6bl B3MVIAHYTH HA TPATOHOMETPUIO IIO-HOBOMY, MBI PACCKa-
3BIBAEM O HeH «C Hy/d». [o3ToMy wmTaTh mocobue Jy€me ¢ camoro
HA9aJIa W MOAPAMA, XOTA KOE-9TO BBI, CKODEe BCEro, yXe 3HaeTe.

Hamm ompenenenuss paBHOCUIBLHBI ONPEIEICHUAM U3 TIKOJIbHBIX
y1eOHUKOB, HO He BCer[a JOCIOBHO C HUMU COBIIAJAIOT.

He ma0o cTpeMuThesa mepepemaTs BCe 334a9u U3 KHATU (MBI CO-
3HATEILHO MOMECTUIM X C 3alaCOM), HO CKOJIBKO-TO 33Jad MOCTE
Kaxjgoro maparpada mopemars crouT. Eeaum 3amatin K naparpady
COBCEM HE€ BBIXOAT, 3HATUT, ITO-TO BBEI HE YCBOWIUA, U €CTh CMBICI
NIepEeIATATE STOT Naparpad.

Bomee Tpymaubie 3a0a9Mu OTMEYEHBI 3BE3OYKOU, Homee TPYAHBIN
TEeKCT HamedaTan Meakum mpudrom. [pu mepBom wTeHwu Bce HTO
MOXHO IPOIYCTHUTE.

Tenepr 6o1ee moApPOO6HO O COMEPKAHNY KHUTHU. B MEPBHIX IBYX
[JIABaX PEYb UAET O HAYAIBHBIX IMOHATUAX TPUTOHOMETPHUU (TOUHEE
FOBOPA, O TOU €€ YaCTH, B KOTOPOW HE YYaCTBYIOT (POPMYJIBI CIOKE-
uusi). Tperns raasa («PemieHne TpeyrolbHUKOBY) MOCBALICHA HIPU-
MEHEHMAM TPUTOHOMETpU K maaauMerpuu. (menre B BuAy, 9TO
pelleHne TPeyroIbHUKOB — HE €JUHCTBEHHBIN Pa3 e TeOMETPUN; He
clefyeT ayMaTb, ITO, IpOpaboTaB Mo4bko HAIly KHUXKKY, BBl yXKe
HAYIUTECH PEIIATHL T€OMETPUIECKHE 3a,1a4H. )

YerBepTaa riaaBa MOCBIIMEHA (HOPMYJAM CIOXKEHUA W UX CJAC-
CTBUAM. IJTO — HEHTPAJIbHAA YACTh TPUTOHOMETDUM (M KHWUTH), U
MMEHHO 3]J€Ch COCPENOTOYCHBI OCHOBHEIC TPUT'OHOMETpHAICCKHE POP-
MyJibl. MBI HaTeeMCsI, 9TO MOCTe U3YIEHUS DTOU TMABHI BBl TOUMETE,
OTKyJa OHH 0epyTcid, U HayTIuTech B HUX OpMEHTUPOBATLCA. MuI Ha-
YUHAEM DTy IVIaBY € Haparpados, B KOTOPHIX PACcCKa3aHO O BEKTOPax
Ha IIOCKOCTH, & CAMU TPUTOHOMETPHICCKNE (POPMYIbI WIIIOCTPUAPY-
€M IIpEMEpPaMA U3 PUNKI.

TpuromomMeTpusa MO TPaJUINY 3aHIMAET OOJBIIOE MECTO B MaTe-
puatax KOHKYPCHBIX 9K3aM€EHOB B By3HI; YTOOBI HAYYUTHCA YBEPEHHO



pemaTs YK3aMEeHAITMOHHBIE 331341 110 TPUTOHOMETPUH, HYXKHA Tpe-
HEUPOBKA. B MATOU MIaBe MBI OMMUCHIBAEM TUMUIHLIE TPUEMBI PEICHU
TPUTOHOMETPUIECKUX YPABHEHUU W HEPaBEeHCTB. MHOTHE mM3 3a1a¢
K DTOU TJaBe B3ATHI M3 MATEPHAJOB NMPUEMHBIX 3K3aMeHOB B Mo-
CKOBCKUU MOCYAaPCTBEHHLI YHUBEPCUTET U BEAYIINE BY3HI.

SaKIIOYATEIBHAA IECTAA TJIaBa, HANPOTUB, MIOCBAIIEHA, TEME, He
BXOJAUIEN B MPOTrPAMMy BCTYIATEIBHBIX DK3AMEHOB, HO TECHO CBf-
3aHHOU ¢ TPUTOHOMETPHUEN — KOMILIEKCHBIM ucaaM. Mbl Hageemcs,
9TO HAIIM YATATENA MOXYIAT YAOBOIHCTBUE OT 3HAKOMCTBA C DTUM
KPACUBBIM U BaXXHBIM Pa3[eI0M MATEMATHKH.

[Mpw manucanuu mATOU TIaBel HaM nomorau Gecean ¢ 2K. M. Pa6-
00TOM; JACTh 3349 K DTOU IJIABE MbI TO3ANMCTBOBAIN U3 U3BECTHO-
ro «COopHUKA 33139 IO MATEMATHUKE M1 KOHKYDCHBIX DK3aMEHOB B
By3bD o pepaknuen M. V. Cxanasu. MHOrue 3a1a49u 0o miaHuMe-
Tpuu B3aTH u3 cGopuukos U. O. llaperuna. O6cyx eHne npuMepon
73 PUBVKA U KOMILIEKCHBIX 9MCEN MHOTUM OOA33HO 3aCAyXKEHHO IO-
nyaspHbIM «DeMTHMAHOBCKUM JEKIUAM 0 (PUIUKE).

Pa6ora mamg >Ton KHUTON HUKOTAA He OLLia OLI 3aBepIIeHa, eCAn
OBbI MBI HE OIIYIIAJN IOCTOAHHOT O BHUMAHUA U IO AEPXKKHA U HE IMOTh-
30BAJIUCH TOMOIIHI0 MHOTHX W MHOTHX Jiofer. [loassyemMca cayuaem
BBIPA3UTH UM BCeM TiyboKyo 6aarogapHocTb. Ocob6eHHO TEmI0 MbI
xoTum nobaarogaputs | H. B. Bacunbena, | 2K. M. Pa66ora u A. Ille-

Hs, MOTPATUBIINX MHOT'O CHI ¥ BPEMEHH HA VJIYTIICHHe PYKOIIMCH
3TOro mocodbums.

IIpegucaoBue K0 BTOPOMY M TPETHLEMY W3 JaHUAM

Bropoe n3ganue sroro nocobus rorosmiaock 6e3 yaactua U. M. Tens-
danga u A. JI. Tooma, TO3TOMY OTIASHUA OT TEPBOTO U3 JAHUA HEBE-
JUKN (Ca.M()e CYIIECTBEHHOE — MHOE M3JOXCHUE ,HI/ICTpI/I6yTI/IBHOCTI/I
cKaJsIpHOrO TpomsBefenns B § 18). Camo cobon pasyMeeTcs, ITO BCA
OTBETCTBEHHOCTDH 33 3TH M3MEHEHUsA JeXUT TOABKO Ha MHE. B Tpe-
ThEM W3JTAHUW WCIOPABIECH PAJ OMMOOK W J00aBI€HBI YKA3aHUA W
pelIeHns K HEKOTOPHIM 33a49aM.

C. lveosckut



ImaBa 1

IlepBoe 3HAKOMCTBO
C TPUTI'OHOMETpHEn

§ 1. Kak uamepuTh KpyTU3HY

Kuaccudukarms yrioB u3 KHUTH 1O aJbIIA-
HU3MY:

«[lepmien aukyasapuo» — 60 TpagayCcoB;

«Mou moporou c3p, aBCOMOTHO MEPIEHANKY-
aapuoly — 65 Tpanycos;

«Hasucarorme»— 70 rpaaycos.

Lxe. Jlummasyd. «Mamemamuueckas cmechy.

1.1. Cunyc

IlycTe 9enoBexk MOAHMMAETCA B TOPy. ByJeM CYMTaTh, 9TO CKJIOH
POpBL — 3T0 runoTery3a AB npamoyroasHoro Tpeyroasauka ABC
(puc. 1.1). MoxHO mpeqmoXuTh 0 KpauHEe: Mepe ABa CIocoba u3-
MEDEHUs KPYyTH3HBI MOABEMA: 1) M3MEPUTH BBICOTY MOABEMA (OT-
pesok BC ma puc. 1.1a); 2) mposecTu ayry ¢ HeHTpoM B Touke A
(puc. 1.16) w u3mMepuTH €€ AIUHY.

Konewno, cama o ceGe BBICOTA TMOABEMA HUYETO HE XaPaKTePH-
3yeT: €CJU BBI JOATO UJETE 10 CKJIOHY, TO MOXHO TOHATHCA BBICOKO
Jaxke MPU IOJOTOM CKIOHE. [[03TOMYy HYyXHO pacCMATPUBATL OTHO-
HIEHVE JUIVHBI TIO'/bEMA K [UIMHE TIyTH (COOTBETCTBEHHO OTHOIIEHWE



Puc. 1.1.

JJIWHBI TyTH K pa,quycy)l. OTHU OTHOIIEHUsA OT [JIUHBI IyTH yXKEe HE
34BUCAT.

BoT popManbHOE I0Ka3aTENLCTBO TOIO, 9TO OTHOIICHUE JJIAHEL 0 1b-
eMa K IIUHE IIyTH HE 3aBUCAT OT 3TOU AnuHLL IIycTh 9e10BeK mpomen He
BECH IIyTh, & AoLIe1 ToAbKO 10 Touku B’ (puc. 1.2). Torga xpyrussa nognb-
ema Ha orpeske AB’ pasua B'C’'/AB’, a ua orpeske AB pasna BC/AB.
Oamako B'C' || BC xax gBa IEpIEHIUKY-

JaApa K OgHOU mpamon, Tak aro LAC'B = B

= LACB =90°, ZAB'C' = ZABC. Cramo B’
661TE, Tpeyroabauku ABC n AB'C’ nono6- |
HBI 10 AByM yruam, u BC/AB = B'C'/AB'. |
Takum 06pa3OM, OTHOIIEHNE BEICOTHI OB~ A cr : C
eMa K IJIUHE Ty TH HE 3ABUCAT OT JJIWHBL IMy-
1. [JoKa3aTh, 9TO OTHOMEHNE AJWHLI TyTH
K PajuyCy HE 3aBUCUT OT PaguUyca, TAKXKe Pue. 1.2.

MOXKHO, HO [JIl 3TOT'0 HaJ0 (POPMAILHO OIMPENeIATh, ITO TAKOE IJIAHA, IyTH.
B 5Tol KHMXKE MBI 3TUM 3aHUMATLCA HE OyIeM.

Onpegenenne. CuHycOM OCTPOrO yria B TPIMOYTOJBHOM TpE-
YIOJNBbHUKE Ha3bIBACTCA OTHOLICHNE KaTeTa 3TOI'0 TPEYI'OIbHUKA,
JEXKAIETO MPOTUB YA, K TUIIOTEHy3€e Tpeyroabauka (puc. 1.3).

O BEIGOPA TPAMOYTOJBHOTO TPEYTOIBHUKA, COAEPKALIETO YOI, 3TO
OTHOIIEHNE HE 33BUCHUT.

! Pusrk 06BACHILT GBI HTO TAK: BHICOTA MOJHEMA MMEET PA3MEPHOCTH [JIMHEL,
a KpyTHU3Ha — 0e3pa3MepHOe IUCIO.



A C

B

Puc. 1.3. sina = BC/AB. Puc. 1.4. Pagmannaa mepa yria
AOB — OTHOIIEHWE JIWHBL AyTH
AB x paanycy AO.

1.2. N3mepenne yriaoB

Bropas u3 BBemeHHBIX HAMU XaPAKTEPUCTUK KPYTU3HBI HABBIBACTCA

PAUAHHOU MEPOU yIJIa.

Ompegenenne. Pagnammon Mepou yrila Ha3LIBACTCA OTHOIICHUE
IJITHBL IYTH OKPYXKHOCTH, 3AKIIOUYCHHON MEX Iy CTOPOHAME yIa
M C TIEHTPOM B BEPIIMHE YTJa, K PAAUYCY DTOU OKPYKHOCTH

(pumc. 1.4).

OT paguyca OKPyX)HOCTHU 3TO OTHOIIEHUE HE 3aBUCUT.
Hampumep, xorma TOBOPAT, YTO «paAuaHHAI Mepa yIJa paBHA

1/2», mau «BeauvmHa yraa pasaa 1/2 pa-
AWAHA», WIA TONPOCTY «yTrol paseH 1/2
pajuaHay, TO 3HAYUT, ITO 3aAKMOTEHHAIL
BHYTPH HEro Ayra BABOE KOPOYe paany-
ca. Eciu pagmyc oKpyXHOCTH paBeH 1, TO
paauaHHaA Mepa yrJa paBHA [JIUHE AYTH.

Beraucanm pagnaHHyo Mepy IPAMOTO
yraa. B coorBercTBUEM ¢ HammM ompeje-
JeHUEeM TPOBeIeM YTy OKPYXKHOCTH pa-
OUyca 7 C UEHTPOM B BEPIIMHE MIPAMO-
ro yraa (puc. 1.5). lyra AB cocrasiser
TeTBEPTh BCeM OKPYXHOCTH. Koab CKOpo
IJIVHA, OKPYXHOCTH PAAAYCA I PABHA 27T,

B

Puc. 1.5.



JJIVHA HAIeN ayru paBHa 27r/4 = 77 /2, a pagnaHHas Mepa MPIMOro
yraa pasHa (7mr/2)/r = /2 ~ 1,57.

O6e BBEIEHHBIE HAMU XaPAKTEPUCTUKA KPYTHU3HBI (CHHYC W pa-
AMAHHAA Mepa YIia) UMET TO MPEUMYUIECTBO Hepe] TPUBLITHBIM
U3MEPEHUEM YIUIOB B IPAAyCax, ITO ABIAIOTCA €CTECTBEHHBIME; PO
U3MEpEHHUE YyIVIOB B I'DaAyCaX 9TOT'0 HE CKAXEHIb: KaK 6])1 BBI CTaJdn
00BACHATD NPEACTABATEN0 BHE3EMHOM IUBUI3ALIAY, TOTIEMY OJUH
rpagyCc COCTABAAET UMEHHO OJIHY JEBAHOCTYIO mpamoro yraa? Kera-
TH, BO BpeMA Beamkon (ppaHIy3CKOU PEBOMIONAN, KOTAa MBITAIACH
U3MEHWTHL BCE, BKIOYAA KAJCHIAPb W HA3BAHWA WCPAJILHLIX KapT,
ObLIa MIPEATOKEHA ¥ HOBAA €MHUIA U3MEPEHUS yTJIOB — OHA COTAsA
OPAMOTO yIJIA, ITO HUIYTh HE XyXe U He Jy9IIe OTHOU AeBAHOCTOM.

BbiacHuM, Kak CBA3AHBI MEXAy COOOW DANUAHHAA W T'DALyCHAS
MEPHBI yT.JIa. KaK MbI YK€ 3HAa€M, BCIUINHA NPAMOTO yIJia pPaBHAQ g

pamman. Tak kak yrox 1° 8 90 pa3 meHbIne mpaMOro yriaa, TO U €ro
paguanaas Mepa B 90 pas MeHbIe paJuaHHOU MEPBI IPAMOTO yIVIA,

TO €CTh PaBHA il : 90 = 7/180 ~ 0,017. Yroxa B k rpajgycos umeer

mepy (7/180)k paguan. YToOB y3HATD, CKOABKO I'PAAYCOB CONCPKUT
yroa B 1 paaman, Hago Hantu Takoe k, uro (w/180)k = 1. Crano
OLITH, B OMHOM pajguaHe cogepxuTca 180/m ~ 57,29°.

3agaga 1.1. 3amorHWTe MyCcTHIE MECTa B TaOJIUIE, MOCIE U€TO BhI-
y4unTe TabJAUIy HAW3YCTh:
rpajaycet | 30° | 45° | 60° | 120° | 135° | 150° | 180° | 360°

paIuaHLl

3agaua 1.2. [lna xaxgoro us yraos 10°, 30°, 60° maugure npubiu-
XKEHHBIE 3HAYECHUS CUHYCA U PAJUAHHON MepHI (C AByMsA 3HAYAIIAME
mudpamu). Ha cKOIBKO IPOLEHTOB OTANYAIOTCS CUHYC U PAIAAHHASL
Mepa, A DTUX YIJIOB?

3agaua 1.3. Ilycte pagmamuas mepa ocTporo yria pasHa «. /loka-
XKUTe HEPABEHCTBO: Sin o < « (C10BaMu: CHHYC OCTPOTO yIUIa MEHBIIE
€ro PAJNAHHOU MEpPHI).

Yxazauume. Cwm. puc. 1.6.
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Puc. 1.6. Puc. 2.1. Tanresnc.

§ 2. Tanrenc

B npengpigymem naparpade MBI HAY THINCH U3MEPATH KPYTUIHY € TIO-
MOIIIBIO CUHYCa, yraa. BCTh U APYrou crnocod M3MepeHus KPYTHU3HBI,
COCTABIAIONINN, KaK TIOKA, €IIe TOBOPAT, ATbTEPHATHABY CUHYCY.

[Ipeacrasum cebe, ITO ILAOBEK, TIOTHAMAACH MO TPOIE, TPUOIN-
x®aerca K kpyromy Gepery (pumc. 2.1). Ecam mamepars KpyTusny
MOABEMA € MOMOIIBI0 OTHOIIEHUA BLICOTHI TMOABEMA K JIUHE MyTH,
TO TIONYYATCA yKe 3HAKOMBIM HAaM CUHYC. /laBaTe Temepb BMECTO
IUIAHBI TTPOUEHHOT'O MEJOBEKOM Y TH U3MEPATH, HACKOILKO OH TIPH-
Oausmwica K Gepery mo ropu3oHTadu. WHBIMEY CIOBAME, PACCMOTPHUM
paccrosaune AC — MPOEKIUIO TMYyTH HA TOPU3OHTAIL. B KadecTBe
XapAKTEePUCTUKA KPYTU3HBL Bo3bMeM oTHomenue BC/AC. 3o ot-
HOIIICHVE HA3BIBACTCA TAHTE€HCOM yT.Ja.

Omnpegereane. TAHTEHCOM OCTPOTO YIia B MPAMOYTOIBHOM Tpe-
YTOILHUKE HA3LIBAETCA OTHOIIEHUE KATETa 3TOT0 TPEYTOJbHUKA,
JIEXKAIErO MPOTHAB YT, K KATETY TPEYTOJTbHUKA, MPUICKAIIEMY
K yray (puc. 2.1).

Kak u cuHyC yriaa, TAHCEHC He 3aBECHT OT BHIGOPA IPAMOYTOMb-
HOT'O TPEYTI'OJBbHUKA, COACPKAIIECTO 2TOT YT'OJ.

O6Go3HawaeTCA TAHTEHC yriaa o Tak: tga (IATAeTCA «TAHTEHC
arbdan).

3agaua 2.1. /lokaxwuTe, ITO TAHTEHC YIVIA HE 3ABUCHT OT Pa3MEpPOB
OPAMOYTOJBHOT'O TPEYT'OJbHUKA, COAEPKAIIECTO 3TOT YIOJL.

3agaua 2.2, [l1g maHHOrO OCTPOTO yIvia « ITO OOJbIIE: Sin ¢ WiIx
tg a?

11



BrracuuMm, xak cBasaHbl cuHYC M TaHreHc yria. Ilycrs, manpu-
Mep, U3BECTEH TAHTEHC yIia ; KaK HAUTK ero cuayc?! Bocmoanszyem-
CA TEM, YITO NI BBINUCICHUA tg x TOAUTCA JIOOOU TPAMOYTOMbHBIN
TPEYTOJBHUK C YIJIOM «¥; BHIOEPEM TOT M3 HHX, YTO M300pPaXKeEH HA
puc. 2.2. [Io Teopeme Ilmparopa ero runorenysa papHa /1 + tg2 o,
TaK 9YTO

tg o

V1+tigZa

tg o sinq =

Puc. 2.2.

3agaua 2.3. [lycTh o — OCTPHIN yroa; BEIBEAUTE (POPMYIY, BHIPAKA-
omy© tg o wepes sin a.

3agaua 2.4. [lna kaxgoro us yraos 10°, 30°, 60° mangure npubin-
2KE€HHBIC 3HAYECHUA UX TaHT'E€HCA. LITO 6OJH)HIeI TaHTI'€HC WIN paavuaH-
Hag Mepa? U Ha cKOIBKO MpPOLEHTOB Houbiie?

W3 npegpigyien 3a1a49u BbI JOJKHBI OBLIU YBUAETH, YTO TAHTEH-
CHI (PUTYPUPOBABIIUX B HEU YIUIOB GOMBIIE, YeM WX PAJUAHHAL Mepa.
Ha camom gmene 3T0 BepHO Mid JIOOBIX OCTPHIX yrvioB. Haraaaso 3To
MOXHO MOSCHUTH ¢ moMmomeio puc. 2.3a. Ha wem AC' = 1, Tak 4ro
aavaa gyru CMC' pasua 2«0 (MBI CI@TaEM, ITO YTOI U3MEDEH B Pa-
amaHax), a aawHa gomanon C'BC’ pamma 2tga. U3 pucyHka scHO,
aro mamua, gomason CBC’ 6onbure, wem pmmma gyru CMC'D Tax
aro 2tga > 2a, oTKyma tga > a.

AxkKypaTHOe [OKA3aTeIHCTBO HTOTO HEPABEHCTBA BHI y3HAETE,
PEIINB CIeAYIOMYIO 33,Ma5Y.

3agayga 2.5. /lokaxure HEPABEeHCTBO tg o > a.

Yxasamme. CpaBuure mwiomans Tpeyroabauka ABC u cektopa AMC
(puc. 2.36). Ilnomaap cekTopa paBHA MOJTOBUHE NTPOU3BEACHUA IIUHbBI
OYTH, OTPAHAYABAIONIEN HTOT CEKTOP, Ha PAIAYC OKPYKHOCTH.

'Bepesouky C'BC' Han0 yKOPOTHTE, 9TOOL 0Ha o6rerara ayry C M C’ BmwioT-
HYIO.

12



Puc. 2.3. tga > a.

§3. Kocumyc

Onpeaenenne. Kocurycom 0cTpOro yria o B IpaMOyTOJILHOM TPE-
YTOIBLHUKE HA3BIBAETCA OTHOIICHUE KATETA, TPUICKAIIErO K yIIy
(, K THTIOTEHY3€ TPeyroabHuKa, (puc. 3.1).

B

A C
Puc. 3.1. cosa = AC/AB.

OT BBIGOPA MPAMOYTOMBLHOTO TPEYTOALHAKA, COACPKAIIETO YT O
(v, 3TO OTHOLICHHUE HE 3aBUCHUT.
Kocunyc yraa o 0603aawaeTcsa cos o (¢<KOCUHYC aabdhan).

3agaua 3.1. [lokaxwure cregyonme pOPMYJILL:

a) sin(90° — ) = cos

6) cos(90° — @) = sin

B) tga = sina/ cosa.

13



30°
v2 1 V3
2

45° 60°
A 1 D A 1/2 D C
Puc. 3.2. ®yuxuun yraa 45°. Puc. 3.3. Yraer 30° u 60°.

3agaua 3.2. Jokaxure Gopmyry: sin? o + cos? o = 1.
Yxazauwme. Bocnonbsyurecs Teopemou [ludaropa.

3agaua 3.3. IlycTth o —ocTpwin yroa. Buseaure GpopMyty, BRIpaxa-
I0IIyT0 CoS @ iepes tga: cosa = 1/4/1 + tg? c.

Ykazaume. Bocnoabsyurecs puc. 2.2 n3 OpeabIayero maparpada.

3agaua 3.4. BokoBas cTopoHa paBHOGEIPEHHOT'O TPEYTOJbHUKS, PAB-
Ha a, yroJ IIpU OCHOBaHWU paBeH «. Hampure: a) ocHoBanue; 6) BbI-
COTY, OIYIIEHHYI HA GOKOBYIO CTOPOHY; B) BBICOTY, OIyIIEHHYIO HA
OCHOBaHUE.

He cymecrsyer npocTonr GpOpMyIbl, TO3BOJIAIOMEN IO BEJAUINHE
yria HAUTH TOYHOE 3HAYEHWE €r0 CHHyCca WINM KOCWHYyca. TeM mHe
MEHee [OJd HEKOTOPBLIX YTJOB TOYHBIC 3HAYCHUA CUHYCA, KOCHUHYCA
¥ TAHTeHCA JerKo BhraucanThb. Caemaem 3To ais yraos 30°, 45° u 60°.

Haqnewum ¢ yraia 45°. YTo6B1 HOCYUTATE €70 CUHYC, KOCUHYC U TaH-
TeHC, HAJ0, COTJIACHO HAIIMM OIPENETeHUAM, B3ATH MPAMOYTOJbHBIN
TPEyTroabHUK ¢ yriaom 45°. B kadgecTBe TAKOr0 TPEYrOAbHIKA MOXHO
B34ATH [OJIOBUHKY KBaApaTa co croponon 1 (puc. 3.2).

N3 Teopemtr Iludaropa scHO, 9TO AMATOHAJIL TOTO KBaapaTa
pasra /2. CregoBaTensro, u3 Tpeyrompamka ACD momygaem:

14



sin45° = CD/AC = 1/V2 = V2/2;
cos45° = AD/AC = V/2/2;
tg45° = CD/AD = 1.

Teneps 3anmemcsa yraamu 30° u 60°. PaccmoTpum paBHOCTOPOH-
HUI TPEYTOALHUK CO CTOPOHOU 1 u omycTum B HEM BrICOTY (puc. 3.3).
DTa BBICOTA PA3AEIUT €r0 HA ABA MPAMOYTOJBLHBIX TPEYTOIbLHUKA
¢ runorenys3on 1 m ocrpeimu yraamu 60° u 30°; mpum stom AD =
= 1/2 (BbicoTa BD B paBHOCTOPOHHEM TPEYTOILHUKE ABIACTCA TAK-
xe OuccekTpucon u mexmanou). [lo Teopeme Iludaropa maxomum
BD = VAB?2 — AD? = /3/2. Teneps, Korjja JJIMHBI BCEX CTOPOH

Tpeyroapunka ABD HaM M3BECTHLI, 0CTAETCA TOILKO BLITHCATD:
sin30° = AD/AB = 1/2; sin60° = BD/AB = v/3/2;
c0s30° = BD/AB = V/3/2; cos60° = AD/AB = 1/2;

tg30° = AD/BD = 1/V3=V3/3; tg60° = BD/AD = /3.

Keraru, Tor daxr, 9ro sin 30° = 1/2, 6bu1 u3BeCTEH BAM U PaHb-
e, TOABKO B APYrOM OOIMYLE, KaK TEeOpEeMa O TOM, UTO KATeT,
Jexamuid TpoTuB yriaa 30°, paBeH MOJOBUHE TUMOTEHY3HI.

IIpuBegeM OGosee CJAOKHBIA TPUMEpP SABHOTO
BEIUACJIEHUA CUHYCA U KocuHyca. [as »Toro pac-
CMOTDPUM PABHOOENPEHHEIN Tpeyroabunk ABC
C YIVIOM TPU OCHOBAHWY 72° W YTVIOM TIPU BEPIIN-
me 36° (puc 3.4). TlposeneM B HeM OGUCCEKTPUCY
AM yraa A u nogcauraem Bece yrunl, U3 pucynka
BuAHO, 4TO Tpeyroabauku ABM u ACM pasuo-
6enpennsie u AC = AM = BM. Eciu AB =
a, to AC = 2acos72°, MC = 2AC cos72° =
4a cos® 72°; Tax xax AB = BC = MC + BM =
MC + AC, noaydaeMm paBeHCTBO

a = 4acos® 72° + 2a cos 72°,

Puc. 3.4.
otkyaa 4cos? 72° + 2cos 72° — 1 = 0. Pemas 5To (kBagpaTHOE) ypaBHEHUE
OTHOCUTEJIBLHO COS 72°, moaydIaeM

V5 -1

72° =
cos 1

15



3agaga 3.5. Hangure cos 36°.

3agava 3.6. B OKpyXHOCTH BIUCAH MPABUIBLHLIN MATUYTONbHUK. Haugure
OTHOIIIEHNE €TI0 CTOPOHBI K PAINYCY OKPYKHOCTH.

MoxHO AOKa3aTh, YTO NPABUABHLIN MHOI'OYIOJILHUK MOMXKHO NOCTPOUTH
¢ TIOMOIIBIO IUPKYJAA W JUHEUKM B TOM U TOJBKO B TOM CJIy4ae, KOT[a
OTHOIIIEHNE €0 CTOPOHBL K PANUYCY ONMCAHHOM OKPYXKHOCTH MOXHO BBI-
Pa3UTL 4Uepe3 MeJble UUCAa € IOMOIILI YeThIPEeX apuPMEeTHIECKUX Neu-
CTBUU U M3BJIEICHUS KBAJPATHOTO KOpH:A. Permus 3anay 3.6, BoI yOequrecs,
YTO MPABWILHBIN MATUYTOJIBHUK UMEHHO TakoB. B 1796 roxy K. d. Taycc
OKOHYATEIHHO BBIACHII, KAKNE TPABWILHBEIE MHOMOYTOIBHUKUA MOYXKHO TIO-
CTPOUTH C MOMOIIBIO MUPKYJIA U JUHENKHA (OYAyIIEMY BEIUKOMY HEMEIKOMY
MaTeMaTuKy ObLIO Toraa Bcero 19 jer, n 5To OGbLIA ero mepBas Hay<IHAI
paboTa). B wacTHOCTH, OKA3aM0CH, YTO NUPKYJIEM U JUHEUKOU MOMKHO IIO-
CTPOUTDH TPABUIBHBIA 17-yrONbHUK.

JL1s TpaKTUYe CKUX TTPUMEHEHNT HY X HBI He CTOILKO TOTHBIE HOP-
MYJBI, CKOJBKO HpI/I6JH/I)KeHHI:Ie 3HAYECHUA CUHYCOB U KOCUHYCOB KOH-
KPETHBLIX yIIOB. B mpexHue BpeMeHa STH 3HAMEHUA COOUPATNCH B Ta-
OJIUITBL TpUTOHOMETpUIecKuX GyHKImMA. [IpuMep Takon TabIUIIBI MBI
npuBoguM Huke. Vsauniae 06bACHATE, 9TO TAOJAIBI, UCIOJB30BAB-
IIMeCa Ha TPAKTHUKE, MABAIN 3HAMEHUA TPUTOHOMETPUIECKUX (PYHK-
nui He 4depes 5°, a ¢ ropasgo 60mee MEIKMM HIaroM. B HACTOALIEe
BpeMsA TPUTOHOMETPHYIECKHNE TAOJIUIBl yTpPATWIA OBLIOE 3HAYEHUE:
ITOOBI TPUOANKEHHO HAUTU CUHYC WM KOCUHYC YIVIa, TOCTATOTHO
HaXaTh HECKOJBbKO KJAABUII HAa MUKDOKAJLKYJAATOPE WJIN KOMIBIO-
Tepe.

3agaua 3.7. Hangure ¢ nomompo Tabanusl 3.1 upubivxeHHOe 3Ha-
Jenue cos 25°.

§4. Mansie yrubl

B npuumune MoxHO 65110 6B MEPUTL BCe YIVIHL B paguanax. Ha npak-
THUKE MINPOKO MCHOIb3YETCA W T'PAyCHOE M3MEPEHWE YIJIOB, XOTS
€ IUCTO MATEMATHICCKOW TOYKM 3PEHWs OHO HeecTecTBeHHO. [Ipm
TOM A MAJLIX YIVIOB KCIOIL3YIOTCA CIeNUAJbLHLIE €IUHUIILL: YIIO-
Bajg MUHYTAa M yIJOBas CEKyHJa. Yraosas MuHyTa — 510 1/60 wacTh
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Tabauna 3.1. 3HaveHUs TPUrOHOMETPUIECKUX (MYyHKIUKM (C AByMA
3HAKAMHU MOCTE 3AILATON)

o || 5° [ 10° | 15° [ 20° | 25° [ 30° | 35° | 40°
sina | 0,090,171 0,26 0,34 | 0,42 ] 0,50 | 0,57 | 0,64
tga || 0,09]0,18]0,27]0,36 | 0,47 [ 0,58 | 0,70 | 0,84

o || 45° | 50° | 55° | 60° | 65° | 70° | 75° | 80° | 85°
sina || 0,71 | 0,77 [ 0,82 | 0,87 [ 0,91 | 0,94 | 0,97 | 0,98 | 0,99
tga || 1,00 | 1,19 1,43 [ 1,73 [ 2,14 | 2,75 | 3,73 | 5,67 | 11,43

rpagyca; yraoBasi cekyHmaa — 1o 1/60 dacts yraoBou MunyTHL. Ec-
J7, HATPUMED, BeAnmanHa yria paBua 129 rpagycam, 34 munyram un 16
cekyHaaM, To mumyT: 129°34'16".

3agava 4.1. Ha xaxou yroa moBopaduBaeTca 33 OAHY CEKYHIY:
a) 9acoBaA CTPEJSKA IaCOB;
6) MEUHyTHAs CTPEIKA YACOB;
B) CEKyHJAHAA CTPEIKA IacOB?

Pemenue. Pazbepem Toabko nyskT a). [loarbim 0o60poT dacosas
cTpenka aeraeT 3a 12 9acoB; cTamo OBITH, 3a HaC OHA MOBOPAYMUBA-
erca Ha 360/12 = 30°. CregoBaTenbHO, 33 MUHYTY 9acOBasg CTPEIKA
MoBepHETCA HA yroa, B 60 pa3s MeHbIIWH, YeM 3a 9ac, TO eCTb Ha
30’; B cBOW0O OvepenD, 3a CEKYHAY CTPEIKa MOBEPHETCA Ha yroa, B 60
pa3 MeHbIIWH, YeM 3a MUHYTY, To ecTh Ha 30”. Tenepb BBl BUAMTE,
HAaCKOJIBKO MAJa VIVIOBaA CEKYHJa: Belb AaXKe YI'old, B TPUANATEL pa3
Goabmuil (HOBOPOT YACOBOM CTPEIKY 33 CEKYyHAYy BPEMEHHU) MBI He
B COCTOAHUUN 3aMECTUTH.

[Ipencrasrenne 06 yrioBou MHHYTE IaeT TaKou (aKT: «paspe-
HIAIOMAA CIIOCOGHOCTDY 9EI0BEYECKOTO Taa3a (IpU CTONPONEHTHOM
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1/

Puc. 4.1. Paspemaromas cnoco6HOCT.

B

A o E
¢ D

Puc. 4.2. Mansbte yrabl

3PEHUY U XOPOLIEM OCBELICHUN) PABHA IPUMEPHO OJHOU YIVIOBOU M-
HyTe. DTO 03HAYaeT, 9TO JABE TOYKU, KOTOPhIC BUAHBL 10 yraom 1’
WIN MEHbIle, HA TJIa3 BOCHPUHUMAIOTCA KAK O[THA.

[MocMoTpuM, ITO MOXHO CKa3aTh O CUHYCE, KOCHHYCE W TAHTEHCE
Maabx yraos. Ecerm va puc. 4.2 yroa a maa, To Beicora BC, nyra BD
u oTpe3ok BE, nepuenaukyaapunii AB, odenn 6ausku. Ux momHe —
2T0 sin ¢, paguanHas mepa o u tg . Crago ObITh, IIA MAJIBIX YIVIOB
CUHYC, TAHTEHC ¥ PATUAHHAS MEPA TPUOIMKEHHO PABHEBL ADYT APYTY:

Ecan o — mManabin yroJ, m3aMepeHHbd B pajuaHax, TO Sina & «;
tga =~ a.
3agaua 4.2. 3anunuTe TpubAUKEHHbBIE (DOPMYJIBI IS CUHYCA W TaH-
reHCa MaJbIX yIVIOB, CIATaA, ITO YOI U3MEPAETCA B I'PaIyCcax.

Oteer. sina® ~ ma/180.

Buamo, 910 GopMyIHl CIOXKHEe, UeM IAA PAIAAHHON MEePhI — elle
OJIMH JIOBOJ B €€ MoJab3y!

18



3agaua 4.3. Ilog kakum yraoMm BugHO AepeBo BeicoTou 10 mMeTpoB
¢ paccrosuusa B 800 merpos? /lanTe oTBET: a) B paguaHax; 6) B yrio-
BBIX MUHYTAaX.

3agaua 4.4. Yemy paBHO paccTOSHWE, PABHOE OJHOW MHUHYTE NyT'H
3emuoro Mepuguana’ Paguyc 3emiu pasen npumepro 6370 k.

Paccrosaume, 0 K0TOpPOM BT pedb B 3TOU 3a1ade, IPUMEPHO PaB-
HO MOPCKOU Muie (MMEHHO TaK U MOABWIACH 5T MEpa [IUHEI).

Puc. 4.3. Tlapcexk.

3agava 4.5. B acTpoHOMUM mMpuMeHsETCA €IWHUIEA M3MEPEHUA pPac-
CTOAHNY, HasbiBaeMad mapcek. Ilo ompegemenmio, paccroanue B 1
IAPCEK — HTO PACCTOSHUE, C KOTOPOTO PAAYC 3eMHON OpOUTHI BU-
ner o yraom 1”7 (puc. 4.3). CKOABKO KAIOMETPOB B OJHOM TapceKe?
(Pagmyc 3emuON Op6UTH paBeH mpuMepHO 150 MUIIHOHAM KHAIOME-
TPOB.)

P

Puc. 4.4. ®opMmyaa THICAIHBIX.

! Acrporomsr monmpaBmm 661 HAC: He paauyc (Op6uTa 3eMIr — He OKPYKHOCTS,
a BIUIC), a GOIBIIAA MOLYOCh (MOMOBUHA PACCTOAHUA MEXTYy HambOIee yIaaeH-
HBIMEU APYT OT APyTa TOYKAME OPOUTEHI).
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3agaua 4.6. Boennbie nOAB3YIOTCA €IUMHUIIEH U3MEPEHUA YTIOB, Ha-
3BIBAEMOU «THICAIHAD. [lo ompegenenuio, TwIcaIHAA — 5TO0 1/3000
pPa3BEpHYTOrO yraa. Takoe M3MepeHue YIVIOB BOCHHBIE TPUMEHSIIOT
B caeaytomen popMmyae s OnpeseseHus PACCTOSHUA 10 YIAJIeHHBIX
npeametos: P = (B/Y)-1000. 3gecs P — paccTosaue g0 mpegMeTa,
B —ero BeICOTA, Y — yroa, Mo KOTOPHIM OH BU/EH, W3MEPEHHBIN
B ThicAuHBIX (puc. 4.4). Touna au sTa dpopmyaa? [louemy enr mox-
HO TOJAB30BATLCA HA MpakTuke! YemMy paBHO ©HCAO T, IO MHEHUIO
BOEHHBIX ]

Mui BuguM, 9T0 GHOPMYJIHI Sin & «, tga A « BEPHBI C XO-
poIIel TOYHOCTHIO IS MAJBIX yriaoB. llocMoTpum, 9TO TPOU3OU-
aeT, ecan yroa He ctonb mad. Jas yraa B 30° TouHOe 3HaUeHWE
cunyca pasuo 0,5, a paguanHas mepa pasHa 7/6 =~ 0,52. Oummob-
Ka (mIm, KaK eme roBopaT, MOTPENIHOCTS ), KOTOPYIO A3eT (GopMyaa
sina &~ «, pasua npumepuo 0,02, uro cocrtasazer 4% or 3Hate-
HEA cuHyca. MOXHO CKa3aTh, YTO OTHOCUTEIbHAA MOTPEUTIHOCTh [IPU
TAKOM BLIYHCJICHUM (OTHOIIEHUE MOTPEIIHOCTH K 3HAUCHUIO CHUHYCA,)
coctapager 4%. [ua yraos, meabmmx 10°, OTHOCHTEIBHAS TIOTPEII-
HOCTH POPMYJHI Sih@ & ( MEHBIIE OMHOIO HPOIEHTA. 1eM MEHb-
e yroJa <, TeM MeHbIIE OTHOCHUTEIHHAA MOTPEMHOCTL (HPOPMYJIBI
sina ~ «.

CyuiecTBytoT u aApyrue pOpMYyabl, TO3BOJAIONIAE BHIYACIATL CH-
HYCBI ¥ TAQHT'€HCHI — U HE TOJbKO MAJBIX YIJOB — C XOPOIIEH TOt-
nocThio. Hanmpumep, dbopmyra sina ~ o — o /6 (manomwraem, w10
(. I3MepAeTCs B paguaHax!) JaeT OTHOCUTEIbHYIO MOTDEIIHOCTL Mé-
Hee 1% yxe maa Bcex yrios, He mpesocxoaammx 50°. Tlosgree mbI
YBUAWM, KaK OIEHUTH MOTPENIHOCTE HAMUX (POPMY.I.

3agaua 4.7. [lycts o — ocTphIll yroi, u3MepeHub B paguanax. /lo-

KaXWUTe HEPABEHCTBO cos v > 1 — .

Ykaszanme. Bocrnoassyirecs dpopmyron cosa = /1 — sin? o, Hepa-
BEHCTBOM Sin o < o u HepasencTsoM /1 > ¢ (s 0 < t < 1).

3agaua 4.8. [lna KOCMHYCOB MaJBIX YIVIOB B Ka9YECTBE MTPUOIMKEH-
HOT'0 3Ha4YeHuA MOXHO Oparh 1. /lokaxure, 9TO IPU BEIUIUHE yIJIa

Menee 5° OTHOCHTEILHAA MOTPEIIHOCTL HTOT0 IPUOIMKEHua OyaeT
meree 1%.
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I1aBa 2

Hauajibable cBOMCTBA
TPUTOHOMETPHYIE CKHAX

pyHKIIUT

§5. Hacel, WM COBpEMEHHBIM B3TJIAJ HA
TPUT OHOMETPUIO

5.1. YacsI u mporeccel

[lo cux mop TpuroHOMETpHUA OLLIA 1A HAC HAYKON O COOTHOIIECHUAX
CTOPOH B TPEyroJbHUKAX. IMEHHO ¢ DTOr0 pasBUTHUE TPUTOHOME-
TPUZ U HAYUHAJIOCH (CIOBO «TPUTOHOMETPHUA» O3HAYAET B IEPEBO-
1€ ¢ IPEBHETPEYECKOTO «M3MEPEHNE TPEYTOJBHUKOBY ). [lo3aHee, on-
HAKO, aKIEHTHI CMECTUINCH, U CEUYaC TPUTOHOMETPUIO MPABUIHHEE
paccMaTpUBAaThL KaK HayKy He O TPEYyTOJbHUKAX, & O IIepuoIuIeCKUX
nporeccax. ITo6bl TOHATH, IPU YEM TYT MEPUOTUTIECKHIE TTPOIECCHI,
PACCMOTPUM MPOCTENITAN U3 HUX — JBUKEHUE CTPEIOK TACOB.

3agaua 5.1. [Ipeamonsoxum, 9TO BCE CTPENKU HACOB UMEIOT [JIUHY
1 cm (BramMo, 5TO XKEHCKUe HApydHbIe Yacukn). Kakon myTh mpoxo-
IWUT 33 CYTKW: a) CeKyHAHAA CTPEIKa; 6) MUHYTHAI CTPEIKA; B) Ha-
coBas crpeaka? (Mbl uMeeMm B BuAy, KOHEYHO, IIyTh, MPOXOUMbIA
KOHIIOM CTPEJIKH. )
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HalpaBJICHUC X004

Puc. 5.1. Yacwer pupmbr «Tpuronomerpusay. [lavnaa xaxgou m3 Tpex
ayr paBHa 1.

3agaga 5.2. CekyHgHasd cTpenka 4dacoB mMeeT anaway 1 cMm. Yachw
3aBeau B 12 wacoB gua 1 aaBapsa. B xoTopom wacy m Kakoro Jmcia
MyTh, TPOUAEHHLIN KOHIIOM CEKYHIHOU CTpeaku, cocTasuT 1 km? C
KaKOM TOYHOCTBIO HAJO 3HATH MPOUAEHHLIA CTPEIKOH OYyThb, YTOOLI
IMETHb BO3BMOXHOCTB OTBETUTH HA BOIIPOC O ,ane?

Yacer HaM elie cocayx)aT 106pyio cayxkOy, HO YTOOBI HE BXOAUTH
B IPOTHUBOPEYIHE ¢ OOUIETPAHATON TEPMUHOJIOTUEN U 0003 HATCHUAMMU,
HaM HYXHGBI Yachl He coBceM oOnrumele. Hamm «gacwl gas miobmTe-
Jger TpuroHomeTpumy (puc. 5.1) MMET BCEro oaHy cTpenky. JTa
CTPEIKA JBUKETCA B 0OPATHOM (IO CPABHEHUIO ¢ OOBITHBIMA TACAMU )
HaIIpaBJIeHNU. B MOMEHT IycKa “TacOB CTPeIKa YKAa3BbIBAET BIPABO
(Tyna, rae HA OOBIYHBIX Yacax HamucaHa mudpa 3). 3a 9ac crpenka
IOBOpadMBaeTCAa Ha 1 paamaH.

Byaem cumTaTh, uTo mamma cTpenku pasHa 1. Torma, coraac-
HO OIPEENCHUIO PAJUAHHON MEPBI yIJa, [IUHA IyTH, OMUCHIBAEMON
KOHIIOM CTPEJKH 3a Hac, paBHa 1, 3a aBa Yaca— 2 # T. 1.

O6BsAcHUM Tenepsb, KAKOe OTHOIIEHUE DT 9aChl UMEIOT K CUHYCAM
7 KocraycaM. [ag 5Toro paccCMOTPUM CHCTEMY KOODAWHAT, PACIOIO-
XKEHHYI0, KaK TIOKA3aHO Ha PUC. H.2a.

KakoBbl OyyT KOOPAMHATHI KOHIA CTPEIKU B MOMEHT ¢ (vepes
t gacoB mocae 3amycka)? U3 puc. 5.26 sacHO, 9TO, MOKA CTPEIKA HE
yCIleJa BHIUTHU 33 MPEJeSbl TEPBOU KOOPAUHATHOW YETBEPTH, €€ KO-
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Puc. 5.2. HYacer u TpuronomeTpus.

opauHATHL 6y Ay T (cos t;sint) (MMEIOTCA B BUAY KOCHHYC U CHHYC YA
B { pagman). B camom gene, 3 npaMoyroasHOTO Tpeyroabauka M AP
BUAHO, 9TO c0s LM AP = AP, sin /M AP = M P, a pagunannas Mepa
yraa /M AP pasua t.

[MycTs Teneps cTpenka BHIILIA 33 TPEAEIbI IEPBOU KOOP TUHATHON
4eTBEPTH (3TO O3HAYACT, ITO IPOMACHHBIN €1 Iy Th ¢ IPEBBICHI 7 /2).
DopMaTbLHO MBI HE MOXEM CKA3aTh, ITO KOOPIAHATHI KOHIA CTPEIKHI
paBHEL (cos t; sint), Tak Kak ¢ GOABIIE HE ABIACTCA PAJUAHHON MEPOK
OCTPOTO YIIIA, & CAHYC U KOCUHYC MBI OIIPEIEIIIA TOIBKO A OCTPHIX
yraoB. OaHAKO MBI MOXeM 0006muThL Hamu onpegetenus. MoxHo
OTpPeAEINTh KOCHHYC UMCIa ¢ KaK abCIUCCy KOHIA CTPEIKH B TOT
MOMEHT, KOT[|a TPOWAEHHOE HDTUM KOHIIOM DPACCTOAHWE COCTABWT f.
Anamoruvano, cunyc ¢ ompeaenseTca KakK OPAMHATA KOHIA CTPEIKW
B TOT Xe MOMeHT. Kak MBI BUAeIH, B TEX CIyJasX, KOraa t ABIAETCA
pPaAMaHHON MEPOU OCTPOrO yT/A, HOBBIE ONMPEACHCHUA COTJAACYHOTCA
C TIPEXHUMHA.

3agaua 5.3. Kak 661 BB onpegenmnm CMHYC W KOCUHYC OTPUIIATETh-
HOro 4mcia t?

3agaua 5.4. Hangure:
a) cos(n/2) u sin(w/2); 6) cosm u sin;

B) cos(37/2) u sin(37/2); r) cos(5m/2) n sin(57/2).
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B caegyromem maparpade Ml gagum 6ogee HOPMAIbHBIE OIpPe-
JeICHUS CHHYCA W KOCHUHYCA NPOM3BOJBHOTO UHWCIA W HAYHEM CH-
cTeMaTudeckKoe m3ydenue Tpuronomerpuu. Ho HexkoTOpble BaxHEBIE
CBOMCTBA CHHYCA W KOCUHYCA MOXHO YBUIETEL YXKe Cerdac.

3aMeTuM, 9TO 3a BpEMA 27 CTPEIKA HAIINX YaCOB JEMA€T IMOIHBINA
KPYT ¥ OKAa3BIBAETCA HA TpexHEeM MecTe. [[0oTOMy KOOpIWHATHI ee
KOHITa B MOMEHTHI ¢ U t + 27 oquHakOBEL [pyrumu croBamu:

cos(t + 2m) = cost;
sin(t + 2m) = sint.

Kaxk rosopar, GyHKIMy cuHyC 1 KOCHHYC UMEIOT IEPUOT 2T.

3agava 5.5. Kak MeHseTcs momoxenwe crpenku 3a BpeMs w7 demy
paBHBI cos(t + ) u sin(t + m)?

5.2. CkopocTsh

IlocMoTpuM Temeph, KaK U3MEHAIOTCA cOSt U Sint mpu u3MeHeHuH .
CuenaeM 5T0 I KOCUHYCA, (CATyanus ¢ CUHYCOM aHAJOTMYHA).

Crpenka 4acoB pAaBHOMEDPHO BPAIAETCA, IPYU HTOM B TOT MOMEHT,
KOT'JIa, KOHEI CTPEJIKH MPOIIe] PAaCCTOsSHWE , MPOeKInA dTOT'0 KOHIA
Ha OCh abCIUCC OTMedaeT «mcao cost (puc. 5.3a). Bugso, wTo sra
MpoeKIuA coBepinaeT Koaebanua oT 1 10 —1 u obpaTwmo. lanee, 1Bu-
XKCHME KOHIIQ CTPEIKHW IO OKPYXKHOCTH PDABHOMEDPHO, HO /IBUXCHUE
€r0 TMPOEKIWM PABHOMEDPHBIM yXe He 6ygeT. IT0oOBI 3TO yBHAETH,
HaHECEM Ha OKPYXHOCTH IMOJOXKEHUA KOHILA CTPEIKHN Yepe3 PaBHBIC
IPOMEXKYTKU BPEMEHM, & Ha, OCh abcumce — ux npoekumu (puc. 5.30).
Xopomo BuAHO, 9TO BOIM3HM KOHIOB oTpeska [—1; 1] Touku ugyT ry-
e, 1eM B ero cepeaute. O IHAKO OTMEYeHHBIE TOYKHA — HE YTO WHOE,
KaK TPOEKIUU KOHIIA CTPEIKW Yepe3 PABHBIE MPOMEXYTKHU BpeMe-
au. Crano 6bITh, B cepeaune orpeska [—1; 1] mama Touka nBuxkeTcsa
OBICTpee, 9eM ¥ €ro KpPaes. JTO U HOHATHO: B CBOUX KOJIEOAHUAX T10
OTPE3KY HAIlA TOYKA B KOHIIAX PA3BOPAYMBAETCA, & 9TOOBI PasBep-
HYTbCH, Ha [0 CHAYAJIA 33TOPMO3UTh.

3agaua 5.6. a) Eciu nus kaxgoro neaoro n Hautu wucao sin(wn/30),
CKOJBKO PA3JUYIHBbIX YHUCEJ HOJIy‘IHTCH?
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A\ \‘\

cost

a) 6)

Puc. 5.3. Kak menseTcsa kocuryc.

6*) Kakum [01KHO OBITH YUCIO G, ITOOBI MHOXECTBO UUCET BAILA
cos(mna), rae n mpoberaeT BCe NeabIe YUCIa, ObLUIO KOHEIHO?

B**) CymecTByeT /M Takoe HATYPAIBHOE THUCIAO 7, ITO | cosn| <
< 1/1000?

[laBanuTe moACINTAEM MOTOYHEE, C KAKON CKOPOCTBIO ABUKETCSA TPOEK-
IIUA KOHIIA CTPEIKU. ByaeM OmATh-TaKM PacCMaTPUBATL TPOEKIINIO HA TO-
PU3OHTATLHYIO OCh, COOTBETCTBYIOIIYIO KOCHHYCY. MBI CUMTAIN, ITO CTPEI-
Ka ABUXKETCs CO CKOpOocThio 1 pan/gac u umeer giuny 1, Tak 410 ee KOHen
OBUKETCS O CKOpocThio 1. IlycTh B faHHBIM MOMEHT CTPEJIKA IOBEPHYTA HA,
yrox t (puc. 5.4) Uepes maneHbkoe BpeMs 7 KOHEL CTPEJKU ePEeMeCTUTCS
u3 Touku A B Touky B, a ero npoexnus —u3 Touku M B Touky N. Hangem
orpesok M N. as sroro 3amerum, 910 yroi C'AB MOXHO TpUGINKEHHO
CYNTATh NPAMEIM, TaKk Kak xopaa AB maga. ITosTomy

/BAK ~7/2— ZCAK =12 —t
(yrusr waMepsaoTcea B paguanax ). CrenoBaTeasbHo,
MN =~ ABcos(n/2 —t) = AB -sinlt.

[lanee, Tak kax xopaa AB Mana, ee IInHa TPUOINKEHHO PABHA JJUHE Y-
ru AB, To ectb 7. CregoBareasno, MN = 7 -sint, u cpeiHas CKOPOCTh
TIPOEKINN KOHIIA CTPEJKU Ha yIacTke oT M 1o N mpuOam3uTenrHO paBHA
MN/r = sint. Ha caMoM fene WeM MeHBIIE T, TEM MeHBIe OIMOKN Ha-
X TPUOIVKEHHBIX BREIYUCICHUNA U TEeM OJUXKE CPETHAA CKOPOCTH K Sint.
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Puc. 5.4.

Kak roeopsaTr, MCHOBEHHAsZ CKOPOCTH IPOEKIINYM KOHIA CTPEJKH B TOT MO-
MEHT, KOT[Ia CTPeIKa IPOIILIa paccTosHue ¢, paBHa sin t. Tounee roeops, sra
MIHOBEHHAA CKOPOCTb paBHA — Sint, Tak KaK MPU BO3PACTAHUY POUTEH-
HOT'O PACCTOSHUA OT ¢ 10 T + 7 IPOEKINA KOHIIA CTPEJKHN ABUXKETCA IO OCH
abCIUCC B «OTPUNATEILHOM HATIPABJICHAN» (OT OOMBIINX TUCET K MEHBIIINM ).
T'oBopsa mo-yuyeHOMY, TPOM3BOAHAA OT (PYHKINM §¥ = COSt — DTO (PYHKITUA
y = —sint.

§6. OmpejesleHNe TPUTOHOMETPUIECKUX (DYHKIIUA

B sTom maparpade Mbr akkypaTHO CHOPMYAUPYEM OIIPEICTCHNAI TP~
POHOMETPUYECKUX (DYHKITUH.

[1s 5TOro BBEAEM HA IVIOCKOCTH IPAMOYTOALHYIO CHCTEMY KOOD-
JAMHAT M PACCMOTPUM OKPYXKHOCTH panuyca 1 ¢ HEHTPOM B Hadaje
koopauHaT (puc. 6.1a).

Takol 4epTex HPUHATO HA3BIBATL MPULOHOMEMPUUECKUM KDPY-
eom (mmm mpueonomempuueckots okpyarcnocmobio). Touky ¢ Koopau-
maTamu (1;0), Texamyro Ha STOR OKPYKHOCTH, OyIeM Ha3LIBATL Ha-
YAAOM OMCYENE WU MOuKol Hoab (HE HMyTalTe ¢ HAYaIOM KOOp-
aunar!). Hampasrenue aBumxeHWs TPOTHUB 9aCOBOM CTpeaku Oyaem
HA3bIBATH [IOJOXWTENLHBIM HampasireHreM (puc. 6.16).

TpuronoMeTprdecKas OKPYKHOCTh CIYXUT JJIS TOTO, 9TOOBI Ha-
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HOCUMDb KA Hee YUCAq. ITO JeraeTca Tak. [lycTs y HaC ecTh aucio t.
Hauas ¢ Hawama oTcdIeTa, TPOUAEM MO0 TPUTOHOMETPUIECKOU OKPY K-
HOCTH NIyTb JIXHOU |t|: ecam t > 0 — B MOTOXUTEILHOM HAIIPaBIIe-
Hum, ecan ¢ < 0— B OTPUIATEALHOM (BO3MOXKHO, HAM TPUAETCA TIPH
5TOM HECKOJIBKO Pa3 IPOUTHU IO OJHOMY M TOMY Xe MecTy). Touka,
B KOTOPOU MBI OCTAHOBWINCH, W €CTh TOYKA, HA OKPYXHOCTHU, COOT-
BETCTBYIOIIASL 9IUCILy t.

[To- ipyroMy TOUKY Ha OKPYXHOCTH, COOTBETCTBYIOUIYIO UCIY t,
MOXHO cebe MPeACTaBUTh KAaK BTOPOU KOHEIT HAMOTAHHOUW HA, OKPY K-
HOCTb HEPACTAXKUMOU HUTHU [JIWHHI |¢|, OAUH KOHEI, KOTOPOU 3aKpPer-
JeH B HadYaJe OTCYETAa, WIN KAK MOJOXKEHWE CTPEIKA 9acOB, O KOTO-
PBIX MBI TOBOPWIN B IIPEALLAYINEM maparpade, B MOMEHT t.

Ha puc. 6.2 oTmedeHo, Kakas TOUYKA COOTBETCTBYET HHCIY T/2
(nmuna gyru ot 0 10 DTON TOYKM COCTABAIET KakK pa3 1/4 Bcen aavHBI
OKPYXHOCTH, T. €. 217/4 = m/2). Bupodem, B Ty Xe TOUKY HOIAIYT

5~ 2T, ) + 47 — npu ABUXKEHWW IO OKPYKHOCTHU
MBI CIeTaeM OAWH WA HECKOJIBKO JUIIHUX KPYT'OB, HO OCTAHOBUMCS
BCE B TOU XK€ TOYKE.

7
¥ IUCIA 5 + 27,

3agaua 6.1. Harecure Ha TpuUroHoMeTpmyeckui Kpyr umcia 3m/2,
w4, —mw /4, —7/2, —Tr /4, —Tm/2. CKOIbKO PA3IUHIHBIX TOYEK Y BAC
MOJIY IMIOCH T

3agaua 6.2. Hamecure HA TPUT OHOMETPUTIECKYIO OKPY XHOCThH TOYKH,

Py A HOJOXKATEJIBHOE
HalpaBJcHUe

1; 0) Hav9aJI0
oTcyeTra

) 4

a) 6)

Puc. 6.1. TpuromomeTpudeckun Kpyr.
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Puc. 6.2.

COOTBETCTBYIOMIME TUCIAM 7T1/2 [is BeexX HeabixX 1. CKOIBKO pasamd-
HBIX TOYEK Yy BAC TIOIYYUIOCH !

3agava 6.3. BrimonauTe 3ajaHUEe TPEABIAYIIEN 3aJa9U IS TACET:
a) —w/4+ mn; 6) ©/3 + 27n (n — a0060€ mEIOE TUCIO).

3agava 6.4. B xakonm weTBepTHu OyAeT HaXOAUTLCA TOYUKA TPUCOHO-
METPUYECKOU OKPYXKHOCTH, cOOTBeTcTBYyoMmaa qucay 10007

3agaua 6.5. CKOJIBKO TOYEK TOJYIUTCS, €CIU HAHECTH HA, TPUTOHO-
METPHUIECKUN KPYT Bee ducaa Buga 73wn /107, rae n— ueaoe wmcao?

3agaua 6.6. KakyMm 10MXHO OBITH 9HUCIO G, ITOOBI CPEIN TO'EK, CO-
OTBETCTBYIOIINX YHUCJAAM BUAA 27TaN TPU BCEX UETHIX 7, OBLIO OB
KOHEYHOE YUCJIO PA3TUIHBIX !

3agaua 6.7. [IycTs 4mcay ¢ COOTBETCTBYET HA TPUTOHOMETPUECKON
OKPYXHOCTHU TOYKa P. 3anuimure Kakoe-HUOY b APYroe YUCIO, KO-
TOPOMY Ha TPUTOHOMETPUIECKON OKPYKHOCTA COOTBETCTBYIOT:

a) Ta xke caMasd Todka P;

6) TOYKA, CAMMETPUIHAA TOYKE P OTHOCUTEIBHO HAYALA KOODAU-
HAT;

B) TOYKA, CAMMETPUIHAS TOYKE P OTHOCUTEIHHO OCH abCIUCC;

r) TOYKA, CAMMETPUYIHASL TOIKE P OTHOCHTEABLHO OCH OPUHAT;
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1) TOYKA, CAMMETPHIHAA TOYKE P OTHOCHTENHHO GUCCEKTPUCHI
IEPBOr'O M TPETHET'O KOOPAMHATHEIX YIVIOB.

3agava 6.8. Kax BRIMAIWT HA TPUTOHOMETPUICCKOM KPyTe MHOXE-
CTBO TOYEK, COOTBETCTBYOIIMX YUCIAM U3 IPOMEXyTKoB: a) [0; 7/2];

6) [r/2;2x]; B) (—m;7m); T) (2;9).

Ecim 0 < ¢ < w/2, To uucao ¢ Ha kpyre Oyger
PACTIONOKEHO TaK, ITO OTPE30K, COSAMHAIONINN COOT- 3
BETCTBYKIIYIO TOYKY C HAYaJIOM KOODJAUHAT, COCTABUT
yroa t paamaH ¢ ockio abcmuce. B camom gere, B aTOM 0
crydae gmuHa ayru oT 0 go ¢ OyzeT Kak pa3 paBHA ¢
(puc. 6.3).

Temepb BCe TOTOBO A TOCO, 9TOGEL BBECTH OCHOB- L HC. 6.3.
HBIC OIPEACICHAA TPUTOHOMETPUU.

Onpegenenne. Kocurycom umcia ¢ HazbBaeTCA a0CIMCCA TOTKA HA,
TPUTOHOMETPHUTIECKOM KPYTe, COOTBETCTBYIONMEN TUCTY t.

Ecnu { — paguagHas Mepa OCTPOro yria, To KOCHHYC DTOT0 yIia
B HAIlleM IIPEXHEM CMEICIE PaBeH KOCUHYCY HKCIa ¢ B HOBOM CMEICTE.
Kocunnyc uncna { o6o3nagaercs cost.

Omnpegenenne. CunycoMm 4mcia ¢ Ha3BLIBAETCS OPAUHATA TOYKU HA
TPUTOHOMETPUTIECKOM KPYTe, COOTBETCTBYIONMEN TUCTY t.

Ecau t — pagmannas mMepa OCTpPOro yria, TO CHHYC DTOr0 yria
B HAIlleM MPEXHEeM CMBICIE PABEH CHHYCY THUCIA ¢ B HOBOM CMBIGIE.
Cunyc aucaa t ob6ozHagaeTcs sin t.

Omnpegenenne. TanrencoM 4uciaa { Ha3BIBAETCA OTHOIIEHNE CUHYCA
9quCaa ¢ K €ro KOCHHYCY.

Ecau t — paauarsas Mepa oCTpOro yria, TO TaHTeHC DTOr0 yIia
B HAIIEM ITPEXHEM CMEICIE PABEH TAHTEHCY YUCTIa T B HOBOM CMBICTE
(Tak Kak AIA OCTPBIX yri0B BepHa (opmyaa tgt = sint/ cost).

Tanrenc yucna t o6o3Havaerca tgt.

Omnpegenrenus CUHyCa U KOCHHYCA, KOTOPLIE BEI CEMTAC IPOINTA-
JW,— HTO Te XKe CAMBIEe ONPEeNeIeHUsA, YTO ObLIN TAHBI B TPEABIIYIIEM
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naparpade, TorpK0 chopMmyanpoBaHubie 6onee akkypaTHO. B penbr-
ayiieM Xe naparpade O6bL10 00BACHEHO, IIOYEeMY MId OCTPHIX YIVIOB
3TU OIpeIeJeHUA COIVIACYIOTCA ¢ IPEXHUMU.

Kpowme cunyca, kocuHyca 1 TaHI'€HCA UCIOIB3YIOTCA TAKKE U Me-
Hee yIOTpeOuTeAbHbIe (DYHKINY KOTAHT'€HC, CEKAHC U KOCEKAHC, KO-
TOPBIE ONPEeAeIAI0TCA TaK:

tot cost
C = —
& sint’
1
sect = —;
cost
1
cosect = —.
sint

Tenepn, xorga MBI OIpefeIWIN TPUTOHOMETPUUIECKUE (DYHKITAN
YUCIOBOT'O APT'YMEHTA, MOXHO y3HaTh, Y€MYy PaBHBI TPUTOHOMETPU-
qeckue PYHKIUU HE TOILKO OCTPBIX, HO U IPAMOI'O U TYNBIX YIVIOB:
HaJO NepeBeCTU BeIUYIUHY YIVIa B PaAUaHbl X B3ATH CUHYC, KOCUHYC
VI TAHTE€HC OT TOJYIUBIIETOCA UHUCIA.

3ajgaua 6.9. 3amosHuTE TyCTHIE MECTa B CASAYIOMER Tabaume:

o 0° 1 90° | 120° | 135° | 150° | 180°

sin «

COS

tg o —

Jameuanwe. B rpade maa tg 90° Mer cpasy mocTaBmim TpPOMEPK, TaK
Kak, mo ompegerernio, tg90° = sin90°/ cos 90°, o cos 90° = 0, Tax
aro tg90° He ompeaesnen.

3agaua 6.10. OmnpegenuTe KOTAHIEHC, CEKAHC M KOCEKAHC OCTPHIX
YIJIOB € MOMOIIBIO MPAMOYTOMBHBEIX TPEYTOMLHUKOB (AHAJOTMYHO TO-
MY, KaK MBI OTIPEIENATA CAHYC, KOCAHYC W TAHTEHC).

3agaua 6.11. Oxna w3 BepIIUMH NPABUIBLHOTO MECTAYTOJIBHUKA, BIIU-
CAHHOT'O B TPUTOHOMETPHICCKYIO OKPYXHOCTb, PACIOJOXKEHA B Ha-
qage orcueTa. Haugure K0Op UHATHEL OCTAILHBIX €0 BEPIIWH.
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3agaua 6.12. ToT ke Bompoc, 9TO U B NPEABIAYIIEH 3a0a9€, HO A
OPABIWIBHOTO MATUYTOJABHUKA (YKa3aHUe: CM. 3343y 3.5).

3agaua 6.13. B sanatue 4.8 6pu10 CKa3aHO, 9TO B KadeCTBE NpudIN-
KEHHOT'O 3HAMEHUA KOCUHYCA MAJOTO YTIa (¢ MOXHO B3ATL ©HMCIO 1,
TO €CTh 3HAQYEHUE (byHKHI/II/I KOCVHYC B HYJE. qTO, €CJIN B KQa49eCTBE
NpuOAMIKEHHOTO 3HAYCHUS IS CAHYCA, MAJOr0 YIVIa, (, HE MYIPCTBYS
IykaBo, B34Th 0 = sin 07 Yem sT0 mroxo?

~ = >

M T

Puc. 6.4. Touka M aBmXeTCS MO TUKIOWIE.

3agaua 6.14. PaccmoTpum koseco pagmyca 1, kacaromieeca ocu ab-
cumce B Hadanae koopamuar (puc. 6.4). IIpegnomoxwm, 9T0 KOIECO
HOKATUIOCEH TI0 OCH abCIUCC B HOJOXKUATEILHOM HAIIPABICHAN CO CKO-
pocteio 1 (T.e. 3a Bpema ¢ ero UeHTpP CMEmAEeTCsa Ha { BOPABO).

a) Hapucyure (mpuMepHO) KpUBYIO, KOTOPYIO OyAeT ONUCHIBATH
To4YKa M, B KOTOPOU KOJIECO KACAETCA MOMEHT Och abCImce B
MOMEHT HAYAIA JBYXKCHIUA.

6) Hamawure, kakoBbl Oy 1y T abcuucca u opauaaTa Toukn M aepes
BpeMd t OCHe HAYANA, JBUXKEHUI.

6.1. Ocr TanreHcos

CuHyC m KOCMHYC MBI B HTOM Taparpade onpeseJuIn TreoMeTPuYe-
CKU, KaK OPAUHATY U a0CIUCCY TOYKY, 4 TAHTEHC — aarefpaniecK,
kak sint/cost. MoxHO, OIHAKO, U TAHIEHCY NPUIATH CEOMETPUIe-
CKUU CMBICIL.

[as sToro mposegeM depes TOUKy ¢ koopauuaTamu (1;0) (ma-
9aM0 OTCYETa HA TPUTOHOMETPUIECKON OKPYKHOCTH) KACATEIbHYTO
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S

tgt

Puc. 6.5. Ocy Tanrencos. Touka M cooTBeTcTByeT “UCHY ¢

K TPUTOHOMETPUIECKON OKPYKHOCTH — MPAMYIO, MTAPALIETHHYIO OCH
opaunat. HazoseMm 5Ty mpsamyio ocbio Taurencos (puc. 6.5). Hassa-
HEE 3TO OMPABABIBACTCA TaK: MycTh M — TOYKA HA TPUTCOHOMETPH-
YECKOU OKPYXKHOCTH, COOTBETCTBYIOMmAA ducry t. [Ipogomxkum paau-
yc SM no mepecedeHus ¢ OCbIO TAHTEHCOB. 10orna OKa3BIBAETCS, 9TO
OpJAWHATA TOYKY MepecedeHus paBHa tg 1.

B camom gene, rpeyroavuauku NOS v M PS ua puc. 6.5, oueBua-
HO, mog06uBL. OTCI0Ma

sint  MP NO NO
cost PS OS 1

9TO U yTBEPK TAJOCH.

tgt = NO,

Ecmu Touka M wmmeer xoopauraTsl (0;1) mim (0; —1), To mpsa-
Maaz SM mapaiLierbHa OCH TAHTEHCOB, M TAHTEHC HAIIAM CIOCOO0M
OTIPEJETNTL HETb3A. DTO W HE YIUBUTEIBHO: a0CIMCCA dTUX TOYEK
paBHa 0, Tak 4uTOo cost = ( mpu COOTBETCTBYIOIIMX 3HAYCHUAX {1,
u tgt = sint/ cost He ompeneneH.

6.2. 3HAKM TPUTIOHOMETPHIECKHUX ()YyHKITIN

Pazbepemcsa, mpu xaxmx 3HaMEHUAX { CUHYC, KOCUHYC U TAHT€HC TOJIO-
KUTENbHBI, & IPU KAKUX — OTPpUaTeabibl. COTIACHO ONPEIeNeHuIO,
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7 e N\
sint > 07 wcost < 0 cost >0

2
\

N A\

sint < 0-
N N
a) 6)

Puc. 6.6. 3uaku cunyca um KocuHyca.

tgt >0

4
+ — tgt <0 &

R
-/

Puc. 6.7. 3Haku TaHreHcA.

sint—5TO OpAMHATA TOYKM HA TPUTOHOMETPUIECKOU OKPYKHOCTH,
cooTBeTcTByIOmen mcay t. IlosTomy sint > 0, ecam Touka t Ha
OKPYXHOCTH JEXUT BbIe ocu abcmuce, u sint < (), ecan Touka f HA
OKPYXKHOCTH JexXuT HuXKe ocu abcuuce (puc. 6.6a). Ha puc. 6.66 ana-
JOTHIHBIM 06pa3oM m306paxKeHo, KOr[a HOI0XKUTETEH U KOT' 13, OTPH-
naTeneH cosf. YBHAETh, KOT'JIa MOJOKUTENEH, & KOTa OTPUIATEICH
tg ¢, mpoliie BCEro ¢ MOMOIIBI0 OCH TAHTEHCOB: tg { MOMOKUTENEH, eCan
TOYKA HA OKPYKHOCTH, COOTBETCTBYIOLIAA YUCHY , JEKUT B MEPBON
WU TPETHEU YETBEPTHU, U OTPHUIATENEH, €CAN DTa TOYKY, JEKUT BO
BTOPOU WIU HeTBEPTON deTBepTu. CXeMATHUEeCKN 5TO U300paKEHO
Ha, puc. 6.7.
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3agaua 6.15. Hapucyure kapruaku, anamoruydubie puc. 6.7, 11 3Ha-
KOB ctgt.

3agaua 6.16. a) V306pasure HA IMCIOBOU OCH MHOXKECTBO TOYEK I,
Y IOBJAETBOPSIOUINX CACTEME HEPABEHCTB:

sint > 0;
0 <t <4,

6) PaccMOTpUM MHOXKECTBO 9UCEN HA YUCJIOBOM OCH, Y/OBIETBO-
PAOIINX CUCTEME HCPABCHCTB:

sinz < 0;

0 <x<20m.

Hamgure cymMMy mIwH OTpPE3KOB, M3 KOTOPBIX COCTOUT DTO MHOXKE-
CTBO.

§ 7. IIpocTeummue Gopmy.anl
B §3 MBI yecTaHOBMIN 1A OCTPBIX YIMOB (¢ TAKYIO POPMYIY:
sin o + cos® a = 1.

Jra ke (opMyra BepHAa W B CIAyUae,
4 cosa  korga o — aoboe «mcao. B camom ge-
M Jae, mycTb M — TOYKa HA TPUTOHOME-
TPUIECKON OKPYXKHOCTH, COOTBETCTBY-
fomas gucay « (puc. 7.1). Torga M ume-
eT KOODAWHATHI & = COS«, § = Sinc.
Ognako Beskasg TO4UKA (;y), JAeXKAIIAL

Ha OKPYXHOCTHU €JUHUIHOIO paJUyca

sin «

¢ TIEHTPOM B HaYaJe KOOPAWHAT, Y I0BJIe-
TBOpAET ypasHeHmo T2 +y? = 1, oTKyAa
Puc. 7.1. cos® o + sin? @ = 1, aT0 u TPeHoBATOCH.
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Nrak, popMymna cos a + sin® @ = 1 BHITEKaeT U3 YPABHEHMA OKPYKHO-
cTu. MoxeT moKasaThCs, ITO TEM CAMBIM IS OCTPHIX YIVIOB MBI 1AM HOBOE
JIOKA3ATEIbCTBO 3TOU GOPMYIBL (MO CPABHEHUIO € YKA3AHHBIM B § 3, Tlie MbI
noaszoBauck reopemon Ilugaropa). Oraudue, 0ZHAKO, YUCTO BHELIHEee:
IpH BEIBOJE YPaBHEHUA OKPYKHOCTH 22 + y? = 1 ncmoabayerca Ta xKe Te-
opema Iludaropa.

LI ocTpBIX yIVIOB MBI TIOAyYadud u Apyrue pOpMYJIbl, HAIPU-
mep cosa = 1/4/1 + tg? a. Jlasa npomsBoabHBEIX yTiaoB oTa GopMy.Ia
B TAKOM BUJ€ BEpHA OBITH HE MOXET: COTVIACHO OOIIETPUHATOMY IIO-
HIMaHWIO CIMBOJIA f, opaBad 9aCTh BCEI'Jla HEOTPUIATEAbHA, B TO
BpeMA KaK JeBad IACTH BIIOJHE MOXET OBITh U OTPUNATEALHON. ITO-
651 popMyaa GbLTA BEpHA IIPHU BCEX (v, HAJO €€ BO3BECTH B KBAADPAT.
Homxyamres pasencTso: cos? o = 1/(1 + tg? «). okaxem, aTo 212
¢dhopMyIa BepHA IpK BCex ol

. 9 2

sin? o cos? o
1/(1 + te? =1 1+ — | =—"" " - cos?a.
4 8 e) /< C052a> sin® a + cos? a @

3agaua 7.1. BriBegure Bce popMyJbl, IPUBEICHHBIE HUXE, U3 OIPE-
mexeruit u popmy.et sin? o + cos? @ = 1 (HEKOTOpPBIE U3 HEX MBI YiKe
JAOKA3AJIN):

. 9 2 sin « cos
sin“a+cos“a=1; tga= ; ctga = — ;
cosa sin
1 tg” o
14+tg2a=——; sina=-—2——: tga ctga=1;
& cos?a’ 1+tg?a’ & & ’
1 ctg? o
l+ctg?a= ——; cosPa= ——=——.
& sin? o’ 1+ctg?a

IOTH HOPMYILI TMO3BOAAIOT, 3HAA 3HAYMEHUE OJHOW M3 TPUTOHO-
METPUYECKUX (PYHKIUN TAHHOTO YUCIA, NOYIMY HAUTUA BCE OCTAMb-
ueie. [lycTs, HanpuMep, Mbr 3HaeM, 970 sinz = 1/2. Torga cos? x =
= 1 —sin?z = 3/4, Tak 970 cosz papen mim \/3/2, mmm —/3/2.
Yro6bl y3HATH, KAKOMY UMEHHO W3 DTHUX JABYX YHCEN PABEH COS I,
HYXHA, JOMOJHATEIHHAS WHMOPMAIIAA.

3agaua 7.2. [lokaxwuTre Ha puMepax, 9T0 06a BHIMIEYKA3AHHBIX CIY-
a5 BO3MOXHBL.

! Tna xoropeix tg o ompegenex, T. e. cosa # 0.
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3agaua 7.3. a) [lycte tg 2 = —1. Hanawre sin 2. Ckorbko 0TBETOB y
ATOU 3a4a49u’

6) [lycThb B gOMOAHEHVE K YCAOBUAM MYHKTA &) HAM U3BECTHO, ITO
sinz < (. CxoabKO Temepb OTBETOB y 3a,0a4n’!

3agaga 7.4. Ilycrs sinz = 3/5, z € [7/2;37/2]. Hannure tg .
3agaua 7.5. IlycTs tgx = 3, cosz > sinz. Hangure cosz, sin z.

sinx + 2coszx
3agauga 7.6. [lycrs tgz = 3/5. Hanaure +—
cosz — 3sinx

agava 7.7. [Jokaxwure TOXIECTBA:

tgatctgB  tga
ctga+tgB  tgp’

B) sina + cosactga + sinatga + cosa =

6) tgasina  tga—sina
tga +sina tgasina ’

1

sina  cosa

a)

3agaua 7.8. YnpocTuTe BHIPAXKEHU:

a) (sina + cos@)? + (sina — cos a)?;
6) (tga + ctga)? + (tga — ctga)?;

B) sin(2 4 ctga)(2ctga + 1) — 5 cos a.

§ 8. Ilepuogsl TpUroHOMETPUIECKUAX (PYHKITUA

Yucaam z, z 4+ 27, £ — 27 COOTBETCTBYET OLHA M Ta XK€ TOTIKA HA
TPUTOHOMETPUIECKON OKPY KHOCTH (€CIU MTPOUTH 110 TPUTOHOMETPY-
YeCKOM OKPYRKHOCTHU JUIIHUK KPYT, TO TPUIEHb TYAa, TAe ObLI).
OTciofa BBITEKAIOT TAaKWe TOXIECTBA, O KOTOPHIX yXe€ ILIa pedb

B §5:

sin(z + 27) = sin(z — 27) = sinz;

cos(z + 2m) = cos(z — 2m) = cos T.

B cBasu ¢ aTuME TOXZecTBAMEU MBI YXe yHOTPEeOIAIN TEpMUH «Ile-
puomy. Janum Temeph TOYHBIE ONPEIeJCHUA.
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Onpegenenne. Hucno T' # 0 vaswmaoT nepuodom pyuknuu f, ec-
av aas Bcex z BepHHI pasenctsa f(x — T) = f(z +T) = f(x)
(mogpasymeBaeTca, aro £ + T u x — T BXOAAT B 06IaCTH ONpe-
neneHnsA (YHKIUW, €Cau B Hee BXoAuT I). DyHKIUIO HAZBIBAIOT
nepuoduueckot, ecIn OHa uMeeT mepros (XoTs Obl OLUH).

[lepmoguaeckme QYHKIUU €CTECTBEHHO BO3HUKAIOT IPHU OIMKCA-
HUM KoJebaTelbHbIX mporeccos. 06 0THOM U3 TaKUX IIPOIECCOB PEYb
yxe mia B §5. BoT eme npumepsr:

1) Hycrb p = @(t) — yroa OTKIOHEHWA KAYAIOMErOCA MAATHUKA
YACOB OT BEPTHUKAIM B MOMEHT t. Torga ¢ — mepuogutdeckas
dyHKIHA OT ?.

2) Hampsxenue («pa3sHOCTH MOTEHIMATIOB), KAK CKA3aJ1 ObI (PU3UK)
MEeXAy ABYMs T'HE3JaMW PO3eTKM B CETH NEPEMEHHOI'O TOKA,
€ClIu ero PacCMaTPUBATEL KaK (PYHKIIWIO OT BpEMEHH, ABIAETCA

nepuouieckon (ynkimen’.

3) IlycTb MBI CABIIIMM MY3BIKAJILHBIA 3ByK. TOraa gaBIeHUE BO3-
IyXa B JAHHOW TOYKE — MEPUOAnIecKas PyHKIUA OT BPEMEHMU.

Ecmm ¢pyukumsa mmeer nepuog T, To nepuogaMu 3Tou pyHKIAN
OymyT m umcaa —71', 2T, —2T',...— ogHUM CJIOBOM, Bce [mcaa nl,
rie n — Iea0oe YUCJIO, He paBHOe HyIo. B camMoM gere, IpOBEpHM,
Hanpumep, uro f(z + 27T) = f(z):

flea+2T)=f((e+T)+T) = f(e+T) = f(x).

Onpegenenne. HauMeHbmmM mosoXuTeIbHEIM TEPUOI0M HYHKITIT
f Ha3BIBAETCA — B COOTBETCTBUU C OYKBAJIBLHBIM CMBICIOM CJIOB —
TaKoe MOJOKHUTEeNAbHOe wucao 1, aro T — mepumox f u HU OXHO
MOJOXUTEILHOE YHUCIO, MeHbIee 1, mepuoaoM f yxe He ABITeTCA.

'Korga rosopar «manpmxenne B cetn 220 BOIBT», MMEIOT B BULY €0 «CPE[-
HEKBAIPATUIHOE 3HAYEHME», 0 KOTOPOM MEI Oygem rosopurh B § 21. Camo xe
HaIpAXKeHNe BCe BpeMsA MEHAETCA.
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Meproguyeckan pyHKIMS He 06A3aHA UMETH HAUMEHbBIIIUHA ITOJ0-
KUTEIbHLIN Tepuoj (Hanpumep, GYHKIWA, ABIAIOMAACT TOCTOAHHON,
“MeeT MEPUOI0M BooOIIe A1060€e Incao u, CTajd0 ObITH, HAMMEHDLIIET'O
HOMOKUTENHLHOT'O TIepuoa y Hee HeT). MOXHO NPUBECTH IPUMEDHI
M HEMOCTOAHHBIX MEPUOAMIECKUX (PYHKITUU, HE MMEIOUTAX HAUMEHb-
mero moJOXUTEJBbHOT'O Iepuoaa. TeM HE MEHEE B 6OJIBHII/IHCTB6 H-
TCPECHBIX CJIYy'IacB Ha,I/IMeHbIHI/Iﬁ HOHO)KHTeHbeIﬁ nepuon y mnepuo-
OUIeCKUX QYHKIUN CYIIECTBYET.

B wacTHOCTH, HAMMEHBITUYN TOJTOXUTEILHBIN TIEPUO KAK CHHYCA,
TaK M KOCUHyca paBeH 27. /lokaxem pT0, Hanpumep, A QyHKIUN
y = sinz. IlycTs BOmpekm TOMy, 9TO MBI YTBEPXKIAEM, y CHHYyCA
ectsb Takon nepuog T, wro 0 < T < 2x. llpu z = 7/2 nmeem sinz =
= 1. Byaem Teneps yBeamausaTs . B Totike r + 1" 3Ha<€HME CUHYCA
JOMKHO OBITH Takxke pasuo 1. Ho B creayomum pas cumyc GyaeT
paseH 1 Toabko npu z = (w/2) + 27. [looromy mepuos cuHyca GbIThH
MeHbIe 27 He MoxeT. [loKa3aTensCTBO A KOCUHYCA AHAJIOTWIHO.

HanmMeHLIIi moJ0XUTEILHEIN Tepro ] GYHKIINN, OMUCLIBAIOIICH
KoueOaHus (Kak B HAIIMX IpuMepax 1—-3), HA3BIBAETCA MPOCTO MEPU-
OJIOM DTUX KOJeOAHUN.

[TockoabKy YUCIO 27 ABAACTCA NEPUOJOM CHUHYCA U KOCHUHYCA,
OHO OyZeT TakKXe MEPUOAOM TAHTeHCa W KoTauremnca. OgHAKO K
oTux GPYHKIMEA 277 — He HAMMEHBIIAW TTEPHUO,T: HAMMEHBIIMM TTOJOX V-
TeJbHBIM TEPUOJOM TAHTEHCA W KOTaHTeHca OyaeT . B camoMm mere,
TOYKH, COOTBETCTBYIOUIUE UUCIAM & W & + T Ha TPUTOHOMETPHUTIE-
CKOW OKPYXKHOCTH, TUAMETPAIBHO MPOTUBOIIOIOKHBL: OT TOYKM T IO
TOYKHA & + 27 HAA0 MPOUTH PACCTOAHME T, B TOYHOCTH PABHOE IO-
JOBUHE OKPYXHOCTH. Tenepb, eciv BOCIOMB30BATHLCA ONPEIETCHUEM
TAHIEHCA Y KOTAHTEHCA C MOMOIIBI0 OCE TAHMEHCOB ¥ KOTAHI'€HCOB,
paBercTBa tg(z +7) = tgx u ctg(r +7) = ctg x cTaHYT OMeBUIHBIME
(puc. 8.1). Jlerko nposepuTh (MbI IIPEAIOKUM 3TO CAEIATH B 3374
Yax), ITO T — AEUCTBATEILHO HANMEHBIINH TOJI0KUTEILHBIA IEPUO
TAHTEHCA W KOTAHTEHCA.

O 1HO 3aMe9IaHME TI0 TOBOAY TEPMUHOMOTHAA. TacTO CJA0BA, «TIEPUO I
pyHKIIAM yIOTPEOAAIOT B 3HAYCHUN (HAMMEHBIIAN MOJOXATEAbHbIN
mepuoy. Tax 9TO ecaum Ha >K3aMeHe Yy BaC CIpOcAT: «fBmrgeTca am
1007 nepuogom GyHKIMY CUHYC?», HE TOPOIIATECH C OTBETOM, & YTOY-
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Puc. 8.1. lleproa Tanrenca m KOTAHTEHCA.

HATE, UMEETCS B BHUYy HAUMEHBIIUU TOJOXUTEILHBIU MEPUOJ WIN
IIPOCTO OLWH U3 IEPUOIOB.

TpuronomeTputieckue GyHKIUA — TATUIHBIA TPUMED IEPUOIN-
qeckuXx QYHKIUN: 00y «He OYeHb INIOXYO» IIePUOANIeCKYI0 (PYHK-
OWI0 MOXHO B HEKOTOPOM CMEICHE BBIPA3UTH U€PE3 TPUTOHOMETDH-
qecKHue.

3agaga 8.1. HalgnTe HAMMEHBIITE MOJOXKATEALHLIE IEPUO LI (PyHK-
187070
x

5 B) Y = COS L;

a) y = sin 3z; 6) y = cos
r) y = cosz + cos(1,01z).

3agadga 8.2. 3aBUCUMOCTD HAIPAXKEHUA B CETH IEPEMEHHOT'O TOKA OT
Bpemenn 3agaerca popmyaon U = Upsinwt (3pecs ¢t — spems, U —
Hanpsaxenue, Uy U w— MOCTOAHHBIE BeIUYIWHBL). lacToTa mepemMeH-
HOro Toka — 50 I'm (310 o3HAYaeT, uTo Hampsxkenue coBepmaet 50
KOJICOAHWN B CEKYHIY).

a) Hamawre w, cumras, 9T0 t U3MEpAETCA B CEKYHAX;

6) Hamawre (HamMeHbIIME TOJIOXUTEIbHBIN) epuon U Kak QpyHK-
1 oT t.

3agaua 8.3. a) /lokaxuTe, 9TO HAMMEHBITUHA TOJOXUTENLHBIN IEPUO T
KOCHWHYCa PaBeH 27;

6) JoxkaxuTre, ITO HANMEHBIINN TOJOKUTEILHEIN IEPUO I TAHT €H-
ca paBeH 7.
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3agaua 8.4. [lycTh HAMMEHBIIUN MOJOXUTEABHBIN TEPUON DYHKIIUN
f paen T. [lokaxuTe, 9TO BCE OCTAILHBLIE €€ MEPUOILI UMEIOT BU]
nT 11 HEKOTOPBIX MENBIX TUCEeT 7.

3agaqga 8.5. [lokaxwuTe, uT0 caeayiomue GYHKINNA HE SBISIOTCA TIe-
PUOAMIECKUMU:

)y = 6) y = sin(z?);
B) y :x-l-smx r) y = sin |z|;

&

5*) y = cosx + cos(kx), rge k — wppanuoHAIBHOE HHCIO.

3agaua 8.6. Yucaa 5 n 8 apaarorcs nepuogamu dyukmnuu f. loka-
XKUTE, ITO TUCIO | — TOXE ee MEePUO.

3agaqa 8.7. Oyukuus y = f() uMeeT HAMMEHBIIUN TOJIOXKUTEIbHbIN
nepuof 2, a GyHKnua y = ¢(x) uMeeT HAUMEHBIIUY MOJOKUTEILHEIN
nepuog 6. Moxet qm dyukuus y = f(z) + g(x) vmeTs HanMeHbIIMI
HOJOXUTEIbLHBIN Tepuos 37

3agaua 8.8. Oupenenvm dysxnmo f Tak:

1, ecmm x — panmoHAIBLHOE YUCIO;
fz) =

0, ecim r— wppanuoHaILHOE TUCTO.

Jokaxure, 9T0 BCAKOE PAMOHAIBHOE 9UCIO OyAeT IepruogoM QyHK-
mm [ (OTCIOAa CaemyeT, 9TO y HEeE HET HAMMEHBIIETO MOJOKUTEMhb-
HOT'O TIEPHOJIA).

§9. ®opmyJbl IpPUBEIEHUS

Hanecem Ha TpuroHOMETPUHUECKYIO OKPYXHOCTH TOUKy M, cooTBeT-
cTBylomyIo aucty z. Ee xkoopauraTamu OyayT (CoSZ;sinx).
Onyctum m3 Touku M TepHeHAWKYIAp HA OCh abCHmMCe. Y HAC
HNOMY9UTCA TPAMOYTOJABHBIN TPeyTroabHuK (Ha puc. 9.1a on 3amrpu-
XOBAH).
Tenepb moBepHEM 3TOT TpeyroabHuK Ha 90° TpoTUB <ACOBOM
crperaku. OH 3auMeTr moJoXeHWe, okazanunoe Ha puc. 9.16. Touka
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sinzx

cos T _ginx 7| cosz

a) 6)

Puc. 9.1. Touka M cooTBeTCTBYeT IUCIy T, Toaka M’ cooTBeTCTBY-
eT uucay x + /2.

M Ha 5TOM PHCYHKE COOTBETCTBYET 4UCIy & + 7/2 (Tak Kak yroiu
MZM', o4eBugHO, IPAMOK) W MMEET KOOPAWHATHI (— Sinx;cosz).
[ToCKOIBKY KOOPAMHATLI TOYKH HA TPATOHOMETPHIECKOH OKPYXKHO-
CTH — DTO KOCUMHYC ¥ CUHYC COOTBETCTBYIOUIEIO DTOU TOYKE FHUCIA,
0Ty 9a€M TAKUE (POPMYJIBL:

cos(r +m/2) = —sinz;

sin(z + 7/2) = cosx.
Tlomeanm sTm paBencTBa ogHO Ha npyroe. lloayanTca BoT 970!

tg(x + 7/2) = —ctgz;
ctg(z +7/2) = —tgz.

CTporo roBopst, Mbl OKA3aau 3TU POPMYJIBL JUIIL B OJHOM CIyIae —
€CIM TOYKA, COOTBETCTBYIONIAA TUCIY T, JEXUT B TEPBOU IETBEPTH.
IIpoBepbTe camm, ITO 3TU (HGOPMYIBI BEPHLL U B APYTUX CIYYAIX.

Urak, cpaBHUB [BA MOJOXKEHUsA TPEYrOAbHUKA HA puc. 9.16, MbI
OOIYYUAN HECKOABLKO (opMya. lIpwkiagbiBaTe 5TOT TPEYTOILHUK
K OCAM MOXHO ¥ PA3HBIMU APYTUMU CIOCOOAMU, M KAXK IBIA U3 DTUX
¢cnocob60B gaeT ¢Bou Habop dpopmya. Ha puc. 9.2 uzobpakeHbl pa3HbIe
cocoObI TepeKIa JLIBAHUSI TPEYTOALHUKA, & IO HUMU BLITUCAHLI CO-
OTBETCTBYIOIME POPMYJIEL
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3agava 9.1. 3anomHUTE MyCTHIE MECTA B MOANKUCAX K Y€PTEXKAM HA
puc. 9.2.

DopMyIBI, KOTOPLIE MBI IOIYTUIN ¢ IIOMOIILIO TEPEKIA, THIBAHUA
TPEYTOAbHUKA, HA3BIBAIOTCA (POPMYJIaMu TpUBeaeHuA. ToIHEE TOBO-
psi, IyCTb y HAC €CTh YUCIO G, PABHOE N7 /2 I KAKOrO-TO LEI0Tr0
qucaa n. PopMyraMu DpUBeIeHUI HA3LIBAIOTCA (POPMYJILL, CBI3LIBA-
OIIEe TPUTOHOMETPHIECKUE PYHKIUU OT T + G, T — @ WIA ¢ — & C
TPUTOHOMETPUIECKUMU PYHKITUAME OT . Kak BuauTe, 5TUX (POPMY.I
MHOT'0, ¥ 3ay4UMBATh WX HAM3YCTh ObLIo ObI Hepasymuo. Ha mpaxTu-
Ke, ecan TpebyeTcs BOCIOAB30BATHCA (POPMYJIOU MPUBEACHUS, YI00-
HO HApUCOBATL KAapTUHKY HaIOAOOME TeX, U3 KOTOPHIX COCTABICH
puc. 9.2, ¥ IOCMOTPETH MO HEW, KAK JOJKHA BHITIAJAETH (POPMYJIA.
Kpome Toro, ecTtt m MHEMOHUIECKOE TIPABUIO, MO3BOIAIONIEE BEHIIN-
caTh a6y ¢popmyay npusegerusa. CHopMyIupyeM 3TO IPABUIO.

1) MycTh B 1€BOK 9ACTU CTOUT TPUTOHOMETPUIECKAA (DYHKIIUA OT
x+a, r—awma—xz, vae a =nr/2. Eciu 7 ykiagoisaeTcs
B "mcae ¢ nenoe wmcao pas (¢ = 0, w, —m, 2w, —27,...), TO
B MPABOU JACTH HAJO BAMUCATEL Ty X€ TPUTOHOMETPHUIECKYIO
pyHKIHTIO, 9TO U B I€BOU IacTH. Ecim xe 7 yKIaIbBaeTCA B IH-
CJIe @ He LeJIoe, a «IIOLyneaoey Yucio pas (a = /2, —n /2, 31 /2,
57/2,...), TO HAO 3AMEHATH CUHYC HA KOCUHYC, & TAHCEHC HA
KOTaHreHe (1 Hao60poT).

2) Ecam npwm x, npuHAIIEKANIEM TIEPBOU Y€ TBEPTH, JEBAA IaCTh
TMOJOXUTENBHA, TO IEPE]] MPABON ACTHIO HAMO TOCTABUTE 3HAK
ILTIOC, B TPOTUBHOM CIyYae — 3HAK MUAHYC.

Bor kak mo sTMM mnpaBmiaM Oy <IaE€TCH
dopmyaa g sin(37/2 + z): 37/2 ckobkax yka-
3BIBAET, ITO HA3BAaHUE (DYHKINKA MEHIETCS, TAK
YTO B MPaBOM 9UACTU OYyAET CTOATH KOCHHYC;
TaK KaK TPHU I, JeXAIleM B MepBOU YeTBEPTH,
sin(37/2 + ) orpunarenen (puc. 9.3), nepes Ko-
cunycoMm OyneT CTOATH 3HAK MuHyC. B mrTore:
sin(37/2 + z) = —cos .
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C momonipo GOpMya TPUBEAECHUS TPUTOHOMETpUIecKre (PyHK-
UKW JI000TO YUCIA MOXHO BBIPDA3UTH UePe3 TPUTOHOMETPUIECKUE
dyuKIuM wmcen, sexamux Ha oTpeske [0;7/2] (or 0° mo 90°, ecam
M3MEPATH yIUBL B IPagycax). [1ooToMy TpuroHOMeTpHYIecKue Tabam-
[BI COCTABAAITCA TOABKO s yriaoB oT 0° mo 90°; B cOBpeMeHHBIX
KaJbKYJAATOPAaX U KOMIIBIOTEPAX IMPOTPAMMBI, BBIMACAAIONINE TPUTO-
HOMeTpuieckue (PYHKIUM, TaKXe MPEIBAPUTENBHO (IIPUBOIATY AP-
ryMeHT K npomexyTky [0;7/2].

W3 muOXEcTBa (OPMYJT TPUBEAEHUA CTOUT, BO3MOXHO, OTMETUTH
TaKue:

(3 -) (3-7) =+
m| — — = : — = sin :
S 9 T COoS I, COS2 T Sin x;
W5 o) mamn (5 o)
g2 T ) =ctgx; Cg2 r) =tgw.

OTU POPMYJIBI HA3BIBAIOTCA «DOPMYJIAMEA JOMOJHATETHEHOTO YIUIaN;
JULST OCTPBIX yIJIOB OHM HaM Y2K€ 3HAKOMBIL.

[Tonesno TaxXke 3aIIOMHATD, KAK MEHAIOTCA TPUT'OHOMETPUIECKTE
PYHKIIMY NPU U3MEHCHUN 3HAKA APIyMEHTA:

sin(—z) = — sin z; cos(—z) = cos x;
tg(—z) = —tgx; ctg(—z) = —ctgx.

Nuvivu caoBaMm, cuHyC, TAaHT€HC M KOTAHTE€HC — HeYeTHHIE (PyHK-
oun, KOCUHYC — deTHas (PpyHKIHUA.

3agaua 9.2. YnpocTuTe BHIPAKEHUS:

a) sin(z — 7/2); 6) sin(z — 19987);  B) sin(z — 19917/2);
r) sin(z — 37/2); n) sin(2m — z); e) tg(z — 7/2);
x) sin(z — 1117);  3) cos(z + Tn/2); u) tg(—z — 37/2).

daga4da 9.3. Brraucaure:

a) cos(137/6); 6) sin(447/3); B) cos(—217/2);
r) tg(777/4); 1) sin(1237/2); e) sin(—197/3);
x) sin 3540°; 3) tg(—1050°); u) cos 1575°%;

k) sin(—1200°).
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3agaua 9.4. Bripasure depes TPpUTrOHOMETPUIECKYIO (PYHKIIMIO THC-
14, Jexamero Ha orpeske [0;7/2]:

a) tg19,3m; 6) tg 10; B) sin467/9;
r) cos 114; 1) sin(—9); e) sin 227 /7.

3agayva 9.5. Onpenenvnre 3HAKYU CACAYIOMINX BHIPAKEHUNA:

a) sin(1277/5); 6) cos(—26,177); B) tg 83,1m;
r) cos1T; x) sin(—46).

3agaua 9.6. IlycTh Ha mWIOCKOCTH 3aaHA CHCTEMA KOOPAUHAT U TOU-
ka M ¢ xoopamuaramu (a;b). 3anmmure KOOPAMHATHL TOYKH, B KO-
TOpyio M mepexouT mpu CIeAYIOMNUX TpeoOpa3oBaHuAX:

a) CHMMETDPHUU OTHOCUTEILHO OCH abCIUCC;

6) CMMMETPUE OTHOCHUTEIBHO OCH OPJUHAT;

B) CMMMETPUM OTHOCHUTEJIHHO HAYAIA KOODAWHAT;

I') MOBOPOTE OTHOCUTENLHO HAdYaAa KOOpaAuHAT Ha 90° B momoxu-

TEJIbHOM HaIIPABICHUN,

1) CHAMMETPHM OTHOCHTEJIHHO IPIMOM ¢ YPABHEHUEM Y = .

§10. IIpocTeunnme TPUroHOMETPUIECKHE
YPaBHEHUSA

Bymem yuumThes pemars TpuroHOMeTpmtueckme ypaBHeHwus. Hadnem
¢ camMoro mpocToro: ypapaenus sinx = 1. Mbr nomurM, 910 Sinx —
OpAMHATA TOYKU I HA TPATOHOMETPHUUIECKOU OKpyXHOCTH. Ha mHen
€CTh TOJBLKO OJHA TOYKA ¢ opaumHaTon | — Touka M wHa puc. 10.1a.
O gHO U3 umcen, cCOOTBETCTBYOMUX Touke M, — 510 umcao 7/2. Kpo-
Me 77 /2 5TOM TOYKe COOTBETCTBYIOT, OUEBUIHO, BCE INCIA BUAA T/ 2+
27T, TAEe N — IEJI0e 9UCI0, W TOJIBKO OHU. BMecTo «n— memoe Iucio»
OPUHATO NUCATH «n € Z» (OyKBAIBHBIA HEPEBOL: 7 IPUHAICKAT
MHOXECTBY BCEX IEMBIX ducen, o6o3nagaemMomy Z»). Vtak, pemenus
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N
a) 6)

Puc. 10.1. [Ipocrennue ypaBaeHus.

ypaBHeHUs sinz = 1 MOXHO 3ammcarb Tak: ¢ = 7/2 + 27an,n € Z.
MoXkHO 3aIKUCATEH PEIIeHNsI 3TOT0 YPABHEHUI U B BUE MHOXECTBA:

i
{§+27rn; nGZ}.
MoXHO, HAKOHETI, HATUCATD TAK:
0
OTeet: 5 +2mn; n € Z.

Pemnm eme ypasuenue cos z = 0. Tak xax cos x — abcnucca TOI-
KW, COOTBETCTBYIOIIEN I, HA TPUTOHOMETPUYECKOM KPyTe YUCIY %
MOryT cOOTBeTCTBOBATh TOUKM M u N (puc. 10.16), u TOIBKO OHHU.
Touke M, Kax MBI TOJBKO YTO BBIACHWIN, COOTBETCTBYIOT UMCIa BU-
aa /2 + 2mn,n € Z. Touke N cooTBeTCTByET, B 4aCTHOCTH, TUCJIO
—m/2, a 3HAYWUT, U BCe 4ucaa Buga —n /2 + 2mm (m € Z).

Moxuo s3ammcaTs 062 >TH MHOXECTBA, THCEI OTHOX (POPMYJIOH,
a umeHHO T = /2 + mn (n € Z). Y6eaurech, uTo 5Ta GopMyaa gaeT
B TOYHOCTHU BCE IUCAA, KOTOPHIM COOTBETCTByeT Touka M umu N Ha
puc 10.16.

PeIHeHI/IH OTUX U aHAJOTMIHBIX TPUTOHOMETPUICCKUX ypaBHeHHﬁ
m3obpaxensl Ha puc. 10.2.

[Ipex ge wem 4mTaTh magablre, yOeAuTeCh, 9TO PEIIeHusd ypaBHe-
Hun Ha puc 10.2 COOTBETCTBYIOT PUCYHKAM.
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. T
051113::1;3::5—9-27711,1162 ocosx=1;2=2mn,n€Z
™
X sinz =0; x =mn,n € Z xcosac:O;a::§+7m,n€Z

. ™
e sinx =—-1;x = —§+27rn,n€Z e coszt=—-lL;x=nm+2rn,necZ
Puc. 10.2. Ilpocreniiue ypaBHEHUS: CUCTEMATABAIIHA.

Tenepb 3aMiMeMCs yPABHEHUAMHI TOCTOXK-

nee. Penmm ypasuenue sinz = 1/2. Cragana M, M,
MBI ONATH-TAKKM HAUAEM HE CAMH PelLICHHUA, 5

“d
a COOTBETCTBYIOUIME MM TOYKM Ha TPUTOHO- L 9

MeTPUIECKOM Kpyre. DTO — TOUYKH C OpIUHA- 150°
Tou 1/2, ux, oueBugHo, nse (Touku M u Mo
Ha puc. 10.3).

BoricauMm, kakwme <mHCIa COOTBETCTBYIOT
sruM ToukaM. Touka M; coorBercTByeT (B Puc. 10.3.
qacrHocTH) uucay 7 /6 (w/6 paguman —oro 30°, sin30° = 1/2), a Tou-
ka My — uaucay 7 — /6 = 57/6 (ITOOBEL IPOUTH HmyTH OT HAYAIA
orcueTa O 10 ToUku My, MOXHO CHAYALA IPOUTHU B MOJOKUTEILHOM
HAIIPABJICHUU PACCTOSHUE T MO0 TOYKHE S, a4 3aT€M BEPHYTHCA u3 S
B Mo, mpongsa paccrosauue 7/6 — nyru SMy u OM; pasusr). Yucra,
coorBeTcTByOmme Touke M), umeror sug 7/6 + 27n, a 4ucaa, co-
oTBeTcTByIomue Touke Mo, umeror sug 57/6 + 2mn (n € Z). Urak,
OTBeT K ypaBHeHUo sinz = 1/2 roTos:

= /6 + 2mn;
x = b /6a + 21n (neZ).
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C ypaBHeHveM sinz = 1/2 HaMm mOBE3JI0 B TOM OTHOLIEHWH, UTO
MBI CMOTUIA ABHO YKa3aTh UUCIO, CHHYC KOTOPOro paseH 1/2. YTo6wt
pPelInTh YpaBHEHNE Sin & = @ A IPOU3BOJILHOTO G, HAM HYXHO KaK-
TO 0603HAYUTDL YUCIO, CHHYC KOTOPOTO paBeH a. llpm sTom, ecam
TakKWe IUCIA eCTh, TO WX MHOTO, TaK UTO HYKHO elle BLIODATL U3
HUX OJHO. JTU NPOOAEMBI IPUHATO PEMIATEH CASAYIOMUM 06pa30M:

Ompegenenne. APKCUHYCOM 4MCIA ¢ HA3BIBAETCA TAKOE HUCIO T,
aTo sinz = a uw —7/2 < z < 7/2. ITO UMCIO 0003HAYAETCA
arcsin a.

W3 puc. 10.4 BugHO, 9TO arcsin ¢ CymecTByeT U OJHO3HATHO OIPe-
nenen, ecim —1 < a < 1. Ecanm |a] > 1 (To ectb @ > 1 mim a < —1),
TO arcsin ¢ He OmpeneleH, TOCKOALKY Sinx He 6biBaeT Goabire 1 mwim
menbine —1. Teneps MbI MOXeM 3anucaTbh B OOIIEM BU/JE PEIICHUS
ypaBHEHUA Sinz = a. ByaeMm mmd Hagaga cAMTATh, 9T0 —1 < a < 1.
Toraa Ha TPUTOHOMETPUIECKOU OKPYXRHOCTH €CTh IBE TOYKH ¢ Op-
auHaTon a (puc. 10.5).

Touka M; cOOTBETCTByET, OUEBHAHO, YHMCIY arcsing (a Takxe
YUCIAM, OTIMHYAIIIIMCA OT HEro Ha kparubie 27). Touka My coot-
BEeTCTBYET HUCIy T — arcsina (BCOOMHUTE ypaBHeHme sinz = 1/2,
a Takxe Gopmyay npusenenus sin(m — x) = sinz). Bee wmcaa, co-
OTBETCTBYIOIIWE 3TUM JIBYM TOYKAM, — 3TO “MCIA arcsina + 2mn
u 7 —arcsina+2mn (n € Z). Cramo 66Th, npu |a| < 1 orBeT K ypas-
HEHWIO Sin T = ¢ TaKOB:

x = arcsina + 27n;
. (10.1)
z = m — arcsina + 27n (n €Z).

Korga a mpubauxaercs k 1, gBe TOYKU ¢ OPAUMHATON ¢ HA TPUTO-
HOMETPUHIECKON OKPYXKHOCTH TPUOIMKAOTCA APYT K OAPYXKKE, a KO-
& @ CTAHOBUTCA PABHBIM 1, oHM camBaroTcsa. CIMBAIOTCA B ONHY
U JBE «CEPUM» PEIIeHUuN YPAaBHEHU Sin Z = ¢: Kaxaad u3 ABYX Gop-
MyJl TIEPeXOANT B 3HAKOMyI0 HaM 7/2 + 27n. Eciu ke a > 1 (wim
a < —1), TO ypaBHEHHE SINT = ¢ HE VUMEET PEMICHWH: TOYEK C CO-
OTBETCTBYIOUIEN OPAMHATON Ha TPUTOHOMETPHUIECKOU OKPYKHOCTH
MPOCTO HET.
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Puc. 10.4. Apkcunyc.

T — arcsina + 27n

77 /2

b arcsin a

0

b —7/2

arcsina + 27wn

Puc. 10.5. sinx = a.
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DTO HAIOMUHAET TIOJOKEHNe el ¢ ypaBHeHueM 2 = a: ecau a > 0, To KOp-

HA IBa; KOTAa G TPUOAMKAETCA K HYJII, DT KOPHU OTPUOIMKAIOTCA APYT
K apyry, kKorma a = 0, 1Ba KOPHS CAMBAIOTCSI B OAWH, & KOT'Ia 4 OTPHUIA-
TeJIBHO, TO KOPHEH y ypaBHeHuA 2> = a HeT. Ecim, 0IHAKO, PacCMATPUBATD

Hapsany C OOBIYHBIMU €1IC 1 TaK Ha3bIBa€MbIE «KOMILVIEKCHBIE IMCJ/Ia», TO OKa-

xKeTcd, 970 mpu ¢ < 0 y ypaBHEHUA 22 = a TOXe eCTh IBa KOPHA, HO TOIBKO

KOMILIEKCHEIX. AHaJOru4HEIM 06pa30oM y ypaBHEHHA sine = a upu a > 1
€CThb PelIeHUs, ABMANMECA KOMILIEKCHBIMU Yuciamu. O6 5ToM y Hac mou-
JeT pedn B rase 6.

Pemenus ypasuenus sin z = ¢ MOXHO 3aMKCaTh U OJHOU (POPMY-
Jaou:
x = (—1)"arcsina + mn, n € Z. (10.2)

ITposepbre, uTo popmyna (10.2) maeT APYrymo 3ammch TOTO XKe OT-
Bera, 4T0o u Gopmyaa (10.1) (aas 5TOro momE3HO OTAEIABLHO PaA30-
6paTh ciydad 9eTHBIX N, Korga (—1)" = 1, u HeYeTHBIX N, KOTJAa
(—1)" = —1).

3amuce oTBeTA K ypaBHeHuto sin 1 = a B Buge (10.2) ynobua, ecan
HUYEro, KpoMe OTBETA, OT HaC He TpebyeTca. Eeinm ke HyxXeHn maab-
HEeWIIMA aHaau3 pemennn (kak, Hanmpumep, B 3anade 10.10 B konme
naparpada), To sammce (10.1) (B Buge aByx «cepuinr) ygobuee.

Pasz6epemcsa reneps ¢ ypaBHeHumeM cosx = a. [laa 3anmcu ero
PEIIeHNT UCTIONB3YeTCA (PYHKIMA APKKOCUHYC.

Onmpegenenne. ApPKKOCHHYCOM HHCIA ( HABLIBAETCA TAKOE TUCIO I,
qro cosz = a 1 0 < 2 < 7. ITO ImMca0 0003HATACTCA arccos d.

U3 pucynka 10.6 BuaHO, 9TO arccos a CymecTBYET U OTJHO3HATHO
onpegenen, ecim —1 < a < 1, u me onpegenen, ecan |al > 1.

Teneps 3anumreM perrenus ypaHeHus cosx = a. Omars Oygem
CHaYaJIa camTaTh, 9T0 —1 < ¢ < 1. Pemenusam »Toro ypaBHeHus co-
OTBETCTBYIOT TOYKH ¢ a6CIIUCCON ¢ HA TPUTOHOMETPUIECKOU OKPY K-
vocTm (puc. 10.7). Touka Mj COOTBETCTBYET WUCIY arccosa, a TOq-
ka My — smcay — arccosa (BcmomuuTe opmyry cos(—z) = cosz).
BemoMumas, 9TO 9MCIa, OTAXYAIONMECA HA KPATHLIE 27, COOTBET-
CTBYIOT OJIHOW M TOW Xe TOUYKe, IoJydaeM, 4To upu |a| < 1 orser
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0 arccosa T

Puc. 10.6. Apkkocumyc.

? arccosa + 2mn
M1 :
I
I
| .
a,
I
I
I
Myl /. arccosa + 2mwn

Puc. 10.7. cosz = a.

K YPAaBHCHUIO COST = G TAKOB:

T = arccos a + 2mn;

x = —arccosa + 2mn (neZ).

Ecm a = 1 wam —1, 2TOT OTBET TOXEe BepeH, mpuyieM obe «ce-
pUM» CAMBAOTCA B OHY (T. €. OHA ¥ T€ Ke 3HAUCHUA & BCTPEIAOTCA
B 00€UX Cepusx); BIOPOUEM, IPU STUX 3HAUCHUAX ( MOIB30BATHCA
obmumu popmyaamu HepasymuO. Ecau xe ¢ > 1, TO ypaBHEHHE
COST = @ He NMeeT PeIleHnL.

YacTo pelreHus ypaBHEHUS COS L = d KPATKO 3aMUCHIBAIOT TaK:

T = *arccosa + 27n, n € Z.
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OTa 3aMKUCh UMEET T€ XK€ TPENMYIIECTBA U HEJOCTATKY, 9TO U 3AITUCH
PEIIeHUN YPABHEHUA SiN L = @ ¢ TTOMOIIBIO OTHOU (HOPMYJIBL.

[l 3anMcH peleHny ypaBHEeHUA tg T = G UCIOAB3YeTCA PYHKITUA
APKTAHTEHC.

Omnpegenenne. APKTAHICHCOM YKUCIA ¢ HA3BIBACTCI TAKOE YUCIO T,
9T0 tgx = a U —7/2 < x < 7/2. ITO UUCIO 0603HATAETCA arctg a.

W3 puc. 10.8 Buguo, 9TO arctg a cymecTByeT M O JHO3HATHO OIpe-
JeNeH A BCEX Q.

Teneps pemmum ypaBaerue tgx = a. O9eBUIHO, ITO OHO MMEET
PelIeHus A BCeX ¢ U 9TO €r'0 PEIIeHnI — IUCIa, COOTBETCTBYIOLINE
Toukam M u Mo ua puc. 10.8. Touke M7, 049€BUIHO, COOTBETCTBYIOT

™
o—

2

parctg a

b 3

Puc. 10.8. Apkranrenc.

qucaa arctg a+2mn, a rouxe My — amcaa (arctg a+7)+2nk (ecan na-
HECTU HA TPUTOHOMETPUIECKYIO OKPYXKHOCTD TUCAA, OTIXTAIOUIAECA
HA T, TO TOAYYIATCA ABE AMAMETPATHHO MPOTUBOMOIOKHEIE TOIKH).
Honyumnocs aBe cepum pemenuu. [Ipome, 0gHAKO, OTBET 3aMUCATH
TaK:

z = arctga + mn (neZ).
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OTa 3alKUCh AAET BEPHBIM OTBET, TaK KAK MPU YETHHIX 7 TIOJYIAET-
ca Touka My, a mpm HedeTHHIX — To4YKa Ms. Bopodem, 3To Takxe
cregyeT W3 TOrO, YTO MEePUO/ TAHTEHCA PABEH 7.

Ocrasoch elne ckasaTh Opo ypaBHenwue ctgz = a. [asa ero perue-
HUA UCTOJIb3yEeTCA Ma,JIOYHOTpe6I/ITeJIbHa.H q)yHKHI/IH APKKOTaHT'€HC.

Onpegenenne. APDKKOTAHT€HCOM UUCIA ¢ HA3BIBACTCA TAKOE TUCIO
z, 9T0 ctgx = a u 0 < £ < w. O603HATAETCA DTO TUCIO arcctg a.

ApKKOTAHTEHC, KaK U apKTAHTEHC, ONPEJeNeH IS BCEX YUCea
U CBA3AH C aPKTAHTE€HCOM IpocTon dopmyon (cM. 3agady 10.5).

Pemenusivmu ypaBaerus ctg s = ¢ apiAmoTcs uncia ¢ = arcctga +
+ m™, n € Z.

3agaua 10.1. 3anoaauTe TAGIAILL:

a —1 | —V3/2| —v2/2| -1/2 0] 1/2|V2/2|V3/2 |1

arcsin a

arccos a

a V3| —1|—V3/30[V3/3|1]V3

arctga

arcctga

3agadga 10.2. Pemure ypaBHenus:

a) sin2zx = %; 6) sin (3:1: — %) = _\25;
B) sm(x—k%):ﬁ; r) sin(ﬁﬁ-g):?;
pesasD)= b am(Gen)- 3
wcos (2T = YF gl = %
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3agadga 10.3. Pemnre ypaBHenus:

1-+5
2 3
r
B) COS(§+Z> =4 —T;
x) 6sin?z +sinz — 2 = 0;
%) 2sin 2 = 4sinz + cos® ;
u) cos?y — 3cosy + 1 = 0;

1) ctgx =4 —V/T;

a) sinz =

3agada 10.4. Pemnre ypaBHenus:

a) arcsinz = 7/6;
r) arccosx = 1,2;

3aga4a 10.5. JoxaxuTre HGOPMYJILL:

a) arcsin(—xz) = — arcsin z;
B) arctg(—z) = — arctg x;

6) arcsinz = 57/6;
n) arcsinz = 1,6;

T 1
0 7Y=L
r) cos (m 3 3
e) 3sin?x — 10sinz 4 3 = 0;
)

3) 3sin? 2z + cos? 2x 4+ 5cos 2z = 0;
K) tgz = 3;

M) tg(— — 230) =2.

B) arccos z = 51 /6;
e) arccosz = —1.

6) arccos(—x) = T — arccos x;
r) arctg z + arcctgz = 7/2.

3agadga 10.6. [Tocrpoure rpaduku pyHKITUNT:

a) y = sin(arcsin z);
B) y = arcsin(sin z);
n) y = tg(arctg z);

6) y = cos(arccos z);
r) y = arccos(cos );

e) y = arctg(tg z).

Jagaua 10.7. YupocTure BBIpAXEHUA:

177
a) arctg (tg ?),

B) arcctg(ctg8);
n) arccos(sin 11).

31
6) arcsin (cos Tﬂ) ;

r) arccos(cos 11);

3agaua 10.8. [l1a KkakuX & BepHLI PABEHCTBA:

a) arcsin V1 — 22 = arccos x;

B) arcsin(sinz) = x;

x) sin(arctgz) = z/v1 + 22;

o4

6) arctg(l/x) = arcctg x;
r) sin(arcsinz) = x;

e) arccos(1/v1 + 2?) = arctg z.



3agaua 10.9. YupocTure BBIpaXeEHUA:
2 3
a) sin (arctg g), 6) cos (arctg 5),
) tarsin )  sinareos ()
B arcsin —— |; r) sin| arccos(—= ) |;
& 10 3

1) cosaresin 1) ).

3agaua 10.10. a) Cxonbko pemieHu# ypasHeHus sinz = 1/2 mexwur
Ha orpeske [0; 107]?

6) Ckoabko penreHmi ypaBHeHus sinz = 1/3 xexur Ha OTpeske
[0; 1007]?

B) Haitaure cymMMy pemenmin ypapHeHUA sinz = —+/2/2, pexa-
mux Ha orpeske [0; 647].

§11. 'paduku cuHyca U KOCHHyCA

IlosTopurs: §5. Yachl, wam cOBPEMEHHBIH B3IVIAJ HA TPHUTOHOME-
TPHIO.

[ocTpoum rpacdpuk dpyakmuu y = sinz. [pum sToMm HaAM omaTh
OPUTOAATCA JACH U3 § 5.

Ecau x = 0, To, oueBugno, y = 0. Korga x Bo3-
pacraer or 0 g0 7/2, uucio sinz Bo3pacraeT OT
0 mo 1 (mpencraBbTe cebGe, KaK MEHAECTCA OpAuHa- L[~~~ 5
Ta KOHLIA CTPEJKM HA HAUX (PUPMEHHBIX Yacax).
Y4acrok rpaduka mas z or 0 go 7/2 uzobpaxen

1
1
:
™
2

T
Ha puc. 11.1.

[lpm Manpx x Ham rpaduk OJU30K K IPAMOU
Y = I: BCIIOMHUM, YTO IIPU MaJbIX I BEPHA IIPU- Puc. 11.1.

OruxkenHaa gopMmyaa sinz ~ x. MoXHO cKa3aTb,

9TO MPAMAS Y = T KACAeTCA KPWBOW € YPaBHEHWEM Yy = SinT B TOU-
ke (0;0). BameTnm Takxke, ITO HAII yIACTOK IPAPUKA PACIOIOKEH
HUXE 3TOU MPAMOU: BEIb AJA OCTPHIX YIVIOB T, U3MEPEHHBIX B PaIu-
aHaX, BBHIMOJHEHO HEPABEHCTBO Sinx < .
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Yem 6imxe x K 7/2, Tem Gosee MONOro MAET HAIA KPUBAA. JTO
MIPOUCXOTUT TOTOMY, ITO MPOEKITHA KOHIIA, CTPEJIKH HA OChH OPAUHAT,
KoaeOusich mo oTpesky [—1;1], GricTpee BCero ABUXKETCA B CEPEId-
He OTPE3KA M 3AMEMIAETCA Y €ro KPaeB: MBI DTO yXe 00CYyXIaam

B §5.

Puc. 11.2.

[Iycre ganee, 7/2 < x < 7 (cTpenka 49acoB HPOAONKAECT ABU-
xenwue). Torga, O4€BUAHO, OPAVHATA KOHIA CTPEIKH, TO €CThH Sin .,
ymenbmaercsa ot 1 go 0 (puc. 11.2a). anee, koraa I BO3pacTaeT OT
7w 10 37 /2, sinx ymenbmaerca or 0 1o —1, a Korga x BO3pacTaeT
or 37/2 no 2w, Bozpacraer or —1 mo 0. Urak, ygacTrok rpaduka
mst 0 < 2 < 27 roros (puc. 11.26). 3amerum, KCTaTH, 9TO KpPU-
Basg Ha puc 11.2a cHMMeTPHUIHA OTHOCUTENLHO BEPTUKAILHON MIpA-
MOU C ypaBHEHUEM I = 7T/ 2. B camom pgeme, ¢popmyaa mnpuBemeHUS
sin(m — x) = sinz MOKA3BIBAET, 9TO TOYKK C AOCIUCCAMA T U T — T
VMEIT Ha Ipaduke OAMHAKOBBIE OPAUHATHI W, CTAIO0 OBITH, CUMMe-
TPUYHBI OTHOCUTEALHO UpsiMont & = /2 (puc. 11.3a).

A A .
sin
SINZF-— A1 TS~
! | | RN
| L\, | N
0 z7lg—zg x
2N
—sing
a) 6)
Puc. 11.3.
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Puc. 11.4. y = sinz.

3agaua 11.1. 3anwmuTe ypaBHEHUE MPAMOU, KACAIOMIEUCS rpaduka
dbyuknum y = sinz B Touke ¢ koopauaaTamu (;0).

Kpusas ma puc 11.26 neHTpaibHO CUMMETPUYIHA OTHOCHTEIBHO
ToUKY ¢ KoopauHaTamu (7; 0); 5TO claeayeT u3 APYron (pOPMYILI IPU-
BegeHus: sin(2m — z) = —sinz (puc. 11.36).

[Tocze Toro, kax y HacC eCTb y4acTOK rpaduka GyHKIUN y = sin x
ot 0 < z < 27, Bech rpadpuK CTPOUTCA yKe mpocTo. B camoM gere,
KOT'[Ja KOHEI[ CTPEJKW TPOMIea MyTh 27, CTPEIKa BEPHYJIACH B WC-
XOMHOE TOJOKEHUE; MU JATLHENIEM ABUXEHUA BCe OYyAeT MOBTO-
pATBCA. 3HAUUT, Ipaduk 6yAeT COCTOATh U3 TAKUX XK€ KYCKOB, KaK
Ha puc 11.26. OkonyvaTenbHo rpaduk GYHKIUYU ¢ = Sin L BBITJIS AT
Tak, Kak Ha puc. 11.4. [Ipu sTom ygacTku rpaduka opu x € [27; 4],
[4m; 67], [27; 0], ... momygatoTcs u3 rpaduka Ha puc 11.26 casurom
BIOJBL ocu abcruuce Ha 27, 4w, —27, ... COOTBETCTBEHHO. JTO — IPO-
c¢TO TepeOPMYAUPOBKA TOTO PaKTa, ITO (PYHKIUA y = Sin & uMeeT
epuos 27.

Tenepr nmocTpoum rpaduk Gpyuxmmm ¢y = cos . Moxuo Ob1o 6B
CTPOUTH €r0 TaK XKe, KaK MBI cTpownn rpaduk curyca. Mbr, ograko,
n3bepeM APYrow myTh, KOTOPBIA O3BOIUT UCIOIB30BATH yKE MME-
IOUIYIOCA Y HAC WHQOPMAIIKIO.

Nmenno, Bocnoassyemcs (popmyJon npusesenus sin(z + 7/2) =
= cosz. DTy POPMYyIy MOXKHO HMOHMMATHL TaK: QYHKIUA Y = COSZT
OPUHMMAET Te XKe 3Ha4YeHWs, 9TO U QYHKIUsI y = sinz, HO Ha 7 /2
pambme. Hanpumep, yaxuusa y = sinx npuaumaeT s3uadeHue 1 npu
x = /2, a dyHkuua y = cosx = sin(z + 7/2) mpuHUMAET TO XKe
3nadenne yxe npu z = 0. Ha rpadwuke 310 03Ha4aET creytomiee: s
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Puc. 11.5. y = cos .

KaXJIOU TOYKU rpaduka y = sinx ecTh TO4YKA rpaduka y = COSZ,
y KOTOPOU OpAMHATA Ta Xe, a abcuucca Ha 7/2 menbire (puc. 11.5).
Crano ObITh, TpadUK Yy = COS L MOAYIUTCA, €CAU CABUHYTH Tpaduk
y = sinz Bgoab ocu abcuuce Ha 7/2 Baeso. Ha puc. 11.5 rpaduk
dyuKImy y = cos z n306pakeH CILIOIIHON KPUBOL.

Nrak, mMbl BBIACHWIN, ITO TPaPUK KOCHHYCA MOIYIAETCSI TPEe-
obpazoBanumem (caBurom) w3 rpaduka cunyca. Caygaum, korga rpa-
uk ogHON GYHKINYM MOXKHO IOIYINTEL Ipeobpa3oBanmeM u3 rpadu-
Ka JIpyrou (PyHKIUW, WHTEPECHBI K CaMU O cebe, TOITOMY CKaXeM
0 HUX HECKOJBKO CJOB.

Kak, manpumep, 6yzner BuInIAAeTh rpaduk QyHkimm y = 2sinz?
AcHo, 9T0 OpAMHATEHI TOYEK ITOr0 rpadrKa TOJYHAIOTCA U3 OPIu-
HAT COOTBETCTBYIOUINX TOUEK rpaduka ¢y = Sinz YMHOXEHUEM Ha 2,
TaK 9TO Hall rpaduK M300Pa3UTCA CILIONIHON KpuBou Ha puc. 11.6.
MoxHo ckazarb, ur0o rpaduk y = 2sinx momydaeTca u3 rpaduxa
Yy = sinz pacTAXeHHEM B [Ba Pa3a BAOIb OCH OPAWHAT.

Teneps mocTpoum rpadux pyukumm iy = sin 2z. Jlerko moHATSH,
970 PYHKIUA Yy = Sin 27 OPUHUMAET T€ XK€ CAMbIE 3HAUCHUA, ITO
7 QYHKIUA Yy = Sinz, HO NPU B IBA PA3a MEHBLIIUX 3HAYCHUAX .
Hanpuwmep, gyskuus y = sin z npuaumaeT 3uadenve 1 npu © = 7/2,
a QyHKIW y = sin 2z — yxe npu £ = 7/4; MHBIME CIOBAMMU, ITOOHL
nonysuTh rpaduk y = sin 2z, HAIZO abCIUCCHI BCEX TOYEK Trpaduka
Yy = sin £ yMEHBIIUTD B ABA Pa3a, & OPAUHATHI OCTABATH HEM3MEHHbI-
mu. To, uT0o moaysaeTcs, m3obpaxeno Ha puc. 11.7. Moxmo cka3aTh,
9To rpaduk y = sin 2z (crmomHas awaUsa Ha puc. 11.7) nomyvaeTcs
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Puc. 11.7. y = sin 2z.

3 TpaduKa y = Sinx CXKATUEM B 2 pas3a K OCU OpAUHAT.
[Monpo6yewm emme nocTpouTs rpaduk pyukmun y = sin(2x + 7/3).
TloHsaTHO, TTO OH MOMXKEH MOTYIATHCA KAKUM-TO TPeoOpa3oBaHU-
eM u3 rpaduka y = sin2zx. Ha mepBeIf B3DJISL MOXET MOKA3ATHCSL,
YTO HTO mpeobpa3oBaHUE — CIOBUL BAEBO HAa 7/3 BROAL ocu ab-
CIUCC, IO AHAJOTUU C TeM, 94T0 u300paxeno Ha puc. 11.5. Onrako,
ecmm ObI 3TO OBLIO TaK, TO BBIILIO OBI, HATIPUMED, YTO (PYHKIUA
y = sin(2z +7/3) npurrmaer 3uadenue 1 npu z = 7/4—7/3 = /12,
9TO HE COOTBETCTBYET AercTBUTEALHOCTH (mpoBephTe!). [IpaBmisHO
paccyxgath Tak: sin(2x + 7/3) = sin2(z + 7/6), Tak uro dyHk-
nus y = sin(2z + 7/3) npuHUMaeT Te Xe 3HAYEHUs, ITO U (YHKIUA
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Puc. 11.8. y = sin(2z + 7/3).

y = sin2z, HO Ha /6 pambme. Tak 9TO cABUT BIeBO — He Ha 7/3,
a Ha w/6 (puc. 11.8).

Kpusrle, apraomueca rpadpukaMu QyHKIEE y = asinbz, rae
a # 0, b # 0, HA3BIBAIOTCA CUNYCOUJAMU. SAMETHAM, 9TO KPUBOU (KO-
CUHYCOUJa» BBOAWTDL HE HAJO: KAK MBI BUACIN, Tpa]pUK KOCHHYCA —
DTO Ta Xe KPUBad, ITO W T'paduK CHHYyCa, TOJILKO MHAYE DPACOJIO-
KEHHAA OTHOCATEIBHO OCEN KOOPAWHAT.

3agaua 11.2. KakoBbl KOOPAMHATHI TOYEK, TOMEYEHHBIX HA puc. 11.8
BOIIPOCUTETHHBIMA 3HAKAME !

3agaua 11.3. BospmuTe cBedy, TOHKUE AuCT OyMaru u OCTPHIA HOX.
HamoTanTe auct Gymaru Ha CBedy B HECKOIBKO CJIOEB M AKKYDPATHO
paspexmpTe DTy cBedy BMecTe ¢ OyMarom HAMCKOCOK HOXOM. Temeps
pasBepuuTe Oymary. Bol yBuanTe, 9TO OHA OKa3a1ach paspe3saHHOU
MO BOAHUCTOU JUHUH. [[OKAKUTE, 9TO DT BOJSHUCTAS JUHUSI ABIACTCA
CUHYCOUION.

3agayva 11.4. [locTrpoure rpaduku pyHKITUNI:

a)y=—sinz; 6)y =sin (:I?* %), B) i = cos(x/2);
r) y = 3 cos 21; A)y:cos<2x—%>; e)y:sin<g_%>;

x) y = sin(mzx).

3ameuanwe. Eciu BoI cTponTe rpadmkyu TPUTOHOMETPUYIECKUX (DYHK-
OUU HA KAeT9aTon Gymare, yqoO6HO BHIOPATH HEMHOT'O DA3HBIC Mac-
mTabbl IO OCAM, C TeM YTOOBI HAa OCH abCHUCC YUCTy T COOTBET-
CTBOBAJIO TIEI0E 9MCI0 KaeTo49eK. Hampumep, 9acTo BEIOUPAIOT TAKOU
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e x = arcsina + 27n
o x =7 — arcsina + 2mn

------------ S
N

Puc. 11.9.

® x — arccosa + 2mn
= —arccosa + 2mn

Puc. 11.10.

MacmTad: IO OCH OPAWHAT OTPE30K AAWHBI 1 3aHUMAET ABE KIETOU-
KU, IO OCU a0CHUCC OTPE3OK [IWHBI 7T 3aHUMaET 6 KIeTOYeK.

3agayva 11.5. [locTpoure rpadpuku QyHKITUN:
a) y = arcsin x; 6) y = arccos .

[TocmoTpuM, Kak BBITIAAAT HA IpadUKAX yKE U3BECTHHIE HAM
pellleHns YPABHEHUN SINZ = @ U COST = (. DTHU PElIeHUsa ABIAIOT-
¢A abCIUCCaMM TOYEK TePecevdeHus] TOPU3OHTAMBHON PAMOU § =
¢ rpadukoM GYHKIME y = sinz (COOTBETCTBEHHO y = cosz). Ha
puc. 11.9, 11.10 xopomto BUAHBI BE CEPUU PEIEHUN, TTONY YAFOIIUXCA
mpu —1 < a < 1.

[lo rpadukam CUHyCa U KOCHHYCA BUIHO, HA KAKAX TTPOMEXYT-
Kax 5Tu QYHKIUY BO3PACTAIOT, & HA Kakux yObmBawT. AcHO, HATTpY-
Mep, ITO GYHKIUA y = Sinx BO3pacTaeT HA OTpe3Kax [—m/2;m/2],
[37/2; 57 /2], [-bm/2; =37 /2],...— OfHUM CIOBOM, Ha BCEX OTPE3KAX
[—7/2 + 27k; /2 + 2wk], rpae k € Z, u yObiBaeT Ha BCEX OTPE3Kax
[7/2 4 27n; 37 /2 + 27mn], roe n € Z.

3agaua 11.6. Ha xakux oTpeskax BO3pacTaeT M HA KAKUX yOBIBAET
dyskusa y = cosx?
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Puc. 12.1.

3agaua 11.7. Cpasaure 9yucaa:

a) sin(177/5) m cos(—67/7);  6) sin(11,27) u cos(—6,4n);
B) c0s(197/9) u cos(—137/6); ) sin7 u cosT;
&) cos 7 u cos 10.

3agaua 11.8. PacnonoxwuTe B mopsake BospacTanus: sin 1, cos 2, sin 3,
cos4, sin b, cos 6.

§12. 'padmku TaHreHca M KOTAHT€HCA

ITocTpoum rpaduk ¢pyukumm y = tgz. [Jaa Hadaza IOCTPOUM €ro
JUISL FMCeN T, TIPUHAIeXAUX nHTepsaty (—m/2;7/2).

Ecau z = 0, To tgz = 0; xorga z Bospacraer or 0 g0 7/2, tgx
TOXE BO3PaCTaeT — BTO BUAHO, €CAU MOCMOTPETH Ha OCh TAHTEH-
coB (puc. 12.1a). Korga = npubauxaercs kK 7/2, ocraBasich MeHbIIe
7 /2, 3Hadenue tg x BozpacTaeT (Touka M mHa puc. 12.1a yberaetT Bce
BBIIIIE) U MOXET, OUE€BUJHO, CTATH CKOMb yTOAHO GOMBIIMM TIOJ0XK M-
TEIbHBIM YUCJAOM. AHATOrUYHO, Korga ¢ yossaer or 0 1o —7/2, tgx
CTAHOBUTCA OTPUIATEMLHBLIM HUCJAOM, aOCOTIOTHAA BEJUIMHA KOTO-
poro BospacraeT npu upubamxenuu r Kk —n /2. llpn z = 7/2 wan
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arctga — arctga + 7

/.

arctga

8V

3 31
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N
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Puc. 12.2. y = tgz.

—m/2 pynkuusa tgz mHe ompenenena. Crtano 6uITh, Tpaduk y = tgz
upu x € (—7/2;7/2) BHINIAAUT IPUMEPHO Kak Ha puc. 12.16.

B6auzu mauana koOpAUHAT HAIIa, KPUBAA OMM3KA K TPAMOU Y = X
Z: BeJb IJIA MAJBIX OCTPBIX YIVIOB BEPHO NPUOJMAKEHHOE PABHECTBO
tgx ~ z. MoxHo cka3zaThb, UTO IpaAMad § = T KacaeTca rpaduxa
dyskium y = tgxr B Havane koopauHaT. Kpome Toro, xpusasg Ha
puc 12.16 cuMmMeTprYHA OTHOCUTENHHO HAYAIA KOOPUHAT. ITO 00b-
ACHAETCA TeM, 9TO (PYHKIUA § = tg T HEYeTHAA, TO €CTH BHLITTOTHEHO
TOXAECTBO tg(—1) = — tgx.

Yrobbr mocTpouTs rpaduk GyHKIMM Yy = tgx mad BCEX X, BCIIO-
MHUM, 9TO tgr — mepmogmdeckas yHKums ¢ nepuogom w. Craio
OBITH, YTOOLI TMOIYYATL TOMHBIN Trpaduk QYHKIUL Yy = tgx, HATO
MMOBTOPUTL OECKOHEYHO MHOT'0O pa3 KpuByIo puc. 12.16, mepeHocs ee
B/JOJb OCH aBCIUCC HA PACCTOAHUA 7N, TAe 1 — menoe qucio. OxoH-
YATEIbHBIN BU Ipaduka PYHKIUA y = tgx —Ha puc. 12.2.

[To rpa¢guky MbI B 0OMEepeIHON pa3 BUAUM, ITO GYHKIUI Y = tg T
He ompejgeneHa npu £ = /2 + wn, n € Z, TO €CTh UPK TeX I, IPU
KOTOpBIX cos = (. BepTukanbHble IpsAMbIE ¢ yDABHEHUAMU T = 7/2,
37/2,..., K KOTOPBIM NPUOAMKAIOTCA BETBU I'PABUKA, HABHIBAIOTCA
acuMITOTaMu rpaduka.
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Puc. 12.3. y = ctgx.

Ha Tom xe pumc. 12.2 mbr w3obpaswim perneHus ypaBHEHUS
tgxr = a.

[MocTpoum rpaduk dpyukmuu y = ctg z. [Ipormie Bcero, Bocmoab3o-
BaBIIUCH (POPMYJION npuBegenus ctg ¢ = tg(n/2 — ), noayuurs sToT
rpacgux u3 rpaduka QyHKIIU Yy = tgx ¢ IOMOWLIO Ipeobpa3oBa-
HUAU HATOL0OME TEX, 9TO MBI ONMUACHIBAINA B MIPEABLAYIIEM maparpade.
PesyarTaT —ma puc. 12.3.

3agaga 12.1. T'paduk dpyskumm y = ctgx noxydaercsa m3 rpaduka
dysKIUME y = tg2 C TOMOUIBI0 CUMMETPUK OTHOCUTEIBLHO HEKOTO-
pon npsamon. Kakor umenno? EcTh mu gpyrue npsambie ¢ yKa3aHHBIM
cBoucTBOM?

3agaua 12.2. Kak BuITIAIUT ypaBHEHUE NPAMOU, KACAIOIIEUCA T'Pa-
¢duka pyukuum y = ctgx B TOUKe ¢ KoopauHaTamu (7/2;0)7?

3agaua 12.3. Cpasuure uucaa: a) tg(137/11) un tg 3,37 6) tg 9,67 u
ctg(—11,37).

3agaua 12.4. PacnonoxuTe umcaa B mopsgke Bospacranus: tg 1, tg 2,
tg 3, tg4, tgbh.

3agayva 12.5. [locTrpoure rpaduku pyHKITUN:
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a) y = tg(2z — w/3); 6) y = 2ctg(n/4 — x).
3agava 12.6. [locTpoute rpadpukn QyHKITUN:
a) y = arctg z; 6) y = arcctg x.
3agaua 12.7. IloctponTe rpaduk dyukmum y = arctg x + arctg(1l/x).

§13. Yemy paBuo sin x + cos x?

B »ToMm maparpadge MBLI HmOTLITaeMCSA PEMUTH TAKYIO 3a0atTy: Ka-
KOe camMoe GOIbINOe 3HAYCHNE MOXET MPUHUMATDL BhIPAXKEHME Sin & +
+ cos x?

Acuo, uTo sinz + cosz < 2 mpm Bcex z: Befb KAaK Sinx, Tak U
cos x He mpeBocxo AT 1. Bupodem, sHavenua 2 HU IpM KAKOM I TIO-
JYYUTHCA He MOXET: ITOOLI TaK BHIILIO, HYXKHO, ITOOLI Sinx U COS &
06a PaBHAIACH 1, & HTO HEBO3MOXKHO, IIOCKOIbKY (opmyia sin? z 4
+ cos? x = 1 rosoput Ham, 9TO Korja sinz = 1, Torga cosz = 0 (u
BOOOIIE, ITO KOrAA Sin & BEIMK, TOLA COS T Maa). XOpoo ObLIO OBl
HAUTHU TAKOE I, JUIA KOTOPOTO 064 CAATaeMbIX KaK Obl yPABHOBECUIN
IPyT Apyra: u To, u Apyroe 6bL1o ObI He caumkoM Beawko. CoBeTy-
€M BaM, IIpeX e IeM INTATDL JAJbIIe, IOUCKATEH TAKOEe T € IOMOIILIO
Tabaunsl u3 § 3.

Ecau BuI MpaBUIBHO CIUTANM, ¥ BAC JOMKHO OBLIO BLIUTH, ITO U3
BCEX I, BXOALINX B Ty Tabanily, HauboIbIlIee 3HaYEHNE Sin & + cos &
MOMYY9AeTCA P! 2, OIU3KUX K 45°, wim, B panuannon mMepe, K 7/4. Ec-
au ¢ = /4, TOIHOE 3HAYEHUE Sin T + COS & PABHO V2. OxaseiBaerTcs,
9TO HaIll pe3yJabTaT, HOJIy‘IeHHbIEI IKCIIEPUMEHTAJBbHBIM IIyTEM, U B
CaMOM Jielle BEPEH: IPU BCEX & BEPHO HEPABEHCTBO Sin Z 4 cos & < v/2,
TaK IT0 \/2 — camoe GOJIbIIoe 13 3HAYEHUN, IPUHUMAEMBIX DTUM BhI-
paXxeHueM.

Y Hac elle He XBaTaeT CPeICTB, ITOOHI
MOKa3aTh DTO HEPABEHCTBO Hambosiee ecTe-

cTBeHHBIM cocoboM. IToka wro Mb1 mokaxem, 05 % ST
KAK CBECTH €r0 K 33Ja9e 10 IIAHUMETPUN. x
Ecim 0 < z < w/2, To sinx u cosz — 1
KATETHI IPAMOYTOJLHOTO TPEYT OMLHUKA, C TH-
noreny3on 1 m ocrpemm yraom z (puc. 13.1). Puc. 13.1.
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TlosTomy nHamma 3anaga nepedOpMyIupyeTcs TakK: JOKa3aTh, 9TO
CYMMa, IJITH KATETOB IPAMOYTOILHOTO TPEYTOABHUKA C TUIOTEHY3 01
1 6y 1eT MAKCUMAIBHOMN, €CIU STOT TPEYTOILHUK — PABHOOEIPEHHBIN.

3agaua 13.1. /loxaxwuTe 3>TO yTBEpX IeHUE.

Tak kak y paBHOOENPEHHOTO IPAMOYTOJIBHOI'O TPEYTOJbHUKA C
I'UIIOTEHyY30% 1 CyMMa [JIMH KATETOB PABHA /2, M3 Pe3yIbTaTa dTOoM
3aJaH BLITEKAET HEPABEHCTBO Sin T + cos T < /2 IId Beex T, Texa-
wux B uaTepBate (0;7/2). OTcioga yxe HETPYAHO BAKIIOUUTh, ITO
5TO HEPABEHCTBO BHITIOJIHEHO W BOOOILIE 1A BCEX .

Pesyaprar 3agadu 13.1 Bepen He TOIBKO NJISA IPAMOYIOJBHEIX TPEYIOJILHUI-
KOB.

3agada 13.2. /[okaxuTe, 9TO CPEAU BCEX TPEYTOJIBHUKOB C JAHHBLIMU BeJU-
unHaMu cTopoubl AC u yria /B mambonbinas cymma AB + BC Gymet y
PaBHOOEIPEHHOTO TPEYTOILHUKA, ¢ ocHOBaHUeM AC.

Bepremcsa x TpuronomeTpuu.

3agaua 13.3. Iloabsysacs, Tabaunen cuHycoB m3 § 3, TOCTPOUTE TIO
To4YKaM rpaduk GYHKIUT y = Sinx + cos .

Ykazauume. He zabyapTe, 910 & mO1keH OBITH BHIPAXKEH B PAIMAHAX;
JUISL BHAYEHWH T 3a upegeaamu orpeska [0; /2] Bocnoassyurecs Ghop-
MYJaMU TTPUBEICHUS .

Ecan BBI BCe caenanu IpaBUIBLHO, Y BAC JOMKHA OBLIA MOy ITUTh-
€A KpUBad, MOXOXad Ha cuHycomay. llosxe MBI yBHAUM, €TO 3Ta
KpUBasA He MPOCTO MOX0XKA, a ABIAETCA cUHycougon. Hayuumcesa mbr
TaKX€ HaXOOIUTH U Ha.I/I6OJII)IHI/Ie 3HAQYCHUA TaKUX BI::Ipa,)KeHI/H‘/JI7 KaK
3sinz + 4 cosz (kcrarw, rpaduk dyukuum y = 3sinx + 4 cos x Toxe
ABAAETCA CUHycouom!).
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I1aBa 3

Pemenne TpeyroabHUKOB

§14. Teopema KOCHHYCOB

OmpefeneHna TPUTOHOMETPUIECKUX (PYHKITUA OCTPBHIX YIIOB, KOTO-
pBIE MBI JaBAJIU B HAYAIE HAIIEW KHUXKU, MOXHO PACCMATPUBATE KaK
COOTHOIIEHUS MeX Iy CTOPOHAMM W YTJIAMHU TPIMOYTOJBLHOTO Tpe-
yrOJbHUKA. B 5TON riaase peds MOUIET O MPOW3BOJBHBIX TPEYTOIb-
HUKAX (HE 06A3aTENBHO MPAMOYTOMBHBIX). XOJ MBICAEH OyJ€T BOT
KakuM. C KaxAbIM TPEYTOIbHUKOM CBA3AHBI IIECTD YACENT: BEIUTAHEI
Tpex CTOPOH U Tpex yrioB. Mexny 5TuMu UCIAMU €CTh COOTHOIIE-
Husa. OTHO U3 DTUX COOTHOIIEHUN BBI YXKe 3HAETE: CyMMa yTJIOB TPe-
yroabuHuka paBua 180°. Kcau, Hampumep, nBa yria B TPeyroJbHUKE
paBHBL 75° u 55°, TO TpeTHR yroa yxKe He MOXKET OBITH KAKUM TIOHAJIO,
on obasarensHO paBeH 180° — 75° —55° = 50°. ITuM COOTHOLIEHUEM,
OJHAKO, MeJI0 HEe MCUePNBIBaeTCA. llycTh, HAIpUMEpP, Y HEKOTOPO-
IO TPEYTOJbHUKA MBI 3HAEM BEIWYWHBL IBYX CTOPOH W yIJIa MEXIy
HuMu. Torga, coriacHo OMHOMY M3 MPU3HAKOB PABEHCTBA, TPEYTOMb-
HUKOB, OCTABIIAACA CTOPOHA W OCTAJBHBIE B YIJIA YXKE MOTHOCTHIO
onpegenensl. Hamma mensb — HauTuH GOPMYJIBI, IO KOTOPHIM OHU BLI-
paxaroTca depe3 yiKe W3BECTHBIE CTOPOHBI U YTOJ.

Jpyrve npusHaky paBeHCTBA TPEYTOJBHUKOB TAKXKE BEIYT K CO-
OTHOIICHUAM MEX Iy CTOPOHAMY W YTJIAMA, U DTU COOTHOIIECHUA TaK-
e MOXHO 334aTh dopmytamu. Kpome TOro, ecim m3BECTHHI CTO-
POHBI W YIUIBI TPEYTOIBHUKA, TO DTHM OTHO3HATHO OINPEAeNAI0OTCA
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C

—bcosy
a) 6)

bcos~y

Puc. 14.1. Ha puc. 14.1a umeem a = BC.

IIOMA AL TPEYTOMALHUKA, PAINYCH BIUCAHHON U OMUCAHHOU OKPYX-
HOCTU U TOMY HOAO6HO€. ﬂJIH HUX TOXEe mMeeT CMBICA IIOUCKATh
(pOPMYJIBI, BLIPAXKAIOIIAE UX YE€PE3 CTOPOHBI U YL TPEYT OJLHUKA.

Ha4mem xe MBI Kak pa3 ¢ COOTHOIIEHUA, CBA3AHHOTO C (IT€PBBIM
OPU3HAKOM PABEHCTBA, TPEYTOILHUKOB) (IO ABYM CTOPOHAM ¥ YIUIY
MeX Iy HI/IMI/I)l. Nrak, mycTh 3a1aHbl 1BE CTOPOHBI ¢ ¥ b TPEyTrOJIbHE-
Ka U yroa -y Mex 1y HuMu. l[lompobyeM BBIDA3UTL HYepe3 DTHU JAHHBIC
IIUHY TpeThen cTopoHbl. O6osHatwuM 3Ty cTopony c. [ltam mem-
crBun Takos: onyctum Beicory AM 1 BC (pumc. 14.1a— geprex
IUIA CIyYas, KOTAa YIod y OCTphId, puc. 14.16 — maas caytasa, Korga
ou Tynon). Ilo Teopeme [ludaropa mua rpeyroasauka AM B umeem
c? = AM? + M B?; eciu mb1 Teneps Buipasum AM u M B «epes u3-
BECTHEIE HAM ¢, b ¥ -y, To 3a1ata OyaeT pemena. Temeph KOHKPETHO:

e IlycTs yroa v ocrpem (puc. 14.1a). Torga:

AM = bsin+y (u3 npsamoyroasHOTo Tpeyroabauka AMC);
CM = bcos~y (u3 TOro ke TPEyroJIbHUKA);
BM =BC —-CM =a—bcosv.

Teneps mo Teopeme Ilugaropa

2 = AM? + BM? = (bsin®)? + (a — beos ).

'B HeKOTOpPEIX y4e6HMKAX DTOT MPU3HAK MMEET APYTOH HOMEP.
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[Mocre ynpomennit, KOTOPHIE IPEAOCTABISIEM BAM IIPOBECTH Ca-
MOCTOATEIbHO, IOLYIaeM:

¢ = a® +b? — 2abcos .

e Ilycts yroa v Tynou (puc. 14.16). Torma:

AM = bsin(180° — ) = bsiny;
BM = BC + CM = a + bcos(180° — ) = a — bcos .

(MBI BoCOBb30BaMCH opMmyaamu npusegerns). OTcroga
2 = AM? + BM? = (bsin®)? + (a — beos ).

[Hoxysmmock TO Xke camMoe BBIPAXKEHUE, ITO U B IIEPBOM CJIYHaE;
TeM CaMBIM [JIA BCEX CIydaeB Mbl JOKa3aal TaKyio (pOpPMyLy:

2 = a? +b? — 2abcosn.

IdTa HOpMyIa HA3BLIBACTCA MEOPEMOTE KOCUHYCOB.

B mamem nokazaTeibCTBe MBI HE PACCMOTPENM CAyYal, KOTJa
Yyroa 7y TIpAMOU. B 3TOM caydae TeopeMa KOCHHYCOB TaKXKe BepHA
u, 6omee TOro, ObLIA BaM yxe m3BecTHa: ecau ¥ = 90°, To cosy = 0,
¥ TeopeMa KOCHHYCOB mpuobperaer Bug c? = a? + b, To ecTb cBo-
ouTCAa K 0ObITHON Teopeme [ludaropa.

Nrak, 9acTs mporpaMMbl 10 TEPEBOAY MEPBOr0 NMPU3HAKA pa-
BEHCTBA TPEYTOILHUKOB HA A3BIK (GOPMYJI MBI BHITOTHUIN: (POPMY.Ia
IUIA BBIMUCJACHUSA TPEThel CTOPOHBI MO ABYM CTOPOHAM W YIVIY MeX-
oy HUMHE y HAC yXe ecTh. Hajo eme HAWTH [ABA OCTABIIAXCA yTia
TPEYTOABHUKA, MPA TOM TTO OJWH M3 YIJOB M BCE CTOPOHBI MBI
yxe 3uaeM. CoOCTBEHHO T'OBODA, YIOA AaXe W HE HYXKEH: «TPETUN
OPU3HAK PABEHCTBA TPEYTOJILHUKOBY TIACUT, ITO TPEYTOILHUAK IO~
HOCTBIO OIIPEJEeIACTCA CBOMMHI TpeMsA CTOpoHaMu'.

Crano 6bITh, 3312 IUMCS TAKOU 33 Ja9€U: TaHBI TPU CTOPOHBL TPe-
YTOIBLHUKA, HAUTH €ro yribl. OKa3sbIBACTCA, €€ PEIIeHne JaeT Ta Ke

1Bb HEKOTOPBIX y‘Ie6HI/IK3.X 9TOT INIPU3HAK TaKXe uaeT moa APYyTrUuM HOMEPOM.
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TEeOpeMa, KOCUHYCOB: HAA0 TOABKO B (POPMYJIE, BEIDAKAIOIIEH DTy Te-
OpeMy, BBIPa3UTh COSy depes a, b u c:

a’® +b% — 2 P a’ + 2 — b? b2 + 2 — a?
_ 8= —m—; coSy = —— .
2ab ’ ’ 2bc

Bropas u TpeTba GpOpMYIBI TOMYIAIOTCA AHAJOTUIHO TEPBOU.
Mpbr HAULIM HE CAMM YTUIBI, & TOJBKO UX KOCHUHYCHI, HO YIJIBL TPE-

COS7y = 2ac

YTOJIBHUKA STUM TMOMHOCTBIO OMPEAENAIOTCA: KOTAa (@ MEHIeTCA OT
0° no 180° (To ecth oT 0 10 7 pajgmaH), 3HATECHUE COS (X UIMEHACTCA
oT 1 mo —1, mpuHEUMaA KaxXJI0€ 3HAYUEHWE POBHO OAWH pa3. Takum
06pa3oM, MOXHO 3aMUCATH:

b+ c? — a?

2bc ’
3agaua 14.1. B Tpeyroabuuke co CTOPOHAMHA ¢, b 1 ¢ IPOTHUB CTOPO-
HBI ¢ JeXUT yroa . [lokaxuTe, ITO yroa Y OCTPBI TOTIAa W TOJIBKO
Torga, korga a’ + b? > ¢, u TYmol TOrga ¥ TOALKO TOT'AA, KOLJ3
a? + b <

= arccos

C momomuipio TeopeMbl KOCHUHYCOB JErKO

A MOy IUTH POPMY.IY, BEIPAXKAOMYIO IINHY Me-
?

OWAHBI TPEYrOIbHUKA, 9epe3 IIUHBI €r0 CTO-

b pou. VMeHHO, TycTh CTOPOHBI TPEYTOALHIKA
c pasust AB = ¢, BC = a, AC = b, u nycTh
o AM —wmennana, mposegenHasa K cTopoue BC.
a/2 YTo6bI HAUTH €€ JINHY, 3aMEeTUM, UTO TI0 Te-
M opemMe KOCWHYCOB MiasA Tpeyroabhuka ABM

a/2 B (pmc. 14.2) umeem
Puc. 14.2. AM = \/AB2 + BM? —2AB - BM - cos 3 =

o2
=1/c? + T — accos f3.

C Apyrou CTOPOHLI, II0 TEOPEME KOCUHYCOB YK€ MJIA BCErO TPEYIOJb-
Huka ABC umeem
a? +c? —b?

cos 3 =
b 2ac
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ToacTaBIAs 5TO BHIPAKEHNE B TIPEABIAYILY IO (GOPMYJLY, TOTyIAM (10~
CJIe YOPOIIEHUN) BOT HUTO:

B Tpeyroapauke co croponamu a, b m ¢ gIMHA MeIMAHBI, IPOBE-
IEHHOU K CTOPOHE @, PABHA

1
5\/ 202 + 2¢2 — a2.

B zagate 14.4 ML IpeqIoXuM APYTOU CIOCOO BHIBOAA TOU (op-
MYJIBL.

3agava 14.2. [JoxaxwuTe 9TO CyMMa KBaJPATOB AUATOHAJEH Iapa-
JejorpaMMa paBHA CyMMe KBaIPaTOB €r0 CTOPOH.

3agaua 14.3. /Ise cTOPOHBI TPEYTrOJBHUKA PABHBI b M ¢, YOI MEX-
oy HuUMU paBeH «. [lokaxuTe, ©ITO MIIWHA MEUAHEBI, TPOBEICHHON
K TpeThel CTOPOHE, PABHA %\/b2 + ¢ + 2bccos a.

Ykazaume. [JocTpouTe TPEYTOALHAK 4O MapPa/IeJorPaMMa.

3agava 14.4. Mcnoan3ysa pesyabTaT 3amadu 14.2, gauTe HOBOE HOKa-
3aTeAbCTBO (POPMYJIBI, BHIPAKAOIIEN MEJIUAHY TPEYTOIbHUKS depe3
TPU €r'0 CTOPOHHI.

3agaua 14.5. B tpeyroavauke ABC mauwr cropoust AB = ¢, BC =
= a, AC = b. Touka M BoiGpana ma cropone BC TakuMm o6pasoM,
aro BM /MC = 1/2. Hanaure miumy orpeska AM.

§15. Bokpyr miomaim TpeyrojabHUKA

ITycTh ONATHL B TPEYTOMLHUKE M3BECTHBI CTOPOHBI ¢ U b W yTOI MEX Iy
HUMY Y. BeIpasum uepes oTu qaHHbBIE — KOTOPBIE TIOAHOCTBIO OIPe/Ie-
JIAIOT TPEYTOALHUK — €r0 MIOmAns. /g 3TOro omycTuM 13 BEpIITHEL
A Boicory AM L BC (puc. 15.1a); nycrs AM = h. Kak ussecTHoO,
IO Lb TPEYTOAbHUKA, paBHa ah /2.

C mpyrom CTOPOHBI, €CIN YTOI Y OCTPBIA, TO U3 MPAMOYTOILHOTO
Tpeyroabauka AMC maxomum, aro h = bsiny (pumc. 15.1a); ecan
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Puc. 15.1. [lnoma e TpeyronpHuKA.

xe yroa 7y rynou (puc. 15.16), To u3 Tpeyroasauka AMC' onats xe
noxy4daem h = bsin(180° —y) = bsin~y. Cramo 6BITE, B M0O60M CIyHae
IJIOMIA I PABHA %ah = %ab sin 7.

Ilnomage TpeyronpHuKa paBHA MOJOBUHE IIPOU3BEAEHUS IBYX €r0
CTOPOH Ha CHHYC yIJIa MEeXIy HUMU.

Mubr mponycTuau caydau, KOrjga yroa -y mpaMou. B aToM caydae
siny = 1, u dopmyaa mpuHUMAET BUL S = %ab, YTO, OYEBUIHO,
CIIPABEIABO.

3agaua 15.1. /fokaxwuTe, 9TO IIOMIAIh Y€ THIPEXYTOILHUKA PABHA, IO~
JOBMHE MPOU3BEAEHUA €0 JUATOHATEN HA CUHYC YTJIa MEXIy HUMU.

3agaua 15.2. /[uaroHanum IeTHIPEXYTOJILHUKA AEAAT €r0 Ha IeTHIPE
TPEYTOAbHUKA, IIOMA LU KOTOPBIX PAaBHHL S, So, S3 u Sy (puc. 15.2).
Jokaxure, 9ro S153 = 5254.

Urak, MBI 3HAEM, KAK HAXOAUTH ILIO-

maIhL TPEYTrOIbHUKA, €CIU M3BECTHBHI IBE

S1 Sy €ro CTOPOHBI W YyroJa MeXJy HuMu. A 9ro
Ie1aTh, €CIU JAHLI TPU CTOPOHEHL a, b 1 ¢?
Hago mauTu yroa Mexay CTOpOHAMU @ U
b, 6maro Mel 5T0 yxe ymeem. Todnee, Ham
HYXEH HEe CaM yToJ, a ero cuayc. Ero Mot
Puc. 15.92. HAWJEM TaK: Mg Tegpelvn;l KOCUHYCOB 3aIu-
a“+b"—c

2ab

S Ss3

meM Cosy = " BOCIIOJIB3YEMCA
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dopmyaon siny = /1 — cos?y (I8 TPOUBBONBHBIX Y, KAK BbI TIO-
MHUTE, B MPABOU YACTH MOXKET CTOATH MHUHYC, HO €CIU Y — YTOT

B npexaenax ot 0° go 180°, To siny > 0, Tax 9TO B 3TOM CIydae MU-
Hyc He HyxkeH). [loncTasass Bce 5T0 B HAITY (HDOPMYJIY UL TUIOIIA, K
TPEYTOALHUKA, HOLYYUM BOT 9TO (S — ILIOWA AL TPEYrOALHUKA):

2 2 .2\2
Szib. 1<W>'

2 2ab

DTO BHIpaXEHHE MOXHO IPeo6pa3oBaTh K 00Jee NMPUATHOMY BUALY.
st 5Toro o6o3uadmm GykBou p Beam<auny (a+b+c)/2 (p— nosoBuna
nepuMeTpa TPEeyTroJAbHUKA, KOPOTKO — moaynepumeTp). Torga mocae
VIPOLIEHAN TOLY TIM:

ILnomans TpeyroabHUKa €O CTOPOHAMU a, b U ¢ paBHa,
\/p(p —a)(p—>b)(p—c),raep=(a+b+c)/2.

Jra popmyna HazbIBAETCA Hopmysot I'epona.

3agaua 15.3. IlpoBeauTe mpeobpa3oBaHusd, ¢ MOMOIIBIO KOTOPLIX 13
Halmen (POPMyYJIBI LI oM U moaydaercs dopmyaa [epona.

CymecTByer mogesHas GOpMya, CBA3BIBAIOWIAL ILIOMATL Tpe-
yrOJBHMKA C PAJUyCOM BIMCAHHOM B HEr0 OKPyXHOCTH. VIMEHHO,
mycTh O — IMEHTP OKPYXHOCTHU, BIMCAHHOU B Tpeyroabuuk ABC co
croponamu AB = ¢, BC' = a, CA = b, r —ee paanyc. Paccros-
uaue o7 O 10 KaXI0U W3 CTOPOH TPEYTOAbLHUKA PABHO, OUEBUIHO, T
(puc. 15.3). IlosToMy, eciu pa3sbUTh HAIL TPEYTOABHUK HA TPEYTOlb-
vuku AOB, BOC v COA, TO BBICOTHI, ONYIIEHHBIE B HAX U3 TOYKH
O, Bce PaBHLI T} CIEJOBATEILHO, IIOMAAN STUX TPEYTOILHUKOB PAB-
HBI cr/2, ar/2 n br/2, a naomaxs Bcero rpeyroabauka ABC pasHa
cr/2+ar/24+br/2=(a+b+c)/2-r = pr, rage p— noayuepumerp.

Ilnoma e TpeyroibHUKA PaBHA MPOU3IBEIECHUI) €U0 MOIyIePUME-
Tpa Ha PATUYC BIUCAHHOU OKPYXKHOCTH.

3agaua 15.4. [lauer cTOPOHEL @, b, ¢ Tpeyroapuuka. Hauwnure:

a) paguyc BIUCAHHON OKPYXHOCTH;

6) BBICOTY, OIyWIEHHYI HA CTOPOHY (.
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Puc. 15.3.

3aga4ua 15.5. IlycTs cTOPOHBI TPEYTOJBLHUKA DPABHBI
a, b, c. Hauaure pagumyc OKPYXKHOCTH, KACAIOIIEHCT
CTOPOHBI ¢ W TPOoAoKeHul cTOpoH b u ¢. (Okpyx-
HOCTD, KACAIOMIAACA OJHOU CTOPOHBI TPEyTrOILHUKA U

Puc. 15.4. TPOJOIKEHUA ABYX NPYTUX CTOPOH, HA3HLIBAETCA BHE-
BIIMCAHHOU OKPYXHOCTBIO — puc. 15.4.)

Mpgr yxe yMeeM HAXOAUTH MEIUAHBI, TUIOMIA b, BHICOTHL U PAJIUYC
BIIMCAHHOU OKPYXHOCTH TPEYTOdb-
HUKA IO €r0 TPEM CTOPOHAM (WaIu 1Mo
OBYM CTOPOHAM U YTy MEXAy HU-
mu). [laBaTe HAy9IUMCA HAXOAUTH U
ouccekTpucy Tpeyroabauka. OCHOB-
HBEIM CPEJCTBOM y HAC OyaeT Takad

Teopema:

Teopema. Ecaiu AM — 6uccekTpu-
ca yrma A B Tpeyroabuuke ABC
(puc. 15.5), to BM/CM = AB/AC.
Croamu 5Ty TeopeMy MOXHO chOp-
MYJIUPOBATH TaK: «BUCCEKTPUCA YIUIA B TPEYTOAbHUKE JEIUT MPOTH-

Puc. 15.5. Teopema o 6uccek-
TpHCE.

BOIIOJIOXKHYIO CTOPOHY Ha HaCTH, IPOIOPIMOHAJIbHEBIEC MPUIEXKAITAM
CTOPOHAMY.
[Iporte Bcero 10Ka3aTh 3Ty TEOPEMY, UCIOMAL3YA rIomaau. Umen-
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M C B

Puc. 15.6.

Ho, o6osmayium AB = ¢, AC = b, AM =1, /BAC = a, BM = z,
CM = y. Buccexktpuca AM menut Tpeyroabauk ABC na nsa: ABM
n ACM. Hanpgem aByms cnocobaMu OTHOIIEHME X Tuomagen. Tpe-
yroavuukun ABM n ACM wumeroT o0IIyio BHICOTY h, TOSTOMY HX
IIOIIA, U TTPOTIOPIIMOHATLHEI OCHOBAHUAM:

miomags ABM — x

mromats ACM — y

C nmpyrom cropoubr, Tak kKak AM — 6uccexkrpuca, to LBAM =
= LCAM = «/2. Tloabsysch namen GOPMYIOR As ILIOWALM, [10-

JIy9aeM:
mromans ABM ¢

mromans ACM b
ComnocTaBaa JBa BLIPAXKCHAA A1A OTHONIIEHUA ILIOMALEH TPeyTOlb-

HukoB ABM u ACM, nonygaem, uro z/y = ¢/b, wmu BM/CM =
= AB/CB, 4T0 n yTBEPXKAaI0Ch.

3agaua 15.6. a) B Tpeyromsuuke co croponamu AB = ¢, BC = a,
C A = b posenena 6uccektpuca AM yraa A. Yemy paBHBI OTpe3kn
BM w MC?

6) B xaxoM OTHOIIEHHH TOYKA MEPECedIeHUs OGUCCEKTPUC TEIUT
ouccekTpucy yria A 5TOro xe TpeyroabHuka’?

3agaua 15.7. Croponnl TpeyroabHuka pasubl 7, 8 m 12. Hangure
IIUHY GUCCEKTPHCHI', IPOBEJCHHOR K CTOpPOHe AaumHOi 12.

!3amevanme gua meJAHTOB: TOJ AIMHONW GHCCEKTPUCH B TPEYTOJbHUKE MTOHM-
MalT JJIMHY OTPE3Ka OGUCCEKTPUCHI OT BEPUINHBI YIVIa JO HePEeCeIeHus C IPOTHU-
BOIIOJIOXHOU CTOPOHOM.
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3agaua 15.8. B tpeyronnauke 6uccekTpuca yria Mexay CTOPOHAMEI
IIAHON ¢ U b MMeeT AauHy | U JeIuT TPOTUBOMIONOKRHYIO CTOPOHY HA
oTpe3ku AIuHOH z u y. [okaxuTe dopmyay: 12 = ab — zy.

3agaua 15.9. B Tpeyromsuuke ABC 6GuccekTpuca yriaa, CMEXHOTO
k yroy BAC, nepecekaer npsamyo BC B Touke M (puc. 15.6). [o-
kaxure, uro MB/MC = AB/AC.

3agayua 15.10. BeicoTsr Tpeyroabauka passsl 2, 3 u 4. Haigure yris
ATOr0 TPEYTOJABHUKA.

§16. Teopema cuHyCOB

M1 yx)e mepeBenm Ha A3LIK (GOPMYJ TEPBLIA U TPETUU MPU3HAKA
PABEHCTBA TPEYTOIBHUKOB (TO €CTh MBI MOXEM BOCCTAHOBUTH BCE
JJIEMEHTHI TPEYTOJIBHUKA, €CJAU JAHBL [BE €r0 CTOPOHBI K yT'OX MEX Y
HUMF WIA € TPU CTODOHBI). A Te-
Mepb aBauTe BHIACHUM, Kakue Qop-
MyJaBl OYAYT COOTBETCTBOBATEH BTOPO-
My TPU3HAKY PABEHCTBA TPEYTOJLHU-
KOB, KOTOPBIM TJIACAT, 9TO TPEYTOMb-
HUK TOTHOCTBHIO ONPENerAeTCA CTOPO-
HOU ¥ JBYM NPUJIEKAIUMY K HEH yTIa-
M. YTo6BI MOAYIATH COOTBETCTBYIO-
e pOPMYJIBI, PACCMOTPUM CTOPOHEI G
u b Tpeyroasanka A BC, BbIxoasamme u3
sepummssl C, u omyctum u3 C BeicoTy h Ha cropony AB (puc. 16.1).
Torga h = asinf (mezaBucuMO OT TOro, OyAET M YEPTEXK Ta-

Puc. 16.1.

KUM, KAK HA PUCYHKE, WIK XK€ yroa [3 OyaeT TYNbIM WId IPAMBIM).
Touno Tax Xe MOXHO 3a0UCATH PaBEHCTBO h = bsina. 3Haqur,
asin§ = bsinq, oTkymga, geas obe dacT Ha sinsin [, morydaem
PaBEHCTBO ¢/ sina = b/ sin f: OTHOWEHNWE MIUHBI CTOPOHBL K CUHYCY
MPOTUBOJEKAIIETO yriaa OyAeT OMHO U TO XK€ s CTOPOHBI G U CTO-
ponbl b. OgHAKO TO XK€ CaMOe MOXHO CAelaTh W s JIOOBIX IBYX
CTOPOH, TaK YTO DTU OTHOIIEHUA A BCEX TPEX CTOPOH PaBHEL. [lo-
JyYIUJIOCHh Yy HAC BOT 9TO:
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Teopema cuHycoB (mpeasapuTenbHas dpopma). Ecau B Tpeyroanb-
HUKE POTUB CTOPOH a, b, ¢ 1exaT yrisl «, 3, 7y COOTBETCTBEHHO,

TO
a b &

sina  sinf  siny’

3agaga 16.1. K cTopone a TpeyroibHUKA TPUIETAIOT YIVIHL 3 1 7.
a) Hamawre ocTaabHBIE CTOPOHBL M YIVIBI STOI'0 TPEYTOJbHUKA.
6) Hamawure mromags 3TOro TpeyrorbHUKA.

B Teopeme cuHycOB B TOM BU-

e, B KAKOM MBI €€ IOJXY4lIH, IPH- O
CYyTCTBYeT HEJOTOBODEHHOCTB: MBI

R _a/2la/2\ R
y3HAIW, ITO OTHOMEHUA CTOPOH K

CHHYCAM TPOTHUBOJCKANAX UM YT-

JOB PAaBHBI MEXIy cOOOM, HO IeMy A M B
XK€ UMEHHO PaBHBI DT OTHOIICHUA!

Y10o6BI OTBETHTH HA DTOT BOIIPOC,

BCIOMHHUM KOE-TITO U3 I'€OMETPUMN.

Puc. 16.2.
J1g HaaIa BCIOMHEM, KaK CBA-

3aHBbI YIVIOBAsA BEJIWYMHA JyTd U NJVHA CTACMBAEMOU e Xopjabl. U3
paBHOGeapenHoro Tpeyroabauka ABO ma puc. 16.2 Bugmo, 9TO ecan
ayra AB wMeeT yIiOBYIO BEAWYMHY (v, & PATUYC OKPYXKHOCTHU pa-
BeH R, To AB =2 - AM = 2Rsin(«a/2) (na pucyHke gyra 3aHUMAaeT
MEHBIIIYIO U3 ABYX IMOJOBUH OKPYXHOCTH, HO BEIUTWHA TYTHU, JOMIOJ-
wsaromen ayry AB o nomHOUW OokpyxHOCTH, pasHa J = 360° — a u
sin(4/2) = sin(180° — a/2) = sin(a/2), Tak ITO HOPMYION MOKHO
MOMB30BATHCA A JIOOBIX JyT).

Bropon ¢pakT u3 reoMmeTpun, KOTOPBIA HAM TOHAJOOUTCS, — 3TO
TeopeMa, 0 BIUCAHHOM yrie. IlycTh mHa okpyxkHocTH nambl gyra AB
u Touka M, me mexamas Ha Hen (puc. 16.3a), Torga yror AM B na-
3BIBAETCA BIMCAHHBIM YoM, onupatommmes Ha ayry AB. Teopema
0 BIOHCAHHOM yTJie TUACHT, ITO BEJUYWHA BIUCAHHOTO YIVIa PABHA
[OJIOBUHE YIVIOBOW BEJAWYUHBI JyI'M, HA KOTOPYIO OH OIMPAETCS, TO
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M3

B B
6)

Puc. 16.3. Buucannsre yrab

ects moaosuue yraa AOB.! U3 »Tof TeopeMbl clegyeT, B 9aCTHO-
¢, 9T0 Beamunna yraa AM B, rae Touku A, M, B gexat Ha, 0JHON
OKPYXHOCTH, MOJHOCTBIO ONPENenieTCa 1yrou AB u He 3aBUCAT OT
momoxeuuss Touku M BHe gyru AB: wa puc. 16.36 yraor AMiB,
AM>B, AM3B wu T. 1. pABHBL.

A
4‘
(6%
BQBO
Y
G
o
Puc. 16.4.

Temepsb, KOra B HAIIEM PACTOPAXEHUN €CTh
TeOpEMa O BIUCAHHOM YTJIE€, MBI MO2KEM HAKOHEIT
YTOYUHATL TEOPEMY CHUHYCOB. VIMEHHO, paccMo-
Tpum Tpeyroabauk ABC ¢ yrmamm LA = «,
/B = B, /C = < u croponamu AB = ¢,
BC = a, CA = b, u onmiieM 0KOJIO HETO OKPY K-
HOCTBb. Pajguyc oxpyxHOCTH 0603HAYUM depe3
R (puc. 16.4). B sToM OKpYRHOCTH AAWHA XOP-

ol BC paema, xak Mul Bugenn, 2R sin(BC /2)
(mmeercsa B Bugy Ta w3 ayr BC, uro He co-

nepxur Touku A). C Apyrou CTOPOHBI, IO TEOPEME O BIMCAHHOM

yrae BC /2 = «a, xopga ke BC —He uTo nHOe, Kak CTOPOHA @ Tpe-

'"Ecnn gyra AB Gombiie mOMOBIHE OKpPykHOCTH, yroa AOB cTaHOBATCA 60.TH-
me 180°, 4TO HBIHEIIHME yYEeOHWKHU 3ampemaioT. Mbl omyckaeM HeoOXOIuMbIe

YTOYHEHUA.

78



yroasuuka ABC'. [logcrasasas oTu paseHcTBa B Boipaxenue aas BC,
noxydaeM, 9To ¢ = 2R sin o, win a/ sina = 2R. [IpogentiBas To xe
IJIA ABYX APYTHUX CTOPOH, ITOLY<IAeM:

Teopema cuHycoB (oxkoHUaTenbHAA Gopma). Ecau B Tpeyroabauke
MPOTUB CTOPOH @, b, ¢ JexaT yrisl ¢, 3, 7Y COOTBETCTBEHHO, TO

a b c

— 2R,

sina  sinf sinvy

rae R— paauyc oKpyXHOCTH, OTUCAHHON OKOJIO TPEYTOMLHUKA.

3agaua 16.2. TpeyroabHuk ¢ yraamu ¢, (3, <y BOMCAH B OKPYXHOCTH
paauyca R. Haumgaure mromans TpeyroabHUAKA.

3agaua 16.3. a) [lokaxwuTe, 9TO MWIOMWALL TPEYTOIBHAKA CO CTOPO-
HAMHU @, b U ¢, BINCAHHOTO B OKPYXKHOCTE panuyca R, pasHa abc/4R.

6) Hamaure paamyc OKPyXKHOCTH, OMUCAHHON OKOJO TPEYTOMLHY-
Ka CO CTOpPOHAMU a, b u c.

3agaua 16.4. Cropona xBagpata ABCD pasua a. Hangure paguyc
OKPYXHOCTH, IPOXOAIIE depes3 BepinHy A, IeHTp KBapaTa u ce-
peauny croponst BC.

Jagaua 16.5. B oxpyxHOCTE IPOBEIEHBI TPU XOPAbI, KAX a4 U3 KO-
TOPLIX IepeceKaeTcsa ¢ AByMsa apyrumu. Kaxgas w3 dTuX Xopnh ge-
JUTCA TOYKAMU TTEPECEYEHUS HA TPU OTPE3KA PABHOU JauHbL ¢. Hau-
OUTE PAIUyC OKPYKHOCTH.

3agava 16.6. [uaromanu pa3OuBalOT BLIIYKALIA “€TLIPEXYTOILHHUK
HA YeTHIPE TPEYrOAbHUKA. Panuychl OKpYyXHOCTEN, OMUCAHHBIX OKO-
JIO DTUX TPEYrOJBLHUKOB, O TMHAKOBLL U paBHel K. Haligure cToporbl
e THIPEXYT ONLHUKA.

3agaga 16.7. B xpyr paguyca R Bnmcama Tpamenus, OCHOBAHUA KO-
TOPOU BUAHBI U3 IEHTPa moj yraamu « u 5. Hamgwre mromams
TpATICINH.

3agava 16.8. /luaronanu Tpamenuu, BOUCAHHOU B Kpyr paguyca R,
06pa3yioT ¢ ee GOKOBBLIMHU CTOPOHAMM YIIBI ¢ # 2. Hamaure mwio-
MAAB TPAEIHH.

79



3agaua 16.9. Bokpyr rpeyroavuuka ABC co cropomou BC = q
u yraavmu ZABC = f u ZACB = «y onucana OKpyXHOCTL. Buccek-
Tpuca yria A mepecekaeT OKpyXHOCTH B Touke K. Hanawre nawmy
xopaet AK.

3agaua 16.10. BuyTpu yria BeIWYuHBL (¢ JEXKUT TOYIKA, HAXO AAIIAACI
HA PACCTOAHUAX M U 7 OT CTOPOH yria. Hanaure ee paccrosamue oT
BEPIIWHEL Y4,
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I'maBa 4

DopMyJIbI CIOXEHUA U WX
cJIe ICTBHUSA

§17. BekTopst

HosToputs: CBOHCTBA HAPALIEIOrDAMMA.
IIpamoyroabHbIE KOOPAUHATEL HA MIOCKOCTH
(o sro6omy 1ocobuio).

17.1. HampasjeHHBIE OTPE3KHN M BEKTOPEI

Y06l KaK CIeIyeT MOHATH BAXHBIA Pa3 el TPUTOHOMETPUH, KOTO-
POMY MOCBAINEHA T IVIABA, HAM IPUIETCA HO3HAKOMATLCA C BEKTO-
paMI/I Ha IIJOCKOCTHA.

[aBanTe paccMaTPUBATEL OTPE3KH, ¥ KOTOPLIX
ONIVH M3 KOHIOB HA3BAaH HAYAJIOM OTpe3Ka (a apy- A /' B
rOU TAK W OCTAJICA KOHIOM). Takue OTpe3Ku Ha-
3BIBAIOTCA HANPABICHHBIMEU OoTpeskamvu. Ha dep- Puc. 17.1.
TEXAX WX IPUHATO U300paXKaTh B BUJE CTPEIKH,
HOYIIEN OT HAYAIa OTPE3Ka K ero KoHiy. HampapmeHHLIn oTpesok
¢ mavamom A m xornom B oGoszmauaeTca AB.
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Puc. 17.2. AB=CD = KL.

['maBHOE OT/IMIME HANPABICHHLIX OTPE3KOB OT OOBITHBIX — 3TO
TO, B KAKUX CIYyYaAX [BA HAMPABIEHHBIX OTPE3Ka CUUTATCI PaB-
HBIMU. Eciu oOBbIMHBEIE OTPE3KU PABHLI B TOM CIy€ae, KOU'Ia PABHBI
VX [JUHBI, TO IS HAIPABICHHBIX OTPE3KOB MBI OyIe€M YUMTHIBATD
eme n Hanpasiaerue. VImenHo:

Onpegenenne. [/IBa nanpasieHHbx oTpeska AB u CD cunratorcs
PABHLIMH, €CJIU:

1) paBubr ux mawmssl, T.€. AB = CD;

2) mpamele AB u C'D napaniensHel (WM COBIAJAIOT ), U IIPU 3TOM
orpesku AB w C'D HanpaBieHbl B OJHY CTOPOHY.

Hanpumep, ma pmc. 17.2 [IWHBI HAIIPABIEHHBIX OTPe3koB AD,
CD, KL, PQu MN paBHEL APYT APYTY; TE€M He MEHee BEePHBI TOIBKO
paserctBa AB = CD = K L; sanpasiaennsie oTpeaku PQ u M N nHe
PaBHBI APYT APYTY u »TuM TpeM (P(Q XOThb ¥ JeXUT Ha MPAMOM, TIa-
pamneabron AB, HO HATIDABJEH B CTOPOHY, NPOTUBONONOXKHYIO AB).

Ecau nBa HampaBieHHBIX OTPE3Ka HE JEXKAT

B HAa OJHOU HPAMOU, TO OUPEJENeHUe UX PABEH-

A / Y CTBa MOXHO C(OPMYIHPOBATEL U Kopode: AB =
\ N\ = CD Torja u TOJILKO TOT/A, KO3 YeThIPEX-
N D yromvuwk ABDC aBmfeTcAa MapamLierorpaMMOM

C (puc 17.3). (BcmomumM, 9TO 9€THIPEXYTONLHUK

ABAAETCA TMAPAIETOrPDAMMOM TOTAA U TOJBKO

Puc. 17.3. TOrAa, KOUJa ABE er0 CTOPOHLI PABHBI U IIapaJ-
JIEbHBI. )
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Puc. 17.4. KoopauuaTsl HAIIPABIEHHOTO OTPE3KA.

O6paTuTe BHUMAHKE, YTO BEPUIMHBI MAPALIEAOr PAMMA, UAYT B TO-
paake ABDC': nmenHo 5T0 06eCmeTnBACT BLIMOIHEHNE TOTO YCIOBU,
YTO HAIIPABJICHHBIC OTPE3KU ABuCD HAIPaBJICHBI B OJHY CTOPOHY,
a He B IPOTHUBOIOJIOKHEIE.

[Ipenmomoxum Temeps, YTO HA IMIOCKOCTH 33 JaHA CUCTEMA KOOP-
muHAT. TOra MOXHO ONPEETUTH, ITO TAKOE K0OPIUHAMbL HAIPA-
BJIEHHOT'O OTPE3KA.

[To onpenenennto, KOOPAUHATHI HAITPABICHHOTO OTPE3KA, TOIY I~
0TCA, €CJAU U3 KOOPJAUHAT €r0o KOHIA BHIYECTh KOOPAUHATHI HAYAIA.
Tounee rosop4:

Ecau Touka A nmeeT koopauHATH (Z1; Y1), & TOUKa B nMeeT Koop-
IWHATHL (T2;%Y2), TO KOOPAUHATAMHI HAPABAEHHOTO OTpeska AB
HA3BIBAETCA mapa aucen (Lo — T1;Y2 — Y1)-

B 9acTHOCTH, ecIu HaIaIo HaIpaBieHHOro oTpeska OA copmaga-
€T C HaYaJOM KOOpAWHAT, TO KOOPJAWMHATHI mee 9TO MHOE, KaK
KOOPUMHATHL TOYKM A.

['eomeTpudecku MOKHO IPEACTABATDL KOOPIUHATHL HATIPABICHHO-
rO OTPE3KA TaK: IMPOBEIEM IEPe3 ero KOHIIBI MPIMbIE, MaPALIeIbHBIE
ocaM koopauHaT (puc. 17.4). BmecTe ¢ caMuM OTPE3KOM TH [MIPIMBIE
OTPAHIUBAIOT TIPAMOYTOIbHEIA Tpeyroabauk (AM B ua pucynke)!.
KoopaunaTe: AB — 510 JUIMHBL KATETOB 3TOr'0 TPEYyrOJbHUKA, B3d-
THIE C IO AXO [IIIUM 3HAKOM ((ILII0C), €CIN IPU JBUKCHUY 0 KATETaM

'Ecmm orpesox AB mapalrereH OJHON 3 OCEH, DTOT (TPEYTOIBHUK» OyIeT
OTPE3KOM.
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TPEYTOJBbHUKA U3 HaYdJIa B KOHEII OTPE3KAa Mbl NBUXKEMCA B TOM XK€
HATIPABJICHUM, KyJa YKa3LIBACT COOTBETCTBYIOMAA OCh KOODAUHAT,
U (MUHYC» B IPOTUBHOM CIYHae).

MOXHO elle CKa3aTb, ITO KOOPAUHATHL HAIPABICHHOT'O OTPE3Ka
AB —5T0 4ucna, yKa3bIBaoONIMe, HA KAKAE PACCTOSHMA HAJO CIBU-
HYTLCA BIOAL OCEH KOOPAMHAT, ITOOLI monacTh u3 A B B.

[taBHOE CBOMCTBO KOOPAMHAT HAMPABICHHOTO OTPE3KA TAKOBO:

Hampapaennbre 0oTpe3ku paBHBI TOT A M TOIALKO TOT' A, KOTIa PaB-
HBI UX KOOPIWHATHI.

B camom gere, nycte AB = CD.
Ya B [ocTpanBas >Tu OTpe3K:W A0 HpA-
MOYTOJIBHBEIX Tpeyroabaukos ABM
M u CDN (puc. 17.5), moxygaaem, 910
A B »TuX Tpeyroabuumkax AB = CD
C N w/BAM = /DCN: epBOe PABEH-
CTBO — 3TO YaCTh OMpPEAeIeHUI pa-
BEHCTBA HAIPABIEHHBIX OTPE3KOB,
a BTOPOE BBITEKAET W3 TOr'0, ITO
AB | CD uw AM || CN. 3uauur,
npAMoyroababe Tpeyroabuukuy ABM v C' DN paBHBI, ¢Tag0 OBITS,
paBubr 1 ux kKatets: AM = CN, BM = DN. A kareTsl 3Tux Tpe-
YIOIBHIKOB — 3TO ¥ ecTh KoopauuaTel AB u CD.

HampoTus, nycTs HAM HM3BECTHO, YTO V¥ HANPABIEHHBIX OTPE3KOB
AB u CD pasubl koopausaThL. TOrja, IOCTPOUB TE XKe TPEyTOlb-
uuku ABM u C DN, noixy<aeM, ITO OHE PABHBI (11O JBYM KaTETaM),
orkyga LBAM = /DCN; tak kak AM || CN, u3 sroro crenyer,
aro AB || CD.

Q
&V

Puc. 17.5.

C dopManbHOU TOYKY 3PEHUS HAIIKM PACCY K JEHUSI HENOMIHLL: HATIPUMED, U3
PaBEHCTBaA HaIlPABJECHHBIX OTPE3KOB MBI BEIBEJIU JIUIIE DABEHCTBO abCcomI0T-
HBIX BEJIUWYIMH UX KOOPpIWMHAT, HU CJAOBOM HE OOMOJIBUBIIIICEL 00 MX 3HAKAX.
OT0 — Hen30€XKHOE CICICTBUE TOr'O, YTO B ONPENEICHUN PABEHCTBA, HAIPA-
BJICHHBIX OTPE3KOB MBI IIOJB30BAJINCH HAIVIAITHO OYEBUIAHBIM, HO HE OIIpE-
JCJICHHBIM df’)OpMaJIBHO TOHATUEM «OTPE3KU HAIIPDABJICHBI B ONHY CTOPOHY».
[laBanTe chopMyaupyeM OMpeNeNeHne PABEHCTBA HATTPABICHHBIX OTPE3KOB
Ooree CcTPOro.
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[dna crygas, korma orpesku AB w CD He JexkarT Ha OJHOU TPAMOMN,
parencTBo AB = C'D PaBHOCHILHO, KaK MEI 3HaeM, ToMmy, ¥To ABDC —
napamtesorpaMmM. O IHAKO IeTHIPEXYTOMLHUK ABIACTCA TAPALIEIOTPAMMOM
TOrAa M TOABLKO TOrZA, KOAA €r0 MTUATOHAIA B TOYKE MEPECEIEHUA JTe/IAT-
€A TIOTOJAaM, IIO3TOMY OIPEIEICHIE MOXHO C(HOPMYJIMPOBATHL €€ W TAK:
AB = D ecian u ToabKO ecu cepenunsl orpeskos AD u BC coenagaor.
B Takom Buge 5TO OnpeneseHne UMeeT CMEICA B B TOM CIydae, KOrAa TOIKA
A, B, C u D nexar Ha OFHOU IPIMOU; JErKO yOETUTHLCSI, 9TO U B DTOM
CIy9ae OHO PABHOCHJIBLHO HAIIEMY MCXOZHOMY OmIpenencHnto. Takoe ompene-
JIEHUE PABEHCTBA HAIIPABICHHLIX OTPE3KOB yXkKe 6e3yIPedHo ¢ GOPMATLHON
TOYKU 3PEHUA.

C TOMOIIBI0 HOBOT'O OMPEAEICHNUA JETKO JaTh aKKYPATHOE J0KA3ATENb-
CTBO TOTO (HPAKTa, ITO PABEHCTBO HAMPABICHHBIX OTPE3KOB PABHOCUILHO
paBeHCTBY uX KoopamHaT. B camoMm gene, mycts Touku A, B, C, D umetoT
KOOPAUHATHI COOTBETCTBEHHO (ag;as), (b1;hs), (c15¢2), (di;ds). Tak xak
KOOPAVHATH CEPEUHEI OTPE3KA ABIAIOTCA TTOMYCYyMMaMU KOOPIUHAT €ro
KOHTIOB, paBeHcTBO AB = C'D (TO ecTh, TIO HAIIEMY OTpeIeJeHIIO, COBMA-
nenve cepennt otpe3koB AD u BC) paBHOCHIBHO PABEHCTBAM

a1+d1 - b1+C1.

2 2
a2+d2 - b2+C2
2 2

OTHU PABEHCTBA, B CBOK OYepelb, PABHOCUILHLI PABEHCTBAM by — a1 =
=d| —c1, by —as = dy — ¢, TO ecTb paBercTBy koopaunar AB u CD.

3agaua 17.1. Touku M, N u P TaKOBBI, ITO KOOPAUHATEI HAIIPABICH-
woro orpeska M N paprer (10; —14), a KOOpAMHATHI HATIPABJIECHHOT'O
orpeska N P pasubr (—6; 26). Haiiure KoOpAMHATE HAIIPABICHHOI'O
orpeska MP.

3agaua 17.2. [loxaxure, ITO IIMHA HAIPABICHHOIO OTPE3KA C KO-
opamuaTamu (z;y) paBHa /22 + y2.

Ykazaume. BocmoansyuTech GOpMyIoH, BLIPAXKAIOIIEN PaCCTOAHNE
MEXK Iy TOYKAMU 4epe3 WX KOOPAWHATHI, uan reopemon [ludaropa.

3agava 17.3. PaccMoTpuM Ha TIOCKOCTH HAPAAY C TOU CUCTEMOU
koopauaar OXY, koropas y HAC yke eCTh (HA30BEM €€ «CHCTe-
MOY KOOPAUHAT HOMeED 1»), elie gBe Clreqyomue CUCTeMBL KOODAXHAT
(puc. 17.6):
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Puc. 17.6.

Cucrema xoopaunaT Homep 2. Ee mauano koopaunat O umeer B cu-
creme momep 1 xoopauuaTol (3;2), a ocu O' X' u O'Y' mapaax-
aeabHbl ocaM OX n OY m HANpaBIeHBI B TY )€ CTOPOHY.

Cucrema xoopanuat Homep 3. Ee Havamo KooOpAumHAT COBIATaeT C
O, a ocm OX" mw OY" moeepuyTel Ha 45° B MOJOXATENHHOM
HanpasaeHun oTHOCUTETHEHO ocen OX u OY.

IlycTh HAIPABICHHBLIM OTPE30K MMEET B CHCTEME KOOPAWHAT HOMEP
1 xoopauuaTsr (1;1). KakoBbr 6yayT €ro KOOpAUHATEL &) B CHCTEME
HOMep 27 6) B cucreme HOMep 37

Yxazanwe. Tak kax paBHbIE HAIPABJICHHBIE OTPE3KU UMEIOT PABHBIE
KOOPJAUHATHI, YIOOHO PACCMOTPETE PABHBIA JAHHOMY HAIIPABICHHBIN
OTPE30K, UMEIIAYA CBOUM HAYAIOM TOUKY O.

B Tex caywasx, korjga Bce pPaBHO, O KOTOPOM W3 PABHBIX Ha-
NPABJIEHHBIX OTPE3KOB UAET Pedb (B TPEX MOCACAHUX 33A3IaX TaK
1 OBLTO), HAIIPABIEHHLIE OTPE3KM JACTO HA3LIBAIOT BEKTOPAMH.

Hampuwmep, ma puc. 17.2 n3zobpaxeHo 5 pa3iwW<THBIX HATPABICH-
HBIX OTPE3KOB, HO BCET'O 3 Pa3dMWYHBIX BEKTOpa. Tak Kak € TOYHO-
CTBIO JI0 PABEHCTBA, HANPABJIEHHBIN OTPE30K MOJHOCTHIO OTPE/IeasaeT-
€A KOOpAWHATAME, [T 3aJaHUA BEKTOPA He 0043aTEeIbHO PHUCOBATH
HAIIPABIEHHBIN OTPE30K: €CIU €CTh CUCTEMA KOOPAWHAT, TO AOCTA-
TOYHO YKA3aTh KOOPAWHATEI, U BEKTOP OyAeT MOJIHOCTHIO OMPE[ETEH.

B 6oabmuHCTBE MHTEPECHBIX 3374, B KOTODPBIX BCTPEYAOTCH
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HAIPABICHHBIE OTPE3KM, PABHBIE HAIIPABICHHBIE OTPE3KU B3aMMO3a-
MEHAEMBI, TAK ITO OOLITHO TPEATOYATAIOT TOBOPUATE UMEHHO O BEK-
TOpPax, & He O HAIPABICHHBIX OTPE3KAX.

Hapsagy ¢ BekTOpamu, COOTBETCTBYIOUIMMM HACTOSIIUM OTPE3-
KaM, PACCMATPUBAIOT €Ile «HYJIeBON BEKTOP», UMEIONUHA KOOP INHATHI
(0;0). MoxHO cKa3aTh, 9TO HYJEBOW BEKTOP COOTBETCTBYET JOG0OMY
13 «0Tpe3kosy AA, y KOTOPOro HaIaI0O U KOHeI coBnaaaoT. Kax Mbr
BCKODE€ YBUJUM, HYJEBOU BEKTOD UTPAET POJIh, AHAIOTUTHYIO POJIA
HYJISL CPEJIA IUCEIL.

O603HAMATL BEKTOPHI MOXHO TaK XK€, KaK W HAMPABICHHLIE OT-
pe3K’; KpOMe TOTr0, MHOTAA WX O0O03HAYAIT JATUHCKUMU OYKBAMU
¢ YePTOYKOU CBepxy, Hanpumep a. MoxXHO TakXke B KadecTBe 060-
3HAYMEHUA BEKTOPA 3aIMCATH €r0 KOOPAUHATHL: €CIU BEKTOD G UMEeT
koopauHaTer (1Y), mmmem @ = (x;y). Hyresou BekTop 0603na9a€eT-
ca 0 mim (0;0). Juuna BeKTOpa @ 0603HATAETCA [a).

N eme ogaa 0COGEHHOCTH TEPMUHOJIOTUM: €CIU TIPO HATPABICH-
HBIE OTPE3KU POBOPAT «OTPE3KY NAPALICABbHBLY , TO BEKTOPBI IIPUHATO
HA3LIBATH HE (MAPALIEALHBEIMIY, 8 «KOLTMHEAPHLIMIY .

3agaua 17.4. PaccmoTprM BCeBO3MOXKHBIE BeKTOPHI Bujga AB, roe A
v B — 1Be BepUIMHBI JAHHOTO MPABUIHHOTO MIeCTHYToAbHIKA. CKOMb-
KO CPe/IU DTUX BEKTOPOB PA3IUIHBIX !

Eciu maM maHBI BeKTOp @ U To4UKa M, TO
OJTHO3HATHO OIpeaeseHa Takad Touka N, 9To = N
a = MN (puc. 17.7). B sTom caygae ropopar,
qTo W NOJYYIEH OTKJIAABIBAHUEM BEKTODA —_—

_ MN =4
a ot Touku M. I'oBopsT Takxke, 9TO TOUKA M
N noaydena u3 Touku M mepeHOCOM Ha BEK-

3agaua 17.5. Kaxaywo Touky ksagpara ¢ Bepmumaamu (1;0), (0;1),
(—=1;0), (0; —1) noasepraum nepenocy Ha BekTop (—1;2). U306pasure
$urypy, KOTOpas Ipé 3TOM MOy IAIACD.

17.2. CioxeHue BEKTOPOB

C BekTOpaM# MOXHO MPOU3BOJIUTEL PASAUTHBIE TEUCTBUA, HEMHOTO
MOXOXWE HA apudpMeTHIecKne feucTBus ¢ yncaamvu. CHava a Mbl Ha-
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VIUMCS BEKTOPHI CKJIA,[BIBATE.
IlycTs HaM DaHEI BeKTOpHL @ # b. ToO6LI
_———"  W#X CI0OXWTh, HAJO CHAEIATH Cienyoomee. Bosb-
MeM TIPOU3BOIBHYIO TOUKY M U OTIOXUM OT Hee

S o

al N P BexkTOop M N = @; OT KOHIIa TOT'0 BEKTOPA OTIO-
_ xuM BekTop NP = b. Torga cymMol BEKTOPOB
a @+4+b  aubmuasmmaerca BekTop M P. CymMa BeKTOPOB
M @ u b 0603HAMAETCS @ + b— TaK Xe, KaK CyMMa
qUCe.
Puc. 17.8. Bkparie mame onpegesene CIOXKEHUA BEK-
CrmoxeHne BEKTO- TOPOB MOXHO 3AINCATL TaK:
poB.

MN + NP =MP.

CTporo roeops, Hago €Ie MPOBEPUTD, ITO @+ b 3aBUCHT TOIBKO OT CAMUX
BeKTOPOB @ 1 b. IIpemonoxuM, MEl HAYATM MOCTPOEHME He ¢ TOUKu M,
a ¢ gpyrom Touku M', nocrpous N’ u P’; rae rapanTusa, 9TO MOy ICHHBIN
B peay.IbTaTe BekTop M’ P’ 6ygeT pasen BexTopy M P? IHTYUTHUBHO ACHO,
YTO TaK OHO U OyIeT; BCKOPe MBI YBUAWM, KaK 3TO MTOKa3aTh (pOPMATHHO.

KoopaumaaThl cyMMBI BEKTOPOB OYE€HD MPOCTO BHIPAKAIOTCA Te-
pe3 KOOPAWHATHI caaraeMbrx. UMeHHO, TIO ONpeeneHrio KOOPAMHAT
HAIIPABJICHHOT'O OTPE3Ka (BEKTOPA) MBI MOXEM 3AIUCAThH:

(koopaunats @) = (koopauuare: Touku N) — (koopaunater Touxu M);

(koopgumaTer b) = (koopauuarsr Touku P) — (koopauaars: Toaku N).

Crmoxum 5TH nBa, paBeHcTBa. [lpu >TOM KoopamHaThl TOYKU N CO-
KpPaTATCA, ¥ MOAYIUTCA BOT ITO:

(koopauHATL @) + (KOOpAMHATLI b) =

= (koopauuaTe P) — (koopauuatsr M ).

B mpasout yacTu ¢TOUT HE YTO UHOE, KAK KOOPAUHATHI BEKTOPA W,
TO €CTb, [0 HAIIEMy OIIPEACJCHUIO, a + b. Crano OBITH, KOOPJIMHA-
THI BEKTOpa a + b apaAioTCA CYMMaMU KOOPAUHAT BEKTOPOB G U b.
3anumieMm 5T0 ke HOPMYJIOon:
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Puc. 17.9.

Ecma a1 = (a1;a2), b= (b1;b2), T0 @+ b = (a1 + by; az + ba);

(a1;a2) + (b1;b2) = (a1 + bi;ag + b2).

Jra GopMy.Ia HOKA3BEIBAET, B YACTHOCTH, YTO KOOPJUHATEL BEKTOPA G + b
33aBUCAT TOJABKO OT KOOPIAMHAT @ U b, TaK YTO CyMMa BEKTOPOB JEHCTBH-
TEJBHO HE 3aBUCUT OT BBIOOpA TOUKU M, MCIOIL30BaHHOU HA puc. 17.8 mis
ee IMOCTPOeHNu.

UTak, omepanusa cI0XeHns BEKTOPOB BIIOIHE COOTBETCTBYET CBO-
eMy Ha3BaHUIO: IIPU CIOXKEHUN BEKTOPOB KOODAMHATHI CKIAAbIBAIOT-
cia. VI3 oToro cregyer Takxke, YTO CAOXKEHUE BEKTOPOB IO[YNHAETCA
TeM € 3aKOHaM, ITO U CIOXKEHUe HTuces:

a+ b= b+ a (mepeMecTHTENLHOCTD, WX KOMMY TATUBHOCTD);
a4+ (b+7¢) = (a+b) + ¢ (couerareabHOCTD, WK
ACCOIMATUBHOCTD);

a+ 0 =a (cBoucTBO HyIn).

3agaga 17.6. Yepes Touky O, mreXalyo BHYTPH MaPAIEIOTDAMMA
ABCD, nposeznenst oTpesku M N u P(), mapaireibHbe ero CTopo-
Ham (puc. 17.9a). Ecau or Touku A ornoxurs BekTop @ = DN +

+ AP+ MB + ON, rge okaxeTcsa KOHEIl 3TOT0 BEKTOpa !

3agaua 17.7. ABCDE —natuyroasuuk (puc. 17.96). Hangure cym-
MY BEKTODOB AD +CE+ BC + DB.
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3agaua 17.8. Ha maockocTu 3ajgana Touka (. Vzobpasure MHOXKE-
ctBo Takux Touek C, wiro OC = @ + b, e @ u b— BCEBO3MOXKHEIC
BEKTOPLI, [ KOTOpEIX: a) |a| < 1, |b] < 2;6) |a| =1, |b] = 2.

Ecim BeKTOPE! @ 1 b HeKoJTMHEAPHbI (HeTa-
PALTEIbHBI), TO CYMECTBYET €Ile OJUH CIIOCO0
IOCTPOUTD UX CyMMy. VIMEHHO, €CIH OTIOXWTD
@ u b or Toukn O tak, aro OA = a, OB = b,
0 @+ b = OC, rge C — Takad TOUKA, TTO
OACB — napaanenorpamm (puc. 17.10). B ca-
moMm gexe, OB = AC, tak aro OC = OA +
+AC = OA+AB = @+b, 9T0 1 yTBEpX JATOCE.
B cTapex yae6HUKAX DTO MOCTPOCHUE HAZBIBA-
JIOCh «CJIOXKECHHAE BEKTOPOB IO IPABIIY IIapaJLIe-
JIOTPAMMAa) .

Puc. 17.10.

17.3. Brorimranve M yMHOXEHHE Ha “IHCJIO

Pa3 yx MBI ymMeeM CKIAJBIBATH BEKTODPHI, MABAUTE HAYIUMCA UX

BerauTaTh. [l Hadama maujgem s BekTopa @ = M N npoTuBomo-

JOXHBLIA €My, TO ECTh TAKOM BEKTOp —a, 9T0 G+ (—a) = 0. flcro, 9To

TakoBBIM Oyner BekTop NM: Begs MN +

A + NM = 0. Takum 06paszom, 9TOGHI HOLY-

YUTH BEKTOP, MPOTUBOMOJOXKHLIN TAHHOMY,

HAJI0 IPOCTO MOMEHATH MECTAMU €r0 KOHEIl

0] u Hagano. Koopamuars @ = MN monyda-

B 1orca, ecmm w3 xoopauraT N BBIMECTH KO-

o opauHaTEl M, 3 KOOpAUHATEL —G = NM —

Puc. 17.11. OA=OB = ooy py KOOpAuHAT M BHIYMECTH KOODIMHA-

= BA. 7ol N. CTajo GBITh, KOOPAUHATH —G TOJIY-
TAIOTCA U3 KOOPIUHAT G MEePEMEHOU 3HAKA.

YT0 Xe 10 PABHOCTH BEKTOPOB G ¥ b, TO DTO, KOHEIHO, TAKOU BEK-

TOp €, UTO ¢+ b = @ (BHIMMTAHME — JEHCTBEE, 0OPATHOE CIOKEHHIO).

Pa3HoOCTHIO BEKTOPOB @ 1 b 6y 1eT, 049eBUAHO, BeKTOD G+ (—b) = a—b;

AICHO, 9ITO KOOPJMHATH! PA3HOCTH BEKTOPOB @ ¥ b PABHBI PA3HOCTY WX
koopauHaT. Ectu BexTopsl @ = OA u b = OB 0TI0XKeHE 0T 0HOR
roukm O, 70 @ — b = BA (tax kak OB + BA = OA). Hogerroxmm:
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Puc. 17.12. M N =a; PQ = 5a.

Ectma= MN, 0 —a=NM; a+(—a)=0.
Ecm @ = (al;@), TO —@ :j—al; —a3).
a—b=a+(-b);(@—b)+b=a.

Ecmz @ = (ag;az), b= (by;b2), T0 @ — b = (a1 — by;az — bo).

Pazobpasuiuce co cloxeHneM U BEIYUTAHUEM, TEPEUIEM K YMHO-
Keuwio. V3 Ha9aabHOU IIKOMBI MBI IIOMHKUM, UTO IIEPEMHOXUTE HATY-
pATbHBIE YHCIA G U b—53TO HAUTU CYMMYy b CIATaeMBIX, KAXKI0€ U3
KOTOPHIX paBHO ¢. Hanpumep, 5a = a +a+a+ a + a.

PaccvoTpum Tenmeps He wucao a, HO BeKTOp a. [l HEro Takxe
Gymer ba =a+a+a+a+a (puc. 17.12).

Ms1 BuamM, 9TO BeKTOp PQ = 5G KoammmeapeH (mapasielcH)
BEKTOpY @, ITO €ro AavHa B D pa3 6Goablie MJIUHBI ¢, U HAIPABIECH
OH B Ty Xe€ CTOpPOHY, uTO M @. flcHO Takxe, 4To B KadecTBe —5a
Pa3syMHO B3ATL BEKTOP, MPOTUBOMOIOXHLIN BEKTOPY Ha.

Urak, MBI onmcanm, 9TO 3HAIUT YMHOXUTH BEKTOP HA TUCIO D
wim —5. Yuecmo 5 MOXKHO 3aMeHUTL Ha Joboe apyroe. Torga moay-
YUTCA TAKOE

Onpegererne. Ilpomspegennem BexTopa @ # 0 Ha wmcio k # 0
HA3BIBAETCA TAKOU BEKTOD b, 9TO:

1) [b] = |kl - [al;
2) b KO/LIMHEADEH T

3) b HampaBIeH B Ty ke CTOPOHY, 4TO u G, ecim k > 0, u B mpo-
THUBOMOIOXHYI0 CTOpOHY, ecau k < 0.

IIpoussemenne BexTOpa @ Ha 4mciao k obo3Hataerca ka. Ilo ompe-
nmenenuto monaraem ka = 0, ecan k = 0 nanm @ = 0.
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Puc. 17.13.

BekTop ka »TuM ompegereHueM 3a1aeTCA OTHO3HAMHO: YCIOBHE 1
OTIPpEJIEIAET €T'0 [JVHY, & YCIOBUA 2 M 3 — ero HalpaBJIEHHE.

Y1066l onpeseauTs GOPMAILHO, ITO TAKOE (KOLIMHEAPHBIE BEKTOPHL G 1 b
HAIIPAB/CHLI B OJHY CTOPOHY», orioxkuM @ = OA u b = OB ot ogHOU TOY-
ku Q. Torga Touxu O, A u B OKaxXyTCs Ha OJHOW IIPAMOU, U MBI CKAXKEM,
4TO @ ¥ b HAIIPABICHLL B IPOTUBOIOIOKHEIE CTOPOHLL, €C/IH TOYKA, () JICKHUT
mexay A u B, u B OfHY CTOPOHY — B IIPOTHBHOM CJIy9a€.

[TocMoTpuM, KaK MEHAIOTCA KOOPAMHATHL BEKTOPA TIPH YMHOXKE-
HUM ero Ha umcao. IlycTh MBI yMHOXKAeM BeKTOp @ = AB Ha «4u-
cno k, monyas B pesyabrate ka = AB (pme. 17.13a mna cry<as
k > 0 u puc. 17.136 pua caygas k < 0). IlpoBegem depes KoH-
bl 0Tpe3skoB AB u AB;] upsaMble, TapaeJbHBIE OCAM KOODJAWHAT.
Ilonyuaromnmeca mpamoyroasunie Tpeyroavuuku ABM u ABy M Gy-
ayT, odeBuaHO, moa06HbBI. KoadduruenT mogobus paBeH, 0YEBHTHO,
AB1/AB = |k|; mosTomy xaTersl Tpeyroabuuka AB1 M momydaioT-
¢ #3 KareToB Tpeyroibuuka ABM yvmuoxenueMm Ha |k|, u, cTauao
OBITH, KOOPAMHATHI BEKTOPA k@ MOIYIalOTCA U3 KOOPAMHAT BEKTODA
@ yMHOXeHHeM Ha k (3Haku coBmagaior, ecau k > (, 1 IPOTUBONO-
J0XHBL, ecu k < (). 3anmmem 5T0 HOPMyIOn:

Ecau @ = (a1; a2), To ka = (kay; kas).
Wnaqe rosops: k(ay;az) = (kai; kag).

U3 sTonm GpopMyasl creayeT, 9TO YMHOXKEHUE BEKTOPA, HA TUCIO
MOMYMHAETCS 3aKOHAM, AHAJOTMYIHBIM 3aKOHAM YMHOXEHWA YMCET:
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k-(la)y=(k-l)a (accoumaTwBHOCTS);

k(a+b) = ka+ kb| (pacupeseruTersHOCTD, min
(k+ 1)@= ka + la [ mmacTpubyTHBHOCTS).

3agaua 17.9. JoxaxuTe 5TH 3aKOHBI IJI1 BEKTOPOB.

O6paTuTe BHEMaHME, YTO ¥ HAC IBA PA3IUIHLIX PACIPEIEIUTEIbHBIX 3aK0-
Ha. Tak HOIy4YrIOCH TOTOMY, YTO COMHOXKUTENN HEPABHOIPABHLL: OQUH U3
HUX — YUCI0, Ipyrol — BekTop. Hasepuoe, ObL10 OLI Oojiee eCTeCTBEHHO,
ecau GBI MBI ONPENEININ YMHOXEHNE BEKTOPA HA BEKTOD TaK, YTOOBI IPO-
u3BegeHNe TOXe ObLI0 BeKTOpOM. QIHAKO XKe Ui BEKTOPOB HA, IMIOCKOCTH
BOOOIIIE HEBO3MOXKHO I'€OMETPUYIECKH OMPEIEIUTh TAKOE YMHOXKeHue (ecaiu
MBI XOTHM, 9TOGHI BHITIOIHAJCA PACIPENeIUTEIbHBIN 3aKO0H). B caeayomem
maparpade MBI OTMpeNeJuM YMHOXKEHUEe BEKTOpa Ha BEKTOD, HO Pe3yJabTaT
TIpU DTOM OyIeT He BEKTOPOM, a TUCIOM.

JlericTBuUs HA I BEKTOPAME TO3BOIAIOT IaTh €Ile 01HO 00bACHEHE
TOTO, ITO TAKOE KOOPAUHATHI BEKTOpaA. VIMEHHO: MyCTh HA TLIOCKO-
CTH 33JaHA CUCTEMA KOOpAWHAT. PaccMOTpuM mBa BEKTOpA €] W €3,
IMeIye AIuHy 1, mapamLleabHble 0CAM aOCIUCC W OPAUHAT U Ha-
IpaBIeHHBIE B CTOPOHY MOJOXUTENLHOIO HANPABICHUA DTUX OCEH.
3TI/I BEKTOPHBI HA3BIBAKTCA €JUHUIHBIMU KOOPAWMHATHBIMA BEKTOPA-
mu. Ouesuguo, e = (1;0), e = (0;1). PaccmoTpum Temeps mpo-
M3BOMBHBIN BEeKTOP G = (a1;a9) W 3aNuIIeM TaKue PABEHCTBA: @ =
= (a1;02) = (a1;0) + (0;a2) = a1 - (1;0) + a2 - (0;1) = a1e1 + ager.
Kax BuguTe, KOOPAMHATHI BEKTOPA & — 3TO KO3(PPUIUEHTHI, C MO~
MOUIBKO KOTOPBIX OH BBIPAXACTCA Yepe3 €JUMHUIHBIC KOOPJWHATHBIC
BEKTOPDI.

Ecmu €| u €3 — €JMHMYHBIE KOOPAWHATHBIE BEKTOPBLI, TO BEKTOP
@ MMeeT KOOPAWHATHL (G1;A2) TOTAA W TOJIBKO TOTAA, KOTAA G =
= ai€] + agés.

3agaga 17.10. [aner BexkTope a = (2; —1), @: (1;—6), ¢ = (2;24).
Hanpure Takme amcaa & m y, 910 ¢ = 20 + yb.
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Puc. 17.14. Tlepememenne.

17.4. O BekTOpax B pu3mke

Muorue ¢pu3nydecKre BETUIUHBI TPEACTABIAIOT COO0U BeKTOPHL B ca-
MOM [lefle, TAKUE BEIWTUHEBI, KAK CKOPOCTDb, YCKOPEHUE, CUIA, HAIPI-
XKEHHOCTD JMEKTPUICCKOT O IOJIA, XapPpaAKTEPU3YHTCA HE TOJBKO BEJIU-
MHOW, HO ¥ HANIPABICHUEM (€CAU HAM M3BECTHO, U3 KAKOT'O IOPTA U
¢ KAKOU CKOPOCTBIO BHIMIET KOPAOIb, TO MBI HE MOXEM CKa3aTh, T
oH Oy €T 9epe3 9ac, He 3HAA HAIPABJICHUA ero Amkenus). [looromy,
HAIIPUMED, CKOPOCTH M306paXKAIOT B BUAE BEKTOPA, IINHA KOTOPO-
0 COOTBETCTBYET BCINYIUNHE CKOPOCTHU, a HAIIPABJICHUE YKa3bIBacT
Ha HATpaBJAeHWe ABUXKEHUA. [Ipm 5ToM popMyampoBka MHOTUX dHu-
3WIECKNX 33aKOHOB MCIIOIb3yeT Te CaMble OTEepPAIINM HaJ BEKTOPAMM,
KOTOPBIE MBI TOJBKO 9TO onpegeauan. [Ipocrenmui npuMep BEKTOP-
HOW BEJIW'MHEI B (PU3UKE — 5TO mepeMelnenue. Kean Teno, pasmepamu
7 (POPMOU KOTOPOTO MBI TIPEHeOPEeraeM, MepeBuHYJI0CH U3 TOYKu A
B TOUKY B, TO TOBOPAT, ITO TEPEMEIISHNEe HAIIETO TeIa PABHO BEK-
Topy AB (ecim He mpeHe6peraTh pa3sMepaM; TeIa, TO BEKTODA, A
ONMCAHUA TIEPEABKEHMA Tena Oy1eT HEAOCTATOTHO: TI0 JOPOre TEJO
MOXET ¥ [OBEPHYTHCA). Keam Teno cHavama mepeMecTIIOCh Ha, BEK-
Top S1, a 3aTeM Ha BeKTOp Sy, TO B PE3YIbTATE €r0 IepPeMeleHre
6ygeT paBHO S1 + S3. To4HO Tak XKe CKIAJEIBAIOTCA HePeMEIICHIA,
€CIM TeI0 COBEPIIMIO IepeMeNeHre Sy OTHOCUTEIBHO ILIAT(OPMEL
KOTOPAadA 33 5TO BPEMA CaMa COBEPIIMIA, OTHOCUTENHLHO HAC TIEpeMe-
menve S1: IepeMeneHne Tela OTHOCUTEILHO Hac 6yaeT paBHO S1+S55
(puc. 17.14).

Tak Kak CKOPOCTBH — 3TO TEPEMENICHUE 34 €AUHUILY BPEMEHH,
TO CKOPOCTH TOXE ABIACTCA BEKTOPHOW Beaum<mHou. CBOUCTBO me-
pemMemnienuu, wzobpaxennoe Ha puc. 17.146, mia ckopocreu Oynaet
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BBEITVIAAETH TAK: €CIM IIATdOpMa ABMXKETCA OTHOCUTEIBHO HAC CO
CKOPOCTBIO U, & TEIO ABAXETCA OTHOCUTEIBHO MIAT(POPMEL CO CKO-
POCTBIO U, TO OTHOCUTEJILHO HAC TEJI0 ABUXKETCA CO CKOPOCTBIO U +U.

3agaua 17.11. a) CkopocTs TedeHVs PeKM DaBHA b KM /u, IIMPUHA
peku pasra 80 m, rpeber B J0Ke Pa3BUBAET CKOPOCTH 3 KM /4 OT-
HOCUTENBHO BOABL ['pebell mepenpapiseTca uepes peKy, HAPABUB
JIOIKY TepreH uKy/asapHo 6epery. Ha kakoe paccrosHue cHeceT J10/-
Ky?

6*) Kak Ha10 HAIDABUTH JOAKY, YTOOLI €€ CHECIO TeICHUEM KaK
MOxkHO MeHbie? Ha kakoe paccTosHue ee mpu 5TOM CHECET?!

Jagaua 17.12. /Ipa xopabiusi, HAXOQAIIUECA APYT OT APyra HA PacCcTO-
aunm 30 MITB, IBIKYTCA cO cKOpocThio 10 yamos! (kax eri) Kypca-
MU, yKazaHHBIME HA puc. 17.15. Ha xaxoe HamMenbIiiee paccTOsHUE
oun cbamssarcsa? Yepes kakoe BpeMs MOCIE MOMEHTA, TOKA3AHHOT O HA
pUCYHKe, DTO npousougeT?

Yxazauue. [leperaure B cucremy orcye-
Ta, CBA3AHHYIO C OJHUM W3 KOopabjen,

M BOCIOJB3YUTECH TEM, UTO €CIH OIHO 300‘7\

TEJO [OBUXKETCA CO CKOPOCTBIO U, APY- %
_ W _ 30 Muap

roe — CO CKOPOCTBIO W, TO BTOPOE Te€

JIO JBUXKETCA OTHOCUTEIBHO IEPBOr'O CO

CKOPOCTBIO W — . Puc. 17.15.

§ 18. CkanspHoe mpou3BeeHHnE

IlycTs Teno, Ha KOTOpoe gercTByeT cuaa F, co-
Bepmmiao nepememnternue s. [Ipu »Tom, Kax roBO- Flg--=----=
pAT pusuky, cuia cosepinaetT pabory. Ecau cu- F

Jla IapaJiielbHa IepeMelleHnio, paboTa paBHA v

|
|
|
ol
MIPOM3BEJIEHAIO CUILI Y IEPEMEIIEHNSA, B3ATOMY I—T» F
CO 3HAKOM ¢+, €CIU CUIa OEeUCTByeT B HAMPA- S

BJIEHUW TIEPEMEMIEHNA, U CO 3HAKOM «—» B IIPO-

_ Puc. 18.1. Pabora.
TUBHOM cay4ae. B obmem cayuae, korga F u's

'Y3en — equHUIIA CKOPOCTH, PABHAA 0JHON MOPCKOM MMIE B HaC.
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06pas3yroT yron ¢, pabora pasHa |F|-[3] cos p. ITo o6bacuaeTcs Tewm,
9TO cIIy F' MOXKHO IIPEJCTABATD B BUJE CYMMBI CHI F” u F |, mapan-
JEeTBHOW ¥ TEPIeHIUKYJAPHON HAIPABICHUIO TePEMEIICHN, IPUIeM
paboTa paBHaA padOTe CUIBL FH (cwna, nepneHMKyJIAPHAA Iy TH, Pa-
6OTHI He COBepIIAeT). Bemukuil aHrIUUCKUEN GU3UK U MATEMATUK
IPOLLIOro Beka Y.l aMWIBTOH MOHAL, 9YTO [AEUCTBUE HAJ BEKTOPa-
MU, HCHOJb3yEMOE B OIpeIeTeHNN PabOTHI, 34CIyXKUBAET HA3BAHUA
YMHOXEHUA, TAK KAK A HEro, KaK W A YMHOXEHWUS “HUCEeN, BHI-
MOJHAETCS PACHPENEIUTENbHBIA 3aK0H. JlaBallTe U MBI U3YYUM DTY
OTIEPATINIO.

Onpeperenne. CkaraApHBIM OPOU3BEJCHHEM BEKTOPOB @ 7 0, b # 0
Ha3LIBAETCA "GO @l - |b| cOS ¢, TAe ¢ — yror Mex Iy BEKTOpPaMHU G
u b (eciu @ u b KOLIAHEAPHEL, TO HOIAraloT ¢ = (), KOrJa BEKTOPHI
HAIIPABJIEHBL B OHY CTOPOHY, U (¢ = T, KOI'JI4 BEKTOPHI HAIIpaBJIe-
HBI B IPOTHUBOIOJIOKHEIE CTOPOHHI). Ky oqun u3 BeKTOPOB paBeH
HYJII0, TO CKAIAPHOE TPOU3BEICHUE ONAral0T PaBHBIM Hyat0. Cka-
JAPHOE IPOW3BEACHNE BEKTOPOB ¢ U b o6osmataeTca a - b.

OCHOBHOE CBOMCTBO CKAIAPHOTO MPOU3-
Ya BEIEHUS — DTO PACIPENEIUTENbHBIN 3aKOH
a-(b+c)=a-b+a-c.

YTo6EI €ro 0Ka3aTh, yCTAHOBUM TIPEKIE BCETO
= ». Crefyommit GakT: ecIn a = (a1;0), roe a; > 0,
by b = (b1;b2), To@-b = ay - by. B camom nere,
B 3TOM CcyHae [@| = ay, |b|-cos ¢ = by (puc. 18.2),
Puc. 18.2. TaK 9T0 TpeOyeMoe PABEHCTEO HETIOCPEICTBEHHO
CICAYET W3 ONMPEICTeHUs CKAMAPHOTO MPOU3BEACHU; ITOOLI Temeph JOKAa-
3aTh pacHpeIeIUuTeIbHbIN 3aKOH I8 BeKTOPOB @, b I €, BEIGepeM CuCTeMy
KOOPAMHAT TaK, YTOOBI BEKTOP G ObLI MapaJsleseH ocu adCUUCC U HAIIPABJIEH
B HOJOXKUTEIBbHYO cTOpOHY. B srou cucreme xoopaunar umeem a = (ag;0),
rae a; > 0; ecm B »T0M xKe cucteme b = (by;b2),¢ = (c1;¢2), TO W3 mOKa-
3aHHOT'O HAME (PAKTA BLITEKAET:

¥

b+e=

—~

bl + bQ;Cl + 02),

a-c=ay-Cy,



TaK 9TO PACTIPEASIUTEILHBIN 3aKOH IJA BEKTOPOB BEITEKACT U3 OOBIYHOTO
pacIpeneanTeabHoro 3akosa ay (b +¢1) =ap - by +ag - ¢;.

Eme ogH0 BaXHOE CBOMCTBO CKAMAPHOTO YMHOXKEHUS — DTO AHA-
JOT' COYeTATEMBHOTO 3aKOHA: eCIu k — Tuca0, @ U b— BEKTOPHI, TO
(k@) - b = k(a - b) (B camom gexe, ecim @ — yroa Mexay @ u b, TO
o6e "acTu paseHcTBa paBHBI k - |@] - |b] - cos ). Hakomen, yx coBcem
OYEBUAHO, YTO MIA CKAIAPHOTO YMHOXEHUS BHIIOAHACTCA IIE€pPeMe-
CTUTEILHBIN 32KOH: G - b = b - G. [o gprTOXRMM:

a-b="b-a
(@+b)-c=a-¢c+b-c
a-(b+ec)=a-b+a-c

Brrmucarsbie CBOUCTBA MOKA3BIBAIOT, YTO MPU IIPOBEIEHUHN BhI-
KJIaM0K C yIACTUEM CKAJIAPHOTO TIPOU3BEICHNA, KAK U TIPYU JeUCTBUAX
€ YACTaMU, MOXKHO PACKPBIBATH CKOOKH, TPUBOIATH TIONOOHBIE YI€HBI
7 Tak fgamree. HyxHo Toabko He 3a6BIBATE, ITO CKAIIPHOE IIPOU3BE-
IeHre BEKTOPOB — HEe BEKTOP, a IUCIO.

3agadga 18.1. Ilycts @ u b— Henynesnie BekTOpbl. B Kakmx cayuaax
a-b MOOXUTENBLHO, B KAKAX — OTPHUIATENLHO, & B KAKIAX PABHO HYIIO?

Ilonpobyem ckaIsaspHO yMHOXUTH BEKTOD G
Ha camoro cebs. Tak xak oH obpa3yeT cam
¢ cobor mymeson yroa u cos( = 1, momydaem,
ITO CKAJIIPHOE IPOM3BEACHIE BEKTOPA HA cebd
PABHO KBaJApPATY €ro JIWHLL G - G = |al>.

B kadecTse mpumepa npuMeHEHUS CBOUCTB
CKAMTAPHOTO TPOU3BEACHUA AQTUM HOBOE 10-
Ka3aTeJIbCTBO TEOPEMBI KOCUHYCOB. ﬂJIH ITO-

Puc. 18.3.

ro paccmorpuMm Tpeyroabauk ABC ¢ yrmom
/BAC = o u nonpo6yem BuIpasuTh cropory BC uepes AB u AC.
Tak Kak CKaIApHOE POU3BEJEHNE BEKTOPA HA ce0s PABHO KBaApaTy
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€ro JIVHBL, TO BfC’2 = BC-BC; ¢ Apyrou CTOPOHSBL, ecau 0003HA T
BekTOpEl AB =bu AC =¢, to BC = ¢ — b. Ctano 6bITh,

=(—b)(e—b)=c-c—b-c—c-b+(=b)-(=b) =
+b-b=AC?—-2b-¢+ AB? =
= AC? —2AB - AC - cosa + AB?,

BC?=B

I Q‘

O I

c-c—2b-

9TO M yTBEPXKIAET TEOPEMA KOCHHYCOB.
3agaua 18.2. Ilycts @ u b— Bexropel. Jokaxure GopMy.Iy:
a-b=(la+5~ [aP 5.

Yxazanme. MoxHO BRIBECTH 3Ty (POPMYNy U3 TEOPEMBI KOCUHYCOB 1
OIIpeeeHNs CKAJLAPHOL O IIPOU3BEICHNS, MOXKHO M PACKDPBITH CKOOKHI
B pasercTse |a + b|? = (@ + b)(a + b).

3agaua 18.3. Ilycte ABC — paBHOCTOpOHHUU TPEeyroabHuK u O —
ero teaTp. Jokaxure, 4To mis a0b6ou Toukm M BEpHO PABEHCTBO

MA? + MB? + MC? = OA?> + OB?> + OC? +3- MO?.

Yxasanwme. [lonoxure MO =z, OA = a, OB = b, OC = ¢ u Boc-
noap3yhTecs Tem, aro MA? = MA - MA ]\IB2 = MB - MB,
MC?*=MC-MC.

JlaBanTe TeNneph BBIACHUM, KAK BHIYUCIATH CKAJIAPHOE MPOU3BE-
JEHUe BEKTOPOB, €CIW NAHBI UX KOOpAuHATHL. IlycTs @ = (a1;a3),
b = (b1;b2). PaccMoTpuM Ha TLIOCKOCTY €IWHUYTHEIE KOODAWHATHDIE
BekTopbl €1 = (1;0), €, = (0; 1), 0 KOTOPBIX HLTA PEYb B TIPEBIAYIIEM
maparpadge. Tormga

a-b= (alél + agéz) . (blél + bgéz) =
= ajaz(e - €2) + arba(€; - €2) + azbi (€2 - €1) + asba(ez - €2).
Omnako xe €163 = e2e] = (, Tak Kak €] U €z NEePIEHIUKYIAPHBI;
¢ OPYTOU CTOPOHLI, €1€] = €2€9 = 1; C yIeTOM 3THX PABEHCTB IIOIY-

qaeM, 9T0 @ - b = a1by + agby. 3amumem o1y dopMmyay eine pas:

‘ Ecmm a = (al;ag), b= (bl; bz), TO @ -b = a1b1 + agbs.
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YacTaem caydan sTon GopMyasl (korga as = () MBI y&Ke yCTAHOBWIW,
KOT 13 TOKA3KIBAIN PACTIPEICIUTEILHBIN 3aKOH [ CKATAPHOTO MTPOU3BETe-
HUA.

3agaua 18.4. Brsenure dopmyay, BBIPAXKAIOIIYIO CKAJIIPHOE MPO-
U3BeJeHNe BEeKTOPOB ‘epe3 MX KOOPIUHATLI, UCIOAL3YA Pe3YALTAT
3agaqu 18.2.

§19. TpuronomeTpudeckue (PoOpMYJIbI CIOKEHUSA

DopMya, BLIPAXKAIOMIAA CKAJLIPHOE IPOU3BeIeHNEe BEKTOPOB tepes
UX KOOPAMHATEI, — 3TO INIABHOE, PAJU 9er 0 MbI 3aHAINACH BEKTOPAMMU.
Cergac MBI OyIeM MOXWHATEH IUIOABI HAIIEH

paGorwl. [aa madana gapamTe Hay<IHMCA Ha- A i
XOIUTh CMHYC 1 KOCUHYC CyMMbI YUCEJ, €CJaN
W3BECTHBI CUHYC U KOCUHYC ciraraeMbrx. Ham a
O6ymer yaobHee HadaTh C POPMYILI MAA KO-
CHHYCaA Pa3HOCTH. A

Q|
e <

v

Wrak, mycTs nHam ganer aucia o u 5. Pac-
CMOTPHM HA TPUTOHOMETPHIECKOU OKPYX-
HOCTM TOYKY A, COOTBETCTBYIOILYIO WHCIY
«, 1 TOUKYy B, COOTBETCTBYIOIIYI0 THCIY [3
(pme. 19.1). O603HAMMM HAYAIO KOODAWHAT Puc. 19.1.
6yKBOM Z U PACCMOTPHUM BEKTOPHI G = Z A,

b = ZB. U3 ompefeneHua TPUTOHOMETPHHUCCKUX (BYHKIME ACHO,
9TO KOOPAMHATHI BEKTOPOB @ M b TakoBbL @ = (cosa;sina); b =
= (cos B;sin #). CTamo ObITH, CKATAPHOE NPOU3BEACHUE BEKTOPOB G

u b paBmHO, 10 popMyJe U3 MpeabIayIero maparpada,

@-b=cosacosf + sinasin §.

C ApyTOM CTOPOHHI, JIWHA KX IOT0 U3 BEKTOPOB @ U b PAaBHA eIuHI-
e, a yroa Mexay HuMu paseH « — [3 (Toanee rosops, (o — ) + 2wn
JUISL HEKOTOPOT'O TIEAOI'0 71, TaK KaK IUCIO & — (3 MOXKET 0Ka3aThCA OT-
PUIATENBHLIM IIu 6OMbIAM 7). TaK WM HHAYE KOCHHYC YT MEX Iy
BekTOpamu @ u b pasen cos(a— f3), Tax aro @-b = |al-|b|-cos(a—B) =
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= cos(a — ). Conocrapasas ABa BHIPAKEHUA 1A G - b, HOTyIaeM:
cos(aw — ) = cos cwcos 3 + sin acsin 3.

Yro6br moayunTh TEmEPs GOPMYIY [MId KOCUHYC3, CYMMBI, HA0
B dopmyry maa cos(a — () mogcraBuTs —f BMECTO [3:

cos(a + f) = cos(a — (—p)) =
= cosacos(—f) + sinasin(—f) =

= cosacosf — sinasin §.

Y1068 OTYIUTEL POPMYJILL A1 CHHYCA CYMMBI U PA3HOCTH, BOCIIOIh-
3yeMcs popMyaaMu TpuBegeHus. BoT GpopmMmyaa CuHYyCA CYMMBL

sin(a+ ) = cos(r/2 — (o + )
=cos((m/2 — a) — f)
= cos(m/2 — a) cos B + sin(n/2 — a)sin f =

= sinacos S+ cosasin .

AHAJIOTUYHBIM CTIOCOO0M MOXYHaeTCA U (HOPMYJIa CHHYCa PA3HOCTH.
IIpegraraem BaM BBIBECTH €€ CAMOCTOSTEABHO U CBEPUTHCSI C OTBE-
TOM:

cos(a + ) = cos accos B — sin asin f3;
cos(a — ) = cos cwcos 8 + sin asin 3;
sin(a + ) = sina cos 8 + cos asin f3;
sin(a — 8) = sina cos 8 — cos asin 3.

N3 dopmyn g1 cuHyca M KOCHHYCA CyMMBI X PA3HOCTH IIOJLY4a-
I0TCA U (POPMYJIBL A TaAHTEHCA CYMMEL U Pa3HOCTHU. BoT, HampuMep,
KaK IoJydaeTcsa popMyaa [ad TAHM€HCA CYMMBIL:
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ta(o+ f) = sin(a + B) _ sinacos 3 + cos asin 3 _
cos(w+ )  cosacosf —sinasinf

_ (sinacos 8+ cosasinfB)/cosacos B
~ (cosacos 3 —sinasinfB)/cosacosf
_ (sina/cosa) + (sin 8/ cos )
~ 1 — (sinasinf/ cosacos )
_ tga+tgp
1 —tgatgB’

BrmuieMm eme pa3 GpOpMYyJIBI Aad TAHTEHCA CYMMEI U PA3HOCTH:

_ tga+tgB
1 —-tgatgh’

B sTou kHmXKe yXKe LA pedbh O MePUOAUTECKUX, WIN KOJae6a-

tg(o— ) = 50180

tg(a + B) = T+ tgatgd

TEeJbHBIX, IPOIeccaX. B MpocTenmeM U TUIUIHOM CIydae Kodeba-
TEIBHOTO MPOLECCA IPAPUK 3aBUCUMOCTY BEAUIUHBI (CKAXKEM, CUILI
TOKA) OT BPEMEHU ABIACTCA CHHYCOMAOU. Hcam oTcamThBATE Bpe-
MA OT TOI'O MOMEHTAQ, KOr'/la 3HAQYEHNE BCJIWYUHBI DABHO HYJIIO, TO
3aBUCAMOCTD BEIUYUHEI U, COBEPIIAIOIIEH KOICOAHWA, OT BPEMEHH
3agaerca gopmyaon u = Asinwt, roe A u w— NocToAHHBIE. B 00-
IeM Xe CIy4ae, KOMJa OTCYeT BPEMEHM HAYUHAETCA Yepe3 Bpems T
MOCTE DTOT0 MOMEHTA, BMECTO t B (hOPMy.Iy HaA0 OyAeT IMOACTABUTD
t+ 7, m popmyna npumer Bug u = Asinw(t+7) = Asin(wt+ ), rae
“epes MBI OO03HAYUIN BEIWYIUHY wT. [locTOAHEBIE w, A U ¢ HA3HI-
BAaIOTCA COOTBETCTBEHHO YACTOTOM, AMILMIATYAON 1 (Ha30U, U STUMHA
TpeMs NapaMeTpaMu CUHYCOUIAIbHOE KOJeGaHUe IOJHOCTHIO Olpe-
IeNIeTCA. AMIUIATY A TOKA3LIBAET, KAKOTO HAUOOJBIIEr0 3HAMEHUA
JMOCTUraeT BEAUIMHA B IPoIecce KoaeGaHuu, a (a3a MOKa3bIBaeT, Ha
KAKOM dTalle KOaeOAHUA MBI HAYAJIU OTCIeT BpeMenu: ecau ¢ = 0, TO
B MOMEHT, Korga u = 0, a ecau, JOmycTUM, ¢ = 7/2, TO B MOMEHT,
KOT'JIa U JAOCTUTJIO HAUOOJBIIETO 3HAYCHUS.

Ecau npeobpasosats Belpaxenune u = Asin{wt + ¢), TO MBI 1O~
Ty IUM:

u = Acospsinwt + Asing coswt = Psinwt + Q) cos wt,

rae P = Acos g, () = Asin @ —nocTosHHbIE. Y YATHIBAA, YTO BMECTO
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coswt MOXHO HamwcaTh sin(wt + 7/2), nouxy-
JaeM, ITO BCAKOE CHHYCOMAJIBHOE KOIeOAHWE
MOXHO IPEJCTABUTH B BUJE CYMMBI KOJeOAHUN
¢ dasamu 0 u 7/2.

3agaga 19.1. Ecim «, 8 n a + 8 — ocTpoe
YIJIBL, TO POPMYJIY A CUHYCA CYMMBI MOXHO
HOJLYYIAThL T'¢OMETPUICCKHA, 6€3 BCAKAX BEKTO-
pos. Caemaute 3T0, PyKOBOACTBYACH puc. 19.2.

3agaua 19.2. a) JokaxuTe TOXAECTBO

sin(a + )
cosacos 3

tga+tgf =
6) BuiBeauTe aHATOTHYIHOE TOXAECCTBO MIA ctg o + ctg f.
3agaua 19.3. /lokaxwuTe TOXIECTBO
sin a + sin(a + 120°) + sin(a — 120°) = 0.

3agaua 19.4. Haiiure 3HaAYEHUA CJAEAYIONIUX BHIPAKECHUN:

a) cos 78° cos 18° + cos 12° cos 72°;

6) cos 76° cos 31° 4 cos 14° cos 59°;
tg22° + tg 113°

®) T e 158° ctg 23°°

3agaua 19.5. a) Haumgwure sinc, ecanm sin(n/6 + «) = 4/5, /2 <
<a< /2

6) Mawo, uto 0 < a < B < /2, tga+tgf =3, tg(a + ) = —3.
Hanpure a.

3agaua 19.6. /ToxaxwuTre TOXIeCTBA:
a) arctg 2 + arctg 3 = 37 /4;

6) arctg % + arctg % + arctg % + arctg % =7/4.
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3agaua 19.7. a) /fokaxmre TOXIAECTBO
sin(60° — «) + sina = sin(60° + «).

6) PaBaocroponnun tpeyroasauk ABC BOUCAH B OKPYXKHOCTE.
Ha nyre BC Bzarta Touka M. [loxaxwure, uto AM = BM + CM.

3agaua 19.8. Paccrosnme mex gy MEHTPaAMU ABYX MEPECEKAIOIIUXCA
OKPYXHOCTEUN PABHO G, OOIIAA XOpPAa BUIHA U3 IEHTPOB MO YTIAMEA
90° u 60°. Hangure paguycsl OKPYKHOCTEN.

3agaua 19.9. OcTpOYroabHBEIA TPEYTOJIBHUK BIUCAH B OKPYXHOCTH
paguycom 10 cm. llenTp OKpPyXHOCTH ygajgeH OT ABYX CTOPOH TpeE-
yrompunka Ha 2v/5 cm 1 8 cm. JeMy paBHO PACCTOSHEE OT IEHTPA
OKPYXHOCTH JI0 TPETbEU CTOPOHBI TPEYT ONLHUKA!

3agaua 19.10. a) Ha xmerdaron Gymare HAPUCOBAH TPEYTOJbHUK,
BEPILIMHBI KOTOPOT'O PACHOMOKEHEL B y3/1aX (TOYKAX HePeCedeHns JIu-
Hur). Jlokaxwmre, 9TO TAHTEHCHI YIJIOB DTOTO TPEYTOJbHUKA, ABJIA-
IOTCSA PAIMOHATHHBIMA IACIAMUA.

6) [JoxaxwuTe, 9TO HA KICTIATON OyMare HEIb3s HAPUCOBATH PAB-
HOCTOPOHHWY TPEYTOIHHUK C BEPIINHAMK B Y3J14X.

3agadga 19.11. Benuuuna v 3aBucuT oT BpeMeHU { 110 3aKOHY
u = Pcoswt + @ sinwt.

CaBuHEM HAYANO OTCYETA HA MOCTOSHHYIO BEIXYIUHY T (TO €CTh HOJ-
crapuMm ¢ = t' + 7 m BbIpasum u uepes t'); moayumrca popmyaa
u = P'coswt’ + Qsinwt’. Beipasure P’ m ' wepes P, Q u “mcao
Y = wr.

Ecau ropoputs He 0 KOme6aTeIbHEIX IPOIECCaX, a IPOCTO O (GYHKIMAX, TO
3Ta 3aJa49a TOBOPUT, ITO (PYHKIUA i = asinx + bcosx mocte casura ap-
CYMEHTA Ha IOCTOAHHOE YUCJAO ¢ (3aMEHBbI & HA T + €) OCTAeTCs (DYHKIMEn
TOrO XK€ BUIA, TOILKO C ApyruMu koadgdumuentamu a u b. Cymecrsyer
u 60Jee TPOCTON TPUMEDP TAKOTO POJa: MOKa3aTelbHas QyHKua y = ka®
TOCJE BAMEHBI & Ha & + ¢ OCTACTCA (PYHKITUEN TOTO Ke BUJA, TOIBKO C IPY-
rum kodddunmentom k. Bemukun matemaruk XVIII sexa Jleomapy Duaep
OTKPBLI, 9TO DTU ABA TpUMepa — PaKTUICCKN OHO U TO XKe. Y HAC TOngeT
06 3TOM pPEeUb, KOTJIa MBI 3aUMEMCA KOMILIEKCHBIMY TUCAAMU.
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3agaua 19.12. Touxky M, mmermyo KOOpAWHATHL (Z;%), NOBEPHY-
JU OTHOCATENBLHO HAYAJIA KOOPAMHAT HA YTOA (0 B MOJOXKATEIHLHOM
nHanpasrenun. [lonyumnacs Touka M’ (puc. 19.3). Kakosel ee Koop-
MUHATHL!

Ykasauue. Eciu €, u €2 — euHWIHBIE KOOPIUHATHBIE BEKTOPHI, TO
OM = x| + yey; mycTb € u €2’ — BEKTODLI, IOAyICHHBIE U3 €]
M € COOTBETCTBEHHO MOBOPOTOM HA YToa ¢ (OTHOCHTENIHLHO HAYa-
JIa, KOOPJAMHAT B MOJOXUTEIHHOM HAIPABICHWHU). 1Oraa, O9eBUIHO,
OM' = ze;' + yes'.

DopMy.Ibl, BLIpaKaoye KoopAuHaThl Touky M’ dyepes Koop AuHaATHl TOYKI
M, coBnapgaloT ¢ ¢opMyJaMu U3 OpeJLLIyInel 3a1a4u, BelpaxKaoommmu P’
u (' wepes P u . [Ipu+uner TaKOro COBIAIeHUA MBI OOCY IUM B CJI€TYOMEM
naparpadge.

3agaua 19.13. a) Ilyctes @ u b— monoxuTenbHbIe Yucaa, MeHbIITE 1.

b
IToxaxwute, aTO arctga + arctg b = arctg 1a7+b'
—a

6) YTo HYXHO MOACTABUTH BMECTO MHOTOTOYUA B MPABYI 9aCTh
PaBEHCTBA
arcsina + arcsinb = aresin(. . .),

9TOOBI TOLYIMIOCH TOX AECTBO, BEPHOE IPHU BCEX NOCTATOIHO MATBIX
MOJOXATEALEBIX a U b7
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§20. ®opmy.Jia BCIOMOraTeJbHOr'0 yIJjia, WA
CJI0OXKEHHE KOoJeOaHuyu PaBHOM YaCTOTHI

IloBTopure: §13: Yemy paBrO sinz + cosz?

B mpeaprayuiem maparpadge Mbl ¢ TOMOMIBI (GOPMYJT CJIOKECHUS
HepeNun OT 3anucy Korebanun B Buge 4 = Asin(wt+p) Kk 3anucu u =
= Pcost+Qsint. [laBanTe Teneps HAYIUMCA TEPEXOJUTH OT BTOPOU
3AIUCHU K TIEPBOMU.

Ecam BMecTo ¢t HATHCATD 0, TO 334354 66T TaAKOBa: AAHO BHEIPA-
xkenue P sin a+ () cos a; TpebyeTca HauTH Takue ducaa A u ¢, 9To6h
BBIIOJHAJIOCH TOXACTBO P sin a+Q cos @ = A sin(a+y) (Mbr MoxeMm,
OYEBUAHO, CIUTATH, 9TO P u () He PABHBI OJHOBPEMEHHO HYJIIO).

[IpeamomoxuM CHAMANA, ITO HAM YAAJOCH HAUTH TAKOE (0, ITO
P = cos, Q = sinw. Torga mama 3agada pemasacsk ObI MIPOCTO:

Psina + @Qcosa = cos @ sina + sin ¢ cos a = sin(a + ¢).

OxmHako B 00IIEM CAyYae TAKOrO YMUCIa MOXET W HE CYIIeCTBOBATH:
Begb ecam P = cosp, Q = sing, o P2 4+ Q? = cos® ¢ +sin® p = 1,
a CyMMa KBaApaTOB ABYX IPOM3BOJILHLIX ducea P w () paBHATHCA
eaunuIe He 06a3aHa. [losToOMy TpuMeHUM HEGOMBUION TPIOK, 4 UMEH-
HO YMHOXHUM H HOJeIUM Halle BhIpaxenue Ha /P2 + Q2

P Q
Psina+Qcosa = /P2 + Q2 ( sina+cosa>.
/P2+Q2 /P2+Q2

3aMeTuM, 9TO

VPTEQ) T\PTEQ
P . Q
Crano 6BITH, TOYKA C KOOPAWHATAMEA (\/P2+Q2’ PO
TPUTOHOMETPUIECKOU OKPYKHOCTH; IYCTh  — KAKOEe-HUOYIb U3 CO-

) JCXKUT Ha
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OTBETCTBYIOIUX e’ JIucedn. Tor,qa BBIIOJMHEHBI pPaBEHCTBA

P
= o
o Q
sin @ =

N

7 Hallle BBIPDAXEHNE 3aluIIeTCa TaK:
Psina+ Qcosa =/ P?+ Q%(cospsina +sinpcos ) =
=/ P? + @Q?sin{a + ¢).

WNrak, nHama miens JOCTATHYTA.

Ecan ancaa P u () ve pasusl 0, To

Psina+ Qcosa =/ P? + Q?%sin(a + ¢),

— P o — Q
e cosp = N sin ¢ Nk

DTO U ecTb PopMyaa BCNOMO2AMEAHO20 Y2aa (BCIOMOraTEIbHbIN
YyLOIL—3TO ).

Ecau nogenuts gpyr HA APYra BEIPAKEHUA A1 SIN @ U COS (@, TO IOLY ITUTCSH
paBeHCTBO tg ¢ = /P, Tax 9T0 BOZHUKAET MCKYLIEHUE HANCATD LOIPOCTY
p = arctg(Q/P). K coxanenuio, Tak nucarb MOXHO TOJLKO ecau P > O:
B 5TOM CIydae TOYKA, COOTBETCTBYIOWIAL (0, JIEKHUT LIPABee OCH OPNUHAT,
U IO3TOMY €l COOTBETCTBYET HUCIO U3 uHTepsBata (—m/2;7w/2), B koropom
JIeXKaT apKTaHIeHCH Beex yrioB. Ecau P < 0, To 5T0 yxe He Tak (Torga
B KauecTse ¢ rogutca aucao arctg( (Q/P) + ) ).

Tenepb MBI MOXEM [OBECTHU [0 KOHIIA WCCJAeTOBaHWE (DYHKIWT
y = sinz + cos z, Hadaroe B § 13. Ecan npeobpaszoBaTh BhIpaXeHue
Sin £ + COS £ WO HAIIEMY PEIenTy, TO HOIYIATCA BOT TITO:

1 1
sinx +cosx = \/§< sinx + cos:v) =

V2 V2
= V/2(sinz - cos(m/4) + sin(n/4) cos z) = V2sin(z + 7/4).

Crano 6bITh, Tpaduk Halel QYHKITUN — JEACTBUTEABHO CUHYCOUIA,;
320JHO MBI ellle pa3 yOex [aeMcs, IT0 HAMOOJbIIee 3HAYEHNEe BHIPA-
JKEHWS Sin & 4 coS & paBHO \/§7 a HaWMEHbIIee 3HAYCHEe PABHO —\/§.
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3agayua 20.1. [TocTpoure rpadpuku pyHKITUN:

a) y =sinz + cos x; 6) y = sinz — cos x;
B) y =sinx — V3 cos .

3agava 20.2. Hamgure MHOXeCTBO 3HaMeHun GYHKINN y = Sinx —
—2cosz.

3agaua 20.3. Pemnre ypaBmenns:
a) 6cosz — Hsinx = 8§; 6) sinz + cosz = 1.

Hamy ¢opmyay BcioMoraTeabHOI0 yria MOXHO IIOJAY YUThH U I'€0-
MeTputiecku. HamoMuuMm 1 Hatana, ITO BEKTOD AIUHBL 1, 00pa3y-
IO ¢ OChI0 aBCIUCC YTOaA (v, MMEET KOOPAUHATHI (T COS a7 Sin )
(pue. 20.1a).

Teneps pacemorpuM BexTop O A, mveromui gmury P u o6pasyio-
IUU ¢ OCBIO A0CIUCC YTOI (v, U MEPIEeHIUKYJIApHBIA eMy BekTop OB,
UMY 1auHy () 1 00pa3yIOUMi ¢ OCHI0 abCIUCC yrod o + /2
(puc. 20.16). Toraa

OA = (Pcosa; Psina), OB = (—Qsina; Q cos a)

(BTOpOE PaBeHCTBO BhITEKAET u3 (HopMy.I npusesenus sin(a+w/2) =
= cosa, cos(a+ 7/2) = —sina), oTKyxa

OA+ OB = (Pcosa — Qsina; Psina + Qcosa).

OHAKO CyMMy MOXHO HAWTH I IO IPABAIY mapaiierorpamma: O A+
+ OB = OC, rge Touka C' — epmuna npamoyroasauka OACH.
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ITo Teopeme ITuparopa meem OC = VOA?2 —|—7OB2 = P2+ Q7
ecau ob6osuaxuTh L AOC depes @, To BekTop OC 06pasyeT ¢ 0CbIO
abcnuce yroa o + ¢, OTKyAa

OC = (VP?+ Q% cos(a + ¢); VP2 + Q?sin(a + ¢)).

IIpupasampaa opauaaThl BekTopos OC u OA + OB, morysaeM, 1TO

Psina+ Qcosa =/ P? + Q?sin(a + ¢).

Yroa ¢ HalAEM TAaKXKe T€OMETPUYECKM: W3 IIPAMOYTOJIBHOTO Tpe-
yroamsuuka OAC Bugum, uto tgyw = AC/OA = Q/P. 1o Takxe
COTJIACYETCA ¢ TPEALIAYIIAMYA PE3YIbTATAMA (HAIOMHUM, 9TO TUCIA
P v () mOnOXUTEIbHEL).

3agaua 20.4. Ecau npupasaaTs abcmuccs BekTopoB OC 1 OA+ OB,
TO A MOJOXUTEIbHBIX P u () moryuaurcsa ¢popmy.ia

Pcosa — Qsina = v/ P2+ Q?cos(a + p),

rae ¢ = arctg(Q/P). BrBeaute 5Ty GopMyny, He UCHOIL3YA BEKTO-
POB.

[IpueM, KOTOPBIM MBI BOCIIOAb30BAINACH, TIO3BOJIAET MPAIATE [0~
METPUYECKUU CMBICA U JPYTUM TPUTOHOMETPUYECKUM BBIKJIAIKAM.
[JaBanTe, HAIpUMED, YIPOCTUM BhIpaxeHue sin « + sin(a + 120°) +
+sin(a—120°) (3agaga 19.3 w3 npeasragymero maparpada). [las sToro
OTJIOXKMM OT HAIAJIA KOOPAUHAT CIACAYIOIINE TPU BEKTOPA a, bu c, CO-
OTBETCTBYIOMME TOYKaM &, & — 120°, a+ 120° TpuronoMeTpu<ecKon
okpyxHocTH: @ = (cosa;sina), b = (cos(a — 120°);sin(a — 120°)),
¢ = (cos(a + 120°);sin(a + 120°)) (pumc. 20.2a). Ecin uckaTs cymmy
G+ b+C reomeTpuieckn (OTKIAABIBAS b OT KOHIA @ U T. 1), TO ACHO,
9TO Hallla JOMaHasaA U3 TPEX 3BCHBCB 3aAaMKHETCA B HpaBHJIbHI:IEI Tpe-
YTOIBHUK, TaK 9TO @ + b+ ¢ = 0 (puc. 20.26). 3amuchiBas xe CyMMy
a+b+cn KOOPJUHATAX, IIOJYIaeM PABEHCTBA

sin « + sin{ao + 120°) + sin(a — 120°)
cos a + cos(a + 120°) + cos(a — 120°)

0,
0
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120°
a
o >

120° J
120°
b
a)
Puc. 20.2.

Takum 06pa3oM, MBI JOKA3aIM TOXAeCTBO n3 3agaqau 19.3 (a 3aoa-

HO ¥ aHAJOTUYIHOE TOXAECTBO [l KOCUHYCOB). Bupodem, B naHHOM
cIyvae HUYIErO He CTOUT M0KA3aTh DTU TOXJAECTBa 06e3 BCAKHUX BeK-
TOPOB, ¢ MOMOIILIO GopMya ciaoxenusa. [Ipusemgem Gosee cepbE3HBIN
IpuMep.

PacemoTpum cumycompanbuoe koaebanme ¢ ammaatygou A > 0,
qacTOTON W U dason ¢: u = Asin(wt + ). Torga 3HaveHne U B MO-
MEHT BpPEMEHU ¢ eCTh OpAUHATA BEKTOpa MIWHLI A, oGpasyiomero
yroa wt + ¢ ¢ ocbio abcuucc. UHBIME CI0BAMU, 3HAUYEHUE U B MO-
MEHT { PaBHO OPAWHATE BEKTOPA NIWHBI A, BPAIIAIOIIErOCS BOKPYT
HAYTAJIa KOOPAWHAT ¢ YIVIOBOW CKOPOCTHIO w. Ha pUCyHKAX MpUHATO
n306paxaTh MOMOXEHWE DTOr0 BPAIAIOIMIErOCA BEKTOPA B MOMEHT
t = 0. IIpm sTom yroma, 06pa3oBaHHBIM UM ¢ OChIO abcmucce, OyaeT
paBHATBECA dase (puc. 20.3a). PaccmoTpum Temeps aBa KomeOaHUsA
omHOM wacToThl: U1 = Ajsin(wt + 1), ue = Assin(wt + ¢2). Kax
HAUTY aMIIaTyny u a3y uX CyMMBL 41 + uz? Ecan m3o6pasuts ug
" U9 BPpAaIlaIOUMUCA BEKTOPAMU, TO OIYEBUIHO, I9TO CYMMa 3TUX BEK-
TOPOB TaKXke OyZeT BPallaThCA CO CKOPOCTBIO W, WM U1 + Uz OyaeT
paBHO opauHaTe WX cyMMbL. CTano 66ITh, Ipu n306paxeHun Koxeba-
HAU BEKTOPAMU CyMMe KOTeGaHWU COOTBETCTBYET CYMMa, BEKTOPOB.
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Puc. 20.3. BexTopurie nuarpaMMEbL.

B wactrOCTH, M3 puc. 20.36 u TeOpeMBI KOCHHYCOB ACHO, 9TO [JIUHA
CyMMBI BEKTOPOB PaBHA \/A% + A2 + 241 Ag cos(p1 — ¢2), Tax aTO

Aq sin(wt 4+ ¢1) + Ag sin(wt + p2) =
= /A2 + A3+ 241 Ay cos(ip1 — p2) sin(wt + 1),

re yroa ¢ Takke MOXET ObITh HAMJEH TeOMETPUIECKN (HATTPUMED,
€ TOMOIIBI TEOPEMBI CUHYCOB).

IIpu TaxoM COOTBETCTBUU MEXIY KOMCOAHUAMEU M BEKTOPAMHU PA3IOKEHHE
Asin(wt + ¢) = Psinwt + Q cos wt

COOTBETCTBYET PA3JIOKEHUIO BEKTOPa HA CYMMY BEKTODOB, Hapa/lIeIbHBIX
ocaM abcuuce u opauHaT (Tak IT0 KoddduimenTs P u () — He 9TO uHOE,
KaK KOODAWHATHL BekTopa). COBUr HadYama OTCYETa BPEMEHW HA T, B De-
3yAbTaTe KOTOPOro K ¢ase mpubaBIgeTCA UUCIO0 WT = P, COOTBETCTBYET
mOBOPOTY Ha yroa ¢. Teneps CTAHOBUTCA MOHATHBIM, MTOYEMY TOJHOCTBIO
AHAJOTHIHBI OTBETHL K 3aaaaMm 19.11 u 19.12.

Onucansoe HaMU U300pAKEHTE KOJEOAHUN ¢ TOMOIIBI0 BEKTOPOB
[IpUMEHAETCA B IeKTPOTEXHUIECKUX pacdeTax; TaM er'0 Ha3bIBAIOT
MeTOJIOM BEKTOPHBIX AWarpaMM.

3agaua 20.5. Paccmorpum konebanus, 3agaHable GOPMYIAMA U] =
= A;sinwt u ug = Agsin(wt + ¢). Hangure ¢ moMomeso BEKTOPHON
AMarpaMMbl aMIIATYAY W a3y mrd ui + usg.
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§21. /IBouHbIE, TPOMHBIE U IOJOBUHHBIE YIJIBI

SamnutieM GOPMYIBl CAHYCA, KOCHHYCA W TAHTEHCA CYMMBI A acT-
HOT'O CIytas, KOrga ciaraeMmule paBHHL llonyuwTcesa BoT wTO:

sin2a = sin(a + &) = sina - cos & + cos asin @ = 2 sin & cos «;

2 2

€os 2a¢ = cos v cos @ — sin asin @ = cos” a — sin” ¢

t t 2t
tg2a =tgla+a) = gatiga _ ki

l—tga-tga 1—tg2a’

Crano 6bITH, MBI HOIYYIWINA (POPMYIBI, BRIPAKAIINE TPUTOHO-
MeTpudeckue PyHKIUA OT 2(¢ Yepe3 TPUrOHOMEeTpUIecKrne PpyHKITN
OT Q:

sin 2 = 2 8in @ cos o

cos 2a = cos® o — sin? o

2tg

tg2a = ——5—.
1—-tgea

Dopmyny misa cos2cc MOXHO HEMHOI'O npeobpazoBars. Eciau 3a-

MeHITD B Hel sin? v #a, 1 — cos? @, TO TOTy<IHTCa hOPMY.Ia, BHIPAKA-

ouasa Cos 2 qepe3 Cos ¢

2 2

cos 2a = cos? o — sin? a = cos? a — (1 — cos?

a) =2cos’a — 1.

2

Moxu0, Ha060poT, 3aMennTs cos’ @ Ha 1 — sin? . B mrore moaya-

€TCA BOT 9TO:

cos 2a = 2 cos® o — 1;

cos 2a = 1 — 2sin? .
3agaua 21.1. Dopmyay cos2a = 1 — 2sin? o moxHO goKazaTh (mia
OCTPHIX yIiOB ) reoMmerpudecku. Cpemante 3T0, HAUII ABYMs Pa3-

HBIMH cIOCOOaMM OCHOBAaHME PaBHOOEIPEHHOI'O TPEYTOJbHUKA C yI-
JIOM IIpU BepIIuHe 2 ¥ OOKOBOW CTOPOHOM 1.

3agaua 21.2. a) IlycTs sina + cosa = m; HagauTe sin 2a.
6) MycTe sina — cos a = n; Hamaure sin 2a.
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3agaua 21.3. /loxaxuTe TOXIECTBO:
cos a cos 2a cos 4a = sin 8ay/8 sin cv.

Ykazanme. YMHOXbTE U IOAENNTE JEBYIO UacTh Ha 8sin a.

3agaua 21.4. Hanmre sHAYMEHNA BEIDAXKEHWH, HE MCTOIB3YS KATHKY-
JIATOp WUIN TAOIUIIBL:

a) cos(m/9) cos(2m/9) cos(4m/9);
6) sin 10° sin 50° sin 70°.

Hogobuo dpopmynam aas GYHKIMEA IBOUHOTO YIia, MOXHO TOIY-
9aTh (POPMYJBI A CUHYCA U KOCUHYCA 3¢, 4 u 1.1. Hampuwmep:

cos 3a = cos(2a + a) = cos2acos a — sin 2asina =

= (cos? o — sin?
= cos® a — 3sin acosa =

a)cosa — 2sinacosasina =

2 2

a Ha 1 — cos® a)

= cos® a — 3sin® acosa = cos® a — 3(1 — cos® @) cos o =

(3amensem sin

=4cos® o — 3cosa.
3agaua 21.5. BriBeaure BTOPYIO M3 HUXEIPUBEICHHBIX (POPMY.I:

cos 3o = 4 cos® a — 3 cos

sin 3 = 3sina — 4 sin? a.

Mgt He 6yeM BBIMUACHIBATE (POPMYJIBI A CAHYCA W KOCUHYCA, 1
mpu n, Goabmmx 3. /a1 HeGOIbIINX 3HATMCHAN 72 TATATEIDb JETKO CIe-
JaeT 3TO CaM; KakK ycTpoeHa (HopMmyJa as IPOU3BOJIBLHOT'O 7, MbI
y3HAEM, KOT/[a TIO3HAKOMUMCA C KOMIIEKCHBIMU TUCIAMU.

Ha mamm ¢popMyasr mas cos 2ac MOXHO MOCMOTPETh W C APYTrOn
cTOpoHBL VIMeHHO, BHIpa3suM B 5THX GopMy.Iax cos® o miu sin’ o Je-
pe3 cos 2a. [TorygaeTcsa BOT 9TO:

9 1+ cos2a

cos“ a = —

. 9 1 — cos2a
sin“ o = ————
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Oty GOPMYIBI YACTO HABBIBAIOT HOPMYAGMU NOHUNCEHUA CTENE-
HU; BOT IBA UX IPUMEHEHU.

Bo-nepBbix, gaBanTe 3aMEHUM BCIOAY B 3TUX HOPMYyaax & HA /2.
TonyunTca BoT uTO:

cos?(a/2) = (1 + cos ) /2;
sin?(a/2) = (1 — cos @) /2.

Ecau Tenepe maBaeds w3 06enx 4acTed KBaAPATHBIE KOPHU, TO IMO-
AyYIaTCa TakKue «POPMYJIbl TOJOBUHHOT'O yTJIaN:

1 —cosa
2

1+ cosa
2 7

‘cos — ‘ sin — ‘

CrTagno OLITh, eCIKM HAM U3BECTEH KOCUHYC YUCIA (U, TO— C TOTHOCTBIO

110 3HAKA — MbI MOXEM HAUTK TAKXKe CUHYC U KOCUHYC IHUCIa of2.
Ecan or6pocuTs B popMyIax MOJOBUHHOTO YIVIa 3HAKK abCOMIOT-
. a 14+ cosa

HOU BEIWYUHBI M 33MHUCAThH, HAIPUMEpP, COS — = {/ —————, TO IO-

2 2

JYYUTCA HEBEPHAA (POPMyJa: MpaBas YacThb Y Hee BCEra HEOTPHIIa-
TeabHA, (10 OMPEIEICHII0 KBAIPATHOT'O KOPH), a JeBasd 9aCTh MOXKET
OBITH OTpUIATEAbHON. ECim MBI 3HAEM TOJBKO 3HAYEHUS TPUTOHO-
METPUYECKUX (PYHKIUU OT yTIa (v, TO IS OIPEIeJeHUs 3HAKOB Sin v
M COS (v HYKHA MOMOJHUTEABLHAA THPOPMAITH.

Takasi HCOAHO3HAYHOCTD B ONPEACTCHAN 3HAYCHUN (DYHKITUH MTOJOBHHHOTO
YTJIA HE yAUBATEIBHA: €CAM MBI 3HAEM TOIBKO SiN @ M COS (v, TO HAM U3BECTHO
PACTIONOKEHNE TOYKYM, COOTBETCTBYIOMICH UWCTY (, HA TPUTOHOMETpPUIC-
CKOU OKDY¥HOCTH, HO Y3HATH, TJle Ha OKPYXKHOCTU HAXOAUTCA UUCIO 2,
0€3 MOIMOMHATEIBHON MHMOPMAMA HEAB3SA: CCIN TUCIA ( B 5 OTIMIAIOTCA
HA 27, TO CAMU OHHU 3aHUMAIOT Ha TPUIOHOMETPUIECKON OKPYKHOCTH OLHO
U TO XKe MecTo, a uucaa «/2 u /2 nuaMerpaibHO IPOTUBOIOJOKHEL

3agaua 21.6. a) Hauanre cos(z/2), ecmm cosz = 1/3,21 < z < 3.
6) Hangnre sin(z/2), ecaim cosz = 1/4,0 < z < 7.
B) ITycTh Ham Tpebyercs nantu sin(z/2), ecau cosz =1/4 n a —
— 27 < = < a. Jna xakux o w3 orpeska [0;7/2] sTa 3azaga Oyger
nMeTh €INHCTBCHHOEC peHIeHI/Ie?
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(U3/R) cos 2wt

~VY

Puc. 21.1.

3ajaua 21.7. B TpeyroabHuke MpOTUB CTOPOH a, b, ¢ nexaT yriasl A,
B, C. [lokaxuTe cregyroimme (pOPMYJIbL:

a)smé: (P—b)p—0)

2 bc ’
(p = (a+ b+ ¢)/2— nonynepumerp).

p(p —a)
6 oy BEY
) cos 5 .

Bropon npumep npumeHenus popMy MOHUKEHNUA CTEMEHN OTHO-
curcs k pusuke. Kak mssecTno, ecam «Harpyska» (Hampumep, aam-
HOYKa) compoTuBIcHUEM R HaxomuTcesa mon HampsxerweMm U, To Ha
Hell BeigengerTca momHOCTh U2/R. Ecmm TOK y HAC TepeMeHHbIH,
To Hampsaxkeuwe U, a cTajo OBITH, U MOIIHOCTH BCE BpPEMA MEHAIOT-
CA; MPAKTUYIECKUN WHTEPEC MPENCTABIICT CpelHee 3HAYMEHUE 3TON
momaocTr. [laBanTe ero mamgem. [lycThb HampsXKeHwe 3aBUCAT OT
Bpemenu 110 3axony U = Uy cos wt, rae Uy — aMmanTyga (MaKCAMAIL-
HOE 3HA¥eHUne HanpsxkeHus). Toraa mo popMy.Ie MOHNKEHUS CTETIEHN
rMeeM:

1 2wt
U?/R = (U2/R) cos® wit = (U2 /R)w —
= U3 /2R + (U3 /R) cos 2wt.

B sTom cymme MEHAECTCA CO BPEMEHEM TOILKO BTOPOE CIATAEMOE,
HO TIPW DTOM €ro CpejfHee 3HAYCHUE PABHO HYJI0: MOJOBUHY BPEMEHW
TUCTO COS 2wt TOMOXUTEIBHO, APYTYIO MOJOBAHY — OTPUIATEILHO, &
IpU YCPEAHEHUN DTU TOJOKUTENBHBIE W OTPUIATETHHBIC 3HATCHUA
KOMITEHCUPYIOT aApyT apyra (cm. pumc. 21.1).

[losTOMY CpenHee 3HAMEHAE MOITHOCTH PABHO EPBOMY CIATAEMO-
My, To ectb UZ/2R. Ecam o6osnasmts U, = Uy/+/2, To nomy-mres,
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9TO CPEJHAA MOUIHOCTH PABHA (Ufp) /R. Crano 6bITh, CpeqHIS MOII-
HOCTB, BHIJEAAEMAA Ha CONMPOTHUBICHAA R B IEMU IepEeMEeHHOTO TOKA
C AMIMIMTYAOU HampsaxeHwma Uy, Takad Xe, KaK €CIu Obl TOK OBbLI
[OCTOAHEH, a HAIpPAXKeHZe ObLIo B /2 pas Menbme, deMm Up. Beuan-
“uny Uy, HA3BIBAIOT CPeJHEKBA,IPATHIHBIM 3HAUCHIEM HAIPAKEHIU;
NMEHHO €Ir0 MMEKT B BUANYy, KOrga TOBOPAT, 9TO HAIIPAXEHUE paB-

O 220 B.

3agaua 21.8. /ToxaxwuTe TOXIECTBA:
a) sin?(a + B) + sin?(a — ) 4 cos 2a - cos 283 = 1;
6) cos?(a + B) + cos?(a — B) — cos 2a - cos 23 = 1;
B) cos® z 4 sinf z = g + %COS4LE.

4

3agaga 21.9. YnpocTure Bopaxenue sin? z + cos

rpadpuk PYHKINUL y = sin! z + cos* z.

T W TMOCTPOUTE

Mpu1 yxe BuinucsiBaau hopmy.bt s |sin(a/2)| u | cos(a/2)|, Tak
aro gopmyay g |tg(a/2)| MOXKHO mONYHIUTEH, TPOCTO MOAEIUB DTH
hOPMyYJIBI APYT HA APyTa:

3 -

MoxHO, 0JHAKO, TOJYYIUTH IS TAHTEHCE MOJOBHHHOTO yriaa (op-

i 2
Myabl 1 nouHTepecuee. s sroro B paBeHcrse tg(a/2) = sm((a§2))
cos(a
YMHOXUM YUCIATEIb U 3HAMEHATENb Ha 2 cos(a/2):
o & 2sin(a/2) cos(a/2)  sina
697 2 cos?(a/2) - 1+ cosa

(MBI BOCHOIB30BAMKCH POPMYLaMU CUHYCA ABOMHOI'O yIVIA U IIOHVIKE-
Hus cTenenn). MOXHO OBUIO OBI TaKXkKe YMHOXUTD GUCAUTEIb U 3Ha-
MeHaTenb Ha 2sin(a/2):

a 2sin%(r/2) 1—cosa
2 2sin(a/2) cos(a/2) sin a
Nrax: .
¢ a _ sina ) g_l—cosa
89 T T+ cosa’ 89 T Tsna
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o sin o
3agadga 21.10. Dopmyay tg - = ——
: PMYILY T8 2 1l+cosa
MOXHO ([0 KpauHel Mepe [asd OCTPBIX

S yraoB «) gokasarh reomerpudecku. Cre-

? o JauTe DTO, PYKOBOACTBYACH puc. 21.2.
1 |cosa

Tanrenc mOJOBHHHOIO YIVIA UI'PAET OCO-
6y poOJb B TPUT'OHOMETPHUU: YEPE3 HErO
MOXHO BBEIPA3UTBL BCE OCTAJBHBIE TPUTO-
HOMETpUYIECKre (PYHKIUA. ITO IEAAeTCH

Puc. 21.2. creaytomum o6pasom. PacemoTpum Takyio
IENOYKY PABEHCTB:
. sin(2 - («/2)) 2sin(a/2) cos(a/2) 2tg(a/2)
sSin @ = — =
1 cos?(a/2) +sin?(a/2) 14 tg?(a/2)

(MBI O €M YUCaAUTeNb U 3HaMeHaTeab Ha cos(a/2)). O6paboraem
AHAJTOTTIHEIM 06Pa3oM KOCHHYC:

cosq = 82 (a/2)) _ cos®(a/2) —sin*(a/2) _ 1 —tg*(e/2)

1 cos2(a/2) +sin’(a/2)  1+tg(a/2)
Hens dbopmynry ama sina mHa GOPMYILY AL COS (v, TOIYTAM:
2% 2
o 210/
1 —tg*(a/2)

Bopotem, B »Toi mocaeguen GpopMyie HAYEro HOBOT'O KAK pa3 HeT:
ecan 3amucaTh tga = tg(2 - (a/2)), To >T0 —upocTo popmyaa TaH-
TeHCa ABOUHOrO YIUIA.

3amuiueM Tpu HamK GOPMYILL BMECTE:

sin o = 72 tg(a/Z) :
1+ tg%(a)2)’
1 —tg?(e/2)
_ 2tg(e/2)

BT T g (a/2)
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DopMyabI, KOTOPBIE MBI TOJIBKO 9TO MOJYYWIW, B TPUHIAIE ITO-
3BOJMAIOT YUCTO MEXAHUYUECKU TPOBEPUTEH JI060€ TPUTOHOMETPUIE-
CKO€ TOXIEeCTBO, B 00X IACTAX KOTOPOTO CTOAT BHIPAKEHUA OTHO-
CUTENBLHO Sin( M COS (f HAJ0 TOJBKO BBIPA3WUTH BCIOAY Sin (v M COS &
4epes tg(a/2), mocae gero, ecan 0603HaIUTEL tg(/2) wepes t, moiy-
auTca aareGpamdeckKoe TOXAECTBO ¢ OJHOU TIEPEMEHHON §, TPOBEPKa
KOTOPOr'0 MOXeT MoTpeboBaTh BpEMEHH, HO HE M300peTaTeJbHOCTH.
Touno Tak Xxe J060€ TPUTOHOMETPUAIECKOE YPABHEHUE, B KOTOPOM
JIEBAA W TIPABAA IaCTH BHIPAKEHBI Y€Pe3 SiN L U COS &, CBOANTCA C TI0-
MOIITLIO STUX (POPMYJI K AITeGPANTECKOMY YPABHEHUIO OTHOCATEILHO
tg(x/2) (Bupodvem, As pemeHUs yPABHEHUN B (IIKOJBLHOM» CMBICIE
9Ta MOACTAHOBKA MAJ0O 9ITO NAET, NOCKOILKY MPHU 3TOM, KAK IPABH-
JI0, TOLYYAI0TCA AIreOpantecKue YPABHEHUA BHICOKOU CTEIEHH).

Dopmyabl, BEIPAKAKOIINAE TPUTOHOMETPUIECKHE (PYHKIMY TIP3
TAHTEHC TMOJOBAHHOTO YTUIA, HAZLIBAIOTCA «pOPMYIAMEA YHUBEPCATh-
HOM TIOCTAHOBKW).

Ha ¢popMy s yEMBEpCATHHOW MOACTAHOBKM MOXKHO TOCMOTDPETh W eIe ¢
OJHOM CTOPOHEL. PaccMOTpuM HAIYy CTapyo 3HAKOMYIO — OKPYKHOCTH pa-
mayca 1 ¢ meHTpoM B Havate KOOPAWHAT. YDPABHEHUE DTON OKPYKHOCTH
22 + 32 = 1 MOXKHO PACCMATPUBATEL KAK PEIENT MpPOBEPKH, IPHHAIIeKUT
JU OKPYXKHOCTH JAaHHAA TOYKA: (MOACTaBh €€ KOOPAUHATH (Z;y) B ypas-
HeHUe; TOUKa OyIeT JekKaTh Ha OKPYKHOCTH, €CAM IIPU 3TOM IOLYIHTCA
BEPHOE PABEHCTBO». I10CIE TOr0, KAK MBI OIIPEICIRIN (PYHKIUH CUHYC I KO-
CHHYC, IIOABIAETCA BO3MOKHOCTD OIMCATH OKPYXKHOCTD, 9TO HA3BIBACTCA,
HapaMETPUIECKH, 8 MMEHHO 33JaTh KOOPAWHATHI BCEX €€ TOIeK (POpMy-
JAMU: «TOYKHM OKPYKHOCTH — DTO TOYKH C KOOpAmHATAME (COS ¢v;Sin o)
Ul BCEBOBMOXHBIX YHCET . FCIM Tenepb BLIPABHTL COS ¥ U Sin (v 9epes
t = tg(a/2), TO TOUYKU OKPYKHOCTH OKAXKYTCS 3AJAHHBLIMU C MOMOIIBIO
bopMyI, HE UCTIOIB3YIOMUX TPUTOHOMETPHUM: TOUYKU OKPYXKHOCTH C YPaB-
1—¢ 2t
1+ 1+t2) A
BCEBO3MOXKHEIX t.! Kak TroBopaAT, KOOPAMHATEI TOYEK OKPYKHOCTH 32 JAI0T-
€A ¢ TOMOIBIO «PAITMOHANBHBIX (GDYHKIAN OT ¢ (panuoHatbHas GyHKIHL —
5TO (PYHKIUA, AIA BEMMUCICHUA 3HAYMCHUA KOTOPOU MOCTATOTHO UETHIPEX
NEUCTBUN apUPMETUKYN 1 BO3BEICHUA B IEJIYE) CTEIEHB).

merueM 72 + y? = 1 — 3TO TOUKE ¢ KOODIMHATAMI (

!Crporo roBopa, T (GOPMYJIEI 33JAI0T BCE TOYKM OKDYXKHOCTH, KPOME
(—=1;0). Met me GygeM OOpamaTh BHUMAHWUA HA TO, YTO KOHETHOE THUCIO TOTEK
opMyION HE OXBATHIBAETCA.
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IpecTaBuM Temeph, YTO KPUBad 3aJaeTcA He ypapHeHueM o2 +y2 = 1,
a KaKUM-TO APYTUM anrebpantieckuM ypasHeHreM. CIpammBaeTcs, MOXHO
JIW B 3TOM CJIy9ae KOOPAUHATHI €€ TOUEK 331aTh PAIMOHAIBLHLIMYU BEIPAKE-
HuAME OT nepeMeHHoOu t7 OTBET Ha BTOT BONPOC BABUCUT OT YPABHEHUS
kpuBou. Ecau B 06enx 9acTsaX YPaBHEHUs CTOAT MHOTOWIEHBL OT & U Y
CTeleH: He BLIE BTOPOU, TO 334aTh TOYKH KPUBOU C MOMOIIBIO pPally-
OHAIBHBIX (PYHKIMU OT OLHOU IEPEMEHHOU Bcerga yaaercs (IpuMephl —
B 3agade 21.11). Ecau xe xpusas 3agana ypaBHeHueM cTeneHy GoJbLie 2
TO, KaK MPABUJIO, 334aTh KOOPIUHATEL €€ TOYEK PAIMOHAILHBIMUA (yHKITI-
AME HEBO3MOKHO: TaK O6CTOMT Aeo y:xKe mia Kpuson x° + y° = 1.

3agava 21.11. 3aganTe ¢ TOMONILIO PAITUOHATLHEIX (PYHKIIUU KOOP TUHATHL
TOYEK CICTYIONNX KPUBBIX:
a) amumrca ¢ ypasaenuem 12 + 4y? = 1;

6) Tunep6oaLl ¢ ypapHeHueM vy = 1;

B) Tumep6omEl ¢ ypapHeHneM 2 — y? = 1.

Yxazamma. 6) Ecim ¢ = ¢, To y = 1/t. B) Pasnoxknre n1eByio 4acTh Ha
MHOXKUTEN.

3agaua 21.12. a) YkaxkuTe mATH pemieHmnn ypasserus 2 + y2 = 1 B momo-
KUTETLHBIX PAITMOHATLHBIX TUCIAX.

6) YkaxuTe mATH pemeHud ypasHerus a’ + b2 = ¢? B HaTypaTbHBIX
TUCAAX.

§ 22. IIpeo6Gpa3oBaHue NPOU3BEJEHUA B CYMMY
M CyMMBI B IIPOM3BEJEHNE

Hamwiem ogny mon apyrou pOpPMyIbl CUHYCA CYMMBI U CHHYCA, Pa3-
HOCTWU:

sin(a + ) = sinacos B + cos asin f3;

sin(a — ) = sinacos B — cos asin .

Caoxus ot popmy.sr, morymm sin(a+4)+sin(a—F) = 2 sin « cos 3,
wim

sinacos 3 = %(Sin(a + ) + sin(a — 3)).
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Tlocrynas ananornaasiM 06pa3oM ¢ hOpMyJIaMu KOCHHYCA CYMMBI 1
PA3HOCTH, MOy INM:

cos(a+ B) + cos(a — B) = 2cos acos f;
cos(a+ ) — cos(a — B) = —2sinasin g,

OTKYIa TIOIYyYal0TCA TaKue (POPMYJbL:

—_

cosacos = —(cos(a — ) + cos(a + f));

— DN

sinasin § = §(c0s(a — ) — cos(a + B)).

Mgt noayumian GOpPMyJIbl, MTO3BOIAIOIMINE TEPEXOIUTEH OT TPOU3BE-
JIEHUs TPUTOHOMETPUIECKUX (PYHKINE K UX cymme. /[laBanTe Temepnb
Hay4IuMcA AeJaTh Iepexol B APYLYI0 CTOPOHY: OT CYMMEI K IIPOU3-
BEJIEHUIO.

PaccmoTpuMm, manpumep, popMmy.ry

2sinacos B = sin(a + f) + sin(a — ).

O603HaYUM B MPABOU 4aCTHU 3TOU POPMYIH & + 5 4epes ¢, a o —
depes y. CkIaabiBas U BEIMATAA PABEHCTBA o+ S =z u o — § =y,
HaxoamM, uTo & = (z + ) /2, B = (z —y)/2. Hogcrasass >Tu BIpa-
XKEHUA B JEBYIO IaCThL (POPMYILI U IATaA (POPMYIY CIPaBa HAJIEBO,
[TOJIY A€M OKOHUIATEILHO:

4 cos Ty

2 2

IlogcTaBaas B TOABKO YTO MONAYUeHHYIO (GOPMYIY —Y BMECTO Y, MO-
JaydaeM:

sinz 4 siny = 2sin

r—y cos T+y
2 2
Ecau o6paboTaTs popmyast mis cos qcos S u mis sin asin 8 Tak xe,
KaK MBI 3TO CHEMATN ¢ (POPMYION [ Sin (v ¢Os 3, TO MOIYIUTCA BOT

qTO!

sinx — siny = 2sin

cosx+cosy:200s$2 4 5
+y . z—yY
sin

.z
cosST — cosy = —2sin

(o6paTuTe BHUMAHWE HA 3HAK (MUHYC» BO BTOPOU (HOpMYyJe).
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3agaua 22.1. ToxaxuTre 5T GOPMYJIHL.

Dopmyabl mpeo6Pa3OBAHUA CYMMBI TPUTOHOMETPUIECKUX (PYHK-
HI/H;I B IIPOU3BCACHUC MOXHO IIOJAYYIUTH U I'€OMETPUICCKU. B CaMOM
nene, OTJAOXKUM OT HATAIA KOOPAXHAT BEKTO-
C put OA u OB, umeromue pamay 1 u 06pa3y-
IOII7E C TTOMOXUTEILHLIM HAIPABICHUEM OCH
abCImMCe yrael o 1 (3 COOTBETCTBEHHO; TTyCTh
OC = OA+OB (puc. 22.1). Torga, ouesn-

HO,

B OA = (cosa;sina),
0 OB = (cos B;sin ),
Puc. 22.1. OC = (cos a + cos f; sin + sin ).

C mpyrou ctopombl, Tak kak OA = OB = 1, mapamierorpaMm
OACB sasercs pomboMm. CregoBareabuo, OC — 6uccekTpuca yria
AOB, orkyaa /BOC = CMQ;B, 7 i paBHOGEAPEHHOrO TPEYrOAbHU-
ka OBC umeem

OC:2'OB~COSZBOC:2COSQ

— e
Tax kax BekTop OC' cocrasuaser ¢ ocbio abcmuce yroa f§+ ——— =

2
:OMLB TO

2
0OC = (OCcosa—;'B;OCsina;'B> =

= <2(:osa+ﬁcosa_ﬂ;Qsina—i_ﬁcosa_ﬂ).

2 2 2 2

ComnocTaBiss ABa BEIpAXKEHUA Iud KOOpauHaT BekTopa OC, noayda-
eM

cosa+cosﬁ=2<:osa;_ﬁcosa;ﬂ;
sina+sin6:2sina;—ﬁcosa;6

B COTVIACHY C BBIBEJCHHBIMU HaMU (POPMYJAMU.
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3agaua 22.2. /loxaxuTe TOXIECTBA:
a) sin(a + f)sin(a — B) + sin(8 + y) sin(f —v) +
+ sin(y + «) sin{y — «) = 0;
6) 4sinasin(n/3 — a) sin(n/3 + «) = sin 3q;

5
B) cos« + cos 2a + cos 6o + cos Tae = 4 cos % cos ?a cos 4a.

3agaua 22.3. B npegnonoxenuwn, 910 o + 5 + v = T, JOKAKATE pa-
BEHCTBA!

sin o + sin g 0%
D = ctg
cosa + cos 3 2

6) sina + sin 8 4 siny = 4COS%COS§COS%;

B) sin v + sin? B + sin? y = 2 4 2 cos a cos B cos .

3agaua 22.4. Ilycts B TpeyroJibHUKE MPOTHUB CTOPOH ¢, b, ¢ jJexaT
COOTBETCTBEHHO YIJHI , (3, 7. Hokaxure (popMyasI:
a+b tg O‘Qﬂ ctg 5

a—b gt gl

DT GHOPMYIBI HABBIBAIOTCA popMydaMu PermoMonTana, Wi Teope-
MOU TAHI'CHCOB.

3agaua 22.5. a) B npegnonoxenun, 9to a+f+y+0 = 7, JOKaKUTE
TOX IECTBO:

sinasiny 4 sin $sin d = sin(a + g) sin(f8 + 7).

6) Yerwipexyroabank ABC' D Brmcan B 0kpyxHOCTb. [lokaxure,
uro AB-CD+BC-AD = AC-BD (B0 BINCAHHOM Y€ THIPEXYTOMLHUKE
CyMMa TIPOU3BEJEHUN NPOTUBOMIOIOXKHLIX CTOPOH PAaBHA [IPOU3BELe-
HUIO AMarOHaJen — Teopema llTosemes).

DopMyJIbI, KOTOPHIME MBI 3AHEMAJINCH B 5TOM Haparpadye, mpu-
MEHSIOTCA B pagnoTexauke. [lycTs HAM HAMO mEPenaTh M0 PAIuo T'o-
J0C AuKTOopa dacroron, ckaxem, 300 I'u. Ha Taxux Huskmux gacrorax
BECTHY PAAUOINEPEIATy HEBO3MOXHO: YACTOTHI PATUOBOJH, IIPUMEHIE-
MbIX JIIA PAAUOBEIIAH, MOTYT U3MEPATHCA MuiaroHamu ['m. Boxas:

121



a)

Puc. 22.2. a) TukTop MomauT; 6) AUKTOP 3ar OBOPHL.

TAKWX 9ACTOT UCTIOAB3YIOT TaK. [10Ka AWKTOP MOTINT, B 5(PUAP AAYT
TONBKO PANUOBOMHBI BBICOKOU 9aCTOTHI W (HECYIIAs 9aCcTOTa — CM.
rpaduk Ha puc. 22.2a).

Hukakou uadopmanuu ¢ 5T¥M CUTHAJIOM He nepegaeTca. [lycTs
Tenepb AUKTOP HAYMAI U3JABATH 3BYKHU C 9aCTOTON 7) (1) MHOTO MEHb-
e, 9eM w); Torga B a¢up uget curuan u = (A sinnt) sin wt. [Ipumep-
HbIE TpaduK ero mpejcTasieH Ha puc. 22.26. MoxHO ckazaTh, 9T0
AMILIATY 13 KOTEOAHUN BBICOKON TaCTOTHI W CAMa MPETEPIIEBACT KO-
Je6aHuA ¢ HU3KOU 9acTOTOu 7). Kak roBOpAT, BEICOKOYACTOTHBIU CUT-
HAJI MOAYIUPYETCA HU3KOUYACTOTHBIM (BCE CKA3aHHOE — JWIIL TPy6as
CXeMa TOr0, 9TO Ha CAMOM [eje IPOUCXOAUT B IPUEMHUKE).

[Ipeobpasyem BeIpaX)eHue I MOLYIUPOBAHHOTO CATHAJA!

A A
u = Asinntsinwt = 3 cos(w — n)t — 3 cos(w + n)t.

Kak BugmTe, HAII MOAYJUPOBAHHBIN CHUTHAJI — HE 9TO WHOE, KK
CyMMa CUTHAJOB € 9acTOTaMu W + 77 U w — 7. Tak 9T0 KOrja ro-
BOPAT, YTO PAJAMOCTAHIAA BEAET TEPEIATy Ha €TaCTOTE, CKAKEM,
w = 10 MTI'n, To Ham0 mMOMHUTE, 9YTO PAKTUIECKA B dPUP UAYT HE
TOJBKO PAJAMOBONHBI 9aCTOTHL W, HO M BOJHBI BCEX 4YaCTOT U3 WH-
TepBala [w — 75w + 7] TAe 17— MAaKCHMAIBHAA GaCTOTA MOJE3HOTO
CUTHAJA, MEPENABAEMOr0 PANAOCTAHINENR. SHAYUT, HECYIINE IACTO-
THI PA3HBIX PAJAOCTAHIINA HE MOTYT OBITH CIWITKOM OJM3KU APYT
K IPYTY: €CIM OTPE3KU [w — 7); w + 1] 6y Ay T NepeKpeIBATHCA, TO Pa-
qMocTaHmMy GyAyT MENaTh APYT APYXKKe.

Eme oguo mpumoxemue (pOpMya U3 3TOrO maparpada — BIH-
CJIeHME CYyMMbI KOCUHYCOB IV CUHYCOB 9UCe], 06pasyrommx apudme-
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TUYECKYH TPOrPECCHio (B PU3MKE TAKUE BBIYUCIEHUA UCTIONB3YIOTCA
OpU UCCACIOBAHUN SBACHUA TUDPAKIINN).
[IycTs HaM HAZO YOPOCTUTDL BHIDAXKEHUE

cosa + cos(a + h) + cos(a + 2h) + ... + cos(a + 10h).

[lns HAYANA PEmuM DTy 33439y T€OMETPUIECKH, & MOTOM MOKAXKEM,
KaK K HEH MOXHO TMPUMEHUTH HaIlu (HpOpMyasl. PaccMoTpuM caemy-
IoLIMe BEKTOPBL: ag = (Cos o sina), a1 = (cos(a+ h);sin(a+h)), ...,
a19 = (cos(a+ 10h); sin(a+ 10h)). O4eBraHO, MCKOMAA CyMMa — DTO
abcimeca BEKTOpa g + @1 + - . - + a19. Hamaem sTy cyMMy BEKTODOB.
Ias pToro otaoxum OA; = Gy or Hauara koopauHaT, AjAs = @)
ot Toukm Ay u T. 1. (puc. 22.3). Toraa @g + @i + ...+ a0 = OAq;.

<A
A \\
Az
h)2 :
G/l As
h
G A X

Puc. 22.3. ml =ag, A1As = ay,..., A1pA11 = aqo.

Yro6bI HAUTH KOOPAUHATHL BeKTOpa O A, HaleM ero IIvHy U yToa
HAKJOHA K ocu abcimce. [lada 5Toro 3aMeTuM, 9TO KaXILIU U3 OT-

peskoB OA;, AjAs,... uMeerT qiuHy | ¥ TIOBEPHYT OTHOCUTEIBLHO
OPEeALIAYIIero Ha OAUH X TOT Xe yroa h paguan. CregoBaTenbHO,
Touku O, Ay, Ao, ..., A1 JeXAT HA OTHOU OKPYXHOCTHU. Ee menTp

7, ABAAETCS TOYKOU MEPECEYEHUS CePeAUHHBIX MEPIEHIUKYIIPOB K
orpeskam QA1 nu A1As. Ecim FZ w GZ — »>Tu nepueH [uKyJIsapHb,
to LFZG = h, tak uro LFZA; = h/2 u paguyc okpyxHocTtu R
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paser F'A;/sin /ZFZA; = 1/2sin(h/2) (HanoMauM, 9TO AIAHBL OT-
peskoB O Ay u Ay As pasunl equnune). Tax kak, ouesuguo, LZOZ A =
= ZA1ZA2 = ... = ZAH)ZAH = h, TO ZOZAH = 11h, un "3
paBHOOeIpeHHOrO Tpeyroabauka OZ A1) umeem

ZOZAH _ Sin(llh/2)
2 sin(h/2)

OA{1 = 2Rsin

Yrobb HanTu yroa Hakaona BekTopa OAi; k ocum abCrmce, same-
TUM, 9TO TeHTPpadbbi yroa LA1Z A1 = 10h, Tak 9TO BOUCAHHBIT

yron ZA110A;, onuparomuiics Ha gyry Aj;Aii, pasen 10h/2 = bh,
a LA110X = LA110A1 + a = a + bh. Crano 6bITh,

OA1; = (OAq; cos(a + 5h); OAq sin(a + 5h)) =
_(sin % cos(a +5h) sin % sin(« + 5h)
N sin(h/2) 7 sin(h/2)

ComnocTasnss ABe 3amucu Iis KOOpAWHAT BekTopa (A1, moryydaem
dOpMyIBIL:

cosa + cos(a + h) + cos(a+ 2h) + ... + cos(a + 10h) =
sin 1 cos(a + 5h) .
sin(h/2) '
sino + sin(a + h) + sin(a + 2h) + ... + sin(a + 10h) =
_ sin % sin{(a + 5h)
sin(h/2)

IepBas w3 aTux POpPMYys —DTO TO, K YeMY MbI CTPEMUINCH, BTOPAS
MOIYIUIACH B KAYECTBE TOOOTHOTO TPOAYKTA.

Kak sugure, BEIMUCACHUS OKA3AIUCEH JOBOJBHO JUIUHHBIMA. K TO-
MYy XKe TUTaTeIb-IeJaHT MOXET 3aMEeTUTDL, ITO YepTeX Ha puc. 22.3
MOAYIAETCA TOMBKO A JOCTATOIHO MAJILIX h, a mpu Goabmux A J0-
manag OA;--- AjpA11 MoxeT 0OOUTH BCIO OKPYXHOCTH, U HE OIUH
pas, Tak uTo UepTex Oymer apyrou. Ha camom gene mama ¢opmyaa
BepHa npy Bcex « u h (ecam Toabko 3HaMenarensb sin(h/2) He paBeH
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HYJII0; HO TOCJEHEE BO3MOXHO TOJBKO ecanm h = 27n [11sa HEKOTO-
pOTO TETOTO 7, & TOTAa U 6e3 BCAKOU (POPMYJILI ACHO, ITO CyMMa
paBHa, 11 cos ). UT06bI B 5TOM yOeIUTHCA, JaBANTE MOACIATACM Ha-
LIy CYMMY, HE MCIIONB3Ys 9€PTEX.

VMeHHO, yMHOXMM U pa3jenM Hauly cymmy Ha 2sin(h/2):

cosa + cos(a + h) + cos(a+ 2h) + ... + cos(a + 10h) =

_ 1

~ 2sin(h/2)
+ 2sin(h/2) cos(a+ 2h) + ... + 2sin(h/2) cos(a + 10h)) .

(2sin(h/2) cos o+ 2sin(h/2) cos(a+ h) +

Kaxgoe us craraembix B ckobkax suga 2sin{h/2) cos(a + mh) npe-
obpa3yeM Tax:

. . h . h
2sin(h/2) cos(a+mh) = Sln(a+mh+ 5) —i—sm(—a —mh+ 5) =

= sin(a + (m + %)h) — sin(a + (m — %)h)
TlopcraBasaa oTo B Hamry GOpPMy.Iy, BUAWM, ITO CYMMa, PABHA
1 . h . h . 3h
2sin(h/2)<sm(a+ 5) — sm(a — 5) —|—sm<a + ?) +...+
+ sin(a + (10 + %)h) — sin(a + (9 + ;)h)),
€CJIU PACKPBITH CKOOKM, TO COKPATATCA BCE CAATaeMbIe, 38 UCKIIOUIe-

. h . 1
HUEM — Sin (a — 5) " Sin (oz + (10 + §>h), u cymMMa OyzZeT paBHA

sin( « + 104—1 h) —sin oz—ﬁ QSinMCOS(a+5h)
o i+ 30) o) _ i
2

2sin — 2sin
2
(MbI mpeo6paszoBaau cymmy B npoumssegenne). Cokpamas ABOUKYA B

qUCIUTeIe U 3HaMeHaTele, oLy IaeM Ty Xe (GOpMYLY, ITO MBI HaIlIN
reoOMeTPUYIECKN.
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Hamre BTOpO€ BBIMUCIEHME KOPOtE W MPOIIE MEPBOrO, HO MEHEe
ecTecTBeHHO. KOTIa MBI TTO3HAKOMUMCS C KOMILIEKCHBIMY “TUCJIAMH,
MBI HAy9AMCA HAXOQUTh TAKUE CyMMBI HAMOOIEEe eCTeCTBEHHBIM (XO-
TS W HE CAMBIM KOPDOTKUM) CIIOCOGOM.

3agaua 22.6. [lokaxwuTe, aTo Ha puc. 22.3 Toukm O, A1, As, ..., A1q
JEUCTBATEIBHO JEXAT HA OJHOU OKPYKHOCTH.

3agaua 22.7. YupocTuTe BBIPAXEHUA:
a) cosz — cos(z + h) + cos(z + 2h) —
—cos(z + 3h) + ... — cos(z + 9h) + cos(z + 10h);
6) sinx + sin2x + ... + sin 100z.

3agaua 22.8. Yepes neHTp OKPYRKHOCTH, OMUCAHHOU OKOJIO TTPABUIb-
HOT'O MHOPOYTOJBHUKA, MPOBefeHa mpaMas. [okaxwure, 9T0 CyMMa
KBa,IPATOB PACCTOAHUN OT BEPIIMH MHOTOYTOILHUKA IO DTOU MPi-
MOU HE 3aBUCUT OT BHIOODA, MPAMOMU.

§ 23. IIpou3BogHbIE TPUT OHOMETPUIECKHUX
yHKIIMN

IMoBTopuTh: §4: Masabie yribr;
§ 5: ©ACH, WIM COBPEMEHHBIN B3TVIAL HA TPUTOHOMETDHIO;
§ 11: rpacuku cuHyCca ¥ KOCHHYCA.

Jlna Hawasa BCIIOMHMM, ITO TAaKOe BOOOIIE MPOM3BOTHAL.
[MocmoTpuwm Ha Tabawuny 3nadenun dyukmmm y = 0,7z + 0,4:

3: 31456/ 7/[8]9
0,7z +04 || 253,213,946 |53

Yro6bI TPOOIKUTE 3ATIOJHEHUE DTOU TAOIUITH, HE HYXKHO Ja¥Ke MO/~
craBaatb £ = 8, £ = 9,... B Bepaxenne 0,7z + 0,4: mocrarTowuHO
3aMeTHUTDL, UTO IPU YBEIWTIEHUN T Ha 1 3HAUEHUNE Y YBEIUTIUBAETCA
Ha 0,7. DTO M He yAUBATEILHO: Belb HaIlla (QYyHKIUA JUHEUHA, 4 Y
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JMHEUHBIX (DYHKIUUA OMHAKOBLIM U3MEHEHUAM APryMEHTa COOTBET-
CTBYIOT OJVHAKOBBIE U3MEHEHUs (HYHKIUH.

Ecan, ogmako, GyHKIUS IUHEUHOW HE ABIACTCA, TO MOIOKEHUE
Oyger apyrum. llocMoTpum, s Tex Xe 3HAYEHUU &, HA TAOAAILY
3HadeHUN GYHKIWMA Y = /7 (DpUOINKEHHBIC 3HAUCHUA JAHBL ¢ TPEMI
3HAKAMU TI0CTE 3AIATON):

z 3 4 5 6 |7/8/9
vz || 1,732 ] 2,000 | 2,234 | 2,449

Ha cen pas npu ypeawdaenun x Ha 1 3HAYEHWE \/T yBEIXIMBACTCA
To Ha 0,268, To Ha 0,234, TO eme Kak-HUOY Ab. VICXOAA TOIBKO U3 DTON
TabINIEL, OPeICKA3aTh 3Hatenue \/7 GyIeT 3aTpyIHATEILHO. Bo3b-
MeM, OTHAKO, 3HAMEHUs & C MEHBLIIAM IIArOM, CKAXEM, OTCTOSIIINE
apyr ot apyra Ha 0,01:

z | 095|096 097098099 | 1,00/ 1,00 | 1,02
V7 || 0,975 1 0,980 | 0,985 | 0,990 | 0,995 | 1,000 | 1,005 | 1,010

(3HAYMEHMA /T BHOBB B3ATHI C TPEMs 3HAKAMU HOCIE 3AMATON).

Yy pecubiM 06pa3oM BHOBb BO3BHUKJA Ta Xe CUTyalnsd, ITO ObLIA
y Hac ¢ auHedHOU QyHKImen: npu yseauwdernun ¢ Ha 0,01 smavenwue
Vz yBemmausaeTca seerga na 0,005. TowHble 3HAMEHN TPUPAIIEHAR
OPYT IPYTy BCE PABHO, KOHEYHO, HE PABHBI, HO TPUOIMKEHHO MOXKHO
CKa3aTh, ITO NpU U3MeHeHWAX z Ha orpeske [0,95;1,02] dpyuxims
y = /T BemeT ceba Kak JUHEHHAA (PyHKITHAA.

Takum cBOUCTBOM O6JaaeT HE TOABLKO GyHKmua g(r) = +/z.
BoapmuHeTBO HHTEpECHBIX (BYHKIUN NPY U3MEHEHUU apPTyMEHTa, Ha
MaJbIX MPOMEXYTKAX BEAYT ce0d MOYTH KaK JUHEUHBIE (DYHKIUU:
PABHBIM M3MEHEHUAM aPryMEHTA COOTBETCTBYIOT HPUOAMKEHHO PAB-
Hble u3MeHeHus pyukunn. [lo-ydenomy Takue GyHKINYT HABBIBAIOTCI
« mrppEPEHIMPYEMBIMIY WU (T TKUMIAY .

B smoxy, mpeaiecTBOBABIIYIO PACIPOCTPAHEHUIO KAIBKYIITOPOB
¥ KOMIBIOTEPOB, DTUM CBOUCTBOM MOJb30BAINCH MPU HAXOXK JEHUU
3HAYEHUN (DYHKIUU ¢ MOMOIILI0 Tabaut. Kcrn, gonycTum, B Tabauie
Opun npuOauXKeHHbIe 3HaMeHusa 1ad /1,93 u /1,94, a TpebGoBaroch
mavtu /1,931, To mocTynamm Tak: k TabauaHOMY 3HAUCHEIO /1,93
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mpubaBIAIA OJHY AECATYIO OT PA3HOCTHM NIPUBEJEHHBIX B TaOJIUIE
suadenunt /1,94 u /1,93, xax ecau 6b1 PyHKIUA Yy = /T HA OTpE3KE
[1,93;1,94] 6bwra auuenHa. Takon cnoco6 obpalneHus ¢ TabIUIAMEI
HA3BIBAJICS JUHEUHOU WHTEPIOMAUEN.

[llaBaiTe BBIPA3UM TO, 9TO MBI y3HAJIU TIPO (DYHKIUIO § = /T, C
moMoIbio (opmyasl. KEcau x 6amsko k 1, To npu yBerwdeHun & Ha
0,01 3mavenve x yBermumBaerca npuMepHo Ha (0,005, T.e. Ha B gBa
pa3a MEHBIYIO Beln4uHy. Ecan £ orcTonT OT 1 HA Maayo BEANYUHY
h, To \/z orctouT ot 1 mpumepno ua h/2. CTano GBITH, IS MAILIX

h
h Bepua npubaumxenuas ¢popmyaa 1 +h~ 1+ 5

PaceMoTpuM Teneps BMECTO y = +/Z MPOU3BOABHYIO «I0CTATOTHO
xopomryio» GyHKIuo y = f(z) u 4ucao ¢ u3 ee o6aacTU OIpejese-
aus. [Ipu z, 6auskux K a, u3MeHeHna 3Haennn f (1) npubau3nTeasHo
IPONOPINOHATILHEL M3MEHeHUAM 3HaTeHnn x. O603HaTIM KO3( dutm-
€HT TIPOMOPIUOHATBLHOCTU OYKBOU C; TOT/A €CAU & OTCTOUT OT ¢ HA
Manyo Beawuuny h, To f(x) orcromt ot f(a) TpUOIM3UTEALHO HA
ch, Tax aro f(a + h) = f(a) + ch.

Ecan mpu Manbix h BepHa npubaumxenHas dopmyaa f(a + h) =~
~ f(a) + ch, TO 9MCIO ¢ HA3LIBAETCA MPOU3BOAHOU PyHKIMHA [
B ToUKe a. [Ipoussoanan pysknum [ B ToUke @ o6o3HadaeTca f/(a).

PesybTaT HAIMX DKCIIEPUMEHTOB HaJl PYHKIUEH i = /7 MOXHO
Tenephb 3alUCATh TAK: MPOU3BOAHAA DYHKIHU Y = +/Z B TOUKe 1
pasHa, 1/2.

Kak mckaTh Tpom3BOAHLIE (PYHKITWN, HE OOPAIIAACE K TaOIUIAM
ux sHaveHmu?! PaccmoTpum npomsBoabHyo pymkumio y = f(z). Us
npubamxeraon gopmyast f(a + h) = f(a) + ch wmcao ¢ = f'(a)
BLIPAXKAETCA TAK:

fla+h) - f(a)
- :

f'(a) =
Yem Mmenbine a, TeM sTa popmyaa rounee. CTano GbITH,
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f(a) —»T0 Wca0, K KOTOPOMY IPUOGAUKAESTCS OTHOLICHHE

fla+h) - fla)
h

upu b, TpubAnKAIOMEMCA K HYJIIO.

fla+h) - f(a)
h

CTPEMAIIEMCS K Hy 10». Fie pa3 moBTOpUM, ITO 3TOT TPEAE] MOXET

Tosopst mo-yvenomy, f(a) paBHa «upegery upu h,
HE CyIIECTBOBATH, HO OH CYIIECTBYET s GOMBIIMHCTBA MHTEPECHBIX
¢dyuKIu (1 B GOIBIMIXHCTBE TOYEK).

BoT Kak MOXHO HAUTHU DTHM CIOCOOOM NPOM3BOAHYIO (DYHKIMN
f(z) = z3. YT06HI HANTE ee TPOM3BOAHYIO B TOUKE @, HAJO y3HAT,
(a+h) —a?

h

h x myato. [locae ynporenuin ¢ ucnoab3oBarreM HopMyasl Kyba cyM-
MBI DTO BEIpaxKeHHe mpuMmeT Bufi 3a’ + 3ah + h?. flcmo, wro mpu
CTpeMIeHU: h K HYyTIO DTO BHIPAXKEHHe MpUOIMKACTCT K 3a°, Tak
aro f'(a) = 3a?, ecm f(z) = z3.

Tenepb HauAeM OPOU3BOAHYIO (PYHKIUHU Y = /x. ITOOLI HAUTH
5Ty TPOM3BOAHYIO B TOYKE @, HAJO Y3HATH, K €My TPUOIMKACTCT

Vorh- o

OTHOIIIEHUE npu npubavkennu h K wHyawo. [las sToro

o6o3HaTIUM +\/a qepe:a b, vVa+ h — \/a wepes t; rorga va + h Gyaer

paBeH b + t; zamumreM emie ducao h B BUE

h=(a+h)—a=(Va+h)?—(a)?=b+t) -

K 4eMy IpubAnXKaeTCA OTHOIIEHUE Ipu OpuOINKeHUIN

Torga moaydaeTca:

Va+h—ya t ot 1

h C (b+t)Z2 b2 2bt+b2 20+t

Korga h npubanxaercsa x myaio, qucao t = v/a + h — /a Toxe npu-

Vath- va
h

= 1/2y/a. Crano 6biTh, TPOM3BOAHAA QYHKIMKA Yy = /T B TOUKE Q4
pasua 1/2+/a. llpu a = 1 moayvaerca 1/2, 9To cormacyercsa ¢ pe-
3yJbTATAMYU HAIIETO DKCIIEPUMEHTA.

6IMXKaeTCAa K HyJIIO, TaK 9T0 ————— Tpubamkaercsa K 1/2b =
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fla+h) 1
fla+h)— f(a)
P (2
f(@ @
0] a a+l;$
Puc. 23.1.

Boaee moapo6HO 0 TPOU3BOTHON BBI MPOYATAETE B KHUKKAX, MO-
CBAMIECHHBIX OCHOBAM aHAMM3a. MBI XKe ellle HATTOMHUM TOJLKO, KaK
MPOU3BOHAA CBA3AHA ¢ TpapukaMu PyHKITUN.

Pacemorpum Ha rpaduke dpyskimu y = f(z) cekyuyo, coeauHs-
touryto Touku (a; f(a)) u (a+h; f(a+h)) (puc. 23.1). Ecau o — yroa
HAKJIOHA, 3TON CEKYIIEH K OCH abCIuce, TO u3 Tpeyroabuuka PQR

fla+h) - fla)

uMeeM = tg . Korga h ymenbmaercs 1o Hyas, TOY-

ka R(a + h; f(a + h)) cmuaercs ¢ Touakon P(a; f(a)), cexymas PR

MPEBPAIIAETCA B KACATEILHYIO K TpadUKy B TOUKe P, a OTHOIIeHHE

fla+h)—f{a)
h

npespamaerca B f(a). Cramno 6bITH:

npousBogHas GyHKnum §¥ = f(x) B TOUKe a paBHA TAHTEHCY yIJa
MEeX 1y KacaTelbHOU K rpaduky ¢pyHkmmu B Touke (a; f(a)) u ocbio
abcrucc.

Tenepb mepengieM K MpOW3BOIHBIM CUHYCA M KocuHyca. Ilepsoe,
9TO TYT HAJO CKA34Th, — DTO YTO MPOU3BOAHYIO (DYHKIIUU §f = COS L
MBI yXe Beraucaanu. B camom gere, B § 5, Te miia peds 0 Hammx pup-
MEHHBIX YaCaX, MbI BEIYUCIAIN CKOPOCTE JABUXKEHUA MPOEKIINK KOHIA,
CTPEIKU Ha 0Ch abcuumee. [t 3Toro Mel geauau myTh, TPOUJEHHBIT

TOU MPOEKIUEN 33 MAJIOEe BpeMsA T, HA CAMO T, TO €CTb BBITUCIAIN

cos(t 4+ 7) — cost

(ms MATBIX T) OTHOILIEHWE . C TogHOCTBIO 710 060-

T
SHAYICHNN 3TO TO XK€ OTHOIICHNE, ITO UCIOJAL3YyEeTCA AJIA BEIIUCACHUA

npousBogHou. Kak MbI BeIsACHWIM B § 5, IPU YMEHBIIEHUK T 3TO OTHO-
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HIEHUE CTPEMUTCA K — Sin {, TaK IT0 TPOM3BOAHAA (PYHKIIAA Y = COS T
B TOUKe ¢ paBHA — sin ¢, wim, kopode: (cosz)’ = — sinz. Paccyxmasa
AHAJOTUIHLIM 06pa3oM, HO PACCMATPUBAA MPOEKIUIO HA OCh OPIAU-
HAT, & He aGCIMCC, MOXHO OBLIO GBI YyCTAHOBUTH, 9TO (sin z)’ = cos z.
O HAKO pacCy X AeHud B § 5 OLLIU He CAUIIKOM aKKYPATHLIME: IO XOTY
menaa MBI 3aMEHATIN MJAVHY IYTU HA, MIVHY XOPIbI, CANTAJN TIE€PIIEH TU-
KYJIAPHBIMYU IPAMBIE, KOTOPBIE EPIEHIUKYIADHBIMA HE ABIAIOTCA, U
ToMy mogo6HOe. [103TOMY MBI certac MOACIATAEM MIPOU3BOHBIE CH-
HyCa ¥ KOCUHYCA APYTHUM CIIOCOGOM.

HawneM ¢ Toro, 9To moAcIaTaeM MPOU3BOAHYIO OT CUHYCA B TOU-
ke 0. CoryiacHO OIpeneseHuio, IId STOr0 HAJ0 Y3HATh, K Y€MYy IIpPHU-
O6IMXKAETCA OTHOIIEHNE

sin(0 + h) —sinh _ sinh
h  h

korga h mpubamxaercs x mHymo. Ecium BCOOMHUTH, 9TO [ MATBIX
h ects mpubamxkenHas ¢popMmyaa sinh &~ h, TO eCTECTBEHHO IIpej-
MOJIOKATH, 9TO 3TO OTHOImeHue Oymer npmbamxkarbca K 1. UrTobwr
y6equThCA B 5TOM, BCHOMHEMM, 9TO Masd Beex h oT 0 no 7/2 BepHBI
HepaBeHCTBa sinh < h u tgh > h. VI3 mepBoro HepasencTBa caeayer,
uaro sinh/h < 1, a u3 mepasencrsa tgh > h (T.e. sinh/cosh > h)
noxy4aeM, 910 sin h/h > cos h. Utax, orHOmeHue sin h/h 3aKII09€HO
MEX Iy €IMHULIEH W IUCIOM COS h, KOTOpPOE TIPpHU cTpeMieHun h K Hy-
a0 Takke mpubamxaerca K eguaune. Cramo GBITH, U OTHOIIEHWIO
sin h/h npu npubamxernu h K HyJI0 HUYETO HE OCTAETCA, KAK IIPU-
6amxarsea k equaune. rak, B Touke () IPOM3BOAHAA CUHYCA PABHA
€TUHUIIE.

Teneps MOXHO HAUTYU MPOU3BOAHYIO DYHKINA Y = Sin z B JH060U
TOoUKe @. [lJasa 5TOTO0 creraeM Takue IpeoOpa3oOBaHUA:

. . . h h .

sin(a + h) —sina  2sinZcos(a+ %)  sin(h/2) h

= = -cosla+ < ).
h h h/2 2

Korga h npubamkaercs K Hy 110, BearnauHa h/2 Takxe npubImKaeTcs

K Hygio. [Io3ToMy MepBBEIT COMHOXUTENh, KAK MBI TOILKO 9TO yCTAa-

HOBWIIN, TPUOJIMKACTCA K IVHATIE, & BTOPON NMPUOIUKAECTCA K COS O,
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TaK 9ITO 3HAYEHUE BCET'0 BHIPAXKEHWSI HMPpuUOAMKaeTcsa K cosa. Vrax,
npou3BogHAA PYHKIIUY Sin £ B TOYUKE @ PABHA COS @, WIN:

(sinz)’ = cosz.

IIpomsBoguyo pyHKIMM ¥ = COSZL MOXKHO HAUTH C IMOMOIILIO aHa-
JOTWYHBIX BBIKIAMOK, Mpeobpasys PasHOCTh B mpousBegenwme. [l
pasHOOOPa3uA MOCTYIMM WHAYE: BOCIOIL3YEMCA TEM, ITO COST =
. (T
= sin <§ + x) Torga mpousBomHAA KOCHMHYCA B TOYKE G OyAeT BHI-
YUCIATHCA TAK:
. s h . s
cos(a+h) — cosq S §+a+ — sin §+a
h h ’

Opu CTpeMJeHUM h K HyJ0 DTO MOCHeTHEee BHIPAXKEHHE CTPEMUTCH,
m

OYEBUIHO, K MPOU3BOIHON (PYHKIMU CUHYC B TOIKE 5 + a, paBHOWU,

i T
KaK MBI TOJIBKO ITO BBEIYUCIWIN, COS(E + a). Tax xax cos<§ + a) =

= —sina, mony4aeM OKOHYATEIBHO, YTO MPOU3BOIHAA PYHKIUA Y =
= COS B TOYKE ¢ PaBHA — Sin @, Win:

(cosz)’ = —sinz.

Hamre paccyx gerue, cBOAAIEE BEITACICHAE TPOM3BOJHON KOCUHYCA K
MIPOU3BOJHON CUHYCA, IMEET IPOCTOU MreOMETPHIECKHNN CMEBIGT. B ca-
MOM jeje, Kak Mbl moMauM w3 § 11, rpaduk GyHKOIUU §y = COSZ
MOy 9aeTCA 1;1T3 rpaduka GYHKIUE § = SinZ TapaLIelbHBIM mepe-

HOCOM Ha —3 BJOJb OCHM abCcumce; cTano ObBITh, W KacaTelbHasd K

rpaduKy ¢y = COS T B TOYKE C aOCIUCCON ¢ TIOMY IALTCS TTAPALISTHHBIM
MEPEHOCOM M3 KACATEILHOUN K TpaduKy iy = SinZ B TOUKe ¢ abCImc-

con a—l—g (puc. 23.2). DT nBE npsaMbIe 06PA3YIOT, OYEBUTHO, PABHBIE
YIJIBL C OCBIO abCIUCC; OMHAKO TAHTEHC YIVIa HAKJIOHA IMYHKTUPHOW
OPAMOU PaBeH IPOM3BOAHON CUHYCA B TOYUKE a + g, TO €CThb PaBeH
cos (a + ;T) mwir — Sin @. 3HAYMUT, TAKOB XK€ W TAHTEHC YTV, HAKJIOHA

CIUIOITHOY TPAMOU, PABHBIA MPOU3BOIHOU KOCUHYCA B TOYKE G.
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Ya

. —— Y =COST
S ----y=sinz
\\ N
N | N
N | N
A 1 N >
N a - N T
N // N
N , N
Puc. 23.2.

Tenepb, KOT'Ta, MBI HAIIIW TPOU3BOTHBIE CHHYCA W KOCUHYCA, B JIIO-
60U TOYKE a, MBI MOXEM BHIMUCATL NPUOAUKEHHBIE (POPMYJILI, TPU-
TOMHBIE TTPU MAJTBIX h:

sin(a + h) ~ sina + h cos a; cos(a + h) =~ cosa — hsina.

OnHaKO, 9TOOB METH BO3MOXHOCTD UMY MMOJB30BATHCS, HEOOXO[H-
MO 3HATh UX MOTPENIHOCTD. BRIACHUM 5TO.

Haunem omsaTe co cayqad, korga o = 0. Torga dopmyast mpuam-
MarT BuA sinh &~ h, cosh ~ 1. [laa maanix h 3HadYeHue cosh moJao-
KUTEIBHO, TAK ITO MOXKHO 3amucaTs cosh = /1 — sin? h. C gpyrom
croponsbl, ecau 0 < A < g, 10 sinh < h. Orcroga

cosh:\/l—sir12h>\/1—h2>1—h2

(mocnegnee — Tak kak /z > x npu 0 < z < 1). Crano 6bITh,
1 —cosh < h?, 1o ecTs norpemsocTs dhopmyas: cos b ~ 1 He mpesoc-
xouT h?. UTO6bI ONEHNTDH MOrPEIIHOCTD (hOPMYIIEL Sinh ~ h, CHOBA
BOCIIOJB3yeMCs HepaBencTBamu sinh < h < tgh:

sin h
cosh

h—sinh <tgh —sinh =

<= 1)

1
cosh

no). Janee, h(Ss — 1) = 205 Ecan h < 0,1, To 1 — h% > 0,99,

—sinh:sinh( —1)<

cosh

(MBI 3aMenWIM Sin b 1 Ha 60ablIme qucia b u ﬁ COOTBETCTBEH-
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1
1—h?2
HOCTB (pOPMYJIL sin b &~ h me npesocxogut 1,02|A 3.

Tenepb MOXHO OIIEHUTH NOTPEITHOCTE (POPMYJIHI

< 1,02, m h —sinh < 1,02h3, Tak a0 npm |h| < 0,1 morpem-

sin(a 4+ h) = sina + h cos a.

Yr1obw1 5TO caenaTh, 3aMeTHM, UTO MOTPENIHOCTEL PABHA
sina + hcosa — sin(a + h),

u packpoeM sin(a + h) 1o $popMyae CUHyca CyMMBL:

sina + hcosa — sin(a + h) =
=sina + hcosa —sinacosh —sinhcosa =
=sina(l — cosh) + cosa(h — sinh) < h?sina + 1,02h3 cosa

(MpI MomuanmBo mpegmoaaraeMm, ITo 0 < a < g, TakK 4UTO Sina
¥ COS ¢ HEOTPUIATEABHBI; C IOMOIIBI0 (POPMYI IPUBEJCHUI K STOMY
CBOOATCA JHO6I>I€ HpI/I6JII/I)KeHHI:Ie BBITUCJICHUA CUHYCA U KOCI/IHyCH,).
Hockoapky npu h < 0,1 6yzeT BrmoaneHo HepasercTso 1,023 < h2,
HAIITy IIOT'PENTHOCTH MOXHO [aJiee OIICHUTH TaK:

h?sina + 1,02h3 cosa < h?sina + h®cosa < h? + h? = 2h°.

Crano 6uiTh, mOrpemnocTs hopMmyast sin(a + h) < sina + hcosa ne
7

npesocxoguT 2h? (mpm 0 < a < e 0 < h £0,1). Hampumep, ecan

h = 0,01, To morpemuocts mHe mpesocxomut 0,0002, Tax aro mpwm

noab3oBanuu dpopmyaon sin(a + h) & sina + h cos a Tpu 3HaKa mOCTE
3amATON OyIyT BEPHHL.

Pe3yapTaT, KOTODHIM MBI TIONY N, — WITOCTPAIIUA 00mero (hakTa: ecan
f — «1ocTaTouHO XOpomassy Tiaakad GpYHKIMA, TO AJIA MaTBX h morperm-
HOCTDL mpubanxerHon hopmyas! f(a + h) ~ f(a) + hf'(a) He mpesocxoguT
MA? gin mexoroporo umeaa M, He 3aBucsamero ot h.

3agadva 23.1. [JokaxuTe, ITO MOrPEUIHOCTE IPUOINKEHHON pOpMy-
1wt cos(a + h) = cosa — hsina Taxxe me mpeBocxoauT 2h? mpu Beex
JOCTATOYHO MaJbIX h. YKaxuTe Kakyo-HuOy /b KOHKPETHYIO I'DaHN-
uy auas h, sanmogobue 0 < h < 0,1 B Hamen ¢opmyae g cuHyca (He
CTPEMUTECH HAUTH HAMOOIEE DKOHOMHYIO).
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Mg1 HEHero He TOBOPUIY O IPOU3BOJHBIX TAHTEHCA, U KOTAHTCHCA.
OHu JerKo HaXOAATCA n3 POPMYJ IS TPOU3BOAHBIX CHHYCA U KOCH-
HyCa ¥ CJAeAyIomen GopMyIbl I MPOU3BOJHON YACTHOTO:

(f(:v)>’ _ f'(2)9(=) — g'(2)f (=)
g(x) g(x)? '

[Ipumenss sy dopmyay k tgz = sinz/ cos z, morynm:

(sinx )’ _ (sinz) cosx — (cosx) sinx 1

(tgz)' =

CoS T (cos x)2 ~ (cosz)?’

1
2

3agaua 23.2. [oxaxure, ato (ctgz) = —— .
sin” x

B sakmotenue mokaxeM, KaK NCKaTh IPOM3BOAHbLIC OT 06paATHLIX
TpuronoMeTpuieckux GpyHkur. Haumem, HanmpuMep, IpOU3BOIHYIO

ot ¢yukuun y = arcsin . IlycTs MBI uiem 5Ty TpOU3BOAHYIO B TOU-
arcsin{a + h) — arcsina

ke a. CocTaBuM OTHOIIECHUE u 0003HAYIM

arcsina = b, arcsin(a + h) — arcsina = ¢; Torga arcsin(a + h) = b+ 1,
nostomy h = (a + h) — a = sin(b + t) — sin b, Tax 9T0

arcsin{a + h) — arcsina t

h  sin(b+t) —sinb’

Korga h npubanxaeTca K HyJT10, { TOX)e TPUOIUKACTCA K HYJIIO; BEJIU-
qmHa, 00pATHAA K HAIIEMY OTHOIICHWIO, CTPEMUTCA K TPOU3BOIMHON

CUHyCa B TOUKe b, TO €CTb K COSb, a CaMO OTHOIIEHHE CTPEMUTCA
. T
K 1/cosb; Tak xak b = arcsina € —3ig| T

cosb =1 —sin?b = \/1 — sin?(arcsina) = V1 — a2,

TaK 9TO MPOU3BOAHAA B TOUKe a pasHa 1/v/1 — a?. Urak:

1
V1—122

(arcsinz)’ =
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1
V1—22

3agaua 23.3. [oxaxure popmyast: a) (arccosz) = —

/

6) (arctgz) = T2

Cnoco6, KOTOPBEIM MBI HAIILIY ITPOM3BOIHY 0 APKCUHYCA, AHAJOTH-
TeH Croco0y, ¢ IOMOLIHI0 KOTOPOr'0 MBI HAIILIK IPOU3BOSHYO (DYHK-
ma y = +/z. Ecim wsBecTHA MpOM3BOAHAA OT KAKOW-TO (DYHKIIUH,
TO TAKUM CIOCOGOM MOXHO HAUTH TTPOU3BOAHYIO OT OOPATHOU K HEW
(byskmuu y = /T m y = arcsinz o6paTHB K QyHKIUAM y = T°
M i = SinZ COOTBETCTBEHHO).
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I1aBa 5

TpuronomeTpusa A
a0MTypHMEHTOB

§24. Kak pemaTs TPUTOHOMETPHUIECKHUE
YPaBHEHUSA

IMosTopurs: §10. IIpocTenine TPUrOHOMETPAIECKHAE VPABHEHHA.

§ 19. Tpuronomerpudeckue pOPMYJIBI CIOXKECHHUA.

§ 20. Dopmy.ra BCIOMOTATEIBHOTO YIIIA.

§ 21. /IBotiHBIE, TDOUHBIE U TTOJOBUHHBIE VTJIBL

§ 22. IlpeobpazoBanue IPOU3BEACHHUA B CyMMY U CyMMbI B IIPOHU3BE-
AeHwe.

C TO4YKM 3pEHMS TOCTYMNAIONIEr0 B BY3, BAXHBIM NPUMEHEHUEM
TPUTOHOMETPUM ABIACTCA €€ UCIIOAB30BAHNE B 331a9MaX BCTYITUTENb-
HOT'O 3K3aMeHa. KpoMme XopoIero 3HaHusS TPUTOHOMETPUAN KaK TaKO-
BOU, JUIA YCIEITHOTO PEIICHUS DK3AMEHAIMOHHBIX 32189 HEOOX0 IUMO
OCBOUTH HECKOIHKO CTAHAADTHBIX IpUeMOB. V3ydeHuio »Tux mpue-
MOB ¥ TIOCBSIIEHA HACTOSAIIASA TJIaBa.

[Ipeamonaras, 9TO BB yXKe yMeeTe PEeHIaTh MTPOCTEUIINE TPUTO-
HOMETDHUHIECKNEe ypaBHeHUs Hamonobwe cosz = 0 mmm sinz = 1/3,
MOUIEM JIAJBIIIE.
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B mpocThix caydasx TpUrOHOMETPUUIECKOE YPABHEHNE MOXKHO II0-
UTH CPa3y CBECTHU 3aMEHOU IIePEMEHHOU K alre0pamdecKoMy.

Mpumep 24.1. cos’ g — 7cos§ + 4 = sin? g

o .9
Pemrenne. Eciu Ger B mpaBoi wacTu He OBLIO sin’ 3 MOXHO OBLIO
z o o
OBI cpa3y xe 0603HAYATH COS 3 HOBOM OykBOoM. B maHHOM Xe cayuae
o .9 &
IPUAETCA TPEJBAPATEILHO BHIPA3UTE B IPABON TACTH Sin’ 3 qepes

9 X

T
gHal—cos2—

31

2T :
cos 3 3aMeHuM Sin

COSQ§—7COS§+4:1—COSQ§.

T .
O6o3Ha4asa cos 3 wepes ¢, HoIydaeM, IocHe yupomenni, 2t2 — 7143 =
T
= (0. Kopum sroro ypasuenus: t; = 3, to = 1/2, Tak 94To cos — = 3
xz o o
WIKA COS 3 = 1/2. IlepBoe u3 >TUX ypABHEHHU HE UMEET DEIICHUN,

T x s
TaK KaK COS 3 < 1; pemas Bropoe, morydaem — = +— + 27k, OTKy1a

3 3
z = +nw+ 67k (k € Z).
OtBeT: £7 + 67k (k € Z).
Bor eme mpumep, Korga ypaBHEHWE CBOJUTCSA K MPOCTEULTAM
¢ TIOMOIIBIO PA3I0XKEHUA JEBOM TACTHU Ha MHOXUTEI.

1
Ipumep 24.2. sin2x + 4 cosx — 3 sinz = 1.

Pemenue. 3amenum sin 2z mo ¢popMyse CHHYCa ABOMHOTO yIvia W Te-
pEHeceM BCe B JIEBYIO 4aCTh:

1
sin2x +4cosx — §sinx —-1=0;
. 1 .
2cosz(sinz +2) — §(smx+2) = 0;
Iy, .
(ZCOS:E — 5)(smm—|—2) =0,

1

1 . .
OTKYyJa 2 cos $_§ =0ummusinz+2 =0, ToecTb COST = - WK Sinx =

1
= —2. Pemenuamuy mepBoro ypaBHeHus Oy Iy T UnUCIa £ = & arccos Z—i—
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+ 27n (n € Z), BTOpoe ypaBHEHWE DENIEHUNA HE MUMEET, TAK KaK
sinx < 1.

1
OrBeT: + arccos 1 +2mn (n € Z).

Tenepns mepengem K Gogee CHeruUICCKIM TPAEMAM.

HacTo pellreHre TPUTOHOMETPHYIECKOTO YPABHEHUA HAXOAUTCS, €C-
J7 BOCTIOJB30BATHCA (POPMYJIOU A KOCUHYCA JBOUHOTO Yraa B
OJHOM U3 CIeIVIOIINX BaAPUAHTOB:

cos2oz:2cos204—1; cos2a =1 — 2sin? a.

T
Ipumep 24.3. 2sin 5 +cosz +2=0.
x . 9 X
Pemenne. Tak kak cosx = cos (2 . 5) =1 — 2sin? > TO, 0603HaasA
T
sin — 4epes f, MOIyIaeM ypPABHEHIE

U+1-224+2=0 < 2°-20—-3=0.
1+V7

Kopau aToro ypasnenus pasHbI , TAK ITO HAllle YPABHCHUE

T 14+V7 .

PABHOCHIBHO COBOKYIHOCTW YPABHEHUH sin§ = usin— =

2 2
17

. [lepBoe u3 >Tux ypaBHEHNN He UMEET PEIIeHni, TaK KaK

2
1+V7 T 17

5 > 1; m3 BTOpPOro MMeeM 5 = (—1)™ arcsin

(n € Z), oTkya

+ ™

7
OxBeT: (—1)" - 2arcsin +2mn (n € Z).

3agaua 24.1. Pemwure ypasrenus: a) cos2x — bsinz — 3 = 0;
6) 2cosx =5 — 9sing.

HexoToprie ypaBHeHUI paccuIuTaHLI HA TO, ITO UX GYAYT pPemIaTh
¢ IOMOMIBI0 HOPMYJ CHUHYCA U KOCUHYCA TPOUHOTO YIUIA:

cos 3o = 4 cos® o — 3 cos sin3a = 3sina — 4sin® a.
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3agada 24.2. Pemnre ypaBHeHus:

a) cos3z — 18cosz + 10 =0;  6) Ssinz = sin 3z;
B) 8 cos 62 cos 31 — cos 9z — cos 3z = 0.

Crefyonm TUll TPUTOHOMETPUIECKUX YPABHEHUN, ¢ KOTOPHIMEI
HAM HAJI0 MO3HAKOMUTHCA, — 3TO OJHOPOAHBIE TPUTOHOMETPUIE CKIE
ypaBHenusa. Boobie, 0AHOPOAHBIM YPABHEHUEM OT [BYX HEU3BECT-
HBIX U W U HA3BIBAIOT YPABHEHWE

apt” + au” o + a2 + .+ apv™ =0, (%)

B KOTOPOM BO BCEX CAATAEMBIX CYMMa CTEINEeHeH TPW U W ¥ ONHA U
Ta xke (OHA HA3BIBAETCA CTENMEHBI OAHOPOAHOrO ypasuermsa). Omxro-
POJHBIM TPUTOHOMETPUIECKUM YPABHEHNEM HA3BIBAETCA yPABHEHUE,
KOTOpPO€ MOIYYIUTCA U3 (%), €CAM BMECTO ¥ W U HOACTABATL CHHYC U
KOCUHYC OJHOTO W TOT'0 X€ BBIPAXKEHUsa. BOT mpuMep OJHOPOIHOTO
TPUTOHOMETPUIECKOT O YPABHEHUA CTEIEHN 2:

Mpumep 24.4. sin’z — 4sinz cosz + 3cos®z = 0.

Pemenue. [logeaum o6e vacTu ypaBHeHUA Ha COS L. UTOOBI 5TO meH-
cTBHE OBIIO 3aKOHHBIM, HAMO YOEIUTHCA, 9TO BHIPAXKEHWE, HA KOTO-
poe MBI JeauM, He MOXKET 0OpallaThbeca B HYJAb [ai T€X L, KOTOPHIE
ABJIAIOTCA KODHAMHU ypaBHeHHs. B camom jgere, ecau cos?z = 0, ToO
cosz = (; B HamIeM ypaBHEHWHM BTOPOE W TPEThE CJAAraeMbie o6pa-
TATCA B HyJIb, a IIOTOMY U IEPBOE ClIaraemMoe OOpalaeTcs B HYJIb:
sin2z = 0. Oguako cos’z u sinz He MOIyT OJHOBPEMEHHO paB-
HATLCA HYJII0, TaK 9TO IeIeHHEe Ha COS’ T 3akoHHO. Ilogerms, mocie
OYEBMAHBIX ympomenuin nony«ammM: tg2z — 4tgz + 3 = 0. O6o3raqan
tg x = ¢, moayvgaeM KBaApaTHOE yPaBHECHUE, U3 KOTOPOr'0 HAXOAUM T,
a 3aTeM U CaM Z.

OTset: (7/4) + 7n; arctg3 + mn (n € Z).

Paccyxgenne, ompasbIBaioliee 3aKOHHOCTD JeICHHUA Ha COS’ I,
IPOXOAUT BCErJa, €CIN TOJBKO B YDABHEHUN NPUCYTCTBYET CIarae-
Moe ¢ sin? z. B IpOTHBHOM CIydae feInTh Ha COS2 & HEIb3, HO B 9TOM
7 HET HEOOXOIUMOCTH, TAK KAK MOXKHO CPa3y BBIHECTH COS I 3a CKOO-

ky. [Ipusegem npumep.

Mpumep 24.5. 3sinzcosz + 2cos’z = 0.
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Pemenue. [lepenucas ypasnenue B Buge cosz(3sinz + 2cosz) = 0,
MOIYy9AeM, 9TO OHO PABHOCHIBHO COBOKYTHOCTH yPABHCHUM:

cosx = 0; (1)
3sinz 4+ 2cosz = 0. (2)
Pemenuamu ypasrenmsa (1) sBasiorca r = g—l— wk, k € 7Z; nna

peurenus ypasHeHus (2) mogeamm obe dacTu Ha cosx (Ha cel pa3
HTO MOXHO, Tak Kak ecan cosz = 0, To u3 (2) BeITeKano 6bl, 4TO
sinz = 0, a sinz u cOSx HE MOI'YT OAHOBPEMEHHO PABHATHCS HYIIO)

2 2
v onyanM 3tgx + 2 = 0, oTkya tgxr = —3 Uz = arctg(—§> + mn
(neZ).
T 2
OTser: 5 + 7n; arctg <—§) +7n (n € Z).

KcraTu, ypaBrenme (2), KOTOPOE MBI PEIIWIN 1O XOMY A€Aa, —
TOXE OJHOPOAHOE YPABHEHME OTHOCUTENLHO SINZT M COST, TOMBKO
[IEPBOM CTEMEHM.

Hapagy ¢ ypaBHeHMAMM, KOTOPBIE CPa3y 3aMUCAHBI B BUIE OJHO-
POJHBEIX OTHOCATEIBHO CHHYCA W KOCHHYCa, CYyHICCTBYIOT W ypaBHE-
HUA, KOTOPBIE MOXHO CBECTH K O JHOPOIHBIM C TIOMOIIBIO CJAETYIOMErO
mpueMa.

Ecan B xkax o 13 “acTer TPUTOHOMETPHYIECKOTO YPABHEHAA CTO-
UT CyMMa BHIpAXeHm# BuAa sin® ¢, cos? x, sin z cos z, sin 2z, cos 2z
(BO3MOXHO, ¢ KAKAME-TO KODMDUIMEHTAME) U CBOOO JHBIX “WIEHOB,
TO 5TO YPABHEHME CBEIETCA K OJHOPOTHOMY, €CIK BCIOAY 3aMEHUTh
sin 2z Ha 2sin z cos , cos 2z Ha cos® £ — sin?
HEIM WIeH ¢ 3aMeHuTh Ha a(cos® z + sin? z).

T, a KaxX bl cBO6O 1-

3 3 3
Mpumep 24.6. 2 — 4,5sin 3z + 5 cos? ?3: = cos 3x + sin ?a: cos ?3:
3 3 3
Pemenme. 3amernMm, 9To sin3z = sin<2 . 7:13) = ZSingcos ?m,
3 3 3 3 3
cos 3z = cos<2 : ﬁ) —cos? 2L _sin2 2% 9= 2(0032 T | sin? ﬁ)
2 2 2 2 2
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C ydeToM 3TOro ypaBHEHUE 3AIUIIETCA TAK:

9 3T 9 3T 3z 3z 3

2 cos? ?4—2 sin? ?—45 281n70053+50052 23:
—cos23—$—81n23—x+sm3—wcos 3z
- 2 2 27

IIH, MOCJIEe YIIPOIIEHUN:

3 3 3 3
3sin2;— 1031n§cos§+60052; =0.

3x 3z
TMoayamaocs 0HOPOAHOE yPABHEHUE OTHOCHTENBHO Sin 5 cos >

[lanpHenee ACHO.

+
> 3f+37m (n €Z).

C moMomIB0 ONUCAHHOTO TPUEMa, MOXKHO PEIIaTh U yPABHEHUS
BUAa asinz + bcosz = ¢, xoTopeie MBI peutaau B § 20 ¢ TOMOIIBIO
(bOpMyﬂbI BCIIOMOT'aTEJIbHOT'O yIVIa: HAOO TOJBKO BaMeHI/ITI) Sil’llE Ha

2
OrseT: 3 arctg

. T T 9 T 9T 0T
2sin = cos =, cosx — Ha cos® = —sin? =, ¢—ma c( cos? —+Sm —
2 2’ 2 2 2 2

3agava 24.3. Uzo06pasure Ha KOOPAUHATHOW TIIOCKOCTH MHOXECTBO
TOYCK, KOOPJAHATHL KOTOPBIX yAOBICTBOPAIOT YDABHCHUIO

1022 — 132y + 3y> = 0.
3agaua 24.4. Pemwure ypapuenue
10t =722 (22 + 2+ 1)+ (e +z +1)2 =0.
3agayga 24.5. Pemnre ypaBuenus:

a) 7sm x — 5sinzcosz — cos® z = 0;
6) sin®z + 3sinz cosx + 2cos? z = 1;
B) sinx — cosx = 1;

) 3
)

H

4sin® x — 5sin® z cos z + sinz = cos® z;
1) 2sin® z + sin 3z + 3sin® z cos z + cos® z = 0;
e) 3(cosx —sinz) = 1 + cos 2z — sin 2z.
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3agada 24.6. [Ipy xakux 3HAYEHUAX @ ypPABHEHUE

2

asinz + (a + 1) sin g—i—(a—l)cosQE:l

2

rMeeT perenue’

Kiarou ko MHOrMM ypaBHEHEAM — D>TO TpeoOpPA30OBAHME CYMMBI B
OpPOU3BENEHNE U IPOU3BENEHAA B CYMMY.
Paszbepem aBa mpumepa.

IMpumep 24.7. sin 3x = cos 5z.
Pemenue. [Ipeobpasyem cos 5z o popmyie IPUBEICHNUS U IEPEHECEM
€ro B JEBYIO YaCTh. TOTIa MOJIY<IUM ypaBHEHHE

sin 3z — Sin<5$ + g) =0.
IIpeobpasyem B mpoussenenue:
3z —5x — (w/2) 3z + 5z + (7/2)
coS
2 2
-2 sin(x + %) cos (436 + %) =0,

2sin =0,

OTKyJa Sin (:1: =+ %) = 0 um cos (456‘ =+ %) = 0. Pemas nepBoe ypas-

HEHUE, TOJYIaeM & + 1= N, OTKYIa & = —% + mn, n € Z. Pemas
T 7wk
BTOpOE ypaBHeHuUe, noaydaeM 4+ 1 = 3 +7k, oTKyga x = 6 + R
ke Z. )
™ T m
0 P —— — 4+ — keZ).
TBET 4+7rn, 16—1— 1 (n,k €7)

IIpumep 24.8. sin 2x sin 6x = cos x cos 3.
Pemenne. [Ipeobpasyem o6e dacTu CAETYIONIAM 0O6PA3OM:

1 1
§(cos 4dx — cos8z) = i(cos 4z + cos 2z);

cos4x — cos 8x = cos4x + cos 2x;
cos 2x + cos 8x = 0;

2 cos bz cos 3z = 0,
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oTkyaa cosbx = 0 wm cos 3z = 0. [lanpHennee ACHO.
Orser: 7/10 + 7n/5; /6 + 7n/3 (n € Z).

3agaua 24.7. Pemnre ypaBmenns:

a) cos 3z = cos 5z; 6) sinx sin 3z + sin4z sin8z = 0;
B) sin 3z — sin 7z = 3 sin 2z; r) cos bz + cos b6z + cos Tz = 0;
1) cos 9z — cos Tz + cos 3z — cosx = 0;

ey sin( %+ &) cos( % — 42) = sin( T+ 32) cos( T — ).

HekoTopble ypaBHEHHA JIEIKO PELIAIOTCA € MOMOLIBIO (DOPMYIBL
BcriomorareabHoro yraa (§ 20).

B pononnenwe x ckazamuomy B § 20 00 3TOU hOpMYTIE 3aMETHUM,
9TO HA MPAKTUKE TPU MpeoOpPa30BaHUM BBIPAKEHWN BUAA SNz +
+bcoS T ¢ KOHKPETHBIMHE ¢ U b He 00A3aTEeIbHO TOAb30BATHCA UMEHHO
GOpMyIOU CHHYCA CYMMBI: MOXHO BOCIIOAB30BATHCS JIOOOU APYyron
GOpMyION CIOXKEHUA.

Mpumep 24.9. sinz — cosz = v/2/2.
Pemenne. [Ipeobpasyem meBy0 4acTh TaK:

1 1
sinz — cosz = ﬂ(—sinx - —cosm) =
V2 V2
= \@(singsinx —cos%cosw).

Crano 6BITH, ypaBHEHNE NMPUHUMAET BU[ —v/2cos (:1: + ) V2 2/2,

OTKyJa COS <x + g) = —1/2. lanbHenee ACHO.
o7 117
OTseT: D) + 27n; Tz + 27k,

MoxHu0 6B1I0 OBI PEIINTHL 9TO YpPaBHEHWE W MO-APYTOMY, CBEII
T T

€ro X OJHOPOJHOMY OTHOCHUTETBLHO COS 5 7 sin 5

3agaua 24.8. Pemnre ypaBmenns:
a) 2sinz + Scosx = v/29sin Tz;

6) cosz + V/3sinz = sin(g - %)
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B HEKOTOpBIX ypaBHEHWAX DPeNIAIOMINM II€PEXOJ0M ABIAETCA WUC-
IIOJB30BAHUEC q)OpMyJI IIOHN2KCHUA CTCIICHN:
9 1 —cos2a 2 1+ cos 2«

sin“ a = cos”“ o =
2 ’ 2

Mpumep 24.10. cos4z + 2cos’ z = 2.
Pemrenne. [Ipeobpasyem ypaBaeHue Tax:

1 2
cos4w+2-$:2;

cosdx + 1+ cos2z = 2;
cos(2-2z) + 1+ cos2z = 2;
2cos? 2z + cos 2z — 2 = 0.

[anpHennee ACHO.

17—-1
\/Z-Hm(nGZ).

B cBsasu ¢ popmyravu MOHMKEHUA CTEIIEHN HAXOATCA €IE OUH
YACTHBIU, HO TMOYYIUTEALHBIN IIPUEM PelIeHUs TPUTOHOMETPUTECKAX
yPaBHEHUN.

1
OTtser: :i:§ arccos

IIpumep 24.11. sinx + cosz = sin 2x.
Pemrenne. [lycts sinx + cosz = ¢. Torga

2

1? = (sinz + cosz)? = sin® & + cos’ & + 2sinz cosz = 1 + sin 2z,

orkyga sin2z = t> — 1. Crano 6LITh, ypaBHEeHHe IPUHEMAET BT
) 1++/5

t=1t"—1,0oTkymat = — ¥ YypaBHEHUE CBOAUTCA K COBOKYIIHO-

. +v6 1-V5

CTH ABYX YPABHEHUU: Sin £+ COS T = —5 E sinz+cosx = —

OTU ypaBHEHUS MOXHO Jajee DellaTh Da3HbLIMU U3BECTHBIMU Bam
cocobamu (yHoOHEe BCEro — ¢ HOMOIIBIO (HOPMYJIBL BCIOMOTATEIb-
HOT'O yIiIa).

HeonbiTable M104% 9aCTO PELIAIOT 9TO yPABHEHUE TAK: BO3BOLAT
06e JacTu B KBAAPAT, HOIYHAIOT, HOCIE YIPOLECHUN, YPABHEHIE

1 + sin 22 = sin? 2z, (%)
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mocjae 9ero 0003HAYMAT Sin2r = Yy W AEUCTBYIOT AajJee OOBITHBIM
obpasoM. B monydenHOM 0TBeTE, OHAKO, GYAYyT MOCTOPOHHUE pellle-
Hug. [lero B ToM, 9TO ypaBHEHUE

sinz + cosz = —sin2x (k)

HOCJE BO3BEACHUA B KBAAPAT TOXE HaeT ypasHeHue (*)! 3HauuT, pe-
mrast (*), MBI HAXOIMM HE TOJBKO TO, 9TO HAM HyKHO, HO M KOPHU «I10-
CTOPOHHEr0» ypaBHEHUA (k). IMEHHO TaK ¥ MOABJIAIOTCSA (IIOCTOPOH-
HUE KODHU» IPU BO3BEACHWU YDAaBHEHWU (He 00A3aTeIbHO TPUTOHO-
METPUIECKUX) B KBAAPAT. B IpUHIMNE NOCTOPOHHME KOPHU MOXKHO
0TCeATh (AMOO HEMOCPEACTBEHHOM IOACTAHOBKOU B MCXONHOE yDaB-
HeHue, JnOO OCTABUB TOJBKO T€ M3 HUX, IPW KOTOPHIX 00€e dacTh!
BO3BOAUMOTO B KBAAPAT YDPABHEHUA MMEIOT OJWH 3HAK), HO B JAH-
HOM CJIydYae IPOBECTU TAKOW OTCEB OLLIO OBI HEIIPOCTO.

3agaua 24.9. Pemnre ypaBmenns:

a) sin? —|— cos2z = 1; 6) sintz + cos z = 7/8;
B) sin 2:1: = cost T _sint 2,
2 2
r) cos? 3$ + cos? 4z + cos? bz = 3/2;
3 . .
1) cos? = — cos? ; = sin? 2z — sin® 4z;

e) sin ( +m> :sinw—l—siHQ(g—x);

3 3
)2+cos2:1:+\fsm2x—4smzz

3) 2sinz + 2cosz + 1 = sin 2z + 4(sin® z + cos® z).

o cux mop Mbr u3beraau ypaBHEHNN, B KOTOPHIX YIaCTBYIOT TaH-
FeHC WIM KOTAHTEHC WIM Xe ITO-TO CTOUT B 3HaMeHATeIe, Teleph
JolLIa odepens u g0 HuxX. (JCHOBHOM HOBBIM MOMEHT — HEOOXO1u-
MOCTb CIEUTE 33 OOJACTBIO ONPE/IeJCHUS.

HamomuuM, 9TO BLIpaXeHUE tg T MMeeT CMBICA TOTAA W TOJIHKO
TOr A, KOTaa & # il + 7n BHU auA KAKOTO N € 7 (MHBIME CAOBA-

Mmu, Korga cosz # (). AHATOrUYHO BHIpaXeHWE Ctg T MMEET CMBICI
TOrJa M TOJABKO TOTAA, KOTAA L # 7N, n € 7 (MHBIMEH CAOBAMMU,
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korga sinz # 0). Jlyame Bcero B caMOM HAdATEe DENIEHUA ypaBHE-
HUs BHIINCATH BCE HEOOXONMMBIE OTPAHWYEHUA (€CIM B YpPABHEHUM
MPUCYTCTBYET tg 22, HAM0 HAMUCATD, ©ITO 2T # g + Tn; ecanm Kakoe-
TO BLIpaXKeH;me CTOUT B 3HaMEHATEeIe, HA0 3alUCATL, ITO OHO He
pasuo 0, mpuyeMm He 06A3ATETBLHO CPA3Y XKe «PACIII(PPOBBIBATEY 3TO
OorpaHuIeHne, BLIACHAA, YeMy MMEHHO He MOXET PABHATLCA I: BEIb
UL DTOCO MOXKET HOTPeGOBATHLCA PELIUTh elle OJHO ypaBHeHwe!).
B konme perenus Haqo NPOBEPUTEH HAUJEHHBIE 3HAYEHUS HEU3BECT-
HLIX Ha BXOXJAEHNE B OOMACThL ompeaenenud. JacTo »To GLIBaeT CO-
BCEM HpOCTO. HaHpHMep, €eCJin Mbl CBEJIU ypa.BHeHI/Ie B KOHEYHOM
~1++/33

6 k)
HbIe HAME OTDAHUYIEHUA UMEIT BUL cosZ + 1 # 0, To acHO, 9TO Bce
HAIIU £ YTOMY OTPAHWYCHUIO YI0BIETBOPAIOT. Mam, nomycTum, ypas-

cyere K HpOCTeEIIHeMy YPaBHCHUIO COST = a BBINIXCAH-

HEHUE CBEJOCh K COBOKYIHOCTH ypaBHeHWN tg2r = —1 m tg2x = 3
TN
B TO BpeMs KaK OTPaHUIeHNE OBLIO T 7 1 + 5 » ITO IPOUCTEKALT 13

yCAOBUSA «bg 22 MMEeT CMBICIY; TOTJIa, OMATH-TAKA BCE HAUJEHHBIE HA-
MU % TOAXOAAT: V&K €CAU MBI 3HAEM, IeMy paBeH tg 2z, TO 3aBeOMO
tg 2 uMeeT CMBICH. BBIBalOT M caywam, KOrga Tak mpoCTO ¢ IPOBEp-
KOU He 0GOU/IeNbCs; 0 HUX Pedb MOUAET B CAEAYIONEeM maparpade.

IIpumep 24.12. (cosz + 1) ctgx = sin 2z.
Pemenue. Bemmmem o6nacte onpegenenus: x # 7wk (k € Z). Teneps
MEPENUIIEM YPABHEHNE, COTMIACHO OMPEACTEeHII0 KOTAHTEH A,

1
(cosz +1)cosx — inon

sinz

MNs36aBumca oT 3HaAMeHaTELI U Ipeobpasyem:

(cosz + 1) cosz = sin 2z sin ;
(cosz + 1) cosx = 2sin® z cos z;

(cosz + 1) cosz = 2(1 — cos? ) cos .

Ioxyuamnocs anrebpamtdeckoe ypaBHEHNE OTHOCUTEIHLHO COS I PeIas
ero, noaydaem: cosz = 0, cosz = —1 wmm cosz = 1/2. Pewenns
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T
[EPBOLO YPABHCHMA MMCIOT BUA + wn (n € Z); Bce 3TU T BXOAAT

B 06JACTh OMpEeJeNeHnsA, TaK KaK Jud Hux sinz # 0. Pemenus ypas-
HeHuA cOsx = —1 B 06JaCTh ONpefeteHnd He BXOOAT, TaK KaK €Cau
cosz = —1, o sinz = 0. Hakoren, pemenus ypassenus cosz = 1/2

7r
UMEIOT BUJ £ = £ — +27m; OHU B 00JIACTH ONPEAEICHUs BXOAAT (ecau
cosz = 1/2, To sinz # 0).

OTser: g + mn; :I:g +2mm (n,m € Z).

3agaga 24.10. Pemnre ypaBHeHU:

2v/3 cos 2$_ 1 V3

tgr —tgxr = ————; 6 - = 4;
a) ctgx &% 1+ cos2zx ) cosx+31nx
1 2
B) 2ctgx — P r) (sin2z + sindz) tgz = 0;
) 1 ——cosx ) sinx n cosS T
_— = . e =
A sin(z/2) ’ 1+cosz 1+sinz

Eme ogna menmpumaTHOCTH, CBA3aHHAA C 00JACTHIO ONPENEIeHNs,
BOBHUKAET IPU MPUMEHEHUN TPUTOHOMETPUYUECKAX TOXK J€CTB, J€BAI
WV TIPABad 9aCcTh KOTOPBIX OMpeIeIeHa He TTPU BCEX 3HAUCHUAX mepe-
MEHHBIX. Hcam MBI 3aMeHseM BBIDAXKEHWE HA, TOXKIECTBEHHO PABHOE
€My, HO C MEHBIIEH O6IACTHIO OMPEASTCHUA, TO Te 3HAMEHUI mepe-
MEHHOU, TPU KOTOPHIX OMPEIENeHa, JEeBaA YaCTh TOXIECTBA, HO HE
OTIpPeJIeJeHa, €ro IpaBasd daCTh, U3 PACCMOTPEHUS BBHITAMAIOT, U Ja-
XKe eCIN KAKUe-TO U3 HUX ABIAIOTCA KOPHAMHI UCXOIHOTO YPABHEHUS,
B OTBET OHU 3aBEJOMO He BOUAYT. [looTOMYy mpu Kaxqou TaKOU 3a-
MeHe T€ 3HAMEHWS HEM3BECTHOTO, ©ITO BHIMAAAIOT U3 PACCMOTPEHU,
HA0 HEMEIEHHO TTPOBEPUTH (HATTPUMED, MOACTAHOBKON B MCXOTHOE
ypaBHeHUe).

IIpumep 24.13. Pemwum ypaBHeHme 3Sinz — 2coSz = 2 ¢ TOMOIIBIO
«hOpPMyYJI YHUBEPCAJILHOU MOACTAHOBKUY (BLIPAXKAIOWNX SIN T U COS T
4epes tg(z/2)). CoruacHo sTum dopmy.iam,

_ 2tg(z/2) s — 1 —tg%(z/2) ()
1+ tg?(z/2)

JleBrIe vacTu sTHX TOXICCTB OIIPpEACJCHbI IIDU BCEX I, & IIPaBbLIC —
€T

U BCEX &, KPOME TeX, AL KOTOPBIX o = g—{— wk (k € Z). Tlo-
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ITOMY 9TH 3HAYECHUA T HAJO IPOBEPUTH HOACTaHOBKOﬁ B UCXOOHOE
T
ypasuenue. Ecin — = — + 7k, To x = 7 + 27k (k € Z); noacrasuss

2 2
B ypaBHeHHe, YOEXKAAEeMCA, ITO DTU I ABIAIOTCA KOPHAMHA. Temepnb
o6osnaumm tg(z/2) = { m 3aMeHMM B ypaBHEHUU SINZ U COST IO
dopmyaam (x). Tomxyamm:
6¢ 1

—2. =2.
1+ ¢2 1+ ¢2

Pemras »To ypaBHenue, Hax0mM:
t=2/3, tg(z/2)=2/3, x=2arctg(2/3)+2mn (ncZ).

Cobupas HaW[eHHBIE 3HAYCHUS L, TOLYIaeM
Orset: 7 + 2wk; 2arctg(2/3) + 2nn (k,n € Z).

Ecan 661 MBI 3a0bLIM IPOBEPUTH T€ 3HAMEHWS L, MPU KOTOPHIX
tg(z/2) He MMeeT CMBICIA, TO MEPBAsA W3 ABYX CEPUU PEIICHWN OBLIA
OBI IOTEpPAHA.

3agaua 24.11. PaccmoTpuM ciegyroliye TPUTOHOMETPAICCKUE TOXK-
JeCTBA:

sin(a + f) o sin «
tgattgf=———"l: 6)tge =
@) tga+ tg f cosacos 3’ ) 89 T T+cosa’
)t a 1—cosa )t2a 1 —cosa
B —= r —=
) sin 9 " T+tcosa’

i 2tg(a/2) 2tg a
= —0 0 tg2a = ——5—;
A st = 0 2) e)tgla =1 o

1

— 2 e 2

)K)l—l-thOZ_COS a; 3) 1 +tg a= g

Pasbenre mx Ha Takue Ipynmel: 1) TOXAECTBA, y KOTOPHIX 00Ia-
CTH ONPENEJSEeHN JEBOU U IPABOU IaCTEN COBIAAAIOT; 2) TOX AECTBA,
Yy KOTOPHIX 00JaCTL OMpPeeJeHuA IPABON IACTH IIUpe, YeM 00JacTh
OIpee/IeHNs JEBOU 9aCTH; 3) TOXAECTBA, Y KOTOPBIX 00JaCTh OIpe-
JNEeNeHUsA TPABOU JACTH YKe, YeM 00JaCTh ONPENEICHNAS JEBOU TACTH.

3agaua 24.12. Pemure ypasuenwue 3 sinx — 2 cos x = 2, pazobpanuoe
B MPEABIAYIIEM IIPUMEpPE, NBYMsS APYyI'MMM CrIOco6aMu: € HOMOIIBIO
GOpMyIBI BCIIOMOTATETHLHOTO YIJa U C MOMOIIBIO CBEACHUSI K ypaB-
HEHUIO, OHOPOAHOMY OTHOCUTENBHO sin(z/2) u cos(x/2).
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3agaga 24.13. Pemnre ypaBHeHU:
a) 8cosx + 6sinx — cos 2z — 7 = 0;
6) 5sin2x — bcos 2z = tgz — 5;

B) 2(1 — cos 2z) = /3 tg x; r) ﬁtgxztg(g_x),

B sakmodenme naparpadga IpuBegeM OLWH IPUMED PelIeHUs CH-
CTEMBI TPUTOHOMETPUYECKUX YPABHEHUU, KOTOPBIA JOJXKEH MPENO-
cTepetdhb BAC OT TUMUTHOU OMTUOKH.

IIpumep 24.14. Pemure cucremy ypaBHEHUN:

{ cos(z +y) =1,
cos(z —y) = —1.

Pemenue. Jra cucrema, 09eBUIHO, PABHOCUIBHA, CAEIYIONIEN:

r+y =27k (k € Z);
T—y=m+27mn (n € Z).
T
CkIagbpiBasg W BHIMATAA YPABHEHUWA, HAXOMUM: T = 5 + w(k + n),
y= —g + 7(k — n). Teneps 3anucoBaem
OxBeT: (1;y) = (g + w(k 4+ n); —g + 7(k — n)) (k,n € 7).

Tunwanas ommbKa TPU PEIIEHAN ITOU U MOJLOOHBIX CHACTEM —
0603HAYMHATE «TI000€ TEeJ0e MUCAO» B IBYX YPABHEHWAX OJHOU W TON
ke OYKBOU:

x +y =27k,
Tz —y=m+2nk;

MOCJE DTOTO B KAYECTBE PEIEHNN CUCTEMBI MOy IaTCA Tapsl (1;1y) =

T T .
= (5 + 27k; —5) Bce onwm pemenuamu gencTBUTENBHO ABIAKTC,

3r
HO KpOME HUX €CTb €€ MHOTO APYTHX, CKAXeM (57 7) YTo6m1
cos(z+y) paBaaica 1, a cos(xz —y) paBHAICA —1, BIOIHE JOCTATOYTHO,
9TOOLI paBEHCTBA T + Y = 27k U T — Yy = 7 + 27N BHINOIHAIACH TIPU

paznbix k u n.
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3agaua 24.14. Nszobpasure HA IIOCKOCTH MHOXECTBO TOYEK, KOOP-
AWHATEL (;Y) KOTOPHIX YIOBIETBOPAIOT CACAYIOUMM YCIOBIAM:

a) cucTeMe ypaBHEHUU U3 mpumepa 24.14;

cosx = 0;
6) coszcosy = 0; B) {
cosy = 0;

r) cosz + cosy = 0.

3agaua 24.15. Pemmre cucrembr ypaBHEHUN:

sinzcosy = 1/2; sin’ z = cos z cos y;
a
sinycosx = 1/2; cos’ z = sinz siny;
sinz — —— =siny;
sinz
B) 1
cosT — = CcosY;
08 T

2v/5 -1
cos? 6z + (V5 — 1) ctg(—9y) = \/;;

r)
ctg?(—9y) + (V5 — 1) cos bz = Ni_l;

) 2y — ctg(z —y) = 3;
3y +2ctg(z —y) =8.

§25. OT60p uKMcCeT HA TPUTOHOMETPHUIECKOM KpPyTe

IMoBTopuTs: §6. Onpegencaue TPUrOHOMETPHIECKUX (DYHKITAH.
§ 10. IIpocTenmine TPArOHOMETPAIECKHAE YPABHCHHA.

B ypaBHeHmAX, BCTPEYABUINXCSA HAM [0 CUX IOP, TPK OTOOPE KOP-
HEU TOJYYaJOCh TAK, YTO IPKA HPOBEPKE B OTBET BKIKYAJACH WIK
ke 0TOpachIBAMACH BCSI Cepus MeanKoM. B s3Tom maparpade MbI pac-
CKaXeM, 9TO [aeJaThb B 60J1ee CJIOXHBIX CIyYvadaX, KOrJa 1aCThb CEepUmn
B OTBET BXOJUT, & TaCTh — HET.

3
IIpumep 25.1. C?S -
sin 2x
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/2
51 /6 /6

/6 117/6
3m/2

Puc. 25.1.

Pemenue. O10 ypaBHeHUe, OYEBUIHO, PABHOCKIBLHO CHCTEME

cos 3z = 0;
sin 2z # 0,
AIn
3 s L +7Tk
T = — +7k; =T 5
2 6 3 (k,n € Z).
)
2z # mn x7é7

I/ITaK, HaM HYXHO M3 MHOXE€CTBa BCEX I, IPEACTABUMBIX B BUAC

T 7wk
— + —, rae k— HEKOTOPOE IEN0e YUCIO, BLIKUHYTH MOCTOPOHHUE

6 3
™
KOPHM — T€, 9TO IIPEJCTABAMEL B BI/JE DR rge n — KakKoe-TO Ienoe

qucao. [l 5TOro HaHeceM Ha TPUTOHOMETPUYIECKUU KPYT BCE YMUCIA,

k
BUIA T = % + %, rge k € Z (puc. 25.1a).

[pw srom monyunTesa 6 ToYek, 0603HAMEHHBIX Ha puc. 25.1a. ITu
TOYKY HOABAAIOTCA, €CIN B3ATH JI0OBIE 6 MOCIeT0BATEILHLIX 3HATE-
HUU 7, TIPU OCTAABHBIX 1 TOYKE OYAYT MOBTOPATHCA. Bodee Toro,
SICHO, ITO BCAKOE YHCIO, KOTOPOMY COOTBETCTBYET OJHA M3 OTMe-

T T
YeHHBIX Ha puc. 25.la Todek, muMmeeT BU 5 + 3 LT HEKOTOPOTO
neqaoro k.
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Eciau mamecTu Ha 3T0T PUCYHOK €1I€¢ 1 TOYKHN, COOTBETCTBYIOIINEC
™

qucIaM BHIA 50 TO y HAC HOXY4IUTCA puc. 25.16 (Toukm, cooT-
™
BETCTBYIOIINAE YUCIAM o oTMedeHb! Geabivu Kpyx)kamn). OTBeTom

T wk
K HallleMy YPaBHEHUIO OyAyT TUCIa, MPEeICTABUMLIC B BUIIE s + 5
™

1 IIpU 3TOM HE IpEeACTaBUMBIC B BUC 7 Nnpivnm CJI0OBaMU, PEIICHUA

VPaBHEHUA — UHUCJAA, KOTOPBIM COOTBETCTBYIOT epHLIE KPYXKKU, HeE
coBnagatorime ¢ oeavivu. O6pamaiack K puc. 25.16, BUAUM, 9TO TAKUX
KPYXKOB POBHO “€TLIpE, ¥ KaXIOMY U3 HIUX COOTBETCTBYET OECKO-

) 7 11
% + 27n; % + 27n; ?ﬂ + 27n.

MoxHO Tak¥ke 00BEUHUTD MEPBYIO CEPUIO ¢ TPETbEN, 4 BTOPYI —

. T
HeYHadA CepuA 3HAYCHUN I: 5 +2mn;

. T 5%
¢ geTBepTOu. Torga OTBET 3alMIIETCA TaK: T = 5 +7mn; = o +7n
(neZ).

Mgui He CIYYaMHO TPHU 3AIUCKA CUCTEMEI

m n wk
==+ —;
6 37
™
T # —
2
UCIIOJBb30BaJU [BE Pa3HBIC 6yKBI:|I JJLT O603Ha‘leHI/IH «IIPOU3BOJBHOTO
m 7wk ™
[EJOTO YMCIAAY: BEAb €CIN L = s + 5 =3 rae k # n, T0 T —

BCE PABHO IIOCTOPOHHUM KOpeHb. Hampmmep, Tak GygeT mpu k = 4
u n = 3 (HoLy9aeTcs MOCTOPOHHUM KOPEHb 37 /2).

cos(z/2)
II 25.2. ————==0.
PuMep sin(z/3)
Pemenue. JT0 ypaBHeHme PABHOCHILHO CACTEME
cos(x/2) = 0; =7+ 2rk;
. (@/2) WIN e (k,n € Z).
sin(z/3) # 0 x # 3mn

ITompobyem gercTBOBATH TaK *e, KAK W B TPEILIAYINEM MpPUMEpE:
HaHeCEeM Ha TpI/II‘OHOMeTpI/I‘IeCKI/Iﬁ KpPyTr Y€pHbIC TOYKHN — YUCJIA BU-
aa m + 2wk u 6eable TOUKYM — uucaa Buga 3nn. 1o, ITo moayuuTcs,
n306paxeHo Ha puc. 25.2.
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A Ha ocmoBanwm 5TOr0 puUCyHKa HAJ0, KA3aJI0Ch
OLI, CAEIATL BLIBOJ, UTO PEIICHUU Yy yPABHEHUA
HET: Belb HAa PUCYHKEe HET YEPHBIX TOYEK, HE CO-
Bragawmux ¢ 6erbivu. TeM He MeHee JErko BU-
IeTh, 9TO, CKaXeM, YUCI0 r = 7 OyaeT pele-

HueM ypasHeHusa. ['me xe wmbr ommbauck? [lemo
B TOM, 4TO HM300paxKeHWe 4YuceJ BAAA J7TN, T

Puc. 25.2. n € 7, Ha TPUTOHOMETPHUYIECKOM KpPYyTe Heame-
KBATHO: BEPHO, YTO BCE TAKWE YUCIa, U300PaXKAIOTCA OJHOU W3
GenpIXx TOUYEK Ha puc. 25.2, HO HEBEPHO, YTO BCE UTUCIA, COOT-
BETCTByWOIIME O€IbIM TOYKAaM, UMEKT BUJ 3TN € HeabiM n: Oe-
JBIM TOYKAM HA PHUC. 25.2 COOTBETCTBYIOT W <wucia 7, 27, 4w, 57
¥ T. I

Boo6ie, nzobpaxenme MHOXKECTBA THUCEN HA TPUTOHOMETPUIE-
CKOM Kpyre OyJeT aJeKBATHO, TOJABKO €CJIU 3TO MHOXECTBO ¢MMEEeT
OEepUOX 27T»: BMECTe € KaXABIM TUCIOM T CONEPXUT UUCIA T — 27 U
z + 27. B wacTHOCTH, OyAeT MMETH TEPUOJ 27T MHOXKECTBO PEIeHUI
ypaBHEHUA, 00€ 9acTU KOTOPOT'O MMEIOT Hepuon 27 KaK (PyHKIIAW
OT Z.

cos(z/2)
loBemeM Temeph [0 KOHIA peleHme ypaBHeHUA ———— = (.
sin(x/3)
Bce, 1T0 HaM HYXHO, — BBLICHUTB, /I KAKUX [EILIX TUCEN K TUCIO
r = 7 + 2wk okaXeTcsa MOCTOPOHHUM KOpHEM. JTO OyAeT TOrja,

KOI'JIa, HAWAETCA TaKoe Iucao n € Z, aro w + 2wk = 3wn. Coxpamas
B DTOM PABEHCTBE HA, T, MOJYIAE€M BOIPOC, K KOTOPOMY BCE CBOUTCS:
aas kakux k € 7, cymiectByeT Takoe n € Z, aro 1+ 2k = 3n?

YT1o6bI OTBETUTH HA 3TOT BOIPOC, BBIpA3mM k <epes n: k =
3n—1 .
= ; BBLAEIUM U3 3TOU APOOU (LIETYIO TaCThbH:

2

n—1 2n+n-1 n—1

k = = = .
2 2 "t )

n—1
Tak kax k u n— ueasle Tucaa, To — TOXe LeN0e IUCI0. SHa-
-1

T, nT =m,n=2m+1 (m € Z). llogcrasaaa B (*), DoIyIaeMm

kE=3m+1 (m € Z). tak, MBI IOTy9IWIn OTBET HA HAII BOIPOC:

154



MOCTOPOHHUE KOpHYU nioxydatorcst npu k = 3m~+1, m € Z. Hac xe un-
TepecyIoT KaK pa3 Bce ocTanbubie k. fcHo, 9To ckazaTh «k # 3m+1,
m € Z»— Bce PAaBHO, YTO CKa3aTh «IUCIO Kk TIpU AeJeHWM HA 3 HaeT
0CTATOK, He paBHbM 1». OMHAKO KPOME eJWHUILI IPU JJEHUN HA, 3
BO3MOXHEI TOILKO OCTATKM () mam 2. Tax ITO MOXHO ellle CKa3aTh,
9TO A YUCTA X = T+ 27k, SBJAAIOMIETOCA KOPHEM, GO Kk TaeT Ipu
nexeHun Ha, 3 ocTaTok () wim 2, wiu, mHBIME croBamu, kK = 3m win
k =3m+ 2, m € Z. llogcraBiaas >To BhIpaxeHue Mg k, MOIydaeMm
OKOHYATEJbHO OTBET: & = T + 67m wim x = b + 67m.

[Ipumem, MO3BOMUBIIMY HAM BBIACIUTDL «IUIOXWE» 3HAMEHUS k, Cpa-
6aTBEIBAET BCETIA; KAK UM MOIB30BATHCA B 00IIEM CIy9ae, PACCKA3AHO
B NPWIOKEHUU K DTOMY Haparpady.
cos(z/2)
sin(z/3)

J0 OBl 00OUTHCH M300paAXKEHUEM Yucen Ha Kpyre. [las sToro HaLO

3aMeTHuM eie, 9TO U [AA yPABHEHUS = 0 mMoxmHO OLI-

OBLIO OBI caeraTh 3aMmeny nepemenroun x = 6¢. Ilocae aroro ypasae-
cos 3t

HUE IIPUHAMAET B = (. JleBas 9acTb 5TOr0 YPABHEHUA yKE

sin 2¢
“MeeT nepuo[ 27 KakK (PYHKOusa OT t, TAK ITO €ro MOXHO PeIlaTh,

oTbupas wmcaa Ha Kpyre. Hauga ¢, octaeTcsa mantu © = 6t.

3agaua 25.1. Pemnre ypasmenns:

sin 3z sindz
- == 0. 6 o 0.
a) cos 6z ’ ) cos bz ’
) sin4dx _ 1 r) Cf)S3£B _ 1.
cos 6x sin 2x

o) tgbx = tg3x.

3agaua 25.2. Pemnre ypaBmenns:

a) sin 3z + cosdz = 2; 6) sin3z — cos 2z = 2;
B) sin4z + | sin 5z | = 2; r) sin® 5z + sin? 7z = 2;
) si r .z 5
sin = —sin—~ = —2.
Ay T

Ykaszauue k myHKTy a). [Ipm BCex & BEpHBI HEPABEHCTBA Sin 3z <
< 1, cosdx < 1. CkaagpiBasg ux, noixydaem, 910 sin 3z + cosdxr < 2,
IpU¥EM PaBEHCTBO AOCTUTAETCA TOALKO B TOM CIytae, Korga oba
CIATAEMBIX OJTHOBPEMEHHO PABHHI 1.
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3agadga 25.3. Pemnre ypaBHenus:

a) sin6x cos 8z = 1; 6) cos 4z cosbr = 1;
B) cos 8z cos 3z = —1; r) sinf—ocosg =—1;

) x T _y
a) cos —cos — = 1.

2 5
Ykasauue Kk nyHKTY a). Ilpu Bcex = BepHBI HepaBeHCTBa |sin 6| <
< 1, |cos8z| < 1. CregoBarensno, sin 6z cos8z = 1 Torga u TOIBKO
TOT' 1, KOTJa 0063 COMHOXUTENA OJHOBPEMEHHO PaBHHI 1 mam —1.

3agaua 25.4. a) Pemmre ypasrenue cos x + cos(zv/2) = 2.
6) Ilpu xkaxux 3HAYMEHUAX @ ypaBHEHEE COS & + cos(azx) = 2 mMeer
OECKOHEYHO MHOI'O PEIIeHUN !

IIpunoxenue. Jlunennnie HeonpegeJeHHLIe YPABHEHUA ¢ ABYMs
HEU3BECTHLIMUI

IIpu oT6Gope KOpHEN TPUTOHOMETPUUECKUX YPABHEHUN WHOT A, TIPU-
XOAUTCA OTBEYATH HA BOMPOCH Hamopobme: «aaia Kakux k € 7 cy-
mecTByeT Takoe n € Z, aro 44k 4+ 6 = 166m»? IlocmoTpum Ha >TOT
BOIIPOC HEMHOT'O C JPYTOU CTOPOHBI: BBIACHUM, IS KAKUX BOOOIIE
nenbx k U n BHEIDOJAHAETCS paBeHCTBO 166n — 44k = 6. Takoro poga
330491 HA3bIBAKTCA HECONTPENCJICHHBIMN Y PABHCHUAMU (Tquee T'OBO-
pi, JIHHeﬁHbIMPI HEOIIPCACJACHHBIMU YPABHCHUAMU C ABYMs HCU3BECT-
HBIMW, HO DTHU YTOYHAIOUIAE CIOBA MBI 6yAeM OIMyCKATH, HOCKOABKY
APYTUX HEONPENEJICHHbIX yPABHEHUM HAM HE BCTPETUTCA). Paccka-
JKeM, KAK MOXHO DEIIATh TaKUe YPABHEHUA.

[lepBoe, 94TO HAKO CAEIATH MIA PEIICHUSI HEOIPEAEICHHOTO yPaB-
HEHNA, — 3TO HAUTH HAXOOJLINNY OOIINKI AeIUTeNb KO3(MDQUIIIEHTOB
IIPY HEW3BECTHBHIX W TONPOOOBATH COKPATHTL HA HEro 0be dacTm
ypaBHeHUs (pa3yMeeTcs, CBOGOJHBIN "WIEH JOTKEH IIPU HTOM OCTAThb-
ca menbiM amcaom). PacemoTpum, manpumep, ypasaerue 21k — 24n =
= 8. Hamboabmur o6uun geiuress K03PPUIHEHTOB PABEH 3, U CO-
KPaTHUTL Ha HEro He yAaeTcd, TakK Kak § Ha 3 He geamrca. Torga
MOXHO CPa3y CKa3aTh, 9TO DTO yPABHEHUE PEIICHUN B MEJIBIX TUCAAX
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we mmeeT. B camom gene, ecim (k;n) — pemrenue 3TOro ypaBHeHU!

TO JeBasg 9acTh AeIUTCA Ha 3 (Tak Kak Ha 3 gemaTcs o6a Koadhdu-
[UEHTA), a IpaBasd JYacThb HA 3 He ACIUTCA. SHAUUT, Y DTOTO ypaBHE-
Hus pemenud HeT. ChopMyaupyeM TPUMEHEHHOE HAMK COOODPAXKEHIE
B 00IIeM BHIE:

Ecau B ypaBaenuu ax+by = ¢ (¢ neabivMu a, b u ¢) k0opPUIAEHTEL ¢
u b gensaTca Ha HEKOTOPOE 9UCao d, 8 CBOOOJHBIA WIEH C HE JeJIUTCA
Ha d, TO BTO yPaBHEHUE HE UMEET PEIIeHUN B MENLIX TUCIAX.

Mu1 yxasaau OfHYy TPUUIUHY, IO KOTOPOU HAIIE HEOIPENEICHHOE
ypaBHeHUe MOXeT He UMeTh pemnenni. OKa3bIBaeTCA, BO BCEX OCTAIb-
HBIX CIyYasX penreHus 00g3aTelbHO OyAyT.

Ecau B mHeompeneneHHOM ypaBHEHUN aX + by = ¢ cCBOGOIHBIN LICH
¢ MeauTCa Ha HAaMOOABUINYA 00U fennTenb KO3hPUIUeHToB ¢ U b
(B wacTrOCTH, Tak Oyaer, ecim ¢ u b BOOOWE HE MMEIOT OOIIMX
JgenuTener, KpOMe eJUHWIEI), TO YPABHEHHE O0A3aTEIBLHO MMEEeT
peuieHnsa B OeabIX IUCIaX.

Mz He 6y1eM TOKa3HIBATEH 3TO YTBEPXK AEHUE, & TTPOCTO MOKAXKEM,
KaK MCKATH PEIIeHUS.

Petmum ypasuenne 166n — 44k = 6. [lnsa magana, kKak MBI yXKe T0-
Bopwin, ogeaum 06e dactu Ha 2: 83n—22k = 3. Teneps BoibepeM Ty
HEU3BECTHYIO, KO>(PPUIMEHT IpH KOTOPOM MEHLIIE IO abCOMIOTHOR
BEJAWYWHE — B HAIIEM CAytTae 9TO k, — U BBIPA3UM €€ [uepe3 APyTryio

83n — 3 .
HEM3BECTHYIO: k = oy Brigenum B aTon npobu meayio MacThb:
8n—-—3 66n+17n—3 1 —3
k= = = e
22 22 Y (*)

Kax Bugmre, nemoncieHHbIe pelleHNA HANIETO YPaBHEHUA Oy Iy T MO-
JAy9aTBhCA, €CIU IOJCTABIATL B HErO BCe Te Heldble 71, M1i KOTOPLIX

1Tn — 3
YUCI0 ———— TOXe OyAeT IeJbIM: Befb TOrAa U3 () MOLydaeTcsd,

22

'B 5TOM IpUIOKEHNM MO (pEIIeHHeM» MBI BCETa MOHIMAEM LeI0UICICHHOE
peuieHme.
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17n — 3
22

qro u k— meqaoe dumcao. Ho kax ke y3HaTh, KOTJa H9HUCIO

1Tn —3 .
oyger teabiv? [lis sToro 0obosHaMUM T OyKBOU { U 3aIUIIEM:
17n -3
272 =t, mau 17n — 3 = 22¢t. Kak BugmTe, CHOBA MOJYIUIOCH HE-

OIIpe/JeJIcHHOE yPaBHEHUE, HO €r0 KO3 (PUIIUEHTHI yKe MeHbIIe, 9eM Y
rcxoauaoro. IlpogesaeM ¢ 5TUM HOBBIM YPABHEHUEM TY XK€ OTEPAITHAIO,
YTO W C UCXOAHBIM: BHIPDA3WM U3 HETO TY HEW3BECTHYIO, KOd(ddumm-
€HT P KOTOPOU MEHBIIE MO A0COMOTHON BeaudnHe (Ha CEU Pa3 9TO
OyoeT 1), 1 BHIACIAM U3 HOLYYAOMENcsa JPOOH HEIyio YacTh:

22t+3 17t 45t 43 t+5t—|—3 (54)
n = = = -
17 17 17
U3 (%) BUAHO, ITO TUCIO 00:a3aH0 OBITH HeabiM. O603HATIM
. ot+3
ero 6YKBOWU s: 1—'7— = s, 5t + 3 = 17s. lIpomonxas B ToM xe gyxe,

BLIPA3UM t Tepes §:
17s — 3 25— 3
t=———=3

5 =Js+ 5
25 —3 2s — 3
O6o3nauum, gagee, i OyKBOU V: i = v, 25§ — 3 = b,
5v + 3 3 3
s = U; = 2v + vt . Obo3HatuM, HAKOHEI, % OYKBOHI U:
v+3

= u, v = 2u — 3. B TOM MecTe HAIM MYYeHUSI U KOHYIAIOTCA.
v+ 3

2

B camom JAeJie, HaM Ha O BBIACHUTH, NI KAKWUX IMEJbIX U IUCIO

O6ymeT LeTLIM, U OTBET HA 3TOT BOIPOC yXKe TOTOB: eclu v = 2u — 3,
rge u— moboe neroe uucao! (neno TYT, KOHEYHO, B TOM, YTO B He-
ONIpEJIETeHHOM YpaBHeHUW v = 2u — 3 KOod(DUIMEHT TIPU U PABEH
equnuiie). Temepsb, YTOGHI MOTYYUTH PEIICHNUA UCXOTHOTO YPABHEHMS,
HaM OCTAJIOCh TIOCIEeJOBATEILHO BBIDA3UTHL ¥ U€pe3 U, S 4depe3d v,
qepes s, n depes t u k depes n. OTnpaBuMca B OGpPATHLIU TYyTh:

3 95 — 3

U:2u—3;$:2v+v—; —Bu— 6t =35+ o0 — 174 — 21;
5t +3 17n — 3

nzt—l—il—; :22u—27;k:3n+722 = 83u — 102. Urax, pe-

mrenwme norydeno: k = 83u—102, n = 224 —27, rge u— Ipou3BOIBHOE
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nenoe ancao. CTajo ObITh, OTBET HA HAII MUCXOJHBIM BOMPOC TAKOB:
nycTh k— nenoe qucao. Torga 44k+6 = 166n mnas nekoToporon € 7
TOra U TOJBKO TOrma, Korzxa k = 83u — 102, rae u € Z.

WsroxeHun HaMu coco6 HAXOXK JeHHA PElIeHnA JUHEHHOT O He-
OIIPEIeJEHHOrO YPABHEHNA C MEIBIME KO3(MDPUITUEHTAMA HASLIBACTCA
anzopummonm FEerxauda.

3agaua 25.5. [lnd KakKuX IEIBIX k CYIIECTBYET TAKOE IEIOE 72, ITO

7k —19 = 5n?

3agaua 25.6. Pemmmre ypapaerus B meabix qucaax: a) 17z + 19y = 1;
6) 26z — 78y = 143; B*) 722 — 4y = 5.

3agadga 25.7. [lpu pemennn B neabix auciax ypapuenus 166n —44k =
= 6 HAM TPUILIOCH BBECTU MOMUMO 7 U kK FIETHIPE JOMOTHUTEIbLHBIE
nepemenuse (¢, s, v u u). [[puBeauTe TpUMED HEOIPEAEIEHHOT'O YPAB-
HeHUA BUIA az + by = ¢, B KOTOPOM @ u b— NBy3HAYHBIE IUCIA, II1
pelreHnss KOTOPOro M0 M3JI0XKEHHOMY METOIY HAJJ0 BBECTH BOCEMb
JOTOJHUTEABHBIX TTepeMEHHBIX. [[ompoOyuTe TakXke MOKA3AThL, TTO
GOJIBIIEr0 KOJUIECTBA MOTOJHATEABHBIX TEPEMEHHBIX PU MBY3HAT-
HBIX @ U b HEKOTAA HE MOTpelyeTcs.

§26. Kak pemaTs TpUroHOMETpPHUIECKHE
HEPaBEHCTBA

IMosTopuTs: §6. OnpeseseHue TPUrOHOMETPAIECKUX (DYHKITUH.
§ 11. I'papuknm cuHyCA M KOCHHYCA.

Mbr HAYHEM ¢ TPOCTENINX HEPABEHCTB, K KOTOPBIM JI000€ TpU-
TOHOMETPHUICCKOE HEPABCHCTBO B KOHCIHOM CUETE CBOAUTCA.

Ipumep 26.1. sinz > 1/2.

Pemenwe. [ln1a Hagana BHIACHUM, KAKWE TOYKHA HA TPUTOHOMETPUIE-
CKOW OKPYXHOCTH COOTBETCTBYIOT PEIIEHUAM HEPABEHCTBA. JTO —
TOYKW, OPAUHATA KOTOPBIX Gosblie 1/2, m HA OKPYXKHOCTH OHU 3a-
moaHAIT ayry P(Q), ormedennyio Ha puc. 26.1.
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4 Tenepp MOXHO 3aIMCATH MHOXECTBO
TUCE, COOTBETCTBYIOMMX TOIKAM HA TyTe
PQ. flcao, 9T0 5TO MHOXECTBO COAEPXKUT
unrepsar (7/6;57/6) (/6 coorBercTByeT

» touke P, 57 /6 —Touke ), a BoOOIIE HAIIE
MHOXECTBO COCTOUT U3 BCEX MHTEPBAJIOB
(7/6 + 27k; 57 /6 + 2wk), rae k — nenoe:
BEMIb €CIN TOYKE Ha TPUTOHOMETPHIECKON
OKPYXHOCTH COOTBETCTBYET |YUCJIO I, TO
€l XK€ COOTBETCTBYIOT W BCE TMCJIA BUIA

‘
—11ln/6 —7m/6 /6 51/6
Puc. 26.2.

OTBeT K HEPABEHCTBY MOXHO 3aIMCATH TAK:
(7/6 + 27k; 57 /6 + 27k) (keZ)

wiu ewe upowe: 7/6 + 27k < z < 57/6 + 27k.

IIpumep 26.2. sinz < 1/3.
Pemenne. Ha Tpuromomerpmieckon OKpYyXKHOCTH

Q ‘% P MHOXECTBO PeIIeHNH HEePABEHCTBA U300pa3UTCAa
ayrou P(Q), ormedennou Ha puc. 26.3. Ham mHyX)HO
B " O  BLIGpATH HA YHCIOBON OCH KAKOHU-HUOY Ib OTPE3OK,
COOTBETCTBYIOIINA TOU AyTe, W TOTIA OCTAHETCA
TONPKO NpubaBUTH K €ro rpanunam 27n. Bsibe-

Puc. 26.3.
peM Kakoe-HuOy b InCI0, COOTBETCTBYIOIIEe OTHO-

My u3 KOHIIOB ayru. Q4eBuano, ToUke PP COOTBETCTBYET arcsin 3 Pas

3TO YHCIO BEIOPAHO, BEIOOP IUCIA, COOTBETCTBYIONIETO APYIOMY KOH-
Iy, yXe mpeaonpeaeie. YTo6bsl HAUTH 5T IUCI0, HALO CABUHYTHCA
1

M3 TOYKU arcsin g HA, IUCIOBOU OCH B OTPpULIATEJIbHOM HaIIPDaBJICHUN
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Ha paccrosuue, pasuoe miuHe ayru P(Q). Touxe O Ha OKpyXHOCTH

COOTBETCTBYET HOMb, TOUYKe B — 4mcio —m, a TOUKe () — SHUCIo,
1

PACIOIOXKEHHOE €llIe Ha arcsin 3 n1eBee, TO ecTh —7 — arcsin —. Cra-
J0 OBITH, ONWH U3 OTPE3KOB, COOTBETCTBYIOIMX ayre P}, Gyaer
[—w — arcsin 3’ arcsin 5}’ a OTBETOM K HepaseHCTBY sinz < 1/3 6y-

neT 00beIuHEHE OTPE3KOB
.1 1
[—W — arcsin o + 27k; arcsin 3 + 27rk} (k €Z).

Pazymeercs, TOT ke 0TBeT MOXHO IPEACTABUATE U [TO-UHOMY, HAIIPY-
Mep

1 1
[—g + 2mk; arcsin 3 + 27rk;} ; [W — arcsin 3 + 2nk; 37% + 27k|.

3
Mpumep 26.3. tgx > T
Pemenue. Vcnonpsys ocb TaHreHCOB, Xerko ybe-  p M

OUTHCS, 9TO HA TPUCOHOMETPHUYECKOW OKPYIKHO-
CTU pelIeHUsa HepaBEeHCTBa M300paXaloTca ABYM:A

ayramu, orMedeHHbiME Ha, puc. 26.4. [lyre PQ co- _§
s 3 QU 4
OTBETCTBYET MHTEPBAI (— 5 arctg(—1>>, a gyre r

3
M N —wuuTepBan (g, 7r+arctg<—1)>. Bropow u3 Puc. 26.4.

TUX MHTEPBAJOB MOIYYIa€TCA U3 IEPBOT'O CABUI'OM Ha 7, TAK ITO AC-
HO, 9ITO OTBeT K HEPABEHCTBY — 3T0 00belIUHEHNE NHTEPBAJIOB

3
(fg + mn; arctg(—1> + 7m) (n € Z).

[Tpwm pemerny TPOCTERMNX TPUTOHOMETPUICCKUX HEPABEHCTB MOXK-
HO TAK¥Xe MOIb30BATHCA HE TPUTOHOMETPUIECKUM KPYTOM, a Tpadu-
kamu. Hampumep, 9To6bI pemuTh TO Xe HepaBeHCTBO sinz < 1/3,
JOCTATOYMHO OTMETHUTH HA MCIOBOU OCH TAKUE TOYUKH, ITO JEKALIIE
HAJ HAME TOYKW Ipaduka y = sinz uMeT opAuHaTy He Gomee 1/3
(puc. 26.5). Tlo TOMy PUCYHKY JErKO 3anmMCaTh OTBET.
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[ = )

arcsin 3

-7 — arcsin% 7 — arcsin % 271 + arcsin %

Puc. 26.5.

[TIpu oopMIeHVY pEIIEHAN TPOCTENNINX TPUATOHOMETPUATIECKUX
HEPABEHCTB HE HAJIO0 3aMUCHIBATEL PACCY XK ACHUNA HAIOA0OUE TEX, 9TO
MBI TPOBOJWIN B HTHUX MPUMEPaX: AOCTATOYHO PUCYHKA HAomobme
puc. 26.3 m orBeTa. MOXHO TaKXe HAPUCOBATL PUCYHOK HAmonobme
puc. 26.5 u OnATH XK€ 3aMuUcaTh OTBET.

3agaua 26.1. Pemure HEpaBeHncTBa:

a) cosz > 0; 6) sinz < 0; B) cos 100z > 0;
z
— < 0 tg 2 .

1“)(:08100 0 x) tg2z <0

a) sin2x > —; 6) sinz < —=; B) |sinz| <
r) tgz > 1; n) [tg x| > .

3agaua 26.3. PemuTe HepaBeHcTBA:

. 1 . 10
a) sinz < 7 6) cos 3z > —9 B) |sinz| < 0
r) tgz > /5.
3agaua 26.4. Pemure HEpaBeHcTBA:
a) sinz > sin 1, 6) sinz <sin7, B) cosz > cos 10;

r) cosz < sin2; 1) tgz < ctg 10.

3agaua 26.5. Pemure HEepaBencTBa:
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a) 2sin®x — 3cosz — 1 > 0; 6) 9cosdx + 6cos2x + 5 < 0;
B) cos 2z — 2sinx + 5 > 0; r)4sing—3(:osx+1>0;

o1 —ZCOSg < cos .

3agaua 26.6. Pemure HEepaBencTBa:

7
a) arccos r = 3 6) arccosz < 2;

. 1 s
B) arcsinz < 7 r) arccos x < e

[IpuBegem mpumep pemreHus 60JIee CIOKHOIO HEPABEHCTBA.

2 si 1
IIpumep 26.4. % = 0.
2 cos 5~ 1

Peurenme. Mbl nNpuMeHMM «METO]| UHTEPBAJOB», KOTOPLIA MIOJIKEH
OBITH BAM 3HAKOM II0 PEIICHUIO PAIMOHAJILHBEIX HEPABEHCTB. Pement
TAKOB: HAJI0 Ha YUCIOBOM OCU OTMETUThL T€ TOYKHU, B KOTOPBIX 00pa-
WAITCA B HyJIb TMCIATEIL M 3HAMEHATEID; HA KAXKIOM U3 HHTEPBAa-
JI0B, Ha, KOTOPHIC JEIUTCA 3TUMU TOYKAME 9UCIOBAA OCh, 3HAK JEBOU
9acTH OyJeT TMOCTOAHEH, U OCTAHETCA TOJBKO 3aIUCATH OTBET KaK
00 BeINHEHNE HHTEPBAJIOB C Hy XHBEIM 3HAKOM. B ciaydae Tpuromnome-
TPUICCKMX HEPABEHCTB TOYCK M MHTEPBAJIOB Oy[eT, KaK MPaBHIO,
OECKOHETHO MHOT'O, OJHAKO OHE OyIyT HEPHOAMICCKA IOBTOPATLCA,
MODTOMY AOCTATOYHO BCE MPOAENATh HA OTPE3KE AJWHOU B TIEPUOL.
B mamem cIydae HAMMEHBLIIMM I[I€PHOAOM HUUCIATEIS OygeT 27,
a sHaMeHaTea 47, BygeMm mosToMy paccMATpUBATHL 3HAK JEBOU 9a-
cru Ha orpeske [0;47]: ero aauHa paBHa 47, a DTO YUCAO CILYKUT
HEPUOAOM KAK TUCANTENA, TAK ¥ 3HAMEHATEIA.
Jlerko Bugers, uro Ha orpeske [0; 47| ucaurens obpamaercs B
w7 11w 197 23w
HyJIb B TOYKAX —, ——, —— KO ——
6 6 6 6
27 107 o
3 "3 SHAKM 9UCAUTENA, 3HAMCHATEIA W JEeBOW 9acTh yJA00HO

3

3ammucaTh B Ta0auue (TOYKM, B KOTOPHIX 3HAMEHATEIb 00pAIIAeTCs
B HyJb, Mbl B MHTEPBAJIbLI HE BKJIIOYWIN).

, & 3HAMEHATEJIb — B TOYKaX
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azepmas | [0:27) | (2,27 [ [, L) | L, 29

HrepEat '3 376 6° 6 6 6

2sinz + 1 + + — +
z

2 ——1 — —

cos2 +

JleBag 9acTs + — + —
repman | [0 10my [ 10m 2w i
HTEpBAI 53 56 6 T
2sing + 1 — — +
2cos§—1 — + +

2

JleBag wacTs + — +

Tenepb, BHIIEIAS TPOMEXKY TKH, HA KOTOPBIX JEBAS 9aCTh HEOTPH-
aTerbHa, 1 HpI/I6aBJImI K X KoHmaM 4nk, moaydaem

OTser: {47rk +47rk> [77 + 4rk; H—”+4wk} [1? +4rk; 1077r+

3 6 3
+47rk}; [ ZW + drk; 47r+47r/<} (k € 7).

3agaga 26.7. OTBeT K HepaBeHCTBY u3 npumepa 206.4 MOXHO 3a-

uCATE W TAaK: [Lﬂ ey AT 47rl<:] [19” 4 s 20T 4 4]

6 6 6 3
23 147
[% + 4dnk; — + 47Tk:> (k € Z). Y6eaurech, 9TO OTBET B TOH

dopme 3amaer TO XKe CaMOe MHOXKECTBO 3HAYECHUH T.

3agaua 26.8. PemwuTre HepaBeHCTBA:
a)

s
B) €08 2% > COS (m + E>

sin 3x 3sinz +1
< 05 6) —— <1
sin bx ) 2cosx+ 1 <
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§27. 3ajgauu Ha IIOBTOpPEHUE

3agaua 27.1. Pemure ypaBuenns:

a) smw—l—cosac-cosZ:E
) cos? 3t cos? tzO;

tgt tg3t
n) ctgx + ctg 3z = tg 2x;

x) 5sm:v—|— 12cos z = 13 sin 3z;
3) cos?x — cost x = sin? z sin 3z — 1;
u) Jctgt — 3tgt +4sin2t = 0;

K) sinz — cosx+5sm:1:cos:1: =1;

=

)
)
M) 2cos<2:v— g) +1 —cos(x+ 3)
)
)
)

H) sin3zsinx + 1 = cos 2x;

7T
0) c082m+2cosm—|—7—28m(7+m> + 4 sin? g

) 4(sin 4z — sin 2x) = sin z(4 cos? 3z + 3);
p) sin3dz — sinx + cos2x = 1;

c) \fsmx+2cosx—\f+sm2x
T) sinz + cos4x + 2sin bz = 4.

3agadga 27.2. Pemnre ypaBHenus:

a) v/bcosx —cos2z + 2sinx = 0;
6) V1 —4sinz = /1 — 4cos 2x;

)
)
B) (1 +2cosz)y/sin(z + w/4) = 0;
)
)

H

— 4 sinx = — 4 sin ;
9 sSimnx 9 S €,

1) V2sinzsin2z = /5 cos z + 4sin 2z;
e) vbsinx — cos 2z + 2cosz = 0;

X) \/0082:1:+Sln2 = \/smx—i-sm2.

Ykasauue. YpaBHeHUE /@ = b PABHOCUIBHO CHUCTEME { .
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6) sin® z + cos? 3z = 1;

e) tg3x — tgx = 4sinx;

=

r) sin® z 4 cos® z = sin 2z;

b*;
aB-
0 yp

9

a1) sinx(3 sin 2z sin® z 4+ 12sin 2z sinz — 16 cos z) + 2sin 4z = 0;



rerme \/a = /b PAaBHOCKIBHO MOGON W3 CACTEM

a=b a=b
win
a>0 b>0.

3agaua 27.3. Pemnre ypaBmenns:

9L

a) ‘cos - — f‘ =3cosz + 1;
6)M cos 2z — 1;
cos

B) 4| cosz| + 3 = 4sin’ =;

) 1y 1
YO Ging ) T 2

1) sin (7r 8 cos w) = cos (7r 8 sin :1:);

1

e) cos(marcctg? z) = 3
X) sin(lg—w sinw) = —é
9 20

3agaua 27.4. Peumre cucTemMbl ypaBHEHUN:

) 37
tgx 4+ ctgx :231n(y— Z)’
) 3
tgy—l—ctgy:Qsm(w—l— Z);
Vcos 2z cos z = 0;

2sin? —Cos<2y — %) = 0;

sin(z — y) = 2 cos z siny;

cos 2x+y + coszcosy = 0;

dsing — 2siny = 3;

{smx Ccosy = 5
tgrctgy = 1;

2cosx — cosy = 0;
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{ v/ 14 sinzsiny = cosx;
e)

2sinzctgy +1=0.
3agaua 27.5. PemwuTe HepaBeHcTBa:

a) cos2zx > sinx;

6) cos 2z > cos — sin x;

B) 2cos z(cosz — ftgw) < b;

r) 4sinzsin 2z sin 3z > sin4z;

1) (cos:v — cos bx)(2sinz + 3cosz + 4) > 0;

< ltgx — 3|+ V3

=
0052 ctgz

[

)

3agaua 27.6. Pemure ypaBmenns:

a) sin? z + cos? 14z = sinx + cos 14z — X
6) z? + 2z sin(zy) + 1 = 0;
B) sin'®z + cos!z = 1;
1
r) sin? z — 2sinzsiny — 2cos?y + cos* y + = 1 =0;
) 2v/3sin b5z — v/3sinz = cos 24z cos x + 2 cos 5z — 6.
1
3
3agaua 27.8. Tlpm xax0M 3HAMEHWN TAPAMETPA G PEIIUTE yPaABHE-
HIUe

., . . 3
3agaua 27.7. Hangure sin «, ecanm sin 2c > P tga <

3coszsina —sinz cosa — 4cosa = 3vV3.

3agava 27.9. Haugure MHOXECTBO 3HAYCHUN (DYHKITII

y = sin?z — 12sinz cosz + 3cos? z + 1.
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I1aBa 6

KoMmiuiekcHbie unciia

§28. YUTo Takoe KOMILIEKCHBIE THCJIA

IToBTopuTs: §17: BEKTOPHI HA IIOCKOCTH.

B 3TOI>)I ITJIaB€ MBI IIO3HAKOMMMCA C KOMINVICKCHBIMHY INCJIaMHA, O KO-
TOPBIX YK€ HEOAHOKPATHO ynoMwHaau. MTak, 9To ke 510 Takoe?

Kak m3BecTHO, U3 OTPHUIATEILHOTO UCAA W3BICYb KBAJIPATHBIN
KOPEHb HCBO3MOXHO: KBa/JApaThbl BCEX YUCEJI HEOTPUIIATEIbHBI. ,Z[a—
BalTe, OOHAKO, BOOOPA3WM, 9TO HAILIOCL TAKOe HEOOLITHOE THCIO 1,
KBapaT KoToporo pasageTcda — 1. [locmoTpum, wT0 oay<uTcs, ecian
3TO UHUCIO ¢ J0O0ABATHL K OOBIUHBLIM THCIAM.

[ns Hatwama MOyMHOXKAEM i Ha caMo ceba: i2 = —1 (Kax MBI I
MOTOBAPUBAIACE), Toraa i° = (i%) -i = (1) -1 = —i; it = 3% =
=(—i)-i=—i?=—(-1)=1urmn
3agaua 28.1. Yemy pasmo i°7 {67 420037

Temepb gaBanmTe YMHOXATH SUCIO § HA OOLITHBIC UHUCAA U CKIA-
OBIBATH €r0 C OOBIYHBIME Ymcaamu. [lpm 5TOoM 6yIyT MOTYIaTHCA
BeIpaxeHusa Hamogobme 1 — ¢, —44, 2 + 57 u T.1. PackpeiBas ckobku
¥ IPUBOJAA HNOAOOHEBIE “LIE€HLI, TAK!Ee BLIPAXKEHUA MOXHO CKJIAILIBATD
U IEePEMHOXATH; IIOCKOABKY i? BeAKMH pa3 MOXHO 3aMeHATH Ha —1,
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B BBIPAXKEHUS, MOJYJAIONINECS TOCIe YIPOIIeHu, ¢ OyAeT BXOAUTH
He 6oJee eM B TIEPBOU CTENEHN:

(245i)+(3—i)=2+3+5i—i=>5+4;
(24 5i)(3—1) =6+ 15 — 2 — 5i2 = 6+ 13 — 5(—1) = 11 + 13i.

3agaua 28.2. Ynpocrure sbipaxenus: a) (V3 + i)s; 6) (1+1)%.

Nwmes B pacniopsaXeHWM 9uCIO i, MBI MOXEM WM3BJeYb KOPEHb HE
TOJXBKO U3 —1, HO m U3 MFO60r0 OTPUIATEIHLHOIO uncaa. Hanprumep, B
KadecTse \/—2 HOJ0RIeT IueIo 44/2, mockoabky (iv/2)? = i%.2 = —2.
Bupouem, —iy/2 Takxke IACT B KBaJpaTe —2; UHCIO —iy/2 MBI TOXe
O6ymeM Ha3LIBATL KBAAPATHHIM KOpHeM m3 —2. BBIAenaTh m3 >Tux
OBYX KBaIPATHBIX KOPHEU OAUH «apU(pMETUIECKUN KOPEHb) MBI HE
OygeM: A <ImCe], B 3allACA KOTOPBIX yIaCTBYeT ¢, HE yAaeTCA pa-
3YMHBIM 00pa30M OLNpeAeNnTh, KaKWe U3 HUX CIeIyeT CIUTATD I0JI0-
KUTEIbHBIMIA, & KAKNE — OTPUIATETHHBIME.

3agaya 28.3. [loan3ysace popMyaon O11 KOpHEH KBAaAPATHOIO ypaB-
HEHUA, HAWAUTE KOPHU YPABHEHUS 22 —4x +5=0 (muckpuMmHAHT
STOT0 YPABHEHWA OTPULIATENEH, TAK ITO B UX 3aINCH OyIeT yIacT-
BOBATH 1). [I[pOBEPLTE HAWIEHHBIE 3HAYECHWA I, TIOJCTABUB WX B yDaB-
HEHUC.

A ecnu BeIpaxenue ¢ ¢ cTouT B 3HaMeHaTeae? Cenvdac Mbl YBU UM,
TTO BCAKYIO APOOh, B 3HAMEHATEIE KOTOPOU TPUCYTCTBYET 4, MOXHO
mpeobpa3oBaTh TaK, YTOOBI B 3HAMEHATETe OBLIA TOIHBKO OOBITHBIE
quciaa. [lokaxem 3To HA mpuUMepe.

1
———. llocTynum Tak
24+ 31
XKe, KaK MBI JeIaJId, KOT'Ja B IMKOJbHLIX NMPUMEpPaX m30aB/IAINCH OT
MPPAIMOHATLHOCTH B 3HAMEHATENE: HOMHOXWM YUCIUTENb W 3HAME-

[Iycts Tpebyercs ynpoCTUTb BbIPAXKEHUE

HATeNb Ha «COMPIXEHHOE BHIpaxeHume» 2 — 3i:

1 2 —3i 2—3i 2 3 .
= = = — — —1.
243 (243i)(2-31)) 4—-(-9) 13 13
7— 112 1
3agaua 28.4. YnpocTuTe BBIDAKEHUA: A) T_Z; 6) —.
i i
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Teneps MOXHO OTBETHUTH HA BOMNPOC, CTOAINMNA B 3aTVIABUUA DTO-
ro naparpada: KOMIVIEKCHBIE UUCIA — DTO T€ caMble BBLIPAXEHUA C
yIaCTUEM ¢, KOTOPBIME MBI O CHX IOp 3aHUMAJIUCH. TowHee roBOpA:

KowmmrekcHBIM 9mrcioM HA3BIBAETCS BhIpAXKEHWE BUIa o + bi, Tae
a n b— oObIvYHbIe (IENCTBATEIBLHEBIC, WA BEIIECTBEHHBIC) HHCIA.
Kowmmurexcubie dmucaa a + bt u ¢ + di camTaTCA PABHBIMU, €CIAH
a=cub=d. YTo6BI CIOXUTL WIX MEPEMHOXUTDL ABA KOMILIEKC-
HBIX YUCIA, HAJIO0 PACKPHITHL CKOOKM U IPUBECTH MOA0OHBIE “LICHEL,
3aMeHsa 12> Ha — 1.

Ecau npoBecTu 5T0 mpuBegenue NoZ00HBIX B 00IIeM BHIeE, IOTY-
YUTCA BOT YTO:

(a+bi)+ (c+di) = (a+c)+ (b+ d)i;
(a + bi)(c+ di) = (ac — bd) + (ad + bc)i.

YT1068I TOAETUTH OMHO KOMILIEKCHOE YUCIO HA APYTOe, HAMO «I0-
MHOXUTBH HA COTPSIKEHHBIE):

a+bi  (a+bi)(c—di) ac+bd  bc—ad

c+di (c+di)(c—di) 2+ d? Tare

a+ b ,
Jagaua 28.5. YMHOXBTE ——, BEIYUCICHHOE O BBINICIIPUBEICHHON
c

+ de

dopmyae, Ha, ¢+di U yOeUuTEeCh, 9TO AEUCTBUTEIBHO TOJLY IUTCI 0+ bi
(TO ecTh YTO JeleHNe KOMIVIEKCHBIX HCEeJ NeUCTBUTENLHO SABIAETC
JMEeUCTBHIEM, OOPATHBIM K YMHOXEHUIO).

Kommekcuoe qucio a + bi yno6Ho n306paXxaTh TOYKOU HA MIOC-
kKocTu ¢ koopauuHaTramu (a; b) (puc. 28.1). Abcrmceca >ToR TOIKH, TO
eCTh G, HA3BBIBAETCSA BEUIECTBEHHOU (WIM IEUCTBUTEIHHON) YaCTHIO
qucaa ¢+ bi, a OpaAMHATA DTOU TOYKU, TO €CTh b, HA3BIBAETCA MHUMOU
9acThi0 Yucaa ¢ + bi. [II0CKOCTh ¢ cuCTEeMON KOOPAMHAT, HA KOTO-
POU M3006PAKAIOTCSI KOMILIEKCHBIE THCIA, HABBIBACTCA KOMILIEKCHON
IIOCKOCTBIO.

Kowmnnekcubie qucaa, MEIMAA 9acTh KOTOPHIX PABHA HYJIIO, Pac-
HOMATATCA TIPU TAKOM M300paXKeHnn Ha ocu abcnuce (Korga pedsb
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Puc. 28.1. KoMmrekcHas mMIOCKOCTD.

MAET O TAKOM M300PaXKEHNN KOMIUIEKCHBIX 9UCEN, OCh a6CIUCC TTpHU-
HATO HA3BIBATH BELIECTBEHHOM, WIK ACUCTBUTEILHOMN, OCBIO, & 0Cb Op-
AWHAT — MHUMOU OCBI0). KOMILIeKCcHBIE Yncaa, Jexalue Ha, AeUCTBI-
TEJIBHOU OCH, CKJIAABIBAIOTCA U YMHOXAKTCA TAK KE, KAK OOBITHBIE
JEACTBUTEILHBIE UCAA: BeAb B UX BAMUCA | HE yIacTByeT. [losTo-
MY MOXHO CUMTaTb, IYTO AEUCTBUTEAbHBIE UNCIA — YACTHLIN CIy9an
KOMILIEKCHBIX, 8 JEACTBUTENBHAA OCh, KOTOPYIO OHU 3aIOJHAKT, —
HTO 3HAKOMAA HAM ¢ MIAANIAX KIACCOB TUCAOBAA TMPAMA.

3agaga 28.6. [loxaxwre, uTo ypapHeHume z2 = —1 He mMeeT (B KOM-

IUIEKCHBIX 9UCIaX) APYTHUX PENIeHUM, KPOME § 1 —i.

Yxazanwme. I[Iycrs 2 = x+iy. Torga 22 = 22 —y%+i-2zy. ITo ycaosuio,

22 = —1. Tak KaK KOMILIEKCHLIE THCJIA, PaBHEBI TOT'Ia 1 TOJBKO TOTr' 14,

KOTr'oa PpaBHBI UX rI(el‘/)ICTBI/I"I‘eJH)HI)Ie 1 MHUMBIC 9aCTH, IOy IaEeM:

22—y =1,
2zy = 0.

Pemure 5Ty cucteMy ypaBHEHUN.

3agaua 28.7. HaiiguTe BCe KOMILIEKCHBIE PEICHIA YPABHEHNT 25 = 1
7 u306pasuTe UX Ha KOMILIEKCHO! ILIOCKOCTH.

Yxazauwme. Pemenut Tpu; Ha KOMILIEKCHOU TIOCKOCTH OHU OKAXKYTCH
BEPIIMHAMY TIPABUILHOTO TPEYTOJLHUKA.
2

3agava 28.8. HauguTe Bce KOMILIEKCHLIE PEIIEHNs YPABHEHUA 2° =
=5—12.
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3agaua 28.9. /lokaxwure, ITO i1 BCAKOTO OTIUTHOTO OT HYJA KOM-
IIEKCHOT'O YIUCIA, @ + bi CyLMIeCTBYIOT POBHO ABA PELICHUA YPABHEHUA
22 =a+ bi.

Pesyabrar sanaan 28.9 mokasbiBaeT, 9TO, UMeA B CBOEM PAaCIIO-
PAXEHNN KOMILTIEKCHBIE YMCAa, MOXHO M3BJICKATEH KBaAPATHLIE KOPHUI
He TOJLKO U3 OTPUIATENLHBIX, HO U BOOOIIE U3 JTI0OBIX KOMILIEKCHLIX
qHCE.

Ecmu gano xkomiuiekcHoe Iucio z = a+ bi, TO CONPSIKEHHBIM K He-
MY Ha3bIBaeTCA Iucao a—bi. MBI yXe cTaTKuBaanch C CONPAXKEHHBIMI
KOMILIEKCHBIMU GUCJAAMU, KOTAa OOCYXKAATU JETCHWE KOMILIEKCHBIX
qucesa. Jucao, COnpsakeHHOe K KOMILIEKCHOMY IUCTY 2, 0003HaTaeTCA
Z. l'oBopsT eme, 9ro 4mcia z u Z conpsxkensr apyr apyry. Comps-
XKEHHBIE TUCTa U300PaAKAIOTCA Ha, KOMILIEKCHON TLIOCKOCTY TOTKAM,
CUMMETPUIHBIMA OTHOCUTEIHHO JEUCTBUTEILHOU OCH.

3agaua 28.10. /lokaxwuTe TOXIECTBA:

a) (z) =2;0) (z+w) =z+w; B) (zw) =2+ w.

3agaua 28.11. IlycTh z m w — KOMILUTEKCHEBIE YMCIA, HE ABIAIONIAECT
NEUCTBATENbHBIMY. [lOKAXUTE, 9TO Z U W COMPAKEHBI TOT A U TOJIb-
KO TOT[a, KOTAA 2 + W U 2w — NeUCTBATEALHLIE TUCIA.

3agaya 28.12. [loxaxuTe, 9TO BCAKOE KBaAPATHOE YPABHEHHE C Tel-
CTBATETLHBIMUA KO3(MDUITMEHTAMA U OTPHANATETHHBIM TUCKPUMUHAH-
TOM UMeeT [Ba KOMILIEKCHBIX KOPHA, CONPAXEHHLIX APYT ¢ IPYTOM.
Bepna au gis Takux ypaBHenun Teopema Bumera?

Eciu m306pasuTh KOMIUIEKCHBIE YHCIa, TOYKAMM HA, MIOCKOCTH,
TO OKA3LIBAETCA, ITO Y AEUCTBUM HAJ KOMILIEKCHBIMY “TUCAAMU €CTh
FeOMEeTPUIECKUN CMBICH. [[aBalTe BBIACHUM, KAKOU MeOMETPUIECKON
OTIePAIAY COOTBETCTBYET CJIOKEHUNE KOMILIEKCHBIX GHCE.

Coeguanm Hagamo koopauHAT () (COOTBETCTBYOIIEE YUCIY HYJIb)
¢ TOYKOU HA TIOCKOCTH, COOTBETCTBYIOIIEN KOMIUIEKCHOMY YHCIY
z = x + iy — moxyamTca BekTop OZ, IMeIonmi KOOpATHATEL (15 1).
Tak kak pu CIOKEHUN BEKTOPOB UX KOOPAUHATHI CKJIA TBIBAIOTCA, TO

PAaBEHCTBO 21 + 22 = z3 paBHOCWILHO paBeHCTBY OZ + OZy = OZ3
(puc. 28.2). UTax, CIOXKUTH KOMILUIEKCHBIE HHCIA — BCE PABHO €UTO
CJIOXUTH COOTBETCTBYIOIINE BEKTOPHI.
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Z3 =21+ 22

Puc. 28.2. CioxeHne KOMIIEKCHBIX YUCEI.

YMHOXEHNE KOMIUIEKCHBIX YHACET TAKKE MMEET IeOMEeTPHICCKUN
CMBICT; MBI BBEIACHUM €0 B clegyiolleM Imaparpade.

§29. Moayab m apryMeHT KOMILIEKCHOT'O IHCJIA

IMMosTopuTs: §25: 0TOOP YHCET HA KPYTE.

B sToMm maparpade MBI BBIACHUM T'€OMETPUTECKAN CMBICT YMHO-
KEHUS KOMILIEKCHBIX dncent. CHadamra — HeOOoabIIas IoAroOTOBKA.

Paccrosane Ha KOMILIEKCHOU ILIOCKOCTH

oT Hagara koopauHaT (Touku O) NO TOUKH
Z HA3BIBAETCA MOOY.eM KOMILIEKCHOI'O {Hd-
cra z. Moaysnp KOMILIEKCHOrO 4uciaa z 000-
3HAYAETCA |z|, KAK ¥ MOIYJIb NEHCTBUTEIb-
HOT'O yncaa. Takoe coBmagerne 0603HAICHUT

He IPUBOAUT K IIyTaHUIIE, ITOCKOILKY MOIYIb

,Z[efICTBI/ITeJIBHOFO TUCJIa TaKXeE DpaBE€H pac-

Puc. 29.1.

CTOAHUIO OT COOTBeTCTByIOHIeI;JI TOYKH HA 9U-
caosowt ocu 1o trouku O. Ecau z = a+bi, To, oweBuano, |z| = vVa? + b?

(puc. 29.1).

3agaua 29.1. /[lokaxwuTe, 9TO N1 JIOOBIX KOMIVIEKCHBIX THCEI Z 1 W
BEPHO HepaBeHCTBO |z + w| < |z| + |w|.
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At ______ z__:_a-|—bz 5 A
rsin g 4\’/’\ : Iﬂ
|
v L, (N .
7 COS - J -
3
—1— 4
a) 6)

Puc. 29.2.

Teneps coeguaumM TOUKY z ¢ ToOUkou 0. YroJa, 00pa3yeMbIll TOJdY-
YEHHBIM OTPE3KOM C JeUCTBUTEALHON OCBIO (TOYHEE rOBOPS, ¢ MOJI0-
KUTETbHBIM HANPABIEHUEM JIEUCTBUTEIBHOU OCH), HABBIBACTCA (-
eymenmonm mcaa z (puc. 29.2a). DTOT yroa MPUHATO BHIPAKATH
B paJuaHaX.

Ecmu z = a + bi, |z| = r, aprymenT z paBeH @, TO, OUEBU/IHO,

a = T COS ©;

b =rsingp.

Cramno 6BITE, z = 1 oS @ + ir sin p = r(cos ¢ + i sin ).

3ammch KOMILIEKCHOTO 9ucia B Buge r(cos ¢ + isinp), rae r > 0,
HA3BIBAETCA TPUTOHOMETPUYIECKOU (POPMOU KOMILIEKCHOT'O IUCAa. B
TPUTOHOMETPHIECKON (hOPME MOXKHO 3AMUCATE JI060€ KOMILIEKCHOE
YUCI0, KPOME HyJa (APTyMEHT HyJAsA MBI HE ONpPEeseM).

3amumeM, HATIpUMED, B TPUTOHOMETPHICCKOU (hOpMe TUCIO 2 =
= —1—4. OueBuanO, |2| = /2, n w3 puc. 29.26 BUIHO, 9TO B KAMECTBE
apryMeHTa MOXHO B3iTb 57 /4:

5 5
—1—i:2(c0s%+isinzﬂ).

Bropotdewm, ¢ Tem xe ycrmexom MOXHO OBLTO GBI CKA3aTh, ITO APTYMEHT
. . 3T
—1 — i pasern —37/4: Begb paBeHcTBO —1 — i = ﬂ(cos(—Z> +
. 3T
+1 s1n(——) Takke BepHO. Boobime, apryMenT KOMIIIEKCHOTO “IH-

4

CJ1a OIpe/ieJieH HE OJHO3HAYHO, a C TOYHOCTBHIO /10 TpubaBieHusa 2771,
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rjie n— [ejoe Uncao. B KavecTBe apryMeHTa 9Yucaa Z MOXHO B3ATh
II060€ TUCIO @, AT KOTOporo z = |z|(cos ¢ + isinp).

3agaua 29.2. Hanigure apryMeHTHl CIEAYIOMMX HHCEN, TTOCAE TEro
3ANUIINTE DTH YUCAA B TPUCOHOMETPHYIECKOU (opme: a) i; 6) —1;
B) V3 +i; 1) V3 —i; 1) —(cos +isinp); e) cose — isin .

3agaua 29.3. oxkaxwure, ITO

1

—————— =cosy —tsine.
CoOSw + 18Ny

[IycTh Temeph HAM JAHBI KOMILTEKCHBIE TUCIa 21 = T1(COS @1 +
+isingy) m 29 = ro(cos w2 + isingy). [laBanTe MX NEPEMHOKHAM:

z12z2 = r1(co8 1 + i sin p1)rao(cos w2 + isinpy) =
= r172(Ccos 1 + i sin ) (cos o + isinyg) =
= r172(C08 1 €OS Yo — sin @y sin py)+
+ i(sin ¢y cos o + cos ¢y sin py) =
= r172(cos(p1 + p2) +isin(p1 + 2))

(MBI BOCTIOTB30BAIUCE (DOPMYJIAME CHHYCA W KOCUHYCA CyMMBI).
Kak BuauTe, eciu mepedTn K TPUTOHOMETPUYUECKOU (POpME, TO
YMHOXEHUE KOMILIEKCHBIX THUCEN 3ATUIMETCA TPOCTON (POPMYION:

71(cos @1 + isinp1)ra(cos po +isinpy) =
= r172(cos(p1 + p2) +isin(p1 + ¢2)).
Wan crosamm:

HpI/I YMHOXEHVN KOMILICKCHBIX 9UCEJ UX MOOYJAU IMMEPEMHOXAKTCA,
a aPTYMEHTEBI CKJIAABIBAIOTCA.

Hockonrky menenne — merucTBUe, 0OPATHOE K YMHOXKEHUIO, TO:

‘ Ilpm genenum KOMILTEKCHEBIX YHCeN WX MOAYIN AEIATCA, & apTyMeH-
THI BEIYUTAOTCA.
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Urak, MBI TpUgadM TEOMETPUICCKUU CMBICA YMHOXEHUI) KOMILIEKC-
HBIX YKUCET, PACCMATPUBAEMBIX KAaK BEKTOPHI HA TMIOCKOCTU. Ha mepBwIn
B3[VIAI DTO MPOTUBOPEYUT CKAZAHHOMY B § 17, I'le MBI TOBOPUIN, ITO T'€O-
METPUIECKH OIIPEIeNIUTh YMHOXKEHE BEKTOPOB Ha IIOCKOCTH HEBO3MOXKHO.
IIpegcraesre cebe, 0gHAKO, YTO ZAHBI ABA BEKTOPA U MBI XOTHM HUX YMHO-
KUTH «KAK KOMILIEKCHBIE YACAa»— TYT K€ BEIACHUTCS, ITO N1 TOTO, I9TOOEL
CIOXKUTD APTYMEHTEI, HA IO CHAYAIA UMETD OChb, OT KOTOPOU 3TH apI'yMEHTEI
OTCYATHLIBATD, IPUIEM €CAM BLHIOPATH «IeUCTBUTEILHYIO OChY IIO-APYTOMY,
TO MPOU3BEJICHUE UBMEHUTCA!

PaccmaTpuBas yMHOXEHME KOMILIEKCHBIX YUCET, 3AIMUCAHHBIX B
TPUTOHOMETPUIECKON (POpMe, MBI YOSAWINCH, ITO TPA YMHOXKEHUN
KOMILIEKCHBIX YUCEJ UX MOAYJIU TEPEMHOKAIOTCA. SATUIIEM DTO CBOU-
CTBO KOMILJIEKCHBIX 9HCENI B BUAE (POPMYJIbI

2wl = |z - wl. (1)

3agaua 29.4. Toxaxure popmyay (1), ucxoms us onpeneseHus yMHO-
XKEHUA KOMILICKCHBIX TUCEJ.

3agaga 29.5. a) Jlokaxure, 4ro |z2| = z - Z; 6) BeIBeguTE M3 DTOU
dopmyastl ToxgecTso (1).

Popmyry (1) MOXKHO mEpenmMCATH U HE MCHOAB3YA KOMILIEKCHBIX
qmcena. B camom mene, eciu z = a1 + b1i mw w = ag + bei, TO, BO3BOIA
(1) B kBagpaT, MOTy9IaeM TAKOE TOXAECTBO:

(a? 4+ b?)(a3 + b3) = (aras — bibo)? + (a1by + braz)?. (2)
PasymeeTcs, 5T0 TOXAECTBO JETKO TPOBEPUTH U HEMOCPEACTBEHHO.
3agaua 29.6. JoxaxuTre, ITO <TUCIO
32858969712941053630927296788431704044342041015625 = 531.13%
SIBASETCA CYMMOU KBAIPATOB NBYX TENBIX IUCE.

3agaua 29.7. /lokaxwuTre, ITO TUCIO

73734314159378042035384049570 =
=2-5-13-29-37-41-53-61-73-89-97-101-113-137-149-157-173

TAKKE SABAAECTCA CYMMOU KBAIPATOB ABYX IENBIX YUCE.
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Yxazamme. 2 = 12 4 1%, 5 =12 422,

Cywecrsyer asanor toxgecrsa (2) aas CyMM 4eTHIPeX KBagparoB, IO-
Ka3bIBAIOIIWYA, YTO IIPOU3BEAECHUE NBYX CYMM YeTBIPEX KBAIPATOB TAKKE
DPABHO CyMMe€ 9eThIpex KBaIpaToB:

(a3 + a3+ a3 +ad) (b3 + b5+ b5 +b3) =
= (a1b1 — agbg — agbg — a4b4)2 + (albg + agbl + a3b4 — a4b3)2 +
+ (a1b3 + a3b1 - a2b4 + a4b2)2 + (a1b4 + a4b1 + (lgbg — a3b2)2.

3agada 29.8. /[okaxuTe 3TO TOXKIECTBO.

Uwmeercs Takxke aHAJIOr DTUX ABYX TOXKAECTB MIA CyMM BOCBMHU KBa-
IPaTOB, HO Ha DTOM BCE M KOHYAETCa: mpu n # 2,4, 8 TOXAECTB TUIA
«(IPOU3BEIEHNE OBYX CYMM 7 KBaJPATOB PABHO CyMMe 7 KBaJApPAaTOB» He
CyIIECTBYET.

Teneps mocMOTPUM, TITO BLITEKAET U3 TOTO, ITO APTYMEHTHI KOM-
TJIEKCHBIX YUCET TPA YMHOXEHUN CKJIA IBIBAIOTCA.

Ecan BO3BECTU KOMILIEKCHOE TUCAO B CTENEHB 73, TO €CTH YMHO-
XUTH ero Ha ceba n pa3, TO ero MOAYJIL BO3BeLeTCA B CTEIEHL 7,
3 APTYMEHT YMHOXWUTCAH HA 1

(r(cosy +ising))" = r"(cosny + isinngy).
B wacTtHOCTH, 1pM = 1 moxy4uuTCa BOT UTO:
(cosp +isiny)™ = cosnp + isinnep.

OTa opmyaa HaszeBaeTca gopmysot Myaepa.

N3 ¢popmyasr Myaspa gerko BHIBECTH (POPMYJBI, BHIPAXKAIOINIAE
COS M ¥ Sin i gepes cos ¢ u sin . [l 3Toro Ha o B ee IeBOU YaCTH
packpeiTh CKOOKU m mpuBecTr noxobube. lIpm n = 5, mampuwmep,
MOLYYIUTCA BOT UITO:

(cos @ + isin @)’ = (cos® ¢ — 10 cos® wsin® ¢ + 5 cos psin? ) +
+ i(5 cos® @ sin p — 10 cos? @ sin® ¢ + sin® @) =
= €08 5p + 1 8in 5.
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Tak xKak BBIDAXCHUA CJICBa W CIIpaBa PaBHBI, TO PAaBHBI IO OTAC/IBHO-
CTU UX BEINCCTBECHHBIC 1 MHMMBIC TaCTH, OTKYyga:

cos 5y = cos® ¢ — 10 cos® @ sin® p + 5 cos psin? o,

sin 5y = 5 cos? ¢ sin g — 10 cos? g sin® ¢ + sin® .

Y1ob6b1 moryIuTh TaKme (POPMYJIBI A TPOUIBOJIBLHOTO 1, HATO Pac-
KDPBIBATH CKOOKU B (€OS @ + isin )", a mxs sToro Tpebyercsa obuas
dbopMyaa s packpbiTua CKOGOK B BbIpaxenuu (a + b)". Mol BbI-
nuieM 3Ty GopMyay, HO He OyaeM ee MOKa3bIBATh. BHITIAAUT OHA
TaK:

-1
(a+b)"=a"+na""'b+ n(717, 5 )a”_2b2 +
nn—1)(n-2) , 34 nn—1)n-2)...2 {,_,4
L b" b".
123 ¢ VTt Tnon YT

NHbIMA cI0BaMH, B OpaBoi 4acTu Koddduuuent mpu ¢ FbF
nn—1)...(n—k+1)
1-2-...-k
k HATYpaIbHLIX THCEd, a B YUCANTENE — IPOU3BeAeHne k MIYIIIX

paBen

. B 3HAME€HATEJIE CTOUT MPOU3BECACHUE IIEPBBIX

MOAPAL TETBIX FIUCeN B yOBIBAIOIIEM TOPALKE, HAYWHAA C 7. XOTA
K02 PUIUEHTHI B Hamien popMyJe 3a0uCAHBI KaK IPOOHU, HA CAMOM
neie BCe OHU — IeJIbIe THCIA.

Dopmyaa gra (a+b)", KOTOPYIO MbI BHIIMCAIN, HA3BIBAETCA (POP-
Myaou 6unoma Hvromona.

3agadga 29.9. IIposeprTe popmyry bunoma HeooTona quan = 3,4, 5.

3agaua 29.10. a) Bemummre ¢popmyny 6unoma Herorona mis n = 6.
6) Boummumure Gopmyast ausa cos 6@ u sin 6.

Jagaua 29.11. Y6eaurecn, uTo B popmyae 6uroma Huiorona xoad-
¢purment opu ab” ! pasen n.

3agaua 29.12. [lokaxwre, uT0o B dpopmyre 6unoma HeroToHa KOdD-
dunmenTsr mpu a” FbF u oFb"F pasrer (4ro w HE yAUMBHTEMBHO: ecH
JeBadg JaCTh TOXAECTBA HE MEHIETCHA, KOTJa MEHSEIlb MECTAMHA ¢ 1

b, TO TAKOW XKe MOJKHA OBITH U MPABAA IACTH).

178



Hpyroe mpunoxenne popmyast Myaspa — erie oguH BBIBOI (HhOp-
MYJIBL JJIA CYMMBI KOCHHYCOB WA CAHYCOB YIVIOB, 0OPa3yoMux apud-
MeTu4IecKyo mporpeccuto (§22). B camom gene, mycTh HaM HAJIO
BBIYUCANTD CYMMY

cosa + cos(a + () + cos(a + 2f) + ... + cos(a + nf).

Pacemorpum kommekcabie dmcaa ¢ = cosa + isina, b = cosf§ +
+ isin 8. Torga, ouesuguo, ab® = cos(a + k) + isin(a + kB). Cie-
JIOBATEIBHO,

a+ab+ab® + ...+ ab" = (cos+cos(a+ B) + ...+ cos(a +np)) +
+ i(asin+sin(a + 8) + ... + sin(a + ng)).

OHAaKO MPaBYI YaCTb MOXHO BBIYHCAUTH IO (POPMYyJIE MIA CYMMBI
PeOMETPUIECKON TPOTPECCUH:

1_bn+1
a—l—ab—l—abQ—i—...—l—abnzaﬁ:
1 —cos(n+1)8 —isin(n+1)8

= (cosa+isina) 1 —cosa—isino

(Ecam Bac cMymaeT, 9T0 MBI IPUMEHAEM DTy (POPMYJIY K KOMILIEKC-
HLIM 9UCAAM, TIOCMOTPUTE B BAllleM IIKOJILHOM yIeOHUKe, KaK OHA
MOKa3bIBAETCA, U yOEIuTECh, 9TO JOCIOBHO TO XK€ JOKA3ATEIbCTBO
COAUTCA M I KOMILVIEKCHBIX SIMCEJ. )

Temepb OCTANOCH YIPOCTUTH BBHIPDAXKEHUE B HPABOM HacTH (/I
2TOro, Kak O6I:|I‘IHO opyu ACJCHUU KOMIVICKCHBIX YUCEa, HadO YMHO-
XKUThH IUCIATENb U 3HAMEHATeab 1pobu Ha (1 —cos «)+1i sin « u BbIge-
JIUTH B TOJYY€HHOM BBIDAXKECHUN rqef/,IC‘TBI/ITeJII)HyIO 1 MHUMYIO ‘IaCTH).
[encTBureasras gacTh OyaeT pasHa cos a+cos(a+ ) +. .. +cos(a+
+nf), a MEIMas 9acTh OyeT paBHa sina+sin(a+ ) +. .. +sin(a+

+ np).

3agaua 29.13. IlposeguTe 5TU BHIKJAAIKA U yOEIUTECH, 9TO OTBETHI
COBIIAAAIOT C IIOAYICHHBIMY B § 22.

Pa3 ¢ moMombio TpUTOHOMETPHIECKON (DOPMBI KOMILIEKCHEBIE “IH-
cra yaoOHO BO3BOUTE B CTEINEHb, €CTECTBEHHO HAJEATHCA, ITO Ta XK€
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TPUTOHOMETPUIECKAA (POPMA MOMOXKET W B BBHIIOJHEHUU OOPATHON
OTEPANINY — U3BACYICHNUA KOPHEU W3 KOMILIEKCHBIX wmcent. [lokaxem
HA TpUMepe, KAKWe HOBHIE ABICHUA TIPU STOM BO3HUKAIOT.

JlaBauTe u3BiIeYEM KOPEHE MATOU CTENEH U3 32, TO €CTh HAWAEM
TUCI0, KOTOPOe, OyAY<U BO3BEJEHHBIM B MATYIO CTEMEHL, AacT 32.
Cpean AeMCTBATEABHBIX YHUCEI TAKOE YUUCIO OJHO — DTO YUUCAO 2.
IlocmoTpum, aTo GymeT, ecam pacCMaTPUBATDL JI0OBIE KOMILIEKCHBIE
4mcra. Mbl mimeM Takwe Gmcaa z, 9To z° = 32. IIpome Bcero manTm
MOy wmeaa 2: ecan 20 = 32, To 25| = |2|® = 32 (npw nepemmOXe-
HUM <UCEI MOIYIU TMEPEMHOXKAIOTCA), OTKya |z| = 2 (yX 9T0-9TO,
a |z| —>T0 06BIYHOE NENCTBUTENBLHOE YMCAO, TAK YTO TYT HUKAKUX
pasuourenun e Oyaer). Ocramocs mawTm apryment z. [las sToro
3amuiieM z B TpUrOHOMeTpumueckou dopme: z = 2(cos¢ + isinp).
Torpa z° = 32(cos by + isin5¢p), orkyaa 32(cos 5y + isin5p) = 32,
cos 9y + 18indp = 1, 4TO, B CBOIO OYEpEeNb, PABHOCUILHO CUCTEME
TPUTOHOMETPUIECKUX yPABHEHUN

cos by = 1;
sin by = 0.

ITOU CHCTEME, OIEBUIHO, YAOBIETBOPAIOT B TOTHOCTH T€ U TOJBKO
T€ YMCIAY (P, MJISI KOTOPBIX FUCIY 5@ COOTBETCTBYET HAYANO OTCUE-
Ta HA TPUTOHOMETPHIECKON OKPYXHOCTH, TO €CThb by = 2km, mim
o = 27k/5 (k € Z). Crano 6uTh, penterusa ypaBHeRUa z° = 32 —
sro umcaa Buga 2(cos2wk/5 + isin27wk/5), rae k € Z. He Bce sru
TUCIA PA3IMIHBL TaK KAK KOMILVIEKCHBIE TUCIA ¢ ApTYMEHTAME, OT-
JNYIaKIUMUCIA HA 27'(_, COBIIA AT, TO PAa3HbIC KOMILICKCHBIC YUC/Ia
moay<atorcesa Toabko npu k = 0,1,2, 3,4, a ganbure 3uadenus z Oy-
AyT TOBTOPATHCA. VTak, BCe KOPHM ypaBHeHms z° = 32 mim, ecim

yTOOHO, BCE KOPHU TATOU CTENEHU U3 32 TAKOBHI:
z1 = 2(cos 0 + isin0);

zg = 2(cos2m/5 + isin2n/5);

zg = 2(cos4n /5 + isindn/5);

= 2(cos67/5 + isin67/5);

=2( )

cos 87 /5 + isin8n/5).
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3/1ech z] — 3TO TPOCTO YUCJIO 2, NEUCTBU- b
TeIbHBIM KOpeHb ypaBHenua z° = 32. IIpo-
e KOPHM DTOTO YPABHEHUA NEUCTBUTENb-
HBIMM yXe He gBiaoTci. Ecanm mzobpasurs >
BCE€ KOPDHU TATOU CTENeHM U3 32 Ha KOM- 1

MIEKCHOW TJIOCKOCTH, TO OKAXETCA, ITO OHI

23

24

PaCOMOXKCHBL B BEPINMHAX IIPABUJIBHOI'O IIA- Z5
TuyroapHuka (puc. 29.3).

B mamwmx paccyxpeHUsxX HE WTPAJO HU- Puc. 29.3.
KAKOI POJX HU TO, UTO MLI U3BIEKAJIN KOPEHL MMEHHO CTEIeHH ),
HU TO, 9TO MBI m3BJeKaau ero m3 32. Ha camom gene mis BCAKOTO
KOMILIEKCHOT'O 4mcia ¢ 7 () CylmecTByeT POBHO 7. PEIICHUHN ypaBHe-
HuA 2" = @ (9TH pELICHUsA HA3BBIBAIOTCA KODHAMU CTECICHU 71 U3 a).
IIpu m3o6paxkennn Ha KOMILUIEKCHOU TIOCKOCTYU KOPHU CTEIEHU 7l U3
0 PACIOJATal0TCA B BEPIIUHAX TTPABUILHOTO N-YTOJLHUKA C MIEHTPOM
B Touke ().

3agava 29.14. Havaure:

a) BCe Tpu KyOWHYecKuX KOPHA U3 i; 6) BCe IIeCTh KOPHEU CTemeHu 6
n3 1

¥ u300pasuTe UX Ha KOMILIEKCHOM ILIOCKOCTH.

3agaua 29.15. a) [lokaxuTe, 9T0 IPOU3BEJEHAE ABYX KODHEU CTEIe-
HU N n3 1 — TOXe KOPEeHb CTeneHn n 3 1.

6*) Ilycts 21,29, . .., 2, — BCE KOpHU cTemeHu n u3 1, kK — menoe
quciao. [lokaxure, 9TO

ko k & 0, ecmm k me gemmTca Ha n;
ZF+2pt 2, =
n, ecau k JeIuTcsa Ha 1.

Mui go6aBuau K OOBLIMHBIM BEIIECTBEHHBIM YUCIAM SUCAO § JJIT
TOT0, 9TOOBI MOXHO OBLIO M3BIEKATEH KBAPATHBIE KOPHU W3 OTPU-
MATEIBHBIX UCET; TPU STOM OKA3AJI0Ch, ITO B KOMILTEKCHBIX TUCIAX
MOXHO PEIIUTh JI060€ KBaIPATHOE yPaBHEHUE. 3aMEUATEIbHO, ITO
¥ BooOiIe J10060e aarebpamvdecKoe ypaBHEHUE MMeEET KOPEHb B KOM-
IIEKCHBIX TUCAAX: HAKAKUX HOBBIX SHUCET TOMUMO 4 PAAN 3TOTO BBO-
IUTH HE HAJ0. DTOT BaXHBIA PAKT, KOTOPHIM N0 TPAJIUITUN HAZHIBA-
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IOT OCHOBHOM TEOPEMOU aareOphl, JOKa3al B KOHIE 18 Beka BeauKun
meMmenkun MaTemMaTuk K. d. [aycc.

§ 30. IlokazareasHan dyHkua u popmy.aa JUiepa

IMMosTopuTs: §23. IIpoussogHas.

Xopomuu Gpuszvk moap3yeTca GopMaTu3MOM,
KaK MODT — €CTECTBEHHBIM SA3BLIKOM.
0. U. Manun. «Mamemamuxa u Ppusurar

B nmpexpbigymux maparpadax MBI BHAEAW, 9TO ¢ KOMILIEKCHBIMEA
YUCIAMEA MOXHO TaK XK€, KAK U C JeUCTBUTEIBHBIMUY, ITPOIETBIBATE
TaKue OTePAInN, KaK CIOXEHUE, YMHOXEHNE, BO3BEIeHNE B CTEIIEHDb 1
m3BJedenune KopHs. lleas sToro nmaparpada— IpugaTh CMBICA TAKAM
BBIPAXKEHUAM, KaK 2° WiIu 8in 2z, Te 2 — KOMILUIEKCHOE TUCJIO.

B mocaengyromem TexkcTe He 6yaeT HU AKKYPATHBIX MATEMATHUIE-
CKUX onpesenseHu, Hu (TeM 6Goaee) CTPOruX NOKA3aTEIbCTB: MbI Oy-
IeM 0GpaIlaThCA ¢ MATEMATAKON TPUMEPHO TaK XK€ BOJLHO, KAK BTO
genaioT ¢pusuku. Tem He MeHee o6Mana He OyAeT: BCe ITOCIEAYIONUINE
OTIPEIEICHVS] W PACCY XK JEHUSA MOXKHO JOBECTH O MATEMATHICCKO-
'O YPOBHA CTPOTOCTH, U B ab3a1ax, HAOPAHHBIX MEIKUM HIPpAQPTOM,
00BACHAETCA, KAK DTO CeNaTh. PYKOBOACTBYACH 3TUMU YKA3AHUAMMU,
3aMHTEPECOBAHHBIN TUTATENDL CMOXET HABECTU CTPOTOCTDL B HAIIEM
TekcTe (ecau He cerdac, TO TOrJa, KOr4a OH OBIAJEeT OCHOBAMHU Ma-
TEMATHIECKOTO aHAIU3A).

Tenepr mpucTymuMm K fgery. Y pofHee HAYATH ¢ MOKA3ATEILHON
dyuskmun. [lycTh ¢ — MoroXuTeIbHOE AEUCTBUTEIBHOE YUCIO; 9EMY
DOJXKHO OBITH PABHO a° A KOMILIEKCHBIX ducea z? Bemomuaum mis
HAYAIA, KAK OMPeAeHIeTca a° Aad NeUCTBUTENbHBIX z. Keaun z — me-
JO€ 9UCI0, TO ¢° —DTO MPOU3BENEHUE 2 COMHOXUTEICH, KAXK IHIN U3
KOTOPBIX DaBeH a; €CIW z = m/n, Toe m W N — HeIble YuCIa, TO
a* = {/a™. Kak pacIpoCTpaHUTHL TAKUe OIPeJeIeHHA Ha CIy<an
KOMILICKCHBIX Z — HEACHO:! ITO TAKO€ «YMHOXWUTH HA Ce6ﬂ ’L pa3» min
«I3BJEYL KODEHDL i-u cremenm»?! [looToMy mpmaeTcs mMOUTH IPYTUM
Iy TeM.
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Jlis Hadama 3aMETHMM, 9TO €CIM L MaJa0o, TO Mid aF MOXHO 3a-
MUCATL TPUOIUXKEHHYIO popMyay. B camoMm nene, ecan 06GO3HATMATD
OykBou [ mpousBoaHyI0 GyHKIME §y = ¥ B ToUke £ = (), TO, COTIACHO
§23, nua maaerx z noayugaerca: ¢ = a® ~a® + Iz = 1 + lz. Urax:

ecau z Majo, To a* ~ 1+[z, rge [ —npowsBoguas GyHkuuu y = a”
B Touke = (.

PasymeeTcs, kak Mbl yxe 00bacHsmm B § 23, mpubiauxennyto ¢op-
MyJay TAKOTO THUIMA MOXKHO MOAYHUTH A JIOGOU «TOCTATOMTHO XO-
poreiny QpYyHKIUU, U IeUCTBOBATEH OHA OyJAeT TOABKO A MAJLIX X.
K cuacTrio, cBomcTBa mokasaTelbHON (GYHKINK TO3BOIAIOT IEpeu-
T K $HopMyse, TPUTOTHON TMpH JIOBIX . BoT kak sTo menaercs.
IlycTe & — m0b6oe wucao. Beibepem 6ouabinoe 11e0e Iucio 1 u 3anm-
mem a® = al®/™M" = (g%/™)"; ecam n Beamko, TO /N yXe MATO, I

MOXHO C MOMOIILI0 HAIIEH MPUOAMKEHHOU (POPMYABI 3AMEHUTH a®/n

Ha 1 + lz/n. HogcraBasas 510 BHIpAXEHUE IS a®/™ moaygaem:

st GOMBIIUX TEeABIX 7 BEPHA HpUOAMKeHHAS (POopMyIa
a ~(1+1z/n)",
rae | —npomsBogHaa GyHKIUY y = a” B TOuke T = (.

Jlo6pPOCOBECTHBIN YUTATENb CKAXKET, ITO HAIIE PACCYXKJICHUE HE
OYeHb yOEAUTENLHO: IPU YMHOXEHAY TMOTPEITHOCTA MOTYT HAKAILIH-
BaTHCA, W T'Jle TAPAHTHU, ITO MOCHe TIEPEMHOXKEHU N MTYK HOpMya
a®/" ~ 141z /M OHM HE HAKOMATCA HACTOMBKO, ITO a” He OyIeT UMETh
¢ (14 lz/n)" angero obmero? DTO ZENCTBUTEILHO MOIMO OBI CIy-
YUTHCS, HO, K CIACTBIO, B JJAHHOM CJIyvae HAKOILUIEHUE O PEITHOCTER
K OIACHBIM TIOCAECTBAAM HE IPUBOAUT: TIPY OOMLIINX 7 IPUAOIMKEH-
HOoe paseHcTBO a” =~ (1 4 lx/n)" umeer mecTo, npuveMm, BHIGPAB N
JOCTATOYHO GOJIBIIUM, TOTPEITHOCTE 9TOU (POPMYJIBI MOXHO CIeIaTh
CKOJIb YT'OJHO MAJOH.

Bor xak 510 ycranaBmuBaerca. B § 23 Mer yxe roBOpmian, 9TO AJA «0-
CTATOYHO XOPOWMX» (PYHKIMU MOrpermHocTs Gopmyasl f(a + h) =~ f(a) +
hf'(a) me mpesocxoanT Mh? s HekoTOoporo wmcaa M, He B3aBUCATIETO
ot h. Eciu mpuMeHnTH 5T0 coobpaxenue K pyukuuu f(x) = a”, BHIgET,
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wT0 MorpemHOCTh (opumyst a*/" & 1+ lz/n me mpesocxognt M2z /n?
A1 mexoToporo M. O6o3manas, 414 coKpamleHns mucbMa, MI2z? 6yxsoit
¢, IOIy4aeM, YTO MOTPEITHOCTD (POPMYIBI /" =1+ lx /n He mpeBOCXOAUT
¢/n?, rae 9UCaO ¢ OT N He 3aBUCHT. lIpw BO3BeICHWE OGEHX TacTed DTOM
(bOPMYJIBEL B CTENEHD 71 3TA IOTPENTHOCTD BO3PACTAET, HO HE CJIUIITKOM CHJIb-
HO: MOXKHO TIOKa3aTbh, ITO IPYU BO3BEIEHUU B N-YIO CTEIEHL OOEMX IaCTEn
npubanKennon (popMyJbl, B KOTOPOU JIEBAasA U IIpaBad dacTu Oam3ky K 1
(a mmennO TakoBer a®/™ u 1 + l2/n), IOrPEIIHOCTH BO3PACTAET IPUMEPHO
B 1 pas.

Crano 6eiTh, norpemHocTs Gopmyast a® ~ (1 + lz/n)™ He npeBocxo-
aut n - (¢/n?) = ¢/n, u 9em Godblle n, TeM 3Ta MOTPENIHOCTh MEHbIIe,
TaK 9TO HaIa (GOPMYJa NENCTBATEIBHO TO3BOAAET BLIYUCAATL a” C JI0O0N
CTEMEeHbI0 TOTHOCTH.

Tenepb MBI TOTOBBI OMIPEIEAUTE ¢° A KOMIUIEKCHBIX 3HAYMEHUN 2.
B camom geme, npaBas 4acTh HalIen npuOIMXeHHON HOPMYJILI UMEET
CMBICA U TIPU KOMILTEKCHBIX 3HAMEHUAX T. Teneph Mid J060r0 KOM-
wIeKCHOro z onpegeauMm o kak (1 + lz/n)" gas Goabmoro uemoro
qmcaa 1. Tournee rosops, sTo Oyzer He caMo a°, HO €ero HpPuUOIANKEH-
HOE 3HAYEHUE, & TOYHOE 3HATEHUE G° — 3TO TO, K Y€MYy CTPEMUTCA
(1 +1z/n)"™ upm pocte n (no-yuenomy rosops, «upegea (1 + (z/n)"
opu 7, cTpeMAmeMca K 0ecKoHedHocTm ). HamoMumM, wTo wepes [
obosHaveHa nponsBogHad QYHKINK Yy = ¢ B HyJ€.

Cerryac MBI UCCAEAYEM CBOUCTBA MOKA3ATEABHOU (PYHKINUA KOM-
IIEKCHOT'O apryMeHTa, HO CIIepBa— OAHO 3aMetdanue. B wmammx ¢pop-
MyJIax MOCTOsSHHO npucyrcTByeT uuciao [. Hambonee npoctrie dop-
MYJBI TOJYYIATCA, €CAN B3ATH OCHOBAHWE CTEMEHW, 1 KOTOPOTO [
paBHseTcsa 1. TO YUCAO TAK FACTO BCTPEUACTCA B MATEMATHKE, ITO
IJISL €70 €CTh CrienraabHoe 00603HAYeHre: er0 0603HAYAIT OYKBOH €;
MOBTOPUM €IlIe Pa3, ITO € — DTO, O OMPEACSTCHAIO, MOJOKUATEALHOE
9HUCJI0, A KOTOPOTO MPOU3BOAHAS B HyJe GyHKmuU y = e paBHA
e IMHUTIE.

3agaua 30.1. Ilokaxwure, aT0o npousBogHas GyHKIUU Yy = a® B TOU-
ke () paBHa JorapudMy TUCIA ¢ TO OCHOBAHUIO €.

[Ipubanxkenmno e pauo 2,718. Takum obpazoMm, uMmeeM pOpMyIy:

Z\ "
e’ ~ (1 + 7) npu OOABIINX LIEIBIX 7.
n
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Juast rercTBUTENBbHBIX 2z 3Ta (POPMYaa BBIPAXKAET CBOUCTBO IMO-
Ka3aTeIbHON (PYHKIUNA ¢ OCHOBAHWEM €, & A MPOU3BOILHOTO KOM-
IIEKCHOT'O Z TPEACTABAACT COOOU ONpeneNcHue.

Ecmu B mamen dopmyne ais e moroxuts z = 1, TO moayIuM
n

Lex~ (14 =) . Moxuo Takxe
n

pubIMKEHHYIO (POPMYJIY A € = €
MOKAa3aTh, 9TO TPU HAIIEM OMPEACTCHUN TMOKA3ATENALHON (DYHKIIIN
OT KOMILIEKCHBIX IMCEJI OCHOBHOE CBOUCTBO MOKA3ATENBHON (DYHKIIIN
e’ TV = ee¥ GymeT BepHO A JIOOBIX KOMILICKCHBIX Z ¥ W.

JaBaure Teneps MOCMOTPUM, KAKOBBI Oy Iy T CBOUCTBA (PYHKIIUK
€® Tpu 7z, He ABIAIOIMXCA TeUCTBATEILHLIMEA. BBIACHUM, HAIpAMED,
KaK MOJCIATATE €%, T/e & — JeHCTBUTEILHOE HUHCIO.

CoryacHO HaIIEMy ONPEAENCHUIO, HAI0 B3ATH OOJBIIOE IEI0e Y¥-
c1o n, u Torga e® 6ymer mpumepno pasHo (1+iz/n)". UTo6bI y3HATS,
K 9eMy OyaeT mpubamkaThCa HTO 9UCI0 IPU POCTE 71, 3aMETUM, TTO
Ipu GOJBIINX 7 TUCIO /7N MAJO, TAK ITO AeUCTBYIOT NPUOIUKEHHBIE
dopmyast sin(z/n) ~ x/n, cos(z/n) ~ 1. llosromy (1 + iz/n)" ~
~ cos(z/n) + isin(z/n), oTKya, BO3BOASA B CTENIEHDb 7, HOLYYaeM:

14+ — %(cos—%—zsm—) = Ccosx +1sinx.
n n n
WNupiMu croBaMu, TpH OOJBIINX 7 BEPHA MPUOIMKEHHAA (HOPMYJIa
(1 +iz/n)" ~ cosz + isinz. MoxHO TOKa3aTh, ITO C POCTOM N
MO PEITHOCTD 3TOU (POPMY.JIBI YMEHBIIAETCA.

DTo caeayer u3 TOro, 4ro B dopmyaax sin(z/n) ~ z/n, cos(z/n) = 1
MOT'PENTHOCTD, KaK MBI Buean B § 23, me mpesocxoaut (z/n)? (mpu gocra-
TOYHO GOJBIIAX 71); CTAJI0 OBITH, MOKHO CKA3aTh, 9TO U y NPUOIMKEHHOU
dOpMy.IBI

1+ — =~ cos— +1sin —
n n n

IOT'PENTHOCTD He MPeBOCXoauT (10 MOAymo) ¢/n?, rie ¢ He 3aBUCAT OT n.
IMocae Bo3pegeHna 06EUX TaCTEN 3TOU (POPMYJILI B CTENEHD 71 IOIPEIIHOCTE
YBEIWIUTCA OPUMEPHO B 72 Pa3 (3TO CBOUCTBO BO3BENEHWA B CTENEHbL BEP-
HO W /A KOMIUIEKCHLIX 9YUCEJ) W CTAHET DABHATHCA IPUMEDPHO ¢/n, 9TO
CTPEMUTCA K HYJIIO C POCTOM 7.
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Urax, To 1ucio, k koropomy (1+iz/n)™ npubamkaeTcs ¢ poCTOM
7, —3TO COS & + ¢Sinz. 3Ha4uT, 570 u ecThb . CTaso 6bITh,

e = cosx +¢sinz.

IJTO — HE YTO WHOE, KAK 3HAMeHUTAs dopmyqa Fisepa.
I[TocMoTpuM, 9TO U3 HEe MOXHO BHIBECTH.
Haa Hagaaa, Tenepb Mbl MOXKEM HAUTU 3HAYCHUE IIOKA3aTEAbHON
JyHKIME OT MI060T0 KOMILIEKCHOTO YHCTa a + bi:

O = 9eb = ¢ (cosb + i sinb). (*)

+w _ z,w

3agaua 30.2. BoBeaure w3 dpopmyast (x) ToxagecTso etV = e
JUIA TPOU3BOILHBEIX KOMILIEKCHBIX 2 U W.

(&

3agaua 30.3. Beraucamre: a) e™/2; 6) e

3agava 30.4. HauauTe Bce KOMIUIEKCHBIE SIUCAA Z, OJAA KOTOPLIX BLI-
MMOJHEHO PABEHCTBO e° = —1.

U3 dopmyasr Ditnepa creayer, aTo e2™ = cos 27i + i sin 271 = 1.

CrefoBaTeIbHO, 414 106000 KOMILIEKCHOT'O UUCIA, 2 UMEEM:

6z+271'7, — 626271'7, — %,
3uatut, 27i — nepuog dbyuxuuu f(z) = . Kak Bugure, nokasa-
TeabHaA PYHKIUA TOXKE ABJIACTCA TIEPUOAUIECKON, TOJTBKO MBI DTOT'O

HE BUOEIN, IIOKA OI'PAHUYINBAJNCH ,Z[eflCTBHTeJIBHBIMPI IHNCJIaMHI.

3agaua 30.5. [Tokaxwure, aTo BCAKMU Tepwon dyHkmmm f(z) = e
uMeeT BUJ 274N IS HEKOTOPOT'O HEJIOrO IuCaa, 1 (Tak 9To 270 aBis-
€TCA IeM-TO BPOIe HAUMEHBIIET O MOJOXKUTEMILHOT0 MEPUOIA, LA STON
bysKIUY).

Cregyiomee, ITO MBI clefaeM € IOMOIMIBIO GOPMYIL JUIEPA —
9TO NOKAXeM, YTO TPUTOHOMETPUYECKHe U INOKa3aTelbHBIE (DYHK-
nuu — pakTUUecKu OfHO U TO ke (Kak u Obuo obemano B § 19).
To4uree roBops, MBI BEIDA3UM TPHUI'OHOMETPHYeCKNe (DYHKINK Tepe3
[OKAa3aTelbHbIE.
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Must ororo sanmumem gopmyay Juiaepa, a moja Hel — Ty ke pop-
MYy, B KOTOPYIO BMECTO T TMOACTABICHO —I:

T

e = cosz + isinz;
e " =cosr —isinx
(MBI BOCONIB30BAMKMCEH TEM, ITO COS(—r) = cosz, sin(—z) = —sinx).

Eciu cioXvuTh U BEIYECTE 5THU [Ba PABEHCTBA, MOAYIUTCA €'F 467" =

=2cosz, e — e = 2jsinz, OTKy/1a BEIXOIWT:
eix 4 efia? ) eix _ efim
COST = ——; smx:T

Takum 06pa3zoM, MbI BBEIPA3WIN TPUTOHOMETpHUIECKHE (PYHKIIUU
qepes MOKa3aTeIBHY 0, 8 (POpMyaa JWIepa, Ha060POT, BEIPAXKAET MO-
Ka3aTelbHYyI0 (PYHKINIO depe3 TpUroHOMeTpuydecKkue. Tak urTo ecan
B HalleM pPAacCIOpPAXCHUMN €CTh KOMILIEKCHBIC YUCaa, TO TPUI'OHOME-
Tpudeckre QYHKIUYM BBEIPAXKAIOTCA depe3 MOKa3aTeabHble, U HA060-
poOT.

Y mamwmx (pOpMyJ, BHIPAKAIIIX CUHYC U KOCHHYC Uepe3 MOKa-
3aTeNbHYI0 (PYHKIUIO, €CTH ellle OHO TpuMeHeHue. VIMeHHO, TpaBhie
JaCTU 9TUX (l)OpMyJI MMEIT CMBICJI, €Can BMEeCTO Z MOACTAaBUTH JIHO-
609 KOMIIJIECKCHO€ IMCJIO. HOBTOMy X MOXHO UCIIONB30BATH AJA TOTO,
49TO0BI ONPENEINTDb, ITO TAKOE CHUHYC M KOCHHYC OT JI060r0 KOM-
IVIEKCHOT'O YuUCJja. I/IMeHHOZ €CJIn Z — KOMILUIEKCHOE€ YUCJa0, TO IIOJO-
KUM TIO ONPENETeHUIO:

eiz + e—iz ) eiz _ e—iz
cosz = — sinz = —

Dopmysbl, BEIpaXAKIIUE CHHYC U KOCUHYC OT JEeUCTBUTEIbLHBIX
TUCEN Mepe3 MOKA3ATEMIbHYIO (DYHKIINIO, TTOKA3LIBAIOT, ITO A AeH-
CTBUTEJBHOI'O IUCJIAQ 2 Halle OIIpeae/eHre q1aeT O6bI‘IHbIe CUHYC U KO-
CHHYC.

3agaua 30.6. Hangure sint u cosi.
3agaua 30.7. [loxaxwute, 1T0 popMyIa Ditrepa ¥ = cosz + isinz

BEpHa a4 IIPOU3BOJBHBIX KOMILICKCHBIX BHa‘IeHI/Ifl Z.
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3agaua 30.8. Toxaxwure, IO
. e +ed eb—e b
cos(a + bi) = —5 c0sa + i~ —sina.

3agaua 30.9. a) /lokaxure, 9TO BCe KOMILIEKCHBIE DEIICHUs yPaBHe-
Hua sin z = 0 uMeT BuA 2 = wN, e N — Oeoe (Tak ITO AOTOJHY-
TEJIBHBIX KOMILICKCHBIX PEIICHAN Y STOTO YPABHEHUSI HET).

6) Pemmre B KOMIIIEKCHBIX Ymcaax ypasHenue cos z = 0.

B) Pemnre B KOMILIEKCHBIX 9MCAAX OCTAILHBIE TIPOCTEUIINE TPH-
TOHOMETpUYIECKre ypaBHeHus u3 Havamaa § 10.

3agaua 30.10. BepHo au, ITO [/ BCEX KOMILIEKCHBIX UCEN 2 BBIIOJ-
HEHO HepaBeHCTBO |sin z| < 17

Jagaua 30.11. [loxaxwure, IYTO I BCEX KOMIUIEKCHBIX Z BEPHBI TO-
XK TeCTBA:

a) cos(z + 2m) = cos z; 6) sin(z + 27) = sin z;

B) cos(—z) = cos z; r) sin(—z) = —sin z.
3agaua 30.12. /JokaxwuTe, 9TO III BCEX KOMILIEKCHBIX TMCEJN BEPHBI
TOX JECTBA:

cos? z + sin?

z=1;
cos(z + w) = cos z cos w — sin z sin w;

sin(z + w) = sinz cosw + cos z sinw.

Bce TpuronomeTpumyueckue TOXAECTBA, KOTOPHIE MBI BBHIBOJAWIN
B TUIaBe 4, CIEAYIOT U3 TPEX TOXKIECTB, MEPEIUCICHHBIX B DTON 33,13~
e (a TaKXe U3 CBOEICTB YE€THOCTHU 1 HCYICTHOCTHU CUHYCA 1 KOCUHYCA,
KOTOPHIC B KOMILIEKCHBIX YUCIAX TAKXKe BEPHBL— cM. 3agady 30.11).
TlosToMy BCe TM TOXAECTBA BEPHLI W A TPUTOHOMETPUIECKUX
JYHKIUT KOMILIEKCHOT'O TIEPEMEHHOTO.

3agaua 30.13. Pemmnre B KOMIVIEKCHBIX UMCIAX ypaBHEHUE Sinz = 2
(pewuTh ypaBHEHNE — HAWTHU 6C€ €r'0 PELICHUs).

3agaua 30.14. Bepubl au g1 TPUTOHOMETPUIECKUX (PYHKIUU KOM-
IWIEKCHOTO apTyMeHTa (POPMYIbl TPUBETCHUA !

3agaua 30.15. /lokaxuTe, 9TO ypaBHEHUA Sin z = @ U COS 2 = a UMe-
10T peleHus (BO3MOXHO, KOMILICKCHBIE) IPH J060M a.
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OTBeTHI N YKadaHuAa K HEKOTOPBIM 3ajadaM

1.2. 8in 10° ~ 0,17, sin 30° = 0,5, sin 60° =~ 0,87. Paguannsie Mepbl
yraos 10°, 30° u 60° npubauxenuo papust 0,17, 0,52 u 1,05. Paguan-
HbIe Mepbl yriioB 30° u 60° Goabire nx CMHYCOB TpUOIM3UTEIHLHO HA
4% m 21% cooTBeTcTBEHHO; paamanHas Mepa yraa 10° coBmamaeT ¢
€ro CMHYCOM C TOYHOCTBIO IO JBYX 3HAKOB ITOCJE 3AILATON.

2.1. Ykazanue: nBa NpAMOYTOJIBHBIX TPEYTOJBHUKA C PABHBIMHA
OCTPBIMHU YTJIAMH TONOOHEL.

2.2, sina < tgo.

2.3. tga =sina//1 — tg? a.

2.4. tg10° ~ 0,18, tg30° ~ 0,58, tg 60° ~ 1,73. Tanrenco yrios
10°, 30° u 60° Goable UX pagMaHHLIX Mep NpUOIM3UTeIbHO Ha 1%,
10% u 65% cooTBeTcTBEHHO.

3.4. a) 2acos ; 6) asina; B) asin 2, ecim o < 45°, m a sin(180° —
— 2a), ecim « > 45° (korga MBI MO3HAKOMHUMCA C TPUTOHOMETDH-
9eCKUMU (PYHKIUAMEA TPOU3BOJILHOTO YIVIa, BBl YBUAATE, YTO DTOT
OTBET BO BCEX CIYyYAAX MOXHO 3AIUCATH B BUAE aSin 2¢r).

3.5. (VB +1)/4.

3.6. 25in(36°) = /10 — 21/5/2.

3.7. cos 25° = sin 65° ~ 0,91.

4.1. 6) 6'x B) 6°.

4.3. 0,012 paguana, wiu npubIU3UTEILHO 43,

4.4. IIpumepuo 1850 meTpos.

4.6. Yxazanue. Toicaanas pasaa 7/3000 ~ 1/1000 pasuana (ecan
OPUHATE, 9TO T A 3, 9TO MPU TAKUX U3MEPEHUAX m nerawT). U me
HAZO CYATATH BOEHHBIX HeydaMmu: omubKa mopaaka 15%, momywa-
FOIIAACA TIPYU BBIYUCACHUAX IO (POPMYJe THICATHBIX, HECYIIECTBEHHA,
MOCKOJBKY U3MEPUTH YOI TOAPYIHBIMU CPEACTBAMHE ¢ OOMBIIEN TOY-
HOCTBIO HEPEATLHO.

5.1. a) IIpumeprno 90 merpos. 6) IlpumepHo moarTOpa MeTpa.

5.2. 12 auBap#, B ABEHAAIATH YACOB TPHM MUHYTHI TOTOJYHOYN.
YTo6B1 HE OMUOUTLCA ¢ AATOU, HJOCTATOYTHO 3HATH MYTh, TPOUIEH-
HBIA CEKYHIHOU CTPEIKOU 3a CyTKH, C TOYHOCTBIO 10 4 METDOB.

5.4. a) cos(n/2) =0, sin(n/2) = 1.
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5.6. a) 30 pasauvHbIX ¥mcen; 6) TUCIO ¢ MOMKHO OBITH PAIUO-
HaabHBIM; B) [la.

6.1. Ectu BBI He OmMMOANCH, MOTEKHO TMOAYUIUTHCA 4 PA3IUTHBIX
TOYKHU.

6.3. a) /IBe To4KM; 6) OAHA TOYKA.

6.4. B nepBon yeTBepTH.

6.5. 214 Touek.

6.6. PamnonaanHLIM.

6.11. (1/2:v/3/2), (—1/2v/3/2), (~1:0), (—1/2 —V3/2),
<mffm

6.12. 5—1/4\/W/4 —(1+/5)/4; /10 — 2/5/4),
(—(1 +f/4 —V/10 — 2v/5/4), 5—1/4—\/10+2 5/4).

6.13. Ilpu moap3oBaHUT (popMyJIOI/I cosa ~ 1 mida MaJbIX yIioB
OTHOCUTEIbHASA HOIPEUIHOCTE (OTHOIIEHNE IOTPELUIHOCTH K TOTHOMY
3HAYEHMIO) Oy €T MaJa, a €CAU A CTOMb Ke MAJBIX YIVIOB UCIIOMb-
30BaTh (popMyay sina =~ 0, To morpemnocTs 6yger Gamska K 100%
TOYHOTO 3HAYEHUA — CTOJL IPYOhIe TPpuOAMKeHHbIE (POPMYIBI B 3TON
cAaTyanuu 0eCIOoNe3HbI.

6.14. 6) (t —sint, 1 — cost).

6.16. 6) 107.

7.3. a) V/2/2 mmm —+/2/2; 6) Toapk0o —\/2/2.

7.5. cosx = —/10/10, sinz = —31/10/10.

7.6. 13/5.

7.8. a) 2; 6) 2(tg? @ + ctg? a); B) 2/ sina.

8.1. a) 27/3; 6) 4~; B) 2; r) 2007.

8.2. a) 1007; 6) 1/50.

8.6. Vxazanue: 2-8—3-5=1.

8.7. Orser: ga. Korjga Ber ocBouTe § 22, BB CMOXETE MPOBEPUTS,
YTO TAKUMU CBOMCTBaMU 00magaioT ¢yukuuu f(x) = sinnzx, g(z) =

2nx

= sin 5 sin tz. MoxHO, OTHAKO, TOCTPOUTH TIPUMEDP, B KOTOPOM

TPUTOHOMETPUIECKHE (PYHKIMA BOOOIIE HE MCIOIB3YIOTCA.
9.2. a) —cosz; 6) sinx; ) —ctgz; x) —sinz.
9.3.) V/3/2; 8) 0; 1) —1; %) —v/3/2 m) —v/2/2.
9 4 0) tg(lO — 37r) r) cos(114 — 367); e) —sin(7w/7).
-a) = n) -
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9.6. a) (—asb). B) (—a;—=b). o) (b;a).

10.2. a) (—1)”% —I;) 77-2—”, n € 7Z; B) PelleHny HeT; 1) —g + g +
+7n, n € Z; x) %ig—l-?rn, n € Z.

10.3. a) (—1)" arcsin + 7n, n € Z; 6) Pewennn uer;

2
m (=)™ arcsin<—§> + mn n € Z (yxasaHue: mOIOXHUTE Sinx = t);

-5

x) (—1)"arcsin + 7, n € Z (yxasamme: 3aMeHmWTE COS> T

2

Ha 1 — sin” z); k) arctg3 + 7n, n € Z.

10.4. a) 1/2; 6) meT pemenmi; B) —/3/2.

10.6. a) Vwasanue: sin(arcsinz) = = Do caMOMy OIpeReSeHUIO
APKCHUHYCA, HO HE OT BCAKOT'O YMCJIa MOXHO B3ATh apKCUHYC. B) YKa-
3anue: 5Ta QYHKIUA — MEPHOSUIECKASA ¢ IEPUOLOM 2.

10.7. a) 27 /5; 6) 37/10; n) 97% —11.
10.8.a) ~1 <2 <1.6) z > 0. B) —ggxg
10.9. a) 21/13/13. B) 1/3. n) 2v/2/3.

10.10. a) 10.

1.l y=n—2.

11.2. (0;1/3/2), (57/6;0).

11.7. 6) sin(11,27) < cos(—6,47); r) sin7 < cos 7;

11.8. sinb < cos4 < cos2 < sin3 < sinl < cos 6.

12.1. Hanpumep, OTHOCUTEIBHO NPAMOU ¢ ypaBHEHUEM T = 7 /4.
122. y=7/2 — z.

12.3. a) tg(137/11) < tg3,37.

124. tgh < tg2 < tg3d < tgd < tgl.

12.7. Yxazanue: >Ta QyHKIUA HETIETHAA.

.7)—1<z<1.

14.1. Yka3anue: KAKOBBI 3HAKYA KOCUHYCA OCTPHIX U TYIBIX YIIOB !

14.2. Yka3anue: 0603HATLTE CTOPOHLI MAapaLIeJorpaMMa OyKBa-
Mu ¢ W b, a yrom Mexjay HUME OYKBOU (v; BBIPDA3WTE AUATOHAIN
1epes a, b u a.

14.5. Vkazanue: Boipasure Kocuuyc yriaa ABM <epes ¢cTOpOHBI
TPEYTOJBbHUKA, TIOCJAE Yer0 MPUMEHNTE TEOPEMY KOCUHYCOB €IIe Pas.
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15.1. Yka3anue: nuaroHadu pa3bUBaOT Y€THIPEXYTOILHUK HA e~
THIpE TPEYTOJILHUKA.

15.4.a) r = /(p —a)(p — b)(p — ¢)/p.

15.7. 61/14/5.

15.10. arccos(43/48), arccos(29/36), arccos(—11/24).

16.2. 2R? sin o sin B sin .

16.4. a\/10/4.

16.5. a\/21/6.

16.6. Yxa3anue: 1€ THIPEXYTOABHUK ABISIETCI POMOOM.

.a B « I}
16.7. 2( —+ —)‘ —+ —
6.7. R“(sin 5 sin > cos 2 cos 5

(y sagaqm, BoOGImE rOBOPA,

aBa orseral).
16.8. R(sin o + sin 2a)/4sin? 3a — (sin 2a — sin a)2.
[3 i

a Ccos

" sin(p + 7)
2 2 2
16.10. \/m +nc 4+ mncosoz.

17.1. (4;12).
17.3. a) (1;1); 6) (v/2;0).

17.4. 19 (me 3abyabTe PO HyAEBOU BEKTOP!).

36 50
1710, 2 = 2,y = — 2.
7102 =19y = 33

17.11. a) Ha 400/3 ~ 133,9 m; 6) 104Ky HagO HAIPABATH IPO-
TUB TedeHUsA HOA yrioM arctg(4/3) x Gepery; mpu 3TOM ee CHeceT
Ha 320/3 ~ 106,7 m.

17.12. Hammennmiee paccTosaue — 15 MIIb; HA 9TOM PACCTOSHUT
KOpAOII OKAXyTCA 1epes 3v/3 /2 ~ 2,6 1acos.

19.4. a) 1/2.

19.5. a) (3 +4+/3)/10; 6) 7/4.

19.8. 4a/(v2 + V6), 2av2/(v2 + V6).

19.9. 221/5/5.

19.12. (z cos ¢ + y sin p; y cos p — x sin ).

20.2. [—+/5;/5].

20.3. 6) —Z + (—1)”% +n, n € L.

21.2. a) m? — 1.
21.4. a) 1/8; 6) 1/8.

sin o
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21.6. a) —/6/3; 6) V6/4; B) 0 < a < 2arcsin(v/6/4).
cos(11h/2) cos(z + 5h) sin 50z sin(101z/2)
22.7. a) ; 6)
cos(h/2) cos(z/2)
23.1. Togurca, mampumep, Ta xe rpaauna 0 < h < 0,1.

9—-+v33
8

24.1. 6) (—1)" - 2 arcsin +2mn, n € Z.

24.2. a) j:g +2mn, n € Z.6) mn, n € Z.

24.3. O6bequHEeHNE TPAMBIX, 33IaAHHBIX YPDABHEHUAMU Yy = T U Y =

= 10z/3.

1+£v5 1+17
2 7 g8
+V
24.5. a) arctg SEVe3
- 14
) —Z+7Tn, n € 7.
24.6.a > 0.

24.4.

+mn, n € Z. B) m+271n; g+27rk, n,k €Z.

7wk
24.7. a) mn; R n,k € Z (Ha caMoM Jefe 34eCh MOXHO OBLIO U

™ v
HE BBINKNCHIBATL CepUE & = 7N; cM. § 25); B) - " € 7Z; e) o1 +

™ 7k

— — Z.
MICRRTREERLLE
-1+ 33
24.8. 6) g + (—1)™ arcsin — s +27mn, n € Z.
3
24.9. a) 27, :l:arccos(—1>+27rk, n,k € Z; B) g+7m, (—1)”%4—
mm 27k w  2mm 27 4
k, nk € Zyp) b, S8 T ST kem € T k) b, —
+7T7n7 6 7;[) 27 7 75+ 5 7n7 7m6 7)K) 3+7Tn7 3+
+ 27k, n, k € Z.
24.10. a) Z+ 7;—” g+ 7k, nk € Z; B) (—1)71% + 7, n € Z

1) ©™+4rn, n € Z.

24.11. K nepsout rpynmne oTHOCATCA TOX AecTBa (a), (6), (1) m (e),
KO BTODOW I'PYIIIE OTHOCATCA TOXAECTBO (1), K TPETHEU — TOX Ie-
cTBO (B).

24.13. a) 27n, g—i— 2wk, n,k € Z; 6) mn, arctg(b £ v/34) +

1
+7nk, n,k € Z; B) mn, g—i-ﬂ'k,‘, %—i—ﬂ'm7 n,k,m € Z; ) arctg<_6\f_

193



1.1
= 4+14\/§)+7m,n€Z.

6 6
9 13 17
25.1. a) %, ne€”Z;r) 1 + 27n, o + 27k, kil + 27, kL

10 10 10 10
+ 27, n, k,m,l € Z.
25.2. a) —g + 27n, n € Z; T) peleHAN HET; ) PEUICHUN HET.

3
25.3. a) Zﬂ +mn, n € Z; ) 157 4+ 607n, n € Z.
25.4. a) 0; 6) mpu PAUKMOHATBLHBIX ¢ X TOJIBLKO IIPU HUX.
255. k=245t t € Z
25.6. a) x = —10+19¢, y = 9 — 17t, t € Z; 6) peleHun Her;
B) DELIeHW! HET.

26.1. a) [—g—l—%m; g—l—27m], n € Z; ) (—%—i—%; %), n € 7.
26.2. a) [g+7m; 3%—1—%71}, n € Z; B) [—g+7m; g+7m}, n € 7;
™ ™
r) [Z+7rn;§+7rn>, n € Z.
26.3. a) (—7T — arcsin% + 27n; arcsin% + 27Tn>, n € 7Z;
1 2 2mn 1 2 2mn
6) (—g arccos + —3 g arecos o + T)’ n € 7Z;
V10 V10

B) [— arcsin —+ mn; arcsin 10 + ﬂn}, n € Z.

264.a) (—m—1+4+2mn;1+4+2mn), n € Z; 6) 3nr — 7+ 2mn; 7+
+ 2mn), n € Z; B) (10 4 27n; 87 — 10 + 27n), n € Z.

3417 —34+V17
4 4

26.5. a) [arccos + 2mn; 2w — arccos

n € 7.

26.6. a) {—1; %}, 6) (cos2;1]; B) {—1; —sin ﬂ, r) (?, 1}.

26.8. a) <7T+ 7T+ } (27T+ 37T+ ) |:27T+ 471')
S.a)=-+mn;=—+mn — 4+ mn; — +7n —+7n; —
5 "3 "\5h "5 13 "5 )]

2 2 4 2
n € Z; 6) (% + 27m;arctg§ + 7+ 27m), (% + 27n; arctgg +

+ 27m] ,

11 23 35
+27r+27m), n € Z; B) [%+27rn;1—g+27rn}, [Tg+2ﬂn;1—;+

+27m}, n € Z.

28.1. % =4, i% = —1, 1999 = 4.
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28.2.
28.3.
28.4.

28.7.
28.8.
29.2.

2+,

a) 8 —10i; 6) —i

T E I L
’ 27 2 2
(3= 20).

a) cosg +ising; B) 2(

+ isin(p + m).

T L. T
cosg—i-zsm—

)i x) cos(p+ m) +

29.10. a) (a+b)% = a5 +6a°b+15a*b% +20a3b® +15a2b* +6ab® +b5;

30.4.
30.9.

= 6 cos’ psin ¢ — 20 cos? psin® ¢ + 6 cos Y sin® .

a) mi + 2mwin, n € Z.
6) g—Hm, n € Z.

30.10. Her.
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