HNPEAUCJIOBUE

Oco0eHHOCTRIO 0Opa3oBaTenbHON cucteMsl PecyOnuku bena-
pPYCh SBIISIETCS CTAHOBIICHHE W pa3BUTHE y4eOHBIX 3aBEICHUH pas-
JUYHOTO THIA, B TOM YHUCIE KOJUISMKEH W BBICIIUX KOJUJICIDKEH.
B ycioBusx MHOroypoBHEBOro 0oOpa3oBaHUS B CHCTEME Yy4eOHBIX
3aBEJICHUI KOJUIeDK—yHHUBEPCUTET aKTyalbHA peasu3alys MPUHLH-
OB HETPEPHIBHOCTH M NIPEEMCTBEHHOCTH B 00 YUEHUH.

[Ipeanaraemoe yueOHOE mocobue «MaremaTtuka B IpUMeEpax U
3aja4ax» B 0-TH YacTSAX MMPU3BAHO OOECIIEUUTh MMPOLIECC U3YICHUS Ma-
TEMATUKH B BBICIINX KOJUIEHKAX M KOJUIEPKaX TEXHUIECKOro mpodu-
ns1. OHO MOXKeT OBITh HCIOJB30BAaHO YYAIIUMHUCH HA MPAKTHYECKHX
3aHATHSX, & TAKKE TIPU CAMOCTOSTEIIBHOM U3Y4CHHH MaTEeMaTHKH.

[Ipu co3maHnK HACTOSIIETO MOCOOUS aBTOPHI CTAaBUIIU TIepeN COo-
00l HECKONIBKO LIeNel: BO-TIEPBBIX, aTh 3HAYUTEILHOE KOJIUIECTBO
3a7a4 (TUIIOBBIX U OPUTHHAIIBHBIX), KOTOPbIE OBl JOCTAaTOYHO TOJHO
0TOOpaXKalu CyTh OCHOBHBIX MaTeMaTHYECKUX MOHATHH; BO-BTOPBIX,
obecreunTh HEOOXOOUMOH TeopeTrmdeckod WHpopMmanuend s ux
pelLIeHu; B-TPEThUX, N0 KaXKJ0M TeMe NPUBECTH PELIEHUE OCHOB-
HBIX THIIOB 33]1a4; B-4ETBEPTHIX, MpelaraeMblil AJis petieHus Habop
3a7a4 paclpeeNuTh 10 TPEM YPOBHIM CIOKHOCTH. Bce atn nenu u
ONpEACNWIA CTPYKTYPY y4eOHOro mocoOusi, KOTOPOE IENUTCS Ha
TJIaBbl, IMaBbl — Ha maparpadel. B Hawane xaxgoro maparpada co-
JEPIKUTCS HEOOXOMUMBIN CIIPaBOYHBIA MaTepual, 3aTeM — pelleHHe
HECKOJIbKHX 3a]1a4 1 Habop 3alaHui TPeX YPOBHEH CI0KHOCTH.

[Ipennaraemas cTpykTypa yaeOHOrO OCOOUS, MO MHEHHIO aBTO-
POB, IIeNlaeT BOSMOXKHBIM CaMOCTOSITEIIbHOE M3Y4EHHE MaTEMaTHKH.
Ero ucnonbp3oBaHre MO3BOJISIET pean3oBaTh AU(GepeHINpOBaHHBIH
MOJXON B OOYYEHHUH — KaKIbIH ydalluiics MOXET pelarh 3aJaHus
JOCTYITHOTO €My YPOBHS CIIOKHOCTH.

[Mocobue pa3paborano u nponuio anpodaruio B YO «MuHckuit
rOCYAapCTBEHHBIN BBICIINH pagnoTexHudeckuit komemx» (MI'BPK)
B Iiporiecce 00y4eHHUs yHalIuXxcs ocie 6a30BO IIKOJIBL.

XapakTepHOoil 0COOEHHOCTHIO METOIUYECKOr0 TOAX0Aa K U3yde-
Huto marematuku B MI'BPK sBnsiercss mocrpoeHne MHTErpUpOBaH-
HOT'O Kypca MaTeMaTHYeCKHX JAUCIMIUIMH. DTUM OOBSCHIETCS TO 00-

CTOSTENBCTBO, YTO ONpEAETICHHbIE TEMbl BBICIIEH MaTeMaTHKH BBe-
JIeHBI B KOHTEKCT JIeMEHTapHOi maTeMaTHkH. [lockoibKy Ha mpax-
THKE HIMPOKO PEaNU3yeTcsl HeNpephIBHOE OOpa3oBaHUE B CHCTEME
yueOHBIX 3aBeACHUI KolulemK—yHuBepcuTeT (B ToM uncie MI'BPK
WHTETPUPOBAaH ¢ BenopyccKkuM rocynapCcTBEHHBIM YHHUBEPCHUTETOM
WHQOPMATHKH U PaIUOIEKTPOHHUKH), TO TPH pa3paboTKe TaHHOTO
y4eOHOr0 MoCcOOUsI aBTOPHI HCIONB30BAIN (KaK U B pealbHOM y4eO-
HOM TIpollecCce) B Ka4eCTBE THUIIOBBIX MPOrPaMMy H3Y4EHHS MaTeMma-
THUKH B CPEIHUX IIKOJax bemapycu u mporpaMMmy W3ydeHHs BBICIIESH
MaTEeMaTHKH JJIS BBICIINX Y4EOHBIX 3aBEelICHHH MO CIEeHUAIbHOCTAM
JJIEKTPO-, PAIUOTEXHUKU U UH(POPMATHKH.

Takum 00pa3oM peanu3yroTCs OCHOBBI HENPEPHIBHOIO MPOIOJI-
KeHus oOydeHus B yHHBepcuTere. Kpome Toro, mpenjaraemoe
yueOHOe MmocoOue MOKeT OBITh HCIOJBb30BAHO B KOJUIEMKAX IIPH
W3Y4EeHHH MaTeMAaTHKH IO Pa3jM4YHbIM 0a30BBIM H pabouuM Mpo-
rpamMmaM — MeHee WM 0oJiee MOJTHBIM.

«Matemaruka B npuMepax 4 3agadax. Hacte 2» sABJIsIeTCS HETo-
CPEICTBEHHBIM MPOJO/DKeHHEM yueOHoro nmocobusi «Maremartuka B
npuMepax u 3amadax. Jacte 1». B 3TuxX m3gaHusax mpuHATA €IUHAS
HyMepanus rias. [Ipemmaraemoe nmocodue (BTopasi 9acTh) COCTOHT U3
mecty TiaB (1. 7-12). B oTHOIIEHNH aBTOPCTBA OTMETHM, YTO OHH
MOJITOTOBJICHBI CJIEYIOIUM 00pa3oM:

C. b. Maxnay — ri1. 7 «TpUrOHOMETpHSI»;

M. A. Kanyruna — ri1. 8§ «BekTopsl Ha IIIOCKOCTW», TJ1. 9 «AHa-
JUTHYECKasi TEOMETPUS Ha MJIOCKOCTHY;

E.B. Vnacesuu — ri. 10 «IIpenen mnocnenoBareiabHOCTH U
¢byskmum», 1. 11 «IIpousBogHas GyHKIUIY;

T. B. Ecunosnda — ri1. 12 «Ctepeomerpus».

Hayuno-meToanyeckoe penaktupoBanue ocymecrsuna JI. Y. Mait-
CEHs1, OHA SIBIISIETCSI COABTOPOM BCETO MOCOOUSI.

ABTOpHI OJIaroJJapHbI pelieH3eHTaM y4eOHOTO ITOCOOUS — TOKTOPY
¢u3.-mar. Hayk, npodeccopy A. B. MeTenbckoMy U COTpyIHUKAM Ka-
¢denpsl Boicieit maTemaTuku BI'YUP, ocoOeHHo 3aB. kadenpoit, 10K-
Topy ¢u3.-mat. Hayk B. B. Llerensuuky u npodeccopy A. A. Kapry-
Ky, 32 OY€Hb BHUMATEIILHOE MPOYTCHHE PYKOIMHUCH MU PSA LIEHHBIX
3aMeuYaHMii, yCTpaHEHUE KOTOPBIX YIYUYIIMIIO Hallle U3TaHueE.

Haneemcst, uto nmpemnaraemoe u3anue OyAeT ColeiicTBOBATh aK-
THUBHU3ALUH MBICIUTEIIFHON AEATETHHOCTH yJYalluXCs ¥ MOBBIIICHHUIO
3 PEeKTUBHOCTH y4eOHOTO TpoIiecca MPU M3YIEHUH MaTeMaTHKH.



7. TPUTOHOMETPUA

7.1. TpuronoMerpuyeckue GQyHKIUA
NPOU3BOJILHOTIO YIJIa, X CBOICTBA

Pacemotpum cucremy koopauHaT Oxy U B Hel paguyc-BekTop OA.

Bbymem paccmartpuBaTh MOHATHE yrila C y4e€TOM HampaBlIECHUS
moBopoTa paauyc-sektopa ot ocu Ox. Ecmu OA moBepHYTH MPOTHB
JIBIDKCHHSL 9aCOBOW CTPENKHU, TO Lo, 00pa30BaHHBIN 3TUM paauyc-
BEKTOPOM U TOJIOKUTEIBHBIM HampaBiieHHeM ocu Ox, Ha30BEM Ho-
aoxucumenvhuovim yeiom (puc. 7.1).

y

Puc. 7.1

Ecmn OB mnoepHyTh OT ocu Ox 1O XOAY YacOBOW CTPEIKH, TO
o0pa3oBaHHBId UM Zf3 OyaeM Ha3bIBaTb OMPUUAMENbHbIM Y2IAOM

(puc. 7.1).
Ecnmu panmyc-Bektop moBepHyTh OT ocu Ox B HEKOTOPOM Ha-

1
MpaBJIEHUH Ha 360 4acTh MOJIHOTO 000pOoTa, TO OH 00pa3oBal yrou
Mephl OIIUH Tpaayc (+1°) B 3aBHCUMOCTH OT HaIlpaBJIeHHUs TIOBOPO-

1 .
Ta; P 4acTh OT OJHOTO Tpajyca Ha3bIBaeTCs MUHYMOI U 0003Ha-

1 . -
yaercs 1" 5 4acTh OT OJHOM MHHYTBHI Ha3bIBAETCS CEKYHOOH W

ob0o3Havaercs 1". 3agaHHbIe UHUIBI H3MEPEHUS BMECTE C HAIpaB-
JIECHHEM TIOBOPOTA JAI0T BO3MOXKHOCTh U3MEPEHUs JII000ro yria, 00-
Pa30BaHHOTO PalyC-BEKTOPOM.

Kpome m3mepenus yria B rpaaycax UCIONIb3YIOT TaKXKe paguaH-
HOE M3MepeHue yria. Paduannoii mepoil yena Ha3bIBAE€TCsl OTHOIIIE-

5

HUE JJIMHBI YT, 00pa30BaHHON MOBOPOTOM KOHIIA PaanyCc-BEKTOpa, K
JUIMHE paiiyc-BEeKTOpa ¢ Y4E€TOM HalpaBJIeHHs ITI0BopoTa (puc. 7.2):

[
apab :;’ (71)

rje [ — JuimHa 1yry;
r — JNTUHA PauyCc-BEKTOpPA.
Y

ol 4 X
Puc. 7.2

Jns mepeBoja TpagyCHOH Mepbl B paJuaHHYIO U Hao0OpOT
MOJB3YIOTCS (POpMyTaMH:

m-n°
Oy = > 7.2
pao 180° ( )
180°-
OZM' (73)
T

B cucreme koopaunat Oxy paccMOTPUM EIUHUYHYIO OKpYXK-
HOCTb C LIEHTPOM B Haydaje CUCTEMbI KOOPJMHAT U €AMHUYHBIN paau-
yc-BEKTOp, 00pa3yromuii ¢ ocsio Ox yroi o.

CropoeripyeM KOHeIl paanyc-BEKTOpa Ha KOOPAMHATHBIE OCH,
MOJyYHM OIpeieNIeHHbIe TOUKU X, ¥ (puc. 7.3). B mpsmoyronpHOM

TPEYT'OJIBHUKE CUHYCOM OCmpOo20o y2/ia Ha3bIBa€TCA OTHOIICHUE IIPO-
TUBOJICXKAUIECT O KaT€Ta K THIIOTEHY3€.

yul

/”
// I
AL
|
- 0 /1 X
\ X
N 7

No -

Puc. 7.3

Oto mousTHe 0000maeTcs Ha JMOOOH Yrod @ : OCTPBIA U TYIOM,
OTpULIATETHHBIN U TTOJIO0KUTEIbHBIH.
Cunycom yena O Ha3bIBACTCS MPOEKIMS KOHIA PaJNyC-BeK-



TOpa, 00Pa3yIOIIEro STOT yroJ, Ha ock Oy:
sino = y.
Kocunycom yzna o Ha3pIBaeTcs MPOCKIMS KOHIA PaJHyC-BEK-

TOpa, 00pa3yIoIIero 3TOT yrod, Ha ock Ox:
cos o = X.

Tanzencom yena o HazpIBaeTCs BEJIWYHHA, paBHAsl OTHOLICHUIO
CHHYCa yrila o K KOCHHYCY yIila o, NpHu ycinoBuu cosa #0:

sina
tga =

coso
Komanzencom yena o HazpIBaeTCs BEJIMYMHA, PaBHAs OTHOILIE-
HUIO KOCHHYCa YTJla o¢ K CHHYCY yIJla ¢, TIpH YCIIOBUH sina #0:

sina
TaHFeHC 1 KOTAHI'CHC yrna o MOXHO OHpe,I[CJ'II/ITI) TAKXEC qepes
MPOEKLNHU X U )

tgazl, x #0;
X

X
ctgoo =—, y#0.
y

Jlis TOro 4ToOBI MOKa3aTh T'€OMETPUYECKHI CMBICHT tga, TO-

CTpOUM 0cb manzencog. OHa poxonut yepe3 Touky (1; 0), kacaercs
CHHHHHHOﬁ OKPY>KHOCTH, UMEET TAKO€ K€ HaIpaBJICHUE, KaK U OCb
Oy, 1 Tako# xe maciuTab Ha Heil (puc. 7.4).

p4 4 OCb TAHTEHCOB
tga>0
a >
> x
N
Puc. 7.4

Jlanee mpojoipKaeM paguyc-BEKTOp 0 IIEPECeueHHUs C OChIo
TaHreHcoB. [lomydeHHBIH HA OCH TaHT'€HCOB OTPE30K (C TOYHOCTHIO
JI0 3HAKOB) U SABJSIETCS tgOL.

Jnst Toro 9ToOBI OKA3aTh TEOMETPUUYECKUI CMBICHT ctga, PUCY-

eM ock KoTaHrencos. OHa npoxoaut depe3 Touky (0; 1), umeer To xe
HafpaBJieHHe U TOT ke MacmTad. ['eomerpruyeckoe 3HaYEHUE ctgor

MOJy94aeM IOCje TOTO, KaK MPOMOKAM PaanuyC-BEKTOP 10 Iepece-
YEHUSI C OChIO0 KOTaHTeHCOB (puc. 7.5).

yu
ctg B ctg o
QCh KOTaHI'€HCOB
I ctga>0
a
> ctg f<0
\\0 / x ceb

Puc. 7.5

Cekancom yena ¢ Ha3bIBACTCA BEIMYHHA

seco = , cosa #0.

Cos o
Kocekancom yena o Ha3bIBAC€TCA BEIMYHMHA

coseco = , sina # 0.

sino

CpoiicTBa TPUrOHOMETPHYECKUX (PYHKIM T

1. 3HakoBas XapaKTEPUCTUKA TPUTOHOMETPUYECKUX (YHKIIUHA
CJEIYET U3 UX OIpPENEeNICHUs Yepe3 MPOEeKIIMN Ha KOOPAUHATHBIE OCH
(puc. 7.6).

yﬂ yh yﬂ
?/N sin a ?/N cos a ?/N cté‘%gO;
+ | + - | + - | +
B j > B j > " j >
I v I v I v

Puc. 7.6

2. TockonpKy sin@ W COSCt BBEIEHBI KaK MPOEKIMHA BHYTPU
€IWHIYHON OKPY)KHOCTH, TO IJISI BCAKOTO Yria o :

|sina| <1 |cos a| <1.



OyHKIMK tga W ctgo MOTYT IPUHHMATh JEOOBIE 11O BEIUYHHE

3HAUCHUS: |seca| >1,

coseca| >1.

3. OynkuM sina, cosa, Seca, coseca SBISIIOTCSA 27-nepuo-

ouuecKkumu.

OyHKIMU tgo U ctgo ABISIOTCS M-NEPUOOUUECKUMU.
CrnenoBaTenbHO, AN TPUTOHOMETPHYECKUX (YHKLIUH BBITIOJ-

HAKOTCA CHeI[yIOHlI/Ie paBeHCTBa:
cos(o +27n) = cosa,

sin(a +27n) =sina,

tg(a +7n)=tga,
4. OYyHKINHA COSC U SECO SBISIOTCS YETHBIMU:
sec(—ar) =secar.

cos(—or) =cosa,

ctg(a +7n)=ctga, neZ.

Oynkumu sino, tga, ctgo u coseca SBISIOTCS HEUETHBIMH:
tg(-a)=—-tga,

cosec(—a ) = —coseca.

sin(—a )=—sina,

ctg(-a)=

—ctga,

3HaYeHUS] TPUTOHOMETPUYECKUX (YHKIHMHA HEKOTOPBIX YrJIOB
mpuBeAeHbI B Ta0I. 7.1.

Tabnuma 7.1
VYron (a) OyHKIWSA
rpajyc panuaH sin o cos a tg o ctga
0° 0 0 1 0 HE OIpEeAeIIeH
1
30° z 1 N} — J3
6 2 2 V3
T 1 1
45° — —_— —-— 1 1
4 V2 V2
Ul 3 1 1
60° — N - 3 —
3 ) 2 V3 V3
90° % 1 0 HE OIIpEJICIICH 0
180° T 0 -1 0 HE OIpEeAeIIeH
270° %Z -1 0 HE OIpEAcIIeH 0
360° 2w 0 1 0 HE OTpeiesieH

IIpaBusio npuBeaeHus:

OyHKIMH Sino U cos ¢, tga M ctga, seco W coseco Hasbl-

BaKOTCA CXOOHBIMU APpYT IJIA Apyra:

1. Ecnut apryMeHT TpUTOHOMETPpHUYECKOH (HYHKIIMU UMEeT BUIL:

a) (2n—1)%ia, (2n—1)37ﬂ +a, neN,

TO (DYHKIIHSA MEHAETCS Ha CXOMHYIO apryMEHTa o |
0) ntta, neN,

TO COXpaHsIeTcs Ta ke PYHKIHA, HO C apryMEHTOM (! .
2. llepexn ¢ yHKUIMEH apryMeHTa @ , 3aNIMCAaHHOM COTJIACHO MyHK-
Ty 1, cTaBUTCS TOT 3HAK («+» WM «—»), KOTOPBIH MMeNa UCXOIHAas

¢byHKIUS.

Bcrony B mpeoOpazoBanmsix 1o ¢popMyliaM NpUBEAEHHS YCIOBHO
CUHTAIOT yrod o ocTpbeIM. B Tabm. 7.2 mpencraBieHbl (HOPMYIBI

NIPUBEICHUS.
Tabnuma 7.2
3
X x ta Tto 7z ta 2rt o
2 2
sin x cos o Fsina —-cosa +sina
cos x Fsina —-cosa +sina cosa
tgx +ctga ttga +ctga ttga
ctg x Ftga tetga Ftga tetga
OCHOBHBIE TPUTOHOMETPHYECKHUE TOXKTECTBA
sin® a +cos’ o =1, (7.4)
tga -ctga =1, (7.5)
2
l+tga =—7—, (7.6)
cos” a
2,
l+ctg’a =——. (7.7
sin”

[lo 3HaYeHHIO OJHOW W3 TPUTOHOMETPUUYECKUX (DYHKIIMH HEKO-
TOPOTO yrila MOXHO, HCIOJB3YS IpPUBEICHHBIC BHIIIE (HOPMYIHI,
HAWTH 3HAYEHUS BCeX OCTANbHBIX. [IpuMeHeHHe >THX Gopmyn 3Ha-
YUTENFHO YIPOMIAET MPOLECC TPUTOHOMETPHUYECKHX Mpeodpa3oBa-
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Huil. [Ipu 3TOM HEOOXOAMMO MOMHHUTH, YTO MPU M3BJICUCHUM KBa/l-
paTHOrO KOpHS MOJIy4a€M BBIPAXKEHHE C MOAYJIEM, HAIpUMED,

|sina| =+/1—cos” a. PackpbiBas MOIYIb, 3HAK BHIOMPAEM B 3aBHCH-
MOCTH OT TOTO, B KAKOI YeTBEPTH JISKHUT YTOJl C.

Mpumep 1. 1) Beipazuts B paguanHoi Mepe yroJ, paBHbli 150°.
. 2n
2) Bbipa3uTh B IpayCHOIl Mepe yroii B 3 paguaH.

Pewenue. 1) Vicnonssys popmyiny (7.2), moxyqum:
1500 =7 .150°= % |
180° 6
2) Ucnonb3ys hopmyiy (7.3), momyqaum:
27 ai = 27 180° 0o
3 3

. 3n
IIpumep 2. Beraucnuts tg o, ecmu sin a=-0,8u 7 < a < -

Pewenue. Crauana Haiinem cos a. U3 popmyist (7.4) momydaum:
cos’a =1-sin’a=1- (—0,8)2 =0,36.

Tak kak B Il uerBeptu cos a <0, To cos a =—0,6. Haxoaum
-0,8 4

sino
tga =

cosa —0,6 3

. 41
IIpumep 3. Beraucnuts sm(—T”j.

Pewenue. Vicionb3ys HEUETHOCTb M 27T -NIEPUOAMYHOCTH (HYHKIMH
sin ¢, MOJydyaeM:

. 41 . 41 . hY/3 . 5w
sin| ——— |=—sin—— = —sin| 67 +— |=—sin—.
6 6 6 6

[To ¢popmynam npuBeeHHUsT HAXOAHM:

. Sm . T . T 1
—sin— =-sin| 7 —— |=—sin—=——.
6 6 6 2

. 41
Takum o6pa3om, sin (—Tnj = -

IIpumep 4. OnpenenuTs 3HaK BEIPAKEHUS

. ( 67zj 5t 97 ( 127zj
sm| —— |-cosS—-tg—-ctg| —— |.
5 6 10 9

11

Pewenue. BHauaie HCIONB3yeM HEUYETHOCTh (YHKIUMH, a 3aTeM HUX
3HAKOBBIC XapaKTEPUCTHUKH (pHcC. 7.6):

. 67 . bm 6
sin| —— |=—-sin—, —>7
5 5 5
CnenoBarensHo, 310 yroia III uerBepru, B KOTOpOI CHHYC NMPUHUMAET

. 671
orpuiarensHoe 3HadeHue (puc. 7.6). Torga sin (—?j > 0.
Sr . .
VYron o 970 yroin I ueTBepTH, B KOTOPOH KOCHHYC OTpUIIATENbHBIN:
5w
cos— < 0.
6

9 91
E —ato yrou Il werBepTH, Toraa tgE <0.

ctg(_ 127:) - —ctg 127
9 9

VYron 1277[ nexwr B Il uerBepry, Torga ctglzTn >0 u ctg(—%j <0.

YuuTthiBas 3HaKH BCEX MHO)KI/ITGJ'Ieﬁ, ToJry4aem:

. 671 St 9rm 127
sin| —— |-cos—-tg—-ctg| ——— | >0,
5 6 10 9

T. €. 33JJaHHOE BBIPAXKEHUE MOJIOKUTENBHO.
. T LT T
IIpumep 5. CpaBHUTH ABa yUCIa SIN— U SIN—-COS—.
10 10 9
T T

Pewenue. 3ameTumM, UTO yIIIbl 3 U E — 9710 yrimsl | uerBepry, B KO-

TOPOH CHHYC U KOCUHYC NPUHUMAIOT MOJIOKUTEIbHbIE 3HAUCHUSL.
T
COSE <1 (B cuity orpaHMYeHHOCTH (PYHKLIUHM KOCHHYC), TOrAA

. T . T T
sin— >sin—-cos—.
10 10 9

HpnMep 6. YKkazaThb HauOOJIbIlIcE U HaUMEHBIIEE 3HAUCHHS BbIpaxe-

2

HusA 3cos” o —1.

Pewenue. Bripaxenue OyneT HaHOONBIINM, €CIIH cos’a OymeT Hau-
OOJIBIIIKM.

12



2

H3BectHo, ut0 [cosal <1, Ho Toraa 0 < cos” o <1.

Toraa HauOoJblliee 3HAYCHUE BBIpAXKCHUA 6y[[eT paBHO 2, €CIIn

cos’ o = 1, a HamMeHbIIee paBHO —1, eciu cos’a =0.

3aoanusn

I ypogens
1.1. Bripazure B paariaHHOM Mepe yrour:
1) 100°% 2)244,38°% 3)720°% 4)135° 5)27,13°

1.2. Bripasure B rpayCHOM Mepe yror:

11
n 7o T g3 goes 5367
2 4
1.3. Haiigute 3HaueHne §yHKIMNU:
. 4 3rm
1) sin a, ecnu cosa =g u 7<a <2m;
. 4
2) cos a, ecnu sina =§ u E<a <,
. 12 3z
3)tg o, ecnu sina=—— U T <A <—;
13 2
5 3n
4) ctg o, ecnmu cosot =—— U T <o <—.
13 2
1.4. Beruucnure:
. 197 r
1) tg390°  2) cos1080° 3) smT; 4) cth;
. . 4 4 . 4Am . w
5) 4sin18°sin306°; 6) cos—cos— —sin—sin—
15 15 15 1
2r St
tg = —tg
7 M; 8) coslsin7—ﬂ;
1+ tgz—ﬂtgs—ﬂ 12 12
3 712

9) tg225°cos330°ctgl20°sin 240°;

10) ct T i tgr +sin L —cos| - = |+sinz
g7 2 2 '

1.5. Yxaxxute HanOoJplIee 1 HAMMEHbIIee 3HAYSHHS BBIPAKCHHS:
3) 8cos’a —1.

1) 1-sin’a; 2) |5cosa|;

1.6. BriGepure cpenu yrcen HauMeHbIIee:

. . . . . T
1) sinl, sin3, sin5, sin 7, sin—;

2) cosl, cosl,5, cos(—1,2), cos(-0,5), cos 2.

1.7. JlokaxuTe TOXKIECTBO:
cos sin .

1) —B+—B -sin 2a = 2cos(a — B);
sina  cosa

2) sin*a —sin*a = cos *a —cos? a;

2cosa +sina 2-3sin‘a 1

cos(—a) +sina sin(Z+2aj 2

4) (sinza +2sino cos a —coszoc)z =1-sin4a.

1.8. Yopocrure BoipaxeHue, ucrnonb3ys popmyist (7.4)—(7.7) u

(OpMyIIBI IPHUBEACHUS:

1) (sina —Cos a)2 +(sina +cos a)z; 2) (1—cos2a)tg2a +1-tg’a;

sin (7 —a)+cos(§+a}+ctg(ﬂ -a)

NE= |
82
T . (3m
ctg(z—aj—tg(ﬂ +a)+s1n(2—aj

2cos(m +a)

3)

4)

>

sin(7 +a) . tg(a—m) .COS(27T—O£).

ctg(z—aJ Ctg(ﬂ +a) cos(?—a}

cos? 3—”—0:
2 cos’ (-a)
6) — + .
tg’ (a—27) e (a_'é’?r}
2

13 14
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11 ypogeno 2.4. JlokaxxuTe TOXJIECTBO:

2.1. Haiinure 3HaUeHNE BRIPAXKCHHUS: 1 sina-cosa  tga
: a 2 . 2 - 5
1) sina u tga, ecnu cosa = ————, a>0, b>0; cosa—sin"a 1-tgta
a’+b* 2) tga  ctgo -1 I
3 =z .2 =5
2) tga +ctga, ecmm cosa=—— U — < Q < T; I-tg'a  ctga
. > 2 sin*a +cos* a 1 .
4sina +3cosa 3 3) 2+— T T .
Jeosa —dsina’ eciu ctga =Z. sin“a@ —cos“a cos“asin”a
cosa —4sina

4) sin’ ot (1+ ctgar ) + cos’ a (1+ tga ) =sina + cosa;

2.2. Onpenenure 3HaK MPOU3BEICHHSA: 5 sin’ x _sinx+cosx _ .
1) sin67°c0s267°cos375°sin (—68°)cos (—68°); )sinx—cosx to”x—1 - Smxmeosx.
2) sin110°co0s95°tgl135°ctgl 85°;
) 61 5t 31 117 2.5. YpocTHTE BBIPAKEHHE:!
3) sin| ——— |cos—tg—ctg| — |; 2
6 11 9 1 (1+cosaj ‘1 1+cosa
. A A\ A4rm ar sina Csinfa
4) sin—-cos| —— |[tg—ctg| —— |;
7 9 5 11 5 5
5) sin 22. 2) ola —tg a(cos a +1);
sin’a —cos’ o sin’ a +cos’ o B
2.3. Boruucnure: 3) | 1-=—= 1-— .
t9%52,5° — tg27,5° 97 5 sina —cos o sino + cos o
) : otg? ’ o g rotgs 1+sina l-sina T
1-tg’7,5°tg> 52,5 8 8 4)\/ i _\/ LIV S
cos41°—cos79° 4 (sin10°+5sin80°) (cos80°—cos10°) I-sina  V1+sina 2
1-2sin”35,5° sin110° ’ 5) coS(ZJrajsm(n +a)+tg(3_ﬂ+aJSin(a +£jcos(a _Zj;
3 . tg1 0° + ctg55° 2 2 2 2
5) sin— —sin—; 6 — I - - T
10 10 1-ctg80°tg35 6) ctg(T—aj—sin(E—ajJrtg(;—ajcos(Tﬂx}
7) tg’o +ctg’a, ecmu tgo +ctga = 10;
1,57 +a ) +si - )+tg(-0,5
8) tga +ctga, ecu tg’a +ctg’a =7 u a €(270°%360°); 7) cos(1,57 +a) (sllns(a ﬂ)) g ﬂ);
tg(1,57 —a
9) tg’a +ctg’a, ecimm tgo + ctgor = 2; 3
T T
10) €0864°c0s4° —c0s86°c0s26° 1—ctg? (a —2j tg(a —2j
cos71°cos41° —cos49°cos19°° 8) ﬂ '1_ 0 (o —2m)
11) tg9°— tg63° + tg81° — tg27°. ctg(a +2J ctg” (o ~27)
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T

2.6. CpaBHHUTE JBa YKCIIA COS 3% U coS 3% -8in 5

111 ypogens
3.1. Jlokaxxute TOXIECTBO:

1-sin*a —cos* a

1) 2 =2tg’a;
cos” a
tg?x + ctg’x — 6
2) N COS 4x,
tgx+ctg'x+2
sinx +cos x
3) ———= tg x4+ tgix + tgx + I;
cos’ x
2
4) sina +tga | sin’o+tgla
1 - >
- +ctga . +ctg2a
sino sin” o
5) 2cos’a —7sina 1
3cos’ o + 4sino-cosa 4
3.2. Brruucnure:
tga . 2
1 g—, ecim sina = —— u ctgo > 0;
1—-cosa 3
ctgo 3
2) L_, ecian cosa = —— U ctga <0.
1+sina 4
3.3. YnpocTute BelpaxkeHHUE:
l+ctg’a tg'a
1) tgza _ g . g

ctg’a 1+tg2a’

2 (tgo +ctga) *—(tga —ctga)®
1 2 2

—tg"a —ctg"a

sina -cos’a

3) \/sinza(1+ctga)+cos2a(1+tga);
4) sin® o + cos® o0 + 3sin’ ot cos” a;

tg® 1 3
5) ga +ctga.

. . 2
SlIl2 a Sinocosa COS2 a

6 cos’a +2sin’ (a —7) . cos’ a —4sin(—a ) +sin’ (a + )

cos3(a —4r) cosa (4sina +1)

3.4. Haiiqure 3HaYeHWE BBIPAKEHUST sinto + cos4a, eclu
sino +cosa = k.

3.5. Cpasnute uncia sin10 u sin11.

3.6. Haiinmure HanbosnbIiee 3Ha4€HUE BEIPAXKEHUS

sin'? x + cos'! x.

7.2. OcHOBHBbIE TPUTOHOMETPHYeCKHe GopMyabI

Bcrony nanee cumrtaeM, 4TO BBIpaXKEHMsI ONpPEEIEHBl Ha CBOEH
O13.
®opMyJIbl CYMMBI M Pa3HOCTH YTJIOB

sm(a + /3)— sina cos B + cosa sin 3;
sin( ) sina cos B —cosa sin f3; 7.8)
cos(a + B)=cosa cos B —sinasin B; '
cos(a — B)=cosa cos B +sinasin .
tga +tgff tga—tgf
tgla+p)y=—"—; tgla—-p)=
g@+h) 1-tgatgf’ ga=p)= 1+tgatgB’
ctgactgf — ctgactgf +1
ctgla+ =L Ly py - SetEP ]
ctga + ctgf ctga —ctgf

®opMyJibl IBOIHBIX H TPOHHBIX YIJIOB
sin 2ot = 2sino cosa;

cos2a =cos’ o —sina =1-2sina =2cos’ a —1;

2tga
tg2a = ———; 7.9
& 1—tg2a (79)
tg’o —1
ctg2a = ° @
2ctga
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sin3a =3sina —4sin’ a;
cos3a =4cos’ a —3cosa;
tgo — tg’
tg3a :3ga—2ga. (7.10)
1-3tg"a
tga —ctg’
ctglo = 2SEL g
1-3ctg’a

(I)OpMy.]'lbI MMOJIOBUHHOT0 apryMeHTa

. a 1-cosa a /1+cosa
sin—| =, [——; COS—| =\ [———;
2 2 2 2
a 1-cosa a 1+ cosa
tg—{=,———; ctg— :,/—;

2 I+cosa 2 1-cosa (7.11)
a sina 1-cosa
tg—= = ;
2 l+cosa sino
a l+cosa sina
ctg—= =

2 sina 1-cosa
®opMyJibl TOHUKEHHUS CTENEeHH

. 1 1
sina==(-cos2a); cos’ o =—(1+cos2a);
2 2
(7.12)
2 1-cos2a 2 1+ cos2a
tgta =—mm; ctg'ag =————.
1+cos2a 1—cos2a
DopMyJIbl CYMMBI H Pa3HOCTH TPUTOHOMETPUUECKHUX (PYHKIHiT
sino +sin § =2sin a+hp cosﬂ;
2 2
sino —sin = 2cosZ B sinZ _B,
2+ 5 2 5 (7.13)
cosoc+cos/3:2cosa2 cosa2 ;
cosa —cos 8 = 2sin< B sin % ;B ;
tga+tg/3:sm(a+ﬁ); tga—tgﬁzsm(a_ﬁ);
cosa cos 3 cosa cos 3
ctgo +ctgf = M; ctgo —ctgff = M;
sino sin 8 sino sin

19

tga + ctgf :M; tga —ctgf = _M'
cosa sin 8 cosasin B

®opmyJibl NPOU3BEIEHUS TPUTOHOMETPUYECKHX (pYHKIIMi

sina sin 8 =%(cos(a —B)—cos(a + B));

cosa cos 3 =%(cos(a + B)+cos(a — B)); (7.14)

sina cos B =%(sin(a + B) +sin(a — B)).

(I)Op MYJIbI yHnBepca.m)HOii MmoaACTAHOBKH

2tgg 1—tg2g
sina =—2a; cosa =—§;
1+tg25 1+tg25
o o (7.15)
2tg— 1-tg® —~
tgo = 2 ; ctgo = 2
1—tg2g 2tgg
2 2

sin 3ot cos o + cos 3o sin o

IIpumep 1. YopocTuTs BeIpaskeHUE 3
2cos"a—1
Pewenue. Vicnonssys Gopmysnst (7.7)—(7.9), nomyuum:
sin3a cosa +cos3asino sin(Ba +a)
2 N 2 2 -2 N
2cos”a —1 2cos” a—(cos” a +sin” o)
_ sin 4o _ sin4a _sinda
N 2 2 -2 2 -2 20
2cos“a—cos“a—sin“a cos“a—sin“ o  COSlx
2sin2a cos2a .
=7 """ —2sin2a.
cos2a

Mpumep 2. Berurcnuth BeipaxkeHue sin 75°+cos 75°.
Pewenue. Uto6s1 npumenuts Gopmynsl (7.12), npeobpasyem cos75°
o popMyJiaM MPUBEICHHUS:
c0s 75° = cos(90°—15°) =sin15°,
Torna
sin 75° + cos 75° = sin 75" +sin15° = 2sin 750;150 cos 750;150 =

20



%,

2

=2sin45°c0s30° =2

V2
2.

Sibo

IIpumep 3. BerancnuTs BeIpaskeHHe , ecm tga =0,2.

6+ 7sin 20
Pewenue. I/ICHOHBSYSI YHUBEPCAJIbHYIO ITOACTAHOBKY, IMOJYYHUM:
5 5 _ 5+5tg’a
6+7sin2a ¢ - 2tgt;t 6 +6tg’a +14tga
1+tg a
HOZ[CTaBI/IB B IIOJTYUCHHOC BBIPAXXCHUEC tga = 0, 2, HaxoauMm:
5 5+5-0,04 52 65

6+7sin2a  6+6-0.04+14-0.2 9,04 113

Ipumep 4. [IpeoOpa3oBaTh B IPOU3BEACHHE BHIPAXKECHUE

in2( %28 |—sin?[%—
sin (2+2ﬂj sin (2 Zﬂj.

Pewenue. ]I pelieHrss MOXXHO UCIIONB30BaTh (POPMYJIbI TOHKEHUS
CTENeHH, a Takke (OpMysibl CyMMBI U Pa3sHOCTH TPUTOHOMETPUYECKHX
bynkuuid (7.12) u (7.13):

sinz(%+2ﬂj—sin2 (%‘Zﬂj: 1—cos(a+4p) _l—cos(a ~4p) _

2 2
_1 cos(@+4p) 1 cos(a—4ﬂ):l 3 B B
= 5 2+ 5 2(cos(oz 4B)—cos(a+4p)) =

=—sinoa sin(—4 ) =sina sin4f.

IIpumep 5. Haiitu 3HaueHNE BBIpaXKEHUS:
1) sin18°-cos36°;
c0s64°-cos4°—cos86°- cos 26°
cos 71°-cos41° —cos49°-cos19°

Pewenue. 1) [Ins npumeneHns: GopMysibl JBOHHOrO apryMmeHra sin 2o
YMHOXHUM U Pa3JeInM UCXOAHOE BeIpaxkeHHe Ha 4 cos18°. Tomyuunm:
4sin18°-cos18°-cos36° 2sin36°-cos36°  sin72°

4cos18° - 4cos18° ~ 4cos18°’

Ucnonb3ys hopMyssl npuBeeHus, npeodpasyem
sin 72° = sin (90°-18°) = cos18°.

2)

sin18°-cos36° =

Toraa momyunm: sin18°-cos36° = ﬂ = l
4cosl1B8° 4

21

)]

2)

3)

4

6)

8)

22

2) U3 popmyn npuBeneHus ciemyer:

cos 64° = cos (90° - 26°) = sin 26°,

c0s86° = cos(90°—4°) = sin 4°,

cos 71° = cos(90°—19°) = sin19°,

cos49° = cos(90° - 41°) = sin41°.

Orcrona, ucnons3ys dpopmynsl (7.8), mmeem:

sin26°-cos4°—sin4°-c0s26°  sin(26°-4°)  §in22°

sin19°-cos41°—sin41°-cos19°  sin(19°—41°)  sin(-22°)

_sin22°

sin 22°
3aoanusn
I ypoeens
1.1. Breruncnure:
T . 3 T
cos|—+ B, ecmsin=—mu—<p<m;
et e uz

tg(%—aj, eciu cosa =0,6 u %T <a<2m;
tga, ecinm tg%:\/g;

. 2
cos(a +B), ecim sma:g, cosBz—%, %<O€<7‘L’,

2

(T . (57 T hY4

sin| —+ 2a |-sin| — —2a |—cos| —+2a |-cos| ——2a |;
12 12 12 12

a
cosa, eciu tg; =3

10cosa —6 a
——, ecim tg— =3;
10sina +1 2

T S
g +tg>"
STARSTI
ERNLAIELA

STIRST:



9) sinda + cos4a - ctg2a, ecm tg2a =4;

. T s T . In
sin — - cos — — COS ——Sin ——
10) 24 24 24 24 '

T v . 7w . 4z
€08 —C0s — — sin—sin—
7 21
1.2. YopocruTe BEIpaKEHHE:
. 2 2
1) 1-8sin“acos”a;

cosa —2sin3a —cosSa 4) sin4o —1

(cos 200 —sin 2a )2 ’

1-tg’
5) COS(£+aJ+cos(£—aJ—cosa; 6) _gza;
3 3 l+tg'a

. . 2
sin5a —2cos3a —sina

7) 2cos’| 28 +57 ) 2sin 2/3—3—” :
2 2
8) 0,125¢co0s 4o +sin’ a cos? a.

1.3. JlokaxuTe TOXKIECTBO:

sin(o — t 1
1)(—13)=cosacos/3; 2) ctgp + =ctg(£—/3j;
tga —tgf ctgff —1 4
tgo —ctg? 1-2sina 1-t
3) g cga:tgza; §1n o _ ga;
cos2a l+sin20 1+tgo

5) 1+ cos(37 + 3at )cos 2a — cos(1,57 — 3at )sin 2a = 2sin’ 2,5a1;
2sino —sin3a +sinSa  2cos2a

6 = ;
) cosa —2cos2a + cos3a to &
g
2
7) sma. N sma. __ —24 :
cosa —sina  cosa +sina  sin 2a
sin(a — 3)+ 2sin B cosa
8) ( ) =tg(a+p).
2cosa cos B —cos(a — )
1.4. Beruncnure:
1) 3sin18°% 2) ctg70°+4cos70°.

2) sinosin B(ctgor +ctgf);

23

1.5. Ynpocrute BbIpakeHHE:

) (acosO)z—(bctg(—ZDZ |

24’ cos% +2abcos(—) +b2tg%

acos0—absin0 —btg(—Zj
2)

acos(—2m ) —bsin 27

1.6. IIpoBepbTe cripaBeITMBOCTH PABEHCTBA:
1) sin87° —sin27°=co0s57°%  2) sin93°—cos63° =sin33°.

1.7. Beruucnure:
1) cos105°+ cos75°% 2) tg267°+tg93°.

1.8. [IpeoOpasyiiTe B mpon3BeJeHNE BEIpAKECHUE:
1) 14 2sina; 2) 1+sina +cos a;
3) sin2a + sin 4a + sin 6a;; 4) cos a + cos 2o + cos 6a + cos Ta;
5) sin4f +4cos Bcos 8 sin B.

1.9. IlpencraBpTe B BHAE CYMMBI TPUTOHOMETPHYECKHX (DYHK-
WU BEIpAKEHUE:

. . .12
1) sin’a sin3a; 2) 4cos%cosas1n7a.

1.10. YnpocTute BbIpakxeHHE:

1 1+ cos a + cos 2a + cos 3o

>

2
cosa +2cos o —1

cos(sn - 6a) +sin(z +4a)+sin(37 —a)
2) — 2

>

sin(sg + 6a) + cos(4a - 27T)+ cos (a + 2ﬂ)

3) cos’ a-Z-cos?a+Z ;
4 4

24



ctgz(a +ﬂjcos2(a—ﬂ 1+ cos(4a —2m) + cos 4o -"
2 2 2
4) . - ; 8) )
ctgz(a—zJ—cosz(a +2j 1+cos(4a+3ﬂ)+cos(4a+§j

sin 2a + sin 5a — sin 3«
5 — . 2.3. JIoKaXuTe TOXKIECTBO:
cosa +1—2sin" 2a

1) (sina )_1 +(tga )_1 = ctg%;

11 ypogeno
2.1. Beruucnure: 1-t
1 3¢ 2) Ctg(a +£j:_ga;
1) cos2a, sin2a, ecnu sino = T 7<a < 2rm; 4) l+tga
a a 1
. 3 3) 2tg—(tga +ctgoc)~(1—tg2 —jz ;
2) tg2a, ecin tg(45 +a)——5, 2 cos* &
3) sina, cosa, ecnu ctggzé' 4) tg*a(8cos’ 4a)—1)=8sin" a;
, , ST ) ga( cos” (m —a)—cos(m +4a)— )— sin® a;

: o : 0 i 0 i o_ 2 nno
5) ctgz(%—ﬁj, ccmt sin2 :_l; 5) sin50° + 8sin10°sin 50°sin 70° = 2 cos~ 20°.
5 2.4. Beruucnure:

3) sin 2, ecm sina —cos@ = p. 0s 70°c0s10° + cos 80°cos 20°
2.2. YrpocTuTe Bblpa)keHHUE: 05 69°¢0s9° + cos81°cos21°
T
1) 4cos2(3—ﬂ—a)+2sin2a; 2cos® = -1
4 2) 8
. 2T T
2) 4sin’3a cos 3a —4cos’ 3o sin 3a; 2—16s1n2300s25
tg2a COS_1 2B + tg2/3 COS_1 20 cos 67°cos 7° — cos 83°cos 23°
3) = ; 3) ~ tgl 64°;
cos” 2a+cos” 2f c0s128°¢cos 68° — cos38°cos 22°
cos'a+cos! B . sin 24°cos 6° —sin 6°sin 66°
tgarcos” B +tgBcos ' a’ sin21°¢0s39° —sin39°cos 21°’

) 1 2cos2a ; 5) 64c0s5°cos55°cos 65°.
tg’a  1+sin(2a+1,57) 2.5. Haiinure HanGosbIee 1 HaMMEHbILEE 3HAYEHUST BHIPAKEHHUSL:
(1+tg2a)2+2tg22a_Sin4a_1. 1) cos? B —2cos2p; 2) sin® B +cos® B;
1+tg*2a ’ 3) 2sin B —5cos f; 4) 2sin® B +2cos B.
7) 1-cosda N I+cosda .
cos22a -1 sin22a-1 2.6. Jloxaxwure, uto o —f3 =30, ecnm tga =3, tgf=-0,5,
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111 ypogenw

T T
O<a< 2 5 <p<0. 3.1. Boruuciure:

. 1) 6(s1n o +cos a) eclu cos 20 = —;
2.7. IIpeoOpa3yiiTe B MpOM3BEACHIE BEIPAKEHHE: 3
1) \/E+2sin2/3; 2) sina+sin/3—sin(a+/3); 2) (cosga—singa)~53, eciu cos 2a = 0,8;
3) tgr+tg2x —tg3x. 3) sin105° —sin82,5°cos® 22,5° — cos 82, 5°sin"> 22, 5°;
4) c0s20°+ cos40° + cos60° +... + cos180°;
2.8. Brruucnure: 51
. 41° - ° 1-tg——
1) cos47°+sin77°—+/3 cos17°; 2) w. 5 — 12
1-2sin” 35,5° Sn
1+tg—
12
2.9. JIokaxxuTe TOXIECTBO:
1 cosl5fB +cos7fB +cosfB otgB: 3.2. YnpocTuTte BeIpaKeHue:
. 7 _ . + . 15 b
sin7f =sin Slnllﬁ 1) \/%—%1%+%cosa, rae 2n < a <4r;
2) cos(3/3—£)+sin(—ﬂ—5/3)=2cos Bcos(4n—£); ]
9 18 9 4sin(o + B)
2) —tga;
31— 1 __ 2cos(a + B)+2cos(a— )
. 3r 2cos’a’ 2 2
1—sin 1(2a+) cos’(B—a)+cos’(a+B) 1  ,
2 3 ——ctg-actg” f;
) 4sin” o sin’ B 2 g ep

. . 2 2 . a _B
4) (sma—smﬁ) +(COSO‘—COS /3) = 4sin’ 5 ; 4) 3(sin4a +cos4a)—2(sin6a +cos6a}
5) cte’a —ctg’ B = 00.82206 —?0252 B 5) sin{%r—aj +sin* (37 +a)—2{sin6[%+aj +sin®(57 —a)}.
sin” asin” 8

3.3. JlokaxxuTe TOX/IECTBO:
2.10. Ynpocrture BeIpakeHUE: o

1) sin*a +3cos? o —sin* orcos*a —3cos* o + cosCa = 1;

1+ ctg2octga cos’a — ctgza +1
1) ——————=—; 2 ; 3
) tga +ctga ) sin® o + tg?a —1 9 4(tga ' a) = tgda;
a a 1-6tg’a + tg'a ’
th_Cth. sin4a +sin 50 + sin 6a

1. ) . . 1
3) ————= 4) ; 3) —sin50° +sin10°sin 50°sin 70° = —cos> 20°.
ta & 0! cos4da +cosSa + cos b6a 8 4
g; +ctg5

i in~ in" 34.B :
5) s1n2a(1+s1n 'a +ctga)~(1—s1n 'a +ctga). . I’;H’ICHHTG
1) 6tg—2 tg—2 , €cli sina@ +sin f§ = 2sin(a + /3), a+pB#m, nel
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T 2w kY4 127 137 14r
2) COS—CO0S— COS—...COS—— COS—— COS——;
15 15 15 15 15 15

3) sin*a +sin” B +sin’ y —2cosa cos fcosy, ecnu o + B +y =7

3.5. JlokaxxuTe TOXKIECTBO:

1) 2c0s2[ 2+ % | =1-sina 2) 2sin?| Z+ % | =1+5ina.
4 2 4 2

3.6. Haiinure Hanbospliee 1 HAaMMEHbIIee 3HAUYSHHUS BEIPKEHNUS:
4+4coso+4cos 2o

1) sin*a +cos*a; -
sin(0,57 + )

sin(2,57 +28)
2\/Ecos(1,5ﬂ + /3)— 2

3.7. Onpenenute, panyoHaIbHBIM WIHM HPpPALMOHAIBHBIM YHC-

JIOM SIBJISIETCS ctg24,5a, €CJIM U3BECTHO, UYTO

cos3a =o,25(\/21—1zﬁ —2\6).

3.8. [IpeoOpasyiiTe B MpOU3BEICHUE BHIPAKECHIE

sin2o —2 sinz?ﬂsin Sa + sin 8a.

3.9. Brruuciure:

+8sin10°; 4 4

1 2 - .
) $in 50° ) c0s670° /3 cos220°

3.10. /lokaxuTe TOXKIECTBO
. na . n+l
sin—sin——o
sino +sin2a +sin 3o +...+ sinno = 2
. a
sin—
2

3.11. Ynpocrture BeIpakeHUE:

1) sin?| Z+a |-sin2 Z - 1 |-sin = cos| = +2a |
4 6 12 12

29

cos 7a — cos 8o —cos 9a + cos 10ar

2 ;
) sin 7o — sin 8a — sin 9o + sin 10¢

;4 4
sin"a+cos a-—1

3 ;

) sin®a +cos® o —1

4) ctgl0°ctg50°ctg70°;
€0863°c0s3°—cos87°c0s27°

cos132°¢0s72° — cos42°cos18°°

6) sin’ Z +cos’ 3 +sin* il +cos’ 7—”
8 8 8 8

7.3. I'paduxn TPUroHOMeTpUYECKUX (PYHKIIMIA

[Ipu paccMoTpeHHn TpagUKOB TPUTOHOMETPUYECKUX (PYHKIMN
MPEATIONIAraeTcs, YTO YUCA080U APTYMEHT MPEICTaBISIeT YroJl, H3-
MEpEHHBIN B pajruaHax.

CooTBeTcTBHE, IPH KOTOPOM KaXKJIOMY JEHCTBUTEIHHOMY YHCITY
X COTOCTABJISIETCSl CHHYC ATOTO YKCIa, Ha3bIBAIOT hyHKYUell cunyc n
00603HAYAOT ) = Sin X.

CaoticTBa QyHKIMK Y = Sin X TPHUBEACHHI B Ta0I. 7.3.

I'padukom QyHKIUM y =Ssinx SBISAETCI KpUBas, Ha3bIBaeMas
cunycouooii (puc. 7.7).

y A
T y=sinx
//./‘_‘\\ : = W/ -
A I L T 20" 21
2 2 2
Puc. 7.7

CooTBeTCTBHE, IPU KOTOPOM KAXKIOMY ACHCTBUTENHHOMY YUCTY
X COIOCTABISETCS KOCHHYC 3TOTO YHCJA, HA3bIBAIOT (PyHKUUEl KO-
cunyc v 0003HAYAIOT Y = COS X.

CpoiicTBa QYHKIIMK y = COS X TPHUBEICHBI B Ta0II. 7.3.
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I'padukom QyHKIUM y =COs X SBISETCS KpUBas, HazbIBaeMas
Kkocunycoudoii (puc. 7.8).

» y=cos x
’_\ 1 / : |/ >
3, - i 0 T P 3 X
2 2 2 2
T-1
Puc. 7.8

COOTBETCTBHE, PU KOTOPOM KaXKJIOMY JACHCTBUTEILHOMY YUCITY
T
X # E + 7k, keZ, comocraBiasieTcss TAHTEHC DTOTO YKCJIa, Ha3bIBa-

10T (pyHKyueil manzenc 1 0003HAYAIOT y = tgx.
CpoiicTBa PyHKIIMU y = tgx TpUBENEHHI B Ta0d. 7.3.
I'padukom QyHKIMH y =tgx sBIsAETCI KpHBas, Ha3bIBaeMas
manzencouooii (puc. 7.9).
4

y=tgx

3
2

[9%)
N

_r
2

N TTT—

Puc. 7.9

CooTBeTcTBHE, IPU KOTOPOM KaXKIOMY AEHCTBUTEILHOMY YHCTY
x # 7k, k€ Z, cOIOCTaBIIsIeTCS KOTAHTE€HC 3TOr0 YMCJIA, HA3bIBAIOT

dyukyueil komanzenc u 0603HavAIOT y = fitgx.
CpoiicTBa QpyHKIIMU ) = fitgy mpuBeneHs! B Tabmd. 7.3.
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I'paduk Ppyrkumu npusenex Ha puc. 7.10.
)/,h

y=ctgx

A
2 2

Puc. 7.10

. T
Mpumep 1. Haiitu oGnacts onpenenenust QyHKIUN y = tg(2x +€j
Pewenue. JI0IKHO BBIOIHATHCSI HEPABEHCTBO

2x+£¢£+nk, xelZ, T.c.
6 2

2x¢£+£+nk, kel,
2 6

2x¢%+nk, kel,

x¢£+”—k, kel
6 2

k
Takum obpazom, D(y): xe R, x# %+n—, kelZ.

IMpumep 2. Haiitu o6nacts 3HaYeHUN GyHKIUKA Y = sin 2x cos 2x + 2.
Pewenue. Vicnons3ys Gpopmyity IBOWHOTO yriia s CHHYCa, TOIy4YUM:

1
=—sin4x+2.
7 2
Tak kak QyHkIus y =sin4x orpanudeHa, To —1 <sin4x <1, Torma

—lslsin4xsl Hu 1Slsin4x+2sé.
2 2 2 2 2 2

Takum oOpazom, E(y) = [%, %}



Ipumep 3. BrisicHuTs, sBisieTcs 11 QYHKIUSA )(x) Y4ETHOH MIIM HEYETHOM.
y(x)= cosx +lsin2x.
X 2
Pewenue. OyHKIMI0O MOXKHO MCCIIEOBATH HAa YETHOCTh WJIM HEYET-
HOCTb, €CJIM 00J1acTh onpeesieHnst QyHKIMHU SBISIETCSl CHMMETPUYHBIM OT-
HOCHUTEJBHO HYJII MHOKECTBOM M BBINIOJHSETCS OJHO U3 PaBeHCTB. B naH-

HOM cimydae D ( y) = (—oo; 0) ] (0; + 00) — CHMMETPHYHOE OTHOCHUTEIHHO

HYJIsI MHOXKeCTBO. PaccMorpum

cos(—x)
y(=x)=—""
B CHITy 4ETHOCTH KOCHHYCA H HEUETHOCTH CHHYCA, TTONTYHHM:

+%sin2xj: -y (x).

+%sin(—2x).
cosx 1 .

y(-x)=- —Esm2x:—(

X

Takum 00pa3oM, BBIIOIHSAETCS y(—x) =— y(x). CrnienoBaTenbHO, J1aH-

COoSx

Hast QYHKLMS SIBIISIETCS. HEYETHOM.

2
IIpumep 4. CpaBHuTh yncIa 0053'77Z U cos?ﬂ.

Pewenue. Vicnonb3yeM CBOWCTBO MOHOTOHHOCTU (YHKIHH ) = COS X

3r 2w
Ha OMpPECICHHBIX MPOMEXKYTKaX. Y TIIbI 7 " ? MPUHAISKAT OTPE3KY

T 3r 2m
O;E , Ha KOTOPOM (DYHKIIHS ) = COS X YOBIBACT, U MPH ITOM 7 >?.
Ucnonb3ys cBoiicTBO yObIBaromei (hYHKIMH, 0 KOTOPOMY OOJIBIIEMY 3Ha-
YEHHIO apryMEHTa COOTBETCTBYET MEHbIIICE 3HAUCHHE (PYHKIINU, TPUXOIUM
2w

3n
K OTBETY: COST < COS?.

Ipumep 5. HaiiTn HaMMEHBIIWHA MOJOXUTENbHBIA NMEpUOA (PYHKLIUU

y= sin® x —cos* x.

Pewenue. Ilpeodpazyem
y= sin® x —cos* x = (sin2 x —cos? x)-(sin2 x+ cos? x).

Ucnonb3ys ¢Gopmynbl TBOHHOrO apryMeHTa U OCHOBHOE TPUTOHOMET-
pHYECKOEe TOXIECTBO, MONXY4YUM (yHKIMIO ) =—cos2x, rpaQuk KOTOpoi
nojrydaercs u3 rpaduka GyHKuuu y = cos x ¢ nepuogoM 7' =2x. Bocnoss-
3yeMcsl IPaBUIIOM HaxoxIeHus rnepuofa 7' GyHKIHMH, HOJTYYCHHOH ITyTeM
HEKOTOPBIX Mpeo0pa3oBaHUi MEPHOANYECKOH (PYHKIUHU ) = COS X C Mepuo-
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noM T =2m: cos2x =cos(2x+2m) =cos2(x+m).
TakuM 00pa3oM, HAUMEHBLINN MOJOXKHUTEIbHBIA MEpUOA (HYHKIHU

y =—cos2x, a3uaunt u Gpyuxmun y =sin* x—cos* x, pasen 7.

Ipumep 6. Haiitu Hanbonbiiee U HauMeHblIee 3HAUYCHUS (DYHKIUH
y =sinx+cosx.

Pewenue. Vicionb3yem (popMyily npuBeseHus 1 GopMyiTy mpeodpas3o-
BaHMs CYMMbI (DYHKLIHUH B IPOU3BECHHUE:

sin x + COS X = sin x + sin Z—x :ZSinﬁcos x—ﬁ =2 cos x—Z .
2 4 4 4
Tak xak —IScos(x—%jsl, TO —«/Esﬁcos(x—%jsﬁ.

Taxkum 06pa3oM, Vi, = —\/E, 4 Vinax =~2.

Mpumep 7. [octpouts rpaduk GpyHKImU y =2 sin(Zx —%j +3.

Pewenue. JIyis noctpoeHust OyeM HCIIONB30BaTh IMpaBUIIa Mpeodpa3o-
BaHHs Tpaduka djeMeHTapHOW (GYHKIMH ) =sinx: mapaieibHBIH mepe-

HOC B0k oceil Ox u Oy, cxxaTue U pacTshkeHne rpaguka GyHKIHH.
PaccmoTrpum nociie1oBaTebHOCTh MPeo0pa3oBaHuid, TO3BOJISIONINX U3
rpaduka GYHKIUH y = SinXx monyduTh rpaduk QyHKIHU

y= 25in(2x—%j+3.
Jlns Havana npeoOpasyeM JaHHY0 (GYHKIHIO CIIEAYIOUINM 00pa3oM:
y=2sin Z(x—%j +3.

BBINoIHUM OCTPOSHUE MTOITAITHO.
1. Tpadux dyHKIMH y =2sinx MOXKeT OBITh MOJydeH U3 rpaduka

y =sinx myreMm pacTspkenus Baoab ocu Oy B 2 pasa (puc. 7.11).
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2. I'papux pyHkumu y =2sin2x MoxeT ObITh MOJY4eH U3 rpaduxa

GbyHkuumn y = 2sinx myreM ckarus BIoib ocu Ox B 2 pasa (puc. 7.12).

/\/\%/\/\/

AR VIR VO Vo

Puc. 7.12

3. I'padux d)yHKuHHyzZsin(Z(x—%D MOXeT OBITh IOJY4eH H3
rpapuka y=2sin2x myreM napajulelbHOrO IepeHoca Baoab ocu Ox Ha

% enuHHMI BripaBo (puc. 7.13).

4. Tpapuk y= ZSin[Z(x —%D +3 momywaemM w3 rpaduka

y:ZSin(Z(x—%D IyTeM MapajuieNIbHOro nepeHoca Broiab ocu Oy Ha

3 enuHULBI BBEpX (puc. 7.14).

yﬂ
s+
s
——t — : -
27 3 -w T 0 =x T 3r 2«
2 2 2 2
Puc. 7.14
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3aoanusn

I ypoeens
1.1. Haiiaure obnacTh onpeaeneHus ¢ yHKIIUH:
. 2
1) y=sin2x; 2) y=cos—;
X
3) y=sinvx’ - 1; 4) y=cos x—;
x+

1.2. HaliiuTe MHOXKECTBO 3HAUYCHUHN (PYHKIIUU:
1) y=1+sinx; 2) y=2sin x +3;

1
3) y=1-4cos 2x; 4)y:5sinxcosx—1;
5) y =2sin” x —cos 2x.

1.3. Brusichure, sBisieTcs i AaHHAs QYHKIMS YETHOW WM He-
YETHOM’:

1) yzxcosg; 2) y=sinx+ux;
3y =cos(x—%)—x2; 4) y =3—cos(%+x)sin(ﬂ—x);
5) yzlcoszxsin 3—7T—2x +3.

2 2

1.4. HaliiuTe HauMEeHbIIHUH TOIOKUTEIbHBIA TIEpUOT YHKIIUH:

4

1) y =sin2x; 2) y=tg2x; 3) y=sin?x;
2x 3x 1 X 7
4) y =cos —; 5) y=sin—; 6) y =—cos|—+—;
)y s )y 5 )y =7 (4 3)

7) y=3tg(1,5x+2); 8) y= 4tg§.
1.5. Ucnonp3yst cBoiicTBa Bo3pacTaHUs W YObIBaHUS (hyHKIUIA
y=cosx, y=sinx, y=tgx, y=ctgx, CpaBHHUTE YHCJa:

1) sin3 u sin4; 2) sin7 u sin 6;
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. 4 .
3) cosl u cos 3; 4) s1n?ﬂ u s1n3?ﬂ;
5) sinls—ﬂ u sinm; 6) sin I U sin 8 ;
7 7 8 9
7) cos = u cosg—ﬂ; 8) cos _o u cos| — = ;
7 9 7 8
9) cos4 u cosS; 10) cos(—%r) u cos(—%r);
11) cosg—ﬂ u cosm; 12) cos ™ u sinl;
7 7 5 5
. 3 3r . T T
13) sin— u cos —; 14) sin— u cos —;
5 5 7 7
T . 5S¢ T . 3
15) cos— u sin—; 16) cos— u sin—;
6 14 8 10
Or .  om \
17) tg7 € tg?, 18) tg4 € tg3,8,
3n T r kY1
19) ctg— ¢ ctg—; 20) tg| —— | ¢ tg| — |;
) ctg s 875 ) g( SJ g( 9J
21) ctg2 & ctg3; 22) ctg(—%j ¢ ctg(—%j.

1.6. Iocrpoiite rpaduk ¢ yHKIINH, KCIIONB3YS MpaBUiIa peodpa-
30BaHMs TPaHKOB:

. 1 .
1) y=1+2sinx; 2) y = cos x—1 3) y=2s1n(x+%j;
4) y =sin 3x —1; 5) y=—3cos§; 6) y=ctgx—3;

7) y=2cos(x+%j; 8) y:2+tg%.

11 ypogeno
2.1. Haiigure obnacte onpenencHus GyHKIUH:
1 x
D y= ; 2) y=tg—;
coS X 3

39

3) y=ctgdx; 4) y= ;
sin x —sin 3x

2.2. Haiigute MHOXECTBO 3HAYCHUN () YHKIIUH:

1 : .
1) YZW; 2) y=10-9sin?3x;
3) y =1-2/cos x; 4) y =sinx+ sin[x+%j;

5) y =cos3xsinx —sin3xcos x + 4.

2.3. BrersicHuTe, SBISETCS JW JaHHAs (YHKIUS YETHOH WM He-
YETHOM’:

1)y:szr1+cosx; 2)y:x2+sin2x.
2 COS X
3) y:(l—xz)cos X; 4) y=(1+sinx)sinx;
. 2x—x"
5) y:tgxs1n2x; 6) y:M;
ctgx

7) y =sinxtg x.
2.4, HaiiuTe HAaMEHBIIUIA MTOJIOKUTENbHBIN Teproa QyHKIUH:
2
. .X X
1) y=sin’x; 2)y=(s1n5+cos5j ;

3) y = sin x +cos x; 4) y:3ctg(7x+%j.

2.5. TToctpoiite rpaduk G yHKINK, UCIONB3YS MMpaBuiia mpeodpa-
30BaHMS:

1) y =2+cos x+£; 2) y=4+sin x—l;
6 4
T . (x =
) y=2—-tg| x——|; 4) y=2sin| —+— |—-2;
)y g( J )y (2 3j
1 Via v
5 =—cos| 2x—— |+ 2; 6) y=—ctg| 3x+—|.
)y 5 ( 6) )y g( 3j
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111 ypogens
3.1. Haiinure obnacte onpeneneHus ¢yHKIUH:

1 X
1 = ) y=—"--—"T—;
)y cos” x + cos x )y 2sinx—2

1 x+1
)y cos’ x—sin’ x )y sin4xcos 4x

5) y =+/cos mx —+/sin 7x.

3.2. Haiinure MHOXKECTBO 3HAYCHUH (YHKIIMH:

1) y =1-8sin’xcos? x; 2) y=2cos’x+5;
3) y =1-2]sin3x]; 4) y:sin(x+gsin(x_%}
5) y=sin®x —2cos” x; 6) y=2+ COS(XJF%)'

3.3. BrrsicHuTe, sIBISAETCS JM JaHHAs (YHKIUS YETHOH WU He-
YETHOM’:

1) y=x|sinx|sin2x; 2) y =387,
[e: 2

3) y = cosx+|sinxf; 4y yo YSIUX

1+cos 2x

3.4. Haiinure HanMeHbLINIA TTONTOXXUATENbHBIN epro QyHKIHH:

1.
1) y:§|s1nx|; 2) y= 300s(x+%);

.2 X X T
3 =8sin’=-cos’=—1; 4) y=3cos,|x+—.
)y 5 5 )y ,/ 3

3.5. Haiinure HanGosnbliee 1 HaUMEHbIIee 3HAYSHUS (DYHKITUH:

1. . .
1) y:Esm 2x+cos” 2x; 2) y =sin’x —sin xcos x.

3.6. IToctpoiite rpaduk ¢ yHKIWH, UCIIONB3YS MPaBwia mpeodpa-
30BaHMs TPAPUKOB (yHKIUH:
[+
X

1) y=tg|; 2) y=""ctex;

41

3) y= 0% 4) y =+/1—sin?2x.

TNE
|s1n x|

3.7. Onpenenure Bux rpaduka pyHkuuu y = f(x) u mocTpoire
€ro, UCIOJIb3 Y4 MpaBUila Ipeodpa3oBaHus:

1) y=4sin’ (x+%j—sin3x;
2) y :x/z(coszx—cos2 (x+%D;

3) y:sinx+sin(x+%j;

T T
4) y=tg| x+— |+tg| x——|;
)y g( J g( J

5) y=2tg 2x—tg(x+%j;

2ctgx
6) y:—gza
l+ctgx

7) y =ctgx —2ctg2x.

3.8. Haiinure aGcumcchl o0MIMX ToUeK TpaduKkoB (YHKIHIHA

y= 1+sin’2x u y =sin3x.

7.4. O6paTHble TPUTOHOMETPUYECKHEe PYHKIIUMN

. T T
OyHkiusas y=sinx Ha OTpe3Ke [—E; E} UMEET O00paTHYIo

(GyHKIUIO, KOTOpask HA3BIBAETC APKCUHYCOM.
ApKcunycom 9ucna x, rae x € [— L 11 Ha3bIBAETCS TAKOE YMCIIO

y, V€ [—%; %}, CHUHYC KOTOPOr'0 PaBEeH YHCIY X.

0O603HavaroT: y = arcsin x.
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Taxum oOpa3zoM, arcsin x — 3TO Yrox y, U3MEPEHHBIH B paaua- HaxX, TaKOM, 4TO COS Y = X.

Hax, Takoii, 4To sin y = X. CaoiicTBa apKKcOCHHYCA
CaoiicTBa apKcUHycCa D(arccosx) = [—1; 1];
D(aresinx) =[-1; 1]; E (arccosx)=[0; 7 ];
E(arcsin x) = [—%; %} cos(arccos x) = x, e x €[-1; 1];

. . arccos (cos x) = x, e x € [0; 7];
sin(arcsinx)=x, rxe xe[-1; 1]; arccos(—x) = 7T — arccos x.

. T T
arcsm(sm x) =X, TIEe X € [—E; E} I'paduk QyHkumu y =arccosx mpuBeneH Ha puc. 7.16.
. . A
arcsin (—x) =—arcsin x. Y
. T
I'paduk pyHkimu y =arcsinx mpuBeneH Ha puc. 7.15.
|
Ya |
| __ |
. |
= y = arcsin x |
2 I b
| | r
| | 2
| |
| |
| |
1 N |
> |
: 0 1 | ¥ = arccos x
|
| ; >
| -1 0 1 X
|
Puc. 7.16
| =
2 T T
OyHKIMA y =tgx Ha MPOMEXYTKE (——; —j uMeeT 00paTHYIo
Puc. 7.15 22
(GYHKIUIO, KOTOpasi Ha3bIBACTCS APKMAHZEHCOM.
@yHKIMA Y = COS X Ha OTpE3KE [0; 7T] uMeer oOpaTHyro (QyHK- Apkmanzencom uucina x, x € R, Ha3plBaeTcd Takoe UYUCIO ),
IHIO, KOTOPAsi Ha3bIBACTCS APKKOCUHYCOM. T T
Yy €| ——; — |, TAaHT€HC KOTOPOTO PaBEeH YHCIY X.
ApKKOCuHycom 4uCna X, TIe X € [— I 11 Ha3bIBAETCSI TAKOE Y C- 272
I0y, y € [0; nl KOCHHYC KOTOPOT'O PaBEH YUCIY X. O003HavawT: y = arctgx.
O0603HayYaKOT: y = arccos X. Takum oOpa3om, arctgx — 9TO Yroil ), U3MEpeHHbIH B pagnaHax,
Takum oOpas3om, arccosx — 3TO Yroi y, I3MEPEHHBIH B pajua- TaKOMH, 4To tgy = Xx.
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CpoiicTBa apKTaHreHca
D(arctgx)=R;
tg(arctgr)=x, rae x eR;

2
I'paduk Gyrkumu y =arctgxy npusexeH Ha puc. 7.17.

arctg(tgr)=x, rae xe(—%; lj.

y = arctg x

Puc. 7.17

OyHKIMA Y =ctgx Ha MPOMEXYTKE (0; ﬂ) uMeeT oOpaTHYIo

(YHKIUIO, KOTOpasi Ha3bIBACTCS APKKOMAHZEHCOM.

Apkxomanzencom 4ducia x, x€R, Ha3zpiBaeTcs dYHCIO Y,

ye(0; 7'[), KOTaHT'€HC KOTOPOTO PaBeH YUCITY X.

O6o3Havaercs: y = arcctgx.
Takum oOpa3om, arcctgx — 3TO Yroll ¥, U3MEpEHHBIH B pajua-

Hax, TaKoM, 4To ctgy = X.

CBoiicTBa apKKOTaHIeHCca
D(arcctgx) = R;

E (arcetgx)=(0; 7);
ctg(arcetgy) =x, rae xeR;
arcetg(ctgy) =x, rae x (0; 7);

arcetg (—x) = 7 —arcetg.

45

I'paduk Gpynkmum y = arcctgy mpuBeneH Ha puc. 7.18.

r
2
y = arcctg x
0

Puc. 7.18

X

Jisi oOpaTHBIX TPUTOHOMETPHYECKHX (DYHKIUH BBITOJHAIOTCS

CICAYIONIUE paBECHCTBA!

. T
arcs1nx+arccosx=5, xe[—l; 1]; (7.16)
T
arctgx + arcctgx = > xeR. (7.17)
IIpumep 1. IIpoBeputs, cripaBeIMBhI I PABEHCTBA:
3 5
1) arcsinlzﬁ; 2) arccos —£ :_n;
2 6 2 6
T 1 =z
3) arct —\/5 =——; 4) arcctg—=—.
) g( ) 3 ) arcctg 53
1
Pewenue. 1) arcsinlzz, TaK Kak sinE:— u Ee —E;ﬁ . Pa-
2 6 6 2 6 22
BEHCTBO BEPHO.
2) arccos —ﬁ :S—n, TaK Kak coss—ﬂ:—ﬁ Hu S—ﬂe[O;n]. Pa-
2 6 6 2 6

BCHCTBO BEPHO.

22

3) arctg(—x/g):—%, TaK Kak tg(—%}z—ﬁ u —%e(—ﬁ;ﬁj.

PaBenctBo BepHO.
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T T 1 T
4) arcctg— =—, TakKak ctg—=— u — € (0; 7). PaBeHcTBO BepHO.
N e3=5 "3e(0n) P



IIpumep 2. Beraucnuts

2 arcsin [—g] + arccos(—%j —4arctgl + 3arcctg(—x/§).

Pewenue. BeruucinuMm ciaraeMbie OTACIBHO, YTOOBI MPOKOMMEHTHUPO-
BaTh JICHCTBUS.

. [ ﬁ] 3
arcsin —7 :—arcsmT,

(GyHKIMS HEYEeTHAs U

B o x 3 oz Tom
arcsin— =—, TaK KaK Sin—=— 0 — €| —; — |.
2 3 2 3

, [ \E] n
[Tosromy arcsin —7 :—E.

1 1 . 1 =
arccos -3 =7 —arccosE (Mo CBOWCTBY) U arccosE =—,

TaK KaK cosﬁzl " EE[O; ).
2 3
( lj T 2n
ITosromy arccos| —— |=n1 ——=—.
2 3 3
T T T T
arctgl =—, Tak Kkak tg—=1u —e| ——; —|.
4 4 4 22

arcctg(—\/g ) =7 - arcctg\E (1o cBolicTBY) M arcctg\f = %,
TakK Kak ctg% :\/5 Hu %e (0; n).

[TosTomy arcctg (—\/5) =7 —g =—.

Takum o6pazom,

2 arcsin [—g] +arccos (—%j —4arctgl + 3arcctg(—\/§) =

:2.(_£j+2_n_4,%+3.5”:_2_” 2m St 3m

= = g+ =
3 3 6 3 3 2 2

3r
[Tonyuaem oTBET: —.
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IIpumep 3. Pemuts ypaBHeHUE arccos(2x + 3) = %

Pewenue. TTockonbKy cos(arccosx)=x, 10

cos(arccos(2x+3)) = cos%, T.e. 2x+3=

ol

Haxonum:
2x :£—3, 2x = ‘/5_6,
2 2

J3-6
—

OTKYyJa NPpUXOJUM K OTBETY X =

IMpumep 4. Haiitu oGnacts 3HaueHuit pyHkuuun y =4 —arccos 3x.

Pewenue. Ilockonpky 0 <arccos3x <, TO
— <—arccos3x <0 u 4—m <4—arccos3x<4;
E(4—arccos3x)=[4—m; 4].

Tonyuaem otet: [4—7; 4].

Mpumep 5. Boraucnuts sin (arcctg(—3)).

Pewenue. Vcnonb3ys cBOHCTBO QyHKIMU arcctgy aJis OTpHLATEIbHO-
ro aprymeHTa u GopMyIly IpUBEISHHS I Sin X, TOJIydaeM:

sin (arcetg (-3)) = sin (7 —arcctg3) = sin (arcctg3).

Jlns nmanbHEeHIIMX BBIYMCICHUM HEOOXOJMMO BBIPA3UTh (PYHKITUIO

sinx uepe3 ctgx, 4TOOBI BOCIIOJIL30BATHCS 3aTeM (HOPM yIIOH
ctg(arcctgx) =x, xe€R.

U3 popmyiisr 1+ctg2x =——— BEIpaXacM
sin” x

. 1
sinx = ——, ecm x€(0; 7).

\/1+ctg2x

I[J'ISI HalICTOo cliydasd UMECM:

sin (arcctg3) = ! S S

1+ctg’ (arcctg3) VI+9 V10

1
[Tonyuaem oTBEeT: —

T
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(1
Mpumep 6. [octpouts rpaduk pyHkmu y = 2arcsin (Ex + lj —%.

Pewenue. J1na noctpoeHusi OyeM HCIIONB30BaTh MPaBUIa MPeodpa3o-
BaHus rpaduka QyHKmMu y = arcsin x (puc. 7.15).

PaccMoTpuM mociie1oBaTebHOCTh MPeo0pa3oBaHUi, TO3BOMISIONINX U3
rpapuka QyHKIMH Yy =arcsinx MOAy4uTh TpauK 3aJaHHON (YHKIIHH.
[Ipeobpasyem naHHYIO QYHKLIHIO CIAEAYIOIIUM 00pa3oM:

N T
y= 2arcsm5(o+2)——.

BBINOIHUM IOCTPOSHHE TTO3TAIHO.

1. I'papux pyHKuMM y =2arcsinx MOXeT OBbITh HOJy4eH U3 rpapuka
y=arcsinx (puc. 7.15) mytem pacTsbkeHus Baoib ocu Oy B 2 pasa

(puc. 7.19).
ylk
T

-7

Puc. 7.19

1
2. 'paduk QpyHKIMU Y = 2arcsm5x MOXeT OBITh MOJIy4eH U3 rpadu-

Ka QyHKIMH y =2arcsinx IyTeM pacTsbKeHHs BIOAb ocd Ox B 2 pasa
(puc. 7.20).
yA

Puc. 7.20
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(1
3. I'paduk GyHkumuu y = 2arcsin (E(x+ 2)) MOXeT OBITh IOJIy4eH U3

.1
rpaduka QyHKUIMH y = 2arcsm5x IyTeM NapauIe]bHOro NepeHoca BIoJb

ocu Ox Ha 2 enuHULBI BiieBo (puc. 7.21).

-2 0o x

Puc. 7.21

. (1
4. I'paduk ¢pyHkuu y = 2arcsin (E(x + 2)) —% rojiydaeM u3 rpadu-
. (1
Ka y = 2arcsin 5(x+2) IyTeM MapaJuleNIbHOTO MepeHoca BIojb ocu Oy

Ha % eauHUI] BHU3 (puc. 7.22).

Puc. 7.22
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IIpumep 7. ITocTpouth Ha EANHUYHON OKPY>KHOCTH YroJl ¢, TAKOH, 4TO

. \2 2 5r?
| ) (arcsinx)” + (arccosx)” =——
1) sina :E; 2) a :arcsinE.

b
36 (7.18)
. o
Pewenue. 1) Bocnosb3yemcs onpejaeieHHeM CcUHyca. PaBeHCTBY arcsin x +arccos x = —.
sina = 3 COOTBETCTBYIOT /IBA YIJIa O

T hY/3
=— u oo =— (puc. 7.23).
. p (p )

[Iycts arcsinx =t¢, arccosx = p, TAe p € [0; n]. Torna cuctema (7.18)

512
VA 2+ p2 = _6 s
npuoOpeTaeT BU: 3
1 t+p="
pP==-
_________ L) 2
5 b b
. tl =, t2 =
> . 6 3
-1 0 1 PemmM mocneiHIOn CUCTEMY U TIOTYYHM IR

b b
b= Pr=—
173 27 %

-1 . T . T

arcsin x = 5’ arcsin x = ? s
Puc. 7.23 Orcrona Wi
b b
arccos x = — arccosx =—.
T 3 6
2) Tlo ompenencHUIO apKCUHyCa O € —E; 2| Ha nmannoMm mpome-

OO0e >TU cucTeMBl UMEIOT pemieHue. M3 mepBoi CUCTEMBI MOJydaeM
KYTKE CYIIECTBYET TOJIbKO OJIMH YIr'oj, CHHYC KOTOPOrO paBeH

- X =—, aBropas JIaeT x = —.
> T. €. 5 p 5
1 3
a== (puc. 7.24). [Monygaem oTBeT: —; £
6 22
Ya
3aoanusn
I ypoeens

1.1. IIpoBeprTe, CripaBeATUBO JIM PaBEHCTBO:

1) arcsin Q :l; 2) arcsin 1 :_ﬁ;
2 4 2 6
-1

\/g T \/E 3n
Puc. 7.24 3) arccos - :E; 4) arccos | — 1=

— ==
4
. \2 2 5t
Mpumep 8. Pemnts ypasuenue (arcsinx)” + (arccos x)

4 \/g 2r
5) arctgl=—; 6) arcctg| ——— |=—;
36 ) arctg 2 ) g( J 3
Pewenue. ®opmyna (7.16) mo3BoseT NepeiT kK CUCTEME
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1.4. HaiizuTe o0nacTh onpeaeneHus §yHKIuu:

T 3z
7) arctg(—\/§)=—§; 8) afCCtg(—l):T- 1 Jxt -4

Dy=s——"—=; ) y=————-
arcsin (x +3) arccos| X —1
1.2. Brruucnure: 3
[ 3 V2 .
1) 2arcsin | arctg(—1)+ arccos—; 1.5. TTocrpoiite rpaduK GyHKIHK:
. 1
1) y=2arcsin(x—1); 2) y=—arccos(x+2) —E;
1 1 3 4
2) 3arcs1n5 + 4arccos _ﬁ + arcctg(—\/g);
; 3) y= —arctg(2x—1)+%; 4) y =5arcctg(§+6j—%.
3) arctg(—\/g) + arccos(—Tsj + arcsinl;
1.6. ITocTpoiiTe Ha eAMHUYHON OKPYXHOCTH yroJl o, TaKoH, 4To:
2
4) 4arccos —£ + 6arccos —ﬁ ; 1) sina :ﬁ; 2)a= arccosl;
2 2 2 2
3) tg3a =1; 4) o =arctg(—1);

. 3
5) arcsin (—1)+arccos ~——; ) 1
2 5) a =arcctg(-1); 6) a = arcsin =y

6) arctgl —arctg(—1);

! 1
7) tg| 2arctgl + 2arctg| ——— | |; YPOGeHb
) g( ¢ g( \BD 2.1. Beruucnure:

8) tg(4arctg(—1) + 3arctg\/§). 1) cos{arcsin (— ?D, 2) sin(2 arcsin %),
1.3. Pemnre ypaBHEHHE: 3) ctg{arctgi); 4) tg(arctgﬁ );
. T T V3
1) arcsin 2x = ——; 2) arctg(x—1)==;
4 6 3r . \/E
5) arctg| ctg— |; 6) sin| arccos — |;
x 3 2 4
3) arccos — = —; 4) arctg(x+1)=—; 2
4 4 3 NE)
1 3
5) arcetg(2x—1) = %; 6) arcsin (% + 1) = 2%; 7) cos(arccosaj; 8) tg(2arccos TJ’
7) arccos x” = %; 8) arctgv/x + :4%; 9) arccos (sin %TJ: 10) arcctg(—tg%j;
3 . T
9) arcctg (x2 + 2x) =—; 10) arctge® =—. 11) sin arccosl + arcsinl .
4 4 4 2
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2.2. CpaBHuTe ymnCIna:

3) y=|-arctg(2x—3) T ; 4) y= —arcctg|x - 1| + 7.
(1), 3 1, 6
1) arcsin = € arccosT; 2) arccos =3 € arctg(—l);
3) arctg J3 & arcsin T 4) arccos (_ ﬁ J U arcsin l; 2.6. IlocTpoiire Ha eMMHUYHON Opr)KHOCT;I Yroi ¢, Takou, 4To:
2 2 1) tga =1; 2) a= arccos(—1)+g;
. 1 .
5) arcsin| —— | u arcsin —ﬁ ; 6) arctg(—1) ¢ arctg(—\/g); .3 1 . 1
2 2 3) a =2arcsin—; 4) a =arcetg| ——— |; 5) sina =|—|.
2 3 2
7) arcsin(—1) ¢ arctg(-1); 8) arccos(—ﬁj e arcctgi.
2 NE) 111 ypogens
3.1. Beruucnure:
2.3. Pemure ypaBHEHHE: 1 1 1
2 It -—11; 2) t tg— —arctg— |;
1) (arccos x)* + 2arccos x—3 = 0; ) tg| arccos el ) tg| arc gy Tarcte, |
2) (arcsin x) — 5arcsin x — 6 = 0; P
. . 3) tg{2arccos(——D; 4) arctg?2 + arctg3;
3) arcsin \/; +arccos Vx = 3; 3
4) sin(arcsin x + arccos x) =1 5) arcsin(COS%j; 6) 14arccos(Sin%j;
5) cos (arccos Vx—1+arcsin vx—1 ) =0.
2 .1
2.4. Haiimute o0nacte onpenenacHus QyHKIUH: 7 tg(arccosTJ * ctg(2arcs1n Ej’

n
(502 +115x+ 66 - y_\/arccos(3x+1)—3. 8) 3cos(2arctgl )+ 3cos(2arcctg(-1));
‘\*/arcsin(2x+3)—z §72x% +17x+1 9) 2cos(2arccos?}+2cos{arccos(—%j+%j.

p— 2 p—
3) y=arccos4/logzu; 4) y= lgGx ~1lx+15) ; .
2—x T . 3.2. Penmte ypaBHeHus:

\/ —arcsin(x —3)
3 )garccos( —2x* +3x-5, 5 =2tg —m—ﬂj,
S) =B +6x4l — L 4 4

lg(x+3) arcsin(x+1
g+ d) (x+1) 2) —arcs1n(45 2x+15x% —6x° )=% ct (—467”}

1) y=

2.5. TToctpoiite rpaduK QyHKIHH:
3) arcsin(3x—2) =arcsin(—x +2);

1) y=arccos|x|—1; 2) y= —arcsin3x+£,

4) 2arcsin® x + 7% = 37 arcsin x;
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5) 4arctg’x —3marctgx — > =0;

-1
6) 4arctg 3x =7,
x+3

7) arctg’x —18arctgx - arcctgx + arcctg”x = 47 °;
8) log s, arccos(l—x)=1;

9) log, arccos(2x +1) =1.

3.3. Pemmure HepaBeHCTBO:

1) arcsin(x —1) < —%; 2) arcsin(3x —2) > arcsin(5x —3);
3) arcctg(x—2) < 5?”; 4) 4arcsin® x— 7w arcsinx — 27° <0;

T X 7
5) ——<arctg— < —.
) Ty sales <

3.4. UzBectHo, uTo uncna 9, x —4, sin(arcsinx) SBISIOTCS Tpe-

Ms TOCIEeIOBAaTEIbHBIMA YJICHAMH TE€OMETPUYECKOU MPOrPECCUM.
Haiigure x.

3.5. IToctpoiite rpaduK QyHKIHH:

1) y=arccosx+arcsinx, xe[-1; 1];  2) y=arcsin(log, 4x);
in2 1
3) y=3arctg (sm—xj’ 4) y =-arcertg, |———1.
1+cos2x sin” x

3.6. IlocTpoiite Ha €MUHIYHONW OKPYKHOCTH YTOJI O, TAKOH, YTO:

1
arctg—

NE

; 4) o= arcctg(—\/g) +%;

>

1) |cosa|=%; 2) a=

3) a =arcsin

3
cos—
2

5) a = arctgx + arcctgyx.

57

7.5. TpuronoMeTpruueckue ypaBHeHUsI

[IpuBenemM OCHOBHBIE THITBl YPaBHEHUI.
1. IlpocTeiinime TPUroHOMeTPUYECKHE YPABHEHU I
YpaBHenue
sin x = a. (7.19)
Ecnu |a| >1, To ypaBHeHue (7.19) pemieHnii He UMeeT, TaK Kak
|sin x| <I.
Ecnu |a| <1, To ypaBHEHHE HUMEET pEIlECHHE, KOTOPOE HAXOMIST
o ¢opmyie
k o
X = (— 1) arcsma+an, neZ. (7.20)
Yacmuwle ciyuau ypasuernus (7.19):
. T
ypaBHEHUE sin x = —1, pelieHue x = _E +2nn, neZ,
ypaBHEeHUE sin x = 0, pelienue x =nn, n e Z;

. T
ypaBHeHUe sin x =1, pemenue x =—+2nn, neZ.
2 b

YpaBHenue

cos X =a. (7.21)
Ecmm |a| >1, To ypaBHEHUE PEIICHUI HE NMEET, TaK KaKk |cos x| <l1.
Ecnu |a| <1, To ypaBHenue (7.21) uMeer pemieHne, KOTOPOE Ha-

XomAT 1o popmyne
x = tarccos a+2nn, neZ. (7.22)

Yacmuwle ciyuau ypasuenus (7.21):
ypaBHEHUE cos x = —1, peuienue x =7 +2nn, neZ;

T
ypaBHeHUE cos x = (), peleHue x = E +7n, nel,

ypaBHEHUE cos x =1, pemienue x =2mn, neZ.

YpaBuenue
tgex=a, aeR. (7.23)
Pemenue ypasuenus (7.23) HaxonaT 1o gopmyse
x=arctga+nn, nel. (7.24)
YpaBuenue
ctgx=a, aeR. (7.25)
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Pemenue ypaBuenus (7.25) Haxonat o gopmyie

T
x =arcctgx + 7n, nel. (7.26) IIpumep 3. Pemuts ypaBHeHUE ctg(4x—§j +1=0.

Pewenue. Haiinem pemenue mo gpopmye (7.26):
. 1
TMpumep 1. Pemts ypaBHeHue sin (% —%j +5 =0. 4x —% =arcetg(—1)+7n, neZ,
Pewenue. 3anuinem ypaBHEHUE B BUJIE
P ne 4x—%:n—arcctg1+7zn, ner,

. (x nj 1
sin| ——— |=——
2 3 2 T T

u Bocronbs3yemcst hopmynoii (7.20): 4x 3 -7 _Z+ wn, neZ,

. 1
E_E:(—l)karcsm(——j+ﬂn, nel. 4x—£:3—”+nn nel
2 3 2 3 2 > >
Hcnonb3yeM HEYeTHOCTb (DYHKIMH arcsin x : 3t 1w

- 1 4x=—+—+71n, nel,
___:(—l)k(—arcsin5j+7zn, nelr, 43

2 3

‘ x . 4x:13—ﬂ+7zn, nel.
———:(—1)k+1—+7zn, nel. 12

2 3 6 I . _13n mn 7
W3 nocnenHero paBeHCTBAa HAXOIUM: OJIyHacM OTBeT: X = 28 +T’ nes

al :(—1)k+1£+£+nk, kelZ,
6 3

2

YTO MPUBOJIHT K OTBETY
el T 27 IMpumep 4. Pemutp ypaBHenue sin xtgy +1—sinx —tgx =0.
x:(—l) §+T+2ﬂ'}’l, nel.

2. ypaBHeHl/Iﬂ, pemaeMblie Pa3/ioKeHUEM HA MHOKHUTE/IH

Pewenue. O/13: x ¢%+7Zn, nel.

IIpeobpa3yeM ypaBHEHHE CICAYIOIIUM 00Pa3oM:

T
Ipumep 2. Pemuts ypaBHEHHE cos(3x _Zj =0. sin xtgx — tgx —sinx +1=0,

Pewenue. Bocnonb3yeMcsi YaCTHBIM CIIydaeM pELIEHHS ypaBHEHUS OTKyna
tuna (7.21): tgx(sinx—l)—(sinx—l) =0

Tz
3x——=—+7n, nel, uim
4 2

(sinx—l)-(tgx—l):o.

3x= % + % +7n, nel, Pemaem COBOKYITHOCTB:

[sinx =1,
3x=37n+rcn, nelZ, | tex=1.
MPUXOJIUM K OTBETY _x:£+27zn, nez,
x:£+ﬂ, nel. 72Z
4 3 x:z+7zn, nel.
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T
OnHaKo peleHue E +2nn, neZ ue ynosnerBopser O3 ucxoIHOro
ypaBHeHus. [loaToMy mojrydyaeM OTBeT:

T
x:z+7zn, nel.

IIpumep 5. Pemuts ypaBHeHue sin 2x —sin x = 0.
Pewenue. Vcrionb3ys ¢popmyny sin2x = 2sinxcosx, 3alHIlIeM ypaB-

HEHHE B BUJIC
2sinxcosx—sinx =0,
OTKyJa
sinx(2cosx—1)=0.
Pemraem coBOKymHOCTB:
. x=nn, nel
sinx =0, ’ ’
T
2cosx—1=0; x=x—+2nn, nel.
3
[Tomyyaem orBeT:

T
x=nn,neZ x:i§+2nn,neZ.

IMpumep 6. Pemuts ypaBHeHue cos3x +sinSx = 0.
Pewenue. Victionpzyem (opMyIly IpUBEICHUS U 3alIMIIEM YpaBHEHHE
B BHJIE

cos3x+ cos(% - ij =0.
[Ipeobpasyem no popmyse CyMMbl KOCHHYCOB:
2COS(£ —xj-cos(4x L - 0,
4 4
OTKY/Ia TIOJTy4aeM COBOKYIHOCTb:

T
COS(—*XJ=O, xf£=£+7rn, nelr,
4 4 2

cos 4x7Z =0 4x7£=£+7rn, nel.
4 4 2

[Ipuxomum K OTBETY:
3r 7wn

x:3—ﬂ+7zn, nel, x=—+—,, nel.
16 4
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3. YpaBHeHus, pemiaeMble ¢ NOMOLbI0 Gopmya
npeodpa3oBaHus MPOU3BeIeHUS] TPUTOHOMETPHYEeCKUX

(pyHkuuii B cymmy
IIpumep 7. Pemuts ypaBHeHUe

4sinxsin(x+%jsin(x+27ﬂj+cos3x =1.

. T . 2r
Pewenue. TlpeoOpazyeMm mHpoH3BEACHUE Sin x+§ -sin x+T B

CYMMY, TIONY4HM:
2sin x(cos% —cos(2x+7 )j +cos3x=1;
sinx +2sinxcos2x+cos3x =1.
I[IpeoGpasyeM B CyMMY HPOU3BECHHE Sin X - cOS 2 :

sinx +sin3x—sinx+cos3x =1,

sin3x+cos3x=1.
Ucnonb3yeM ¢Gopmyiy mpHBEISHUS U IPEACTABUM IOCIEIHEE YpaBHe-

HUE B BHIIC
sin3x+sin(%—3xj =1.
IIpeobpa3syeM MoJyYEHHYIO CYMMY CHHYCOB B IPOH3BE/ICHHUE:
ﬁcos(3x —%) =1.
IMonyuaem ypaBHEHHE
cos (3x —Ej L
4) 2’
KoTopoe perraeM 1o Gopmyse (7.22):
3x—£ = i%+2nn, nel.

[Tomyyaem orBet:
x:i£+£+m, nel.
12 12 3

4. ypaBHeHl/Iﬂ, pemraeMbi€ ¢ MOMOIIBIO 3AMEHbBI HepeMeHHOﬁ

IIpumep 8. Pemuts ypaBHeHue cos® 4x+cosdx—2=0.
Pewenue. JlanHOE ypaBHEHHE SIBJISICTCS KBaApPaTHBIM OTHOCUTEIBHO
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cos4x. 3ameHseM cos4x =y, MOIYYUM ypaBHEHUE y2 +y—-2=0. Ero
kopHu y; =1 u y, =—-2. Takum oOpa3oM, pelIeHue UCXOAHOI'O ypaBHEHUS
CBEJIOCh K PEIIEHUI0 COBOKYITHOCTH IMPOCTEUIINX YPABHEHUIA:
cosdx =1,
Los 4x=-2.
VYpaBHeHHE cos4x =—2 KOpHEH HE UMEET, T. €. |—2| >1.

Pemenuem BTOPOT'O ABJIACTCA:

4x =2nn, nel, x:%, nel.

N
[Tonyuaem oTBeT: X = 7, nel.

Mpumep 9. Peunts ypaBHerue 3cos> 6x +8sin3xcos3x—4 =0.

Pewenue. Vicnonb3zyeM TOXAECTBO cos’ 6x+sin>6x=1 u bopmymy
sin 6x = 2sin3x cos3x. YpaBHEHUE CBOAUTCS K BUIY

3(1-sin® 6x) +4sin 6x 4 =0,

3sin? 6x—4sin6x+1=0.

MBbI MONYYUIH KBaAPATHOE YPaBHEHHE OTHOCUTEIBHO Sin 6x. 3aMeHseM

. 1
sin 6x = y, MOJy4UM ypaBHEHHE 3y2 —-4y+1=0, otkyma y, =1; y, = 5

[IpuxoauM K COBOKYITHOCTH MPOCTEHINX ypaBHEHUMN:

sin6x = 6x:%+27zn, nelr,

15
in6 _L 1
SIOX =75 6x:(—1)k arcsin§+7zk, kel

[Tomyyaem orBeT:

k
x:£+ﬂ, neZ, x:(_l)
12 3

arcsinl+n—k, kel
3 6

IIpumep 10. Haiitu cymMy KOpHEH ypaBHEHUs
3+2sin 2x = tgx +ctgx, ecin x € [0; «].

x#0,
T
. |xE=+m, T
Pewenue. 1 AC: 2 nockomeKky x € [0; 7], xi;,
X #7n,
XET
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prOCTI/IM HUCXOJHOC YpaBHCHHUC!

sinx cosx
i .

3+2sin2x = —;
cosx sinx
) 2
. sin” x +cos” x
3+2sin2x=————;
sin xcos x
. 1
3+2sin2x=—;
—sin 2x
2

ésin 2x+sin?2x =1;

2sin? 2x+3sin2x -2 = 0.
[Monyunnu xBagpaTHOE ypaBHEHHE OTHOCUTENbHO sin2x. Chena 3a-

MeHy sin2x =t, roe —1<¢ <1, umeeM ypaBHeHUE 2¢? +3t-2=0, otkyna
1

H==2wm t, =—.
2

BepuyBinch k mpexxHeil HEM3BECTHOM, MOJIyYUM COBOKYITHOCTh YypaB-
HCHHUH:
sinx =-2,

. 1
sin2x =—.
2
ITepBoe ypaBHeHHNE He UMeeT pelieHus. Perraem BTopoe:

.1
2x =(-1)" arcsm5+ n, ne’Z;

x=(-1)" £+£n, nel.
12 2
[Ipunaem n 3Hauenue n = 0, moydaem:

len_ze[(); r];

npu n = 1 umeem x :%6[0; n].

Herpyano yGequThCs, YTO MPH BCEX APYTHX 3HAUCHHSAX 7 KOPHU He
MOMayT Ha OTPE30K [0; n]. 3HAUUT cyMMa KOPHEH, MPUHAIIEKAIIUX OT-
pesky [0; 7], pasna

z St _6m_7m

12 12 12 2

big
[Tomyyaem orBet: E

64



5. OnHopoaHble ypaBHeHHs
OO0HOPOOHBIM MPUZOHOMEMPUYECKUM YPABHEHUEM n-Ui CHie-
neHu OTHOCHTENBHO sinax W cosax, a € R, Ha3pBaercs ypaBHe-

HHUE BHAIA
. . on-1
¢osin” ax+¢ sin"” axcosox +...+
1 (7.27)
+c, sinaxcos" ax+c ,cos" ax=0,
rIe ¢y, €, .., C, — AeHCTBUTENbHBIE uncha, ¢, #0; n=1, neN.

B ypaBuenun (7.27) cosox # 0, Tak Kak npu cosax = 0 uc-
XOJIHOE YpaBHEHHE MPUMET BUI: «, sin” ax =0, orkyna sinax = 0,
YTO HEBO3MOXHO, IMMOCKOJIBKY SN 0¥ M COS QX HE MOTYT OIHOBpE-
MCHHO paBHATBHCS HYIIIO.

PaBI[eJ'II/IB HUCXOOHOC YPAaBHCHUE Ha COS” ax, IMOJIy4YnuM:

-1
aptg"ax+atg" ax+..+a, tgax+a,=0.
C momolpIo 3aMeHBI tgox =¢ UMeeM alredpandeckoe ypaBHEHHUE
n n-1 —
agt" +at"” +...+a, t+a =0,
KOTOpOE pelraeM 1 BO3BpaIlaeMcs K CTapoi IIepeMeHHOM.

Mpumep 11. Pemuts ypaBaeHue 2sinx —3cosx = 0.
Pewenue. Pa3nenus ypaBHeHue Ha cosx # (0, momyunm 2tgx—3=0,

3 3
OTKyz1a tgx:E u x:arctg§+7zn, nel.

3
[Tonyuaem oTBeT: X = arcth +rn,nel.

IIpumep 12. Pemuts ypaBHEHHE €OS2x + cos® x +sinxcos x = 0.
Pewenue. Vcnonssys ¢opmyiny cos2x = cos® x —sin? x, MIPUBEAEM
JTaHHOE€ ypaBHEHUE K OJJHOPOJAHOMY:

cos? x—sin? x + cos? x +sin x cos x = 0,

2 x—sin% x+sinxcosx = 0.

2cos
Pasje/ MM 0YICHHO Ha cos” X # 0 :
2 —tgzx +tgx =0,

OTKyJa
tgzx—tgx -2=0.

BBenem 3ameHy tgx =¢ ¥ NOJy4lM ypaBHEHUE P —1-2=0, KOpHAMU
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Koroporo oyayr y, =-1 y, =2.
[Mocne vero mepeiieM K pelIEHHIO COBOKYITHOCTH MPOCTEHIINX ypaB-
HEHHIA:
tgx =—1, x:—£+7zn, nel,
tgr=2 x=arctg2+nn, neZl.

T
[Tonyuaem oTBeT: x = _Z +nn, nel; x=arctg2+nn, nel.

6. Heonnoponnbie ypaBHeHusl 2-i cTeneHu
Heoonopoouvim mpuzonomempuueckum ypaeHeHuem 2-il
cmenenu Ha3bIBaeTCsS YpaBHEHUE BHIA

asin’ax+bsinax-cosax+ccos’ax=d, d#0. (7.28)
Hcronb3ysi OCHOBHOE TPUTOHOMETPHUECKOE TOKIECTBO, TIPHUBO-
UM ypaBHEHHUE K OJHOPOIHOMY

.2 . 2 2 s 2
asin” ax+bsinax-cosax +ccos axzd(cos ax+sin ax),

KOTOpOE peliaeM Jayee kak ypasuenue (7.27).

IIpumep 13. Pemuts ypaBHeHME 4 sin? x —sin 2x = 3.

Pewenue. Vctions3ys GhopmyIibL:

$in 2x = 2sinxcosx u sin’ x+ cos’ x = 1,
npeoOpa3yeM JaHHOE YPaBHEHHE K OJHOPOIHOMY:

4sin? x— 2sin xcos x :3(0052 x+sin? x),

sin? x —2sin xcos x—3cos” x = 0.
Pasgenum Ha cos’ x # 0
tgzx —2tgx-3=0.
Brenem 3ameny tgy = y:
y2 -2y-3=0, orkyma y, =—1;, y, =3.
Pemium cOBOKYMHOCTH ypaBHEHUI:

tgx =-1, x:—%+nn, nelZ,

tgx =3;
gr=3 x =arctg3+nn, neZ.
[Tomyyaem orBet:

T
x:—z+nn, neZ; x=arctg3+nn, nel.
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7. HeonHopoaHsblie ypaBHenus 1-if cTeneHu

Heoonopoonvim ypaenenuem 1-ii cmenenu Ha3bpIBaeTCS ypaB-
HEHME BUA

asinax+bcosax=c, a, b, ¢c#0. (7.29)

1-ii cnoco6 pewenus. WcnomszyeM (opMyasl ABOHHOTO apry-
MeEHTa!

. ox  ox ,AX . ,AX , ax , ax
2asin——cos— +b| cos® — —sin’ —— |=¢| sin® = + cos* — |.
2 2 2 2 2 2

Torna ypaBuenue (7.29) cBoaHUTCS K OJHOPOJHOMY YPaBHEHUIO
2-ii cTeneHu, KOTOpoe pemaeM kak ypaBaeHue (7.28).

2-11 cnocob pewrenus. Vicrionb3yeM MeTO]] BBEJCHUs BCIIOMOTa-
TEJIBHOr0 apryMEHTa.

Pa3nemus oGe yacTu ypaHeHus (7.29) Ha va® +b*, momydnm:
b

a c
—sma e =COSOLY = ———.
Na* +b? * Ja* + * Ja* +b*

2

Tak xak } =1, TO CyIlIeCTBYeT yroma ¢,
\/ a*+b* \/ a + b2

TaKOM, YTO
[ 2 2’
@ +b (7.30)
. b
sing =

N

Torna ucxoauoe ypapuenue (7.29) npuMer BU:

c
Ja* +b*

WM, UCNOJB3Ys popmyity (7.8) I CHHYCa CyMMBI, TIOJTYYHM:

c
Ja* +b* '

Ecmu ¢ <+Ja® +b*, To nocinenHee ypaBHEHHE HMEET PellIcHHE:

sinx cos @ + cosaxsin@ =

sin(ax+¢)=

ax+e= (—1)k arcsinﬁ +rk, kel
a

VYron ¢ Haxoaat u3 popmyisl (7.30), Hanmpumep,
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a

= arccos —.

¢ 2, .2
a +b

[Ipuxonum Kk OTBETY:

k
-1
x= —larccos a + ( ) arcsin ¢ ﬂk , kel.

a Va* +b* a \/a2+b2 a

Mpumep 14. Peruuth ypaBHeHHe sin x+cosx = 1.

Pewenue. Pa3nenus neBy0 U NpaBylO 4acTh ypaBHEHHS Ha V2 (Tax
Kak a =1; b =1), moxy4um:

I . 1 1
SInX+—=CoSXx =—=

NI V2

Tormga
cos @ L U sin @ L
V2 V2’
OTKyZa
= arccos— =—
¢ = \/7 1

Taxum o6pa30M, ToJIy4ya€M YpaBHCHUE:

1
\/55

T, . T
COS—SIN X +SIN—COS X =
4 4

x+Z - (—l)k Z+7zk, kelZ,
4 4
OTKy/1a IPHXOUM K OTBETY:

x:( l)kTC T

—+rk, kel
4

8. YpaBHenus, pemiaemble ¢ NpuMeHeHueM Gopmy.
TMOHMKEHHsI CTeNeHn

[Ipu pemrenny mMUPOKOro Kpyra TPUTOHOMETPUUECKUX YpaBHE-
HUH KIFOYEBYIO POJIb UTPAIOT (GOPMYIIBI OHKEHHs cTeneHd (7.12).

IIpumep 15. Pemuts ypaBHEHME

sin” x +sin? 2x+sin? 3x+sin® 4x = 0.

. 1-cos2a
Pewenue. Vcnonb3yem Qopmyiy sin® o = ———=.  3ananHoe
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ypaBHEHHE MMPUMET BHI:
1—cos2x N l-cos4x 1-—cosbx 1—cos8x _
2 2 2 2
[IpeoOpa3ys, nepeiiieM K peHICHUIO YPaBHEHUS
cos8x +cosb6x —cos2x—cos4dx =0,
OTKyj1a

0.

(cos8x —cos 2x) +(cos 6x —cos 4x) = 0.

[pumenus dopmyinsl (7.13) npeoOpazoBaHUsl CYyMMbI ¥ pa3HOCTH KO-
CHHYCOB B IIPOM3BEICHUE, IOTYIUM:

—2sin3xsin 5x —2sin xsin5x =0
WITH

2sinSx (sin 3x+sin x) =0,

OTKyJa
. n
sin5x=0; Sx=nn, nel; x:?, nel;

sin3x +sinx = 0;
2sin2xcosx =0.
[Momyyaem COBOKYITHOCTh YpaBHEHUI:

. 2x=nk, kelZ, x:ﬂ—k, kel,
sin2x =0, 2
cosx =0; x:£+7zn, nelr T
2 X=—+nn, nel.

o T
MHoxkecTBO PEUICHUN X = E +7mn, ne Z COICPIKUTCA BO MHOXKECTBE

k
peueHuit x = %, kel

[To>TOMY IPUXOJUM K OTBETY:
k

x= Ll , kel.
2

9. YpaBHeHus, pemiaeMble MeTO/I0M YHHBePCATbH 0l
MOJACTAHOBKHU
Tpuronomerpuueckoe ypaBHEHHE, palliOHAIHLHOE OTHOCUTEIBHO
sinx, cosx, tgx, ctgx, MOXET ObITb CBEICHO K PAIIMOHAILHOMY

x
YPAaBHEHUIO OTHOCUTEIILHO t:th ¢ moMoIIbio (GopMyN yHUBEp-

caJbHOI mojictaHoBkH (7.15).
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Crnenyer oTrmeruTh, uTO mpuMeHeHune ¢opmyn (7.15) moxer
X
npuBecTy K cyxeHnto O/I3 uCXomHOro ypaBHEHUS, IOCKOJIBKY th

HE ONpEZeNieH B TOUKax x =7 + 2xn, n € Z. [loaroMy B TakoMm city-
4yae HYKHO IIPOBEPSITH, ABISIOTCS JIM 3HAUEHUS x =7 +27n, neZ,
KOPHSIMU MCXOJHOTO ypaBHEHHUS.

Mpumep 16. Perunth ypaBHeHue sin x + tg% =0.

Pewenue. To ycnoButo 3anaun x # 7w + 27wk, k € Z. Ipumenum ¢op-
Mmyiy (7.15) u npeoOpazyem ypaBHEHHE K BULY

X
2tg—
22 oo
1+tg? >
& 2

X
CpenaB 3aMeHy th =1, TOJIy4UM:

2t
1+£

+t=0,

X
OTKYyIa t=0 u, CJICA0BATCIIbHO, th =0. Pemas IMOCJIEAHEC YPaBHCHHUCE,

MOJIy4aeM OTBET:
x=2rk, kel

10. YpaBHenus, pemiaeMble NIpUMeHeHHeM OIPAHHYEHHOCTH
TPUTOHOMETPHYECKUX (PYHKIH I
PaccmoTpuM ypaBHEHMs, pelIeHHE KOTOPBIX OCHOBAaHO Ha Cje-

JLyIOLLEM YTBEPIKICHUH: €CIIU TIPU peleHun ypaherus f (x)= g(x)
yAAN0Ch YCTAHOBHTH, YTO JUIS BCEX JOMYCTUMBIX 3HAUYEHHUH TEpe-
MeHHOIi x Bhinonnsiercss f(x)<a u g(x)>a (a — KOHCTaHTa), TO
JIAHHOE YPABHEHWE PABHOCHIILHO CUCTEME
f(x)=a,
g(x)=a.
[Ipu pemeHun ypaBHEHHH, COAEPKALIUX TPUTOHOMETPHYECKUE
¢GyHKIUH sinx, COSX, HAJO IOMHHUTb, YTO
—1<sinx<1 u -1<cosx<1.
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2 _8x ) 11) sinx +sin 2x +sin3x = 0; 12) sin 3x = sin 2xcos x;
IIpumep 17. Pemuts ypaBHEHHE COS =x"+1.

13) sin2x = 2cos 2x; 14) sin%+\/§cos§=0;
x* —8x 2
Pewenue. Tax xak cos( JS I, a x*+121, To naHHOE ypaBHE- 15) sin3x = sin 2xcos x; 16) \/gsinx +COS x = \/E;
HUE€ paBHOCUJIBLHO CUCTEME 17) \/gsin 2x—cos2x =2; 18) 4sin2 2x—-1=0;
(xz_ng | 19) sin® x +sin” 2x = sin” 3x; 20) cos’4x =1;
CoS =1,
5 . .
21) 1—cos(m —x)+ s1n(£+£) =0;  22) 1+cos”2x =sin* 2x;
x*+l=1, 2 2
MMEIOLICH EAUMHCTBEHHOE petueiie x = 0. 23) V2 cos (x - E) = (sin X+ cos x)z; 24) sin3x = 3sin x;
IMonysaem oteet: x = 0. 4
Sadanus 25) 3ctg 5”2_" + 6ctg(ﬂ —gj =3, 26) J3cos g + sin% = 1;
I yposens 27) cos x + cos Sx = cos 3x + cos 7x;
1.1. Pemmre TpUroHOMETPUYECKOE ypaBHEHHE: 28) 3cos2x +sin’ x + 5sin xcosx = 0.
1) cos(—2x)=—?; 2) cos(2x—%=0j;
11 yposens
3) 2sinx +\3=0; 4) 2sin(3x _Ej Y 2.1. Petmite ypaBHEHHE:
4 1) 4sin’ x —sin 2x = 3;
5) Btgr —1=0; 6) ctgx +1=0;
) & ) clex 2) 2cos2§+3sin§=0;
x 7 T
7) «Btg(—+—j =3 8) (ctg3x——j = 0.
33 4 3) tgzx—(1+ﬁ)tgx+ﬁ=0;
1.2. Peuire ypaBHeHue: 4) tg(2(x+7))+4= Stg(% - 2xj;
. . 1 1
1) 15sin” x —25sinx—10 = 0; 2) coszx—zcosx—gzo; 5) sin4x +sin? 2x = 0:
6 3x+ = 4cos 2x;
3) tg?2x —4tg2x +3=0; 4) 5sin2£+cos£—6=0; ) cos ); COS?C €08 _x2
2 2 7) 2cos” x+3sin4x +4sin” 2x = 0;
5) tg3x +3tg3x =2+/3; 6) sin2x— =0 . 1.
) tg3x+3tg3x 3 ) sin 2x - cos x 8) sin xcos xcos 2xcos 8x = —sin12x;
7) cos X4 x|+cos| E—x|=1; 8) sin x + cos 3x = 0; 4
4 4 T T 9) 2sin?2x +3cos? 2x = 2,5sin 4x;
9) 3cos3x—3cos 5x = 3sin4x; 10) 2cos? x + sin 2x = 0; 10) 2cos?3x +sin”3x = 1,5sin 6x;
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11) 2sin 6x+ 2cos 6x = \/E;
12) \/Ecos%—\/asingzl;

in 2
13) sin3x—cos3x=1+sm2 x;

. 1
14) 2s1n2x+zcos32x =1
15) sin®2x +cos3x = 1+ 4sin x;

16) sin* 2x+cos*2x = g;

17) sin(x +%) + cos(x +%) =1+ cos 2x;
18) cos 2x + 3sin 2x = 3;
19) tg’x +tg’x — 2tgx —2=0;

20) 4sin® x +sin’ 2x = 2;

21) s1T1 3x —0:
sin x

22) COos X 0,
cos 7x

23) 1+ cos 4x = sin3x —sin x;
24) 2\/§cos 6x + 6sin 6x = \/E;

25) 3sin(§—2)+ 3cos(2—§) = —\/E;
26) cos2x+cos6x=|cos4x|;

27) sin%x = x> —4x+5;

1
28) 2cos 2mx = x + —;

x
29) \/1—\/§sinx+\/ﬁcosx=0;

30) (sinx+cosx)v2 = tgr + ctgx. Haiiaure cymmy KopHeii ypaie-

HMS Ha OTpe3Ke [0; 37t]

111 ypogens
3.1. Pemnte ypaBHEHHeE:

1) 2cos*3x+sins5x =1;
) 1.
2) s1n4x+cos4x=5s1n2x;
3) sin6x+cos6x=2;
4) sin4§+5cosx+4 = 0;

5) 4cos?| T+ |+ esin? 2+ 2 | =4
2 4 4 8

sinx 4 18
+

6) — =—;
sinx—3cosx tgx+3 tg"x-9

7) ctg®2x +ctg2x =4 — tg” 2x + tg2x;
8) 2sin’x +3cos 2x —4 = 5sin 2x;
9) cos®x+3—4sin2x =sin" x;

10) cos 2x = sin> x —cos’ x;

11) 3sin > — 4cos — = 5;
2 2

1

12) |—
sin x

sin x

HEHHSI, yJOBIETBOPsIoIee YCIoBuio X €[—180°% —90°];

13) HaiinuTe Bce pelieHus ypaBHEHHS

TBOPSIOIINE YCIOBHIO sinxcos x < 0;
1

J1+ctg’x
15) V1—4sinx =~/1—4cos 2x;
16) sin2x —cos2x = tgx;

14) 1+ =2c0s” x;

2
17) 2 - tg2x =—B2*
1+sin2x
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=— . Haiinmute HaumeHblee 1enoe pelIeHHE ypaB-

cosx —sinx X
———— =tg—, y/loBe-
COS X +sinx 2



18) 1+ C?SX _
1—-sinx
19) (2sinx+cosx)-(1-cosx)=sin’x. Haiiqure cymmy kopueit

YpaBHEHUs, TPUHALJICKAIIUX OTPE3KY [—ﬂ'; ﬂ];

20) 1+ =cosx + ctgx. Haiiqure xonmuecTBO KOpHEH, MpHUHAI-

sin x
JIEKANIMX POMEKYTKY [— 6r; 471]

3.2. Pemute ypaBHEHHE:
1) log 5. (I+sinx)=2; 2) 102 ;5005 (1 + cos—j =2,
3

327 s lesint T 4) 337 =3 (14 cos2mx).

3.3. HaiinuTe Bce 3HaueHUs MapaMmeTpa a, pU KOTOPbIX ypaBHeE-
HUE UMEET XOTs ObI OJIHO pEIllCHUE:

1) acosx+1=(a+1)*; 2) 2acos2x+1=4a* —cos2x;
3) 2—2cos2x=3a+4sinx.

7.6. TpuronomeTpuyeckue HepaBeHCTBA

Jns pelieHHs TPUTOHOMETPHYECKHX HEPABEHCTB HCIIONB3YIOT
eMUHUYHYIO OKPY)KHOCTh U OTpe/eNIeHue TPUTOHOMETPHIECKHIX (PYHK-
Ui YUK TpadUd eCKUI METO/I, a TAaK)Ke METO]] 3aMEHBI TIepEeMEHHOM.

HpocTeiiume TPUTOHOMETPHYECCKHE HEPABCHCTBA
H HEPaBEHCTBa, CBOAAIUECH K HUM

. 1
IIpumep 1. Pemuts HEepaBeHCTBO sinx > 5

Pewenue. Bocrions3yemcs onpeneneHuemM cuayca. C moMopo eau-
HUYHON OKPY)>KHOCTH HAaXOJMM BHAYaje Yribl X, KOTOPhIE COOTBETCTBYIOT

. 1
PaBEHCTBY s1nx=5. Ux nBa: x:% U x:%Z (puc. 7.25). Ctpoum ux,
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MPpUIEM COOTBETCTBYIOIIUE PA/INYyC-BEKTOPBI ITYYHKTUPOM, TaK KaK 3aJaHHOE
HEPABEHCTBO CTPOIroe.
BI)IZ[GJ'II/IM Ha eZ[PIHPI'—IHOﬁ OKPYXHOCTHU MHOXECTBO TOUYCK, OPJAHHATHI

1 T hY/3
KOTOPBIX OOJbIlIe 5’ 9TO €< x< ? Hcnonb3ys nepuoquIHoCcTh (QyHK-

i f (x) =sinx, OPUXOJUM K OTBETY:

hY/3

(£+2nk; —+2nk}, kel
6 6

yl

e
N

\Jl/

Puc. 7

OTBeT HEepaBEeHCTBA ClieJyeT NMOHUMAaTh KaKk OOBEJUHEHHE BCEX IpO-
MEKYTKOB, KOTOpBIE ITOJIy4aeM IpH Beex k € Z.

NG

IIpumep 2. Pemuts HEpaBEHCTBO COS (3x + 1) < —7.

2
Pewienue. 3amenus 3x + 1 Ha ¢, nonydum: cost < —7. Brimenum Ha

eZ[I/IHI/ILIHoﬁ OKPYXHOCTU MHOXECTBO TOYCK, a6cunccm KOTOPbIX MCHBLIC

WM PaBHBI N2 (puc. 7.26). Hoxyunm:

YuuThiBasg nepuoi, uMeeM:
3r 5w
—+2rk <t <—+27zk
4 4
Bo3zBpaiiaemcs k 3aJ1aHHON HEM3BECTHOM:

3Tﬂ+2nks3x+1SSTﬂ+2nk;

3'—7Z—1+27zk<3x<ST—1+27zk
E—l+2nk_ 5—”—l+ nk, kel.
4 3 3 12 3 3
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0 x
S5

4
Puc. 7.26

T

[Ipuxomum K oTBETY:

|:£—l+gﬂ'k; S_n_l +27Z'k:|,
4 3 3 12 3 3

IIpumep 3. Pemutes HepaBeHCTBO tgx >1.

Pewenue. Vicnonszyem rpadpuueckuid meron. Iloctpomm rpaduk

GyHKIMK Y = tgx /IS IPOMEKYTKA (—%; %j [IpoBenem npsmyro y =1

(puc. 7.27). Haxomum mpoMexxyTOK ocu abcCImce, Ui TOYeK KOTOPOro rpa-
GUK y = tgx NPOXOAUT HE HMWXKE IMOCTPOCHHON MPSAMOIl. DTOT MPOMEKYTOK

u 6y[[eT PECIICHUEM HEPABCHCTBA HAa pacCCMaTpruBacMOM UHTEPBAJIC.

yh

| |

| |

| / |

I 1 =1

| I |

| ! |

| | |

| PRy >

_z o X &= x
2! 4 12

| |

| |

| |
Ly :

Puc. 7.27

C y4eroM NEepHONUYHOCTH (YHKUIUH y = tgX MPUXOJUM K OTBETY:

[£+nk; £+7zkj, kel
4 2

IIpumep 4. Pemuts HepaBeHCTBO —5sin x +cos2x < 3.

Pewenue. —5sin x + (1 —2sin? x) <3;
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2sin® x+5sinx+2 > 0.
3amenum sin x =¢. Umeem:

262 +5t+2>0,

2(t +2)(t+%j >0,

T. €. IOJIydaceM:

[t <=2,

1
t>——.
2

BosBpamaemcst k crapoil mepeMeHHOMN:
[sinx <=2,

. 1
sinx >——.
L 2

HepBoe HEPABCHCTBO COBOKYITHOCTH PCIICHUA HE UMECT. Pemraem BrO-

poe. C moMoIIbI0 eIUHUYHON OKPY>KHOCTHU IOTydaeM:
T Tn
——<x<—.
6 6
VuuteiBaem NEPUOa 1 MPUXOJUM K OTBETY:
(—£+ 2rk; 7—”+ 27zkj, kel.
6 6
3aoanusn
I ypoeens
1.1. Pemmre HEpaBEeHCTBO:
1) —3tgx >+/3; 2) 2c0s x = /3;

3) ctg(%—gjﬁﬁ;

5) tg(ﬂ +§j+120;

1 ctg(%Jrgj—lﬁO;
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4) 2sin(z +3x) < NEY

6) sinx+4<0.

11 yposens
2.1. Pemmute HepaBEHCTBO:

2) sin’x +2sin x < 0;



3) cos(%r —4x) +0,5> 0; 4) 4sin§ > 3;

5) cos’ (x+%j+|sin2x|—320; 6) cos® x+sin*x <

0 |

111 ypogens
3.1. Pemute HepaBEHCTBO:

1) 2tg*2x—1>0;

3) coszz < sin2£—0,5;
3 3

5) sin(%—xj+cos(%—xj23; 6) 4cosxcos(x+%j>«/§.

7.7. TpuroHomerpu4eckas 1 nokazarejabHasi GopMsl
KOMIIJIEKCHOTO YHCJIa

KowmmnekcHoe 4ncno z=a+ib B NPIMOYrOJBHON JEKapTOBOH
cucreme koopauHat Oxy u3odpaxaercs Toukon M (puc. 7.28).

Yy
M
=
|
° 1
Ol a X
Puc. 7.28

JlnnHa paauyc-BeKTOopa TOYKM M HasbIBaercs MooOyjiem KOM-
IJICKCHOTO YKClia z ¥ 0003HAYAeTC |z| Wi 7

r=va*+b’. (7.31)

Yron ¢, 00pa3oBaHHBINA ATUM BEKTOPOM C IMOJIOKUTEIBHBIM Ha-
MpaBJICHUEM NEUCTBUTENHLHON ocu Ox, HA3BIBACTCA aApZyMeHmoMm
yucna z. CBsI3b MEXKAY apryMEHTOM (0 KOMILIEKCHOTO YHCJIA U €ro
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JeCTBUTENEHOW U MHIMOH YacThIO BEIpaxkaeTcst popmynaMu:

tgp :S (7.32)
NN
cosQ = S
[ 2, 427
a b+b (7.33)
sing =

Na® + b’

ApryMeHT KOMIUIEKCHOT'O YUCIIa OHMpEAEIeH HEOAHO3HAUHO: ec-
JH ( — apPryMEHT YHCIIa Z, TO @ + 27k — TaKKe apryMeHT 3TOr0 4HC-
na npu Jo0oM menoM k. JIis OHO3HAYHOCTH OIpeneNieHHsl apry-
MEHTa €ro BBIOUPAIOT B Npefenax —nm <@ <7 (ééé [0; 271)), Ta-
KO€ 3HAYCHHUE apryMeHTa Ha3bIBAIOT 21A6HbIM U 0003HAUAIOT arg z.

Bcrony manee OymeMm paccMmaTpuBaTh IJIaBHOE 3HAYEHHE apryMeHTa:
p=argz.

Ha mpakTike HAXOAUTh aPTyMEHT KOMIUIEKCHOT'O YHCIIA Z HMEET
cMBICI corfacHo Gopmyse (7.32) ¢ ydeToM KOOPIUHATHOW YEeTBEPTH,
B KOTOPOU JIGKUT YUCIO z, niu popmyi (7.33).

3amrch KOMILIEKCHOTO YHCIIa B BUIE

z=r(cos @ +isin Q) (7.34)
HA3bIBACTCS MPULOHOMEMPUUECKOTL POPMOIL KOMNIEKCHO20 YUCIA.

Mycts z, =r(cose, +ising,) u z, =r,(cosp, +ising,) KoMm-

IUIEKCHBIE YHCTIa, 3a[JaHHbIe B TpUTOHOMeTprdeckoil ¢opme. Torma

y4
AJET IPOU3BECACHUA Z) - Z, W 9aCTHOT'O L CIIpaBEJINBBI (I)OpMyJH)II

Z
z, -z, = K1y (cos(@, + @, ) +isin(@, +,)), (7.35)
z, 7 .
L =L(cos(p, —,) +isin(p, —9,)). (7.36)
2 2

Jlast KOMIUIEKCHOTO 4mcna z =r(CoS¢Q+ising) crpaBeaanBa
¢dopmyna Myaepa:

z" =r"(cosnp +isinng), neN. (7.37)

Kopnem n-ti cmenenu W3 KOMIUIEKCHOTO YHCJa z HA3bIBAETCA

KOMILIEKCHOE YHCIIO W TaKOe, 4TO W' = z.
Kopens n-ii cTenenu u3 KOMIDIEKCHOTO YHCIIa
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z =r(cos @ +isin @)

VMMEET 1 Pa3IMIHBIX 3HAYEHUH, KOTOPbIe HAXOAT 10 hopMyJie

w, = (Q/E)k :W(cos(p + 27k tisin? +nzﬂkj, (7.38)

n
_ 1l
rne k=0, 1, 2, ..., n—1; {r — apudmernyeckoe 3HAYCHNE KOPHSL.

Bce 3Hauenus kopHs (Q/; )k, k =0, n—1, pacmoNoXXeHbl Ha OK-

PY)KHOCTH C LIEHTPOM B Hayalle CHCTEMbI KOOPAWHAT U PAAHYCOM A/ ¥

B BepHII/IHaX HpaBI/IJ'II)HOFO BIIMCAHHOI'O B Opr)KHOCTI) n—yronLHm(a.
CooTHOIIIEHNE

€ =cosp +ising (7.39)
Ha3bIBaeTCs gpopmynoii Jiinepa.
[TycTh KOMIIIEKCHOE YHCIIO Z 3aITUCAHO B TPUTOHOMETPUIECKON
¢dbopme. Mcnonssys Gpopmyry Diinepa (7.39), MOKHO 3arucarh:
z=re. (7.40)
Takas ¢opma 3amucu Ha3bIBACTCS MOKA3AMENbHOU (HOPMOIL
KOMILJIEKCHOTO YHCIIa.

IIpaBuia geiicTBUIT HAA KOMILTIEKCHBIMH YU CJIAMHU
B MOKa3aTeabHoil ¢popme

2,2, = 1irye! 0, (7.41)
i:iei((ﬂl—(ﬂz); (742)
Z n
2=t .eim/’; (743)
,a‘/’+2”k
Wk:(g/;)k:l\/t/;.e n s rae k:ojn—l (744)

Mpumep 1. IIpencraBuTh B TPUTOHOMETPHYECKOH (hOpME KOMILIEKC-
HOE YHUCJIO:

1) z=4-43; 2) z=-3i; 3) z=1-4/3.
Pewenue. 1) Haxonum Moayns nanHoro yucia mo gopmyne (7.31):
|2 = 4% +(43)? =8.

JIns HaXOXKJeHHsT apryMeHTa @ ucmoib3yeM dGopmyiy (7.32):

tgp=—3

U uncio z iexut B IV gerBepru. [Toatomy ¢ = —% (puc. 7.29).
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y
0

43— z

Puc. 7.29

IoxcTaBuM moy4yeHHble 3Ha4eHUs |z| u @ B hopmyity (7.34), monyuum:

)

T
2) B nannom ciy4ae |z| =3, o= 5 (Touka, H300paxarouas JaHHOE

YUCIIO0, IPUHAUISKUT OTPUIIATEIbHOIM YacTi MHUMOU ocH (puc. 7.30)).

Puc. 7.30

[ostomy z =3 cos(—EJ +isin (EJ .
2 2

3) HaXOZ[I/IM MOOYJIb KOMIIUIEKCHOI'O YHucCJia

|z|:,/(1—«/§)2+o2 =[1-v3|=+3-1

(Tak Kak 1-4J3<0 ), @ =7 (3aJaHHOE YHUCIIO SBISIETCS OTPHIIATEIbHBIM
neficTBUTEIbHBIM yuciioM (puc. 7.31)).

y
&

1-3 x
Puc. 7.31
Mostomy z = (ﬁ—l)-(cosn +isinm).
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IIpumep 2. BeinonHuTh ASHCTBUS:

1) 16(0052+isin£j-l[cos£+isin£j;
3 3)8 6 6

2) (2—2i)-3x/5(cosi—72z+isin5—”j;

12

T .. Tr) 1 St .. Sn
3) | cos— —isin— |:—| cos| —— |+isin| —— | |.
6 6 )2 6 6

Pewenue. 1) Ucnionb3ys popmyiy (7.35), Haxoaum:

16-l cos £+£ +isin £+£ =2 cos£+isin£ =2i.
8 3 6 3 6 2 2

2) CHauana nmpeicTaBuM 4HCIO 2—2i B TPUTOHOMETpPHUYECKOH Gopme.

Nnmeem |z| =2.2. [Nockomnbky uncno naexut B IV uetBeptu u tgp =—1, 10O

Q= —%. CrnenoBarenbHo, 2—2i = Zﬁ(cos(—%j+ isin(—%jj.

Teneps Bocmonmb3yemcs hopmynoii (7.35):
22 cos[—ﬁjﬂ'sin(—ﬁj -Bﬁ(coss—nﬂ'sms—”j:
4 4 12 12
T Sm) .. n Sz
= 23232 cos| — =+ |+isin| ——+= | | =
4 12 4 12
V3

—12[ cosE4isin® | =123 11121 — 63 460
6 6 2 2

[Tomyuaem orBeT: 6+/3 + 6i.
3) 3aMeTuM, 4TO JETMMOE YHUCIO HE 3aIIMCAHO B TPUTOHOMETPUUECKOM
¢dopme. 3anuiiem ero B 310t popme. [osryanm:

( . 77zj ( 77zj . ( 77zj
cos— —isin— | =cos| —— |+isin| —— |.
6 6 6 6

Ucnonbiysa hopmyiy (7.36), Haxoqum:

CE 3
e

[Mepexons k anredpanueckoit popme, noayyaeM B OTBETE l—ix/g .
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IIpumep 3. Bo3zBecTu B cTeneHb BEIPaXKEHUE (—1 +3i ) .

Pewienue. TlpencraBum 4ucio —1+«/§i B TPUTOHOMETpHIECKON (op-
Mme. 3aech ¥ =2, tgp =—/3 U COOTBETCTBYIOLIAS TOUYKa JeKUT Bo I ger-

2 2 .2
BEpPTH, T.€. @ :Tn. [omyunm z = 1+i\3 = Z(COSTﬂﬂ'smTﬂj. Ilo
¢dopmyne (7.37) Haxoaum:
2 . 2 .
22 =2° (005(9 Tnj +ism(9 Tnn =512(cos6m +isin6m ) = 512.
[Tomygaem orBet: 512.

Ipumep 4. U3pneusr kopeHs. [lodydeHHbIe 3HaYEHUS KOpHsS M300pa-
3UTh HAa KOMIUIEKCHOM MJIOCKOCTH:
1
1 ——+£i; 2) /8i.
2 2
3

1 .
Pewenue. 1) Haxonum MOIyIllb M apryMeHT YHCiIa _E +71.

2
[Monyaaem |z|:1, 0} :Tn. JHanee, ucrionb3ys Gopmyny (7.38), BbI-

YHUCIIIEM:
1 \/g 2—”+27zk 2—7[+27zk
_ S 3 ce 3
Wy =|4|——+—1i | =cos +isin s
2 2 2 2
rae k=0, 1.

—1

B3
2

r .. 1
Ecm k=0, To w, :cos§+zsm—:5+

4 4 1
ect k=1, To w :COSTHHSIHT?Z:_E_gi (puc. 7.32).

Puc. 7.32
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2) Haxonum Monynb U apryMeHT yucna z = 8i: |z| =8, o= % [ony-
. T .. T
gy 8i = 8(cosE+zsmEj. Torna, ucnons3yst popmyiy (7.38), umeem:

£+27zk £+27zk
w, =(3/8i :%/g 0052 +isin2 s
, k 3 3

rae k=0, 1, 2.
Eciu £ =0, 10 W, zé/g[cosgﬂ'sin%j:2[£+i%]:\/§+i;

ecid k=1, 1O

—+2r —+2n 57 57
w, =2| cos 3 +isin 3 :2(cos?+isin?j:— 3+i;

eciu k=2, 10

+4r +4r 3 3
w, =2| cos 2 3 +isin-2 3 :2(0057+isin7j:—2i.

N300pa3uM KOMILIEKCHBIE YHCIa Wy, Wy, W,. Ha kxoMmiekcHo# mioc-
KOCTH TOYKH, COOTBETCTBYIOLINE 3HAUEHUSIM KODPHS, SIBISIOTCS BEPLIMHAMU
OPaBUIBHOTO TPEYrOJIbHUKA, BIHCAHHOIO B OKPYKHOCTh PaJUyCcoOM

%/H =2 C IEHTPOM B Havasie koopauHar (puc. 7.33).

Vi
Wy Wy
N 2“ yz ¥ x
Wy
Puc. 7.33

Mpumep 5. [pencraBuTh YUCIO B MOKa3aTeabHOI Gopme:
1) —1+14; 2) —6i.
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Pewenue. 1) HaxonuM MoIynb M apryMeHT KOMIUIEKCHOI'O YHCIIA
z=—1+i: |z| :«/E, tgep =—1 u umcno nexur Bo II gerBepTu, cienosa-
3n 2,
TEIBHO = Honyunmi z =—1+i=~2e* .
2) Haxomum MOAyNb W apryMeHT KOMIUIEKCHOI'O 4HCla z =—0i:
T
|z| =6, = 5 Torna, mo gpopmyse (7.40) umeem:

T,
z=-6i=6e % .

IIpumep 6. Pemuts ypaBHeHue 2+27=0.

Pewenue. z° = -27. VickoMpIMu KOPHSIMU ypaBHEHHS OyIyT 3HAYCHUS

(ﬁ)k,lmo, 12

Jna z=-27 umeem |z| =27, ¢p=argz=nx. Torma z=27¢". Ilo
¢dopmyne (7.44) nonyyaem:

[r2nk
Wi :(%/;)k :\/He 3,
rniek=0,1,2.

.z
Ecma k=0, T0 w, =3e 3 :3(cos£+isin£j:£+ﬁi;
3 3 2 2

T2
i

ecmik=1,710 w =3¢ 3 =3(cosm+isinm)=-3;

m+4n

ecm k=2, 10 w2:3el 3 :3(coss—n+isin5—”j:i—ﬂi.
3 3 2 2

Takum o6pa30M, KOpHAMH 3aJaHHOI'O YPaBHCHUS ABJIAIOTCA YHCJIa:

BENENCY 3 33,

ihp wy==3, wy=———"-1.
2 2 ! T2 2

Wo

Mpumep 7. N300pa3uth Ha KOMIUIEKCHOH IJIOCKOCTH MHOXXECTBO TO-
4eK, JUI KOTOPBIX:

|z| >1,
1) |z+l|:2; 2)£<arng£; 3) T
6 3 OSarngZ.

Pewenue. 1) Ilyctp z = x+ yi, Torna

z+1:x+yi+1:(x+l)+yi.
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Haiinem Moznynb Moayd4eHHOr0 KOMIUIEKCHOIO YHCTIa
|z+1| = (x+1)2 +y2.
Torna 3aanHOE paBeHCTBO OyJIET UMETh BH:
(x+1)2 +y? =2 wm (x+1)2 +y? =22
DTO ypaBHEHHE OKPYXHOCTH paguyca 2 ¢ LeHTpoM B Touke C (—1; 0)
(puc. 7.34).

Yy

Puc. 7.34

2) Myctp argz =¢. U3 ycnoBus umeem %< 0] S%. I'eomerpuuecku

3TO HEPaBEHCTBO 33/1a€T Ha MIOCKOCTH MHOXKECTBO TOYEK, JIEKALIUX BHYT-
pu yrina ¢ BepmuHoil B Touke (0; 0), CTOPOHBI KOTOPOTr'O COCTABJISIIOT C I10-

T T
JIOXKUTCIIbHBIM HAITPpaBJIICHUEM OCHU Ox YIJ1bL g u ?, a TaKK€ MHOXECTBO

TOYEK, JIeXKAIIUX Ha JIyde ¢ :% (puc. 7.395).

yu
/},
“ ] >
of =z X
3 6
Puc. 7.35
3) 3amanHas cucTeMa paBHOCHIIbHA CIIEAYIOIICH:
X2+ y2 >1,
T
0<p<—.
¢ 4
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Pemenuem cucrembl 6yz[eT NEPECECUYCHUEC MHOXKECTBA TOYCK, JICKAIIUX

BHE OKPYXHOCTH X~ + > =1, M MHOKECTBA TOUEK, JISKALMX BHYTPH yIia

T
BEJTMIHHBI 7 U Ha ero croponax (puc. 7.36).

N\
1

[l
Mo

Puc. 7.36

‘ )

e L1 TT
1

3aoanusn

I ypoeens
1.1. IIpencraBpTe YKcIO B TPUTOHOMETPUUECKOM U MOKa3aTEeNb-
HOU (opMax, U300pa3uTe ero Ha MIOCKOCTH:

1) z=-2i; 2) z=8-8/3i; 3) z=15J3 +15i;
4) z=12; 5) z=(5-2); 6) z=-10+10i.

1.2. TIpencraBbTe KOMIUIEKCHOE YUCIIO B aliredpanueckoit Gopme:
2r . 2r T . T
1) z=2| cos| —— |+isin| —— | |; 2 z:S\/E CcoS —+isin— |;
R T o) BERELCE )
3) z= —\/Ei(cos 3771 +isin 3%)

1.3. Mcnonb3ys TPUTOHOMETPUUYECKYIO (POPMYITY KOMIIEKCHOTO
YHCIIa, BHIIOJIHUTE ACHCTBUS:

( 3+«fz) (cos?ﬂsms?ﬂj 2) (—4+4\/§i)~(2+2ﬁi);

24243 8i

3 ) 4 —’
) 1-i )2+2«/§i

88



\/g(cosﬂﬂ'sinﬂj
3 3)
NER ’
237 . 257 221 . 22n
7) V3| cos——+isin—— |-2+/3| cos——+isin—— |.
) [( 45 45 j \/7( 45 45 j

3 3 4 4

5 (z_zi)(_ﬂﬁ} 5

1.4. Bo3Benure B CTENEHD:

9 8

T . T . T
1) | cos—+isin— | ; 2 2. cos—+isin— || ;
)( 18 18) )(\/_( 2 18D

3) (2+2i)’; 4
) (2+20) N5
1.5. IlpencraBuB KOMIUIEKCHBIE yucna z, = —1—1, z, = V2 - \/Ei,
4z .
zy =1++/3i B TpUrOHOMETpUUECKOH QOpMeE, BBIYMCIHTE f17%
Z

1.6. Brruncnure KOpHM U3 KOMILJIEKCHBIX YHCEN U JJaliTe TeoMeT-
PUYECKYIO0 MHTEPIPETAIMIO UX 3HAUYECHUH:

3 i 2) 327, D V-1-i;  4) y-6+63i;

1
D
) 2 2

5)3/-125; 6 3\/% 7) Ja-4i;  8) Y-i.

1.7. BeInodHUTE ASWCTBHA, pe3yabTaT 3aMUIINTE B anredpande-
cKoit popme:

D (W3- o) W20

>

1+2i
T .. T 117t,.117t3
3 cos§+zs1n§ 2 cosTJrzsmT
3) ; 4) ;
2 COSE-Fl.Sil’lE 1(coszﬂﬂ'sinzﬂJ
6 6 4 9 9
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5)

V2-i2) (ﬁ”f'

; 6

1-i ) 1+3i

1.8. Pemure ypaBHeHue:

1) 22 -3z+4=0; 2) z° —1=0;

3) 2z° +8=0; 4) z7 +z+1=0;
5) %Zz+(4_3ljz+2—3i:0.

1.9. N300pa3uTe Ha KOMIUIEKCHOH MJI0OCKOCTH MHOKECTBO TOUCK,

JIJIS1 KOTOPBIX:

) |z-3+3<1; 2) |z+1|>2; 3) 2<Imz<5;
4 1<z -1<2; 5) Rez+Imz<l; 6)—%<argz£%;
Rez>1,

7) |22+ 4i - 6 2 1; 8)

T T
——<argz<—.
4 & 4

11 yposens
2.1. IlpencraBbTe YMCIIO B TPUTOHOMETPUUECKON U MOKa3aTelb-

HOHU opmax:

2—i

1) z= ; 2)z:cos£—isin£;
1+i 6 6
3) z=-0,5J3 - 0,5i; 4y z=(1+2i)-(1-i)
5) z=6(sin2?”+icos2?”j; 6) z=1-+/3.
2.2. JlaHbl KOMIUIEKCHBIE uMCla Zz; =—2+ 23i u z, =1-1

[IpeacraBuB UX B TPUTOHOMETPHUYECKON hopMe, BEIYUCITHTE:

3
Z

1) 52, 2, 2) 22 3) L, 4) 25
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2.3. Hcnonp3ys TPUTOHOMETPUYECKYIO (HOPMY KOMIUIEKCHOTO
YHCIia, BHIOJIHUTE ACHCTBUS:

1) (245 + 2451 -1+ 1) 2) (1= (0.25-025v3i) ;
4(cos T +isin 7”)
30 30 ) 43 — 4

: 4) .

( 17z 17nj2 (~1+i)V2 +6i)
COS——+1SIn——
60 60

3)

2.4. Bo3BeauTe B CTENEHb, Pe3yNbTaT 3alUIINTE B ajredpanye-
cKoit popme:

1+i )" 1+)"
1)( ; )| —| -2 cos£+isin£;
—1-i i—1 4 4

1 1+i3)"
) N 4)( 1= J '

2.5. Brlunciute KOpHH, a pe3yapTaT U300pa3uTe Ha KOMILJIEKC-
HOM MJIOCKOCTH:

1) 416i; 2) 4-4; 3) =1+
4y §2 - 2i/3; 5) 4/- 8 —8/3i; 6) {/-64i.

2.6. Pemute ypaBHEHHE:

1) z? —64i=0; 2) z* +4=0;
3) z4—2\/§zz+4=0; 4) zz+4iz+6(2—5i)=0;
5) z* —4z° +16=0; 6) 22 —(8+3i)z+13(1+i);

1
7) 22 +(1+i)z+2% =0.
2.7. N300pa3ute Ha KOMILJIEKCHOW TUIOCKOCTA MHOYECTBO TOYEK,
JUTSL KOTOPBIX:

1)%<arg(z+1)£ : 2) 1<z +1-1<2;

T
4
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){0<Im(z+2i)£1, 4 0£arg(z—1+2i)£37ﬂ,
Rez>-5; Im(z+i)21;
ar; _l
S) [z + 1 +]z—1>2; 6) 1" E Ty
|z—1—i|=2.

111 ypogens
3.1. IlpencraBeTe B anredpanvdeckoidl W TPUTOHOMETPUYECKOU

(hopMax KOMIUICKCHBIC YHCIIA ¥ BBITIOJHUTE JICHCTBUS:
3

—coss—ﬂﬂ'sins—ﬂ
N 0.5v2 +0.5V6i) 3 2 2. 12 12 |
2 > ’
(15+0.5V3i) -i cos % _jsin 137
12 12

16i sin£+icos£ 4\5 sin(— ﬂ)ﬂ'cos(— ﬂ)
6 6 4 4

1evai) -y V23 - i) (1-i)

3.2. llycte z, =3 +4i, z, =—4+ 3i. Halinure nelicTBUTENbHbIE

3)

z
3HAYEHUS a U b, JUI KOTOPBIX It az, + bz,.
z
2

3.3. M300pa3ute MHOXKECTBO TOYEK KOMILUICKCHOW TIIJIOCKOCTH,
KOOPAUHATEIL X U Y KOTOPBIX YAOBIETBOPSIOT YCIOBUIO
4y* 1
2y—1

x*4+i-2x+2yi=y—-1+ i

3.4. Haiinure KOMIIJIEKCHOE YMCIIO Z, YOBJIETBOPSIOLIEE ypaB-
HEHUIO
(i—z)-(1+2i)+(1-iz)-(3-4i)=1+7i.

3.5. Ompenenute, Mpu KakKuX JAEUCTBUTEIBHBIX 3HAUCHUSIX X U Y
KOMIUIeKCHBIe uncna z, =9y* —4 —10xi° u z, =8y +20i"" snns-
FOTCS CONPSIKEHHBIMU.
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3.6. Pemute ypaBHEHHE:

1) ztfﬁ_:o; 2) -z’ +i=2 3) 2% +|2| =0;
—1

4) (z2+z+1)~ zz+z+2):12.

3.7. U300pa3ute Ha KOMILJIEKCHOW TIJIOCKOCTA MHOYECTBO TOYEK,
YAOBJIETBOPAOMIUX CIICAYIOIINUM YCIOBUAM:

1) |z=2+4 2|z +4i; 2) Rell+8i|+|2]>2;
244 ~1<|z+2i[<2,

3 >2; 4

)|z—i| ) 0<arg(z+1—i)£%.

3.8. Haiinure 2°, ecu 3z —z = —4 + 8i.
3.9. Haiinute oo 1 3, €Ciii M3BECTHO, YTO KOMILJICKCHOE YUCIIO

a + Bi sBusiercs KopHEeM ypaBHeHHS x° —3x +3+i=0.

1
3.10. KoMITIeKCHOE YHCIIO Z YIOBIETBOPSIET YCIOBUIO Z + — = \/E .
z

Haiigure z'%,
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8. BEKTOPBI HA IIVNIOCKOCTH
8.1. BexTopn! u npocreiilme AeiicTBUSI HAI HAMU

[Ton 6ekmopom Ha TIOCKOCTH MOHUMAIOT HAIPaBICHHBIN OTpe-
30K C HAYaJloOM B TOUYKE A M KOHIIOM B TOYKe B, KOTOpBI 0003HaYa-

A YA
ercs AA (wm AA). Mooynem, unu onunoi, TaKOTO BEKTOpa

Ha3bIBACTCS JUIMHA OTpe3Ka AB.

Ecmu mer HGOGXOI[I/IMOCTI/I yKa3bIBaTh HAYaJlo ¥ KOHEIl BEKTOPA,
TO ero 0003HAYAIOT «, b c,...um a, b, c,...

Paznmuuaror BeKTOpBI ces3amHble (3aKPEIUICHHBIE) C (UKCHUPO-

BaHHBIM HA4aJIOM U c80000Hble. 1011 CBOOOMHBIM BEKTOPOM a TIO-
HUMAIOT KJIaCC 3KBHBAJICHTHBIX HAIIPABJICHHBIX OTPE3KOB, T. €. TAKHUX
OTPE3KOB, KOTOPHIC COBMEIIAIOTCS MPH TAPAIIETBHOM TIEPEHOCE.

BekTophl a u b HasbBarOTCA Kouneapuvimu (0003HaYCHUE:
a ||b), €CIIM OHU JIOKAT Ha OJHOW MPSIMOW WIM Ha MapalielIbHBIX
npssMbIx. KpoMe TOro, eciii OHM UMEIOT OJWHAKOBOE HAIpaBJICHUE,

MX Ha3bIBAIOT conanpaenennvimu (obosuasenne: a 1T h), a ecnmm
MPOTHBOIIONIOKHOE — HPOMUGONONONCHO HanpaesieHHbimu (0003Ha-

verne: a T b ).

JlBa BekTopa AB u CD HasbiBaioTcst PAasHbIMU, ECTTA OHU MMeE-
10T OJIMHAKOBBIE JJIMHBI U SIBISIIOTCS COHAIIPABJICHHBIMU. 3aIlChIBa-
€rcs 3TO € MOMONIBIO OOBIYHOTO 3HAaKa PAaBEHCTBA: AB=CD.
[Ipu aToMm 3amnuce a = AB IIOHUMAIOT TAaK)K€ B CMBICIE, YTO HAYAJIO

cBOOOJTHOTO BEKTOpa @ TMPUIOKEHO K TOUKE A.
BekTop HyneBo#l JIMHBI Ha3bIBACTCS HYJ1e6blM U 0003HAYAETCS

0. HampaBneHue Takoro BEKTOpa CUYUTAETCS HEONPEIETICHHBIM.
VY HyneBoro BeKTopa HayaJlbHasi ¥ KOHEYHAast TOYKH COBIA/IAIOT.

[IycTh 3amaHbl ABa HEHYJIEBBIX BEKTOpa a b. OTIAOKHM HX OT

HeKoTOpol To4kn (O TakuM 00pa3oM, YTOOBI OA=a, OB=b.
A

Iox yrnmom ¢ =(a,b) mMexnay BeKTOopamMd a W b TOHUMAIOT Hau-
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MEHBIINH MOJIOKUTENbHBIN yroj, Ha KOTOPBIM HaJ0 TIOBEPHYTh OJUH
U3 BEKTOPOB, YTOOBI €ro HAaIpaBJieHWE COBMAJIO C HAIpaBICHUEM
BTOPOTO BEKTOpa. DTOT YroJl HE 3aBUCHT OT BbIOOpa TOYKU O U M3-
Mmensiercst ot 0 10 7.

s BEKTOpOB OmpeneneHbl CIENYIOIINE JAUHelHble Onepayuu:
YMHOKEHIE BEKTOpA Ha JIEHCTBUTEIHHOE YHCIIO M CIIOKEHHE BEKTO-

POB a, b.

Ilpou3seedenuem eekmopa a na deiicmeumensroe wucio ). Ha-
3BIBAETCS BEKTOp A ~Z, YIOBJIETBOPSIONINNA CASAYIOIIUM YCIIOBHUSIM

1) |2-a|=[a][al:

2) A-aTla, &fie 1 >0,

A-aT a, aige 2<0,
A-a=0, dfige A=0 &&& a=0.

Z[J'IS[ TOro ‘lTOGI)I CJIOXKHTH BEKTOPBI ; u 1_7 T€OMETPUUIECCKH, HC-
TOIB3YIOT NPAGUIO MPeEY20bHUKA: HAYAIO BEKTOPa b COBMEIaeT-
Cs C KOHIIOM BEKTOpa Z, ux CyMMOﬁ ABJIACTCA BEKTOP E, Ha4vaJio
KOTOPOTO COBNAJAET C HAYAIOM BEKTOPA g, @ KOHEI[ — C KOHIIOM
BEKTOpa b (puc. 8.1). dnsa 0603Haqum{ 3TOr0 JAEUCTBUS HCIIONB3Y-

eTcsl OOBIYHBIN 3HAK CYMMBI: c=a+b.

Puc. 8.1

Crnoxenue ABYX BEKTOPOB MOXHO IIPOU3BOJUTH TAaKXK€ IO npa-

6UIYy napannenozpamma: BEKTOpsl a U b TpuBOAATCS K o0memMy
Havally, HeKoTopoi Touke O, ¥ Ha HUX CTPOUTCS HapauIeIOrpamM.
Torma cyMMoil 3TUX BEKTOpPOB SIBJISIETCSI BEKTOP €, KOTOPBIA COBIIa-
JIaeT C JIMaroHaJbl0 TOCTPOSHHOIO MapajulesorpaMMa, HCXOAsIei
u3 touku O (puc. 8.2).
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Puc. 8.2

Cymma Tpex u 6onee BEKTOPOB a;, d,, ..., d, MOXET OBITh Hail-
JICHA TI0 NPAURy 3AMbIKAHUA (IOMAHOIL). DTO BEKTOp, HAYAJI0 KO-

TOPOrO COBMAAACT C HAYaJOM BEKTOPa «;, a KOHEI — C KOHIIOM BEK-
Topa a, (puc. 8.3).

aj

Puc. 8.3

CpoiicTBa JIMHEHHBIX ONlepal il Hal BeKTOPAMHU:
1) KOMMYTaTHBHOCTB CIIOYKEHHUSI BEKTOPOB, T. €.

at+tb=b+a;
2) acCONMAaTHBHOCTE CIIOKEHUS BEKTOPOB, T. €.

(a+b)+c=a+(b+c);
3) IUCTPUOYTUBHOCTD CIIOKEHHS BEKTOPOB OTHOCHTEIHHO YM-
HOXKEHMS Ha IEMCTBUTEILHOE YUCIO A, T. €.

/l(a+b) = da + Ab;
I[HCTpHGyTI/IBHOCTI) CIIOXKCHUA I[eﬁCTBHTCHLHLIX qUCCJI OTHO-
CUTCIIBHO yMHO}KeHI/Iﬂ HaA BCKTOp, T. €.

(A+p)a=2a+pa
4) Z+6=E;
5 l-a=a;

96

6) KOMMYTAaTUBHOCTb M aCCOIIMAaTUBHOCTH OII€pallul YMHOXE-
HU BEKTOpa Ha 4YUCJIo, T. €.

/l(ya) =(Ap)a=(pr)a= u(/la).

Bektop —a = —1-a Ha3pIBae€TCSI NPOMUBONOIOHCHBIM BEKTOPY d.

Paznocmuio 6ekmopoé a v b Ha3bIBaeTCs BEKTOP

a-b=a+ (—b).

Jis Toro 94To0BI HAWTH Pa3HOCTh a —b, BEKTOPBl @ W b Tpu-
BOATCA K o0mmemy Hadaiy. Torma pasHOCTbIO a —b Oyner sBIATbHCA
BEKTOP ¢, Y KOTOPOTO Hayajo COBIAJaeT ¢ KOHIIOM BekTopa b, a

KOHEI[ — C KOHI[OM Bektopa a (puc. 8.4).

Puc. 8.4

Takum 00pazom, T€OMETpUYECKH BEKTOpHl a+b U a—b wu3o-
OpaxaroTCs TUaroHaIsIMH IapajlieorpaMMa, MOCTPOSHHOIO Ha BEK-

TOpax a 1_7, KOTOpbIE TPUBEACHBI K 00IIeMy Haudany (puc. 8.5):

dy=a+b, dy=a-b.

A
a _ \\\\
0 d N>y o
- d2 //
b e
B
Puc. 8.5

BekTop @, Ha3eIBaeTcs opmom (eOUHUUHBIM GEKMOPOM) BEK-
Topa a, ecmi a, 1T a n ‘a‘o‘ =1. Jlns ero HaXOXKAEHUS MOXET OBITH

HCIoNB30BaHa (hopmyna
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Bekrop @ Ha3wpiBaercA JauHeinHOU KOmMOuHauueil BEKTOPOB

a,, a,, ..., d,, €CIHU CYMECTBYIOT YUCHA ¢, C,, ..., C,, TAKHE, UTO

n> ne

a=ca +ca,+..+c,a,, neN.

loBopsat, uto Touka C menuT BEKTOp AB B OTHOLICHUU A

(4>0),ecmn AC =ACB.
Kpome nunHelHbIX omeparuii, s BEKTOPOB ONPENCICHO TAKKE
CKAIAPHOE YMHOICEHUE.

Cranapnvim npousgedenuem (a, b) JIBYX HEHYJEBBIX BEKTO-

POB a U b Ha3BIBAETCS YUCIIO

— p— — — _/\_

(a, b)z‘a‘~‘b‘~cos a, b

CxansipHOE IpoU3BeACHNE 0603HaqaeTC${ TaKKe a-b.

Ecmn xotss OBl OOMH W3 BEKTOPOB a wm b HYJIE€BOH, TO
(a.5)=

CKanapHviM K6AOpamom BEeKTOpa @ Ha3bIBAeTCS BETUIMHA

= =

a =(a, a).

Du3uuecKuil CMbICTI CKAIAPHO20 NPOU3BEOCHUS 08YX 6EKMODPO8
COCTOHT B TOM, YTO OHO YHCJIEHHO pPaBHO pabore, OCyIHeCTBHHeMOI/I

croit F' 110 IepeMelleHHIo MaTepualbHOl TOUKH Ha BEKTOp s, T. €.
A= (F , s).

JUIst BBIYUCIICHUSL yenia Mexcoy eKkmopamu a U b MOXHO BOC-
MOJIB30BaThCs (HOPMYIOi

) _ab)

cos|a, b
[al o

CaoiicTBa CKaﬂﬂpHOFO NMPOU3BECACHUSA:

1) (a b) (b @ | — KOMMYTaTHBHOCTB;
2) (a,b-i—c) (a b) (_ _) — IUCTPUOYTHBHOCTE;
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A
— - "=
5) (a, b)> 0 Torma u TosbKO TOrAA, Korna 0<| a, b <3,

A

o _ r [="=
(a, b)< 0 Torga u TOMBKO TOrAa, KOraa 5 <|a, b|<m;

-,

ange aT™b,

6) (a,b)= o
) (@) aiice a TN b;

D& (e )

IIpumep 1. [1o 3agaHHEIM TpeM BeKTOpam Z, E, c (puc. 8.6) nzobpa-

—_ —_ 1 - =
3UTh UX JMHEHHYI0 KoMOnHatmw d = 3a _Eb +c.
/ :
¢
Puc. 8.6

Pewenue. 3adukcupyeM Ha IIOCKOCTH IPOU3BOJIbHYIO TOUKY O H OT-

JIOKUM OT Hee BekTop 3a (puc. 8.7). 3aTeM OT KOHIa BEKTOpa 3a OTIONKUM

BEKTOP _Eb ", HAKOHECI, BEKTOp ¢, I/ICXOZ[SIIJ.II/IfI u3 KOHLIeBOﬁ TOYKH BCK-

1 —_ . —
TOpa —Eb. Uckomas nmuHeiiHas koMOuHaIms d H300pakaeTcsi BEKTOPOM,

3aMbIKalOIIUM IOJIYYCHHYIO JIOMaHYIO C HA4aJIOM B TOYKE 0.

d-3a-1bi¢
2

Puc. 8.7
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IIpumep 2. Haiiti BekTop, onpenessionuii HarpaBlieHHe OUCCEeKTPU-

CBI yIJla MEXy HEHYJIEBBIMU BEKTOpaMu a U b. a=A0+0C =40 +EAO = o AO, 1086da AO =

Pewenue. 1-ii cnoco6. Tlyctb nnst onpeneaeHHOCTH |a| :/l|b|. Torma

E I

A :|T. Paccmorpum BekTOpsl @ U b = Ab c 00IIMM HayaloOM B HEKOTO-
4

poit Touke. 1o onpeneaeHH0 CyMMbI BEKTOPOB BEKTOp @ +b; coBmagaer ¢

JIMaroHablo MapajulesiorpaMMa, HOCTPOEHHOro Ha BekTopax a u by. Ilo- Puc. 8.8

CKOJIBK |a|:|b| TO BEKTOp a-+b; coBmajaeT ¢ AMaroHaiblo pomoda, a - —— —
Y 1P P ! P ’ Amnanornyso u3 paseHcTB b= BO+OD u OD = A-BO mnony4yaem:
3HAYUT, C HalpaBJICHHEM OUCCEKTPUCHI Yria MEXIY 3THMH BEKTOpaMH U

BeKTOpaMu a U b. Vcronb3ys BBelIEHHbIE 0003HAUEHHMs, 3aKII0YaeM, Y4TO b=(1+21)BO = P OD, 1TO BEET K COOTHOLICHUAM
HCKOMOE€ HalpaBiieHHEe OHCCEKTPUCHI MOXET OBITh 3aJaHO BEKTOPOM 5 v
_ |a| _ BO=——, OD=——, COOTBETCTBECHHO.
a+=b. 1+ 1+2
|b| Torna, moncraBuB HaieHHble BhIpaxkeHus BMecto A0, OB, OC u
AHaJIOTHYHO MOXHO IOKa3aTh, YTO BEKTOPOM, 3a/Ia0LIHMM HarpasJie- OD, nonydum:
i s 5 s
HHE 3TO# e OUCCEKTPHUCHI, SIBISCTCS TAKKe U = d + b. AB=AO+0OB=A0O—-BO = da b - Aa _b;
|a| I+4 1+4 144
2-11 cnocod. OTI0XKUM OT QUKCHPOBAHHOW TOYKHU IUIOCKOCTH €AMHHY- BC=BO+0C = L_a _a +b
— 1= — 1= 144 1+2 1+4°
HBIE BEKTOPbl @y =-—a, by =-—=b U IOCTPOUM Ha HUX POMO, JUAroHaib - i il
a b| = o= = = a —a
| | | CD=CO+0D=-0C+0D =

+ = ;

— — 73 I+2 1+42 1+4
KOTOpOro d, +by =—=+7= COBIAJaeT C HAllpaBJICHUEM OUCCEKTPHUCHI yria - - a A S+ h
T DA:—AD:—(AO+OD):—(1M;+1M]/1J: ’lg‘“;b)

+ + +

MEXY BEKTOpaMH a,, by, a 3HAUUT, MEXITYy a U b.

IIpumep 4. Haiitu yroi, o0pa3oBaHHBINA €JUHUYHBIMH BEKTOpAMH M U
Hpumep 3. B tpanenyu ABCD oTHOIIEHUE NIUHBI OCHOBaHUS AD K pumep yroi, oop P

JumHe ocHoBaHust BC pasHo A. [lonaras AC = E, BD= l_J, BBIPA3UTh Uepe3 7, eemt a Lb, mpudem a =m-+2n, b=3m=4n. _
2ub BEKTODEL E, B_C, C_D, DA Pewenue. Halinem ckaiipHOe NpOHM3BEICHUE BEKTOPOB a W b, uc-

II0JIb3YS €ro anredpandecKue CBOUCTRa:
Pewenue. Iposenem nuaronam AC u BD (puc. 8.8). [lycts O — TOuka Y P

UX TIepECeUCHHS. (a,b)=(m+2n, Sm—4n)=
Torna u3 mnoxmobus TpeyronbHukoB AOD u COB u ycnoBus = (m, 5m)—(m, 4n)+ (2n, 5m)+ (2n, —4n) =
AD = A-BC cnenyert, uto AO =A1-0OC, OD = A-BO. Nmeem:

— — - - - — - - —2 - - —2
_ :S(m,m)—4(m,n)+10(n,m)—8(n,n):5|m| +6(m,n)—8|n| .
v — =~ I _ _
a=A0+0C=2-0C+0C =(1+1)-0C, 1o&6da 1186+aal OC——1+/1, s yenosus a L b crenyer (a, b)=0, 7. e.
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—2 - - —2
5|m| + 6(m, n)—8|n| 0.

VYuutkeiBas, 4To |Z| = |;| =1, umeeM:

512 4+6(m, n)—8-1> =0, oiada (m,n)=1/2.
CrenoBaTelIbHO,

(m n) 1/ 2

1

W3 nocneaHero coOTHOIICHUS nojydyacm:

cos(%, Z) 1/2.

_/\ —_—
(m, n)=m/3.
IIpumep S. Haiftu nuaronamu mapaiienorpaMMa, NOCTPOSHHOTO Ha
BEKTOpax @ W b, yroi Mexnzy KOTopsIMH paBeH 60°, mpuuem |a| =1, |b| =2
Pewenue. Ilo onpenencHuio JUHEWHBIX ONEpaulUil HaJ BEKTOpaMmH,

JIMaroHaJiu rnapajjiejiorpamma, moCTpo€HHOI0 Ha BEKTOpax a, b, PpaBHBL
COOTBETCTBCHHO

] =fat] & ] =fa—).

Tax xa [a25 = (28], 10 mveen crenyiouee

@] = [a+8 =& +2@5)+5" =[] +2[al[ocos(a. 5y <[5 -
—V1212.1.2.c0560° 422 =14214 =4/7;

|d_2|:|2_5|:\/m:\/12—2'1-2-cos60°+22 =./3.

3aoanusn

I ypogens

1.1. Onpenenure, CKOIBKO PA3IMYHBIX BEKTOPOB 3a/1al0T YIOPSI-
JIOYEHHBIE TTapbl TOYEK, COCTABIEHHBIE U3 BEPIIUH:
1) TpeyronsHUKa; 2) mapaJuienorpamMma.

1.2. B nnockoctu Tpeyroapauka ABC B3sita Touka O. OTia0XHUTE
OT Hee BEKTOP:

1) OA - OB; 2) —0A4-0C; 3) 04+ 0B -OC.
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1.3. Tlo 3amaHHBIM BEKTOpaM a W b TOCTPOWTE UX JIMHEHHBIC
KOMOMHAIIUH:

1) 2a+b; 2) a—2b; 3)%Z+2Z; 4) b-a.
1.4. Beruucnure ckaasipHOE MPOM3BEIEHUE BEKTOPOB au 1_7, €CIIM:
1 \Z\ —4, E\ =5, (a,b)=60° 2) [a| =[[=1, (Z,Z] ~135°

B-3. atih

2, aM; 4) Ja[=1,

3) [a]=s.

1.5. 3nas, uyto ‘Z‘ =3,

(w3} (i) 5 (7

4 (a+b)"; 5) (a-b): 6) (a~2b, 3a+b).

1_7‘ =2, (Z,Z] = %, BBIYHCITUTE:

1.6. K Ttouxke O npunoxeHsl 1Be cuibl F, U F,, Ui KOTOPBIX

|-

Haiinure BennauHy paBHOAEHCTBYIONIEH 3THX CUJL

‘ 9, a yrom Mexay HalpaBJICHUSIMHU 3TUX CHJI paBeH 120°.

1.7. B tpeyronbauke ABC 3amaercs: Zzﬁ, l_7=B_C, c=CA
Touku M, N, P sBustorcs cepequHamu ctopoH BC, AC u AB coot-
BETCTBEHHO. Bripasute Bektopel AM, BN, CP uepe3 BEKTOpPbI
a, b, c

11 yposens

2.1. Onpeznenute, Ha KAKOE YNCIIO HYKHO YMHOXHUTh HEHYJIEBON

BEKTOP d, YTOOBI MONYYUTh BEKTOp b, YOOBJIETBOPSIOUIMN Cile-
IYIOLIUM yCIOBHUSM:

) atb, |bl=1; 2) a N b,
3) a N b, b

1_7‘=3;
bl=d, rne d R, d >0; 4) b=0.
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2.2, OnpeneJmTe KaKUM YCIIOBHUSIM JOJDKHBI YAOBIIETBOPSTH HE-

HYINIEBbIE BEKTOPEL d 1 b YTOOBI:

1)
ol

2.3. Haitnure ‘Z+l_7‘ u ‘_

|c~|

2 a-b=a(a+h).

S

, €CJIM BEKTOPBI a U b nepreHan-

KYJSpHBI, IPUYEM H =4, 1_7‘ =3.
2.4. Beruuciaure ‘_ —b , €CIH H =11, 1_7‘ =23, a+ 1_7‘ =30.
2.5. Breruucaure ‘_— , €CIH H 2\/7 ‘— X ( J—135°

2.6. Haiinute niuHy BekTOpa ; —a+b- E, eciu ‘a‘ =1,

Z‘:z,

A A
‘c‘ =3, (a,b} = (b,c] =60° (Bce BEKTOPHI JISKAT B OJJHOU IJIOCKOCTH).

2.7. Berauciure JINHBI ,uHaFOHanen | TIApaJIIeNorpamMma, focTpo-

€HHOI'0 Ha BEKTOpax da = 2m+n H b m—2n, TAE M U N — €Iu-
HUYHBIE BEKTOPHI, YTOJI MEXAY KOTOpbIMH paBeH 60°.

2.8. Haiigure cos(a,m], cos(a,nj, ecii a=2m—n, TIOE

<[ =1, {;f,;}lzoo.

2. 9 Onpenenure, Kakod yroiu 06pa3y10T eIMHHYHBIE BEKTOPBI

m U n, €CJIH U3BECTHO, YTO BEKTOPBI a = 2m+nub=m—-n Ba-
HMMHO TNepTIEeHANKYIISIPHBL.
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2.10. B mapamnenorpamme ABCD  niMHBI — BEKTOpPOB

AB, AD, BD paBHBH cooTBeTcTBeHHO 2, 3, 4. Halinute ckamsipHoe

npoussenaeHue BeKTopoB AC u AD.

2.11. Haiiqute yronm Mexay BEKTOpaMu a u 1_7, ecu Hzl,
— — =2 = =2
[b|=2, (a=b) +(a+2b) =20.

111 ypogenw

3.1. Touku K, L sBasitoTCst CepesMHaMi CTOPOH AD u AB napan-

nenorpamma ABCD. Tlonaras CK = k CL —l BBIPA3UTE BEKTOPHI

BA w DA Yyepe3 BEKTOPHI kul.

3.2. B tpeyromsHuke ABC mpoBeneHa Ouccektpuca AD yria A.
Haiinure pasznoxxenue BekTopa AD 1o BEKTOpaM c=AB u b= AC.

3.3. B mapamnenorpamme ABCD touku M u N SBISIIOTCS cepe-
nuHaMu cTopoH AD u CD cootBercTBeHHO. Bripasure Bektop BO

yepe3 BM, ecnu O — Touka nepeceyeHus oTpe3koB AN u BM.

3.4. Katetsl AB u AC npsimoyronsHoro tpeyrojibauka ABC co-
OTBETCTBEHHO paBHbI 6 U 8. HaliquTe KocuHYyC yriia MexJy BeKTopa-

mMu AM wu BN, ecnu uzBecTHO, uT0 AM 1 BN — OHCCEKTPHCHI YIIIOB
A n B 3aaHHOT0 TPEYT OJIbHUKA.

3.5. [nomans paBHOOEAPEHHOTO TPEYroJbHUKA paBHA 2\/5, a
yron npu BepuimHe 4 — 120°. Halinure ckamsipHOe Npou3BencHUe

BekTopoB AK w BL, ecnu u3BecTHO, yT0 K M L — CepeIrHbl COOT-
BercTBeHHO cTopoH BC u AC tpeyronsHuka ABC.

3.6. Brmuncnure (Z, 1_7) + (1_7, E) + (E, Z), eclu ‘Z‘ =2,

b=4,
H:S, a+b+c=0.
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8.2. Onepannu Haa BeKTOpaMHu B KOOPAUHATHOM dopMme

Ilpamoyzonvnan oOexkapmosea cucmema koopounam Oxy Ha
IJIOCKOCTH 33/1a€TCS COBOKYMHOCTBIO TOUKU O (HaYauo CUCTEMBI KO-

OpAMHAT) W Mapbl MEPIEeHAUKYISPHBIX €INHHUYHBIX BEKTOPOB 7, j.
[Ipu 3TOM Oock Ox, HampaBJeHHE KOTOPOI COBMAJaeT ¢ HalpaBJIEHU-

€M BEKTOpa i, Ha3eIBaeTcs ocvio aocyucc. Ocy Oy, COBIANAIOIIAA 110

HaIMpaBJICHUIO C BEKTOPOM j, — OCbI0 Opounam. Bes mI0CKOCTh Ha-
3BIBACTCS KOOpOUHamuoii naockocmuio xOy. 3a MacCIITaOHYIO elu-

HUILY BBIOUPAIOT JJIMHY |i ‘ ‘ ‘ =1.

Koopaunaramu Touku M sSBISIOTCS NEPHEHIUKYISIPHbIE TPOEK-
uuu Touku M Ha koopauHaTHBIE ocu Ox u Oy, B3ATHIE C COOTBETCT-
BYIOIIUM 3HaKoM. Takum oOpa3om, Touke M Ha MIOCKOCTH COOTBET-
CTBYET YNOpsIOYeHHas mapa (X, y) JeHCTBUTEIBHBIX YHUCEN X U ).
Mumyt: M(x, ).

Kaxnoit Touke M Ha MIOCKOCTH COOTBETCTBYET €IMHCTBEHHBIN

paouyc-eekmop OM, KOTOPHIE MMEET T€ e KOOPAWMHATHI, 4YTO U
touka M. ITumryt: OM = (x, y) Bekrop OM moxer GbiTh npea-
CTaBJICH TAK)KE B BHJIE JINHEHHON KOMOWHAIINK BEKTOPOB ;', ; :

OM =xi+yj.

Ecmu Ha mmockocTH 3amanbl TOUKU A(x1, y1), B(x2, 1), TO

AB=(x; =X, Y2=2)»
UIMHA

‘E‘:\/(xz_xl)z"‘()’z_)ﬁ)z' 8.1)
[Tycts a= (x, y), TOTJIa €r0 eMUHIYHBIN BEKTOp (0pPT) €CTh

a, =

X
— (8.2)
\/x2 +y° \/xz +y°
[Ipu 3TOM KOOpAMHATHI OpTa @, 3aJal0T HANpaBJICHUE BEKTOpa

a Y Ha3bIBAIOTCS Hanpaenaowumu kocunycamu. Ecmu o u f — yr-

JBI M@Ky BEKTOPOM @ ¥ 0a3WCHBIMH BEKTOpaMH i M j COOTBETCT-
BEHHO, TO
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(8.3)

«/x +y°

Z l_7=(x X, W iyz); (8.4)
ra =(Ax,Ay), AeR; (8.5)
(a.b)=xx, + 33, (8.6)

cos| a,b N T ), ) (8.7)

2 2 2 2
\/xl 0 '\/xz 2
JIis KOJUITMHEAPHBIX BEKTOPOB d, b (a | b) CIIPaBEIIINUBO:;

5 _»
X, W
Koopaunater Touku C(x., y.), Aensield oTpe3ok AB B OTHOIIIE-

HUH A > 0, HaXoAT 1Mo (hopMynam:

. :xl-i-/lx2 :yl—i-/ly2
R A

(8.8)

HpnMep 1. BeKTOp a obpazyer ¢ BeKTOpOM i yron a =60°, c BekTo-
pom ] yron f3 =30°. HaiiTu KOOpJUHATHI BEKTOpA @ HA IUIOCKOCTH, €CITH
<=

Pewenue. Opr % BEKTOpa 4 Ha IWI0CKOCTH xOy uMeeT KOOpANHATHI
(cosa,cosﬂ). Ucnonb3yss  ¢opmyner  (8.2) wu  (8.3), mnomydaem

%:(l, ﬁ] Tak kak ;:|Z|a_0, TO 2:2(%, ﬁJ:(l, \/5)

22 2

Mpumep 2. Haiitn koopanHATHI BEKTOPOB, ONpPENeNSEMBIX JIaroHa-

JISIMU TIapajulesiorpaMMa, IIOCTPOSHHOr'0 Ha BEKTopax a =i+ j, b=i-2j J.

Pewenue. M3BecTHO, YTO CyMMa M pa3HOCTh BEKTOPOB d U b ompene-
JIOT JIArOHAM MAPAJIIENOrPAMMA, TIOCTPOSHHOIO Ha HHX. CrnenoBaTesb-

HO, dl—a+b dz—a b. Torna
d1:(i+j)+(i—2j):(i+i)+(}—2}):22—
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W, 3HAUUT, 31 = (2, - 1).

AHaJIOTUYHO Haxoaum 32 :
@2 =a—b=(i+7)~(i-27) = (i=1)+(7+27) = 37 = (0.3).

IIpumep 3. KoopauHaTs! 1eBOro KoHLA OTpe3Ka AB u ero cepeaunsl M
COOTBETCTBEHHO paBHbl A(—1, —5) u M(3, —2). Haiitu xoopauHaTsl Touku B.

Pewenue. Tlyctb B(xp, yg). Cepenuna oTpe3ka JEIUT ero JIIMHY B OT-
HomeHuw 1:1, T. e. A = 1. 3nauur, u3 popmyn (8.8) umeem:

X4t Xp YatVs
Xy =——, ==
M 2 Yum 2

BrlpasuB xz U yp, momydaem:

Xp=2xy —x,=2-3+1=7,

Vg =2y —ys=2-(=2)+5=1

Mpuxomum k otBery: B(7, 1).

IIpumep 4. [laHbl BEKTOPBI a= (2, —1), b= (4, 1). Boraucnuts:
D(@B) 2 (a-hba) ypais 4 [‘z]
Pewenue. 1) Ucnionssys Gpopmyny (8.6), mmeem:

(a.b)=2-4+(-1)-1=8-1=7.

2) CornacHo gopmynam (8.4) u (8.5), monyuaem:
2a-3b=2(2,-1)-3(4,1)=(4,-2)-(12,3) = (4-12,-2-3) = (-8, -5),
b—a=(41)—-(2,-1)=4-2,1+1)=(2,2).

Torna Ha ocHoBaHuM hopmysl (8.10) BeIUMCIsIEM:

(22—35,5—2) =-8.2+(-5)-2=-16-10=-26.

[Mony4uTs TOT K€ pe3ysIbTaT MOKHO M HECKOJIBKO NO-Ipyromy. Menoss-
3yeM CBOHCTBA CKaJSPHOTO MPOU3BeaeHus, a 3aTeM Gopmyisl (8.1) u (8.6):

(2a-3b,b-a)=2(a, Z)—z(E)2 —3(5)2 +3(a.b)=

=5(a,b)-2fd ~3[p =5-7-22% + (-1} -3¢4> 1) =
=35-10-51=-26.

3) Haiinem KoOpIuHATHI BEKTOpa 32—5, ucnonb3yst Gopmynsl (8.4)

u (8.5):
3a—b=312,-1)—(4,1)=(3-2-4,3-(-1) 1) = (2, —4).
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CrenoBaTenbHO, M0 (popMyIie IIHHBI BekTopa (8.1) momydaem:
|3E—Z| =22 +(~4)® =J4+16 =20 = 24/5.

B kauectBe BTOPOI'0 crocoba PpEeUICHUA TpUMEPA MOXKHO HCITOJIB30BATH

R — -2
cnenyrouit. [lockonbky |3a—b| = (3a—b) , TO

(32—5)2 :9(2)2 —6(E,Z)+(Z)2 =9.(4+1)=6-T+(16+1) =
=45-42+17 = 20.
Haxonum:

|3E—E| =20 = 24/5.

4) Ucnonb3yem dopmyity (8.7) u nomyyaem:

cos[;fz] (@?) 7 1 7

ol VsviToJes s
IIpumep S. JlaHbl BEKTOpPHI E:(l, 1), Z:(l, —1). Haiitn xocunyc
yIiia MeXJy BEKTOpaMH x ;, JUTSL KOTOPBIX 2;+; =a, ;+2; =b.
Pewenue. Bripazum ; U3 TEpBOro 3aJaHHOTO COOTHOILIECHUS:
;:2—2;. Torma, mnoAcTaBUB BO BTOPOE COOTHOLICHHE, IOJNYyYHM

X+ 2(2 - 2_) =b, oTKyma
1

e P | 1
x=——(b-2a)=-=(1-2-1, -1-2-1)=—=(-1,-3)=| =, 1],
L (p-2a) =1 )=-3(-1-3)=[3.1)
}:2—2}:(1—2-1,1—2-1}(1,—1).
3 3
CrnenoBarenbHO, Ha OCHOBaHUU QopMyJbI (8.7) momyyaem:
4

| -8
cos(x,y) === = =——=——,
e o 5

Ipumep 6. ITycTte BEKTOpBI i, j; MOJy4eHBI U3 BEKTOPOB I, j HO-

T
BOPOTOM OTHOCHUTENBHO Touku O Ha yroa @ :Z (puc. 8.9). IIpeacraButh

MPOM3BOJILHBIA BeKTOp @ # (0 B BUAE JIMHEHHONH KOMOWHAIIMU BEKTOPOB

ij, Jp, €ClM a=xi+yj.
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Puc. 8.9

Pewenue. 3apuxcupyeM NpsMOYrolbHYIO CUCTEMY KoopauHaT x,0y,

C €IUHUYHBIMU BEKTOpaMH iy, j;. B 3Toll cucTeMe KOOpAUHAT ONpeaeIuM

HAIIPaBJIAIOIINE KOCUHYCBI BEKTOPOB I, j:

A

A
ST /a
cos(i, i) = cos— =—,

4 2
cos(;' A_')—cos Iz ——sinﬁ——ﬂ
= 42 4 27

N N5

o) = cos™ Go i) = cos”
COS(J,4)=COS— = , COS(/J, =COS— =———.
Joh 4 > I )1 4 5

5 - 2= 2= - 2- 2
TO3Ha'-II/IT,'-ITOI:711—7]1, ]:7,14_7]1’

- (ﬁ.— \E—.J (ff ﬁ—.)
OTKyZa a=Xxi+yj=x J|+y 7114_7]1 =

— ——

2

S S S ol
o 1 > STy 5 1 Yy 5 J1

oo -

=—(x+ )i +—(x+)j.
2 2

3aoanusn

I ypogens

1.1. Jauer Bextophl a=(2, =5), b=(3, 2), c=(-1, 4). Haii-
JIATE KOOPJAMHATBI BEKTOpaA!

1) 2a—b-2c; 2) %(E+Z)—3E;
3) a-2b+c 4) g(;_mz).

110

1.2. JlaHbl BEKTOpHI Z:(l, A), 1_7:(/1, 9). Ompenenure, npu

KAKOM 3HAa4eHHH A BEKTOPBEI a U b KOJIJTMHCAapPHBI.

1.3. Bekrop a o0pasyeT ¢ opToM i yroi ¢, C OpTOM ; yroi f.

Brruncnure KOOpAWHATBI BEKTOPA a Ha IJIOCKOCTH, €CJIN:

1) a=0° B =90°, Z‘:z; 2) @ =90°, f=0° Z‘:s;
3) o =180°, B =90°, Z‘:l/z; 4) a =120°, B =30°, Z‘=4;
5) @ =90°, B =180°, H:z/s; 6) o =135°, B =45°, Z‘:zﬁ;

7) a =120°, B =150°, ‘a‘zl; 8) a =135°, B =135°,

Z‘zz/ﬁ.

1.4. 3aganst Bektopsl a1 =(—1, 2), a2=@3, 1), a3 =(1, 4). Boi-
YUCIIUTC.
1) ‘al

as; 2) OpTHI BEKTOPOB a1, A2, A3}

a,

> >

A A

3) cos(ai,i),cos(a,, j); 4)KoopauHATHI BEKTOpa a= a_1 - 2a_2 +a_3.

1.5. Beruncnure ckajisipHOE POU3BEIEHNE BEKTOPOB, 33JaHHBIX
CBOMMM KOOpAMHATAMU:

Da=(,2), b=(2, 3); 2) a=(2,8; 3,1), b=(5 10).

1.6. HaiinuTe yron Mexny BEKTOpaMH:
1) a=(3,3), b=(3, 0); 2) a=(2,4), b=(-4, -8).

1.7. Beraucnure paboTy, mpousBoauMyto cuioid F' = (2, 4), npu
MepEeMEICHHN €€ TOYKHM NPWIOKEHHMs W3 Hadalla B KOHEI BEKTOpa
s=(2, 3).

11 yposens
2.1. UzBectHO, uTo0 A(2, —7), B(4, 1). Haiinure:
1) KoOpAMHATHI BEKTOpPa A_B, 2) ‘E‘, 3) opt BekTopa AB.
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2.2. Jlaust BekTopsl a = (2, 3), b=(3, 5), ¢=(~1, 3). Oupexe-
JIATE, TIPY KAaKOM 3HaYeHUH KO PHULIUEHTA k& BEKTOPHI KOJUTHHEAPHBI:
1) p=a+kb uqg=a+2c 2) p=a+kb uc
3) p=a-kbug=a+kec.

2.3. 3BecTHO, YTO BEKTOP c= (2m, 17) sBngerca CcyMMOH Bek-
TOPOB a= (-7, 2), b= (3, —5n). Haitnure m u n.

2.4. Otpe3ok ¢ koHUamu B Toukax A(3, —2) u B(6, 4) pa3neneH
Ha TPH paBHBIE YacTH. HaliauTe KOOPIAUHATHI TOYEK JIEICHHS.

2.5. Berancnure cKkaisipHOE POU3BECHUE BEKTOPOB aun b, ecmm:
1) a=(2sin75°, cos75°), b =(sin75°, 2cos75°);
2) a=(cos15° sin15°), b=(2sin15°, 2cos15°).

2.6. Haiinure yromn Mexay BEKTOpaMHu AB u E, ecmn A(2, 1),
B(-1,3)u C(4, -2).

111 ypogens
3.1. Cuna F =9i+5; pasnoxeHa IO ABYM IEPIEHIUK YJISIPHBIM

HaIpasJIeHUsIM, OHO U3 KOTOPBIX 33aJaHO BeKTOpoM a =i—2j. Haii-
JIUTE HAIPABJISIIOIIYIO CHIIBI B HAIIPABJICHUH 3TOT'0 BEKTOPA.

3.2. lloxOepure HEHYNEBBIE YUCHA @, [, y TaK, YTOOBI
aa+Pb—yc=0, tne a=(5, 3), b=(2, 0), c=(4, 2).

3.3. Jansl Tpu BepmuHbl A(3, —4), B(-5, 3) u C(1, 2) napaie-
norpamMma ABCD. Haiinure ero uerBepryto Bepmuny D.

3.4. lansl BepuiuHbel Tpeyroibauka A(3, —1), B4, 2) u C(-4, 0).
Haiinute nnmuHy MenuaHsl, TPOBEIESHHON U3 BEPUIUHBI 4.

3.5. dansr Bepmunsl A(1, —1), B(2, 1) u C(-5, 2) TpeyroiapHuKa
ABC. Bprunciaute MIMHY OHUCCEKTPUCHI €ro BHYTPEHHEro yriia mpu
BEpIINHE A.
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3.6. TpeyrompHuk ABC 3agaH KOOpJIWHATAMHM CBOWX BEPILIUH:
A3, -2), B(3, 1) u C(4, 0). Berancnute paccTosiHUE OT Hadasia Koop-
JMHAT JI0 TOYKH MIepeceyeHnsl MeIMaH 3TOr0 TPEyrojJbHUKA.

3.7. B BepmmHax tpeyromsHuka A(1, —1), B(0, 4) u C(2, —1) co-
CpPEemOTOYEHBI MacChl COOTBETCTBEHHO 1, 2, 3. Halinute KoopauHaThI
LIEHTPA MacC 3TOU CUCTEMBI.

3amMeuaHHueE. I[J'ISI napbsl MaccC m U mj, COCPCAOTOYCHHBIX B TOUYKaxX

A M B, UEHTp HaxXOJUTCS B TOUKe, JeNAled OTpe30K AB B OTHOIIECHUU
L _m

A=——=—=, rael; u [, — pacCTOSIHUS OT TOYEK C COOTBETCTBYIOIIMMHU MaC-
2 M

CcaMH 10 UX LIEHTpa.

3.8. /laHbl BEKTOpPBI a= 8,4), b= (2,—2). Haiinmure BekTOp c,

JNeKAIIUH ¢ BEKTOpaMH ¢ W b B OIHOU MJIOCKOCTH, MEPIEHIUKY-
JSIPHBINA BEKTOPY @, PAaBHBIA €My IO JJMHE U 00pa3yIomuii ¢ BEKTO-

poM b Tymoit yrom.

3.9. [IpencraBbTe HEHYNAEBOM BEKTOp a = Xi+ ) j B BHUJIE JIMHEH-

HOW KOMOMHAIIH BEKTOPOB j H—i.

8.3. IlonspHas cucrema koopauHaT. Cnioco0bl 3aJaHUA
KPHBOii HA MJIOCKOCTH

Brienum Ha IIOCKOCTH MPOHU3BOJBHYIO TOUKy O — noaoc — 1
npoBezieM 4uciaoBoil ayd OP — noaapuyio oce. PaccTosiHue OT IO-
JIFOCa 110 MPOM3BOJILHON TOYKU M 0003HAYUM p, a BENUYUHY yria, Ha
KOTOPBI HY)KHO MoBepHYTh OP, 4T0o0bI cOBMeCTUTh ¢ OM, 0003Ha-
9uM 4epe3 ¢. byaeM cuuTarte ¢ MOJOKUTENBHBIM, €CIIH TOBOPOT CO-
BEpLIAETCS MPOTHB YaCOBOW CTPENIKH, M OTPULATENbHBIM — B MPO-
THBHOM CITyJae.

BennuuHBl p M @ Ha3BIBAIOTCS HOAAPHBIMU KOOPOUHAMAMU
TOUKU M: p — noaapuwiil paouyc, ¢ — noaaphuti yeon. llpuasato cuu-
Tath, uT0 0<@ <27 wmm —7m <@ <7, a MOJIOC UMEET HYJICBbIC

TIOJIAPHBIC KOOPAMHATHI.
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Ecnu 3amaHbl 0THOBpEMEHHO IMPSIMOYTOJIbHAs CHCTEMa KOOpAH-
HaT xOy ¥ NoJsipHasl ¢ MOIApHON ocklo Ox, TO MOXKHO YCTaHOBUTh
CBSI3b MEXAY MPSIMOYTONBHBIMU (X, V) U MOJISIPHBIMU (P, () KOOPIU-
HaTaMU TOYKU M Ha IIOCKOCTH C IOMOUIBIO CIEAYIOIIHUX HOPMYI:

{x =pcoso,

. (8.9)
y = psing;

p=~x+ 7,

Cosp = —— (8.10)
x* 47

_y

VXt +y?

MOoXHO paccMaTpuBaTh YPaBHEHHsS KPHUBBIX B MOJSPHBIX KOOP-
nuHatax: p = p(p) wim O(p, ) = 0.

sing =

IIpumep 1. Halitu mnomsipHBIE KOOPAMHATHI TOYEK A(xﬁ, 1),
Bl -1, —ﬁ , C —25in£, 20052 .
3 9 9

Pewenue. Touka A(x/g , 1) nexwur B 1 yerBepTH NpsIMOYroJbHON CcHC-

TeMbl KOOPJMHAT. 3HAYMUT, MOJSPHBIH YroJl ¢ YIOBIETBOPSIET YCIIOBUIO
0 < ¢ <7/2, npudem coriacHo nepoi popmyine cucremsl (8.10):

2

p=y(V3) +1* =2.

3 . 1 T
CrienoBaTenbHO, COS :7, sin @ :E, YTO NPUBOIUT K @ :g. Urak,
A[Z, ﬁj.
6
2 . y
Touka B| -1, 5 sIBIsIeTCsl BHyTpeHHel Toukoil 111 werBepru mps-

. 3z
MOYTOJIbHOM CHCTEMBl KOOpAMHAT, CIEeJOBaTelbHO, 7T <@ <— (WM
T . .
—-T<p< —E). Haiinem nossipHblit panuyc (ucronb3yem Gopmyssl (8.10)):
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3 3
B
Torna COS(,D_—L_—— sin(p——3——— 3HauuT, (/)—7—7Z
23 2’ 23 2 ’ 6
3 3

hY/3 .
Wi @ = o Takum 06pa3oM, TOUKY B B MOJSIPHON CHCTEME KOOPIUHAT

23 n 23 5m
MOXKHO 3aJaTh Kak B T, ? W B T, -

6
T
Paccmorpum  Touky C. VYuuThiBas, 4YTO 0<3<E, a 3HaA4UT,

. T T
sm§>0, cos§>0, onpenenseM, uro touka C nexutr Bo Il uerBepTH

MPSMOYI'OJIBHOW cucTeMbl KoopauHat. Ee moJspHbIA paauyc, COrjlacHO
¢dopmynam (8.10), ecTb

AN T2 .2 T 2 T
=,[(-2sin—)" +(2cos—)" =,[/4sin“ —+4cos” — =
P \/( 9) ( 9) \/ 9 9

= \/4(sin2%+cosz %j =J4=2.

JI1s HaXOXKIEHHS TOJIIPHOT'O YIJIa ¢ TIOCTYIIMM CIIEAYIOLIUM 00pa3oM.

T
cos— .
Haiinem tgep =——= —ctgg, 3aTE€M, BOCIIOJIb30BaBIIMNChE TEM, YTO
—2sin—
9

HaMMEHBIINH MOJIOKUTENIBHBIA epuos QyHKIHH y = tgx paBeH 7, a yroi ¢

T
YAOBJICTBOPSACT COOTHOIICHHUIO E <@ <7, NOJIy4YUM:

Q= arctg(—ctg ﬁj +7m = —arctg tg(ﬁ_ﬁj + =
9 2 9

[n nj 97 — 21 Tr 1z
== ———|+7T =— +7Z:—E+7Z:—

2 9 18 18

3HAYuT, C(Z, Mj
18
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3ameyaH ue. [lpu ucnonszoBannu Gopmynsl tgp = z IIPY HAXO0XK-
X

JICHUHU TIOJIIPHOTO YIJia I1eJIeCo00pasHo H300pakaTh STH TOUYKH Ha YepTEKe
(puc. 8.10).

L)
2cos —
cx2| 1
! 18
O\ PN 4
—ZSinﬁi 6 |
- 9| ! >
I LARVE T
———————— 6
)
3
Puc. 8.10

Hpumep 2. 3Has mNOISIpHBIE KOOPAMHATHL TOYEK A(Z, Ej,

A (JE s %j, C (3, 7?”), HaWTH UX MPSAMOYTOJIbHbIE KOOPIUHATHL.

Pewenue. Vicionb3ys Gopmynsl (8.9), HaXOIUM NPSMOYTOJIBHBIE KO-
OpAMHATHI 331aHHBIX TOYEK:

1 .
XAIZCOSZIZ-—:I, yA:ZSmE:Z-ﬁ:\/g.

3 2 3 2
Crenosarensno, A(l, \B).

L (o ey R Y

Vg :\/Esin%Z = ﬁsin% =1.
CnenosarensHo, B(—1, 1).

T T T NG 333
Xc =3cos—=3cos| Tt +— |=3| —cos— |=-3-—=———
¢ 6 6 6

2 2
. I . 3
=3sin— =-3sin—=——.
e 6 6 2
Crnenosarenso, N [—%, —%J
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T
IIpumep 3. 3Has nossipHbIE KOOPAUHATHI TOUKH p = 10, ¢ = s HalTH

ee MpsIMOYTOJIbHBIE KOOP/IMHATHI, €CII MOJIIOC HaxoauTces B Touke A(2, 3), a
MOJIIpHAs OCh MapasuiesbHa ocu OX.
Pewenue. PaccMOTpUM TPSIMOYTOJIbHYIO cUcTeMy KoopuuHat xOy,

YJIOBJIETBOPSIONIYIO ycioBuio 3anaun (puc. 8.11). Torna Touka M (10, %j

B 9TOH cHucTeMe KOOpAMHAT omnpezeneHa kak M(xu, Yu)-
O4eBUAHO, YTO
V3

Xy :pcos¢+2:10-cos%+2:10-7+2:5\/§+2,

. . 1
DY :psm(p+3:1051n%+3:10-5+3:8.

Takum o0Opa3oM, B 3aJaHHOH MPSAMOYTOJHHOW CHCTEME KOOPIUHAT
Touka M omnpejeneHa kak M (5\/5 +2, 8).

Puc. 8.11

Hpumep 4. CocraBuTh NapaMeTpHYECKUE YPABHEHUS OKPY)KHOCTH
x*+)* = |, IpUHSB 3a MApaMeTp yroj MEeKIY 0Chio OX H PagHyC-BEKTOPOM

OM, tne O — ueHTp OKpYKHOCTH, M — ee TouKa.
Pewenue. Tlyctp TOuka M uMeeT MPSIMOYroJbHBIE KOOPIWHATHI

A
(x, y), t=(0Ox,0OM). Torpma, mo OHpENENEHUIO TPUIOHOMETPUYECKUX

X = cost,
rae te [0, 27[). Takum 00pa3om, MOJY4MIIM Tapa-

ynximit, {

MCTPUUYECCKUE YPAaBHCHUS OKPYXXHOCTH.

y =sint,

Ipumep 5. Haiitn ypaBHeHHne QUIypbl Ha IJIOCKOCTH B MPSIMOYTOJIb-
HBIX KOOpJAMHATaX, €CIM OHAa MMEET CIEAYIOIee YpaBHEHHE B MOJIIPHOU
CUCTEME KOOPIUHAT:

1) p=4; 2) ¢ :%; 3) p=2cosp.
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Pewenue. JIns peumieHus: nNpuMepoB OyJeM HCHOJIb30BaTh (OpMY-
sl (8.10).

1) Tockonbky p =4, o - X’ + y2 =4. Bo3BonuM B KBajgpaT U MOIY-
qaem x° + y2 =16 — ypaBHeHHE OKpYy>KHOCTH ¢ 1ieHTpoM B Touke (0, 0) u
panuycom r =4,

T
2) VpaBHeHHE (@ = " O3Ha4aeT, 4Tto tgp = IpUYEeM TOYKa C KO-

ﬁ:

opauHaramu (x, y) usexur B | dyerBeptu. 3Hauwr, Z:T Wi
X

1 i3
y=—=x, 834 x> 0. [Tomyuum ypaBHeHue nyda c HadyasnoM B Touke (0, 0).

NG

3) 3apgaHHOe  ypaBHeHHME P =2COS(  3aluIlIeM B  BUJC

X o
x* + y2 =2———. [Tomyuwm X2+ y2 =2x. Beimensem mNOIHBII

NEE

KBaJIpaT U IPHXOANM K ypasrennio (x—1)? +y* =1, koropoe ecTh ypaBHe-
HHUE OKPYKHOCTH ¢ IIeHTpoM B Touke (1, 0) u paguycom r=1.

3aoanusn

I ypogens
1.1. Haiinure monspubie kKoopauHaTel Todek A(2, 0), B(0, 1),

CC3, 0), DO, 1), EQ, 1), FC2, 2), G[143) H1, ——

—E )
K(-2:3, -2).

1.2. 3Has momspHBIE KOOPAUHATHI TOYEK A(S, %j, B@3, n),

T T Sn .
C(l, gj, D(2, — Zj’ E(\/E, Tj, HaWJIUTE WX MPAMOYrOJIbHBIE
KOOPIMHATHI.
1.3. YpaBHeHHNE TMHUN HA TUIOCKOCTH 33/I1aHO B MOJISIPHBIX KOOP-

nuHatax. Halinure ee ypaBHEHHE B MOJSIPHBIX KOOpJIMHATax (IIOJIFOC
COBMAJ@aeT C HAa4yajJoM HPSMOYroJbHOW CHCTEMBI KOOpIUHAT, MOJSp-
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Hasi OCh — C OChIO a0CIHCC):

1) p=2; 2) <p=%; 3) p=2sing.

Chenaiite yepTex.

1.4. Tlepeiinure Kk ypaBHEHUIO JIMHUH B MOJSIPHBIX KOOPJAUHATAX,
€CJIM U3BECTHO ypaBHEHHE B MIPSIMOYTOJIbHBIX KOOPIMHATAX:

1) x2+y2:16; 2) y=—xv3, x>0 3) 2(x2+y2):x_y_

11 yposens
2.1. Haiigure nonspHble ¥ NPsIMOYTOJIbHBIE KOOPAMHATHI TOYEK,
CUMMETPUYHBIX OTHOCHUTENBHO MOISIPHON OCH 33a]aHHBIM:

A(S,%j, B(z,—%j, C(S,—%j, D(1,2), E(1,0), F(5-1).

2
2.2. JIaHbI NONSIPHBIE KOOPMHATHI TOUEK A(S, _Tﬂj u 3(6, %j

Brruncinre nossipHple KOOPAMHATHI CEPENUHBI OTpe3ka AB.

2.3. OnpenenuTe, KaKyl KPUBYIO Ha MJIOCKOCTH 00pa3yloT TOY-
KH, 1L KOTOPBIX paccTosiHue oT Touku A(4, 0) BaBoe Ooibiie pac-
crosius ot Touku B(1, 0).

2.4. Haiigure mossipHble YpaBHEHHS (QUTYp, €CIIM W3BECTHBI HX
YpaBHEHUS B IPSAMOYrojibHOM cucTteMe koopauHat xOy:
1) 3x-2y=8;

2) (x=1* +(y=2)" =4

3) x2+p2=2{xt+y?-2=0.

2.5. Haiinute ypaBHEHHE JIMHUHU B IOJIIPHON CHCTEME KOOPIU-
HaT, €CJIi U3BECTHbI MapaMETPUUYECKUE YpaBHEHUs (MCKIIOUUTH Ma-

pamerp):
x=2t+3, X =C0Sst, xX=t,
Dy , )y L) R B
y=3t-1; y=sint; y=t.
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111 ypogens
3.1. 3Has NoNApHBIE KOOPIUHATHI TOYEK A(S, %J, B(S, —l}

HalauTe NIUHY OTpe3ka AB.

3.2. Haiinure ypaBHEHHME KpHBOHM, COCTOSIIEH M3 TEX TOYEK
TUTOCKOCTH, Pa3HOCTh PACCTOSHHUN OT KOTOPBIX 10 ToueK F(-2, —2) u
F5(2, 2) paBHa 4.

3.3. CocraBpTe mapaMeTpPUUYECKUE YPABHEHUS OKPYXHOCTHU
2 2
x"+y” —2x =0, mpuHAB 32 MapaMeTp Yroi Mexay oceio Ox U nps-
MOM, IPOXOASAIIEH yepe3 IEHTP OKP YKHOCTH.

3.4. OnumuTe ¢ IOMOIIBIO YPaBHEHUS B MOJSIPHBIX KOOPAHHA-
TaX MHOXXECTBO TOYEK, JISKAIIMX Ha NPSAMOH, NEPHEHAUKYISIPHON
MOJIIPHOM OCH ¥ MpoXosinel uepe3 Touky A(S, 0).

3.5. VYpaBHeHHs KpHBBIX 3aJaHbl B IOJISIPHBIX KOOpIHMHATaX.
Haiinmute ux ypaBHEHHS B COOTBETCTBYIOLIMX MPSAMOYTOJBHBIX KOOP-
JMHATAX:

1) p* = sing; 2) p = cosgp + sing;
3) p’cosg sing = 1; 4) p* — 2pcosp —3 = 0.
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9. AHAJIMTUYECKAS TEOMETPUSA HA INIOCKOCTHU

9.1. Ilpsimasi Ha MJIOCKOCTH

Paccmotpum paznudHble ciydau 3aaHust IpsIMOM L Ha MII0CKOCTH.
1. Ecnu 3aman HeHys1eBoW nanpasnaowuii éekmop a = (I,m) || L

U paguyc-BeKTOp ro =(X,,),) HEKOTOPOH (DHKCHPOBAHHOH TOUKH

M (%, yy) €L, TO B 3TOM Cily4ae paguyc-BEKTOp = (x,y) mpous-
BOJIbHOU Touku M (x, y) € L 3amaercs hopmyinoit

r=ro +1ta, 9.1)
rae t € R
VYpaBuenue (9.1) Ha3bIBaeTCs BEKMOPHO-NAPAMEMPUUECKUM
ypasnenuem npamoit L.
2. Bcmu (x,,y,) — KOOpJUHATBI TOUKU M, KOTOpas JIEKUT Ha

npsimoid L, (I, m) — KOOpIAMHATHI HANPaBJIAIONIETO BEKTOpa d, TO
npsiMast 3aJ1aCTCSL RAPAMEMPUYLECKUMU YPAGHEHUAMU:
xX=x,+It,
y=y,+mt, teR, I* +m* #0.
3. Ecou a=(/,m) — HanpaBisOLUIMA BEKTOp, TaKOH, 4TO

I*+m*>#0, u My(x,,y,) — TOUKa, 4epe3 KOTOPYIO MPOXOAUT MHpsi-
Masi, TO UMEEM KAHOHUYECKOe yPaGHEHUE:
X7Xo _ V™o
) m
4. Ecnu npsimast L He napaensHa ocu Ox, TO Ui BCEX HaIlpas-

m A
JSIOIIUX BEKTOPOB OTHOILIEHHE n =k=tga, a=(L,0x). Ilo 3a-

, P +m? #0. (9.2)

JaHHOMY YrjoBoMy Koddduuuenty k& mnpsamoit L u TOuke
M,(xy,v,) €L ypaBHeHWe mpsMoil L MoxeT OBITH 3aJaHO B Clle-
JYIOLIEM BHIE:

Y=Y, =k(x—Xx,) — 3T0 ypasuenue npamoii c y2n06sim KoIQp-
duuuenmom k, npoxoosuweit uepes mouxy M.

B cnyuae, ecrm M,(0,5) — Touka mepeceueHmst HpsiMOi L ¢
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ockio Oy, 3TO ypaBHEHHE MOXKET OBITh 3aIMCAHO B CIEAYIOIIEM BH/IE:
y=kx+b.

5. KoopuHaTel HamnpaBiSiOIIEro BEKTOpa a NpAMoi L Moryr
OBITb HAMJIEHBI, €CIH U3BECTHBI 1Be TOukH M (x,,y,) U

M, (x,,y,) oroll mpamoi: a=(x;, —x,,¥, —V,)- Ypaeuenue npsa-

Moil, npoxooauieii uepes 06e 3a0aHHble MOYKU:
X=X _ Y=o
X=X N =)

6. Ecniu u3BecTHBI TOUKM MepecedeHus NpsMoi L ¢ KoopauHaT-
HBIMH OCSMH, T. €. Touku My(a, 0) u M;(0, b), To cripaBeATUBO ypas-
HeHUue «8 OMmpe3Kaxy:

2o

a b

7. Ilonoxxenue NpsAMON Ha IUIOCKOCTHU OJTHO3HAYHO OIPEEIEHO
W B cClIy4ae, KOrjla 3aJaH HEHYJICBOH HOPMANbHbLIL 6eKMOp

(9.3)

n= (A,B) LL otoit mpamoit u Touka M (x,,y,)e€ L. YcioBue

MEPIEHANKYISIPHOCTH BekTOopoB M M L 7 TO3BOJISET MeperTu K
BEKTOPHOMY YpaBHEHHIO

((r=ry),m)=0
Y 3aTeM K ero KOOpAHHATHOU dopme:

A(x—xy)+B(y—y,) =0 nmm

Ax+By+C=0, 9.4)

rne C =—Ax, — By,, A>+ B> #0.

YpaBuenue (9.4) Ha3bIBACTCS 00MUM YPasHeHuem IPsiMon L.

8. Ecin B kauecTBE HOPMAJIBLHOTO BEKTOpa OepeTcs eqUHIIHBINA

BEKTOp #1,, HANpaBJICHHBIM M3 Hayala KOOPAWHAT B CTOPOHY Mpsi-
MOH, T. €.

A A
no =(cosa,cos B), aia a=(no,0x), B =(no,0y),

TO CIIPaBENJIMBO HOPMAIbHOE ypasHenue psiMoi L Ha TIOCKOCTH:
xcosa+ycosf—p=0,
rae p >0 — paccrosHHE OT Hauajda KOOPIAUHAT J0 MPAMOL.
Bemmanna o(Mo, L) = x¢cos o + yocos f— p, tne M (x,, v,) € L,

Ha3bIBACTCS OTKIIOHEHUEM TOYKU My oT mpsimoii L. [Ipu stom 6 < 0,
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ecii Touku My 1 O(0, 0) nexar no oJHy CTOPOHY OT IpsAMoi L, 0 > 0
— eci 1o pasHele. PaccrosHue d(Mp, L) OT TOUKH 10 TPSMOM paBHO
a0CONIIOTHOMY 3HaUEHHIO OTKJIOHCHHS.
Ot ofuiero ypaBHeHUs MPSIMOM K HOPMaJbHOMY MOXKHO TIepeiTn
C IIOMOIIIBIO0 YMHOX CHUS HA HOPMUDPYIOUWUTL MHONCUIMEND:
) 1, afiée x>0,
”:_ﬂ rjae sign x =40, afnée x=0,

b
N4+ B
PaccrosiHue ot Touku My(xo, o) 1o mpsimoit L: Ax + By + C =0
MOXKET OBbITh HaliZIeHO 10 GopMyIie
|dx, + By, +C|
VA® + B’
Yroa Mexay NpAMbIMH JIETKO HAaHTH C ITOMOIIbI0 KOCUHYCa yria
MEXy UX HAPaBISIOMIMMH WM HOPMaJIbHBIMHA BEKTOPAMH, a TaKXKe
o ¢opmyie
[k~ k|
|1+kk,
rae ki u ky — yrioBble KOOQQUIUEHTH! TPSMBIX.
[Tpu 5TOM BO3MOKHBI YaCTHBIE CITyYau:

-1, &fee x<O.

d(M,,L) = (9.5)

tgp =

>

al|az, ai Las,
D) Ly || Ly; ZIHZL 2) L LL; n Ln,
k =k,; kiky, =-1.

3meck Ly u L, — mpsiMble Ha TUIOCKOCTH, JUISL KOTOPBIX a1 || L,
a>||L,, ni LL, nyLlL,, k,k, — yrnoBsie ko3(puLHEHTHI cO-
OTBETCTBEHHO IPsIMBIX L, U L,.

B nonsipHO# cucTeme KoopIMHAT ypaBHEHHUE MTPSIMON UMEET BUJT

peos(p — o) = p,
re p — JUIMHA TNEpHEeHANKYIsIpa, MPOBEIEHHOI0 M3 TOIICca K
MIPSIMOH, (¢ — YTOJI MEKY MOJIIPHOM OCBIO U MEPIEHINKYIISIPOM.

Mpumep 1. Jansr Bepmmnbl TpeyronsHuka ABC: A(1, 2), B(-1,-3),
C(2,-1). Haiitu:

1) ypaBHenue npsmoii BC;

2) ypaBHEHHUE BBICOTHI AH U ee IHHY;
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3) ypaBHeHue Menuansl BM;

4) yron mexnay npsmeiMu BM u AH,

5) ypaBHEHHSI OMCCEKTPUC BHYTPEHHEIO W BHEUIHErO YIJIOB IPH BEp-
LIMHE A.

Pewenue. 1) J1ns cocraBiieHus ypaBHeHHs IpsMoi BC BOCIOIb3yeMcs
3aJJaHHBIMHM KOOpauHaTtaMu Touek B, C u ypaBHeHHeM npsmoii (9.3), mpo-
Xopsiiiel uepes Be 3amanuble Touku. Tak kak B(—1, -3), C(2, —1), umeem:

x—(—l): y—(-3) - x+1:y+3
2-(-1) —-1-(3) 3 2

[Nocnennee ypaBHeHHE IPUBEIEM K 00IIEMY YpaBHEHHIO, HCIIOIB30BaB
OCHOBHOE CBOMCTBO NPOMOPIIHHU:

20+ 1)=3(y+3) wm 2x-3y-7=0.

Taxum 00pa3oM, OKOHUATEIIHHO MOJTy4aeM:

BC:2x-3y-7=0.

2) J1ns mocTpoeHus1 ypaBHEHUS BBICOTHl AH BOCHOJb3yeMCsl YCIIOBUEM
NEePHEeHAUKYIAPHOCTH NpsAMBIX AH u BC: HOpMalbHBIM BEKTOPOM MPSMOU

BC sBiserca n=(2;-3), T.e. n L BC. Dror BEKTOpP MOXHO paccMarpu-

BaTh KaK HaIpaBILIOMMI BekTop npsimoil AH. CienoBarenbHO, KAaHOHUYE-
cKoe ypaBHeHHe npsimMoit AH cornmacHo ¢popmye (9.2) umeer BUA:

x—-1 y-=-2
5 3 (9.6)
rne A(1, 2)e AH.
B o6miem Bune mosyuum AH: 3x +2y—7=0.
UtoOb! HaliTH JUIMHY BBICOTHI A ABC, OmyIeHHON U3 BepIIUHBI 4, BOC-
noJib3yemcst popmyinoit paccrosiHus (9.5):

_1-32-7 11

Al |=d(4,BC)="—=oT = )
[4F]=dt, 50 23 V3

3) Hdyis cocTaBiCHUs ypaBHCHHS MeIMaHbl BM HalaeM KOOpPIUHATHI
TOUKHU M, sBISIONIEHCS cepeauHoii oTpe3ka AC:

. _Xytxe 142 3 _Yatye _2-1_1
M 2 2 2 M 2 2 2

Honyanm M(3/2, 1/2). 3anumem ypaBHeHHE NpsMOi BM 1o 1ByM u3-

BECTHBIM ToukaMm B(—1,-3)u M (%, %j, ucnonb3ys popmyny (9.3):

x=(=1) y-(=3) x+1 y+3

3 1 s 7

- _ _1 _ _3 - _

2 D 2 =3 2 2
[puBens ero x o0LIEMYy YpaBHEHHIO, OTYYUM:

7 5 .
E(HD _E(y+3)’
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T(x+1)-5(y+3)=0;

BM: 7x—-5y—-8=0.

4) Yron ¢ mexay npsmeiMu BM u AH HaiineM, UCIIONb3ys yroJl MEXIY
HX HOpMaJbHBIMU BEKTOPaMHU:

nev =(7, =5), na(3, 2):

== (eunan)|  734(=5)2]
cos =|cos(nam, nan)|=-—= AR _ _
|nepm || nan | \/72 +(=5) .\/32 +22
[21-10] 11 11

J49+25-/9+4 7413 962
[Tonyuaem ¢ = 69°.
5) Iycte Touka M(x, y) nexur Ha Guccexrpuce yria BAC. Toraa no
cBolicTBy Ouccekrpucsl d(M, AB) = d(M, AC). 3anumem ypaBHeHUs ps-
MbIX AB n AC. Umeem:

-1 -2 -1 y-
X _y eX :y

2
AB : = , T.C. wi S(x—1)=2(y-2).
-1-1 -3-2 -2 -5 ( )=2y=2)
CrnenoBaTeinbHO,
AB:5x-2y—1=0.
AHaJI0TUYHO
AC: x—_lz y—2 ,T.e 3x+y-5=0.
2-1 -1-2
Ucnonszyem popmyiny paccrosuus (9.5):
do, 4By =X 22U gy g0y 2133y =51
N25+4 VI+1
CrnenoBaTenbHO,

|5x-2y—1] [3x+y-5]|
NN T
ITo OCHOBHOMY CBOMCTBY MPOMOPIIMU U CBOUCTBY MOIYJIST HMEEM:
J1I0(5x =2y —1) =+/29(3x + y - 5).
Wrak, momyuniy aBe OUCCEKTPUCHI (BHYTPEHHETO U BHELIHETO YIJIOB
IIpU BepIIrHEe A):

AL s (5510 =3v29)x — (2410 +4/29)y —10 +5 =0,
AL, : (5310 +3v29)x = (2310 =+/29)y —+/10 =5 = 0.

Mpumep 2. Tansr nse Touku A(-3, 8) u B(2, 2). Ha ocu Ox Haiitu Ta-
KYI0 TOYKYy M, CyMMa pacCTOSHUH OT KOTOPOH 0 JBYX 3aJaHHBIX TOYEK
Obuta OBl HAUMEHBILIEH.

Pewenue. Bocrionb3yemcs: yTBEp)KAEHHEM, CMBICT KOTOPOTO COCTOHT
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B CJICAYIOIIEM: HAUMEHBIIUN MyThb MEXIY IBYMsI TOUKAaMH JIOCTUTAETCs B
ciyyae JBWXKeHUs 1o npsMoid. Torna 3agada Oyaer 3akIr04aThesl B MOUCKE
TOYKH repecedeHus: npsmoit AB' (puc. 9.1) ¢ oceto Ox, rae B’ — Touka,
CUMMeETpHYHasl TOYKe B OTHOCUTENbHO ocu Ox (MM B HAXOKJICHUU TOYKH
nepeceueHus: npsimoit A'B ¢ oceto Ox, rie A’ — Touka, CUMMETPUYHAS TOY-
ke A otHocuTenbHO ocu Ox).

A
| B
|
- :h
| i
|
| B’
A’

Puc. 9.1

Touku B'(2,-2) u A(-3, 8) onpenenstor npsamyo AB':

x=2 y+2
=—= T.¢ 10(x-2)=-5(y+2) wmm 2x+y-2=0.
S, 800 (x=2)=-5(y+2) y
3Ha'-II/IT, JUJI HAXOXKIACHHUA KOOpAUHAT HCKOMOI TOYKH M ocTalloch pe-
. {Zx +y-2=0,
IOUTb CUCTEMY YPABHCHHU: 0
y=u.

Pemaem ee:

2x =2, x=1,
y=0, y=0.
Urak, Touka M(1, 0) sBIIsIeTCS] HCKOMOU.

3aoanusn

I ypoeens
1.1. CocraBpTe oOlIee, KaHOHMYECKOE M IapaMeTpUYecKue
YpaBHEHUS MPSMOM, TPOXOASIIEH:

1) uepes Touxy My(1, 2) meprneHTUKYISAPHO BEKTOPY a= 3,-1);

2) uepes TouKy Mo(—2, 3) mapajuiensHO BEKTOPY b= (5,-2);
3) uepes aBe Touku M;(—1, 3) u Mr(2, -3).

1.2. CocTaBbTe ypaBHEHHE «B OTpe3Kax» mpsiMoit 2x + 3y —6 = 0.

x-=1 y+1

1.3. Onpenenure yrioBod K0d(GUIHEHT NPAMOI 2

Y TIOCTPOITE ee B MPSAMOYIroibHOM cucTeMe KoopauHaT Oxy.
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1.4. Tlpsimast 3aaHa MapaMeTPUUECKUMHU yPaBHEHUAMU
x=1-4¢,
y=3+t
Haiinure:
1) HanmpaBIAIOIINI BEKTOP MPSAMOii;
2) KOOPAMHATBI TOUYEK, JJISl KOTOPBIX ¢ =3, 6, =—1, t; = 0;
3) 3HaueHHs mapamerpa ¢ Uil TOYeK IepecedeHus MPsSMON C OCSIMHU
KOOpJUMHAT;

4) cpenu touek A(—3, 4), B(1, 1), C(9, 1) — npunayiexaime 1aHHON
MIPSIMOH.

1.5. Onpenenure, Kakue U3 CAEAYIOUIUX Map MPSMBIX COBIAA-
0T, TapaUIeNbHBI WK MepeCeKarTCs:
1)2x+3y—-8=0udx+6y—10=0;

x—=1 y-1
2)2x+3y—-8=0u ——=——;
) y 37
3)2x+3y-8=0u S+ o1,
4 8
11 ypogeno
2.1. Hannmyte napameTpuieckre ypaBHEHHs IPSIMO:
)y=2x-3; 2)5x—y=0;
£) IR A 4)2x —3=0.
2 3

2.2. Haninmmte obuiee ypaBHEHHE IPSMON:

=1+1, 1
" p) P A 3) y=-x—1.
y=1-3t 1/2 -3 3

2.3. Haiinure yrinoBoit ko duuueHt npsamoi:

py [ 2)3x+4y+5=0 3y 21
X =0; = )
y=2-t 4 2 -5

2.4. Jlan tpeyronpauk ABC: A(1, 1), B(-2, 3), C(4, 7). Hanumm-
T€ YpaBHEHHUS CTOPOH W MEIHMaHBI 3TOT0 TPEYTOJIbHHUKA, MPOBEICH-

HOM U3 BEpIINHBI 4.
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2.5. Hammmure ypaBHEHHE MpPsIMOM, MPOXOJAIIENH yepe3 TOUKY
A(-2, 5) m oTcekaromell Ha KOOPIUHATHBIX OCSX OTPE3KH pPaBHOU
JUIAHBI.

2.6. danwl cepenunnl Mi(1, 2), M>(3, 4), M5(5, —1) ctopoH Tpe-
yronbHHKa. COCTaBbTE YpaBHEHHSI CTOPOH 3TOTO TPEYTOJBHHKA.

2.7. Iycts Touxu A(1, 5), B(-4, 3), C(2, 9) sSBsrOTCSA BEpIINHA-
Mu TpeyroibHuka ABC. CocraBbTe ypaBHEHHE BBICOTHI, IPOBEJICH-
HOW n3 BepInHbl 4 K cTopoHe BC.

2.8. /lanb! ypaBHEHUS CTOPOH Mapauieiorpamma: x +y —2 =0,
2x —y +4 =0 u Touka M(3, 1) mepeceuenus ero auaronainei. Co-
CTaBbTE YPAaBHEHHMS ABYX APYrHX CTOPOH MapajuiesiorpaMma.

2.9. CocraBbTe ypaBHEHHE NPSAMOM, MPOXOAAIIEH depe3 TOUKY
nepecedeHust NpAMbIX 3x — 5y +2=0, 5x—2y+4=0mu
1) HavasI0 KOOpAUHAT;
2) mapayutensHyro ocu Oy;
3) mapaienpHyto npsmoii 2x —y +4 =0;
4) nepneHANKYISAPHYIO MpsiMoi x + 3y + 2 =0.

2.10. Haiinure paccrosaue ot Touku M(2, —1) 10 npsiMoi, mpo-
xozsuielt uepe3 Touku A(—1, 3) u B(3, 4).

2.11. Jlausl BepuimHbl Tpeyromsuuka A(2, 5), B(1, 3), C(7, 0).
BbIUnCITUTE AJMHBL €r0 BBICOT.

2.12. Haiigure BepUIMHBI U BEIMYUHBI YIJIOB TPEYrojdbHHUKA, CTO-
POHBI KOTOPOTO 3a7aHbl ypaBHeHUsIMA X + 3y =0,x=3,x -2y +3=0.

111 ypogens

3.1. [danwr aBe BepmuHbl A(—6, 2), B(2, —2) Tpeyronpauka ABC
u touka H(1,2) mepeceuenuss ero BbicoT. Hailiaure KOOpIUHATHI
Tperbeit BepiuHbl C.

3.2. Haiigure KoopAMHATBHI IEHTPAa OKPYXHOCTH, ONHCAHHOMN
OKOJIO TPEYroJIbHUKA, BEPIIMHAMHU KOTOPOTO SIBISIIOTCS TOoukK A(1, 2),

B(3,-2), C(5, 6).
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3.3. Jansr Bepmunsl A(1, —2), B(5, 4), C(-2, 0) TpeyroibHHKa.
CocraBbTe ypaBHEHUsS OHCCEKTPUC €r0 BHYTPEHHEro M BHELIHETrO
YTJI0B IIPH BEpIIHHE 4.

3.4. Hamumure ypaBHEHHE NPSIMOM, MPOXOJAIIEH Yepe3 TOUKY
P(-3, —5), orpe3ok KoTOpoil Mexny mnpsmeiMua 2x +3y—15=0 u
4x — 5y — 12 = 0 B Touke P nenuTcs momojam.

3.5. CocraBpTe ypaBHEHHE OMCCEKTPUCHI yria MEXAY MPsIMbIMA
x+2y—11=0 n 3x—6y—5=0, KoTOpOMy MPHUHAISKUT TOUKA
A1, =3).

3.6. B momsipHO# cucTeMe KOOpJAMHAT COCTaBbTE YPaBHEHHE
MIPSIMOM, IIPOXO/SAIICH:
1) yepes momroc U 0Opa3zyrolIeil ¢ MOJPHON OChIO Yrou 7/5;
2) uepe3 Touky A(5, 7/4) nepIeHANKYISIPHO MOJIIPHOM OCH.

9.2. Daaunc

Annuncom Ha3BIBAETCI E€OMETPUYECKOE MECTO TOYEK ILIOCKO-
CTH, KOOPAUHATBI KOTOPBIX YAOBIETBOPSIOT YPABHEHUIO

x2 yz
a—2+b—2=1, (97)

rae
a>b>0. (9.8)

VYpaBuenue (9.7) Ha3bIBaeTCsi KAHOHUUECKUM YpPaAGHeHUeM -
aunca.
IMapamMeTpsl 3jsMIICA

Touku Fi(—c, 0) u Fy(c, 0), rae ¢ =+a’ —b*, naspiBaroTcs gho-
Kycamu 3a1unca, TPU 3TOM BEIUYUHA 2C ONpENETsieT Mexcoygho-
KycHOe paccmosanue.

Touku 4;(—a, 0), A2(a, 0), Bi(0, —b), B»(0, b) Ha3pIBaIOTCS 6ep-
wiunamu aunca (puc. 9.2), npu arom 414, = 2a o0pazyer 60Jb-
IIyI0 OCh JUTHICa, a BB, — manyto, O(0; 0) — nentp smumnca.

OCHOBHBIE TApaMeTPHI JUTUIICA, XapaKTepU3yrLIre ero Gopmy:

& = cla — IKcyenmpucumem NUNCA;

n=|FM|, r,=|F,M| — ¢pokansusie paduycet 3a1unca (T04-
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Ka M IpUHAANISKUT DIUIUIICY), IPHYEM 7| = a + &X, 1, = a — &X;
a a
D, :x= —;, D, :x= ; — OupeKmpucol INaUnNca.

D, y 4 D,

=N
r a

L cya
A1 Fl OJAz X

-b| B,
Puc. 9.2

v

Jus snnunca cnpaBemiuBo: 0<¢g <1, r; + 7, =2a, TUPEKTPUCH
HE MepeceKarT TPaHUIly U BHYTPEHHIOI O0JIaCTh DIUIMIICA, a TAKKe
r _ 7 e
d(M’Dl) d(M’DZ)
DKCUEHTPHUCUTET DIUIUIICA BBIPAYKAET €ro MEPY «CKATOCTH.
Ecmu b > a > 0, to snnunc 3amaercs ypaBHeHueM (9.7), mis

KOTOpPOTO BMECTO YCJIOBHS (9.8) BBIMONHIETCS YCIOBUE
b>a>0. 9.9)

Torma 2a — wmamas ock, 2b — Gombmas ocb, ¢=+b>—a?,
FE(0,-c), F,(0,¢) — doxycsr (puc. 9.3). Ilpu stom r, + r, = 2b,
& = ¢/b, TUPEKTPUCHI ONIPENEIAIOTCS YPABHCHUSIMU:

b b
D :y=——,D,:y=—.
€ £

00/1a1af0T CBOICTBOM

D, V]

—a a >

—9 F|
Dy —b|B,

Puc. 9.3
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[Ipu ycnoBun a =b #0 nMeeM (B BUJIE YACTHOTO CITydasl SJIIMII-
ca) OKPY)KHOCTb paauyca R = a. [Ipu atom ¢ = 0, a 3Ha4wT, € = 0.

Touku 3utHIIca 00JaIAI0T XAPAKMEPUCMUUECKUM CEOILCIEOM.
CyMMa PacCTOSHHH OT KaKJOW M3 HUX N0 (POKYCOB €CTh BETUYMHA
MOCTOsIHHAsA, paBHas 2a (puc. 9.2).

s napamempuueckozo 3adanusn ynunca (popmyna (9.7)) B
cirydasx BeIONHeHus ycnoBuid (9.8) u (9.9) B xauecTBe mapamerpa ¢
MOXeET OBITh B3iTa BEJIMYMHA yIJIa MEXAY Paguyc-BEKTOPOM TOYKH,
TeKaIel Ha 3JUTUIICe, U IOJIOKUTEIHHBIM HanpaBieHneM ocu Ox:

X =acost,
{ y =bsint,
rae t€[0, 2m).
Ecin nentp smmnca ¢ nonyocsmu a, b (a, b#0) Haxoxurcs

B Touke C(X,, J,), TO €r0 ypaBHEHHE UMEET BUL:

(x—;co)z +(y—zyo)2 1 9.10)
a b

IIpumep 1. [IpuBecTu ypaBHEHHE >IUIMIICA X+ 4y2 = 16 x KaHOHHYE-
CKOMY BUJIY U OIIPEAEIHTH €ro napamerpbl. V300pa3uTh siuiurc.
Pewienue. Paznenum ypaBHeHUE X2+ 4y2 =16 Ha 16, mocie 4ero mo-

JIy4HM:
x2 2
RSB ARESY
16 4

[To BuIy MOMY4EeHHOro ypaBHEHHS 3aKJIIOYaeM, YTO 3TO KAHOHHYECKOE
ypaBHeHue sumica (Gopmyna (9.7)), rae a = 4 — 6onblas noiayocs, b =2 —
Manasi IOJdyOoCh. 3HAYMT, BEPUIMHAMHM 3JUIHIICA SABIAIOTCS TO4ku A1(—4, 0),

Ax(4, 0), B(0,-2), B>(0, 2). Tak kax ¢ =+a> —b*> =/16—4 =12 =23 —
[IOJIOBUHA MEXAY(POKYCHOI'O PACCTOSHHUS, TO TOYKH 171(—2«5 , 0),

F, (2\6 , 0) sBmsrores pokycamu 3ruica. BelYUCIMM SKCLIEHTPUCUTET:

a 2
Jupexrpucel D, D, oNUCBIBAIOTCSI YPABHEHUSIMU:
8 8
D:x=-—F, D,: x=

B N

N3o6pakaem smmmrnc (puc. 9.4).
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A
D1 7 D2
2| B>

=1
AN 0 /4, *

=2\ B,

Puc. 9.4
IIpumep 2. OnpenenuTs napaMeTphl JUIUICA

2 2
x—1 +2
(=1’ 0+’ |
4 1
Pewenue. CpaBHUM JaHHOE YPaBHEHUE C KAHOHMYECKUM YPABHEHM-
2 2
(x—x)" (=)
PR 2
a b
uentp smunca C: x5 =1, y, =-2. Bonewmas monyock ¢ =2, Manas Ho-

€M JJIIIMIICa =1 co CMCUICHHBIM LECHTPOM. HaXOZ[I/IM

nyock b=1, npsmbie x =1, y=-2 — riaBHble ocH. [lonoBuHa Mexaydo-
KYCHOTO PacCTOSTHHS c=va?-b* =2° -1 :\/5, a 3HauuT, (QoKychl
B (—\/§+l; —2), F, (\/§+l; —2). DKCLUEHTPUCHUTET & :%:g. Jupek-
Tpucel D; u D, Moryr OBITh OnMcaHbl C TOMOLIBIO ypaBHEHHI:

A 41 (puc. 9.5),

B

bl yT

4
D: x=——f4+1, D,: x=

N

Puc. 9.5

IIpumep 3. Onpenenuth, Kakas KpuBas 3aJaeTcsi ypaBHEHUEM, H30-
Opasuts ee:

)X’ +)" +4x -2y +4=0; )X+ +4x -2y +6=0;

3) X' +4y  —2x+ 16y +1=0; 4) X +4y —2x+16y+17=0;

5) 16x> +9y% +64x—54y+1=0.
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Pewenue. 1) HpI/IBeﬂeM YpaBHEHHUE K KAHOHUYCCKOMY BUIY METOLOM
BBIJACJICHUA IIOJIHOT'O KBaJApaTa JIBy4JICHA:

x2+y2+4x72y+4=0;

(C+4x)+ (7 —2)) +4=0;

(C+4x+4)—4+0 -2y +1)-1+4=0;

(x+27%+(@-1)7>=1.

Takum 00pa3oM, ypaBHEHHE MOXKET OBITh IPUBEACHO K BHILY

(x+27+(@-1)7>=1.

DTO ypaBHEHHE OKPY>KHOCTH C IIGHTPOM B Touke (—2, 1) u paguycom
R =1 (puc. 9.6).

v

Puc. 9.6

2) Bripensiem nosHble KBaApaThl IBYYICHOB B JIEBOH YacTH ypaBHEHUS U
MOJIy4aeM:

(x+27+(@—-1)7>=-1.

9T0 YpaBHEHHUE HE UMCECT CMbICJIa HA MHOXKECTBE L[efICTBHTeHLHLIX qu-
CCJI, TaK KakK JI€Basd 4aCTb HCOTpHLATCJIbHa ITPpU J'IIO6I>IX Z[eﬁCTBHTeJILHI)IX
3HAYCHUAX NEPEMEHHLIX X U ), a IIpaBasd — OTpULlaTCJIbHA. HOSTOMy TOBO-
PAT, 4YTO 3TO YpaBHCHHEC «MHHUMOH OKPYXHOCTU» HJIMA OHO 3aJa€T IIyCTOC
MHOXECTBO TOUYECK IIJIOCKOCTH.

3) BoiensieM noJHBIE KBaAPaThI:

X4y —2x+16y+1=0;

(—2x+1)—1+407 +4y+4)—16+1=0;

(x— 1) +4(y+2)-16=0;

(x—1)*+4(y +2)* =16.

3Ha'-II/IT, YPaBHECHUEC UMECCT BU:

2 2
(=1 +4(p+2) =16 wm SV O+
16 4
[TonyuenHnoe ypaBHEHHE, a CJIEJOBATEIbHO, U HCXOJHOE 3aJaloT 3II-
qrnic. LenTp ammunca Haxoautces B Touke Oy(1, —2), raBHbIe OCH 3aJJaF0TCS
ypaBHEHUsMU y = —2, x = 1, npudyeM OoJblias noyryock a = 4, Manas moiy-
ock b =2 (puc. 9.7).
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Puc. 9.7

4) ITocne BBIICJICHHU A IMOJIHBIX KBaJApaTOB UMEEM

(x—1)*+4(p+2y—17+17=0 wm (x— 1) +4(y+2)*=0.

HOJ’Iy‘-IeHHOC YpaBHEHHUE 3a1a€T €AMHCTBECHHYIO TOYKY IUIOCKOCTU C
kKoopauHatamu (1, —2).

5) IlpuBenem ypaBHEHHE K KAHOHHYECKOMY BUILY:

16(x> +4x+4)+9(y> —6y+9)—64—81+1=0;
16(x+2)? +9(y —3)* = 144;
2 2
(x+2)  =3" |
9 16

O4eBHIHO, OHO 3aJaeT JIUIMUIC, IIEHTP KOTOPOro HAXOIUTCS B TOYKE
0,(=2; 3), rmaBHbIE OCH 3aJalOTCSl YPAaBHEHUAMU X =-—2, y =3, IpuueM

Gospias nmonyock b =4, manas nonyocb a =3 (puc. 9.8).

A
Ly
————————— ! -~ 7
Fi
_____________ 01 |
; 3
. Fiy B R
~ ) g
5 = 1 X
Puc. 9.8

IIpumep 4. 3anucaTe ypaBHEHHE KacaTeIbHOW K OKPYKHOCTU Paiy-
ca 2 ¢ HeHTpoM B mpaBoM (okyce dmiunca x- + 4y’ = 4 B Touke mepeceue-
HUS C OCBIO OpJIUHAT.
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Pewenue. YpaBHEeHUE JIUTUTICA IPUBE/IEM K KaHOHUUECKOMY BUIY (9.7):
2 2

X
2—2 + )1}—2 =1.
3HauuT, ¢ = V22 -1? = ﬁ u npaBblii pokyc — F, (\/g , 0). [Hosromy,
HCKOMOE ypaBHEHUE OKPYKHOCTH paauyca 2 umeet Bua (puc. 9.9):
(x—«/g)z +y2 =4.
OKpYXHOCTh TEepeceKaeT OCh OPAMHAT B TOYKAX, KOOPAMHATHI KOTO-
PBIX OIPEEISIOTCS U3 CUCTEMBI ypaBHEHHU:

{(x_\/g)2+y2 :45

x=0.
[Tonyuaem:
x=0,
{xzo, |
2 y=-54
Y ’ {yzl.

IMycTb 310 Touku N (0; —1) u M (0; 1). 3HaYUT, MOXKHO TIOCTPOUTH JBE
KacatenpHble, 0003HauuM ux 77 u T». [1o U3BECTHOMY CBOWMCTBY KacaTeib-
Hasl MePICHIUKYIISIPHA PAUYCY, TPOBEACHHOMY B TOYKY KacaHUsI.

Mycte T J_M_Fz, 1, J_N_Fz, M_Fz:(\/g; —1).Tor/:[a YpaBHEHME Ka-
catenbHOU ' MpUMET BUJ:

3x —y+c=0.

M €T, 3naunr, —1+c=0 wm T;: \Bx—y+1:0.

N_Fz = (\/5 ; 1). Torna ypaBHeHue KacatebHOU 7> MPUMET BU/I;

\/§x+y+c =0.

N eT,, 3nauut, —1+c=0 umm T \Bx+y+1:0.
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IIpumep 5. 3anucate ypaBHEHHE OKPYKHOCTH, MPOXOASIIEH depe3
Touky M(1, —2) u Touku nepecedeHus npsamor x — 7y + 10 = 0 ¢ okpykHO-
cThio X* + 7 — 2x + 4y —20=0.

Pewenue. Halinem Touku nepecedenus npsmoit x — 7y + 10 = 0 ¢ ok-
PY’KHOCTBIO X+ y2 —2x+4y—20 =0, pemuB CUCTEMY YpaBHEHHI:

x=T7y+10=0,

{xz +y* —2x+4y-20=0.

Bbipa3uM x U3 NepBOro ypaBHEHHUS] CUCTEMBI:

x=Ty—-10.

3aTeM MOJCTaBUM BO BTOPOE:

(Ty = 10y + % = 2(7y — 10) + 4y — 20 = 0.

OHO PaBHOCWILHO ypaBHEHHUIO

YW =3y+2=0.

Ucnonb3ys GopmyIbsl KOpHEH KBaJpaTHOTO ypaBHEHUs, HaiiaeM y; = 1,
=2, 0TKyna x; =-3,x, =4.

Urak, nMeeM Tpu TOUKH, Jiexaniue Ha okpyxHoctu: M(1, -2), M,(4,2)
u M3, 1). Iycrs Oi(xy, yo) — UEHTp OKpyxHocTH. Tornma

|01M| = |01M1| = |01M2| = R, rne R — paanyc OKpy>KHOCTH.
Haiinem koopauHaThl BEKTOPOB:
OM =(1-xy, =2—y,),
OM, =(4-xq5, 2—-¥),
O M, =(=3-xp,1= ).
3HauuT,
JA=30) + (2= 30)% =(4=50)* + (2= 30)* = (-3-%0)* + (1= 3,
YTO PaBHOCUIILHO CHCTEME
{(I—xo)z +(22=70)" = (4-%0) + (=),
(4=x0)" +(2=yp)" =(B3-x)" + (L= yp)".
VYopoiaem ee:
{—2){0 +5+4y,=20-8x, —4y,,

20-8xy) =4y, =10+6x5 —2y;

6xy +8y, =15,
Txy +yy =3.
Pemas mocieiHIOI0 CHCTEMY, TTOTy9daeM OTBET:

x, =0,5,
yo =1,5.
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Takum oOpa3oM, IIEHTp OKpykHOCTH HaxomuTcsa B Touke (0,5; 1,5), ee
panuyc
R=(1-0,57 +(-2-1,5)> =4/(4-0,57 +(2-1,5) =

= J(-3-0,57 +(1-1,5)2 =/12.5.

Torz[a KaHOHUYECKOE YpaBHCHUC HCKOMOM OKPYXHOCTHU UMEET BU/:
(x—0,5)%+(y—1,5)? =12,5.

3aoanusn

I ypogens

1.1. CocraBpTe KaHOHHYECKOE ypaBHEHHE OKPYKHOCTH C IEH-
TpoM B Touke (—4, 7) u paguycoM R = 7. Onpenenure, JexaT 1 Ha
9TOH OKpyKHOCTH ToukH A(1, —2) u B(-4, 0).

1.2. Haiinure 1ieHTp U paanyc OKPYKHOCTHU:

1)x*+)7 +2x=0; 2)x* +y —4y=0.

1.3. Jlns snownca 4x” + 9y = 36 wHaiinure:
1) ero ueHrp; 2) moxyocw; 3) pokycer;
4) DKCLIEHTPUCHTET; 5) ypaBHEHHUS AUPEKTPHC.

N300pazute smric.

II yposens
2.1. [TocTpoiiTe OKPYKHOCTB X~ + y* — 5y = 0 1 mpsimyro 2x — y = 0.
HaiinuTe nx To4YKu nepecedeHusl.

2.2. lana touka A(4, —2). CocraBpTe ypaBHEHHE OKPYKHOCTH,
JUaMETPOM KOTOPOH CIyKUT 0Tpe30K OA, 1 HallIUTe TOUKH Iepece-
YEHHUSI 3TON OKPYKHOCTH C KOOPJIMHATHBIMH OCSIMHU.

2.3. Hannmmte ypaBHEHHUS JTUAaMETPOB OKPYKHOCTH
2 2
x +y +6x+8y=0,
MapauIeIbHbIX KOOPJUMHATHBIM OCSIM.

2.4. CocraBbTe ypaBHEHHE dJumIica, 3Has ero ¢okyc Fi(2, 0),
COOTBETCTBYIOIIYIO €My AUPEKTPUCY X = 8.

2.5. IIpuBenute obiee ypaBHEHHE K KAaHOHMYECKOMY BHIY H OII-
penenuTe reoMeTpuIeckoe MHOXKECTBO TOYEK, KOTOPOE OHO 3a1a€T:
1) x> +4y° —2x+ 16y + 13 =0; )X+ 4y +2x+ 16y +17=0;
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3)x° + 4" —2x + 16y +21=0; 4)4x" +y —8x+4y+4=0.
Ecnm 370 BO3MOXHO, clieTaiTe pUCYHOK.

2.6. Dmtunc kacaercs ocu abciuce B Touke A(3, 0) u ocu opau-
HatT B Touke B(0, —2). CocraBpTe ypaBHEHHUE DIUIMIICA, €CIIH €r0 OCH
CUMMETPHUH MapajuieNIbHBl KOOPAHHATHBIM OCSIM.

2.7. DOnnunc, CUMMETPUYHBIM OTHOCHUTENHHO KOOPIMHATHBIX
oceit, mpoxoaut uepes Toukn M (3, —2) u N(=2+/3, 1). Cocrasb-
T€ €ro ypaBHEHHE.

111 ypogenw
2 2

X
3.1. JlokaxuTe, 4TO Ml DIUIHICA —- + Z—Z =1 (a>b>0) Bo-
a

r . .
TIOJTHSAETCS yCHOBI/Ieg =g, T7e  — POKaNbHBIN pagnyc 000N TOUYKH
AIUIHTICA, d — €€ PACCTOSIHUE JIO COOTBETCTBYIOLIEH JUPEKTPHCHI.

3.2. Dmnc, TIaBHBIE OCH KOTOPOTO COBIAJAIOT ¢ KOOpIAWHAT-
HBIMH OCSIMH, TPOXOAUT depe3 Touku M, (2, \/g), M,(0, 2). Co-

CTaBbTE €r0 ypaBHEHHE, HalauTe (QOKaNIbHBIC PagUyChl TOUKA M| H
PACCTOSHUSI OT 3TOW TOUKU J0 AUPEKTPHC.

3.3. Ha smmumce 9x” + 25y = 225 HaitauTe TOUKY, PAacCTOSHHUE
OT KOTOPOU 710 0fHOTO U3 (PoKycOB B 4 pa3a OoJIbIIE PACCTOSHHUS J10
BTOpOro (hokyca.

3.4. BriBenuTe KaHOHHYECKOE ypaBHEHHME 3JUIUIICA, HCIOJb3Ys
TO, YTO CyMMa PAcCTOSHUI OT JIF000H U3 ero Touek 10 GoKycoB ecTh
BEJIMYWHA MTOCTOSIHHASI, PaBHAsE OOJIBINON ocH, T. €. 2a (CUUTaTh, YTO
(OKYCHI pacroyo’KeHbl Ha OCH a0CIICC CHMMETPUIHO OTHOCUTENHHO
Hayaja KOOpAMHAT, U MeKIy(POKYCHOE PACCTOSIHUE PaBHO 2¢, ¢ < a).

9.3. 'unep6osa

T'unep6onoi HazpIBaeTCd r€OMETPUUECKOE MECTO TOYEK ILIOC-

KOCTH, KOOpAWHATBI KOTOPBIX YAOBJIIETBOPSAIOT YPaBHEHUIO
2 2
X
I (9.11)
a b
rae a, b>0.
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ITapamMeTpbl runep60abI

Touku Fi(—c, 0), Fy(c, 0), rne c¢=+/a’ +b*, HaszsBaoTCA ho-
Kycamu tunep6oinst (puc. 9.10), npu 3ToM BenmduHa 2¢ (¢ > a > 0)
omnpezaensier Mmenucoyghoxycuoe paccmosnue. Touxku A(—a, 0),
As(a, 0) Ha3BIBAIOTCS GEPUILHAMU 2UNEPOOJIbL, TIPU TOM OTPE30K
A4, = 2a obpaszyer delicmeumenvHyio 0cb TUnepOOIIbI, a OTPE30K
BB, = 2b — muumyio ocw (B1(0, —b), By(0, b)), Touka O — yenmp ru-
mepOOoJIbL.

Puc. 9.10

OCHOBHBIE MTapaMeTPbI TUIIEPOOIIBL, XapaKTepH3yroIIHe ee Hopmy:

c
BEIIMUMHA € = — HAa3bIBACTCSH IKCUEHMPUCUMEMOM Zunepio-
a

JIbl, OHA XapaKTEPHU3YeT MePY «CKATOCTH TUIIEPOOIIBI;
n=|FM

, 7y :|F2M| — ¢poxanvnvie paduycel 2unepoonvi

(Touka M MpUHAIIEKUT THIEPOOIE), PUYeM 7| = a + ex, 1, =—a + ex —
JUIS TOYEK MPaBOi BETBU TUIIEPOONBL, 7' = — (a + &x), 1, = — (—a + &x) —
JIJISI TOYEK JIEBOM BETBHU,

a a
D, :x=—-—, D, :x=— — oupexmpucuvi 2unepoonut;
€ €

L,:y= i;x — acumMnmomol 2unepoonsl.

Juist TurepOoIbl CIpaBeaIuBo: € > 1, TUPEKTPUCHI He TMepeceKa-
10T TPaHUIy ¥ BHYTPEHHIOI 00J1acTh rUepOoibl, a TakkKe 001a1ar0T
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Al _ " —¢
d(M’Dl) d(M’DZ)
I"oBopsiT, UTO ypaBHEHHE
2 2
Xy
— =5 =-1 (9.12)
a” b
3a/laeT ypasnenue 2unepoosl, conpaxicennou oannoii (puc. 9.11).

Ero MoxxHO 3anucarh TaKxke B BUJIC

x2 y2 !

CBOMCTBOM

+ [l

a*> b

B Takom ciydae otpe3ok BB, o0pa3zyeT AeHCTBUTEIBHYIO OCb, a
A4, — MHUMYIO, BepIIMHBI HaxoiaTcs B Toukax B (0; —b) u B,(0; b),

¢dokycer — F1(0; —c) u F5(0; ¢), 5KCUEHTPUCHTET & :%, ypaBHEHUS

b
aupeKkTpuc D, , 1y =1—.
£

Puc. 9.11

Touku runepOoNbI 00J7aJal0T BAXKHBIM XapaKTEPUCTUIECKUM
CBOMCTBOM: a0CONIOTHOE 3HAYEHHE PAa3HOCTH PACCTOSHUN OT KaXKIOH
13 HUX J10 (POKYCOB €CTh BeJIMYHMHA MOCTOSIHHAS, paBHas 2a (puc. 9.10)
wm 2b (puc. 9.11).

Jiis napamempuueckozo 3adanus TunepOONbl B KAYECTBE IMa-
pamerpa ¢ MOXKeT OBITh B3sTa BEIMYMHA yriia MEXAY paanyc-Bek-
TOPOM TOYKH, JIeKallel Ha rumnepOosie, U MOIOKUTEIFHBIM Halpas-
nenueM ocu Ox:

{xzwcht,

; 27).
y=b-sht, ref0; 27)
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Mpumep 1. [Ipusectu ypaBHEeHHE THIEPOOIIBI 9x* — 16y2 = 144 x ka-
HOHUYECKOMY BUJY, HAUTH €€ IapaMeTpsbl, yroil MeXIy aCUMIITOTaMHU, H30-
Opasute runepooy.

Pewenue. Paznenum JIeByI0 U NPaBylO YacTH 33/1aHHOT'O YPAaBHEHUS Ha

2 2
144: E_% =1. U3 nocneaHero ypaBHEHHs] HEMOCPEICTBEHHO CIENYeT:
a=4,b=3,c=5, 0(0, 0) — uentp runepdonsl. PoKychl HAXOIATCI B TOUY-
kax Fi(-5, 0) u Fx(5, 0), saxcuentpucurer ¢ = 5/4, nupekrpucsl D) u D,
OMKCHIBAIOTCS ypaBHeHUsMU Dy: x = —16/5, D,: x = 16/5, acumnrotsl [, u [,

3
HUMCIOT YpaBHCHUA ) = izx.

CrienaeM pUCYHOK: Ha KOOpAMHATHBIX ocsix Ox 1 Oy CUMMETPUYHO OT-
HocutenbHo Touku O(0, 0) omnoxkum orpe3ku A4, =2a=8 u BB, =2b=6
cooTBeTcTBEHHO (puc. 9.12). Uepes nonyuennsie Touku 4,(—4, 0), 42(4, 0),
B1(0, -3), B5(0, 3) npoBesem npsiMble, HapajuieIbHble KOOPAUHATHBIM OCSIM.
B pesynbrare moiaydyuM NPSIMOYTOJIBHHK, JTUAaroHajld KOTOPOro Jiexar Ha
acuMNOTOTax runepoossl. CTpoum rumnepooy.

)}A

Puc. 9.12

JIJ1 HAXOXKIICHUS yTIIa ¢ MEXKAY aCUMIITOTAMHU TUIIEPOOIIBI BOCIIOJB3Y-
emcst hopmyIoi

tgp = Sk, |
1+k; -k,
3.3 6
tg(p: 4 4 :L:é.&:ﬁ’
33022 27 7
4 4 16

24
OTKYyJla MOJIy4aeM ¢ = arctg7 ~73,7°.
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IIpumep 2. OnpenenuTs THUI, NApaMETPbl U PACHOJIOKEHHE HA IJIOC-
KOCTH KpUBOMH, ypaBHEHUE KOTOPOil X2 - 6y2 —12x+36y—-48=0.

Pewenue. C TIOMOIIBIO METOZA BBIACIJICHUA ITOJIHBIX KBaApaToOB YIIPO-
CTHUM IIpaBYyIO 4aCTh JAaHHOT'O YPaBHCHUA:

x2—6y?—12x+36y-48=0;
(x—6)* =36—6(y> —6y+9)+54—48 =0.
[Tonyuaem ypaBHEeHUE
(x—6)> —6(y —3)* —30=0,

KOoTOpoe fenaeHueM Ha 30 mpUBOIUTCS K BUTY
-0 -3 _,

30 5
DT0 ypaBHEHHE TMIEpOOJbl, EHTP KOTOpoi Jiexut B Touke C(6; 3),

JeHcTBUTEbHAS TONYOCh a =+/30, MHHMas Moayock b = \/g (puc. 9.13).

Puc. 9.13

Ipumep 3. CocraButh ypaBHEHHE I'HITEPOOJIBI, CONPSKEHHOW OTHOCH-
2 yz
TEJILHO THITEPOOJIb 6 9 =1, ompenenuTs ee mapameTpsl U CIENATh PU-

CYHOK.
Pewenue. YpaBHeHHe runepOoibl, CONPSKEHHON TaHHON:
252 2 2
———=-1um —-—=1
16 9 9 16

JlelicTBurenbHas noiayock b = 3, MHUMas a = 4, MOJOBUHA MEXAY(O-

KYCHOI'O PacCTOSIHUA C = Vb? +a* =~37 +4% =25 =5. Bepmnnamu ru-

nepboisl cimyxat Toukd B(0, —3) u B,(0, 3); ee Gpoxyckl HAXOAATCS B TOU-
kax F1(0, =5) u F,(0, 5); akcuenTpucurer ¢ = ¢/b = 5/3; mupekrpucel D; u
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X

B w

D, 3aparorcst ypaBHeHusimu Dy y = —9/5, D, y = 9/5; ypaBHeHuss y =+

SIBJISIIOTCSL YPAaBHEHUSIMU acuMITOT (puc. 9.14).

Puc. 9.14

3aM€TI/IM, YTO IJIA CONPSXKCHHBIX mnep6on 06IJ_II/IMI/I OJICMCHTaAMU $B-
JIAIOTCS «BCTIOMOTaTEIbHBIN MIpAMOYT'OJIbHUK» U aCUMIITOTEI.

Ipumep 4. Hanucare ypaBHeHHEe TrunepOOJbl C MOJYOCIMH a U b
(a>0, b > 0), eciit U3BECTHO, YTO €€ IJIABHbIE OCU TapajuielbHbl KOOPIH-
HaTHBIM ocsiM. OnpeeuTh OCHOBHBIE MTapaMeTphl THIEPOOITBL.

Pewenue. Vickomoe ypaBHEHHE MOKHO PacCMaTpUBaTh KaKk ypaBHEHHE

2 2
THIIEPOOIIBI _z_b_z =1, KoTOopoe moiyry4aercs B pe3yibTare Iapajuielib-
a
HOTo IepeHoca 3aJaHHOU CHCTeMBbl KoopAuHaT Ha BekTop OO, = (X, Vo),
rne (Xg, ¥o) — LUEHTP THIepOoNbl B «CTApoi» cucreme KoopauHar. Torna,
UCIIOJIB3YS COOTHOIICHUSI MEXIy KOOpAMHATaMH IPOM3BOIBHON TOuku M
IUIOCKOCTH B 3aJJaHHOU M ITPpeo0pa30BaHHOM cucTemMax

X=x-xg,

Y=y-y,
MIOJIyYUM YpaBHEHHUE THIIEPOOIIBI

2 2
(x = xp) (¥ =¥o) _
> - > =1.
a b

Onpenemum  mapameTpbl. LleHTp rumepOoibl  ompenenser TodKa
O'(x¢; ), @ 3HAYUT, JEHCTBUTENILHAS OCh 33JACTCSI YPAaBHEHHEM ) =}, a
MHHMasi — YypaBHEHHEM X =X, FEe BepUIMHaMH SBJSIIOTCS TOYKHU
A(—a+xy;v9), A(a+xy; yy), a acCUMOTOTaMH SBIAIOTCS IPAMBIE
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b
y=t—(x—xy)+Y,. [TonoBuna MKy () OKYCHOTO paccTostHus
a

c=+a’ +b*. Torma (oKychl THIepbONEl HAXOAATCA B  TOYKAX
Fi(=c+x4;5¢), Fr(c+xq;¥0), IKCUCHTPUCHUTET
[ 2
c a’ +b? B 1+(bj -1

E=—==

a a a

Hupexrpucel D, u D, 3a1a10TCsl ypaBHEHUSIMU:
a a’ a’
Dl’zzx:i;+x0 um D, : x:—7+x0, D,: x:7+x0.

Mpumep 5. Hanmcath ypaBHEHUE runepOOIbl, UMEIONEH BEpUIMHBI B

2 2
X
(bOKycax 3JUIMIICa — + y— =1 ,a (I)OI(ycI:I — B BEpUHIMHAX 3TOr'0 3JUIMIICA.

9
2 2
X y
Pewenue. YpaBHeHue 2—5 + ? =1 o3Hauaer, 4To (HOKyCaMu 3IUIUIICA

SIBJISFOTCST TOUKH FIY (-4, 0), FZY (4, 0), a BepuIMHBI, JIeKAIUE HA TJIaB-

HOM oOCH, HaxoAsTCsi B TOUYKax /119(—5,0),/129 (5,0) (rax kak a’ =5,

b2 =3, ®=52-3% =4).
Torpma asst “CKOMOU THITEPOOITBI U3BECTHO, YTO €€ (POKYCHI:
(=50, F'(s, 0,
a BEPUIMHBI — A1A~(—4, 0), A2A~(4, 0).
3Ha'-II/IT, OCHOBHBIC ITapaMETpPhI l"I/Il'Iep60J'H>I cienyromue:
al =4, " =5, bT =457 -4 =3,
Hcrnonp3ys naHHy o HHYOPMALIHIO, TPUXOAUM K YPAaBHEHHIO THITEpOOIBL:

2
x2 y

16 9

3aoanusn

I ypoeens
1.1. Ompeznenure XapakTEPUCTUKU (LEHTP, MOIYOCH, (OKYCHI,
SKCIICHTPUCHUTET, YPaBHEHUS IUPEKTPUC M ACUMIITOT) TUIEPOOIIBI

2 2
X Yy

— —<—=1. BbIOIHHATE PUCYHOK.
36 64 pHeyH
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1.2. CocraBeTe ypaBHEHHE TUnepOO0IIbl, BEPIIMHBI KOTOPOU Ha-
xomsares B Toukax 4(5, 0) u Ax(5, 0), a paccrosHue Mmexay ¢oxyca-
MH paBHO 14.

1.3. CocraBbTe ypaBHEHHE THIIEPOOIIBI, TPOXOAAIISH Yepe3 ToU-

3
Ky M(2, 1) 1 umeromieil acMMITOTHL Y = izx.

1.4. Onpenenure mapamerpsl rumepGonsl 16x” —9y* =144 n
CHEeIaiTe PUCYHOK.

11 ypogeno
2.1. Onpenenute mapameTpsl (OTYOCH, KOOPAHHATHI (HOKYCOB,
SKCHEHTPUCHUTET, yPaBHEHUS IUPEKTPUC M ACHUMIITOT) THUIEPOOIIBI

16x* —9y? =—144.

2.2. CocraBbTe ypaBHEHHE PaBHOCTOPOHHEH (a = b) rumepOobl,
3Has ee ¢pokyc F(0, 1) m acumnrory x + y = 0.

2.3. IlpuBenure oluiee ypaBHEHHE K KaHOHHYECKOMY BUAY U
OIpPEACIIUTE MHOXKECTBO TOUECK, KOTOPOE€ OHO 3a4a€T:
1) 165> — 9y* — 64x — 54y — 161 = 0;
2) 9x* — 16y” + 90x + 32y — 367 = 0;
3) 16x* — 9y* — 64x — 18y + 199 = 0;
4)x* -y —10x -6y + 16 =0.

2.4. YOeouBIINCh, YTO TOYKA A(— 5; %) JIOKUT Ha rurnepoose

2 2
X . .
To _y? =1, Haiijgure (oOKaNbHBIE PaTuyChl 3TOW TOYKU U €€ pac-

CTOSTHHE 10 TUPEKTPHC.

11T ypogens

3.1. T'unep6omna kacaeTcst MPSIMBIX:

S5x—6y—16=0,13x — 10y —48 = 0.

3amumuTe ypaBHEHHE THUIEPOONBI MPH YCIOBHH, YTO €€ OCH
COBIAJAIOT C OCSIMU KOOPAMHAT.
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3.2. CocraBbTe ypaBHEHHS KacaTelbHBIX K TUnepoosie
x2 y2

16 4
1) npoxomsimux depe3 ToUky A(4, 1);
2) mapayutenbHbIX npsiMoit 10x — 3y + 9 =0;
3) meprneHAuKYIApHBIX npsiMoit 10x — 3y +9 =0.

2 2
YV ka3anue VYpaBHeHUE KacaTelbHOH K rumnepoone 5+t =1
a b
XX
B TOUKE (X0, Vo) UMEET BUI: —20 +y_);0 =1
a b

9.4. Ilapaboaa

Ilapab6onoii Ha3bpIBaeTCS TEOMETPUIECKOE MECTO TOUEK IIOCKO-
CTH, KOOPAMHATHI KOTOPBIX YOBIETBOPSIOT YPABHEHHIO

y2=2px, p>0.

IMapameTpbl mapadoJbl

Touka F(p/2, 0) Ha3eIBaeTCSI poOKycom napabosivl, BeNUUNHA p —
napamempom, touka 00, 0) — eepmunoii (puc. 9.15). Tlpu sTom
npssmasi OF, OTHOCUTENBHO KOTOPO# mapaboiia CAMMETPHYHA, 3a1aeT
OCb 3TOU KPUBOM.

y‘k
M(x,
o | e
2 r
8,
2| o\ F pr2 " x
Puc. 9.15
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Bemuuuna r = ‘FM ‘ =x+ g, rae M(x, y) — npou3BOJIbHAS TOYKA

napadoibl, Ha3bIBACTCS hOKAIbHBIM paduycom, npsmas D: x = —p/2
— oupexmpucoii (OHa HE TIepeceKaeT BHYTPEHHIOK 00JIacTh mapado-
r

———— =1 Ha3BIBACTCS IKCUEHMPUCUMENOM
d(M,D)

nel). Bemmunna € =
napaooul.
OcHoeHOe xapaKkmepucmuuecKoe ceoiicmeo napadonvl: BCe TOU-
K¢ 11apa0oJIbl PaBHOYAAIECHBI OT JUPEKTPHUCHI U pokyca (puc. 9.15).
CymiecTBYIOT HHBIE (POPMBI KAHOHHYECKOT'0 YpaBHEHHUS mapado-
JIbI, KOTOPBIE ONPEACISIIOT APYrue HAMpaBIeHHs €€ BETBEH B CUCTEME
koopauHar (puc. 9.16):

a) y2 :—2px’ 6) x2 :2(5)/’ B) x2 =-2 (5y
A
|
D \ vt /
I
|
| I Fl p2
N ~F~ .
—plJo i pi2 * o p D X
! -p/2
| 6)
a)

B)
Puc. 9.16

Jns napamempuueckozo 3a0anua napabonvl B KauecTBe mapa-
Merpa ¢ MOXeT OBbITh B35Ta BEJIMYMHA OPJUHATHI TOUYKH MapadoIbL:

rae ¢ — Mpou3BOJIBHOC I[GIZCTBHTGHLHOC YuCIo.
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Mpumep 1. Onpenenuts napameTpsl U GopMy napadoiibl IO €€ KaHo-
HUYECKOMY YPaBHEHHIO:

1) y2 =-8x; 2) x?= —4y.

Pewenue. 1) Vpasuenue y* = —8x onpeenser napaGory ¢ BEpIIHHOM
B Touke O(0; 0), cummeTpuyHyto oTHocuTenbHO ocu Ox. Ee BeTBH Harpas-
nens! BIeBo. CpaBHUBAS JAHHOE YPABHEHHE C yPaBHEHHEM )°= —2pX, HAXO-
mum: 2p = 8, p = 4, p/2 = 2. CnenoBateiabHo, (OKYC HAXOJUTCS B TOYKE
F(-2; 0), ypaBHeHue aupekrpucsl D: x =2 (puc. 9.17).

Ja
D
4
) _1
A
! 2 » x
Puc. 9.17

2) Vpasuenue x” = —4y 3amaer napaGory ¢ BepmuHoii B Touke O(0; 0),
cUMMeTpHUHYI0 oTHOcUTebHO ocu Oy. Ee BerBu HampasiieHbl BHH3. CpaB-
HMBAas JaHHOE YpaBHEHUE C YPAaBHEHUEM X = —2py, HaxomuM: 2p =4, p =12,
p/2 =1. CrnenoBatenbno, Gokyc naxoaurcs B Ttouke F(0; —1), ypaBHeHHE
nmupextpucel D: y =1 (puc. 9.18).

Puc. 9.18

IIpumep 2. Onpenemits napaMeTpsl U BU KPUBOH X'+ 8x— 16y—32=0.
Crenars pUCyHOK.

Pewenue. TIpeoOpazyeM JIeBYIO YacThb ypaBHEHHMS, UCIIOJIB3YS METOJ
BBIJICJIEHUS TIOJIHOTO KBajipara:

X +8x—16y—32=0;
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(x+4)>-16—16y—32=0;

(x+4)—16y—48=0;

(x+4)y —16(y +3)=0.

B pesynbTare nmomy4um:

(x+4)*=16(y +3).

3TO KaHOHWYECKOE YpaBHEHHE Napabolibl ¢ BEPIIMHON B Touke (—4; —3),
rapaMeTpoM p = 8§, BETBSMH, HAaIlPaBJICHHBIMHU BBEpX ( y=> —3) , OCblO X = —4.
®okyc Haxomures B Touke F(—4; -3 + p/2), 1. e. F(—4; 1) dupexrpuca D
3ajaercst ypaBHeHHeM y = —3 — p/2 wim y = —7 (puc. 9.19).

A

I y

|

|

I p=28

<4 — CoX

p=238 U -3 D

N

Puc. 9.19

IIpumep 3. Hanucats ypaBHEHUE KpUBOMH, BCE TOUKU KOTOPOH paBHO-
yIaJIeHbl OT npsiMoi y =—3 u Touku F(0; 3).

Pewenue. Touxa F(0; 3) nexxur Ha ocu Oy ¥ HAXOOUTCS C MPSIMOU y = —3
110 pa3HbIE€ CTOPOHBI OT Hayaja KOOPIMHAT, MPUYEM Ha OJMHAKOBOM pac-
crostauu (d = 3). DTO MO3BOMSAET 3aKIFOUUTh, YTO UCKOMOM KPUBOH SIBIISCT-
cst mapaboma x” = 2py ¢ mapamerpoM p=2-3 =6, T. e. X’ = 12y (puc. 9.20).

Puc. 9.20

Ipumep 4. CocraButh ypaBHEHHE Napaboibl C BEPIIMHOH B TOYKE
V(3; -2) u dpokycom B Touke F(1; -2).

Pewenue. BepmmHa u Qokyc naHHOI mapaboiibl JIeXaT HA MPSIMOI,
napajuieabHol ocu Ox (OAMHAKOBBIE OPJMHATHI), BETBU Mapadoibl Halpas-
neHsl BieBo (abciucca Gokyca MeHbIe abCIUCCHl BEPUIMHBI), PACCTOSHHE
ot (okyca 10 BepuMHbI paBHO p/2 =3 — 1 =2, p = 4. CnenoBarenbHO, HC-
KOMO€ ypaBHEHUE

(+27=-2"4(x-3) wuwm (y+2)"=-8(x-3).
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3aoanusn

I ypoeens

1.1. Onpenenure mapaMeTpsl TapadoIIBbl U IOCTPOMTE ee:
1)y =2x; 2)y* =-3x;
3) x> = 6y; 4) x> =—y.

1.2. Hanmmmmte ypaBHeHHE mapadoibl C BEPIIMHON B HaYaiIe KO-
OpIMHAT, €CIIK U3BECTHO, UTO:
1) mapabona pacroyio)keHa B JIEBOH MOJYIIOCKOCTH CHMMETPUYHO
oTHOCcHUTENbHO ocu Ox u nmapameTp p = 4;
2) mapaboJia pacnojoKeHa CUMMETPHYHO OTHOCHTENBHO ocu Oy H
MIPOXOJUT uepe3 Touky M(4; —2).
3) nupekTpuca 3agana ypasaeHueM 3y + 4 = 0.

1.3. CocraBbTe ypaBHEHHE KPUBOM, BCE TOUKH KOTOPOW paBHO-
yaaneHsl oT ToukH (2; 0) u mpsmMon x = —2.

11 yposens
2.1. Onpenenure TUI U TapaMeTpbl KPUBOIL:
x> —8x+2y+18=0; 2)x=2y"—12y+ 14.

CnenaiiTe puCyHOK.

2.2. CocraBbTe ypaBHEHHE NIapaboJIbl ¢ BEPIIMHON B Havajie Ko-
opauHatr, (HOKyc KOTOPOH HAXOJUTCS B TOYKE MEPECCUCHUS MPSIMOM
3x — 2y +5=0c ocpro opauHAT.

2.3. CocraBbTe ypaBHeHHe Mapalboibl ¢ BepIIUHON B Touke V(3, —2)
u doxycom F(3; 0).

2.4. CocraBpTe ypaBHEHHUE MapaloJIbl ¢ BEPIIUHOM B Touke (—1; 1)
Y ypaBHEHHEM AupeKTpuchl y — 1 = 0.

2.5. CocraBbTe ypaBHeHHE napaboisl ¢ hokycom F(4; 3) u au-
pexrpucoit y +1=0.

111 ypogenw
3.1. CocraBbpTe ypaBHEHHE TapaloIbI, MPOXOIAIIEH Yepe3 TOUKH
1 1), (1;3)u(3L,9).
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2 2

3.2. Haitnure paccrosiHue OT JieBoro (okyca Jmrca 3 + % =1

JI0 TPSIMO#, TIPOXOJSIIEH Yepe3 TOUKHU ero mnepecedeHus ¢ mnapado-
noit y* = 12x.

3.3. CocraBbTe NOJSIPHOE YpaBHEHHE Tapaloiibl, IPUHSB €€ Bep-
MIMHY 32 TOJIOC, a €€ OCh — 3a MOJSIPHYIO OCh.

3.4. JIokaxxuTe, 9TO MHOXKECTBO TOUEK, PAaBHOYJAJIEHHBIX OT TOY-

KU F(%; Oj U TIPAMOit x:—g, ects napaGona y° =2px (p>0).

3.5. CocraBpTe mapaMeTpUYECKUE ypPaBHEHUS MapadoIIbI

2
y* =2px, nIpuHUMas B Ka4ecTBE apaMeTpa OpAUHATY V.

3.6. Onpenenure ypaBHEHHE KPHUBOH B MPSAMOYTOJBHBIX KOOp-
IUHATaX M IIOCTPOMTE €e, eCM OHA 3a/JaHa MapaMeTPHYEecKd C I10-

=2 pctg’t
MOIIBIO YpaBHEHHI x=eopcigl te (0; Z}.
y =2 pctgt, 2
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10. MPEAEJ NIOCJIEAOBATEJBHOCTHU U ®YHKIIN
10.1. YucaoBas nocjieqoBaTeILHOCTh

Yucnoeoii nocnedosamenbHOCHMb10 Ha3bIBae TC (YHKLUS, OII-
pelcneHHas Ha MHOXECTBE HATypalbHBIX UHCEN, KOTOpas
Ka>XJIOMY HaTypalbHOMY YHCIy # CTABUT B COOTBETC TBHE YHCIIO
x,=f(n). UnucnoBylo  TOCTENOBATENHHOCTH  OOO3HAYAIO T

(xn )’(&nG)NCf,JTVZ 5 N

X, — n-ii unen nocnedosamenvrocmu, a Gopmynax, = f (n) Ha-
3BIBAC T CSI YOPMYN0I 00UL€20 UneHa nocied06ameabHOCHU.

3Has QyHKIMIO f (n) Y HOMEP 7, MO>KHO BBIYHCIU Th JIFOOOU HIieH
MOCIEeI0BA T €IbHOC TH.

[TocnenoBa TeNbHOCTH, Y KO TOPON BCE WIEHBI PaBHBI M€Ky CO-
00li, Ha3bIBAC TCSI HOCMOAHHOUL.

ITocnenoBa TENBEHOCTH MOKET OBITH 3aJaHa:

1) ananumuueckum cnocooom (3anaetcsa Gopmyna n-ro wieHa
MOCIIeZIOBA T €IbHOC TH, TI0 KO TOPOMY MOTYT ObI Th HaiiieHBI BCE OC-
T aJIbHbIE);

2) peKKypeHmHbIM CHOCoOO0M (3a7aeTCs TEPBbIA I HECKOJb-
KO IEPBBIX YJICHOB ITOCJIEAO0BATEIIBHOCTH W YKAa3bIBA€T CA IIPpaBUIIO,
IIO3BOJIAIOLICC Hal TH MOCJICAYIOIINE YJIEHBI IOCJICA0BA TEIBHOCTHU
yepe3 NpeiblIyIIre);

3) 2eomempuuecku (TOUYKAMU HA YMCIIOBOM OCH, COOTBETCT-
BYIOIIIMMH KOHKpPE THBIM 3HAYECHHUSM 1);

4) epagpuuecxkum cnocooom (3amaroTcs T OYKH
(n, f(n)), n € N, Ha KOOpIMHA THOU TIJIOCKOC TH );

5) cnosechvim onucanuem,

6) maobauuHBIM CHOCOOOM.

[MocnenoBa TeNbHOCTH Ha3bIBACTCS Go3pacmaiouieli (CTporo),
ecl X, = (p(n) SIBJISIE TCSl BO3PAC T AIOIIEH (CTPOro) YnciIoBoid GpyHK-

nuei, T. e. ecmux, < x,,, vneN.

[MocnenoBa TeNbHOCTH HA3bIBAETCA  yoblearoueii  (CTPOro),
eci X, :<p(n) — yObIBaromas (CTpOro) 4ucioBas (QYHKIHA, T. €.
VneN.

Xn >xn+1
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TocnenoBatensHocTh (x,) HasbiBaeTCS HeyGbiealoujeii, ecrm
KaXXAbli €€ WieH, HauyhHas CO BTOPOro, HE MEHbILE IPEbIAYIIEro,
T.e x,<x,,, VneN.

[ocnenoBaTenbHOCTH (X,) Ha3bIBACTCSA Hego3pacmaroujeil,
eclm KaXIblif ee WieH, HauuMHas CO BTOpPOro, He OoIbIIe
IpensIaymero, T. €. x, 2 x,,; VaeN.

BospacTaromass u  yObIBaromas ~— MOCIEHOBA T €IBHOCTH
HAa3bIBAKO TCS MOHOMOHHLIMU NOCNICO06AMENLHOCAMIUL.

IMocnenoBaTensHOC Th (xn) Ha3bIBACTCS O2PAHUYEHHOIU, €CIIU
CYIIECTBYIOT TaKHUE YuCia 71 U M, 4TO BBIIOIHAETCS HEPABEHC TBO
m<x,<M VneN.

Ecmu cymecTByeT Takoe umucno M, utox, <M VneN, 1o
HOCIEOBA TEIIBHOCTh HA3bIBAETCA O2PAHUYEHHOU CEepXy; €CIU
CymeCTBYET  TaKOe€ 4YHCIO m, 4YTox,=2m VneN, ToO
IIOCIIEOBA T €JIbHOC Th HA3bIBAE T CS 0ZPAHUUEHHOU CHU3Y.

IocnenosaTenbHOC Th (xn) OrpaHUYEHAa TOIZAAa U T OJIBKO
TOTJa, KOrja CymecTBYyeT TaKoe I0J0XKHUTenbHoe uucio C, 4To
BBIIOJIHSAE TCSl HEPABEHC TBO
<C VneN.

xl’L

IIpumep 1. OnpenenuTs, SBIIETCS IU YUCIO 28 WIEHOM IOCIIEN0Ba-
TEIbLHOCTH (xn ), €CIi X, = n?+2n+3.

Pewenue. Yucno 28 sBaseTcs YICHOM IOCICAOBATCIBHOCTH, €CIHU
HaleTcs:s Takod Homep 7 €N, Uil KOTOPOTO BBIMOJHSAETCS PABEHCTBO

n? +2n+3=28. Pemnm 310 KBaJlpaTHOE ypaBHEHUE n?+2n-25=0, 1. e.
n =-1+~26, n, =—1-+/26. Yucna n;, n, € N, ClemnoBareibHO, YUCIO
28 He ABJSIETCS YICHOM JIaHHOM IOCIIeI0BATEIbHOCTH.

HpnMep 2. Bpruuciuth TNEPBLIC IIATH YICHOB IMOCIEN0BATCIBHOCTU

3
(an ) ,eClM a, = 24—. OHpeZ[eJII/ITL, JUIL KaKUX YJICHOB IIOCIEA0BATCIbHO-
n

15
CTH ([ln) BBITOJIHACTCA YCI0BUE a,, < 7 .

Pewenue. Tloncrasnss B popMyiy oOuero 4ieHa 3HayeHue n =1, 2,
3,4, 5, nonyuum:
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4 :2"‘2:5; a, :2+i:3l;
1 2 2
as :2+§:3; a, :2+é:2£;
3 4 4
as :2+§:2§.
5 5
Pemmm HepasencTBO 2 +é < ] :
n
14n+21-15n
— <0,
Tn
21-n <0

Tn
Pemennem 3toro HepaBeHCTBa OynyT n € (0; 21). [TosTomy, nns mro-

OBIX WJICHOB TMOCJICA0BATCIIbBHOCTH C HOMEpAMU OT 1 J0 20 BKJIIOYHUTEIBLHO

15
BBITOJIHACTCA YCJIO0BUE a, < 7

Mpumep 3. IlocnenoBaTeIbHOCTh 33/IaHa CIEAYIOMIMM 00pa3oM (pek-

KypeHTHO): a; =3H a, = za—""l . BeraucnuTs nepBele 4ETHIpE €€ diieHa.
n+3
Pewenue. IlepBblil YieH NOCIEN0BATENbHOCTH U3BECTEH: a; =3. Jlnd
BBIUHMCIICHUS d, B 33JJaHHOW opMyliie il a, mojokum 7 = 2. [omydum:
~2-ap 23 6
243 243 5
s BbruuciieHuss a;z B opmyne a, BbiOupaem n =3. Torma a; BbI-

a

pasuTca 4epe3 Haﬁ[[eHHI:Iﬁ 4JICH a, :

6
2-a, 2'§ 2
a3 ===
3+3 6 5
AHaloru4Ho:
2
2-a, 2'§ 4
a, = =—=—
443 7 35

IIpumep 4. IlocnenoBarenbHOCTH (an) 3agaHa (opMysol oluiero

n+l
4leHa: a, =
n

3agaTh TaONMYHO NEPBBIE BOCEMBb €€ WICHOB, W300pa-
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3UTb UX TCOMETPUUCCKH 1 rpad)nl{ecm.
Pewenue. Boruncium IEPBLIE BOCEMb YJICHOB 3a£[aHH0171 nocieaoBa-
TCJIBbHOCTH U 3aI10JIHUM Ta6m/1uy:

n 1 2 3 4 5 6 7 8
3 4 5 6 7 8 9
a, 2 = - 2 - - - =
2 3 4 5 6 7 8

JIis reoMeTpuYecKod WILTIOCTpalMH M300pa3suM Ha YHCIOBOW OCH
YJieHbI rocneaoBareapHocTH (puc. 10.1).

ag de. QA4 a3 a a
0 1 a; as 2
Puc. 10.1

B cucreme KoOopauHaT Oxy YKaXXEM TOYKH IIJIOCKOCTH, KOTOPBIC

HUMEIOT KOOPAWHATHI (n, f(n)) s n=1,8 (puc. 10.2).

"

2 °

! ¢ ° . . . . .

d 1 2 3 4 5 6 7 8 " x
Puc. 10.2

HpnMep 5. I[OKa3aTL, 4TO NOCICAOBATCILHOCTD X, = SABJIAACTCA

n -1
CTpOro yOBIBarOIIEH.
Pewenue. Ecau mocieoBaTeIbHOCTh CTPOTO YOBIBAIOIIAsl, TO BBITION-

X
HSIETCS HEPABEHCTBO X, < X, wi —L <1 VneN.

Xn

Brruncisem:
1 1

(n+1)2—1 B n’+2n

CocTtaBUM OTHOIICHHUE:

Xn+1 =

N 11 n? -1

X, nr+2n nt-1 n*+2n
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[Mockonbky 2n >0 Vn e N, To BEpHO HEPaBEHCTBO
n?*—1<n*+2n VneN.

x
omyuaem —*L

<1 st MOOBIX HATYPAITBHBIX .
X
n

3Ha'-II/IT, TNOCICAOBATCIIBHOCTD ABIACTCA CTPOro y6LIBamLHCﬁ.

n

Ipumep 6. Mccienosars n0CiI€N0BATENBHOCTD d, = , n=2,3 ..

n—1
Ha OrPaHHYCHHOCTb.
Pewenue. 3anumem Qopmyiny oOIIEro 4ieHa MOCIEI0BATEIbHOCTH
CIEeAYIOIUM 00pa3oMm:
n n—1+1 1
=—=1+

an:

n-1 n-1  n-1
Takkak neN u n>2, To n—121, a nosromy

<lwul+
n—1 n—1

CrnienoBatenbHO, OCIIEI0BATENBHOCTD SIBJIAETCS OrpaHUYEHHON CBEpXY.
IMockonbKy HepaBeHCTBO n >n—1 BbIIONHSAETCA U1 BceX ne N,

<2.

>1.

n=2, 1o
n—1

3Ha'-II/IT, OCJICA0BATCIIbHOCTD ABJISICTCA TAKXKC OFpaHI/I'-IeHHoﬁ CHU3Y.
HpI/IXOZ[I/IM K BBIBOAY, UTO ([ln) — OrpaHUY€HHAas MOCJICAOBATEIIbHOCTD.

3aoanusn
I ypogens
. 3n+2
1.1. Hocnenosa rensHoC Th (4, ) 3anana dopmyioii a, =3
n+

Haimute a,y, a,;, a,,,.

1.2. 3anum Te nepBbie IS Th WIEHOB MOCIEN0BA T EJIBHOC TH:

5n% +1 n+3
1) x, =——; 2) x,= ;
) % n? -2 ) 2n
n_n-1
—_1)" -1)' n
3) xnzm; 4) xn:( 2)
3n n-+4
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. n ! .
1.3. ITocnenoBaTenbHOCTH 3aaHa (Gopmynoil x, :2—n. Haii-

Xn-1
AUTC X,, X4, X5, — 5 X,
X

1.4. Haiinute mnepBele MSATH WICHOB IIOCIIEAOBA T €MFHOCTHU
(a,), 3amaHHOI PEKKYPEH THO:
1
n+l = a +2

n

>

1
Da=lwna, =a,+1; 2) a1:EHa

a

n

3a=a,=2mna,,=a,+a —r .
a,  +1

n+l; 4) a,=a, =-2u Ay =

1.5. JlokakuTe, dYTO TIOCIEAOBATEIbHOCTh, 3aJaHHAs
(dhopmyrioii o0Iiero wieHa, sIBIsIe T Csl BO3pac T aroIIeH:

1) an=3n—2; 2) an:2n2+5n—1; 3) anzsn_z'

1.6. JlokakuTe, dYTO TIOCIEAOBATEIbHOCTh, 3aJaHHAs
(dhopmyIioi o0IIero wieHa, SBIsIeTCs YObIBAIOIIEH:

1) a,=27-9n; 2) a,=n>-3n+1; 3) a,=7n" +12n+9.

1.7. N300pa3uTe mepBbie CeMb HWICHOB IOCIEIOBA T CIBHOCTH
(a,) Ha uncnoBoii ocu, ecm:

2n n—1
Da,=—: 2) a,=—; 3) a,= .
) a, n+3 ) n+l1 ) n*+1

1.8. H3BecTHO, 4TO YieHAMH MOCICAOBA T €ILHOC TU SIBJISIO TCS
YKClia, KaXJ10€ U3 KO TOPBIX, HaunHas ¢ 0, Ha JIBE €AUHUIILI OOJbIIE
MPEIbIAYIIEro. 3aluili Te MEPBbIe S Th YJICHOB 3 TOW IMOCIEA0BA-
T €JIbHOC TH.

11 yposens
2.1. 3amummTe TMEpBBIE MIECTH YJIEHOB IOCIEIOBAT €IHHOC TH
(x): 1o
24—, &fi€¢ n — +A0i14,
n
1) x, =
1 ...
———, anéé¢ n—1a+aoila;
3 n
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n® =2, afiéeé n—-+80i14,
2) x,=
2" &fiée n—i

2.2. 3anuImm Te nepBble MeC Th WIEHOB MOCIEe0BA T EbHOC TH:
1) 9e THBIX, Ha TypaJbHBIX YMCEN, Kpa THBIX YUCITY 3;
2) Ha TypaJIbHBIX YHCEN, KO TOPHIE MPH JICICHNN Ha 7 TAI0T OCTAaTOK
3) Ha TypaJbHBIX YKCEN, Kpa THHIX Ynciaam 3 1 4.

VYkaxuTe GpopMyny n-ro WieHa MOCcIea0Ba TENFHOC TH.

2.3. OmpenenuTe, COASPIKUTCA U CPEAN WICHOB YHCIIOBOM I1O-

CNeNIOBATENBHOCTH X, =n° —17n 4ucro:

1)-30; 2) —72; 3)-100; 4) 60.
2.4. Uccnenyii Te mocieaoBa TeIbHOCTh HA OTPaHUIEHHOC Th:

n 2n

1) x = ; 2) x = ; 3) x,=n";

) % n—1 ) % 3n+3 )

- -1)"

4)an=”25; 5) a,=2"; 6)an=( );
n n

7) a,=3"; 8) a,=(-1)"n% 9) a, :(—1)"+1 n.

2.5. UNzobpasute rpaduyecku (B cucteme koopauHaT Oxy)
10 4IeHOB MOCEA0BA TEIBHOC TH (X,), €CITH:

2 p—
1) xn:l; 2) xnzn 1;
n n
: e
3) x, :(zj +1; 4) x, =¢.
3 n
111 ypogens

3.1. Haiimute mepBble NEBATH WICHOB IOCIEIOBAT €IHHOCTH
duboHauuy, 3aJaHHON PEKKYPEH THO:
x=x,=lmnx,=x,,+x,,, neN, n>2.

3.2. 3amummTe TeEpBBIE MIECTH WICHOB IOCIENIOBA T €IEHOCTH
. 1
MPUOJTM K CHHBIX 3HAYCHUIA J3 ¢ TounocTEIO 10 o (mo HemocTraT-

KY).
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3.3. Onpenemi e, A KaKUX WICHOB MOCIEN0BA T €IBHOC TH (X,),
3aJaHHO (opmynoil x, = |n2 —4n - 5|, HE BBIIONHAETCS YCIIOBHE

x, >3.

3.4. [ocnenoBa TenbHOCTH (X,) 3aaHa (OPMYIOH
- (—1)” -0,1n

" 9n-8
OmnpeneniTe CKONBKO WIEHOB 3 TOM IOCTIEA0BA TEIBLHOCTH MPH-
Hajyiexku T npomexyTky (0,03; 0,32).

3.5. IlocnenoBaTensHOCTH (X,) 3amana Qopmymoit x, =2" —3".

1 —X

X
YCTaHOBUTE, BEPHO JIM PaBEHCTBO —H——12 5 =3.2"*

10.2. IIpenes nocjien0oBATEIHLHOCTH

Uucno a Ha3BIBaETCSA Hpede1oMm nociedosamenvHocmu (Xx,),
€CJIM TS JIFOOOT0 TIOJI0 KK TeJIBHOTO YNCIia € HAUIEe TCSA TaKoi HoMep
n(e) (3aBUCAIIUIA OT &), 4TO, HAYMHAS C DTOrO HOMepa (T.e. AJA
Bcex n 2 1(g)), OyAeT BBINOJIHS ThCS HEPaBEHC TBO
x, —d|<e. (10.1)

O003Ha4aO T:

lim x, = a.
H—>0

[TocnenoBa TeNpHOC TH, UMEIOIIAS TPEJEN, HAa3bIBACT CS CX00s-
wieilca, a He NMEIOIAs TpeieNia — pAcX00AulelicA.

T'eomempuueckaa unmepnpemayusa npedeia: €CIU YUCIO d
SIBJISIC T CSI TIPEZISTIOM TIOCIIEIOBA TEIBHOCTH (X,;), TO B MPOHU3BOJIBHYIO,
CKOJTb YTOJTHO MAITyI0 £-OKPECTHOCTH TOYKH ¢ MOMAAI0T BCE WICHBI
JIAHHOM TIOCIIEIOBA T €ILHOC TH, HAYMHAS C HEKO TOPOro HoMepa 1(€).

Besikast cxonsmasicsi mociieioBaTeIbHOCTh SBISIETCS OTPaHH-
YEHHOU.

Besikas MOHOTOHHAsEh M OrpaHUYEHHAs TOCIEOBA T €ILHOCTh
CXOIMUTCH.

Ecmu nocnenoBa TeNbHOC TH HE SBJISIC TCS OTPAHUYCHHON, TO OHA
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HE IMeeT Tpeena.

Ecm npenen mocnenoBaTensHOC TH PaBEH HYIO, TO €€ Ha3bIBa-
0T 6eCKOHEeYHO MANOol.

CaoiicTBa 0eCKOHEYHO MAJIBbIX MOCJAe10BATEIbHOCTEM:

1) cyMMa U mpou3BeeHHe KOHEYHOTO YUCiIa OECKOHEYHO MaJbIX
[IOCJIE0BA TEILHOC T €l SIBISIE TCSI OECKOHEYHO MAJIOH MOC/ICA0BA T Ellb-
HOC ThIO;

2) mpou3BeJeHIE OTPaHWYEHHOH IIOCIENoBaTeIbHOCT U Ha Oec-
KOHEYHO MaJIyIO SIBJISIE TCSl OECKOHEUHO MaJloH;

3) ans Toro 4TOOB! BEIMOMHSIOCH PABEHCTBO lim x, = a, HeoO-
H—>0

XOOMMO ¥ JOCTAaTOYHO, YTOOBl BBHINOJHJIOCE PaBEHC TBO
x,=a+4A,, rae (/l,, ) — OECKOHEYHO Majiasi IoCie0Ba TEIbHOC Th.

IlocnenoBa TeNBLHOC TH HA3LIBAC TCI OECKOHEUHO 00Ol €CITH
JUIst JFOOOTO CKOJIb YrOMHO OONBIIOro yncia M HalaeT csi Takou Ho-
mep n(M), 4TO MIA BCEX n, HAYMHAS C DTOr0 Homepa n>n(M),

BBIIIOJIHAC T CA Hep ABCHC TBO
>M.

Ecmu mocnenoBa TenpHOCTH (X,) — O€CKOHEUHO OonbInasi, TO ro-
BOPAT, YTO OHa CTPEeMHTCA K OECKOHEYHOCTH, W MHIIYT
lim Yoo s
n—>x 1 {O0CIIeIOBa TENIFHOC Th HE KMEE T Mpefela B ABYX CIIydasx:

1) mpezen He onpenerneH;

2) IOCNeaA0Ba TeHHOC Th SBIISIE TCA OECKOHEYHO OONBIION.

Ecm (x,) — OeckoHeuHO Ooublas MOCHENOBa TEIBHOCTh, TO

xl’L

— | — OGeCKOHEYHO Matas nociIea0oBa T CJIIbHOC Th.
X

n

1
Ecm (x,) — OeCKOHEYHO Maasi OC/IeoBa TENbHOC Th, TO | —
X,

n
— OECcKOHEYHO OOIbIIast.
Ecmm mocnenoBaTensHOCTH (X,), (V,) MUMEIOT Mpenensl, TO
CIpaBeJIMBbI CIEAYIOLINE CBOIC TBA:

1) lim(Cx,)=Climx,, rae C = const
2) lim(x, +y,)=limx, lim y,;
n—>0 n—0 n—>00

3) lim(x,-y,)=limx,-limy,;

0
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lim x,
n n—>0

4) im| = |=2=2— rze lim y, #0.
non| y. hmy n—0

n
CgroiicTBa 2) u 3) 0000ma0 TCS, COO TBETC TBEHHO, Ha JIFO00E

KOHEYHOE YHUCIIO CIaraeMbIX M MHOKH T CJICH.
HpI/I BBIYMCIICHUHU TIPEACIIOB YUCIIOBBIX IIOCIIEAOBAT €JIbHOC T e

0 o
MOTYT BO3HHKHYTb HeonpeodejenHHocmu euoa —; —; ©—; (-o0;
e 0]

17; 0% o, Jas TOro 4 TOGBI BEIYHCIH Th MpEAEN B CIydae HEolpe-
JIENICHHOCTH,  HEOOXOOMMO  TOXJECTBEHHO  Mpeodpa3oBaTh
BBIpa’K €HHE, C TOSIIEE 0] 3HAKOM IIpefiena.

Ipumep 1. Tone3ysck onpeneneHueM Ipeena nocieoBaTeIbHOCTH,

. 3n
JI0Ka3arh, 4To lim =3.
n—o p+2

Pewenue. Bribupaem npousBossHoe yuciao € > 0. CornacHo omnpene-
JICHUIO, YHCIIO 3 SBJISICTCS IPEAEIOM IOCIeA0BaTEeIbHOCTH (X,), €CIIH CMO-
KEM yKa3aTb TaKOW HOMep n(s), YTO JIJI1 BCEX YJICHOB I10CIIEI0BATEIILHO-
CTU C HOMEpaMu 72> n(s) BhInosiHAeTcss HepaBeHcTBO (10.1), koropoe

B HalIEM Cliydac UMECT BU:

-3

<e. (10.2)

n+2
Hepagenctso (10.2) paBHOCHIIEHO HEPaBEHCTBY
3n-3n-6
—<
n+2
INockombky &€ >0 u n >0, U3 MOCIETHETO HEPABEHCTBA MOIydaeM:

£, T.€. <& WM <eg.

n+2 n+2

n+2>£; n>£—2.
6 6

B kauecrtBe HOMEpa I’Z(S) YJI€Ha IIOoCJI€a0BaTCIbHOCTH, HAYMHasA C KO-

TOpOro BbINOJHAETCS HepaBeHCTBO (10.2), MoxkeT ObITh BHIOPaHO HATYpasb-
HOE YHUCIIO

n(e) :E—z}rl.

OTUM MBI JOKa3aldd, YTO CYIIECTBYET HOMEpP YieHa IMOCIe0BaTEb-
HOCTH, HaUuMHasl ¢ KOTOPOTO BhITIONHsAETCs HepaBeHcTBo (10.1) ans 3aman-
HOW MOCJIeA0BaTeIbHOCTH. 3HAUUT, YUCIO 3 — Mpelesl 3TOH MocleloBa-
TEJIbHOCTH.
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HpnMep 2. BbIUUCIUTD mpeac nocjac10BaTCIIbHOCTHU:

. (n+1)2+2n2 (n—l)’+n’
1) lim——F——; 2) lim —————;
n—e (n+1)3 —n? n— 2n'+(n+2)

3) lim v/ +8(Jn3 +2 -l —1).
n—»0
Pewenue. 1) IpeoOGpazyeM BbIpaKeHHE, CTOALIEE IO/ 3HAKOM IIpeje-
Ja, TaK KaK HETOCPEACTBEHHO BBIYHCICHUE TIPUBOJUT K HEOMPEACICHHOCTH

0
THIIA — :
0
. (n+1)2+2n3 . n? +2n+1+2n° 21 +n? +2n+1
Iim-———=lim = lim

n—>o (n+1)3—n2 noo S 4302 43n+1-n> moend 20> +3n+1

Pa3£[eJ'II/IM JaJIe€ YUCIUTCIIb U 3HaAaMCHATCIb Z[p06I/I Ha CTapuyr CTe-
ICHb, T. €. HA }’l3, U MOJIyUYUM:

1 2 1
24 —+—+—
. n n2 n3
Iim ————=—=2,
nowo 2 3 1
I+=+—+—
n n n
1 1 1
TaK KaK IIp1 7 — 00 IIOCJIECAO0BATCIBHOCTH | — |, > u 3 CTpEMATCA
n n n
K HYIIIO.

Takum 00pa3om, MPUXOIUM K OTBETY:
1) +2n°
i (n+ )3+ ;12 _
n—o (}’l+1) _
2) Tak kak 1o onpeeaeHuI0 hakTopraia
(n—l) !:1-2-3-...-(11—2)-(11—1),
n1=1.2-3-..-(n=2)-(n-1)-n=(n-1'n,
(n+2)!:1-2-3-...-(n—2)-(n—l)-n-(n+1)-(n+2):
=m-Dln-(n+1)-(n+2),
TO MMOJTy4aeM:
N+ ! 1)
lim (n 1).+n. im (n 1).(1+n) lim 1+n '
nﬁw2n!+(n+2)! nﬁw(n—l)!-(2n+n(n+l)-(n+2)) n—>op 130 +4n
JleneHuem Ha CTapIIYIO CTENICHb BRIPAXKEHHUS, T. €. Ha w, yoexIaeMcsl, UTO
(n-1)+n!

pe 2nl+(n+2)! -
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3) [TockoNbKy MPU 11 —> © UMEEM Nit+2 5400 n id =1 > +o0, 10

BBIPAKEHHE 4/ 342 —\/ﬂ JIae€T HEONpEeAEIEHHOCTh THIIA 00 —00, Y M-
HOKMB M DPa3leliMB BLIPAKEHUE 42— \/E Ha COMPSKEHHBIM MHO-
KHTEIbN > +2 + m , TOJIy4HM:

n +8 -(«/ﬁ +2-+i? —1)-(«/;3 +2 4453 —1)
M(n3+2—n3+1) m

= lim =3 lim

moe 42 4400’ -1 N R

Pa3£[eJ'II/IM YUCJIIATCIb U 3HAMEHATCJIb Ha CTAapllyr CTCICHb, T. €. Ha

n?, torpa:
8
A 7

3 lm ————— —311m

Taxum 00pa3om, Moay4aeM OTBET:

lim \/113 +8(\/n3 +2—\/n3 —2)=%.

n—>00

I\Jlu

3aoanusn

I ypoeens
1.1. [Tonmp3ysck ompeneneHneM YUCIOBOW IMOCTE0BA T ENbHOC TH,

JOKAXKHNTE, YTO:

2n—-1 2
1) lim n- ; 2) hm —n =—1;
3 tim 3L 4) lim——=0.
now 2pt 45 2 n—op” +1
1.2. Beruancnmi Te npenen:
1) lim 5n+2’ 2) lim(l+3n+1j;
VHw3n— oo\ n 2n+1
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2
3y fim| 2L
s\ 2 2n+1
5) lim 2.
o\ 4n* +1

7) lim4n® +n+1-2n;

9 lim\/n4+3n+1+n+1.
e 20 4-JAn+3

n!+(n+1)!.

>

11 li
) lim (n+2)!

11 ypogeno

2.1. Berauciu te npenen:

8n° —3n
11 ;
)nfo‘e(mz) “el)

3) lim

Bn+1) +(2n+2)

152 (3 43) —(n-5)°
3 2 2
5) 1im—\/”__”” =S,
7 lim ni3n -Y16n* +1
e (n—S\/;)\/n2+3’

9 lim n(n+3)—(n-2)
e opl(n-1)

(n=DHn+1)*(n

~2)

L (n41) ~(n-2)"
D Ga—2) (1)

6) lim 6n+1 :
5% n? 430 4+10 +3n

8) 35130( (n+1)(n+3)—n);

1\ |
10) lim2(n 1).+n.;
n—»o n!
|
12) lim n+(n+2)

n
8) lim m7n +364n° -3
e (n+24\/;F\/n3 -2 ’

2
10 lim 3n (n + 1)!—(n + 2)! )
e (n+3)+(n+2)

11) lim
n— 3nl-(n -1)!
13) tim_21+2)
ne (21 + 3 )42n! 3y+2n'
15) li lm1 37 ;
n—>w ]+ 47"
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. 12) lim Sn-n'-2(n-1!
’ noo 3(n—1)—4n!
14) lim ™ (n—2)!+(n—1)!.
s 2n'—(n—1)! ’
5"

P

16) li lm

n—>0

na. 1 ji‘
o (L

—n -n n+2 n
17) fim 2224 18) fim >3
noe 6437 4117 noo 14.5"7 42"

19) lim1+2+23+"'+n; 20) lim1+3+5+"'+(2n_1).
n—»ow n-+3 n—»cw ,I’l2+1+l’l

2.2. Jlokakxu Te, 4TO TMOCIENOBATEIbHOCTH (X,) HE UMee T mpeie-

2) 0, =1+2+..+1i.

111 ypogens
1 5
3.1. 3agaHa moCIENOBaTENBHOCTD U :E; u, :Z; Uy =—;

17, 2% 2% 41 Hai i
u vy Uy =————; U, =———, ... Hapgute lmu,.
4= 16 2n-1 21 2n 22 A\ i,

Ompeneny Te, KakKuM JOJIKHO OBITh n, L TOTO 4 TOOBI Pa3HOCTh
MEX Ty U, ¥ €€ TPEIEIIOM 10 a0COoN0 THOM BEJIMUMHE He peB3onuia 10~
4

3.2. Beuucnu Te npezen nocienoBa TeNbHOC TH:

1 lim1_2+3_4+'"_2n' 2) lim1_2+3_4+'"_2n'
e Jn? +1 ’ o 3ol
n+l n
3) lim3+9+...+3 i 4) 11m3+i+ +1+n2 :
sz,3n+2+(_2) n>o 5 25 5
-3)"-8-4"" 427" "4 3n
5) hm( ) ; )hmi+£+...+2 +3 ;
o [+3+9+,. . +3" > 10 100 10"
2-5+4-T7+...+2n—(2n+3
7) lim n—(2n );
n—>o0 2n+1

8) lim

n—>0

1 1
373507 (2n—1)(2n+1)]’

=
9)lim(L+L.+...+ ! ]
(

3 n(n+1))
+(n+2)0+ (n+100)
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3.3. Haiinu Te mpenen mocienosa TeIsHOC TH:

2
. x, —5x,+6 .
1) im-* ~——, ecmu lim x, =3;
n—>0 x}’l —_ H—>0
2
. x,_,—16
2) limx,, ecm x, =—L— x, =6.
n—»w 5

3.4. BeuucmuTe Tpenen YHCIOBOM MOCIEAOBATENBHOCTH (Xy),
3aJlaHHOM (hOpMYJIOW OOIIEero WieHa, MPU Pa3JIMUHbIX 3HAYCHHSX I1a-
pameTpoB a, b, c:

3 2_2 1
1) Xn:ax +bx r ; 2) xn:(\/ax2+bx+c—x).

et +7

10.3. IIpenesa pyHkuMuU

Pacemopum dyHKImMIO 6= f'(5), ONPEnEIeHHY B HEKO TOPOIt
OKPEeCTHOCTH TOYKH X =X, (B caMOH TOYKe X, AaHHAS (yHKIHUSI
MOXET OBl Th HE ONpEecHa).

Yucno A HasbiBaeTCs npedenom @ynkyuu f(x) B TOUKE X,
(mo Teiine), ecnu wist MOOOH MOCIEIOBA TEIBHOCTH (¥,), CXoasIeics
K x, (x,# %), nocrenosatensuocts (f(x,)) cooTBeTCTByMOMIX

3HAYCHUH (YHKIMN CXOJUTCS K A.
O003Ha4aAO T:

lim f(x)=A wm f(x)—> A4 npu x - x,.

XX,

Ecm ¢Qyuxuus f(x) B Touke X, HMMeeT NpeNeN, TO OH
€/IMHC TBEHHBIH.

Ecm Qpyuxiyn f(x) n g(x) UMeI0T npeaensl B TOYKE X;, TO
CrpaBeMBEI (POPMYIIBL:

lim Cf (x)=C lim f(x), rae C = const; (10.3)
lim (f(x)tg(x))=lim f(x)+limg(x);  (10.4)
lim (f(x)-g(x))=lim f(x)- lim g(x); (10.5)
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f(x) Jim f()
vlglé) g(x)  limg(x)’ (10.6)

Ecin Henocpenc TBEHHOE BBIYMCIEHHE Mpenena no ¢Gopmynam

(10.3)—(10.6) mpuUBOAMT K HEOMPEACICHHOC TH THIIA 9; E; 00 — 00;
o0

. 0. 0
0-00; 17; 0”; o, TO HEOOXOAMMO BHAYAJIE TO XK IEC TBEHHO PEOD-
pa3oBaTh BEIpa’KEHHUE, CTOSIIEE MO 3HAKOM TIpesea.

[ Bcex aneMeH TapHBIX (YHKLMH B OO0 TOYKE MX 00nmacTu
OIIPEIENECHNS UMEET MECTO PAaBEHCTBO

lim f(x)zf(}igl{)x)zf(xo), (10.7)

KOTOPOE 03HaYaeT, 4TO OINEPALlH BEIYMCICHHUS Tpeaena 1 (QyHKINNA
MIEPEC T ABUMBL.

Kpome mpenena ¢yHKIMH B TOYKE paccMmaTpPHUBAIOT Hpedes
¢dynxkyuu na Oeckoneunocmu: 4YUCIO A Ha3pIBacTCs MpeENEIoM
¢byakmmn  f(x) mpu x — 400 (WM X — —00 ), €M I BCSKOHM MO-

CIEe0BA TENBHOCTH (X,), X, — +00 (WM X, — —00) IIPU 1 —> 00 MO-
crenoBaTenbHoCTh (f(x,)) COOTBETCTBYIOMMX 3HAYCHMI (yHK-

LMY CXOAUTCA K UHCIy A.

O603Havar T:

lim f (x) =A.

X—>+00

(x—>—0)

Jnst ipenena GyHKIMKM Ha OECKOHEYHOCTU TaKXKe CIpaBeJIMBBI
dbopmyist (10.3)—(10.6).

Oynkmms [ (x) Ha3bIBaC TCSA OeCKOHeuHO manoli GyHKIMeH npu

X — X, (mm x — to0), ecmm
lim f(x)=0.

x~>x0
(x—>10)

Oyukuwst f(x) HasbIBaeTCs GeCKOHEUHO HONBWION TIPU X —> X,
(x—+00), ecim s BCAKOH MOCHENOBA TEIBHOCTH (X,), X, — X,
opu n—>o, Xx,#x, (Wwmx,—>100) HocnenoBaTEILHOCTH

COOTBETC TBYIOUIMX 3Ha4eHUH  (yHKUIMH ( f(x, )) SIBIIAE TCS
OECKOHEUHO OOMBIIION.
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O0603Hayaro T:
lim f(x):ioo. (10.8)
X—>+0o0
(x—>—m)

Ecm f(x) — GeckoHeuHo Gombuias (YHKIMS IPH X —> X,

(x—>+x), To oHa He MMeeT mpezena (mpexen — 3To umcno!). 3a-
muck popmyisl (10.8) crenmyeT BOCIpHHMMATH JIMIIb Kak 0003Haue-
Hie OECKOHEYHO OOJBIION (QYHKIIH.
Mpumep 1. [Mons3ysice onpenencHueM npenena Qyukiuu mo [ eitne,
JI0OKa3arh, 4To lim (2x + 4) =10.
x—3
Pewenue. Tlycth (x,) — IpOU3BOJIbHAS MOCIIEIOBATEILHOCTh, KOTOPAs

cxomutes k3 (x, 23, neN), e limx, =3.
n—>o0

Torza lim(2x+4)= lim (2x, +4)=2lim x, +4=2-3+4=10.
x—3 n—o0 n—o0

Mpumep 2. Boruucnuts npeaen QyHKIUH B TOUKE:

2 _ ax —
1) lim 22X 1im[L— 3 j; 3) lim 34X =2,
x> x? —3x42 -\ 1-x 1-x° =2 x4

Pewenue. 1) Ipu HemocpeAcTBEHHOM UCTONb30BaHUU Gopmy (10.3)—
0
(10.6) nonmy4yaem HeoIpeAEIEHHOCTh BUA s

Paznokum duciuTens M 3HAMEHATeNb Ha MHOXHTEIM W COKpPaTUM
npoOb Ha 00U MHOKUTENb. [Tomydnm:

P a5x—14 . (x=2)(x+7) . x+7 247
lim > = lim =lim = =9.
¥>2 x° =3x+2 xo2 (x—2)-(x—l) -2 x—1 2-1

2) Henocpe;:[cmel{l{oe BBIYUCJICHUEC HNPUBOAUT K HEOHNPECIACICHHOCTU
TUna oo—oo. JIyIsl pacKpbITHS MPHUBEIEM BBIpaXKEHHE B CKOOKax K olmemy
3HAMCHATCIIIO .

( 1 3 j l+x+x*-3 X +x-2

1-x 1_x3 x—1 1_x3 x—1 1_x3

Jlaniee pa3naraeM YMCIIUTENb U 3HaMEHATeNlb Ha MHOXHTeNH. [Tomydaem:
. x+2)(x-1 3

lim ( ) (2 ) =—=-1.

’Hl—(x—l)-(x +x+1) -3

3) HemocpencrBeHHOE BBIYMCICHUE Tpelena Mpd x — 2 MPUBOAHT K

0
HEONPEACIICHHOCTH THUIIA —. VYMHOXHUM YUCIUTEIb U 3HAMEHATEIb Ha He-
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MIOJIHBIN KBaZipaT CyMMBI BBIPQKEHUI 4x wu 2, arobs B unCIHTENE IOJIy-
YHUTh Pa3HOCTh KyOOB:

Yar—2 (%/E—z)-(%/lsxz +2%/E+4)
lim = lim =

=2 X -4 52 (+* —4)-(\3/16x2 +2%/E+4)

4x -8

0
HOCKOJIBKy HEONPECACICHHOCTb THUITA 6 COXpaHUJIaCb, pa3jIO’KUM MHO-

TOYWICHBI HA MHOXKUTEITU B COKPATUM:
4(x-2 4
lim ( ) =lim

Hz(x—z)-(x+2)-(%/167+2%+4) ’Hz(x+2)-(%/167+2%+4)'

[lepexon k npeneny npu x — 2 naer:
4 4 1

(2+2)-(Y6-4+2Ya2+4) 4-(4+4+4) 12

Ipumep 3. C noOMOIIBIO BHYHCICHUH ONIPENENIUTh, SBIACTCS JIU
¢bynkimma  f(x) OeckoHeYHO Maylod MM OECKOHEWHO OONbLIOH TmpHu

X —> +00:

2.3" 45"
D == D) £ =[xV -4}
Pewenue. 1) UroObl OTBETHTH Ha BOIPOC 3a/a4d, HEOOXOIMMO pac-

. 2.3 45
cMoTperh lim ————.
x>0 D 3¥

HenocpencTBeHHOE BBIYKMCIECHHE 3TOTO Ipeiea IPUBOAMT K HEOIPE-
o0
JIEJIEHHOCTH THIIA —. BBIHECEM B YUCIIUTENE M 3HAMEHATENIE CTApIIEE OC-
o0
HOBaHHE, T. €. 5%, 3a CKOOKU:
X
3 X
51212 +1 EARS
X X 5 +
.23 +5 . . 5
lim ——— = lim = lim

X+ 2_3x X—>+00 x x Yt x x "
sG] )
5 5 5 5
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Tak Kak nokasarensHas Gyskuus y =a” npu 0<a <1 sBusercs yoOsi-
BaIOILEH, TO IPH X —> 400 MOJIYYUM:
2-0+1 1
im ——=—
x—>+02.0-0 ()

2-3%+5"
Torna, cornmacHo omnpezneneHuto, GyHkuus f(x) =————— sBIeTCs
2-3
6eCKOHEYHO OOMIBIION.
2) Bprancnum  lim %/;(x—\/xz —4). IIpu x > o BBIpaXKEHHE B

X—>00

CKOOKax npeaAcTaBIACT coboit Pa3HOCTb ABYX OECKOHEYHO OOJBIINX BEJIH-

TMOJIyYnM:

qUH (oo —oo). YMHOKHB 1 pa3aeinB GyHKIMIO Ha BHIPOKEHHE X+ x” —4,
%/;(xz —(x2 —4))

%/;(x—\/x2—4)-(x+\/x2—4)
X—>+00 X+ [x2_4 X—>+00 X+ [x2_4
. 43fx
= lim ———.
x~>+oox+ [x2_4

B pe3yiibTaTe Hp€06pa30BaHI/Iﬁ BO3HHUKIJIa HEOIIPEACJICHHOCTh THUIIa

o0
—, a4 [MO3TOMY pas3aciiuM YUCIIMUTEIb U 3HAMCHATECJIb Ha CTapllylO CTCICHb,
o0

T. €. Ha x. [lomydaum:

X
CrnenoBaTenbHO, O OmpeaeseHuo GyHkimsa f(x) = Ix (x —x? —4)

SIBJIIETCS OECKOHEYHO MaJIOM.
3aoanusn
I ypogens

1.1. Tlomb3ysice ompeneneHueM npenena (QYHKIMH B TOYKE MO
Iefine, mokaxu Te, 4TO:

1) limx? = 0; 2) lim 23 7.
x—0 X2 x— 1
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4 lim X2 3
=lx’—x+1

1.2. Haiinute npenen GyHKIMU B TOYKE:

x? +3x
1) )lHozx 2’
3) lim 3x* = Tx— 6

-32xr = Tx+3’

1 5
5) lim - ;
)H 2(x+2 x2—4j

\/2+x—3.

7) lim
x->7 X 49
. ANx+13-2Vx+1
9) lim
x>3 x -9
11 yposens

2.1. Haiimu Te mpenen:

—_ 2_
1) lim x;rx x" =1
=l x" —4x+3
3 _ 2 _
3) lim Sx 22x 2x—1
==l x"+4x+3

5) lim( ! +— 6 j;
I\ x+1 x"-3x-4

9) lim x3/1—x—x3/1+x.
x—0 X ’
. 27+ x =327 -x
11) lim ;

3
0 x+23x*

2
13) lim( o +x—1j;
x—oo| x—4

2) lim
x—>-2 x° =4

x* +6x+8
2 b

o (L_L)
>2\x+2 x”+8
6) lim

x»4\/7 2
V1-2x+x% —(1+x)

x
10) lim x/1+2x—3'
w4 [y -2

8) lim

x—0

2 p—
2) hm$,
>2x3 = 2x? —x+2

1 5
4) hm( - j
8\ x+8 x*+6x-16
6) lim x/5—x—2.
12— x -1’
Vx+13-24x+1

) )lcllg x> -9 ;

10) 11 V- L.
1f_

12) lim 31+x -3x

x>0 x° +2x7 —x+1

14) lim L+@.
oo \fx =3 4x? -1

171



2.2. OnpenenuTte, sBmsieTcs 1 GyHKms f(x) OSCKOHEUHO Ma-

0¥ M GeCKOHEYHO OOJBIION P X —> X, €CIIH:

X2 —6x+9 X2 —6x+9
D f)==——F——, x=3 2) fO)=—F——, Xy =
x —9x x —9x
4f 2 4f 2
X" +2x X" +2x
3) f()=——F—, Xo=—2 4) f(x)=——F—, xp=
x+2 x+2
I yposens

3.1. Ilonp3ysce ompexaeneHueM mpenena (GYHKIMU B TOYKE IO
[eiine, noka’xu Te, 4YTO MPENEN HE CYLIEC TBYET:

.1 . . -
1) lim—; 2) lim(2-(~1)%); 3) lim ("—1j<:osm .
x>0 x X o\ x+1 3
3.2. Beraucimmte npeaen GyHKIUHA B TOYKE:
2x* = 5x° = 51x° +20x +12
1) lim —; 3 3 ;
*=>23x" +24x" +70x" +87x+38

X0 =3 —xt 2 432 +x -3

2) lim
) X3 ¥ —8x-3

3.3. Beruucnu Te npeaen npu Bcex BO3MO JKHBIX 3HAYCHUSIX p U g

m Y T PXTE 2 lim 572
=2(x—2)-(x+1)’ —>-lx? 4 pxt g
2
3.4. Boruncmute limw.
X—a x—a
2
3.5. [lpu kakux a u b limex—|r1 paBeH:
e x+1
1
1) oo; 2) 0; 3) 5

3.6. Boruucimu T npezien Mmpy BceX BO3MO )KHBIX 3HAUCHUSIX p U ¢
. —XxX"+5x—4

lim——.
=4 X"+ px+gq
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10.4. IlepBblii U BTOPO# 3aMevaTebHbIE MPe/ieibl

[Ipn BBIMMCIEHNM TIPENENOB YacTO WCIONB3YIOTCS TEpPBBIA U
BTOpOﬁ 3aMeda T CJIbHBIC IIPEACIIBI.
Ilepeotii 3ameuamensHblii npeoen:
. sinx
lim——=1; (10.9)

x>0 x
Ecm u(x) — 0 mpu x — x,, To BepHa Oonee obmas ¢popmyna
MIEPBOrO 3aMeya T eJbHOTO Mpefena:
. sin(ulx
hmﬂzl; (10.10)
X=X U(X)
IlepBbIii 3aMeyaTenAbHBIM Tpenen IO3BOJISAET YCTPAHUTH

0
HEOIIPEAEICHHOC Th THUIIA o

Bmopou 3ameuamensnsiii npeden:
, I
11m(1+—j =e, 848 e=2,71828... (10.11)
X—>00 X

nim
1

lim(1+x)x =e. (10.12)

x—0
Ecmn u(x) — o0 mpn x = x, (x—%0), T0 0606meHreM (op-
myis (10.11) sBasieTcs Gopmyna

1 u(x)
lim (1+ J =e. (10.13)
X=X u (x)

(x—>£0)

Ecmm u(x) >0 mpu x > x, (x— ), 10 0Gobmennem pop-
myisl (10.12) seasieTcs Gopmyna

lim (1+u(x))ﬁ =e. (10.14)

X=X

(x—>+00)
BTopoii 3ameuaTenbHBI Tpenen MO3BOMAET YCTPaHUTh
HeonpeaeIeHHoC Th Trma 17,
Jns Toro 4ToOBl HCMONB30Ba Th, Hampumep, Gopmymy (10.13),
HEo0X0IMMO OBI Th YBEPEHHBIM, UTO PEAIM30BAHBI CICAYIOIIHE 5 Th
YCIOBUH (aKyeHmupyem ux nooOuepKueanuem):
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1 u(x) 1 u(x)
) lim | 1 +—— =e¢ 2) lim |1+ =e¢;
XX ) — u x) X—=>Xo —u(x)

(x>t (x—>£0)
. IR . D
3) lim |1+—== =e¢; 4) lim |1+ =e¢
XX, u (x) X=X u (x)
(x—>+00) (x—>£0) —_—
5) u(x)—> oo, mpu x > x, (x> *0).
DTH YCIIOBUS JIOC THT'ak0 T CSI TO X ICCT BEHHBIM

HpCOGpaBOBaHI/ICM BbIpaXE€HUA, C TOAMIEIO 110 3HAKOM ITpE€acia.

Mpumep 1. Beruucnuts npenen GyHkuuu:

. sin2x-sinx . 2 —l+cosx
1) im————; 2) lim ——————;
x>0 2 x>0 sin? 3x
1
. 3+2x Y . —
3) lim ; 4) hm(l+tg3\3/2x)3x,
x—o\ 442x x—0
Pewenue. 1) IIpeoOpazyeM BbIpaskeHHE, CTOSIIEE O] 3HAKOM ITpeena:
. sin2x sinx . sin2x . sinx
lim - =lim -lim .
x—=0 x X x—=0 x x—=0 x

[Mocnenuuit mpenen, cornacHo ¢popmyne (10.9), pasen 1.

Tak kak mpu x — 0 BBIpaXKeHHE 2X TAKKE CTPEMUTCS K HYIIO, TO, yM-
HOXasi YUCIUTEIh U 3HAMEHATENb Ha 2 W WCIOJb3ys MEPBbIA 3aMedaTellb-
HBII TIpeJIe, TOJTydUuM:

sin 2x 2sin2x sin2x

lim = lim =2- lim 2-1=2.
x—0 Xx x>0 2x 2x—>0 2x

. sin2x-sinx
CregoBaTenbHo, lim ———— =2,

x—0 x2

2) HpI/I HEIIOCPEACTBECHHOM BBIYMCIICHUU IIPELCIa MOoJlydacM HEOIIpe-
0
JACICHHOCTDb THIIa 6

VYMHOXKUM 4YUCIUTEIb W 3HAMEHAaTellb HUCXOQHOTO BBIPAXCHUA Ha

V2 +1+cosx u npeoOpa3zyeM ero K BUIY, KOrJla MOXKHO HCIOJIb30BaTh
MepBbI 3amMmeuaTenbHbIi npeaen (Gopmyna (10.10)):

i J2 —J1+cosx i (\E—\ll—cos)-(ﬁ+x/1+cosx)
im = lim =
x>0 sin® 3x =0 gjn? 3x(\/5 +/1 +cosx)
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2—(1+cosx —
= lim ( ) im 1 -cosx -

=0 gin? 3x(\/§+\/1+cosx) =0 gin? 3x(\/§+\/1+cosx)

1 ZSinzf 2-sin£-sinE
= lim lim -l z_
10+/2 +/1+cosx -0 sin®3x  24/2 x>0 sin3x-sin3x
. x . x 3x 3x
1 251n7-51n5-7-7
2\/EJHOsinva-sin}x-3—x-3—x
2 2
X . X
2 |y My 3 3x 1
= lim . -— -— — = .
24/2 x50 x X sin3x sin3x 36 3632
2 2

3) BobLienum Lieyro 4acTb B OCHOBAaHUM CTEIICHU:

3+2x _ 4+2x—-4+3 _ 4+2x)-1 1+ 1

4+2x 4+2x 4+2x —4-2x

Tak Kak IpH X —> 00 MCXOAHOE BBIPAXKEHUE MIPEJICTaBIIAeT COOOH He-

OTpeIENIEHHOCTh THIa 17, TO, UCTIONB3Ys BTOPOM 3aMedaTesibHbIH Mpeaes
(popmymna (10.13)), umeem:

x x —4-2x \_4-0y
tim [ 22X}~ pim [ 14— ] = tim | [ 14— -
x—oo\ 44+2x x>0 —4-2x x>0 —4-2x

im— lim )

1 —4-2x ,1»?0—4—2)( x»ro_i_z I
= lim (1+ j —e ¥ —e 2.
x>0 —4-2x

4) B 1aHHOM Cilydae mojiy4aeM HeompeaenenHocTs Buna 1. Tlpeobpa-
3yeM (YHKLUIO TaK, 4TOOBI MCIIOJb30BaTh BTOPOM 3amedareNbHbI Mpeesn
(popmyna (10.14)). Tomyaum:

Ig3x3/2x

S SN Y fim &2
lim (1 +tg’32x )3x =| lim (1 +tg3/2x )Ig3 Y2x =0 3
x—0 x—0
33
Jns BeluucneHus lim IPUMEHUM IIEpBBII 3aMeuareNbHbIN
x>0 X

npenen:
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3 3
i tg3% T tg3%(%) o th/E . (%) 2x 2
im = lim 3 = lim > lim =]l-—=—.
x>0  3x x>0 (3 2x) 3y x—0 (%) x>0 3x 3x 3
lim &2 2
Takum 00pas3oM, moiryuaem oTeT: e’ 3  =e¢3,
3aoanusn
I ypogens

1.1. Beruncnu te npenen GyHKIHH, UCIIONb3Ys epBbIid 3aMeda-
T ebHBIN Mpeae:

1) Tim s1n3x; 2 lim s1n4x;
x>0 x x>0 Sx
=2
3) limsm 2x; 4) lim sinx
x>0 x -08in5x
5) lim sin2x \/x+ -3
x—0 3tg3x HO sinSx ’
7) lim sin3x ) $) lim sin x :
H0s1n7x sin5x’ >0 x4+ 5x
gx —sinx . l—=cos3x
li ; 10) im————;
9) xglé x3 ’ 0) xglé 2x2 ’
i —si 1—cos4
11 lim s1n7>f s1n2x; 12) lim .cozs x;
x>0 sin3x x>0 gin” x
. 2 _ . 2
13) lim sin” 3x 2s1n 2x; 14 lim \/cosx’
x—0 3x x>0 xsin2x
2 x —cos? 1 1
15) fjm S5 X CO8” 2x, 16) lim —
x>0 Sx 0| sin3x tg3x
17 lim \/1+s1nx—\/1—s1nx; 18) lim sin3x

x—0 tgzx x>0 /x + _1'

1.2. Beruncnu te npenen GyHKIHH, UCIONb3YS B TOPOH 3amMeda-

T ebHBIN MIpeae:
4x+2 2 2x-3
1) lim(l— j ; 2) lim(1+ j ;
x> x+5

X—>00

2x -4
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—2x
3) hm( j 4) 1im(3x_2j ;
X0 X0 3x
2x+1 x—4
. [ 2x+2
5) lim ( j ; 6) hm( i j ;
X0 3x x>0\ 2x —3
2x+5 20y -4
7) lim 8) lim( j ;
X—>0 x>0\ 1-2x
x+2 x+4 ¥
9) lim ( J 10) lim( j
X0 x>0\ Sx+1
11 yposens
2.1. Haitmu e npenen QyHKimu:
X2 2
. -x+1-1
1) lim > 1 2) hm$'
x—l1 lnx x—l1
3) lim 3%, 4) 11m 1- cos ——x j
x> tg3x
5) lim s1n77tx. 6) lim cos3x2—cosx
28in87x’ xor o tg2x

2.2. Haitmute npenen QyHKimu:

2x+1 3x+2
2
1) limln(z >x j : 2) 1imln("+ j :
oo\ 1-5x oo\ x+3
x*+x+1 - X +x+1 e
3) lim| ——| ; 4) lim| ———|
| x? 4 x—1 ool xT 42
X 3x%-7
(7 +18x-15) (2x2+2x+3
5) lim| —————| 6) lim| ———— ;
ool Tx" +11x+15 ool 2x7 4+ 2x+1

7) lim(2x +3) - (In(x +2) — In(x + 3));
8) lim x(In(2x — 3)— In(2x - 1));

9) lim(x* +1)(In(3x” —1)— In(3x* + 4));



10) lim(2x’ +3)-(In(x’ + 4) = In(x’ +1)).

I yposens
3.1. Haiinu te npenen pyHKIUU, CIeNIaB COO TBE TC T BYIOIIYIO 3a-
MEHY IepEMEHHOM:

1 lin}(3—x)tg?; 2) lim (4x — 7 )te3x;
- x%Z
. . 2-2si
3) lim(x* — 7%)ctgx; 4) hmﬂ;
X1 T = 2x
2
. 1—si . 1—si
5) lim s1n3x; 6) lim s1nx3;
T T —6x i
6 2| ——x
2
p— 1 3 p—
7) lim1 s1£1 x; 8) lim 1 2cosx'
x»Z COS” X x> T
2 (5

3.2. Beiuuciu e npeien GyHKIUK C TOMOIIBIO BTOPOro 3amMeda-

T €JIBHOT'O IIpeacia:
2

X 4x

) lim(2x=35)"; 2) lim(3x—2)"7;
“ w2 “ sox

3) lim@Gx—11)"; 4) lim(5-2%)*2
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11. IPOU3BOJHAA ©YHKIUHU

11.1. llonsiTne npousBoaHoii. IlpaBuia
audgepennupoBanus. Tadauna npou3BoIHBIX

Iycrs Gyskimst f(x) onpezesncHa B TOYKE X, M B HEKOTOPOH ee
OKPECTHOCTH, X — TOYKa U3 paccMarpuBaemoii okpectnocru. Ilpupa-
W{eHuemM apZymMenma 6 mouKe X, HA3BIBACTCS BEMHYMHA AX =X — X,
npupawienuem Qynxyuu — semmuuna Af (x,) = f(x)— f(x,). Eciu
BBIPA3UTh X =X, + Ax, T0 Af (Xy) = f (x5 +Ax) — f(x,)-

Ilpouseoonou pynkuyuu f (x) 6 mouKe X, Ha3bIBACTCs NpEeI

OTHOIIEHUS NPUPAIICHUsT QYHKIUH K MPUPAIICHHIO apryMeHTa, KO-
ra MOCIIEJHEE CTPEMUTCS K HYIIO, IIPU YCIIOBUHU, YTO MPENEI CYyILe-
CTBYET.

IpousBoxHyio B TouKe 06o3HauaoT [ (x,

~—

. Ilo onpenenenuro

f'(xo):limAf(xo):limf(onrAzz_f(xo), (11.1)
WIIH, 9TO TO XK€, Y Y
£/(x0) = tim L=/ (). (112)
X=X X=X

npu ycinoBud, uto npexaenst (11.1) u (11.2) cymecTByroT.

DyHKIMSA, UMEIOLIasl IPOU3BOJHYIO B TOYKE, HA3bIBACTCS Ough-
dhepenyupyemon B 31oii Touke. Oneparusi HaXOXKACHUS IPOU3BOJI-
HOU Ha3bIBaeTCs OUPdhepenyuposanuem.

[IpousBoxnas ¢yHKUMU B TOUKe — 3T0 uyucho. Ecmu QyHKIms
nuddepenpyeMa Ha HEKOTOPOM MHOXKECTBE X M3 €€ 00JIaCTH Oll-

penenenus, To f '(x) TaKke sABsieTcs (QpyHKuHed (ee 00O3HAYAIOT
Take ).
OcHoBHbIe TpaBua qu¢depeHupoBaHus
Myers U=U(x), V=V(x) — muddepenuupyempie GpyHKIuM.
CrpaBeJIBBI (POPMYJIBL:
C'=0, tne C =const, (11.3)
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(CU)' =CU', rae C = const,; (11.4)

(UxV) =U"+V"; (11.5)
(Ur) =Uuv +ur’ (11.6)
Uy _uv-ur'

= | == 11.7
(2)-2 119

Taﬁ.mma NMPOU3BOIHBIX OCHOBHBIX 3JIeMEHTAPHBIX (PYHKIM i

( ) —ax '1, e « € R, B 4acTHOCTH:
() =57

(-

( .
(

a’ ) =a*Ina, rne a>0, a#1, B YaCTHOCTH, (ex)ze“;

log, x ) rie x>0,a>0, a#l, B 4YacTHOCTH

xlna’

sin x) =CosXx;

) -
(
(
(

(Ctgx) =T 2

(arcsinx) = ! ;

(arccosx) =— ;

(arctgx) = =



! 1
t —_
(arcctgx) E
(shx) =chx;
(chx)' =shyx;
! 1
thx) =
( ) Chzx
! 1
thx) =—
(C ) Sh 2x

Ipumep 1. Haiitn npon3Boanyoo ¢yHKIHH y(x) B TOYKE Xy, IOJb-

3ysAChb ONIPEACIICHUEM, €CIIU:

1) y(x):Zx2 +3x+4, x5 =2

2) y(x) =sinx, x, :%.

Pewenue. 1) lcnonp3yeM onpezneneHue NpOU3BOJHON B BHIE (OpPMY-

asl (11.1):

¥'(xp) = lim
Ax—0

S (oo +A%) — f(x) _

Ax

2(xy + AX)” =3(xo + AX) +4-2xg —3x, —4

= lim
Ax—0

Ax

2xg +4xgAx + 2Ax” —3x, —3Av +4-2x7 —3x) —4

= lim
Ax—0

4x,Ax

Ax
+2Ax% —3Ax

= lim
Ax—0

Ax

= lim(4xy +2Ax —-3) =4x, - 3.
x—0

ITockonbKy O YCIOBUIO X = 2, TO y’(2) =4.2-3=5.

2) o popmyne (11.1) nomyqaem:
S+ A= f(xg) _

¥'(x5) = lim
Ax—0

sin(x, + Ax) —sin x,

Ax

Ax—0

Ax

Jlasiee, IpUMEHUB TPUTOHOMETPHUECKYIO (OPM yITy
sin(a + ) =sino cos B —cosa sin 3,

TOJTYYUM:
. sinx, cos Ax —cos X, sin Ax —sin x; . sinx, cosAx
lim = lim -
Ax—0 Ax Ax—0 Ax
. cosx,sinAx . sinx,
— lim 0 — lim 0.
Ax—0 Ax Ax—0  Ax
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Tak kak npu Ax — 0 umeem cos Ax =cos0 =1 u, npumeHuB popmyiy
NIEPBOT0 3aMEYaTELHOr0 IPEIeIa, OIydaeM:

sin x, sin x,

lim — lim cosx, — lim = lim cos x; = cosx.
Ax—0 Ax Ax—0 Ax—0  Ax Ax—0
2

TlocKoMBKY 10 YCIOBHIO Xy = —, 10 | 2= | = cos = = X2
Ipumep 2. BblHUCIUTD NPOU3BOAHYIO (QYHKLIUH Y =2x*, xeR,

OJIb3YSICh ONPEENICHUEM ITPOU3BOIHOM.
Pewenue. TTycts x — mponsBoibHas pukcupoBanHas Touka u3 D(y) = R.

[ons3ysice popmynoii (11.1), umeem:

F(x+Ax) - £(x) 2(x+Ax) - 24t _

V' = lim L lim = lim
A0 Ax  Av—0 Ax A0 Ax
()t xt x adAc+ 6 (Ax) 4+ dx(Ax) +(Ax)t -t
=2 lim ——=2lim =
Ax—0 Ax Ax—0 Ax
. 4 A +63 (Ax)” +4x(Ax) +(Av)
Ax—0 Ax
=2 lim (45" + 6% Ax+ x(Ax)” +(Ax)') = 2-4¢" =8¢
Ax—0

Taxum oOpa3zom, onepauus quddepeHIMPOBaHUS CTAaBUT B COOTBETCT-
BUE QYHKLIUHU ) = 2x*, xeR, byskuuo y' = 8x’, xeR.

IMpumep 3. Haiiti npou3BoAHY0 QYHKIHH:

3
log, x

X
3)y=
¥ -1

Pewenue. 1) IuddepenuupyeM (QYHKIUIO U UCTOIB3yeM (HOPMYIIbI
(11.4), (11.5) 1 TabnuIry TPOU3BOTHBIX, MOTydaCM:

1) y=4cosx+ —arctgx; 2) y= 2\/;tgx +5;

1 " (1 !
y':(4c0sx+ O‘C’;)zx—arctng =4(cosx) +( 0%)2 x] —(arctgx) =
1
3xIn2 1432
2) Juddepenuupyem pynkimo no ¢popmynam (11.3)—(11.6) u coor-
BETCTBYIOLIUM (OpMyJIaM TaOJIUIbI IPOU3BOIHBIX:

= () 5= 2(oter) 40 =2[ (V) tge s (] -

1 1 tex  24/x
=2 tgx + Jx J =—+ .
[2\/; cos? x \/; cos? x

'

=4(cosx) +%(log2 x)' —(arctgx)' =—4sinx+
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3) duddepennupyem dynkmuio mo ¢popmynam (11.7), (11.5), (11.3)
U 1epBOi (hopMyIie TaOJIULIBI TPOU3BOIHBIX:

| ( g J'_(x3)'.(xs_1)_xs.(xs_1)'_3x2.(xs_1)_x3.(5x4_o)

o o]

3x” —=3x% —5x"  —2x" —3x%

(e ()

Ipumep 4. Boruucnute npou3BogHY0 (YHKIIMH, UCIONIb3Ys IpaBHiIa
nuddepeHIpoBaHHs U TaOIMILy TPOU3BOIHBIX:

X \sinx 3x2
1) y=logy(x"2)™; 2) yzln[m];
e
V2 cosx —2005(% + xj
log, x[Z sin [% + xj —+/2sin xj
Pewenue. 1) IpeobpasyeM (QYHKIUIO, TMOJb3YySICh CBOWCTBAMU JIOTa-

pudma:
y =log, (x°27 )% = sinx-log, (x°2%) = sin x(log, x° +log, 2%) =

3) y=

=sin x(5log, x + x).

[Monyuennoe BeipakeHue muddepenupyeMm mo dopmynam (11.4)—
(11.6) 1 popmynam TabGIUIBI TPOU3BOAHBIX:

y'=(sinx(5log, x +x))'=(sinx)" (5log, x +x) +sinx-(log, x +x)' =

=cosx(5log, x+x)+sinx > +11].
xIn2

2) Mepen muddepenypoBaHreM npeodpasyeM BhIpaXECHUE, MOIb3YSICh
cBoOlcTBaMU Jiorapudma:

352
y= h{%} =InB3x*)-Ine™ =In3+Inx* —thr-Ine=In3+2Inx - thr.
e
Jabime Bocrionszyemcst popmynamu (11.3)(11.5) u Tabmuueit npous-
BOJIHBIX:
1
chx’
3) Tak kak HenocpeacTBeHHOE MM (hepeHIIMPOBAaHNE BHI3bIBACT 3HAYU-
TeNbHBIE TPYAHOCTH, MPEIBAPUTEIHHO YIPOCTHM BBIpaKEHHE 10 (HOpMynam
TPUTOHOMETPHU:

3= (In3+2In x — th)' = (In3)'+ 2(In x) — (thy)' = 2 —
X
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ﬁcosx—Zcos(§+xJ
log, x(Zsin(Z+x)—\/§sin xj

y=

T ..
\/Ecosx—ZCosZcosx+25stmx

10g3x(Zsin%cosx+2005%sinx—\/§sinxj
eosr- 2 cosrs V2 g
008X === C0S X+~ = sin x J2sinx
242

22
logs x Tcosx+Tsmx—

tgx

. J *logs x(v2cosx) logyx’
2sinx

[onyuennoe Beipaxenue muddepenuupyem mo dopmyne (11.7) u co-
OTBETCTBYIOUIMM (OpMYyJIaM TaOIUIIbI TPOU3BOAHBIX:

1
' ) , ——5—-logyx—tgx-
| { tgx ]:(tgx)-10g3x—tgx-(log3x) _cos’x B N3 _

y =
logy x log3 x log? x

_ xIn3-log, x—tgx-cos® x

xIn3-log; x-cos” x

3aoanusn
I yposens
1.1. Tone3ysck onpeaeseHueM, HaliTUTe MPOU3BOIHYIO () YHKIIU:
1) y=3-2x; 2) y=4x* +6x+5; 3)y=—1 .
2x—-1
1.2. HaiinuTe npousBoHy0 QYHKIUY:
4/ 3 3
X 2 x +3
1) y=———=+x¥Yx+9; 2) y=———;
)y 5 %/; )y 4+ x+x°
2xr —x—1 2(3x3+4x2—x—2)
N y=—rF7 4 y= ; ;
3Wx 153/x
(2x2 —1)ﬁtgx (%/)€_2+x3 —2)
S y=t—rs 6) y ="
3x 24chxlog;, x
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7 y=e"(1+x%); 8) y=Inxarcsinx.

1.3. Haiigure y'(0), ecom:

1) y=19x° +3/x° —9x¥; 2) y=(2x-3)-(1-x°);
1
3) y=Arx - ) gy y=ttl,
chx
e’ —t cosx—1
5) y=— Cal 6) y= )
e’ +tgx cosx+1

1.4. Beruucnure:
1) f(0)-g'(2), ecmm f(x)=3x"—4,5x" +2x+5, g(x)zz—xl;
Y
2.5 4
g(x) =VxRlx —x);
3) f(1)+ f'(-1), ecm f(x)=x"+x’—2x+5.

2) 'O +g'(D), ecmn f(x)=4x+10-

21 1
1.5. Boraucnure f'(2), ecmu f(x) = 8Y x4 log; 2.
lge 4
3 .
1.6. Beruncute f'(0), ecmu f(x) = w
coSX
1.7. Pemure ypaBHEHME:
8 10
1) f'(x)=0, roe f(x) =§x3 —2x+?;
1 14 4
2) f'(x)=0, tae f(x) =—Zx4 —?x3 ——9x2 +2.
11 ypogeno
2.1. Haiigute npoM3BOJHYIO ', MpeaBapUTEIbHO peoOpa3oBaB
BBIPAXKCHHE:
e +e Sx* +4x—1
1) y= ; ) y=—r—;
R R
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e —e (x=2)°-(x* +2x° +4x)’ .glogs ¥

)y )y (x* —2x° —8x+16)’

e +e”

2.2. Ins dyukuun f(x) = In x(1+1n® x) maiigure £'(1).
2.3. U3BectHo, uto f'(x) =2sin2x+3cosx +%. Haiiure f'(%j.

2.4. Peumre nepasenctso f'(x)>g'(x), toe f(x)=x"+x -2,
g(x)=3x" +x++/2.

111 ypogens
3.1. Beruucnure f'(x,), ecmu:

1) f(x)=2cosxcos(0,5-x), x, :%;

2) f(x)=2sinxsin(0,57 —x), xy=7.

3.2. lMome3ysich ompenereHWeM MPOM3BOAHOW, Haiinute f '(x),

.3
x-sin=x

ecmn f(x)=1¢ S -1, ange x=0,
0, &nge x=0.

3.3. Haiizure 3Hadenne nponsBonHoi Gyrkiun f(x)= cos(x + %)

a
B TOYKE X =Q, €CIU th:

N | =

3.4. Haiinure cymMy 3HaueHHH NPOWU3BOAHOW (YHKIUH V(X) B
x>cosx, 10¢ x#0,

Toukax x =1 ux =0, ecimu y=
0, 1d¢ x=0.
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11.2. IlpousBoaHAas cJI0KHOH QyHKIUH

Ecim y:f(u) u u :g(x) — muddepennupyembie ¢ yHKIUU
CBOMX apryMEHTOB, TO IPOM3BOAHAs CIOKHO Qynkwn y = f(g(x))

BBIYUCIISIETCS TT0 (hopMyIie

Vo=t -8 ). (11.8)
O06001menHast TadIM A MPONU3BOIHBIX

’

(u(x)a) =ax®"-u'(x), rae a € R, B yacTHOCTH:
1 ’
(V) = T

1 1,
(?) "

’

(aum) =a"“Ing-u'(x), tne a>0, a#1, B 4YaCTHOCTH,

(€)= u'(x);

(logau(x)) =;~u'(x), rne x>0, a>0, a=#1, B 4acr-
u(x)Ina
' 1
wocry, (Inu(x)) = -u'(x);
(Inu(x)) pros (x)

(sinu(x))' = cosu(x)-u'(x);

(cosu(x)) =—sinu(x)-u'(x);

(tgu(x)) =—— (),
cos” u(x)

(ctgu(x))' = —+ u'(x);
sin” u(x)
(arcsinu(x))' =;-u'(x);
1—u(x)*
(arccosu(x))' = —;w{'(x);
1—u(x)*
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’

(arctgu(x)) = u'(x);

_

1+ u(x)?
(arcctgu(x)) = —mw (x);
(shu(x))' = chu(x)-u'(x);

(chu(x)) =shu(x)-u'(x);

’ 1 , .
(thu(x)) _m.u (x);
(Cthu(x))' = —m.u'(x).

Ecmu mansa ¢ynkumm y = f(x) cymectByer oOpaTHas ¢ yHKIUSL
x = @(y), kotopast umeet npousonHyo ¢'(y) =0, To BepHa popmyrna

y'(x)z;. (11.9)

o'(y)

Mpumep 1. Haiiti npon3BoaHY0 QyHKIHH:

5 .
1) y=sh2%; 2) y=1n /x 4251nx;
X +3x

3) y =arcsin l—_x; 4) y :lntgﬂ;
1+x 4
3 cos(x* )arctg%/;
5) y =arccos® y/lg(x+1); 6) y=In——————.
( ) 4~/shx

Pewenue. 1) ®ynxuuo y =sh2” HeoOXOMMMO paccMaTpUBaTh Kak

CIOXKHYI0 QyHKIMIO, tae ¥y = f(u)=shu u u=u(x)=2" — qudbdepenuu-
pyemble QyHKIMH CBOMX apryMmeHToB. Torna, corsnacHo ¢opmyie (11.8) u
COOTBETCTBYIOLIMM (OpMYJIaM TaOJIUIbI TIPOU3BOAHBIX, TOIYIUM:

y'=f'(u) u'(x)=(shu)"(2*)' =chu-2*-In2=Imn2-2" -ch2™.
2) CuHauana ripeodpasyeM (QyHKIHIO, UCIIONb3Ys CBOIMCTBA JIOrapu(pMOB:

y:lnﬂf% :%ln( > —ZSinx)—%ln(x4 +3x).

BrrunciseM npou3BOJHYIO, UCIIONb3Ys MPaBUiIo TuddepeHpoBaHus
cymMBbl QyHKIMH, popmyity (11.8) u 0000LIeHHYIO Ta0JINIY TPOM3BOAHBIX:
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. oy 1 " x5—2sinx' 1 x4+3x'
7 =E(ln(x5—2s1nx)) _E(hl(X4+3x)) :E.(xs—Zsinx) _E.(x4+3x) -
1 (*) —Z(SinX)'_l.(X“) +(3x) 1 5x*—2cosx 1 4x°+3

2 x’-2sinx 2 Xty 2 x° —2sinx 2 Xt +3x

1-x

3) Paccmorpum yHkumio kak y =arcsing(x), rme g(x)= o
+x

Takke crnoxHas Qynkuus. [Ipumenus gopmyny (11.8) muddepenunpona-
HUS CIIOKHOM (PyHKUMH, 00OOLIEHHYIO TaOJHMIy NMPOM3BOJHBIX, a TaKKe
npaBuIo Au¢ hepeHInPOBaHUS YACTHOTO IBYX (DYHKLHUH, MOIY4UM:

!

V= 1 Mex) 1 1 (l—xj B
1_l—x 1-x \/l+x—l+x 2\/1—){ I+x
1+x 1+x 1+x

L x990 (149

_\/Zx 2-4l1-x (1+x)2

1+x

_«/1+x.1/1+x.—(1+x)—(1—x)_ l+x  —l-x+x-1_

- V2x 21-x (1+x)2 _21[2x(1—x) (1+x)2 -
-2 -1

T2 2x(lx) (14x)  (1+x)r2x(1—x)

2x+1
4) Tlycrb g(x)ztng, Toraa y:lng(x). Cornacao ¢opmyie

(11.8), momyuum:

, 1 2x+1 1 1 1 1
2x+1 4 2x+1 2 2x+1 {2 4
tg——— tg==— cos” ——

4 £y 4
2x+1
sy 1 1 1 1
_ 2x+1  ,2x+1 2 .. 2x+1  2x+1 . 2x+1
sin 2sin -CoS p sin 5

5) PaccmoTpuM (pyHKIIHIO Kak yz(g(x))z, rae g(x)=arccos /lg(x+1).
DYHKIHMIO g(x) MOXHO TpencTaButh B Buie g(x)=./i(x), rme

h(x)=1g(x+1). Torna:
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!

y' = 2arccos \/1g(x+1) -(arccoswllg(x +1)) =

= arccos \/1g(x+1) [—mJ( 1g(x+1)) =
_arccos1/1g(x+l) . 1 -(1g(x+1))’ _

JI-lg(x+1)  2yig(x+1)

_ arccos \/lg(x +1) . 1 -(x+1)’ _

2flg(x+1)f1-lg(x+1) (x+1)n10

—arccos /g (x+1)

2(x+1)In10flg(x+1)-1-1g(x+1)
6) Iepen tem kak nuddepeHnrpoBarh GpyHKIHMIO, MIpeodpazyeM BbIpa-
KEHHeE, TOJIb3YsICh CBOHCTBAMH JIorapudma:
3cos(x )arctg\/—

4+/shy

=In3+1Incos(x?)+1In arctg(xg) —In4 —%ln shx.

1 1

y=In = In(3cos(x?)arctg(x3)) — In(4sh2x) =

pomuddepennupyem momydeHHoe BolpaxkeHne no popmynam (11.3)-
(11.5), (11.8) u cooTBeTcTBYIOIMM (OPMYIaM TaOIHIIBI TPOU3BOIHBIX:
=(In3+1In cos(x2 )+In arctg(xé) —In4 —%ln shx)'=
= (In3)"+ (In cos(x?)) '+ (In arctg(xé ))'—(n4)'- (% Inshx)'=
(cos(x )) ! (arctg(x1 ) _0- (shx)' _

cos x° arctg\/— 2shx
—sinx?-(x?)' (x )' chx
= 2 —+ 3 — =
cosx (1+1/x? )arctg%/— 2shx
—2x sin x2 chx

cosx’ 3\/7(1 + \/7)arctg\/— 2shx’

[Tpumenus nanee GopMyIIbl TPUTOHOMETPUH, OKOHYATEIBHO HOIYYUM:

y'=—2xtgx’ + —lcthx
33 x? 1+ Ix? )arctg%/; 2
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IIpumep 2. Beraucnuts y'(fj, ecnu y = cos’ 0.
4

Pewenue. D10 cinoxHas (QYHKLIUS C IPOMEXKYTOYHBIM apryMeHTOM
cos@. Juddepennupyem ee mo popmyne (11.8). [Ipu 3ToM monmb3yemcst mep-

BOH (hopMyIioii 0000IEeHHO TabIUIIBI TPOM3BOJHBIX IPH YCIIOBUU O =3

! !

y’:(cos3(p) =3cos’ p(cosp) =-3cos’ p-sing.

o T
Brruucnum 3HaueHue IIPOU3BOJHOU ITPH @ = Z :

y'(%j — 3 cos> (%).sin(%j - 3(%]2 % _ ,¥’

Mpumep 3. Boruucmuts y'(1)—y'(=1), ecmn y=In

X
N1+ x?
Pewenue. TTpeobpazyem GyHKIUIO, UCTIONIB3YS CBOMCTBA JIOTapU(MOB:
1

=Inx—InVI+x* =lnx—In(1+x%)2 :lnx—%ln(l+x2).

x

y=In

V1+x?

Teneps npoauddepeHuupyem Bbipaxenue Mo ¢opmyram (11.3),

(11.5), (11.8) m coorBercTBYrOIUM (GOpPMYyJaM TaOJIHUILBI MPOU3BOJHBIX.

Oyuxmo y = In(1+x?) pacemotpum kak y = f(u) =Inu, rme u =1+ x%.
Y = (1nx)'—l(1n(1+x2))' Lot —(1+x%) L1 —2x

2 x 21+x x 2(1+x7)

1_ X _1+xz—x2 1

x 14x7 x(1+x2) _x(1+x2)'

Tenepb BbBIYUCIIMM

1 1 1 1
P == () ==
11+1%) 2 (_1).(1+(_1)2) 2
Torma y'(1)—y'(-1) —l—(—lj =1
y y 5 2 )T
3aoanusn
I ypogens
1.1. Haiinure npousBoH Y0 QyHKIUU:
1) y=(2x" +4x-3)"; 2)y=v9—x*;
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3) y=\3/x\/;; 4) y=3/(2x* —4x*)*;
V5-x2 1+x
5) y= ; 6) y=,/—;
5+ x 1-x

2
7) y=(8x" —21)-§(7+4x") ; 8) y=3"";
9) y=3"""; 10) =3,
x

11) y=sin’5x7; 12) y =ctgtg”3x;
13) y =arccos® 2x; 14) y=(1+1tg*3x)e 2;

2 p—
15) y =xarcsin2x; 16) y =arcsin x2 ;

x"+2
17) y=arccos3§; 18) y=In(e’" +1) - 2arctge”;

19) y =log} x*; 20) y= /logl(—x+2)3.
2

1.2. Haiimure npou3BOAHYI0 (YHKIMU TPU IaHHOM 3HA4YCHHH
apryMeHTa:

) f()=1+é¥, 1,=0; 2) f@=n* "), 5 =3;
x+1

3) f(x)=(x+1)-Vx* -1, xO:\/E; 4) f(x)=Incosx, xoz—%;

5) f()=sint—cos’t, 1,=0;  6) f(3) =€, y, =§;

7 f(x)= arctgx/;, Xy =i; 8) f(x)=arccosvl—x, X, =%.
1.3. Pemmre Hepasencrso f’(x)>g'(x), ecmu f(x)=x+In(x-5)
u g(x) = 1n(x—1).

11 yposens
2.1. Beruucnure y', ecnu

1) y=In(1+e* —1)—In(1+e* +1); 2) y=Inx—Inlnx;
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3) y=Inlg(3-2x"); 4) y =log; In(3x +2);
5) y =log, log; log; x; 6) y = tgsin® cos x;
7) y =ctglog, sin2x; 8) y=(7x* —2)sin’ %;

9) yzln(ex +/e*” —1)+arcsine"x; 10) y:arctg1 1:/{;
—x

3x+ arcctg(3x+4)
11) y= lo x—2x* 12) y=——"——7—5;
)Yy ,/3x g5 ( ); )y (22
13) y=(x> - 4)tg’ g; 14) y=(x +3x)2 3.

2.2. Bpryucnure Npou3BOAHYIO (pYHKIMH MpU 3aJaHHOM 3Haue-
HUU apryMeHTa:

1) y = xarctgx + In(1+x%), x, =1;
2) y=arctgNSx—1+xlnx, x,=1;

1+ 2x2

2

4) y =arctg Sl

3) y =arccos

s X =1

5) y=e€"(ch2x+2sh2x), x,=0;

6) yzln(l+x4)+arctg\/;, X, =1

7) y=x~m+4arcsin§, X, =0;
8) y=e' " +In(x* +3), x,=1.

2.3. Boruncnure 3HaueHne npousBoaHoit f'(x,), mpeaBapuTenn-
HO YIPOCTHB BBIPAKEHHUE:

—3x 3x X -x

—e

e e"—e
D f(x)=——7—, x,=0; 2) f()=——, %, =0;
3 e’ +e
e +e’” xe* +xe™
) S0=5" 0wk ) S =" =

2.4. Beraucnure NpoU3BOAHYIO (YHKIUH, NMPEIBAPUTEIBHO YII-
pPOCTHUB BBIpa)KEHHUE:

Vi+x? 1, 2+x 1
1) y=In ; 2) y=—In—— ——arctgx;
)y o ) y=5In—— —arctgx

3 4 A 4otg (P +4
3) y=log, ol Jr3+ln3; 4) y=In S ( )
8cosx

+sinln5.

1
2.5. UssectHoO, uTo f'(x) =E\/x3 +1 u g(x)=x-e . Haiioure

3Hauenue Beipaxkenus f'(x,), rae x, = g'(0).
2.6. Haiinure nmpomssoanyio dynkumn g(x)= f(f(x)), ecin

f(x)=sinx’.

-1
1
2.7. Halinute npou3BOAHYIO () YHKIMH g(x)z( f (—D , eciu
X
£ (x)=cosx’.

2.8. JlokaxxuTe TOXIECTBO:

1) fi(x)= 2xf(x)+f(0) 10y =1, ccmn f(x)=3¢"

6) f'(X)+f(X)+f(;j—;=O, ecmn f(x)=Inx.

I yposens
3.1. Haiigute npon3BOAHYIO (byHKuHH'
xarcsin x 3shx 3
1 ———+In \/7 2) y= ——— +—arctg(shx
)= V1=x2 )= 4ch4x 8ch’x 8 g(sh);

3) y= cosln2——Cos 3x 4 L1 thx—arctg\/thx.

=—In
3 sin6x )y 2 1-+/thx

3.2. Haiinure npou3BOAHYIO (yHKIMH, IPEABAPUTENHLHO MPeod-
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pa3oBaB BEIPAXKEHHE 110 TPUTOHOMETPUUECKUM popMymam:

1) y=4cos2xsin3xcosx; 2) y:cosgcosgcos%;
3 _ 2(cosx+cos3x) 4y y= 2sinx —sin3x+sin5x
4 2sin2x+sindx 4 €0s X —2c082x +cos3x
sinx +sin 1 1
5) y= 2 (1+ +tg2xj~(1— +tg2xJ;
cos2x cos2x

X
1+cosx+cos§

6) y=sin(4x + x*)cosx —cos(4x + x*)sin x + sin’ g

sinx —cosx
3.3. Hana ¢yskmus f(x)=——————. Onpenenure, demy
sinx + cos x

PaBHO 3HAYCHUE BBIPAKCHUA

£1(0)— % F'(x)cos2x—2 f'(%j — f ().

3.4. Jlanel Qpynkmun f(x) = 2x° cos’ (gj n g(x)=x—x"sinx.

HaiiziuTe KOJIMYECTBO 3HAYCHUH X HA OTPE3Ke [—7r; 7 |, /U1 KOTOPBIX

BBITIOJHSIETCS paBeHCTBO [ '(x) = g(x).

11.3. YpaBHeHuUe KacaTeJbHOM
U HOpMAJIU. PU3HYECKHA CMBIC IPOU3BOIHOM

poussoaHast GpyHKuK y = f(x) B TOUKE X, MPEACTABIAET CO-
001 yrioBoil KO3(pPHUIHUEHT KacaTeIbHOH, MPOBEAEHHON K rpaduky
dynxuwm B Touke (xy; /(%))

f’ (xo) = tga’

rIe o — yrojl HakJIOHA KacaTeiabHoi k ocu Ox. B atom cocrout

2eomempuiecKuil CMulcil RPOU3BOO0HOI.
VYpaBHeHHE KacaTenbHOW, NPOBEJACHHOW K Trpaduky (YHKIUU
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B T0uke M, (%05 1), TAC Yo = f(X,), umeer Bux:
y=1"(x) (x=x0)+ f(x0)- (11.9)
[Ipsimas, npoxonsmias yepe3 ToUky M, (xo; yo) rpaduka QpyHK-
iy = f(X) NePIeHAMKYISIPHO KACATENBHOW, NPOBEICHHONH B
9TOH TOYKE, HA3BIBACTCS HOPMAabio K Tpapuky QyHKIMN y = f (x)

B 1ouke M (xy; ) (puc. 11.1). VpaBHeH#e HOpMa HMEeT BHL:

y:—ﬁ(x—xo)Jrf(xo), (11.10)

rae f'(xy)#0.
ylk

N

Puc. 11.1

dusuyecKkue NPUI0KeHUS PON3BOTHOMN
1. Ecnu marepuanbHas Touka M ABWKETCS HEPABHOMEPHO IO

MyTH, 3agaHHOMYy (yHKIMEH y =S (t), TO M2HOBEHHAs CKOPOCHb

IBIDKEHHST B MOMEHT BPEMEHHU [, €CThb MPOM3BOAHAS OT IIYTH S IO
BPEMCHU ¢

v(to):S'(tO). (11.11)

2. Ecim pynkumeii y :v(t) OIMCBIBAECTCA IIPOLECC U3MEHEHUS

CKOpPOCTH HEPAaBHOMEPHOT'O JBIKCHMS B 3aBUCHUMOCTH OT BPEMCHH,
TO M2HOBEHHOE YCKOpeHUe MAaTEPUaTIbHON TOYKHM B MOMEHT BPEMEHU
t, €CTb IIPOM3BOJHAS OT CKOPOCTH V 110 BPDEMEHHU .

a(ty)=v'(1,). (11.12)
3. Ecm y=Q(T) — QyHKuus, OMMCBIBAIOMWAS IPOLECC H3MEHE-
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HUSI KOJIMYECTBA TEILIOThI, COOOIIAEMON Tely MpU HATPEBAHUU €ro
0 Temrieparypsl T, TO mMenioemMKocms meid eCThb MPOU3BOAHAS OT
KOJIMYeCTBa TeIUIOTH O 1o Temmeparype 7

C(ty)=0'(T;)-

4. Jlunetinas niomuocms HEOTHOPOTHOTO TOHKOTO CTEPXKHS B
TOYKE X, €CTh IIPOM3BOIHAS OT MACCHI 7 IO JUIHHE [:

’

p(x0)=m'(x,).

5. Menogennoe 3nauenue 31eKMpPOOSUINCYWEN CULbL UHOYKYUU
paBHO CKOpOCTI/I HU3MCHCHHA MAarHUTHOI'O IIOTOKa, T. €. HpOHSBOHHOﬁ
OT MarHUTHOT'O TIOTOKA ¢ [0 BPEMEHH f:

e(1))=0(1).

6. Cura moxa 6 KoiebamenbHOM KOHMYpe 8 MOMEHM 8peMeHU ty
paBHA POMU3BOAHON 3apsjia ¢ 0 BPEMEHH 1:

I(t)=4"(%).

IIpumep 1. Hanucare ypaBHEHHE KacaTeIbHON U HOpPMaH, IPOBEIEH-

4
HOH K rpaduKy GyHKIHU ) = 3 B TOUKe ¢ abcuuccoi x = 2.

-2x

Pewenue. JIns HaXOXKACHUS YPaBHEHUS KacaTelIbHOH BOCIHOJb3YyeMCs
¢dopmynoii (11.9). Crauana Haitnem opauHaty Touku kacaHust f(x;). Jus
9TOro 3HaY€HHe X =2 MOJCTaBHM B ypaBHEHHE (pyHKUIUU:

4.2-3
2 ==

f( ) 3-2-2

JI1 HaXOXKJeHUs YrIIoBoro koddduirenTta HailieM Npou3BOJHYIO )',
ucnoss3ys popmyiny nupdepeHnrpoBaHus Ipoou:

(4x-3)"(3-2x)—(4x-3)-(3-2x)" 4(3-2x)+2(4x-3)
(3-2x) (3-2x)
_12-8x+8x-6 6
(3-2x)>  (3-2x)
Haiinem 3HaueHune npou3BogHON pu x =2 :
6
Y-
(3-2-2)

[MoncraBus HaiinenHsle 3HaueHus: B popmyny (11.9), momyqyaem ypas-
HEHHE KacaTeJbHOI:

y= 6(x—2)—5, T.€. y=6x—17.
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Urto0kI HanMcaTh ypaBHEHHE HOPMAJH, Bocronb3yeMcs Gpopmyoit (11.10):
1
=——(x-2)-5.
Y=z (x=2)

[Tosnyunm, 4T0 ypaBHEHHE HOPMAJM, IPOBEJCHHON K 3aJJaHHOI KpHUBOMH
2

. 1
B 33JIJaHHOM TOUYKE, UMEET BUI ) = —gx - 43.

Ipumep 2. Onpenenuts, B Kakoil TOUKe KPUBOUH Y = 33/x xacarens-
Hasl HaKJIOHEHa K OCH a0cCImce moj yriioM 45°.

Pewenue. Tak Kak TaHT'€HC yIJIa HAKJIOHA KacaTeJIbHOU K ocH abciuce
paBeH 3HAYEHMIO NMPOU3BOAHOM B TOUKE KacaHMs, HaWIeM HpPOU3BOJHYIO
byHKIUM:

2
, 3 L = 1
y=|3x3|=3-x3 =—=.
3 3 2
X

1
ITo ycnosuio y'(x,) = tg45°. CnemoBarenbHo, ﬁ =1.
X

Orcrona:

3.2 _ 2
Nx =1, x" =1, x5 =%l.

IMosyuniy Ba 3HAYCHHS A0CIIUCCHI TOUKY KacaHHs:

X =—1 xp =1
T. €. CYIIECTBYIOT JB€ TOUKM KacaHMs, B KOTOPBIX KacaTelbHas oOpasyeT
yron 45° ¢ oceto Ox.

HaiineM COOTBETCTBYIOIIME OpAMHATHI TOYECK KACAHMUS, MOACTABILS
3HAUEHHS Xg;, Xop B hopmyiny QpyHKIMU:

Y(xp)) = p(-1) =3-1 =-3;

V) = y(1) =31 =3.

IMpuxoxum k oTBeTy: B Toukax My (=1, —3) u My, (l; 3) xacarensb-
Hasl K 33/1aHHOH KpHBO# 00pasyet ¢ ocbto Ox yroi 45°.

Mpumep 3. Haiitu ocrtpeiii yroa Mexnay mnapadonamu y:—3x2 u

y =x> —4 B TOYKE UX [EPECCUCHHS, UMEIOLIEH OTPHULATEIbHYIO aGCIHCCY.
Pewenue. Yron Mexay JABYMsI KPUBBIMH B TOYKE MX MEPECCUCHUS —

9TO YTroJl MEXIYy KacaTC/IbHbIMU K 3TUM KPHUBBLIM, IMPOBECIACHHBIMU B TOUKE
UX MEPECCUCHU. Tanrenc storo yrijia BBIYUCIIUM I10 (bopMyne

k2 _kl

——, 11.13
1+Fk -k, ( )

tgp =
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rne ki u ky — yrioBbie Ko3(pPUIMEHTHI KacaTeNbHbIX, NPOBEJEHHBIX K
napa®oyiaM B 3aJJaHHOM TOYKe.
Haiinem Touky nepeceueHus 3Tux napadoi. s 3Toro pemmm cucremy:

y=-3x",
y= x* —4.
Orcroga x==x1. YcioBui0 3afa4d yIOBIIETBOPSAET TOUKa X, =—1.
Haiinem xoaddunmenr k;:
y=-3x%, y'(x)=-6x, y'(xo)=y'(-1)=k =-6-(-1)=6.
AHaJIOTHYHO HaiijgeM ky:
y= x2 -4, y’(x) =2x, y’(xo) = y’(—l) =k, =-2.
Bocnonssyemcs opmynoi (11.13) u momyuum:
-2-6 ‘ -8] 8

t = — =,
ST (2) 6| |-ul 1

OTKyJa @ = arctg%.

IIpumep 4. Teno nBUXETCS TPIMOIUHEHHO 110 3aKOHY
1
(1) :—gﬁ +31° 5.

Haiiti ckopocTh ABHKEHUS Tejla B TOT MOMEHT, KOT/la YCKOPEHHE paB-
HO HYJIIO.

Pewenue. Cornacuo ¢dopmyne (11.11), cCKOpOCTh €cTh MPOU3BOIHAS
¢bynkmu S(¢), a, cornmacHo gopmyne (11.12), yckopenue a(f) ectb npous-
BOJIHAsI CKOPOCTH W(¢).

[MocnenoBarenbHO BEIYUCINM IPOM3BOIHbIE:

' 3 3 1 3
v(t)=S'(t)=-=t"+6t=——1 +6t;
(1)=5'() == :
' 3 2
a(t)=v'(t)= —5! +6.
Haﬁz[eM MOMCHT BPpEMCHHU, KOr'Zla YCKOPEHHUE PaBHO HYIIIO:
—%tz +6=0; 37 =12; 1=2.
Brraucnum CKOPOCTb IBUXCHUA T€JIa B MOMCHT BPEMECHHU tO =2:

v(to):v(Z):—%-23+2-6:8.
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3aoanusn

I yposens

1.1. Hanmmmre ypaBHEHMs KacaTelbHOW M HOpPMajH K KPUBOU
y = f(x) B TOUYKE X:
2

1
1) y:2xx/;——, X, =4 2) y=cosx—x—+ﬂ, Xy =T0;
7 "
2
3
3) y=——, x,=1; 4) y=2"-—+x* -3, x,=1.
x+1 In2

1.2. CocraBeTe ypaBHEHHE KacaTelbHOH K rpaduky (GyHKIUH

1
y= g(x3 +1) B TOUKE ero nepeceyeHuns ¢ 0Cbio adciuce.

1.3. Haiinure yron, mox KoTOpbIM Tpadhuk  GYHKIHH

1 .
y =—=sIn3x mnepecekaer och a0CIUCC B HaYaJIe KOOPAUHAT.

3

1.4. Ompenenure, B Kakoil TOUKe KacaTelbHas K rpaduky QyHK-

2x+2
Uu y = al o0pa3yeT ¢ ocbio abciuce yrou 45°.
X

1.5. Teno aBmxercs 10 3aKoHY s(f) =2t — 3¢+ 4. Haitaure cko-
POCTh U YCKOpEHHE TeJla B MOMEHT BPEMEHH ¢ = 2.

1.6. Merammmaeckuiit 00pyd KaTHTCS 1O NPAMOMA. YTOJ ¢ MOBO-

1
pota o0pyda 3a ¢ CEKYH[ ONpeAeNsIeTcs YPaBHEHHEM ¢ :E(2t +1°).
Haiinmute ckopocTh U yCKOpEeHHe ABIKEHUS LIeHTpa o0pyya.

11 yposens
2.1. Haiifure, npy KakuX 3HAYEHHUAX @ apabona y = x° + ax + 4

Kacaercs ocu abcuuce, B Touke x =1.

2.2. B Touke M (5; 0) mpoBeneHa xacaTesbHas K rpapuky QyHK-
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30 6x . o
LU y=— —?. Haiinute nnuHy oTpes3Kka KacaTelbHOMU, 3aKITF0YCH-
X

HOTI'0O MEXAYy OCAMH KOOpAWHAT.

2.3. Haiigure miomans TPEyroibHHUKA, OIPaHUYEHHOTO OCAMU

. X
KOOpJIMHAT M KacaTeNbHON K Tpaduky QyHKIHU y = 5 B TOUKE,
x

opauHaTa KOTOpoi paBHa 1.

2 o
2.4. lana xpuBas y =2 —x". Haiimure Touky Ha 3TOM rpaduke,
B KOTOpPOW KacaTenbHas MapajuielibHa OpsMod y =2x—3, W Hamu-
LIMTE ypaBHEHHE HOPMAJH, IPOBEACHHOHN B 9TOI TOUKE.

2.5. KacatenpHas k mapa6one y=x’ +mx+6 TPOXOIMT uepes

Hayayo KoopauHat. Haiinure 3HaueHue mapamerpa m, Mpu KOTOPOM
abciucca TOUKH KacaHus TIOJIOXKUTENbHA, a OpinHATa paBHa 8.

2.6. CHapsii Maccoil m BBINTYIIEH BEPTHUKAJIbHO BBEPX U3 3CHUT-
HOTO Opyausi ¢ Ha4YaJlbHOU ckopocThio 50 m/c. Haitnure kuHeTHue-
CKYIO SHEPrHUIO CHapsja B MOMEHT BpeMeHU f, =3. Onpenenure, Ha
KakoM BbICOTE€ KMHETHYECKAasi SHEPT sl paBHA HYIIO.

2.7. Hanumwure ypaBHEHHE  KacaTeJpHOM K  KPHUBOH

X' —6x+8
(x—2)

YEeHHUsI 3TON KacaTelbHOU ¢ mpsimoit x —16y —5—0.

B TOUKe X, =5. Halinute opauHATy TOYKH Iepece-

111 ypogens
3.1. Ompenenure, IpU KakuX 3HAYEHUSX Mapamerpa /m mpsMas
x—y—-1=0 sBusercas KacaredpHOM K Tpaduky ¢YHKIUU

2
y=x +mx—m.

3.2. K rpabuxy ¢ymxmum f(x)=2x" —x° —%x +1 B TOuke

x =0 mpoBeneHa kacatensHas. HaliiuTte paccTosiHie OT Havaja Ko-
OpJIMHAT J0 TOU KacaTelbHOM.
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3.3. K rpaduxy byukumn y =8x —x° —10 mpoBeseHsl ABe Kaca-
TenbHbIe. [lepBas mpoBoAUTCA B TOUKE ¢ abcIuccod X; =3, a BTOpas —

B TOYKE, OpJauHaTa KoTopoi paBHa 6. Halinure ruomans Tpeyroib-
HHUKa, 00pPa30BaHHOTO ATUMH KacaTeIIbHBIMH U OCBIO OpJIMHAT.

3.4. Tpsmas nepecexaer napabony y =—x° +2x+4 B IByX TOU-
kax A(-2; —4) u B(l; 5). Hanummure ypaBHeHHEe KacaTeNbHOU K Ta-

paboJe, mapamienabHON 3ToM cekymeld. HaliauTe yron, mox KOTOpHIM
HOpMaJib, MPOBEACHHAs B TOUKY KacaHus, epeceKaeT och adcuucce.

3.5. JIBwxeHus: OBYX MaTepHalbHBIX TOYEK MO OJHOM MpAMOM
3a/aHbl ypaBHeHHsAMH s(f) =24x” +24x u s(t)=4x" —7. Haitnute

CKOPOCTH JIBI)KEHMSI TOUEK B T€ MOMEHTHI, KOTJla IPOiIEHHbIE UMU
paccTOsIHUS PaBHBL.

3.6. Macca HEOZHOPOJHOTO CTEPXKHS JUIMHBI / BEIYUCISIETCS 110
13
dbopmyne m(l) =50/ 3 Omnpenenure, NPy KaKOM 3HaYeHUH [ IJI0T-

HOCTB CTECPIKHA 6y/:[er BTPO€ MCHBIIIC, UEM B Ha4YaJI€ CTCPIKHA.
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12. CTEPEOMETPHUA

12.1. BzaumHoOe pacnoJioskeHue NPsIMbIX U IJI0CKOCTeH
B NIPOCTPaHCTBE

IMapanjeJbHOCTH NPSIMBIX M MJOCKOCTEH

JIBe mpsiMble B TPOCTPAHCTBE HA3BIBAIOTCS MAPANIEAbHbIMU,
€CJIM OHH JIEXAaT B OHOM IJIOCKOCTH U HE NEepPECceKaroTCsl.

[Ipsimast ¥ TIOCKOCTh HA3BIBAIOTCS RAPANAETbHBIMU, ECITU OHU
HE TIepeceKaroTCsl.

JIBe MI0CKOCTH Ha3bIBAIOTCS HAPAIEIbHbIMU, ECIU OHU HE TIe-
pecekaroTcsl.

[Ipsimble, KOTOpBIE HE NTEPECEKAIOTCS U HE JISKAT B OJJHOU IJIOC-
KOCTH, Ha3bIBAIOTCS CKPeUiUBAIOUUMUCA.

Ilpuznak napannenvnHocmu npamou u niaockocmu. Ecnu mps-
Masi, He MpHHAAJeXKAIas IUIOCKOCTH, MapajulelbHa KakoW-HUOYAb
IIPSIMOM B 3TOM IUIOCKOCTH, TO OHA MapajuleIbHa U CAMOM IIIIOCKOCTH.

Ilpuznak napannenvnocmu niaockocmeii. Eciu nBe mepece-
KaroIlHecs TPsIMbIE OTHOM MJIOCKOCTH COOTBETCTBEHHO MapajlIeNbHbI
JBYM IIPSIMBIM JAPYrod INIOCKOCTH, TO 3TH IUIOCKOCTH ITapajielibHBbI.

Ilpuznak ckpewjusarowuxca npamvix. Ecnm onHa u3 IBYX
MIPSIMBIX JIEKUT B IUIOCKOCTH, a ApPYyrasi IMepeceKkaeT 3Ty IUIOCKOCTh B
TOYKE, HE IMpUHAMJIEXKAINEW IMEPBOM IPSIMOM, TO JaHHBIE IPSMBIE
CKpEIHBaOTCS.

Teopembl 0 napannienbHblX NPAMBIX U NAPANIETILHBIX NIIOCKO-
cmax:

1. [IBe npsimble, MapaiielibHble TPEThEH NMPsIMO, apajulenbHbI.

2. Ecnin ogHa M3 [OBYX NapajlieNbHBIX IPSIMBIX IEpeceKaeT
IJIOCKOCTb, TO U Apyrast npsiMast IepeceKkaeT 3Ty IIOCKOCTb.

3. Uepes TOUKY BHE JAaHHOM MPAMON MOKHO MPOBECTH IPSIMYIO,
napajuIeIbHYI0 JaHHOM, U TOJIBKO OJAHY.

4. Ecnu npsimas mapajuienbHa KaX/I0H U3 IBYX IepeceKaronnX-
sl TUIOCKOCTEH, TO OHa MapaJljiefibHa UX JMHUU TIepeceueHUsI.

5. Ecnu nBe mapainsenbHble IIOCKOCTH IEPECEKAloTCs TpeTher
IJIOCKOCTBIO, TO JIMHUM MepeceueHus TapaslIeNbHBbI.

6. Uepe3 TOUKy, HE JIOKAIIyl0 B JAHHOM IUIOCKOCTH, MOXHO
MIPOBECTH MJIOCKOCTh, MapaJIeNbHYI0 JAaHHOM, U TOJIBKO O/IHY.
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7. JIBe IJIOCKOCTH, MapajjielibHble TPEThEH, MapauIeIbHbl MEX-
JIy COOOIA.

8. OTpe3kH mapajuleNbHBIX NPAMBIX, 3aKIFOYEHHbIE MEXIY Ia-
paJuIeTIbHBIMHU IIOCKOCTSIMH, PAaBHBIL.

Yribl MeKIy NPSAMbIMH H IUIOCKOCTIMH

Yenom mesrcoy npamoii u nnockocmupro Ha3BIBACTCS YTON MEK-
Iy IPSIMOH | ee MpoeKIMed Ha TIIOCKOCTh (yroia ¢ Ha puc. 12.1).

a

Ao o

Puc. 12.1

Yenom mesrrcdy ckpewgusarowmpumuca npamvimu HazbIBaeTCA
Yroll MeXAY MepeceKaroIlnMUcA MPSIMBIMHU, MapajuleIbHBIMU COOT-
BETCTBEHHO JIAaHHBIM CKPEIMBAIOLIMMCS IIPSIMBIM.

/Jleyzpannvim yznom HaseiBaeTcs Qurypa, oOpazoBaHHAs IBYMS
MOJYIUIOCKOCTAMU ¢ o0mield npsimoi. [lomyriockocTr Ha3bIBAIOTCA
Zpanamu, IpsMasi — peépom ABYTPaHHOIrO yria.

Juneiinpim y2nom TBYTPAHHOTO yIjla HAa3bIBAETCS YO MEXIY
MOJTYNPSMBIMH, TPUHAUISKAIIAMHI TPaHAM ABYTPAHHOT'O yria, WC-
XOISAIIMMHU U3 OIHOW TOYKH Ha pedpe U MepreHIuKyAIpHbIMU pedpy
(yron ¢ Ha puc. 12.2).

0

Puc. 12.2

I'panycHas (paguaHHas) Mepa IBYTPaHHOTO yrja paBHa Tpagyc-
HOU (paTuaHHOI) Mepe ero JMHEHHOT o yria.
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IepneHAUKYJIAPHOCTH NPAMBIX H MJIOCKOCTEH

JIBe mpsiMble HA3BIBAIOTCA MEPHEHOUKYAAPHBIMU, €CITU OHHU Tie-
peceKaroTCst MO/ MPSIMBIM YIJIOM.

[Ipsimasi, mepecekaromas MIOCKOCTb, HA3bIBACTCS HEPHEHOUK)-
JIAPHOI STOHN TIOCKOCTH, €CII OHAa TMEepIeHIUKYISpHa JTF000H mpsi-
MOH B IUIOCKOCTH, MPOXOASIIEH Uepe3 TOUKY MepeceueHus] JaHHON
MIPSIMOM U TIJIOCKOCTH.

JIBe MIOCKOCTH HA3BIBAIOTCS MEPHEHOUKYIAPHBIMU, ECIH TIepe-
CeKasiCh, OHH 0OPa3yIOT MPsIMBIE JBYTPaHHBIE YTIIBL.

Ilpuznak nepnenouxyaapuocmu npamoi u niaockocmu. Eciu
npsiMasi, MepeceKarolias MiI0CKOCThb, MEPIEeHANKYIsIpHA IBYM Iepe-
CEKaIOLINMCSI NIPSIMBIM B 3TOW IUIOCKOCTH, TO OHA MEPIEHANKYIIIpHA
IJIOCKOCTH.

Ilpuznaxk nepnenouxkynapuocmu 06yx njaockocmei. Ecmmn
IJIOCKOCTh MPOXOAMT uepe3 MpsMyIo, NMEPHNEHAUKYISIPHYIO IpYroi
IJIOCKOCTH, TO 3TH MJIIOCKOCTH NEPIIEHANK yISIPHBI.

Teopemul 0 nepneHOUKYIAPHBIX RPAMBIX U NIAOCKOCMAX:

1. Ecnmu miiockocTh NMEpHEHIUKYIspHA OJHOW M3 JBYX Mapall-
JIENBHBIX TPSAMBIX, TO OHA MEPIIEHIUKYISApHA U APYTOH.

2. Ecnu aBe mpsiMble MEpIEeHUKYASpHbI OAHOM U TOH e Iuioc-
KOCTH, TO OHU MapaJuIeIIbHBbI.

3. Ecnu nmpsimasi meprieHANKYIsipHa OAHOM U3 JIBYX Iapalljiellb-
HBIX IIJIOCKOCTEN, TO OHA MEPIEHAUKYISIPHA U JPYTOM.

4. Ecnmu nBe TUIOCKOCTH NEPHNEHAMKYISIPHBI ONHOM M TOW ke
MPSIMOiA, TO OHH TIapaJIeIbHBL.

IepneHIUKyYASP U HAKJIOHHASA

Teopema. Ecnu 13 OfHOM TOYKM BHE IUIOCKOCTH IPOBEEHBI
MEePIEHIUKYIISAP 1 HAKIOHHBIE, TO:

1) HaKJIOHHBIE, UMEIOIIHE PABHBIE IPOCKIIUH, PABHBL;

2) U3 IBYX HAKIJIOHHBIX OOJIBIIE Ta, MPOEKLUSI KOTOPOH OoJbIIIe;

3) paBHbBIE HAKJIOHHBIE UMEIOT PABHBIE TP OSKIIUIL;

4) U3 IBYX MpOeKIuid OOJbIIe Ta, KOTOPas COOTBETCTBYET 0OJIb-
1Ie HaKJIOHHOM.

Teopema o mpex nepnenduxyaspax. Jljis Toro 4yToObl mpsimMas,
nexaias B IJIOCKOCTH, OblIa MEePIEeHANKYIApHA HaKJIOHHOH, HeoO-
XOAMMO M JIOCTaTOYHO, YTOOBI 3Ta mpsiMasi OblLIa MepIeHANKYIspHA
MPOEKIIMY HAKJIOHHOM (puc. 12.3).

Teopema o nnowaou opmozoHAIbHOU RPOEKYUU MHO20Y20.1b-
HuKa Ha naockocme. Ilnomans OpTOroHaJIBHOM MPOEKLHH MHOTO-

205

YrojlbHUKa Ha IINIOCKOCTh paBHA IMPOU3BCACHHIO IJIOMIaAXd MHOI'O-
YrojJibHUKa Ha KOCUHYC yrijia MEXAY IIJIOCKOCTBIO MHOTI'OYTI'OJIbHUKa U
TIJIOCKOCTBIO IPOCKIHH.

c

Puc. 12.3

pumep 1. YUepes maHHyI0 TOYKY MPOBECTH MPIMYIO, MapajuIeIbHYIO
JAHHOMU IJIOCKOCTH.

Pewenue. Ananus. TIpenmnonoxum, 4ro npsmas noctpoena (puc. 12.4).
[psimass mapanienbHa IUIOCKOCTH, €CIM OHA MapajulelibHa KakoW-HUOYIb
MPSIMOH, JISKAIICH B IIIOCKOCTH (TI0 MPU3HAKY MapalIeIbHOCTH MPAMON U
IUIOCKOCTH). JIBe mapaieNbHbIe MPSMbIE JIeKAT B OJHON IUIOCKOCTH. 3Ha-
YUT, TIOCTPOUB IUIOCKOCTh, MPOXOJAIIYIO Uepe3 aHHYI0 TOYKY U IPOU3-
BOJIGHYIO TIPAMYIO B JJaHHOM IJIOCKOCTH, MOXXHO OYZIET MOCTPOUTH Mapa-
JIEJBHYIO MPSAMYIO.

o
L, —

Puc. 12.4

Ilocmpoenue.

1. Ha mnockoctu o mpoBOAUM MPSMYIO d.

2. TpsiMast a u Touka A 3a7a10T IIOCKOCTh. [locTponM miockocTs .

3. B miockoctu f uepes TOUKy A IpoBeneM NpsAMyro b, napauiesbHyI0
psIMOH a.

4. Tloctpoena npsimMasi b, napasiesibHask INOCKOCTH Q.

Jloxazamenvcmeo. Ilo nmpusHaKy mapajulebHOCTU NMPSIMONH U IUIOCKO-
CTH IpsiMast b mapaJuienbHa IIIOCKOCTH ¢, TaK KaK OHa MapajuiesibHa IpsSMOoit
a, IpUHAAJIeXKAIEH TNIOCKOCTH O.

Hccnedosanue. 3anada umeer 6ECKOHEYHOE MHOXKECTBO PELICHHH, TaK
Kak IpsiMast @ B INIOCKOCTH @ BEIOMPAETCsi IPOU3BOJIBHO.
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IIpumep 2. Onpenenute, Ha KAKOM PAaCCTOSHUM OT INIOCKOCTH HAXOIUT-
csl Touka A, ecnu npsimast AB nepecekaeT MIIOCKOCTh 1MoJ yrioM 45°, paccros-

HUE OT TOYKH A 10 TOUKH B, NpuHaJjIexaliel miocKocTH, paBHO 3\/5 CM.
Pewenue. Cnenaem pucyHok (puc. 12.5):

A

45° /
a

Puc. 12.5

AC — nepneHAuKyIAp K IUIOCKOCTH o, AB — HaknoHHas, yron ABC —
yroia Mexny npsaMmoil 4B u mnockocteio . TpeyronsHuk ABC — mpsiMo-
yromsHeI, £ N =90°, Tak kak AC — neprneHaukynsap. VickoMoe paccTosHue
OT TOYKH A 10 MIOCKOCTU — 3TO KaTeT AC NpsIMOYTOJILHOTO TPEYrojbHUKA.

3nas yron £ AAN =45° u runorenysy A4 = 342 i , HaiineMm karet AC:

AN = A4 - cos45° :3\/§-g:3 (i ).
B otBere nonywsaem: AC = 3 cm.

IIpumep 3. Onpenenure, Ha KAKOM PAaCCTOSIHUM OT IUIOCKOCTH paBHO-
OEIPEHHOr0 TPEYroJbHUKA HAXOJMTCS TOUKA, yNAJICHHAs OT KaXIOoW H3
BEpILIUH TPEYTroJIbHUKA Ha 13 cM, €Cli OCHOBAHUE U BBICOTA TPEYTOJIbHUKA
paBHBI 110 8 cM.

Pewenue. Cnenaem pucyHok (puc. 12.6). Touka S ynaneHa ot Touek 4,
B u C Ha onuHakoBOe paccTosiHMe. 3HAYMT, HakJIoHHbIE SA, SB u SC pas-
Hble, SO — OOmMI NepneHIUKYIIp STHX HakJIOHHBIX. [lo Teopeme o Ha-
KJIOHHBIX U npoekiusx A0 = BO = CO.

Touka O — EHTp OKPYKHOCTH, ONIMCAHHOH OKOJIO TpeyronbHuka ABC.
Haiinem ee paguyc:

AA-AN- AN
4s

4=

B
\ D
Puc. 12.6 ¢
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s=tpc.oap-Lig.s-3 (i %),
2 2

rine BC — ocHoBanue; AD — BbICOTa JAHHOTO PaBHOOCIPEHHOTO Tpe-
YT OJIbHUKA.

HaxonuMm cropons! Tpeyronsauka ABC 3 npsMOYrolbHOIO TPEyroJib-
Huka ABD no teopeme [Tudaropa:

AA=NAD? + BD? =82 + 4> =\B0 =45 (iii ).
Teneps Haxogum OB:
[ EECE L B

4.32
Paccmorpum tpeyrompauk SOB: £ I =90°, SB =13 cm, OB = 5 cMm.

Haxonum nymnuy nepnenaukynsipa SO no teopeme [Tudaropa:

SO =IsB*-0B> =13 -5> =12 (& ).
B orBere nomyuaem: SO = 12 cm.

IMpumep 4. [lansl napauiessHble IUIOCKOCTU o U 3. Uepe3 Touky M, He
MPHUHAIICKAIYI0 HU OJHOMN M3 HHX, MPOBEICHBI MPSIMBIC a U b, KOTOpHIC Iie-
PECceKaroT MIOCKOCTh @ B TOUKaX A; U By, a MIOCKOCTh 3 — B TOYKaxX A, U B,.
Haiitu A,B;, ecnu u3BecTHO, uT0 MA| =8 cm, A1 4> =12 oM, AB> =25 cMm.

Pewienue. Tak xak B YCJIOBUM HE CKa3aHO, KaK PacroJiOKeHa OTHOCHU-
TEIbHO O00EUX IUIOCKOCTEH Touka M, TO BO3MOXHBI JIBa BapUaHTa:
(puc. 12.7, a, 6). PaccMorpum kaxablii U3 HUX. JIBe nmepecekatromecs mpsi-
MbIe @ U b 337a10T TJIIOCKOCTh. DTa MJIOCKOCTh MEePECeKaeT JBE Mapalieib-
HbIE TUIOCKOCTH ¢¢ ¥ 3 MO MapajuieNIbHBIM NpsiMbIM 4B u A,B, coriacHo
TeopeMe 5 0 MapajUieabHBIX NPSMBIX U MapaJUIeNIbHBIX JIOCKOCTSX.

b
B M,
B, 4
o B
M A
/ \
a B
Bl B2
A A,
/ \
a
b
a) 0)
Puc. 12.7
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Tpeyromsuuku MAB; u MA,B, nonobusl (yriet A,MB, u A\MB, —
BEpTUKAIIbHBIE, YTl MA 1B u MA,B, — BHyTpeHHUE HAKPECT JISXKALIUE IPU
napajuiedbHbIX NpAMBIX A;B; u A2B; u cexkymeit 414,). I3 nogobus tpe-
YTOJIBHUKOB CJIEIyeT MPONOPLHOHAIBHOCTh CTOPOH:

14 T4 A4 . 1A AA

—L =1 -1 Orciona 44, =———22.

14, 14, A4,4, I 4,
Bapuanr a):

Ady= Al +1 4 =1 A =Ad -4l =12-8=4 (i ).
v A -2

A1A1=¥=5o (7 ).

Bapuanr 0):

I Ay =14 +A44,=8-12=20 (il ).

L. 8:25 "
AIAIZWZIO (1’]1 )

[Tonyuaem otBeT: 10 cM u 50 cm.

Ipumep 5. Yepes ToUKy A MIOCKOCTH Y MpOBeseHa npsamas 4B, obpa-
3yI0Ilas ¢ IIOCKOCTRIO yroul a. Uepes npsMyro 4B npoBeeHa IIOCKOCTb P,
obpasymolias ¢ IIOCKOCThIO ¥ yroa . Halitu yron Mexny npoexuueit mps-
MOI 4B Ha IIIOCKOCTh ¥ U MJIOCKOCTBIO P.

Pewenue. Cnenaem pucyHok (puc. 12.8). U3 Touku B omycTtum mep-
NEHMKYNAP HA TIOCKOCTh ¥. £ AAN = . JIuneiiuwit yron AByrpaHHOrO
yriia MeXIy IUIOCKOCTAME ¥ U p — 3T0 yron £ BDC = 3. Tlpsamas AD nep-
NEHAUKYIApHA MIIOCKOCTU TpeyroybHuka DBC, o npu3HaKky HNepHeHIuKy-
JIIPHOCTH MPSIMOM | TIOCKOCTH, Tak kKak AD 1 DB u AD 1 DC. Tlo npu-
3HaKy NEPNEeHAMKYISIPHOCTH IUIOCKOCTEH IUIOCKOCTh p MEPHEHIUKYISIpHA
IJIOCKOCTU TpeyrojabHuka DBC, Tak Kak OHa IPOXOIUT depe3 Npsmyro AD.
Wckomblit yroa MOCTpouM, ONMYyCTUB MEPHEHAUKYISIp U3 Touku C Ha MIioc-
KOCTh p, 0003HauuM ero 6=/ NAI . Haiinem cumyc 3TOro yria mpaMo-
yronpHoro TpeyroabHuka CAM. BBeneM BCIOMOraTeNBHBIH  OTPE30K
BC = a. U3 tpeyronsuuka ABC: AN = AN -ctg a. U3 tpeyronbuuka BMC
(£ M =90°, £B=90°-, BC =a) Haiinem:

MC = BC-sin(90°— ) = BC-cos .

MC BC-cosp a-cosp
AC BC-ctg a - a-ctgo

sinx = =cosf-tg a.

Torza uckoMslii yron x = arcsin (cos 8-tg o).
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Puc. 12.8

Tonyuaem otset: arcsin(cos B-tg o).

3aoanusn

I ypoeens
1.1. Yepe3 TOuKy MpOBEIUTE MPIMYIO, MEPICHIUKYIIPHYIO
JIBYM 3aJJaHHBIM CKPEIUBAIOIIMMCS MIPSIMBIM.

1.2. Onpenenure, CKOIBKO Pa3IMYHBIX MJIOCKOCTEH MOKHO IpO-
BECTH:

1) uepe3 Tpu pa3IUYHbIE TOYKH;

2) yepe3 4eTbIpe pa3IuvHbIe TOYKH, HUIKAKUE TPU U3 KOTOPHIX HE
JIeKaT Ha OJHOM MJIOCKOCTH.

1.3. Yepes BepuuHb! Tpeyroibauka ABC, nexarero B oqHON U3
JIBYX TapajljIeNIbHBIX IJIOCKOCTEH, MPOBENEHBI MapajiebHbIe Mpsi-
MBbI€, TIepeceKalrone BTOPYIO MIOCKOCTh B Toukax A, By, C;. Jloka-
JKUTE paBeHCTBO TpeyroisHukoB ABC u 4\B,C).

1.4. U3 Bepumnbl 4 npsimoyroibHuka ABCD BoccTaBlieH Tep-
MEHAUKYISIp AM K ero MIO0CKOCTH.

1) nokaxwute, 4to TpeyroibHuK MBC u MDC — npsiIMOYTOJBHEIE;

2) ykaxure cpenu orpeskoB MB, MC, MD n MA otpe3ok Hau-
OoJIbIIIEN ¥ HAUMEHBIIIEH UINHBI.

1.5. I'panu oHOrO JBYTrpaHHOrO YIJIa COOTBETCTBEHHO Mapai-
JIeNbHBI TpaHaM Apyroro. OmnpenennTe, KakoBa 3aBUCUMOCTb MEXIY
BEJIMYMHAMH 3TUX JABYI'PAHHBIX YTJIOB.
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1.6. Haiinute BeMMUUHY ABYTPAaHHOT'O YTJIa, €CIIH PAcCTOSHUE OT
TOYKH, B3ATOW HA OHOM TpaHH, 10 pedpa B 2 pa3a Oouble paccTos-
HUS OT TOYKH JI0 TUNIOCKOCTH BTOPOH I'paHH.

1.7. U3 Touku, OTCTOSAIIEH OT IUIOCKOCTH HAa PACCTOSHUE 7x/§,
MIPOBE/ICHBI JIBE paBHbIE HAKJIOHHBIE, 0Opa3yrommue yroa 60°. [Ipoek-
UM HAKJIOHHBIX B3aWMHO IMEpIEHAWKYISApHBL. Haliante AnuHbl Ha-
KIIOHHBIX.

1.8. U3 Bepmmubl B kBagpata ABCD BoccTaBieH MEPIEHIUKY-
nsip BE K MIOCKOCTH KBajjparta. YTOJ HAaKJIOHA TUNIOCKOCTH TPEYTOb-
Huka ACE K NMJIOCKOCTH KBajjpaTa paBeH (), CTOpOHa KBaJpara paBHa
a. Halinure ruomans Tpeyroiapauka ACE.

11 ypogeno

2.1. Uepes TouKy, KOTOpast HEe MPUHAAISKUT HU OJTHOM U3 JIBYX
CKpEIMBAIONIUXCS TPSMBIX, MPOBEIUTE MNPAMYIO, IEPECEKAIOUIYIO
o0e TaHHbIe PSMBIE.

2.2. [TapannensHble IpsAMBIE d, b 1 ¢ HE JeXKAT B OXHOH MIOCKO-
ctu. Yepe3 TouKy 4 Ha NMpsIMONM @ TPOBEACHBI MEPIIEHAUKYISIPHI K
OpsIMBIM b ¥ ¢, TIEpeCeKaroIIne UX COOTBETCTBEHHO B To4Kax B u C.
Hoxaxure, uto npsmas BC nepneHIuKysIpHa IpsSMBIM b U c.

2.3. UYepe3z BepumHy A NpsAMOYrojibHOro TpeyrombHuka ABC
MpoBeJeHa IUIOCKOCTh, mapauienbHas BC. Karersl TpeyroipHuKa
AC =20 cm, BC = 15 cwm. IIpoekimsi 0qHOTO M3 KaTETOB Ha ILIOC-
KOCTb paBHa 12 cM. HaiiuTe npoekunio runoTeHys3bl.

2.4. B onHolt U3 rpaHeil IByrpaHHoro yria, pasHoro 30°, pacmo-
noxkeHa Touka M. PaccrosiHue oT Hee o pedOpa yria paBHo 18 cwm.
Haiinute paccrossHue OT MPOEKIWMHU TOYKUA M Ha BTOPYIO TPaHb O
IIEPBOM IpaHHU.

2.5. Konpl orpeska AB mpuHagiexar rpaHsM IBYIPaHHOIO yT-
na, paBaoro 90°. Paccrosinue ot Touek 4 U B 0 pedpa paBHBI COOT-
BeTcTBeHHO A4 = 3 cM, BB| = 6 cM, pacCTOsSTHHE MEXly TOYKaMH Ha

pebpe — A A, = /55 fi . Haiinure qmny otpeska AB.
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2.6. U3 Touky, OTCTOSAIIEN OT IUIOCKOCTH Ha PacCTOSTHUE d, IIPO-
BEJCHBI JIBE HAKIIOHHBIE, 00pa3ymoIIfe C MUIOCKOCThIO YIibl 45° u
30°, a mexny coboit yroa 90°. Haiimure paccTosHue MEKIY OCHOBA-
HUSIMH HaKJIOHHBIX.

2.7. CtopoHbl TpeyroibHuKa paBHbl 15 cm, 21 cm u 24 cMm. Tou-
Ka M ynaneHa oT IMJIOCKOCTH TPEYroJbHHUKA HA 73 CM M HaXOAMUTCS Ha
OJIMHAKOBOM PACCTOSIHUM OT €ro BepiunH. Haiinure 3To paccrosHue.

2.8. U3 nnearpa O OKpyXKHOCTH, BIIUCAHHOU B TpeyrobHUK ABC,
K IUTOCKOCTH TPEYTOJIbHHKA BOCCTaBjeH mnepneHaukymsip OM. Haii-
JUTE€ PacCTOSIHUE OT TOYKM M [0 CTOPOH TPEYrojbHHUKA, €CIH
AB =BC =10cm, AC =12 cm, OM = 4 cm.

2.9. PaccrosiHus OoT TOUKM M 1O CTOPOH M BEPIIMHBI MPSIMOTO
yrila COOTBETCTBEHHO paBHBI 4 cM, 7 cM u 8 cM. Haiinure paccrosi-
HUE OT TOYKH M J10 MIIIOCKOCTH MPSIMOro yIJia.

2.10. Yepez ocHoBaHME AB paBHOOEOPEHHOTO TPEYrOIbHUKA
ABC mpoBeieHa IIOCKOCT IO YIIIoM 3 K TUIOCKOCTH TPEYTOJIbHH-
ka. Bepmuna C ynaneHa oT IUIOCKOCTH Ha paccTosHue a. Haiinure
mwionaas Tpeyroisauka ABC, ecnu ocHOBaHue AB paBHOOEAPEHHO-
r'0 TPEyroJIbHUKA PaBHO €T'0 BBICOTE.

111 ypogenw

3.1. Maker npsimoyronsHuka ABCD co cropoHaMu a U b miepe-
THYT 1O AMaroHaiu BD Tak, 4TO IUIOCKOCTH TPEYroJIbHUKOB BAD n
BCD cranu B3anMHoO nepnieH MK ynsapHbl. Haiinure nuny orpeska AC.

3.2. /Ige mpsiMOyroJibHbIE Tpanenuu ¢ yriaamu 60° nexar B mep-
MEHTUKYISPHBIX IIOCKOCTSX U UMEIOT OoJiblliee 00Iiee OCHOBAHUE.
Bonprme 6okoBbie cTopoHBI paBHBI 4 cM 1 8 cM. Haiinute paccros-
HUE MEXJY BEpIIMHAMMU MPSMBIX U BEPIIMHAMU TYIbIX YTJIOB Tpare-
LIMH, €CTM BEPIINHBI UX OCTPBIX YIJIOB COBIAAAIOT.

3.3. 3anan ky0 ABCDA,B,CD,. Halinute yron Mexay npsMoi
CD; u mockocteio BDC).

3.4. Ha pebpe AB kydba ABCDA,B,C,D, B3sta Touka P — cepe-
nuHa otoro pedpa. I[Mocrpoiite cedeHne kKyda IIIOCKOCTBIO, MPOXO-
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nameit uepes touku C,, P, D, n HaliAuTe IUIOMIAAb 3TOTO CEYEHUS,
eciu pedpo Kyba paBHO a.

3.5. UYepe3 cropony AD mnpsmoyronsHuka ABCD mnposeneHa
IUIOCKOCTh ¢ TaK, YTO JUaroHaylb BD cOCTaBIsAET C 3TOH MIOCKOCTHIO
yron 30°. Haiinure yroia Mexny IMJIOCKOCTbIO NPSMOYIOJbHHUKA U
IJIOCKOCTBIO @, eciiu AB = a, AD = b. Onpenenure, npu KakoM Co-
OTHOIIEHUU a ¥ b 3a/1aua HMEeT pelICHHeE.

3.6. Haiinure reoMeTpudeckoe MECTO TOYEK, PaBHOYNAJIEHHBIX
OT TPSAMBIX, OMPEJENICHHBIX CTOPOHAMH TPEYTrOIbHUKA.

12.2. Ilpuzma. [apanaeaenunen

Ilpuzmoit Ha3pIBaeTC MHOTOTPAHHUK, JIBE TPaHU KOTOPOTO —
paBHBIE 71-YTONBHUKH (0CHO8AHUA), ISKAIHE B TTApaJUISIbHBIX MIOC-
KOCTSIX, a OCTaJIbHbIE€ # TpaHel — MapaijielorpaMMbl (foKoasvle zpa-
Hu). Bokoevim pedpom npu3Mbl Ha3bIBAaETCS CTOpOHA OOKOBOU Tpa-
HU, HEe MPUHAJIeKAIIAsT OCHOBAHHIO.

[pu3ma, GokoBbIe pedpa KOTOPOH MepIIeHAUKYISIPHBI INIOCKOCTSIM
OCHOBaHWH, Ha3bIBaeTcs npamou npusMont (puc. 12.9). Ecmu 60koBbIe
pedpa He NeprneHIUKYISAPHBI IIOCKOCTSIM OCHOBaHWH, TO MpH3Ma Ha-
3bIBACTCSl Hakaonnou. Ilpasunvnoi Npu3MoN Ha3bIBaeTCs INpsMas
MpU3Ma, OCHOBAHUS KOTOPOH — MIPaBUIIbHBIE MHOT OYT'OJIb HUKH.

Puc. 12.9

Bovicomoin pu3Mbl Ha3BIBa€TCA PACCTOSHUE MEXAY ILIOCKOCTS-
MU OCHOBaHUU. /[uazonanvio NpU3Mbl HA3BIBACTCS OTPE30K, COCMH-
HAIOIIWNA BE BEPIINHBI, HE MPUHAIISKAIINE OJHON rpaHu. Juazo-
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HAIbHBIM CeyeHuem HA3BIBACTCS CEUEHHE NPU3MBI INIOCKOCTHIO,
poXoJsIIei yepe3 aBa OOKOBBIX pedpa, He MPHHAAISKAIINX OTHOMI
rpauu. IlepnenouKynapuvsim cevyenuem Ha3bIBACTCS CEUCHHE TPH3-
MBI TUIOCKOCTBI0, IEPIIEHANKYIISIPHOU OOKOBOMY pedpy MPU3MBL.

ITnowaodvio 60K0601 nosepxrocmu NPU3MbI Ha3bIBAETCS CyMMa
mioniaaeil Bcex OOKOBbIX rpaneil. Iliowadvio nonnoii nosepxmo-
cmu HA3BIBAETCSA CyMMa ILIOMIAeH BCeX TpaHel MpU3MHI (T. €. CyM-
Ma TUIOMIaieli OOKOBBIX TPaHe U TUIOIIAeH OCHOBAHUIA).

/na npou3zeonsHoii npusmvl 6epHuvl opmynt:

Sdié =PI,
Siier =Saic T 28
(12.1)
V=_S8H,
V=0l

e Sgoc — IIOMANL OOKOBOM MOBEPXHOCTH;, P — mepuMeTp mep-
MEHUKYJISIPHOTO ceueHusl; [ — jayuHa OOKOBOTO pedpa; S, — IIo-
)l TIOJTHON MOBEPXHOCTH; S, — IJIOINA b OCHOBaHUs; V' — 00beM
npu3Mbl; H — BbicoTa; () — TUIOMIA b TEPIECHAUKYIISIPHOTO CEUCHUSI.

na npamoii npuzmol eepHvl hopmyvt:

Siie = pl,

Sie = PH,

rZie p — MepuMeTp OCHOBaHMs; / — InuHa OokoBoro pedpa; H —
BBICOTA.

Ilapannenenunedom HazpIBaeTcs NPU3Ma, OCHOBAaHHEM KOTOPOU
CHYXKHT mapayuienorpamm. [lapannenenunen, y KOToporo OOKOBBIC
pebpa TepNEHAMKYISIPHBI K OCHOBAaHUSM, HAa3bIBACTCS HPAMbBIM
(puc. 12.10). Ecniu 6okoBbIe pedpa He MepIeHANKYIIPHBI OCHOBAaHH-
sIM, TO TIapaJUIeTIeTUIIe/] Ha3bIBACTCS HaKAoHHbIM. IIpsaMoil mapae-
JICTIUTIE]], OCHOBAaHUEM KOTOPOTO SIBJISETCS MPSIMOYTOJIbHUK, Ha3bIBa-
eTcsl npAmMoy2oapHbIM. [IpIMOYTONBHBIN MapajuieNenunea, y KOTo-
poro Bce pedpa paBHbI, HA3BIBACTCS KYOOM.

A1 1
N |
D1 : Cl
A8
D C
Puc. 12.10
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['panu napannenenunena, He UMEIONINE OOMIMX BEPIIWH, Ha3bI-
BAaIOTCS npomueonexcawjumu. JITuHbl pedep, NCXOMAMINX U3 OTHOM
BEPILIMHBI, HA3bIBAIOTCS W3MeEpeHusamu Tapajuieienunena. Tak Kak
napajuleIenuIe]] — 3TO MPU3Ma, TO OCHOBHBIE €r0 3JIEMEHTHI OIpe/e-
JISTIOTCS] aHAJIOTHYHO TOMY, KaK OHM OTIPEAEIICHbI ISl IPU3M.

Teopemut:

1. JluaroHanu mnapajuleenuIiesa MepecekaloTcs B OJHOM TOYKe U
JIETATCS €10 TI0ToJIaM.
2. B mpsimoyronsHOM MapajulesenuIeie KBaapar JIUHbl AUaroHanu

paBeH cymMMe KBaJpaToB TpeX ero maMepenuit: d? = a” +b* +c*.
3. Bce derslpe AMaroHany NMpsIMOYTOJIBHOTO MapajulelenuIiesia pas-
HBI MKy COOOM.
/Ina npouzeonsnozo napannenenuneoa 6epHul (hopmyiol:

S,;=Pl,

Sirei =Sure + 28
V=S H,

V=0I,

rae Ssox — IIOMIAAh OOKOBOM MOBEPXHOCTH; P — MepuMerp mep-
MEHUKYISIPHOTO ceueHusl; [ — jymHa OOKOBOTO pedpa; Sy, — MIo-
aJ1b TOJHON MOBEPXHOCTHU; S, — IJIOIAL OCHOBaHUs; V — 00beM
npu3Mbl; H — BbicoTa; O — IIOLIah NePIEHAUKYIISIPHOTO CEUCHUSI.
/na npamozo napannenenuneda eepusl hopmynovi:
Sie =Pl
Sse =PH,
rZie p — MepuMeTp OCHOBaHMs; / — InuHa OoKoBoro pedpa; H —
BBICOTA TPSAMOrO Mapauieenue/a.
na npamoyzonvnozo napannenenuneoa éepHovl hopmyJivl:

(12.2)

Sis=pPH,
d>=a*+b*+c°, (12.3)
V =abc,

rzie p — NepUMeTp OCHOBaHHMs; H — BbICOTA; d — IMArOHAlb; a, b,
¢ — U3MEpEHUs MapajuleNenuIea.

/na Kyba eepuvt hopmynoi:

d=a\3 R

;s =64,

irel
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V= a3,
rje d — nuaroHanb Ky0a; a — njauHa peopa.

Mpumep 1. /IparoHanb NpsMOYTrOJLHOIO Iapajulesienuiea paBHa
33 oM, a ero U3MepeHus OTHOCATCS, Kak 2 : 6 : 9. Haiftu nusmepenus napai-
JeNenunena.

Pewenue. 111 HaXOXKIEHUS U3MEPEHUH Mapajuiesienunesa BoCHoib-
3yemcs popmynoii (12.3), T. e. TeM (akToM, YTO KBaJpaT TUIOTEHY3bI Ipsi-
MOYTOJIbHOTO HapajulelienuIie/la paBeH CyMMe KBaJpaToB €ro U3MepeHHUH.
O06o3HaunM uepe3 k kodPpUIMEHT MpormopIHoHaIbHOCTH. Torna usmepe-
HUS Mapajuienenunena OynyT paBHbl 2k, 6k u 9k. 3amumem dopmymy (12.3)
JUIS TaHHBIX 3a]ja4u:

332 = (2k)* +(6k)° +(9)°, 1. e. 337 =4k +36k% +81k%;

337 =121k%.

Perast 510 ypaBHEHHE OTHOCUTEIBHO K, TOTY4UM:

33 =(11k)*, k=3.

3Ha4YUT, U3MEPEHUs NapaieNenunesa paBHsl 6 oM, 18 1v u 27 nm.

Ipumep 2. Haiitn 00beM HaKIOHHOW TPEYTrOJNLHOH NMPHU3MBI, OCHOBA-
HUEM KOTOPOH CIIy>KUT PaBHOCTOPOHHMI TPEYTOJILHUK CO CTOPOHOH § cM,
ecsit O0KOBOE pedpo paBHO CTOPOHE OCHOBAHMS M HAaKJIOHEHO IO/ YIiIoM
60° K OCHOBAaHHUIO.

Pewenue. Cnenaem pucyHok (puc. 12.11).

Ay !

Ci

Puc. 12.11

Jl1st Toro 9TOOBI HAWTH 00bEM HAKIIOHHOHN MPU3MBbI, HEOOXOAUMO 3HATH
IUIOIIA b €€ OCHOBAHMsSI ¥ BHICOTY. [10Iaas OCHOBaHMs JaHHOM MPU3MBI —
9TO TUIOMIAb PABHOCTOPOHHETO TPEYTrOJIbHUKA CO CTOPOHOM 8 cM. Brrumc-
JIUM €€:
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S

2

823 -

=SB 16 (12)
4

BricoToll npu3MBl SBISIETCS PACCTOSHUE MEX]Y €€ OCHOBaHUSMH. U3
BEPILIUHBI 4| BEPXHEr0 OCHOBAHMS OIYCTUM IEPHEHIUKYISAP Ha MIOCKOCTh
HuwkHero ocHoBaHus 4,D. Ero nnmuHa u Gyner BeIcOTOH mpusmbl. Paccmor-
pum A4 AD: £ D=90°, £ A=60° TaKk Kak 3TO yroj HakJIoHa 0OKOBOTO
pebpa 414 x riockoctu ocHoBaHuA, 414 = 8 cMm. U3 3T0r0 TpeyroibHuKa

HaxomuM A D:
AD = A4, -sinAA:8-sin60°:8-g:4\/§ (fii ).

Teneps Berumcisiem 00beM 10 Gopmysie (12.1):
V=S H=16V3-4/3=192 (ii ).

1

omyuaaem orBet: 192 cv’.

Mpumep 3. BoxoBoe pebpo MPaBHILHON INIECTHYTONBHOH MPU3MBI
paBHo 14 cm. Ilnomans HauOOJBLIErO0 IUArOHAIBLHOTO CEYCHUS paBHA
168 cv’. HaifTi mioma s HOTHOI IIOBEPXHOCTH IPU3MBL.

Pewenue. Cnenaem pucyHoxk (puc. 12.12)

(& D
B | |
E
B
| |
JC_J
L i
B /// E
A F
Puc. 12.12

Haubosblee muaroHaapHOE CEUCHUE — MPSAMOYTONbHUK AA DD, Tak
Kak auaroHasis 4D npaBunibHoOro mectuyronsuuka A BCDEF sBisiercs Hau-
Gospiiedt. st TOro 4ToObl BBIMHCIMTH IUIOMIAJh OOKOBOWH MOBEPXHOCTH
MIPU3MBI, HEOOXOJMMO 3HaTh CTOPOHY OCHOBAHHS U JJIMHY OOKOBOro pedpa.
3Has IUIomaIb JMAarOHAJIBHOIO Ce4eHHs (IPSIMOYrojbHHUKA), Haiinem
JUaroHajib OCHOBAHHUSL.
168 168

=12 ().
A4, 14 (1)

Hockonbky 168 = AD- AA4;, To AD =

Tak xak AD =2-AB, T0 AB =6 cMm.
Toraa nepumeTp OCHOBaHUS paBeH: p=6-AB =6-6=36 (fn )
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Haiinem rutomans 60KOBOI MOBEPXHOCTH HPU3MBI:

S, =0-A4 =36-14="504 (m 2).

Inomans MpaBUILHOIO MIECTUYTOJILHUKA CO CTOPOHOH 6 CM paBHa:
s =%\/§~62 =543 (i ?).

HaxonuM ruiomazp mMojgHO# MOBEPXHOCTH IPU3MBIL:

Sposi =Su0s+28; = 50442543 = 504+108y3 (m 2).

irel

[Tomyyaem orBet: 504+108x/§ fii 2.

Mpumep 4. OcHOBaHMEM TPSIMOro MapaieienuIeaa CIyKUT pomo.
IInomanu nuaroHanbHBIX cedeHuii 300 om® u 875 oM. Haiitu mIoniaas 00-
KOBOH MOBEPXHOCTHU MapaJuiesenumesa.

Pewenue. Cnenaem pucyHok (puc. 12.13).

B C
A i D,
|
ps=--FAC
DA~y
A D
Puc. 12.13

0O0603Ha4YNM CTOPOHY poMOa uepes a, AMaroHanu pomoa d, u d,, BBICOTY
napasuienenunena 4. YtoObl HaliTH MI0MAa s OOKOBOW MOBEPXHOCTHU TPSMO-
ro mapajuiejienuresa, HeoOXOAUMO MEPUMETP OCHOBAHHS YMHOXUTH Ha
BBICOTY: Sy = ol (dopmyna (12.2)). Hepumerp ocuoBanus p = AB + BC +
+ CD + DA = 4A4B = 4a, Tak kak ABCD — pom6. H = AA, = h. Takum obpa-
30M S;;; =4ah. Heobxonumo Haiitu a u h.

Paccmotpum nuaronanbsHbie ceueHus. AA4,C,C — NpsiMOYTOJIbHUK, OJTHA
CTOpOHa KoToporo auaroHans pomba AC = d, Bropas — GokoBoe peGpo
AA, = h, Torna

Supcc = AC- Ady=h-dy =300 (5 *).

AmnanoruyHo uist ceuenust BB DD noiryuum:

Ssapp = BD- BB, =dy-h =875 (i ?).

Ucnonb3ys CBOMCTBO MapajuieiorpaMMa Takoe, 4TO CyMMa KBaJpaToB

JMaroHajiell paBHa CyMMe KBaJ[paTOB BCEX €ro CTOPOH, T. €. d12 + 0122 = 44>,

nojriygyacm:
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h-d, =300,

h-d, =875,

4a* = d} +d},

Siic =4ah.
V3 nepBBIX JBYX PABEHCTB BHIPA3sHM d° +d; ¥ IOJCTABHM B TPEThE.

[Monyunm:
2 2 2 2
8
2= ﬂ) & :(ﬂj gy q? =300 +875
h h W’
2 2
8

g2 =300 +8T e

h2
4a*h* =300 +875% = 2ah =~/300* +8757.
Tora S;;¢ =4ah=2y300° +875* =1850 (fi *).
[Tonyuaem otBeT: 1850 em’.

IMpumep 5. Ha pe6pax CC,, AD u AB xyba ABCDA,B,C,D, B3iTHI CO-
OTBETCTBEHHO TOuku P, M, R — cepenunbl 3tux pedep. [locTpouts ceueHue
Ky0a II0CKOCThI0, TIpoxosieii yepes Touku P, M, R. Cuuras pedpo kyba
paBHBIM 24 cM, HalTH IIOLIA/(b NOJYYEHHOTO CEUECHHUSI.

Pewenue. Cnenaem pucyHok (puc. 12.14).

G R
B : A4,
N |
AN
NG 2]
A

Puc. 12.14

Ilocmpoenue. Ilpamas MR — cnep cekyliel INIOCKOCTH Ha MJIOCKOCTU
HWKHEro ocHoBaHusa. MRNCB=X, PXNBB =N. MRNCD=Y,

PY N DD, =K. Tlony4aercs uckomoe ceuenue kyoa PNRMK. J{ns Bbauc-

JIEHUs €ro IJIOIIAAU BOCIOIb3YEMCsl TEOPEMOM O MJIOIIaud OPTOrOHAIbHOMN
MPOEKIIUM MHOTOYTOJIbHHKAa Ha IUIOCKOCTh. PaccMOTpMM MHOrOyroJbHUK
PNRMK, ero oproroHanbHas npoekuus — CBRMD, onpenenum, rie yroiu
MEX]y IJIOCKOCTSIMU 3THX MHOI'OYI'OJBHUKOB. PeOpoM aByrpaHHoro yria
sBisieTcs npsiMmas MR. VI3 Touku P OMyCTHMM HEPHEHAUKYIApP Ha MPSMYIO
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MR: PE 1 MR, touka E — cepenuna orpeska MR. CE L MR. £ PEC =«
— Yol MeXJy IUIOCKOCTbI0 MHOTOYTOJIBHUKA M ero npoeknueil. Teopemy
3aIlMILIEM B BUIE

Scerup = Spnrux -€0s £ PEC.

S
_ SCBRMD
Toroa Spypux = .
cosa

Beraucaum Scgpyp- Tak kak ABCD — kBajipar, a TpeyroibHuk AMR —

1
paBHOOEIPECHHBIIM (AR =AM = EABJ, TO

o111 N
Scarvp =Sapcp —Saamr = AB —E'EAB'EABZAB l—g =

~Ta? =T .24% — 504 (7 ).
8 8

Brruucioum coso :

COS2 a

PC:%CCl =12 (ﬁi ), CE:%AC:%24\/§:18\/§ (fﬁ )’

2 2 1 1

P
:1+tg2a; tga :—C u3 A PCE.
CE

3
tga=——==—, cosa = = =—.
182 3 [i+ 1 1.2 V11
9
504 L2
IMnomane cevenus: Spypyx = =168v11 (m )

0

3
Vit
[Monygaem oTBeT: 168\/11 i 2.

3aoanusn

I ypoeens

1.1. InaroHans npaBUJIbHOM YETHIPEXYroJbHON NMPHU3MBI paBHA
25 cM, a muaroHans ee OokoBod rpanu — 20 cMm. Haiigure BBICOTY
TIPU3MBI.

1.2. CeueHne xene3HOJOPOKHON HACBITM UMEET BUJ TpPaIleIyH,
HIDKHEE OCHOBaHHE KOTOpo# 14 M, BepxHee 8 M u BeicoTa 3,2 M. Om-
penenure, CKOIbKO KyOMYEeCKUX METPOB 3eMJIM NPUXOIUTCS Ha 1 KM
HACBITIH.

220



1.3. B Hax/IOHHON TpEyrojgbHON MpHU3ME INPOBEIECHO CEUEHUE,
MepIeHIUKYIsIipHOEe OOKOBOMY pedpy, paBHOMY 12 cMm. B momyden-

HOM TPEYTOJbHHUKE IBE CTOPOHBI C JJIMHAMH 672 cM 8 e obpa-
3yroT yroa 45°. Haifnure miomniaas 00KOBOW OBEPXHOCTH IIPU3MBIL.

1.4. OcHOBaHHEM TPSMOTO MapaieNenuiena BiIseTcs poMo co
cTopoHO 4 cM u ocTpeiM yriom 60°. Haiinute quaronanu mapanie-
JIENUTIE A, €K JTnHA O0KOBOro pedpa pasHa 10 cm.

1.5. OcHOBaHMEM IPSAMOTo Mapajijiesienuea sBIseTcs KBajapar

C JUaroOHAJIbIO, PaBHOU 842 oM. Bokosoe pebpo mapansenenumena
5 cm. Haiinure niormmaas MOJHON MOBEPXHOCTH HapaslieNenunena.

1.6. OcHoBaHMEM HAaKJIOHHOTO MapajuleenuIea ABIseTcs mpsi-
MOYTOJIBHUK CO CTOpoHamMHu 3 cM u 4 cMm. BokoBoe pebpo, paBHOE

63 CM, HaKJIOHEHO K IUIOCKOCTH OCHOBaHHs moja yrioMm 60°. Haii-
JquTe 00beM mapalijiesenune/a.

1.7. Bpraucnure miomiaab MOBEPXHOCTH IPSIMOYTOJBHOIO Ma-
pajuiesenunena, eciy ABa pedpa U JuaroHaib, UCXOSAIINE U3 OTHOM

BEpILMHBI, PaBHBI COOTBETCTBEHHO 11 cM, 23 cm u 13 cm.

1.8. Onpenenure BeC KaMEHHOM KOJIOHHBI, MMeEIOIEd (opmy
MIPsIMOYTOJIFHOTO Tapaenenunena, ¢ pasmepamu 0,3 M, 03 M u
2,5 M, eciu yJenbHbIi BeC MaTepHana paBeH 2,2 T/cM’.

1.9. Haiinute miomags AMaroHaJbHOTO CeueHHs KyOa, eciu
JIMarOHallb €ro TPaHU pPaBHA 1342 1m.

1.10. Haiinute 00bem Kyba, eciIi pacCTOSTHUE MEXAY ABYMS €ro
BEpIIMHAMH, HE JIeKAIINMH B OJJHOI I'paHH, paBHO 542 om.

11 ypogeno
2.1. OcHOBaHMEM HAKJIOHHOW INPU3MBI SBISIETCS PaBHOCTOPOH-

HU TPEYTrONBHUK CO CTOPOHOU 43 cm. Bokosoe pebpo HaKIOHEHO

K TUTOCKOCTH ocHOBaHUs 1oj yrioMm 30°. Haiiaute muiommans cedeHus
MPU3MBI, MPOXOAAIIEro yepe3 OOKOBOE Pedpo M BBICOTY IPHU3MBEL,
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€CJIM U3BECTHO, YTO OJHA U3 BEPILUMH BEPXHETO OCHOBAHUS MPOEKTHU-
pYeTcs Ha CEpENNHY CTOPOHBI HUP)KHETO OCHOBAHMSL.

2.2. OcHOBaHMEM HAKJIOHHOW MPU3MBI SIBISIETCS PaBHOCTOPOH-
HUM TpeyroibHUK ABC co cropoHoi, paBHON 3 cM. Bepmmuna 4,
MPOEKTUpPyeTCs B LeHTp TpeyroibHuka ABC. PeOpo A4, cocraBnsier
C MJIOCKOCTBIO OcHOBaHUs yroa 45°. Haliaure miomaas 60KOBOM 1mo-
BEPXHOCTH MPU3MBI.

2.3. Beruuciure o0beM HaKJIOHHOW TPEYroNbHOW MPH3MBI, €CIIN
CTOpPOHBI OCHOBaHUS 7 €M, 5 ¢cM M § CM, a BBICOTA IPU3MbI paBHA
MEHBIIIEN BBICOTE TPEYT OIbHUKA-OCHOBAHMUS.

2.4. JluaroHasnb NpaBWIbHOM YETHIPEXYroJbHON MPU3MbI HAKJIO-
HeHa K O00KkoBO# rpanu moj yriaoMm 30°. Haifngure yron HakioHa K
IJIOCKOCTH OCHOBAHMSL.

2.5. OcHoBaHHEM MpPSIMON TPHU3MBI SBISIETCS PaBHOOEAPEHHAs
Tparenusi, OCHOBaHUsI KOTOpOH paBHBI 4 cM U 14 cM, a quaroHaib —
15 cM. /IBe OOKOBBIE TpaHM MPU3MBI — KBaJpaThl. HaiiuTe miomaib
MIOJTHOW TOBEPXHOCTH MPHU3MBI.

2.6. JluaroHanu NpaBHIIBHOM IIECTUYTOJIBHOM IMPHU3MBI PaBHbI
19 cm u 21 cm. Haifnute ee 00beM.

2.7. Haiigure n3mepeHust IpSMOYToJIbHOTO TapajuieNenunena, y
KOTOpPOTO AMaroHajb paBHa 8 1M, U OHa 00pa3yeT ¢ OOKOBBIMH Ipa-
Hsmu yriiel 30° u 40°.

2.8. JlnaroHanu OCHOBaHHMS MPSIMOTO MapajieNeNuIeaa PaBHbI
34 cM u 38 oM, a miomanyu 6okoBbIX rpaHeit — 800 cm” u 1200 e,
Hatinure oObeM mapasuienenumesaa.

2.9. Onpenenure 00beM NPSAMOYTOJILHOTO Napalljieenunena, B
KOTOPOM JHaroHaJM OOKOBBIX T'paHel, BBIXOISALINE U3 OJHOW Bep-
LIMHBI, paBHBI 4 CM U 5 cM U 00pa3yroT yroi 60°.

2.10. Haitnure o0beM Ky0Oa, eClld pacCTOsHHE OT €ro JUaroHaIn
JI0 HeTIEPECEKAIOIIEerocs ¢ Helt pedpa paBHO 342 M.
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111 ypogens

3.1. B mpaBWwibHON TPEeYroilpHOW MpH3ME MPOBEICHO CEUCHHUE
Yyepe3 CTOPOHY OCHOBAHUS U CEPEIHMHY MPOTUBOMOIOKHOTO OOKOBO-
ro pedpa. ITnomams OCHOBAaHHS paBHa 18 cM’, a MAroHab GOKOBOM
rpaHM HaKJIOHEHA K OCHOBaHWIO moj yriom 60°. HaiimuTe 1uiomanp
ceueHwus.

3.2. B ocHOoBaHUM Npu3MBbl JeXUT KBajapatr ABCD, Bce BepIINHbI
KOTOpPOr'0 PaBHOYAAIEHbI OT BEPIIMHBI A; BEPXHETO OCHOBAHUSI.
VYron Mmexay 00KOBBIM PeOpOM U TUIOCKOCTBIO OCHOBaHUS paBeH 60°.
Cropona ocHoBanust — 12 cm. [locTpoiite ceueHue npusMbl IIOCKO-
CTBI0, Mpoxomsmield depe3 BepmmHy C, NEPICHAMKYISIPHO pedpy
AA,, n HaliTUTE ero oAb,

3.3. OcHoBaHWEM MpPSIMON TPU3MBI SBISIETCS pPaBHOOEApPEHHAs
Tparmenus. [lmomans IUaroHANBHOrO CEYEHHs M IUJIOMAAN Tapa-
JeNbHEIX GOKOBBIX T'PaHEil COOTBETCTBEHHO paBHbI 320 cM’, 176 e’
1 336 cv’. Haiiyure miomass G0KOBOM TTOBEPXHOCTH MPH3MBL.

3.4. [Tnomanbs OCHOBaHMA IMPSIMON TPEYTOJBbHON MPU3MbI paBHA
2 o o
9 cMm”, womaau OOKOBBIX rpaneit 18 CMZ, 20 cm” u 34 oM’ Haiigure
00EM TIPU3MBI.

3.5. Haiigure nuaroHanu NpsiMOYTOJbHOIO IMapalielienuiena,
3Has, YTO JUaroHayu ero rpane pasuel 11 cm, 19 cM u 20 cm.

3.6. Yruel, o0pa3oBaHHBIE AHArOHaJbl0 OCHOBAHHUS MPSIMO-
YrOJIbHOTO Tapalijiesienuiesa co CTOPOHOW OCHOBAaHMSI M JTHAroHa-
TbI0 TapajuleNienunea, PaBHBI COOTBETCTBEHHO o W 3. Haiiaute
IO OOKOBOW MOBEPXHOCTH MapajuIeenuiena, eciy ero Juaro-
HaJb paBHa d.

3.7. Inomazap Toro cedyeHus: Kyda, KOTOPOE MPENCTaBIsAET COO0H

NPaBUJIbHBIN IIECTUYTOJbHUK, PABHA 27\/§ oM. Hatinute nimomans
MOBEPXHOCTH KyOa.

3.8. N3mepenns ogHOro NpsiMOyroJbHOr0 MapajuiesenuIeaa or-
HocATcs Kak 3 : 5 : 6, a u3MEpeHus: BTOporo — kak 3 : 6 : 7. 3Has, 4To
WX IJIOMIAAH TOJHBIX MMOBEPXHOCTEW OTHOCATCS Kak 7 : 9, Hailmute
OTHOIIEHUSI 00BEMOB.
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3.9. OcHOBaHHEM HAKJIOHHOTO Iapauiesienunena apisercs poMo
CO CTOPOHOMH, paBHOI1 b, u yriom 60°. bokoBoe pebpo Takke paBHO b
u o0pa3yeT ¢ MPWISKAIIUMH CTOPOHAMH OCHOBAHMS YIibl MO 45°.
Hatinure o0beM mapasuienenuresaa.

12.3. llupamuna. Y ceueHHas nmupamMuaa

ITupamuodoi Ha3pIBaETCSI MHOTOTPAHHUK, OJIHA U3 IpaHed KOTo-
pOro — MHOTOYTOJILHUK (0CHO8AHUE), 3 BCE OCTANIBHBIE TPaHU — Tpe-
YrOJILHUKK ¢ 00IIe# BepiuHoit (6okosvte epanu) (puc. 12.15). Iu-
pamuaa Ha3bIBACTCS MPABUIbHOI, €CIIA €€ OCHOBAHHEM SBISETCS
MPaBUIIbHBI MHOTOYTOJIBHUK W BEPIIMHA TUPAMUIBI TPOSKTUPYETCS
B IIeHTp ocHoBaHUA (puc. 12.16). TpeyronbpHas nupaMua, y KOTOpOi
Bce peOpa paBHBI, HA3BIBACTCS MEMPAIOPOM.

c
Puc. 12.15 Puc. 12.16

Boxoevim peGpom mnpaMuIbl HA3bIBACTCS CTOPOHA OOKOBOWA
TpaHH, He MPpUHAAJIeKAIIas OCHOBAaHHIO. Boicomoii nupamMupl Ha3bl-
Baercs paccTOSHUE OT €€ BEepIIMHBI JO IUIOCKOCTH OCHOBaHHS. Bce
OokoBble peOpa MPaBWIFHON MHUPaMUABI PaBHBI MEXIy COOOU, BCe
OOKOBBIE TPaHH — PaBHBIE PaBHOOEAPEHHBIE TPEYrONLHUKH. BricoTa
OOKOBOI TpaHU MPAaBWIHLHON MUPaMHIbI, IPOBEICHHAS U3 BEPLIMHBI,
Ha3bIBaeTCs anoghemoi. /uazonanvuvim ceyenuem Ha3bIBACTCS Ce-
YeHHE MUPaMUABI MJIOCKOCTBIO, MPOXOISIIEH yepe3 IBa OOKOBBIX
pebpa, He IpUHAUISKALINX OJHOU TPaHU.

ITnowaovio 60K060lI nosepxnHocmu THNPaMUAbl HazbIBAETCA
cyMMa Iiomaneid Bcex OOKOBBIX rpaHeil. Ilnowadvro nonnoii no-
6epXHOCMU HA3BIBACTCS CyMMa ILIOIIAJIel BCeX OOKOBBIX I'paHei u
OCHOBAaHUSI.
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Teopemut:

1. Ecniu B mupamune Bce OOKOBbIE peOpa pPaBHOHAKIOHEHBI K
TUIOCKOCTH OCHOBAHUS, TO BEPIIMHA MHPAMUIBI MPOSKTHPYETCS B
LEHTP OKPYKHOCTH, OITUCAHHOW OKOJIO OCHOBAHUSI.

2. Ecimu B upamuze Bce OOKOBBIE peOpa UMEIOT paBHbBIE IMHBI,
TO BEPIIUHA MUPAMHJIBI IPOSKTHPYETCS B HEHTP OKPY)KHOCTH, OIHU-
CaHHOW OKOJIO OCHOBaHMUSI.

3. Ecnu B nmupamuze Bce rpaHd paBHOHAKIOHEHBI K IIOCKOCTH
OCHOBAHUS, TO BEPLIMHA MTUPAMH/IBI IPOSKTHUPYETCS B LIEHTP OKPYXK-
HOCTH, BIMCAHHOH B OCHOBAaHHE.

/Jna eviuucnenusa oOvema npou3oNbHOU RUPAMUObL 6EPHA

cdopmyna:

1 ,
V= gsim' 1,
rae V — o0wem; S, — IIomaab ocHoBaHus; H — BbIcOTa MUpa-
MUJIBI.

/Ina npasunvHoil nupamuowvl 6epHul hopmynvl:

1
S, =~ ph,
are 2p a
Siier =Saie St
V:lSim' -1
3

rjie Ss, — IUIOMIAAL OOKOBOI MOBEPXHOCTHU; p — IEPUMETP OCHO-
Bauus; h, — anodema; S,,,, — MIOMAAb TOJHOU MTOBEPXHOCTH; Sy, —
IJIOIIA/Ib OCHOBAHUS; V — 00beM MpaBUIILHON MHUpaMujibl; H — BeICOTA.

Yceuennoit nupamuooii HazpiBaeTcs 4yacTh MUPAMUIBI, 3AKIIIO-
YEHHAas MEKy OCHOBAHMEM M CEKYIEH IJIOCKOCThIO, MapaieNbHOMN
ocHOBaHUIO Tmupamuabl (puc. 12.17). Ilpasunsvnoii yceuennoii nu-
Pamuooil Ha3bIBAETCS YaCTh NMPABUIHLHOW NMHUPaMUJbl, 3aKIIOUYEHHAs
MEX/ly OCHOBAaHHEM M CEKYIIeH IIOCKOCThIO, MapaieIbHOM OCHO-
BaHHIO TUPAMUIBL.

OcHosanus yCeUSHHON MTUPaMUIbl — MOJOOHBIE MHOTOYTOJIbHU-
ku. bokoewie cpanu — tpanenyuu. Boicomoii yceueHHON MHUpaMubl
Ha3bIBACTCSI PACCTOSHNE MEXAY €€ OCHOBaHUAMU. [Juazonansio yce-
YEHHON MUpaMuIbl HA3bIBAETCS OTPE30K, COEAMHSIONIIMI €€ BepIIu-
HBI, HE JIeXallue B OfHOHN rpaHu. Juazonansnvim ceuenuem Ha3bl-
BAETCsl CEUEHME YCEUEHHOM IMHUPaMUJIbI IIOCKOCTHIO, MPOXOASIIEH
gepe3 1Ba OOKOBBIX pedpa, He IPUHAUISKAIINX OTHOU TPaHU.
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Puc. 12.17

/na yceuennoii nupamuodwst cnpageonusnt hopmyJiol:

Siior =Sac 5 +5,,
1, 124

V=i (5,+5,+45,5,), (124)

A€ Syonn — TUIOIIAJHL TTOJHOM MOBEPXHOCTH; Spp — IUIOMIAAL 00-
KOBOH MOBEPXHOCTH; S), S — IUIOIMAINA BEPXHEr0 U HIKHET'O0 OCHO-

BaHUIL; V — 00beM yceueHHOU mupaMuabl;, H — BeICOTA.
/Ina npaeunvHoil yceueHHOU nupamuosl 6epua gopmyna:

1
Sire :E(p1 +p2)ha’

TJie p1 , p2 — IEPUMETPHI OCHOBaHUIL; s, — armodema npaBmwIbHON
YCEUEHHON MTUPaMUIBI.

IIpumep 1. B npaBunbHOM TpeyroipHON MUpaMUIE IBYTPaHHBIM yroi
pu ocHOBaHMU paBeH 60°. HaliTi TaHreHc yria HakJioHa OOKOBOro pedpa K
IJIOCKOCTU OCHOBAHUS.

Pewenue. Cnenaem pucyHok (puc. 12.18).

Puc. 12.18
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IMupamuna npaBuibHAsA, 3HAYUT B OCHOBAHUM JISKUT PABHOCTOPOH-
HUH TPEYrolbHUK M Bce OOKOBBIE IPaHU — paBHbIE PaBHOOEAPEHHBIE Tpe-
YrOJIBHUKH. J{BYrpaHHBIH YroJ P OCHOBAHUH — 3TO YTOJI HAKJIOHA OOKO-
BOI rpaHu NmHMpaMuIbl K IUIOCKOCTH OCHOBaHUS. JIMHEWHBIM yriom Oyxer
yroa a Mexay AByms nepneHaukymsipamu: BD L AC u SD L AC, T.e.
a =2 SDB=60°. BepmuHa nupaMuibl NPOESKTUPYETCSl B IEHTpPE Tpe-
YrojibHUKa (LIEHTP OIMHMCAHHOW OKPYXHOCTH M BIIMCAHHOH OKPY)XXHOCTH B
Tpeyronbauk ABC). Yron HakioHa GokoBoro pedpa (Hanpumep SB) — 310
Yroil MeXIy caMUM pedpoM M ero HmpoeKLHeld Ha IUIOCKOCTh OCHOBAHMS.
Jua pebpa SB stum yriom Oyamer yron SBD. UroObl HaiTH TaHreHC
£ SBO = ¢, HeobOxonumo 3HaTh Karersl SO u OB. Ilycts 1mymHA oTpeska

BD pasna 3a. Toukoit O otpe3ok BD nemutcst Ha dactu: BO :%BD U

DO = %BD. 13 A SOD unaxomgum SO:

1
SO=DO-tga==-3a-tg 60° = a~/3.

SO _a3 _\3

W3 A SBO HaxomuMm: t =— =—.
£¢ BO 2.3[1 2

3

[Tomyyaem orBeT: 73

Ipumep 2. Haiitu 00beM NpaBUILHOH YCEYSHHON YeTHIPEXYTOJIbHOM

MUPaMUJIBI, €CIIM JUArOHAIM €€ OCHOBAHHN PaBHBI 242 emu 82 cM, a
BbICOTAa — 4 CM.

Pewenue. J15i1 HaxoXeHUS 00beMa YCEUCHHON MHUPaMHIIBI BOCIOJIb-
3yemcst popmynoit (12.4). UroObl HAWTH IUIOIAIA OCHOBAHUI, HEOOXOIUMO
HalTH CTOPOHBI KBaJ[PaTOB-OCHOBAHMIA, 3Has uX quaroHaian. CTOPOHBI OcC-
HOBaHUH paBHBI COOTBETCTBEHHO 2 CM U § cM. 3HAYMT, IUIONIA]Id OCHOBAHUN
paBHbl S; =4 fi 2 u S, =64 i 2. TloxcTaBuB BCe JaHHBIC B bopmyy,

BBIYHCIIMM O0BEM YCEUEHHOH MUpaMUIbL:
1
14 :5-4-(4+64+\/4-64) =112 (ci 3).
[Tonyuaem orBeT: 112 oM’

Ipumep 3. Haiitu miomans O0OKOBOH IpaHU MPaBUIIBHON TPEYTOJIbHOM
YCEUEHHOH MUpPaMUbl, CTOPOHBI OCHOBAaHUM KOTOpo# paBHBL 10 cM u 4 cMm,
a BBICOTA MUPaMUABI — 2 CM.
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Pewenue. Cnenaem pucyHok (puc. 12.19).

C
Puc. 12.19

BokoBoii rpaHbl0 TAaHHOW MUPAMHUIBI SBISETCS PAaBHOOOKAs Tparemusl.
JI71s BBIYMCIICHHS TUTOMIAIA TPAIeUK He0OX0IMMO 3HAaTh OCHOBAHUS U BbI-
coTy. OCHOBaHHSI JIaHBI MO YCIOBUIO, OCTAETCSI HEM3BECTHOM TOJIBKO BBHICO-
Ta. Ee Halinem us A A ED, rne A\E — nepneHAMKyIsp U3 TOYKH A, Ha

IJIOCKOCTh HIDKHETO OCHOBaHUS, A D — nepneHauKymnsap u3 Touku 4, Ha AC.
AE = 2 cMm, Tak Kak 3To BeicoTa mupamubl. [y HaxoxaeHus: DE crenaeM
JTOTIOJIHUTENILHO PUCYHOK, Ha KOTOPOM M300pa3um Buj cBepxy (puc. 12.20).
Touka O — mnpoekuuss LEHTPOB BEPXHEr0O M HIDKHEIO OCHOBaHUM.
Il LAN, IE 1 AN, AD=MK, tax xak 4D=ED (puc. 12.20) u
ED 1 AC, MK 1 AC. C ppyroi croponsl, OK — panuyc BIHCaHHOH B

NOENE)

1
A ABC okpyxHoctn 1 OK :5-10-7 = (fi ). OM — paguyc Bm-
caHHO# B A 4 B;C; OKpYXHOCTH:

oi =L
3
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ITo Teopeme IMudaropa uz A 4, DE :

AD =\ 4E* + DE* =413 =7 (i ).

IMnomans 60K0BOM rpanu: S = %(10 +4) N1=77 (fn 2).
[Monygaem oTBeT: 77 i 2.

Ipumep 4. B ocHOBaHMM THMpaMUAbl JISKUT paBHOOOKas Tparenus,
OCHOBaHMs KOTOpol a u b (a > b). Kaxxnas 60xoBas rpaHs o0pa3yeT ¢ 1mioc-
KOCTbIO OCHOBaHMsI MUpaMUABI yroj, paBHbIM ¢. Haiitn miomans momHoH
MTOBEPXHOCTH MU PAMHIBI.

Pewenue. Cnenaem pucyHok (puc. 12.21).

Puc. 12.21

[Tnomaas momHoil moBepxHocTH mupaMunsl SABCD paBHa cymme
mnomanet A SAB, A SAD, A SBC, A SDC w mnomanu Tpaneimu ABCD.

Bocnons3yemcst yTBep)KIEHHEM, YTO €CJIM BCE I'paHM IMMpPaMUAbl PaB-
HOHAKJIOHEHBl K IUIOCKOCTH OCHOBaHHs, TO BEpIIMHA IPOEKTUPYETCS B
LIEHTP BIHCAHHON B OCHOBaHUE OKPYKHOCTU. Touka O — IpOEKIMs BEPIIH-
HBI S Ha OCHOBaHME nupaMuisl. TpeyronbHuk SOD sBIsi€TCSI OPTOrOHAIb-
HOW mpoeknuel TpeyroinbHuka CSD Ha miockocTh ocHoBaHus. Ilo Teopeme
0 IUIOLIA/I OPTOrOHAJILHON MPOEKLMH IIOCKOH (PUTyphl UMeeM:

Sacop
Sacop = Sacsp *€OS @, OTKyza moaydaeM: Sycsp =———.
cos
S S S
_ 2A04D _ 2A0B4 _ DA0BC
AmnanornaHo  Sygp = , Sasep = , Spaspc=—"— W,
cos cos cos
Sascp
3HAYMT, S5 = + S 45cp- TakuM 00pa3oM, 3ajjadya CBeNach K HaX0XK-
cos

neHuto riomanu Tpaneuun 4ABCD. U3o6pa3um tpanemuto ABCD otaensHO
(puc. 12.22). Touka O — LEHTp BIUCAHHOU B TPAIELIMIO OKPYKHOCTH.
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o
B H C
Puc. 12.22

Tak Kak B Tpamenui0d MOXHO BIHUCATh  OKPYKHOCTb, TO
AD+BC = AB+DC unu a+b=2DC. U3 A DCH 1o teopeme Iudaro-
pa umeeMm:

pH =DC?—Hc*, pc=4*2, Hc:“;b.
2 2
Torna DH:\/[aerj _(a_—bj = ab.
2 2
[nowans Tpaneund: S  zp :L;BC.DH :a_;b.\/ﬁ'
CrenoBareibHO,
(a+b)x/E (a+b)\/E (a+b)\/E
e = + = (1+cosp).
2cos¢ 2 2cos ¢
+b)ab
[Tomyyaem orBet: —(a )\/a_(l+cosq)).
2cos@

IIpumep 5. OcHoBaHuEe NUpPaMUABl — PABHOCTOPOHHUHN TPEyroJbHUK
co cTopoHoit a. OHa u3 OOKOBBIX TpaHel — paBHOOEAPEHHBIN TPSIMOYTOJIb-
HBIH TPEYroJIbHUK, IIOCKOCTh KOTOPOT'O MEPIEHINKYIIpHA IUIOCKOCTH OC-
HoBaHMA. HaliTu muomaas 60KOBOH MOBEPXHOCTH MUPAMUIIBL.

Pewenue. Cnenaem pucyHok (puc. 12.23).

Puc. 12.23
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[Tnomaas 6OKOBOI MOBEPXHOCTU AaHHOM mupamuibl SABC cocTouT u3
CYMMBI IUIOIIAJIei ee OOKOBBIX rpaHedl. BokoBble rpaHu — TPEYrOJIbHHKH,
OIMH U3 KOTOPBIX NPSAMOYroJbHBIE M paBHOOenpeHHslid (A SCB,

£ 8§ =90°), nBa npyrux — paBHbIC TPEYTrOJIbHUKU (A SAC =A SAB). Pac-
cmorpuM A SCB, £8=90°, BC=a, SC =SB — no ycnosuto. Brruuc-
UM ero miomanps: Sygpe =SD-DB. Tak kak A SCB paBHOOEIpEeHHBIH, TO

DC=DB=%, a Tak kak £ S8 =90°, 0o £ C=4B=45° wu, cnenosa-

TensHo, B A SDB / S =/ B=45°, SD:DB:%.
2

Torna Sygc = SD-DB =

NSRS
(SRR

Paccmorpum A SAC. SASAC:%AC-SE. SE maiinem u3 A SDE,

£ D=90° TIlo Teopeme Iludaropa umeem SE? = SD* + DE*. Haiinem
DE. Jlnst 3TOro paccMOTPUM PaBHOCTOPOHHUN TPEYTrOJBHHUK OCHOBAHUS
“23. B A BHC otpesok DE

1 ax/g

SIBIISIETCS. CpeJTHEN JIMHKUEH, ciefnoBarenbHo, DE = 5 BH = T Haxonum SE:

(puc. 12.24). BH 1 AC, AH =CH. BH =

2 2 2
SE =~lsD? + DE? = |9 34 _NTaT _aNT
4 16 16 4
D
Puc. 12.24
1 1 aﬁ azﬁ
Teneps S =—AC-SE=—-a- = .
P> Sasac =75 2 4 8

[Tnomans 60KOBOH MOBEPXHOCTH MMPAMHU/IBI PaBHA!

RN RN
a a7 a7
Siie =Saspc +Sasac tSasap = 7 + 3 + 3 =
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S}
S}

_d N _a
4 4 4

(1+«/7).

2
[Tomyyaem orBet: aT (1 + \/7 )

3aoanusn

I yposens

1.1. BokoBoe pedpo MpaBUIILHOW YETHIPEXYroNbHOW MHUPaMUIBI
paBHO JMaroHajy OCHOBAHUS, JIJIMHA KOTOPOM 342 oM. Haiigure
BBICOTY IMUPAaMUIIBI U CTOPOHY €€ OCHOBAHUSI.

1.2. OcHoBaHMeM MUpPaMUIbI SBISIETCS TPEYTOJIBHUK CO CTOPO-
Hamu 6 cM, 8 cM U 10 cM. bokoBbIe rpaHH HAKIOHEHBI K MJIOCKOCTH
ocHOBaHus 1oa yriaoM 60°. Haiinure BeICOTY MMpaMUIbL.

1.3. HaiimuTe mommaas MOMHON MOBEPXHOCTH MPAaBUIIBLHOM I1ec-
THUYTOJbHOW MHUpaMUIbI, 3Has1, 4To armodema paBHa 10 cM, a paanyc
OKPY’KHOCTH, OITMCaHHOW OKOJIO OCHOBaHMsI, paBeH 6 CM.

1.4. Haiinure BBICOTY NMpPaBUIbHOM YETHIPEXYTOJbHOW MHUpaMU-
JIbI, CTOPOHA KOTOpOi 6 cM, eciii ee 00beM paBeH 00beMy Kyda co
CTOPOHOI 4 cM.

1.5. BokoBble pedpa TpeyrojbpHOW MUpaMHUIbl B3aUMHO IEPIICH-
TUKYJISPHBI ¥ paBHBI b. Haiinure 00beM mupaMusbL.

1.6. CTopoHBI OCHOBAaHMN NPABUIHHOM YCEUEHHOM 4YEThIpex-
YronbHOH THpaMuabl paBHBl 8 cM U 4 cM. BokoBoe pebpo paBHO

~17 cm. HaiinuTe BeICOTY TUpaMUIBL.

1.7. BokoBble peOpa MpaBHIBLHONH YCEYEHHOW MIECTUYTrOJbHOM
MUPaMUbl HAKJIOHEHBI K TIOCKOCTH HIPKHErO0 OCHOBAHUS I1OJ YTJIOM
45°. Ctoponsl ocHoBaHMiA paBHBI 10 cM 1 5 cM. Haitnure nnuny 60-
KOBOT'O pedpa 1 BBICOTY MHUPaMHIBL.

1.8. bokoBast rpaHp NpaBUIHLHON CEMHYTOJBHOMN yCEUEeHHOU MH-
pamMuabl — paBHOOEAPEHHAS TpaIlel s, CPEeaHss JIMHNUS KOTOPOH paB-
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Ha 13 cM, a BbicoTa — 8 cM. Brruucnure miomaap 00KOBOM MoOBEpX-
HOCTH TIHPaMHUIBI.

1.9. Ilnomanp MOJIHOM MOBEPXHOCTH NMPABUIBHON TPEYrolbHOU
YCEUEHHOU MUPAMUJbI paBHA 34+/3 +48 ov’. CTOpOHBI OCHOBAaHUHN —

10 cM u 6 cMm. Haiigure TaHreHc yria mexay OOKOBBIM peOpoM H
CTOPOHOW HM>KHETO OCHOBAHMUS.

1.10. B npaBunbHOM yCEYEeHHOW UETBIPEXYrOJIbHOW NHMpamusie
CTOPOHBI OCHOBAaHUH paBHBI 5 ¢cM 1 17 cM, OOKOBBIE TpaHH HaKJIOHE-
HBI K TUIOCKOCTH OCHOBaHHSA NOA yriom 45°. Berauciure o0beM mu-
pamMubL.

11 ypogeno

2.1. [To cropoHe OCHOBaHWS, PaBHOH 5 cM, U BBICOTE, paBHOH
12 cM, HaiiguTe amodemy M OOKOBOE peOpO MPaBHIBHOM MLIECTH-
YT OJIbHOM IMUPaMUJIBI.

2.2. HaiinuTe paccrosiHHe MEXAY IIEHTpaMU OKPYKHOCTEH, BIH-
CaHHBIX B CMEXHbIEe OOKOBBIE I'paHH TeTpadapa. Paanyc okpyxHOCTH

paBeH 243 .

2.3. OcHOBaHHE THPaMUIBI — pOMO CO CTOPOHOH 6 CM U YriioM
45°, Bce ABYrpaHHBbIE YIJbl IPU CTOPOHAX OCHOBAaHUS MHPaMHJBI
paBHbl 30°. BeraucianTe mwiomaab MOJIHOM MOBEPXHOCTH MUPAMHUIIBL.

2.4. B nmpaBUJIbHOH TPEYroJbHOH nmupamune 60KoBoe pedpo pas-
HO 8§ cM, a wiockuil yron mpu Bepmnae — 30°. Haitnure mmomans
TIOJTHON TTOBEPXHOCTH MTHPAMU/IEI.

2.5. OnHO M3 caMbIX T'PaHIUO3HBIX COOPYXEHHM TPEBHOCTH —
nupamuga Xeorca — uMeeT GopMy NpaBUILHON YETHIPEXyroiIbHOM
mUpaMuIbl BEICOTON ~ 150 M 1 60KoBBIM peOpoM ~ 220 M. Haiinure
00bEM 3TO¥ MUPAMUJIBL.

2.6. Onpenemure 00beM MPABUIIBHOW TPEYTOJNBHON MUPaMUIIBL,
ecii OOKOBasl TPaHb HAKJIOHEHA K IUIOCKOCTH OCHOBAHUS MO YIJIOM
60° 1 ynaneHa oT MPOTHUBOIIOJIOXKHOW BEPIIMHBI HA PACCTOSHUE, PaB-
Hoe 3 cM.
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2.7. B mpaBunbHOW YETBIPEXYTOJNBHOM YCEUEHHOM NUpaMuie
CTOpPOHBI OCHOBAaHUU paBHHI 15 mM u 5 mm. [Inomaas auaroHaIbHOTO

CEUCHMs paBHA 120\/5 M2, Haiiure muromass moJHON TIOBEPXHO-
CTH TTUPAMHU/IBI.

2.8. OCHOBaHUS YCEUCHHOW MUPaMUABI — PaBHOOEAPEHHBIE TPe-
YT OJIbHUKH, UX PABHBIE CTOPOHBI — 8 CM U 4 CM, YTJIbI IIPU BEPIIMHAX
TPEYroJbHUKOB paBHbI 10 120°. Pebpo, mpoxosiiee yepe3 BepLUInHbI
JAHHBIX YTJIOB, NMEPIEHAUKYISIPHO IUIOCKOCTH OCHOBAHWUH M PaBHO
3 cM. Beraucnure miomaas 00KOBOH TOBEPXHOCTH MUPAMUIBL.

2.9. IlpaBunbHas YeThIpEXyrojbHas MUPaMHIa, CTOPOHA OCHO-
BaHus kotopoi 1500 cm m BbicoTa 2000 cM, mepeceyeHa IIJIOCKO-
CTBIO, TIApaJUIeIbHON OCHOBaHMIO. Halinute 00beM yCeueHHOH mu-
pamuzel, ecnu ee Beicota pasHa 1400 cm.

2.10. B npaBmwiIbHON yce4eHHOM TPEYrobHOM MUpaMuUe CTOpO-
HBI OCHOBaHUi paBHBI 7 ¢M 1 3 cM, a anodema — 5 cM. Haiinure 00b-
€M MTUpaMHIbL.

111 ypogenw

3.1. OcHoBaHMEM MUPaMUIBI SBISIETCS PaBHOCTOPOHHUU Tpe-
yronpbHHUK. OnHa U3 OOKOBBIX TpaHed MUpaMuIbl MEepIeHIUKYIIpHa
IUIOCKOCTH OCHOBAHMS, ABE APYTHe 00pa3yioT C IUIOCKOCTHIO OCHO-
BaHus yroi o. Haiianre kocuHyC yria Mexay 3THMHU TPaHSIMH.

3.2. Bce nuaroHanbHBIE CEUEHHS MPABUIIBHOM IIECTHYTOJIbHOM
nupamuabl SABCDEF pasHoBenuku. Halinure yroia Mexny miocko-
CTBIO OCHOBAHUA U IUIOCKOCTBIO ceuenus SAC.

3.3. Touka M — cepeauna pedpa SB nupamuasl SABC, ocHOBa-
HUEM KOTOPOH SBJISIETCS MPaBUIbHBINA TpeyroibHUK ABC, a 60xoBOE
pebpo SC nepnenaukynsapuo miockoctu ABC u SC = 24B. Haiinure
paccrosiHue oT Touku M no npsimoit AC, ecnu AB = a.

3.4. OcHOBaHMEM MUPAMUIBI CIYKHT POMO CO CTOPOHOW a U
OCTPBIM YTJIOM ¢. JIBe OOKOBBIE TPaHU IMEPIIECHIUKYISPHBI OCHOBA-
HUIO, a JIBE€ JAPYrue HaKJIOHEHB! K HeMY mox yrioM ¢. Haiinure mio-
majp OOKOBOW ITOBEPXHOCTH MUPAMHUJIBL.
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3.5. OcHOBaHHEM MUpaMUIBI SBISAETCS PAaBHOOOKAs Tparenus,
OCTpBIN yroj Kotopoii a, a mwiomaas 0. Kaxmas 6okoBas rpanb 00-
pasyet ¢ ocHoBaHUeM yroia fB. Haliaure 00beM mupamMu bl

3.6. OcHOoBaHHME YCEUYEHHOW MUpPaMHUIBl — IPSIMOYTOJIBHHUK CO
cropoHaMu 6 cM 1 8 cM. OHO U3 OOKOBBIX pedep MepreH UK YISPHO
TUTOCKOCTH OCHOBAHHUS M paBHO 7 cM. BepiirHa BepXHEro oCHOBaHUSA
MIPOEKTHPYETCS B TOUKY IMEpECceUeHHs JUaroHaled HIDKHEr0 OCHOBA-
Hus. Haiinute IJMHBI OCTambHBIX OOKOBBIX pedep M yroj HakJIOHa
0oJbiIero 60KOBOro pedpa K MmIOCKOCTH OCHOBAHUSI.

3.7. OcHOBaHuUS yCEUEHHOW MUpaMUIbl — KBaJAPaThl CO CTOPOHA-
MU 8 cM 1 4 cM. OgHa U3 OOKOBBIX I'paHell MeprneHauKyspHa MmIoc-
KOCTH OCHOBaHHS W SBIISIETCS paBHOOEApEHHOW Tpamenueld. [Iporu-
BOJIeXKaIas el TpaHb 00pa3yer ¢ IIOCKOCThIO OCHOBaHMS yroi 60°.
Hatiaure muiomaau GOKOBBIX IpaHEl MUPaMHU/IBI.

3.8. CTOpoHBI OCHOBaHMN W BbBICOTA IPABMJILHOW YETBIPEX-
YTOJIBHOM yCEUEHHOW MUpaMUIbl OTHOCSATCS Kak 7 : 4 : 2, miomanb
00KOBOIf TOBepxHOCTH paBHa 110 ,I[Mz. Brraucanre niaomans moHoM
MIOBEPXHOCTHU THPAMHUIBI.

3.9. Haiigute 00beM MpaBWILHON TPEYTOJNILHON yCEUEeHHOH IH-
pamMupl, y KOTOPOH CTOPOHBI OCHOBAHWH PaBHBI 3 M U 2 M, a IJIO-
s OOKOBOI ITOBEPXHOCTH paBHA CyMMe IIIOMAe OCHOBaHHM.

3.10. CtopoHbI OCHOBAaHUH NMPaBWILHOMN YETHIPEXYTOIBHON yce-
YEHHOM mUpaMubl paBHBI 2 ¢M U | cM, BeicoTa — 3 cM. Uepes TOUKy
IepecedeHnsl IuaroHajge MUpaMuibl, MapajljIelbHO OCHOBAaHHIM
MUpaMHUIbl, IPOBEICHA TUIOCKOCTh, AENAIIas MUpaMHuly Ha JBE dac-
Tu. Haiiure 00beM Kax10# U3 MOJTy4EeHHBIX YaCTCH.

12.4. HnauHap

Hununopuueckoii noeepxHocmupio HA3BIBACTCS TOBEPXHOCTD,
o0pa3oBaHHasi BCEMHU MPSAMBIMH, IPOXOMSIINMHU Yepe3 Kaxaylo TOY-
Ky JaHHOM KpHBOH MapajuieslbHO TaHHOH mpsaMoii (puc. 12.25).

JlanHas kpuBasi Ha3bIBACTCS HaAnpasaAwuiell, a IpsMeie — oopa-
3yrouumu TATUHAPUYECKOM TOBEPXHOCTH.
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IIpamoit Kpyzo60il yuIUHOPUUECKOT NOBEPXHOCHbI0 HA3BIBA-
eTcsl TIOBEPXHOCTh, 00Opa30BaHHAas BCEMHU NPSAMBIMH, MPOXOASLIMMU
gyepe3 KaKAYI0 TOYKY JaHHOW OKPYKHOCTH MEepHeHIUKYISPHO TII0C-
KOCTH 3TOW OKPYXXHOCTH. B nanbHelinieM 3Ty MOBEPXHOCTH Oynaem
KpaTKO Ha3bIBaTh HJIMHAPUIECKOU (puc. 12.26).

Hununopom (NpsMBIM KPYTOBBIM LWJMHIPOM) HAa3bIBAETCA
TEOMETPHYECKOE TENO, OTPaHUYEHHOE HWIHHAPHYECKON ITOBEPXHO-
CTBIO W JIBYMs TMapajuiebHBIMK IUIOCKOCTSIMH, KOTOPBIE MEepIeHIU-
KYJSIpHBI 00pa3yromumM noBepxHoctu (puc. 12.27).

P
(B!
> |
d (i 1 e
ik Gy 5
Puc. 12.25 Puc. 12.26 Puc. 12.27

HumuHIp MOXHO paccMaTpUBaTh Kak TeJO, MOJNyYEeHHOE NpHU
BpAlIeHUH MPSIMOYTOJIbHHKA BOKPYT OCH, COAEPIKalled OIHY U3 CTO-
POH MPSIMO YT OJIBHUKA.

JlBa Kpyra, OrpaHUYMBAIOIINE UWIMHIP, HA3BIBAKOTCS €0 OCHO-
eanuamu. IIpsmas, npoxosinas yepe3 LEHTPBl JaHHBIX KPYros, Ha-
3BIBa€TCs 0chio mMHIpa. OTpe3Ky, 00pa3yrolire HUITHHAPHYECK IO
TIOBEPXHOCTh, HA3BIBAIOTCS o0Opasyowumu UTWIVHAPA. Bsicomoii
OWIMHIPA Ha3bIBAETCS PACCTOSHHE MEXAY ero OcCHOBaHHAMH. Oce-
6blM CeueHuem HA3bIBACTCS CEUCHHE, MPOXOJsIlee 4epe3 OCh IU-
nuHzapa. Pazeepmrkoii 60Kk06011 nosepxnocmu IMHAPA Ha3bIBa€TCA
MPSIMOYTOJIBHUK CO CTOPOHAaMH, PaBHBIMH JJIMHE OKPYKHOCTH OCHO-
BaHUS U JJIMHE 00pa3yronleld IIHIMHApa.

/na yununopa éepuut ghopmyno:

Siw = 7TR2,

S,.s =2nRH,

S, =2nRH + TR*, (12.5)

V=nR*H, (12.6)

rae Sye, — TUIOMIANb OCHOBAHHUS, R — pamnyc OCHOBAaHUS, Szox —
IJI0MIalh OOKOBOM MOBEPXHOCTHU; H — BBICOTA; Sy, — TUIOIMIAAB TOJI-

iiéi
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HOIi TOBEPXHOCTH; V' — 00BbeM IHIHHpPA.

IIpumep 1. Haiftu paauyc ocHOBaHMS LMIMHIpPA, €CIHM €rO BHICOTA
paBHa 8 cM, a JMaroHaJlb OCEBOr0 CEUEHHS COCTaBISIET yroi 45° ¢ mIoCKo-
CThIO0 OCHOBAHUS.

Pewenue. Cnenaem pucyHok (puc. 12.28).

Puc. 12.28

OceBoe ceueHHue IMIMHJIPA — 3TO IPAMOYTOJbHUK, OJHA CTOPOHA KO-
TOporo — oOpasyromasi (BbICOTA) LUIMHIPA, BTOpask CTOPOHA — JTUAMETP
ocHoBaHus IUIMHApa. Paccmorpum Tpeyronbauk ABC, y KOTOpOro Karera-
MM SBJSIFOTCS [uameTp ocHoBaHust AC u Beicota BC, a TUIIOTEHY30M — IHa-
ronans ceuenns AB. Tak kak £ AAN =45°, 1o A AAN — pasnoGenpen-

13

N

A
Hblil U AC = BC = 8 cMm. AC — tuamerp, 3Ha4UT, pailnyc TN =4

[Tonmyuaem oTBeT: 4 cM.

Ipumep 2. [MmwmHap nepecedeH IMIOCKOCTBIO, MapauIeIbHON OCH.
Haiiti ruromans cedeHus, eciud paJuyC OCHOBaHMS M BBICOTa LIMJIMHIpPA
COOTBETCTBEHHO paBHBI 5 cM U 10 cM, a pacCTOsIHUE OT OCH LMJIMHJIpA J10
IJIOCKOCTU CEUEHUs — 3 CM.

Pewenue. Cnenaem pucyHok (puc. 12.29).

4)'
(o
Co P°

A
Puc. 12.29

CeyeHneM LWIMHIpPA SBISIETCS MPAMOYTOJBbHUK, OJJHA U3 CTOPOH KO-
TOpPOro — XOpAa OKpyXHOcTH ocHOBaHus (BC), BTOpas — oOpasyromas Iu-
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mHapa (BA). Ob6pasyromas paBHa BbicoTe, 3HauuT B4 = 10 cm. Heobxomu-
Mo Haiitu xopny BC. Paccrosnue ot ocu OO; 10 INIOCKOCTH CEUEHUS — 3TO
NepHeHANKYIAp, OnylieHHbIH u3 Touku O; Ha xopay BC. [lposens paguycsl
0,C u O,B, HOIY4UM PABHOOEIPEHHbII TPEYrOTLHUK | 1141\7. Bricora O,.D

SIBJIIETCS €ro MenuaHoi, 3uauut BD = DC. 13 A I IDA Haiaem BD:

BD=yOB> —0OD* =\5* ~3* =4 (iii ).
Torpa BC = 2BD = § cm. [Inomane ceuenus:
Suscp = AB-BC =10-8=380 (i 7).

Tomyaaem oreet: 80 cm”.

HpnMep 3. I[I/Ial"OHaIH) CCUCHUA HWJIMH/Ipa, IapallJIeJIbHOI'o €ro OocCH,

paBHa d U oOpazyeT yroia o ¢ obOpa3syromeld nuiauHapa. Hadtu miomans
MIOJIHOW TOBEPXHOCTH LMJIMHAPA, €CIM CEKyIas IUIOCKOCTh OTCEKaeT OT

1
OKPY>XXHOCTU OCHOBaHUA 5 4acCThb.

Pewenue. Cnenaem pucyHok (puc. 12.30).

Puc. 12.30

[Tomans MOMHON MOBEPXHOCTH IMJIMHIPA BBIYHCISIETCS MO (QOpPMY-
ne (12.5).

UtoOb! HaiiTu BeicoTy H (00pa3yromnyio), paccmorpum A ABD. B Hem
£ A=90°, £ B=a, BD=d. Torga

AB =BD-cosa =d-cosa;

AD =BD-sina =d -sina.

JIns HaxoXJIEHUsS pamuyca pacCMOTPUM paBHOOenpeHHbIH A AOD, B
koTopoM OA = OD = R. Tak Kak IO YCIIOBHIO CEUEHHE OTCEKAET OT OKPYX-

HOCTU OCHOBAHMS % 4yacThb, 3HaUUT £ AOD :%-360O =120°. Ilo Teopeme

KOCI/IHYCOB Haf/'IZ[eM pazu/ch:
AD? = AO* + DO* —=240-0D -cos120°,

T.e. d?sin®a = 2R? —2R? cos120°.
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d?sin® «

Torpa R? =————— OTKYyja II0JIy4aeM:
2(1-cos120°) Y d
R dzsinza; R= dsina
3 3
Brruucnsem:

2 .2 3
—27R? +27RH =212 Sl; O‘+2nd513n°‘-

S dcosa =

2
:gndz sina (sino +cosa) :ﬂT(l—COS2a +sin2a).

1 .
[Tomyyaem orBeT: 5 nd? (1 —cos2a +sin2a )

Mpumep 4. [IunaroHanu pa3BepTKH OOKOBOH MOBEPXHOCTH LMIIMHAPA
00pa3yroT OCTpBIi yrou, paBHbIA a. Beicora mumHapa paBaa h. Haiitu 00b-
eM IWINHJpA.

Pewenue. Cnenaem pucyHok (puc. 12.31).

C B

0 a

Puc. 12.31

UT0oObI HalTH 00BbEM, HEOOXOAMMO 3HATh PATUYC OCHOBAHMS I[VIIMH]I-
pa. PaccmoTpum pa3BepTky OOKOBOW IMOBEPXHOCTH LWIMHApPA — MPSIMO-
yronbHUK ABCD: AD = h, BC = 27R, tie R — HeU3BECTHBIH pajinyc OCHO-
BaHud. Touka O — cepearHa auaroHaneid. 13 touku O omycTuM meprieHu-
Kyisip OD, 1 BEIYUCTIMM:

1
OD = EBC =7 R, ¢ Apyroi cTopoHbI

AD 1 1
OD=—-= AD-ctgg :—AB-ctgg :—h-ctgg.
a 2 2 2 2 2
tg—
2
[IpupaBHuBas BeIpaskeHUs Ui HaxoxkaeHus OD, HaxoauM R:
1 o h- ctgg
TR=—h-ctg—, T.e. R :—2.
2 2 2n
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Beruncisem o0bem nummHpa mo Gopmysie (12.6):

h? -ctg2 % W -ctg2 @

V=nRH=r- h= z
47 4r
W -ctg2 @
[Tomyyaem orBet: 2 .
4
3aoanusn
I ypoeens

1.1. Haiigure nuaroHanb OCEBOTO CEUEHHS IMJIMHApA, BBICOTA
KOTOpOT'0 paBHa § cM, a paJnyC OCHOBaHUS — 3 cM.

1.2. OceBoe cedeHne MIIMHIPA — KBAApaT, ILIOMIAAs KOTOPOTO
64 cM”. HaiiauTe miommaas OCHOBAHHUS IIIHH/PA.

1.3. Ilnomane oceBoro cedeHus LWIMHApa paBHa S. Haiimure
IO/ €r0 OOKOBOW TIOBEPXHOCTH.

1.4. Bricora mwimHapa paBHa 12 cM, AMaroHajb OCEBOro ceye-
Hus — 13 cm. Haliaure mmommaab 00KOBOH MOBEPXHOCTH IIMIIUH/IPA.

1.5. /lnaroHanb OCEBOro CEYEHMs IMIMHApPA paBHA 672 oM
coctaBisieT yroa 45° ¢ mI0CKOCThI0 OcHOBaHMs. Haiinure miomanb
OOKOBOI1 MOBEPXHOCTH LIMIIMHIIPA.

1.6. wmaap oOpa3oBaH BpalleHHEM NPSAMOYTOJbHHKA BOKPYT
MeHbIIel u3 cropoH. Halaure miomaap MOJHON MOBEPXHOCTH IU-
JUHJpA, €CIIU JuaroHajib MPsIMOYTOJbHMKA paBHA 6 CM M HaKJIOHEHa
K OonbIieli cropoHe moa yriom 30°.

1.7. Ompenenure naBieHHE KUPIMYHOW HMIMHIPUYECKOW KO-
JIOHHBI Ha (yHAAMEHT, €CJIM BHICOTA KOJOHHBI paBHa 2 M, JHaMETp
ocHoBaHus paseH 0,75 M. Bec ogHOro KyOu4eckoro Merpa Kuprnuia
HEOOXOJUMO MPUHATH PaBHBIM 1,8 T.

1.8. PazBepTka OOKOBOIH MOBEPXHOCTH LMJIMHApA — KBagpaT CO
croponoii 18 cm. Haiimure o0beM nuiauHapa.
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1.9. Kak m3MeHuTcs 00beM LUIMHAPA, €CIU PaguyC OCHOBAHHSA
YBEJIMYUTH B TPU pas3a, a BEICOTY YMEHBIIUTh B YETHIpE paza?

1.10. /IBa pa3NM4YHBIX IMJIMHAPA UMEIOT PaBHBIE IUIOMIA A OOKO-
BBIX MMOBepxHOcTed. Haliaure oTHOLIEHHE paJuyCcOB OCHOBAHUH, €c-
JIX UX BBICOTHI OTHOCATCS Kak 3 : 1.

11 ypogeno

2.1. Hunmuup, paanyc OCHOBaHHUS KOTOporo paseH 13 cm, a BbI-
cota — 10 cM, mepeceyeH MI0CKOCThIO TaK, YTO B CEUCHHUH MTOTYIHIICS
kBajipar. Onpenenure, Ha KAKOM PacCTOSHUM OT OCH I[UJIMHJIPA MpOo-
BEJICHO CEYCHHUE.

2.2. Yepe3 00pa3yrollylo IUH/PA TPOBEICHBI JBE B3aUMHO TIep-
MIEHAUKYISAPHBIE TIOCKOCTH. [11o1maas KaKaoro U3 MoimydeHHbIX cede-
it paBHa 71 av°. HaliauTe miomas 0CeBOro ceueH s UIHPA.

2.3. Paanyc ocHOBaHUS IIMIIMHIPA B TPU pa3a MEHBIIE €ro BBICO-
Thl. Haliure yron Mexay AvaroHaassMU OCEBOT'O CEUEHUS IMIIMHPA.

2.4. lHunuaapudeckas JpiMoBas Tpyda nuamerpom 60 cM mMeeT
BbicoTy 20 M. OnpeznenuTe, CKOJIBKO KBaJIPaTHBIX METPOB JIUCTOBOTO
KeJe3a oTpedyeTcsl Ha ee N3TOTOBJICHUE, €CITH Ha 3aKJIeTIKH YXOIUT
10 % Bcero HeOOXOAUMOTO KOJIMIECTBA KEIe3a.

2.5. Pa3BepTka OOKOBOI MOBEPXHOCTH WLWJIMHIpa — KBajpar.
Haiinute 00beM mMIMHIpA, €CIM pagHyc €ro OCHOBAHUS Ha 3 CM
MEHBIIIE BEICOTHI.

2.6. ITmomaas OCHOBAHUS I[WIMHIPA PABHOBEIHKA IIOMAIN Pa3-
BEpTKU ero OOKOBOH moBepxHOcTH. Haiinure TaHreHC yria HakJIOHa
JUATOHAJIA OCEBOTO CEYEHUS K TUTOCKOCTH OCHOBAHUS IMIIMHAPA.

2.7. IIpAMOYTrONBHUK CO CTOPOHAMH M1 U b ABIISIETCS pa3BepTKOU
OOKOBBIX TIOBEPXHOCTEH ABYX pa3fMYHBIX MWIMHIPOB. Haliaure oT-
HOIIIEHHE 00BEMOB 3THX IIHIIMHPOB.

2.8. Kycok npaa, nMmetommid GopMy MpsSMOYTrONBHOIO Mapaiie-
nermnena, pasmepom 0,6 m x 0,4 m x 0,5 M, moMenieH B MUIHHIPU-
yeckuil cocyn auamerpa 0,9 M. Onpenenure, KakoBa OyAeT BbICOTa
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CJI0s1 BOJIBI TIOCJI€ TOTO, KakK JieJ pacraeT. Y IeNIbHbBIN BeC JibJja He00-
XOJUMO CUUTaTh paBHEIM 0,92 r/en’.

111 ypogenw

3.1. Touka OKpYXKHOCTHU BEPXHET'0 OCHOBAHUS LIIMHIpPA COEIU-
HEHA C TOYKON OKPYXHOCTH HIDKHETO OCHOBaHWS. YTOJ MEXIY pa-
TUycaMHy, MMPOBEICHHBIMU B ATH TOYKH, paBeH o. Halaute yrom me-
Ky OChI0 LUIUHApPA M OTPE3KOM, COCAUHSIOMINM IaHHBIE TOYKH,
€CJIM BBICOTA IIIMHIPA PaBHA €T0 JUaMETPYy.

3.2. K unnuHapy nposeneHa KacaTenbHas IpsAMasi MO YIJIOM o
K IUTOCKOCTH OCHOBaHHs. OmNpenenuTe pacCTOSHUE OT IEHTpa HUXK-
HEro OCHOBAaHMS 10 MPSMOM, €CIIM PacCTOSTHUE OT IIEHTpa 10 TOYKH
KacaHHs paBHO d, a pauyCc OCHOBAHHA paBeH R.

3.3. Bricora mmnmmHApa paBHAa paguycy €ro OCHOBaHUSI U HMEET
JuHY a. Uepes och IMIMHAPA MPOBEeHA BTOpasl [WIMHAPUIECKas 10-
BEPXHOCTh, KOTOPAsi JIEJTUT OKPY)KHOCTh OCHOBAHUS HA JBE JAYTH, JUTUHbBI
KOTOPBIX OTHOCATCS Kak 2 : 1. Haiiaure 0ObeM OOMbIel 4acTy 1UITUH-
JIpa, Ha KOTOPBIC [MIMHAPUIECKAs TOBEPXHOCTD JCIUT LIUIHH/IP.

3.4. /IBa paBHBIX LWJIMHAPA, BHICOTHl KOTOPBIX OOJBIIE MX JHa-
METPOB, PACIOJI0KEHBI TaK, YTO UX OCH IMEPECEKAIOTCS MO MPSIMbIM
YIJIOM M TOYKA IEPECEUEHUs OCEH paBHOYIAJIEHA OT OCHOBAHHUU IU-
muHApoB. Haiimure o0beM o0Imed 4yacTu 3TUX LMWIMHIPOB, €CIU pa-
JYC Ka)JI0T0 U3 HUX paBeH 1 cm.

12.5. Konyc. Yce4yeHHBbIH KOHYC

Konuueckoit nosepxnocmsto Ha3bIBaeTCs MOBEPXHOCTb, 00pa-
30BaHHAs BCEMH MPSMBIMH, NPOXOMAIIMMH Yepe3 KaXIyK TOYKY
JAHHOW KPUBOW U TOYKY BHE KpUBOii (puc. 12.32).

JlanHas xpuBasi Ha3bIBACTCS Hanpaeiawuiell, npsiMoie — oopa-
3yrougumu, TOYKa — 6EPULULHOI KOHUYECKON TIOBEPXHOCTH.

Ilpamoit Kpyz080il KOHUUECKOI NOGEPXHOCHIbI0 HA3BIBACTCS
MOBEPXHOCTh, 00pa30BaHHAs BCEMH MPSAMBIMH, IPOXOSAIIMMH Yepe3
KaXIyI0 TOYKY JTAHHOM OKPY)KHOCTH M TOYKY Ha NPSAMOM, KOTOpas
MEPIEHIUKYISIPHA TIJIOCKOCTH OKPY)KHOCTH M TPOXOIUT Yepe3 ee
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LeHTp. B manpHeimeM 3Ty MOBepXHOCTh OyAeM KpaTKO Has3bIBATh
KoHuueckou nogepxnocmeio (puc. 12.33).

Konycom (npamvim Kpyz08bim KOHYcOM) Ha3bIBAETCA T'€OMET-
pHUYECKOe TeNo, OTPaHMYCHHOE KOHMYECKOH IMOBEPXHOCTHIO U IIIOC-
KOCTbI0, KOTOpasi MapajuielibHa IJIOCKOCTH HAIPABJISIONICH OKpyX-
HoctH (puc. 12.34).

A
I
A\ D
a’ N
/ \

Puc. 12.32 Puc. 12.33 Puc. 12.34

Konyc MoxxHO paccmaTprBaTh Kak TeJo, MOJIyY€HHOE IIPU Bpa-
LIEHUU TNPSMOYTOJIBHOIO TPEYTrOJIBHUKA BOKPYT OCH, COAEpXKallei
OJWH U3 KaTC€TOB TPECYI OJIbHUKA.

Kpyr, orpannuunBaroninii KoHyc, Ha3bIBACTCSI €0 OCHOGAHUEM.
BepmnHa KOHHUECKOH TOBEPXHOCTH HA3bIBACTCS 6EPUIUHOI KOHYCA.
OTpe30K, COSNMHSIOMNI BEPUIMHY KOHYCa C LIEHTPOM €ro OCHOBa-
HUS, Ha3bIBaeTCs blcomoit Konyca. OTpesku, o0pa3yromye KoHnYe-
CKYIO TIOBEPXHOCTb, Ha3bIBAIOTCS 0Opazyrouiumu xonyca. Ocvio Ko-
HyCa Ha3blBA€TCsA IpsAMas, MPOXOAMAllas 4Yepe3 BEPLIMHY KOHyca U
LEHTP €ro OCHOBaHUSA. Oceeblm ceueHuem HA3BIBACTCS CEUYCHUE,
MpoXoJsIiee 4epe3 ocb KoHyca. Pazeepmkoil 60K080il noeepxHo-
Ccmu KOHYCa Ha3bIBa€TCsA CEKTOp, PaINyC KOTOPOrO paBeH IJMHE 00-
pasyrolel KoHyca, a JJIUHa YT CEKTOpa paBHA JUIMHE OKPYXKHOCTH
OCHOBAHUS KOHYca.

/Ina kouyca eepuvt hopmynoi:

S = nR?,
Sie =TRL
—RI+ R, (12.7)

14 =1nR2H,
3

S

iiéi
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rae S,e, — TJIOMIAAb OCHOBAHHUS, R — pamuyc OCHOBAHWUS, Sjor —
10N> OOKOBOHM IMOBEPXHOCTH; [ — JuiMHA OOpasyromen; S, —
IJIONIA/h TIOJHOM MTOBEPXHOCTH; V — 00beM KoHyca; H — BhICOTA.

Yceuennvim xonycom HaspiBaeTcs 4acTh KOHYCA, 3aKIIFOYCHHAS
MEXAYy OCHOBAHMEM U CEKYLIEH IIOCKOCTBIO, MMAPAJUIEIbHOU OCHO-
BaHUIO KoHYyca (puc. 12.35).

(o

»

YceueHHBI KOHYC MOYKHO paccMaTpuBaTh Kak TEJo, MOIydEeHHOE
MIpU BpaIlleHUH MPSIMOYTOJILHOM Tpareluy BOKPYr OCH, COAeprKaliei
OOKOBYIO CTOPOHY TpaIlelluH, NePIEHIUKYISPHYIO OCHOBAHHUIM.

JlBa Kpyra, OrpaHHYMBAIOIINE KOHYC, Ha3bIBAOTCS €r0 OCHO6A-
Huamu. Boicomoii ycedeHHOTO KOHYca Ha3bIBAETCS PACCTOSHHE Me-
KAy ero ocHoBaHusiMu. OTpe3ku, 00pa3yrollne KOHUYECKYIO I0-
BEPXHOCTh YCEUEHHOrO KOHYCa, Ha3bIBAIOTCS odpazyiowjumu. Ilps-
Masi, IPOXOASIIAs Yepe3 [EeHTPbl OCHOBAHUH, HA3BIBACTCS OCbI0 yCe-
YeHHOTr0 KoHyca. OcesblM ceueHuem Ha3bIBaeTCi CeUeHHe, MPOXO-
Jsi1ee 4epe3 0Ch YCEYeHHOr0 KOHYca.

/na yceuennozo konyca eepuul ghopmynnl:

S.s =m(R+1)l,

=t(R+r)+nR*+7r, (12.8)

Puc. 12.35

S

V= %nH(RZ +7 +Rr),

e Sgox — TUIONIA/Ib OOKOBOM MOBEPXHOCTH; R — Pajuyc HIKHErO
OCHOBaHUS; ¥ — Palyc BEPXHETO OCHOBaHUS; / — JUIMHA 00pa3yro-
iei; Sy, — TUIOIMIAb OTHOW MMOBEPXHOCTH; V — 00BEM yCEUEHHOTO
KOHYyca; H — BbIcOTa.
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IIpumep 1. Ceuenne koHyca, NapajuieIbHOE OCHOBAHHUIO, JIEJIUT BHICO-
Ty B oTHoweHuu 1 : 3, cumras or BepmrnHbl. Haiitu miomans 6okoBol mo-
BEPXHOCTU YCEUEHHOr0 KOHYCA, €CIIM PaJuyC OCHOBAHUS M BBICOTA KOHYCa
paBHBL 9 cM 1 12 cm.

Pewenue. Cnenaem pucyHok (puc. 12.36).

Cor P

C 2

Puc. 12.36

JIyist BBIYUCIIEHUS TI0IAAM OOKOBOW IMOBEPXHOCTH YCEUEHHOIo KOHY-
ca ucnonezyeM ¢opmyiny (12.8). Haiinem paanycer ocHoBanuit O14 u O,B u
oOpa3yromyo 4B.
Paccmorpum nonoGueie TpeyronsHuku SO,B u SO,\A, xo3ddunueHt
SO, 1 SB 0O,B

mo100ust paBeH l, TOrga —= =— = .
3 SO, 3 S4 04

Otciona O,B :éOA =3 (i ).

W3 ASO\A Beruncnsem: SA = \/SOI2 +0,4% = \/122 +92 =15 (cm).

Tak Kak SB:%SA, TO AB:%SA:%-IS:IO (i ).

ITnomans 60KOBOM NOBEPXHOCTH YCEUEHHOI'0 KOHYCA pPaBHa:
S,:s =m(0OA+O,B)AB = (9+3)10 =1207 (m 2).
[Monyuaem orBeT: 1207 em’.

IIpumep 2. YerBepts kpyra paguyca R =8 fii CBepHyTa B KOHHYE-

CKYIO TOBEPXHOCTh. HaliTh panuyc OCHOBaHUS U BBICOTY KOHYCA.
Pewenue. KpyroBoii cekrop sBISIETCSl pa3BEpTKOH OOKOBOI MOBEpX-
HocTH KoHyca. O003Ha4MM r — paauyc ero ocHoBauusi, H — Beicora. Ilio-
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majab OOKOBOU MOBEPXHOCTH BhIMMCIUM 1O popmyne S,:; = wrl. OHa pas-

1 1
Ha IUIOLIAN YeTBEPTH Kpyra: ZnRz. [onyuum ypaBHenue mrl = ZﬂRZ c

JIByMSI HEM3BECTHBIMU # U [ (0Opasyromas KoHyca). B nanHom ciaydae obpa-
3ylollas paBHa paJuycy 4eTBEpTH Kpyra R, 3HAYMT, MOJIyYUM CIEAYIOLIEe

1 1
ypaBHeHHE: 7rR = ZnRz, OTKyJa r :ZR. 3Has paguyc OCHOBaHHS M 00-

Ppa3ymolyto, HailieM BBICOTY KOHYca:
1 1
H=vP-r* = |R? —ERZ :%R =215 (i ).
[Tonyuaem oTBerT: 2 cMm, 2\/E CM.

IIpumep 3. IlpsmoyronpHas Tpanenus ¢ OCTPbIM yrioM 45°, MEeHbIINM
OCHOBaHHEM 3 CM M HaKJIOHHOH OOKOBOI CTOpOHOH, paBHOI 3\/5 fii , Bpa-

11aeTcss BOKPYr OOKOBOIl CTOPOHBI, EPIEHANKYIISIPHOW OCHOBaHMsAM. Haiitu
00'bEM TOJIyYEeHHOT'O TeJla BpalleHHUSI.
Pewenue. Cnenaem pucyHok (puc. 12.37).

Puc. 12.37

B pesynbrare BpamieHus MOJy4MM YCEUEHHBIH KOHYyC. UTOOBI HalTH
ero o0beM, BBIYMCIIUM paguyc OOJIbLIEr0 OCHOBAHMS M BBICOTY. B Tpaneunu
0,0,4B mposegem AC L O\B. B AABC wumeem: ZC =90° LB =45°

AB =32 i , 3HAYMT, 3TOT TPEYroIbHUK paBHOOenpeHHbIi AC = BC =3 cM.
Tak kak O,C = OZA‘ =3 fi, OB =6 fii, BBIUUCIUM 00BEM:

1 1
4 :EnAC(OlBZ +0,4> +0,B-0,4) =73(36+9+18) = 63 (7).

Tomyuaaem oTBeT: 637 oM.

IIpumep 4. Tpeyromsauk ABC co croponamu BC =13 cm, AC =37 cm
u AB =40 cM Bpamjaercs BOKpPYI BHEIIHEH OCH, KOTOpas MapaulielbHa

246



GoJIbIIel CTOPOHE M HAXOMUTCS OT HEe Ha PACCTOSHUM 3 CM (OCh PacroJio-
JKEHa B TUIOCKOCTH TPEyrojbHHKa). HaiTu ruromiajap MOBEPXHOCTH MOJY-
YEHHOT'O TeJjla BPalleHHUS.

Pewenue. Cnenaem pucyHok (puc. 12.38).

Puc. 12.38

[ToBepXHOCTh MOJYYEHHOrO Tella BPAI[EHHUS! COCTOUT U3 OOKOBBIX I1O-
BEPXHOCTEH JBYX YCEUEHHBIX KOHYCOB M OOKOBOH IMOBEPXHOCTH LIMIIMHIIPA.
Jl1s TOro 4toObl BBIYMCIMTH 3TH IUIOIAAM, HEOOXOIUMO 3HATh pPaJUyChl
OCHOBaHMI KoHycoB U IuinuHApa (BE u OC), obpa3yromue konycoB (BC u
AC) u Beicory mmnmHIpa (AB). HeussectHoii sBisierca Tonbko OC.
OC=0D+DC. I D=3 fii — 3T0 paccTOSHHE OT CTOPOHEI TPEYTOIbHHKA

no ocu Bpamenus. Haiinem DC. Ilnomans tpeyronbHuka ABC, ¢ omgHO#
CTOPOHBI, paBHA MPOU3BEIECHUIO IIOJOBUHBI CTOPOHBI A5 Ha BBICOTY, IIPOBE-
neHHyto k Hel DC, ¢ Apyroil CTOpPOHBI, 3Has BCE CTOPOHBI TPEYroJIbHUKA,
€ro IUIOIIAIb BEIYUCIUM 10 popmyiie ['epoHa

Sy s =~/45-32-8-5 =240 (m 2).

1 1
Ho Sypc = 4B+DC = 40DC =20DC.

- 24
U3 sTux paBeHcTB Haxomum DN :2—00 =12 (fn ) IToncraBnsas Haii-

JICHHBIC 3HAYCHUS, ITOJTydacM:
S =n(OC+BE)BC +1(OC +BE)AC + 21 BE - AB =

=2(15+3)13+7(15+3)37 + 27 -3-40 = 11407 (m 2).

TaI(I/IM o6pa30M, miouraab HOBerHOCTI/I TCJIa BpaIJ_IeHI/ISI paBHa
11407 i 2.
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Ipumep 5. JIBa KOHYCca UMEIOT OOIIYIO BBICOTY, HO BEPIIMHBI UX JIEXkKAaT
B pa3HbIX KOHLAX BbICOTHI. OOpa3yrolias epBoro KOHyca paBHa /, a yroi npu
BEpIINHE €ro 0CEBOI'0 CEYEHUs paBeH 2q. YTOJI IPH BEPIIHHE OCEBOTO cede-
HUS BTOPOro KoHyca paseH 2f3. Haiitu 00bem o01ieit 4acTi KOHYCOB.
Pewenue. Cnenaem pucyHok (puc. 12.39).

EX_Br—AA

Puc. 12.39

O0beM o0111eit YacTH KOHYCOB paBeH CyMMe 00beMOB KOHYCa C O0LIHM
ocHOBaHHeM panuyca BA, BeicoToii BD u BbicoTOM BC COOTBETCTBEHHO.
[Monyuum cnenyromiee BEIpaKeHHE YIS BBIYMCICHUS 00beMa:

1 1 1
V=V +V, :EnABZ -BD+§7zABZ -BC :EnABZ -DC.

PaccmoTpuM mepBhIii KOHYC, Y KoTOoporo oOpasytomas DF pasHa /, a
yroJi mpu BepiinHe oceBoro cedeHus . KDF =2a. TpeyromsHuk CDF —
npsmoyronbHbiil, £ CDF =a, DF =1, torma DC = DF cosa =/cosa. U3
TpeyronbHuka BDA (£ B=90°, £ D=oa ) Belpazum DB: DB = ABctg a.
13 tpeyronsuuka BCA (£ B =90°, £ N = ) Bupazum BC: BC = ABctg .

Honyunum cnexyromee: DN =/[cosa umu DC = ABctg o + ABctg .
W3 stux paBeHcTB cienyeT: [cosa = AB(ctg o +ctg f), OTKyaa MMeeM:

_ lcosa

B ctg o +ctg B '

[NoxcraBuB HalijeHHbIE BBIpaXKEHHS B (POPMYITY IS BHIYUCICHUS 00b-
eMa, MOJIyYUM:

1 [cosa ? 7P cos’a
V=-n| ————| lcosa = ———..
3 ctga+ctgf 3(ctg a +ctg B)
7P cos’a
Homygaem orBeT: ——— -
3(ctg a +ctg B)
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3aoanusn

I ypogens
1.1. ITnomanas OCHOBaHHMS KOHYyca paBHa 167 cM’, oGpasyromas —
5 cm. Haiinure BbIcOTy KOHYCA.

1.2. BricoTa yceueHHOro KOHyca 8 CM, paJuyc HUKHEro OCHO-
BaHMS Ha 6 cM OoJjplle paguyca BepxXxHEero ocHoBaHus. Haiimure
JUTIHY 00pa3yIoliel ycedeHHOro KOHyca.

1.3. Kpbima ¢aurens uMeer koHW4eckyro ¢opmy. Huamerp
OamHu paBeH 12 M, BeicoTa Kpbiik — § M. Haligure ruomans mo-
BEPXHOCTH KPBIIIH.

1.4. Onpenenurte, Kak U3MEHUTCS TUIOIIAIL OOKOBOI MOBEPXHO-
CTH KOHYCa, €CIIi panyc OCHOBAHHUS YMEHBIIHUTD B JBa pasa, a o0pa-
3YIOIIYIO YBEJIIMYHUTD B TPU pasa.

1.5. leGenp ykiampiBaeTcs B Kydy, UMEIOMYI0 GpopMy KOHYyca
¢ yriiom otkoca 30°. Onpenenure, KakKod BBICOTHI JOJDKHA OBITh KY-

ua, 4TOOBI ee 00beM ObLT paBeH 25 120 w’. (UHCIO 7 MPHHATH PaB-
HBIM 3,14).

1.6. Haiinmure 0o0beM KOHYCa, BBICOTA KOTOPOTO 3 CM, & OCEBOE
cedeHre — PaBHOCTOPOHHHI TPEYrOJIbHUK.

1.7. B yceueHHOM KOHYycCe 4yepe3 CepelMHY BBICOTHI, JUIMHA KO-
TOpOH 5 cM, IPOBEJEHO CEYCHHUE, MapajuIebHOe OCHOBAaHUSIM KOHY-
ca. Halizure ero miomans, eciy IJIOMIaJb OCEBOI'0 CEYECHHs yCeUeH-
HOTO KOHyca paBHa 30 oM’

1.8. BricoTa yceueHHOro KoHyca paBHa 6 CM, pagMychl OCHOBa-
Hu#t — 10 cm u 2 cM. HaifnuTe mommaab MoTHOH TOBEPXHOCTH KOHYCA.

1.9. Onpenenure, CKOJBKO KBaJPaTHBIX JIELMMETPOB MaTepraia
notpe0yeTcss Ha W3TOTOBJIEHHUE BEIpa, €CIH €ro pa3Mepbl TaKOBBI:
muamerp aHa 20 cM, BbicoTa 24 cM, IMaMETp BEpXHEH yacTu B ABa
pasa OoJjplie quamerpa JHa.

1.10. B yceueHHOM KOHYCE IIPOBEACHO OCEBOE CEUCHHUE, CPETHSSA
JUHUS KoToporo paBHa 11 cMm. BricoTa ycedeHHOro KoHyca paBHa
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8 cM, a paguyc OJHOTO W3 OCHOBaHWI OobIIe APYroro Ha 3 CM.
Haiinute 00beM yceueHHOT0 KOHYCA.

11 yposens
2.1. Haiinmure BBICOTY KOHYCa, €CJIH IUIOMIAlb OCEBOT'O CEUEHUs
paBHa 13 cM’, a mIomas ocHOBaHMs — 14 cv’.

2.2. B koHyce, paauyc OCHOBaHHS KOTOPOTO 5 CM, IPOBEIECHO
CeveHUe, MapajuleIbHOE OCHOBAHMIO HA PACCTOSHUU 4 CM OT HEro.
Inomans ceuenus pasHa 477 cm’. Haifgure ofpasyromiue KOHYca U
YCEYEHHOr 0 KOHYCa.

2.3. Yron pa3BepTKH 0OKOBOI MOBEPXHOCTH KOHYca paBeH 120°.
Obpa3yromias koHyca paBHa 15 cM. Haligure miomaap moiaHOMN 1mo-
BEPXHOCTH KOHYCA.

2.4. O0pa3yrolas KOHyca paBHa 25 CM, a CEPEIMHA €r0 BBICOTHI
OoTCTOUT OT oOpa3zyroliel Ha 6 cm. Haiigute momanas GOKOBOU 1MO-
BEPXHOCTH KOHYCA.

2.5. IInomans ocHOBaHMS B JiBa pa3a MEHbIIIE IUIOMIATH OOKOBON
MIOBEPXHOCTH KOHYca. HalimuTe yron npu BepuIMHE OCEBOTO CEYEHUS
KOHYca.

2.6. /I M3rOTOBNEHUS YKAa3KH KOHMYECKOH (HOpMBI OBLT B3AT
OpycOK KBaJIpaTHOro ceueHus: pasmepoM 20 MM x 20 MM u JUTHHOMN
500 mM. YV mosyyeHHON yKa3KH AMaMeTp OCHOBaHMA 18 MM U nimHa
500 mm. Haiiure, kakoil MpOLIEHT MaTepHalia IoIIes B OTXO/bI.

2.7. Haiinure paauychl OCHOBaHMM YCEYEHHOIO KOHYca, €CIH
BbICOTa paBHa 12 cM, oOpasyromas — 13 cM, a AHaroHajib OCEBOrO
ceuenus — 20 cm.

2.8. JInuHBI OKPY)KHOCTEH OCHOBAHHI yCEUEHHOrO0 KOHYCa paB-
HBI 9677 cM U 667 cM, a ero Beicota — 20 cM. Haiinure mmomanb mosi-
HOM MTOBEPXHOCTH YCEUEHHOI'0 KOHYca.

2.9. Haiinure miomaabs OOKOBOM MOBEPXHOCTU YCEYEHHOIO KO-
Hyca, ecIi ero o0pasyromas paBHa 17 cM, a IUIOMAAb CeYeHHs, IPO-
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XOJSIIIEr0 Yepe3 CEPeANHY BBICOTHI MApaICIbHO OCHOBAHUSM, PaB-
Ha 1967 oM’

2.10. OGBeM ycedeHHOro KoHyca paBeH 25807 1M’, ero BhICOTa
3 .
paBHa 15 1M u cocTaBisIeT g BBICOTHI TIOTHOTO KOoHyca. Haiinure

pazuycsl OCHOBaHHI YCEYEHHOT0 KOHYca.

11T ypogens

3.1. Pagnyc ocHOBaHMS KOHYca paBeH R, oOpa3yromas HaKJIOHe-
Ha K IUIOCKOCTH OCHOBAHHS TOJ YrjoM o. B KoHyce uepes3 BepminHy
IoJ yIJIOM ¢ K €ro BBICOTE IMPOBEIEHA IUIOCKOCTh. Haiinure mio-
a1 MOJyYEHHOTI'O CEUEHHUSI.

3.2. Tlnomanau OCHOBAHMI YCEUEHHOrO KOHYCa PaBHbI 8177 cM” 1
2 o
2257 cM”, oOpa3yrolas OTHOCUTCS K BbIcOTE Kak 5 : 4. Haiinure mio-
1a/{b OCEBOT0 CEUEHHUSI.

3.3. [luaroHajii OCEBOTI0 CEYEHHUSI YCEUEHHOI'0 KOHYyca B3aMMHO
TepreHIUKyIApHbL IlI0mans OceBoro ceueHus pasHa 324 cw’.
HaiimuTe miomany OCHOBaHWMI KOHYcCa, 3HAs, YTO PaadyC OIXHOTO
OCHOBaHUs Ha 2 cM OOJbIIIE IPYroro.

3.4. lana tpaneuus ABCD, y kotopoit AD =15 cm, BC =9 cm,
AB = CD = 5 cm. Tpamenusi BpamaeTcsi BOKPYT OCH, MPOXOIAIIEH
yepe3 BEpIINHY A U nepneHauKkyisipHo AD. Haiinute nmomanp mo-
BEPXHOCTH MOJyYEHHOI'O TEJA BPALICHUS.

3.5. IIpsimast oTcekaeT OT CTOPOH MPSIMOYTOJILHOTO TPEYTrOJIbHU-
Ka, Yroi MexJ1y KoTopbIMu 60°, OTpe3KH, JUIMHBI KOTOPBIX COCTaB-
JISIIOT YETBEPTYIO YacTh JUIMHBI THIIOTEHY3bI, CUHUTAasi OT BEPIUIMHBI
storo yria. Haiinure oTHoIeHne miomaan TpeyrojabHUKa K IUIOIa-
U TIOBEPXHOCTH TeNa, IOJIY4eHHOTO IIpH BpallleHHH B3TOro Tpe-
YT OJIbHUKA BOKPYT IPSIMOM.

3.6. Konyc neXuT Ha IIOCKOCTH M KaTUTCS IO HEW, Bpalasch
BOKPYT CBOEH HEMOJBWKHOW BepIIMHBL. BbicoTa KOHyca paBHa A,
oOpasyromas — b. Halinure miomaas MOBEPXHOCTH, OINMCHIBAEMOM
BBICOTOM KOHYCA.
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3.7. [IBa xoHyca UMEKT olliee ocHOBaHWE. B o0mem oceBom
CceueHNH 00pa3yrolas OJHOr0 W3 KOHYCOB MEPIEHIUKYISIpHA MpPO-
THUBOJIeXaIEH oOpasyromeld apyroro. O0beM OJHOrO U3 HHUX BABOE
MeHbIlle o0bema apyroro. Haiigure yrom mexay oOpa3yromieit
OoJIbIIIEro KOHYca M IUIOCKOCTHEO OCHOBAHUH KOHYCOB.

3.8. Tpeyromsuuk ABC, y xotoporo AB = 13 cm, BC = 20 cm,
AC = 21 cm, Bpamaercst BOKpYr OCH, IPOXOSIeH yepe3 BepIinuHy 4
nepreHauKysipo A C. Haiimure 00beM MONMydeHHOTo Tefla BpalleHHsl.

3.9. IMapamnenorpamMm Bpaiaercss BOKPYr OCH, MPOXOIAIICH uepes
BEPILIUHY OCTPOrO yrila MEepIeHAMKYISIpHO Oonblieii auaroHany. Haii-
auTe 00beM Tejla BPAIIEHHMS, €CII CTOPOHBI IapajluiefiorpaMMa U ero
OOJIbINAs JUArOHANIb PABHBI COOTBETCTBEHHO 15 cM, 37 cM u 44 cm.

3.10. OOpa3yrorias yce4eHHOro KOHyca, paBHasl /, HAKJIOHEHA K
TUIOCKOCTH OCHOBAHMS MOJ YriioM o. OTHOIICHHE IUIOHIa e OCHO-
BaHUI KOHYca paBHO 4. Haiinure 00beM yCE4eHHOr0 KOHYCa.

12.6. lap

ap u cdepa

Cdhepoii Ha3pIBaeTC MHOXKECTBO BCEX TOYEK IPOCTPAHCTBA,
PaBHOYIANCHHBIX OT JaHHOW TOUYKH.

JanHast TOUKa HasbIBaeTcsi yenmpom cepbl. OTpe3oK, coenu-
HSIOIIUN IeHTp cdeprl ¢ M000i ee TOYKOW, Ha3bIBACTCS PAOUYCOM
chepbl. Xopooii Ha3bpIBACTCS OTPE30K, COCAUHSIIOIINUN IBE TOYKH Ce-
puL. Juamempom Ha3pIBaeTCA XOpJa, MPOXOAAIIas yepe3 UeHTp che-
psI (puc. 12.40).

D
”

Puc. 12.40

Llapom Ha3bIBaeTCS TEOMETPUYECKOE TENIO, OTPaHUUEHHOE Ce-
poii. Llentp, paauyc, xopaa u auaMmeTp cepbl Ha3BIBAIOTCS COOT-
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BETCTBEHHO UEHMPOM, PAOUYCOM, XOPOOU W Ouamempom Iiapa
(puc. 12.40).

[Tap MOXXHO paccMaTpUBaTh KaK TeJO, NOTY4EHHOE NIPU Bpalle-
HUH MOJTYKPYra BOKPYT OCH, COAEpIKaIIed TuaMeTp MOITyKpyra.

Cdepoii Taxxe Ha3bIBAETCSA MOBEPXHOCTH IApa.

[TnockocTh, nMeromas co chepoii eNMHCTBEHHYIO OOIIYIO TOUKY,
Ha3bIBACTCS KacaTeNIbHOW maockocmwvio K cdepe (mapy). OOmias
TOYKA Ha3bIBACTCS MOUKOU Kacanus chepsl (11apa) U MIOCKOCTH.

Teopema. Jlns TOro 4uToOBI TUIOCKOCTh ObLIa KacaTEIbHOM K
chepe (mapy), HEOOXOJUMO M JOCTATOUHO, YTOOBI 3TA IIOCKOCTH
ObUIa NMEPIEHINKYISIPHA K paguycy cdepsl (apa), IpOBEJCHHOMY B
TOYKY KacaHWsI.

/na wapa eéepuot popmynot:

S=47R?,
V:fnR3,
3

rae S — mioma s MTOBEPXHOCTH 1apa (miomanb chepsl); R — pa-
quyc mapa; ¥ — o0bem mapa.

IIlapoBoii cerMeHT U cepuYeCKHA CerMEeHT

Llaposbim cezmenmom Ha3pIBACTCS YACTD LIapa, OTCEKaeMasi OT
HEero IJIOCKOCThI0. Kpyr, monmydwBIIMIiCS B CEYSHUH, HA3BIBACTCA
ocnosanuem cermeHta. OTpPe30K, COSOUHAIOUINN IIEHTP OCHOBAaHHSA
CerMeHTa C TOYKOH MOBEPXHOCTHU IIapa, MEPIEeHIUKYISPHBIA OCHO-
BaHUIO, HA3BIBACTCS 8bICOMOIN IApOBOro cermenTa (puc. 12.41). Io-
BEPXHOCTh C(EPUYECKOH YacTH IMIApOBOTO CErMEHTAa Ha3bIBAaeTCA
chepuueckum cezmenmom.

Puc. 12.41

na wapoeozo cezmenma eepuul hopmynoi:
S =2nRh,
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S5 =2nRh+ 7'[1"2,
V =nh? (R —ﬁj,
3

rae S — miomangs cepuveckoill YacTH LIApOBOTO CErMEHTa
(mnomane chepuveckoro cermeHrta); R — paguyc mapa; s — BbIcOTa
CErMEeHTA; S0z, — IUIOIIAIb ITOJHOM MOBEPXHOCTH IIAPOBOTO CErMEH-
Ta; ¥ — PaJyC OCHOBAHUS IIApPOBOTO CETMEHTa; V' — 00’beM IIapOoBOTO
CerMeHTa.

IlapoBsoii ci10ii u chepudeckunii mosic

Lllapogeim cnoem Ha3bIBAaCTCS YacTh I11apa, 3aKIIOUEHHAS MEXIY
JBYMSI MApajUIeNbHBIMU CEKYIIUMH IDIOCKOCTSAMH. Kpyru, momydus-
LIMECS] B CEUEHUH, HA3bIBAIOTCS OCHOGaHuAmu ciosi. PaccrosiHue me-
Ky CEKYIIMMHU TUIOCKOCTSIMU Ha3bIBAaeTCsl 8bicomoii cios (puc. 12.42).
[ToBepxHOCTH cpepuuecKoll YacTH MIAPOBOTO CIIOSI Ha3BbIBAeTCs cghe-
PUYECKUM NOACOM.

[Tap, mapoBoi CerMeHT M MIApPOBOW CJIOH MOXXHO paccMarpu-
BaTh KaK TeOMEeTpUYEcKue Tena BpauieHus. [Ipu BpauieHnn nomykpy-
ra BOKpPYI OCH, COAEp’Kalleld AUaMeTp MOJIyKpyra, mojrydaercs miap,
COOTBETCTBEHHO IIPH BpAaIllEHUH 4YacTed Kpyra MOJy4aroTcs YacTH
1apa: mapoBOil CErMEHT U IIapOBON CJIOM.

=N

Puc. 12.42

na wapoeozo cnos eepnvt hopmynol:
S,=nR}, S,=nR;,

S =27 Rh,

S5 =2mRh+ R} +7R;,

iiéi

_1 ;3 1 2 2
V=mh +Enh(1e1 +R;),

rae S, S, — mwIoaan OCHOBaHU; R, R, — paauychl OCHOBaHU;
S — miomanp chepruuecKoll YacTu mWapoBoro cios (Tomags chepu-
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4YecKoro mosica); R — paauyc mapa; i — BbICOTA; Sy, — IUIOMAIb
TIOJTHOM MOBEPXHOCTH; ¥ — 00BEM LIapOBOTO CIOA.

IlapoBoii cexTop

Llaposvim cexmopom Ha3BIBAETCS T'E€OMETPUYECKOE TENO, IO-
JTy4eHHOE TIPH BPAIIEHHH KPYroBOro ceKTopa (¢ yriom meHsbie 90°)
BOKPYT OCH, CoJeprKaiieldl OMuH 13 OOKOBBIX paauycoB. JlomnonHeHne
TAKOro Tefa JI0 IIapa TaKKe Ha3bIBaeTCs waposvim cekmopom. Ta-
KM 00pa3oM, IIAPOBOM CEKTOP COCTOUT U3 IIAPOBOTO CETMEHTA H
KOHYca, JI0O U3 IapoBOro cermeHTa 0e3 konyca (puc. 12.43 a, 0).

S [

a) 0)
Puc. 12.43
/na wapoeozo cexkmopa éepnul hopmynni:
S =nR(r+2h),
= z nR*h,
3

rae S — MIom@aab MOBEPXHOCTU IIAPOBOTO CEKTOpa; R — paguyc
mrapa; » — paguyc OCHOBaHHS CerMeHTa; /i — BhICOTa IIapOBOTrO Cer-
MeHTa; V' — 00beM MIapoBOr0 CEKTOpa.

IIpumep 1. Paquyc mapa pasgenuiu Ha TpU paBHble yacTH. Uepes
TOUKH JIEJIEHUsI IPOBEJIU JIBA CEUEHUS, IEPIEeH IUKYISIpHbIe panuycy. Halitu
Iomaas chepuuecKoro rnosca, eciy pajnyc mapa paseH 15 cm.

Pewenue. Cnenaem pucyHok (puc. 12.44).

Puc. 12.44

I[J'ISI TOr0 4YTOOBI BHIYHCIUTH mionaab C(i)epI/I'-IGCKOFO mosAca, Hago
3HAThb paauycC miapa U BBICOTY. Pazu/ch mrapa M3BECTEH, a BBICOTY Haﬁ[[eM,
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1 0
3HAasl, YTO PAJMyYC pPas3[elicH Ha TPU paBHbIE YacTh: /1 = ER =5 (m )
Torma mmomjaas S =2715-5=1507 (fn )

Mpumep 2. [lap nepecedeH AByMsS NapalIeNbHBIMH IUIOCKOCTSMH,
MPOXOASIIIUMHY MEPHIEHIUKYISIPHO AUAMETPy U IO pa3Hble CTOPOHBI OT IeH-
Tpa mapa. [Inomany chepuueckux cerMeHTOB paBHBI 427 em® u 707 oM.
Haiitu paguyc mapa, eciiu paccTosiHEE MEXy IIIOCKOCTSIMU PaBHO 6 CM.

Pewenue. PaccMoTpuM 1Ba ChepHYECKHX CErMEHTA C IUIOMIAISIMHU:
Sy =2rRh, S, =2nRH, rne R — paguyc mapa (cheps), i, H — BBICOTHI
cerMeHTOB. [lomyunm ypaBHenus:: 2rRh=42n u 2nRH =70r. HNmeem
JIBa ypaBHEHHs C TpeMsl Hen3BeCTHbIMU. COCTaBUM €lIe OJHO YpaBHEHHE.
Juamerp mapa paseH 4+ H +6 =2R. Pemum cucremy:

2nRh =421,
2rRH =70x,
h+H+6=2R.
W3 1ByX mepBbIX YpaBHEHHI CUCTEMBI BBIpaXKaeM:
21
h=—,
R
w3,
R

21 35
MOJCTABJIIEM B TPETHE YPABHEHUE CUCTEMBI: E+—+6:2R. Pemraem

MOJIy4€HHOE YpaBHEHUE: 2R>-6R-56=0, nonydaeM R, =7, R, =—4.

Mo ycnoButo 3aauy HOAXOIUT 3HaUeHue R, =7 iii .

IIpumep 3. Ceuenne mapa MmIOCKOCTbIO, NEPHEHAUKYIIPHON €ro aAua-
METpy, AEIUT IUaMeTp B oTHomeHuu 1 : 2. Bo ckonbko pa3 miomans cede-
HUS MEHBIIE IJIOIAIN TOBEPXHOCTH 1apa?

Pewenue. Cnenaem pucyHok (puc. 12.45).

Paccmorpum nuamerpanbHoe cedenue mapa: 4D — muamerp, O —
ueHrp, OE=R — panuyc mapa, BE — paauyc cedeHusi, HepleHAUKYIIPHOrO
nuaMmerpy mapa, AB:BD =1:2.

11 1
Beipazum BE uepe3 R: OB :lBC =——=AD=—-2R=—R
2 23 6 3
W3 A OBE BwIpa3uM BE uepe3 R:
BE® =OE* -OB*> = R’ —éRZ :%RZ.
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Puc. 12.45

8 2
IMnomane cedenus S, :nER , IUIomaap IOBEPXHOCTH IIapa

S, = 47 R>. [lomygaem orHomenue S, :S; =9:2.
CrenoBatenbHO, S| MeHble S, B 4,5 pasa.

IIpumep 4. B mape, panuyc koroporo 13 cM, NIpoBeeHbI ABa B3aUMHO
MEePHEHAUKYIISPHBIX CEUeHUs Ha paccTOsSsHUU 4 cM u 12 cM oT uenrtpa. Haii-
TH JUIMHY UX 00LIeH XOPIIBL.

Pewenue. Cnenaem pucyHok (puc. 12.46).

<

Puc. 12.46

Cevenust neprneHAuKyIsipHbl, Tak kak £ 0,CO; =90°, 0O, — pac-
crosuue u OO, — paccrogHue. Takum obpazom, £ 00,C=90° u
Z 00,C =90°, OC — nuaronainsb npsmoyronsauka O0,CO; u paBHa

0C =00 +0,C* =00} + 003 =160 =410 (i ).

A O\AB — paBHoOenpennsiii (014 = OB — panuychl), TOrna IepreH-
nukynsip O,C sBngercs u mequanoil AC = CB.

Pacemorpum A OAC: OA — papnyc mapa, ZOCA=90° (OCLAC no
TeopeMe O Tpex NepHeHauKynipax). Haxomum:

AC=NOL —0C* =132 -160 =3 (i ).

OGwas xopaa ceuennit 4B =24C =6 (i ).

[Tonmyuaem oTBeT: 6 cM.
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Mpumep 5. I[lnomans oceBOro ceueHus MAPOBOrO CEKTOpa B TPHU pa3a
MEHBIIIE TUTONMaaH OONBIIOro Kpyra mapa. Haliti oTHomeHne o0heMoB Cek-
TOpa | mapa.

Pewenue. Cnenaem pucyHok (puc. 12.47).

I,
N

Puc. 12.47
Paccmorpum oceBoe ceuenue mapa. OceBoe CeUeHUE IaPOBOTr0 CEKTO-
. 1
pa — 3TO KPYroBOH CEKTOp, IUIOMAJbh KOTOPOTO COCTaBJSIET 5 IO AN

Kpyra. 3HauuT, UEHTpaJbHBIH yroa paBeH 120°, ciegoBaTeNbHO,
£ AOB = 60°. IllapoBoil ceKTOp MOXXHO paccMaTpHUBaTh Kak TeNlo, MOJy-
YEeHHOE IpH BpaleHun cekropa A OB Bokpyr 6okoBoro paauyca OB. Brico-
TOW JTAaHHOTO CEKTOpa CIyXUT oTpe3ok CB. O0beM CeKTopa BBIYMCISAETCS

o

2 4 . .
o gopmyne V, = EﬂOAZ -CB, obbem miapa — V, :Enl A,

U3 AAOC (LN=90°, Z£I =60°, OA — paguyc) BeIpasum
1
OC = 0Acos60° = %OA. Takum obpazom, BC = EOA. CruenoBaTelbHO,

2

1
V. ZEHOA2 -EOA. CpaBHuBasi 00bEMBI CEKTOpa M Ilapa, MoJy4yaeM, 4To

Ve:V,=1:4.
[Tonyuaem otBet: 1 : 4.

3aoanusn

I yposens
1.1. B mape Ha paccTostHMH 9 CM OT LIEHTpPa MIPOBEACHO CEUEHUE,

ILIONIA/Ib KOTOPOro paBHa 1447 cm”. Haitaure paauyc mapa.

1.2. /IBa paBHBIX mIapa paauycoM R = 17 cM, B3aUMHO mepece-
KasiCh, 00pa3yrOT ABOSKOBBITYKIYIO JMH3Y. Haiimure ee mmamerp,
€CJI pacCTOsSIHHUE MEX/y IIEeHTpaMHt LIapoB paBHO R.
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1.3. Haiigure BBICOTY LIAPOBOI'O CETMEHTA, €CIIH PAIUYC €ro Oc-
HOBaHMS paBeH 15 cm, a paauyc mapa — 25 cM.

1.4. lllap, paguyc koToporo 15 cM, mepecedeH MIOCKOCThIO Ha
paccrosiHuM 9 cM OT neHTpa. Haliaure miomans chepruueckon 4acTu
[IapOBOT'O CErMEHTA.

1.5. Haiiaure momans cdepsl, AuameTp KOTOPOM paBeH JUaro-
HaJM KyOa ¢ pedpom, paBHBIM 2 CM.

1.6. Omnpenenure, BO CKOJBKO pa3 00beM 3emiu 0oJbiine 00bema
Jlynel. (Juamerp 3emiu cienyeT MpUHATH 3a 13 ThIC. KM, AMAMETP
Jlynsl — 3,5 ThIC. KM.)

1.7. O6beM CTEHOK TOJIOro Iapa paBeH 8767 cM’, a TOJIIHHA
cTeHoK — 3 cM. Halinute paanycsl HapyKHOH U BHYTPEHHEW IOBEpX-
HOCTEH 1mapa.

1.8. Haiinute 00beM mIapoBOro CEKTOpa, €CiM paguyc Lapa pa-
BeH 10 cM, a paguyc OCHOBaHHs COOTBETCTBYIOILEIO IIApOBOrO Cer-
MeHTa — 6 cM.

1.9. O6bem oxHoro mapa B § pa3 0ojplie 00beMa JPYroro Ima-
pa. Ompeznenure, BO CKOJBKO pa3 IUIONIaJb MOBEPXHOCTH IEPBOTO
mrapa OoJblIe TUIOMIA U TOBEPXHOCTH BTOPOTO.

11 ypogens

2.1. CTopoHBI TpeyronbHUKa, paBHbIE 5 ¢M, 5 cM U 6 cM, Kaca-
I0TCS mapa, paauyc Kotoporo 2,5 cMm. Haliaure paccTosHue OT IeH-
Tpa mapa J0 IIOCKOCTH TPEYroJbHUKA.

2.2. Ha noBepxHOCTH IIapa JaHbl TPU TOYKH. PaccTOSHUS MexX-
Iy HUMHU paBHBI 110 7 cM. Paguyc mapa pasen 7 cm. Haiinute pac-
CTOSIHME OT IIEHTpa IIapa 0 IUIOCKOCTH, IPOXOAIIeH yepe3 JaHHbIe
TPHU TOUKH.

2.3. Paguycel ocHOBaHMH I1apoBOro cios paBHB! 63 cMm u 39 cwm,
ero Belcota — 36 cMm. Haiiqure paguyc mapa.

2.4. lan map paguyca 12 cMm. Uepes ofHy TOUKY €ro MOBEpXHO-
CTH TPOBENEHBI JIBE TUIOCKOCTHU: IE€pBasi OBEPXHOCTh KacaeTcs Ila-
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pa, BTOopas — noa yriaom 60° k paanycy, NIpOBEJEHHOMY B TOUKY Ka-
canus. Haiinure muomans cedeHus.

2.5. Onpenenure, KaKyr ILIOMAh> UMEET YaCTh IMOBEPXHOCTH
mrapa, KoTopasi BUJIHA HAaOJII0JaTeN0, HAXOIAIIEeMyCsl Ha PacCTOSHUH
10 M ot Hero, eciiy paguyc BO3AYIIHOIO 1Iapa paBeH 15 M.

2.6. Illap nmepeceueH IBYMsI MIOCKOCTSIMM, MPOXOIAIINMHU Yepe3
OITHY TOYKY IIOBEPXHOCTHU mapa u obpaszyromumu yroa 60°. Pagnyc
miapa paBeH 4 cMm. Haiiaure mutomiaay moBepXHOCTEW OTCEKAEMBIX Cer-
MEHTOB, €CIIH OKPYKHOCTH X OCHOBAaHUI MMEIOT paBHbIE PAIIYChIL.

2.7. Hlap kacaercs rpaneil AByrpaHHoro yria B 120°. Paccros-
HHUE OT IIeHTpa Imapa a0 pedpa yria pasHo 10 cm. Haitaute mnomanp
MTOBEPXHOCTH I1apa.

2.8. 13 mapa BbIpe3ajy IIapOBOM CJIOH, TOJNIIMHA KOTOPOTO
paBHa 9 cM, mIomamM ocHoBaHui — 4007 cM” u 497 cv’. Haiizure
00BEMBI OCTaBIIUXCS IIAPOBBIX CETMEHTOB.

2.9. lnametp mapa pasziesieH Ha YEThIpE paBHBIE YACTH U Yepe3
TOYKH JI€JICHUs TPOBENEHBI CEKYIINE IUIOCKOCTH, MEPIEHIUKYISp-
Hble quamerpy. Haiimure oObeMbl MOMY4YEeHHBIX YacTel mapa, eciu
€ro paaunyc paBeH R.

2.10. B mape panuyca R mpocBepiieHO IMIMHAPUYECKOE OTBEp-
crue. Och IMIMHIpPA MPOXOAUT Yepe3 LEHTp IIapa, AUaMeTp OTBep-
CTHs paBeH paauycy miapa. Haiinure 00beM ocTaBIIelics 4acTu mapa.

111 ypogens

3.1. [InockocTtu ABYX cedeHMH HIapa B3aUMHO IMEpPIIEHANKYIIp-
Hbl. OJJHA U3 3THX IUIOCKOCTEH MPOXOAUT Yepe3 LeHTp LIapa, Apyras —
yrnaneHa ot Hero Ha 12. OOmas xopaa ceuenuid paBHa 18. Haiingute
CyMMY TUIOMIA/IEH STUX CEUCHH.

3.2. Paguyc mapa pasen 15 M. Bue mapa nana Touka 4 Ha pac-
crossauu 10 M oT ero nmosepxHoctu. Haiinure paanyc Takod oKpyx-
HOCTH Ha MIOBEPXHOCTH IIapa, BCE TOYKU KOTOPOI OTCTOST OT TOUKHU
A Ha 20 m.
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3.3. I3 Toukm, B3ATOI Ha MOBEPXHOCTH IlIapa, MPOBEAEHBI TPU
paBHBIE XOPABI, YTOJI MEXAY KaXI0M MMapoi KOTOphIX paBeH c. Haii-
JTE JIMHY XOPJbl, €CII paJnyc apa paBeH R.

3.4. JIga mapa BHyTpeHHE KacaioTca B Touke 4, AB — nuamerp
Oomprrero u3 mapos, BC — xacaTenbHasi K MeHbIIeMY U3 HuX. Haii-
JUTE paxuycel mapos, ecian BC = 20 cM, a pa3HOCTH IUIOMIaeH o-
BepXHOCTeit mapos pasHa 7007 cM’.

3.5. Beuncaure 00beM mapa, paanyc KOTOPOro paBHsAETCs ped-
Py OKTa3ipa, UMEIOIIEro MOBEPXHOCTH Iuiomaapio 10+/75.

3.6. Kpyrosoii cektop ¢ yriom 60° u paguycom R Bpamaercs
OKOJIO OTHOTO W3 OOKOBBIX pamuycoB. Haiinure o0beM MOIy4eHHOr o
TeJa BpalleHusl.

12.7. KomOMHAIMM reOMeTPUYEeCKUX TeJsl

Codepa, BnucaHHasi B MHOTOrPAHHUK WJIM TeJIO BpallleHU sl

Cdepa Ha3pIBaeTCS 6RUCAHHON 6 MHOZOZPAHHUK, €CTTU OHA Ka-
Caercsl BCeX IpaHell MHOTOTPaHHUKA.

MHoOrorpaHHuK COOTBETCTBEHHO Ha3bIBAECTCS OMUCAHHBIM OKO-
70 cepsl.

Teopemut:

1. Cdepy MOXKHO BIHCaTh B IPU3MY, €CIH MpU3Ma MpsiMast U ee
BBICOTA pPaBHA [UAMETPY OKPY)KHOCTH, BIIMCAHHOW B OCHOBaHHE
MIPU3MBL.

2. Cdepy MOXKHO BIHUCATh B MUPAMUIY, €CIIH B OCHOBAaHUE MOX-
HO BIIHCATh OKPY)KHOCTB, a BEPIIMHA TUPAMHJIBI OPTOrOHAIBHO TIPO-
EKTUPYETCS B LIEHTP 3TOM OKPYKHOCTH.

3. Cthepy MOXKHO BIHCaTh B JIO0YI0 MPABUIIBHYIO TUPAMHULTY.

Cdepa Ha3bIBACTCS 6RUCAHHOU 6 YUAUHOP, SCITU OHA KacaeTcs
OCHOBaHUI 1 OOKOBOW MOBEPXHOCTH IMJIMHApa. L{nnuHap coorBet-
CTBEHHO Ha3bIBAETCSl OMTMCAHHBIM OKOJIO CEpHl.

Teopema. 1ns Toro 4To0Obl chepy MOKHO OBLIO BIUCATH B IIH-
JTUHJP, HEOOXOUMO H JJOCTATOYHO, YTOOBI BBICOTA [IMIIMHIAPA PaBHS-
JIach AUAMETPY €ro OCHOBAHUSL.
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Cdepa Ha3bIBaeTCS 6nUCAHHOU 6 KOHYC, €CITA OHA KAacaeTCs OC-
HOBaHUS U OOKOBOI MOBEPXHOCTU KOHYcAa. KOHYC COOTBETCTBEHHO
Ha3bIBACTCS ONUCAHHBIM OKOJIO CepHL.

Teopema. Chepy MOXKHO BIIUCATH B JTFO00H KOHYC.

Cdepa Ha3bIBacTCS 8RUCAHHOU 8 YCEHEHHbI KOHYC, €CIIA OHA
KacaeTcss OCHOBAHUN W OOKOBOW MOBEPXHOCTH KOHYCa. Y CeueHHBIH
KOHYC COOTBETCTBEHHO HA3bIBACTCS ONUCAHHBIM OKOIO Chepbl.

Teopema. 11 Toro 4ToOBI chepy MOKHO OBLIO BIIHCATh B yce-
YeHHBI KOHYC, HEOOXOIMMO W JOCTATOYHO, YTOOBI 0Opasyrouias
YCEYEHHOr'0 KOHYCa PaBHSIACH CYMME PalycOB OCHOBAHHUU.

Teopema. Chepy MOXKHO BIHCATh B TEIIO BPAIICHUS, €CIIA B OCE-
BOE CE€YEHHE MOKHO BIUCATH OKPYKHOCTb.

Cdoepa, onucaHHasi 0K0JI0 MHOTOTPAHHHKA

WIH TeJia BpalleHust

Cdepa Ha3bIBACTCS ORUCAHHOU OKON0 MHO20ZPAHHUKA, €CIH
BCE€ BEPIIMHBI MHOTOTPAaHHHKA JISKAT Ha cepe. MHOTOrpaHHUK CO-
OTBETCTBEHHO HA3bIBACTCS 6HUCAHHBIM B ChEDY.

Teopemot:

1. dnst Toro 4ToObI chepy MOKHO OBLIO OMKUCATh OKOJIO MPU3MBI,
HEOOXOJUMO U JIOCTAaTOYHO, YTOOBI Mpu3Ma Obla MpsMas U OKOJIO
OCHOBaHUS MOXKHO OBLIIO OMUCAaTh OKPYKXHOCTb.

2. Jlns Toro 4ToObI cepy MOKHO OBLIO ONMUCATH OKOJIO MUpa-
MUJIBI, HEOOXOAUMO U JOCTATOYHO, YTOOBI OKOJIO OCHOBAHUS MOYKHO
OBLIO OMUCATh OKPYKHOCTb.

3. Chepy MOXKHO OMUCATh OKOJIO JFO00I MPABUIIBHOM MTHPAMHU/IBI.

Cdepa Ha3bIBaeTCS ORUCAHHOU OKOI0 UUTUHOPA, ECTTU OKPYXK-
HOCTH OCHOBAaHWH HWIHMHApA Jexar Ha cdepe. Lnmmuap cooTBerct-
BEHHO HA3bIBACTCS 6NUCAHHBIM B CEpYy.

Teopema. Chepy MOXKHO OIUCATH OKOJIO JHOOOTO IWIMHApPA.

Ccdepa Ha3pIBaeTCs ONUCAHHOU O0KOJIO KOHYCA, €CIH OKpYXK-
HOCTh OCHOBaHHMS U BEpIIMHA KOHYca Jexar Ha cepe. Konyc coor-
BETCTBEHHO HA3bIBACTCS 6HUCAHHBIM B Cepy.

Teopema. Chepy MOXKHO OIUCATh OKOJIO JTFOOOr0 KOHYCA.

Cdepa Ha3bIBACTCS ORUCAHHOI 0KOJI0 YCEUEHH 020 KOHYCA, ECTIH
OKPY)KHOCTH OCHOBaHHUH KOHYca JIexar Ha cepe. Y ceueHHBIH KOHYC
COOTBETCTBEHHO HA3bIBACTCS BRUCAHHBIM B CheEDY.

Teopema. Chepy MOXKHO OmNuUcCaTh OKOJO JHOOOr0 YCEYESHHOTO
KOHYCA.
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MHOrorpaHHUKH U TeJia BpalleHust

HunuHap Ha3bIBACTCS OMUCAHHBLIM OKONO HPU3MbBI, €CIIU OK-
PYXHOCTH OCHOBAaHUM IIMJIMHApA OMHMCAaHBI OKOJIO OCHOBAaHUM NpHU3-
MBI, a OOKOBBIE pedpa MPHU3MBI SBISIOTCS 00Pa3yIIMMH IHIHHAPA.
[Ipu3Ma COOTBETCTBEHHO HA3BIBACTCS 6NUCAHHOU B LIATMHIP.

Teopema. ]I TOro 4TOOBI OKOJO MPHU3MBI MOXHO OBLIO OMH-
caTh UWIMHIP, HEOOXOAMMO W JOCTaTOYHO, 4TOOBI IpU3Ma ObLia
mpsiMasi ¥ OKOJIO €€ OCHOBaHHsI MOYKHO OBLIIO OMTUCATh OKPY)KHOCTb.

HunuHap Ha3bIBACTCS 6HUCAHHBIM 6 RPU3MY, €CITU OKPYKHOCTH
€ro OCHOBaHHMHU BIMCAaHBI B OCHOBAHUS NPU3MBI, a OOKOBas MOBEpPX-
HOCTb KacaeTcsi OOKOBBIX TPaHEH MPHU3MBL.

Teopema. 1511 TOro 4YTOOBI B MIPU3MY MOXKHO OBLIO BIIUCATh I[H-
JIUHJIP, HEOOXOAUMO U JIOCTATOYHO, YTOOBI MPU3Ma Oblja mpsiMasi U B
€e OCHOBaHHE MOXKHO OBLIIO BITHCATh OKPYKHOCTb.

Konyc Ha3bpIBaeTCS OnUCAHHBIM 0KOJIO RUPAMUObBI, €CIIH OK-
PYKHOCTb OCHOBAaHUS KOHYCa OIMCAaHA OKOJIO OCHOBAHMS ITUPAMHUIbI,
a O0KOBBIE pedpa MUpaMUIBI SBIIOTCS 00pa3yomuMu Konyca. [1u-
pamMuIa COOTBETCTBEHHO HA3BIBAETCSl 6HUCAHHON B KOHYC.

Teopema. [1ns TOro 9T00BI OKOJIO MUPAMHUIBI MOXKHO OBLIO OIH-
caTh KOHYC, HEOOXOAMMO U JIOCTATOYHO, YTOOBI OOKOBBIE pedpa mu-
pamubl ObLTH PaBHBL.

Konyc Ha3bIBaeTCs 6nUCAHHBIM 8 RUPAMUJY, ECTTA OKPYKHOCTD
€ro OCHOBAaHHUS BITMCAaHA B OCHOBAaHUE MHUPAMHIbI, a OOKOBas IMO-
BEPXHOCTh KacaeTcsi OOKOBBIX IpaHell mupamuabl. Ilupamuma cooTt-
BETCTBEHHO HA3BIBAETCS ONUCAHHOI OKOJIO KOHYCA.

Teopema. [Ins Toro 4ro0bl B MAPAMUIY MOXXHO OBLIO BIHCATH
KOHYC, HE00XOJUMO U JOCTaTOYHO, YTOOBI B OCHOBaHHE MUPAMHUJIBI
MOXHO OBLIO BIIHCATh OKPY)KHOCTH, a BEPIIMHA MTUPAMHIIBI OPTOTO-
HaJIFHO POEKTUPOBAJIACH B IICHTP 3TOH OKPYXKHOCTH.

IIpumep 1. llap Bnucan B NpsMyro IpHU3MYy, OCHOBAHUEM KOTOPOH SIB-
JISI€TCS MPSMOYTOJIBHBIN TPEYTOJAbHUK C KATETOM @ U MPOTHUBOJIEKAILUM EMY
oCTpBIM yriioM a. Haiitu 00bem npusMsl.

Pewenue. Cnenaem pucyHok (puc. 12.48). Illap BnmcaH B HpsMyro
MpU3MY, 3HAUUT, BBICOTA MPHU3MBI paBHA JUAMETPY IIapa, a B TPEYTOJIBHUK
OCHOBAHMsI BIIUCaHAa OKPY’KHOCTb, PaAMyC KOTOPOM paBeH paJuycCy Iapa.
Paccmorpum nmpsimoyronsHelil TpeyronsHuk ABC, y kotoporo karer BC = a,
nportuBoexanmii eMy £BAC = a. Haiinem xaretr AC u runoTenysy AB:

AC =a-ctga, AB=-2

sina
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C
|
AROS— B
Lo
[N |
_—
A AN
N / So
Puc. 12.48

[Tnomans Tpeyronsuuka ABC paBHa:

15
S =—a’ctga.
2 g
BoruncnuM paguyc oOKpyXHOCTH, BIUCAHHOM B TPEYTOJIbHUK:
1 5
r= 28y 48c 2 Ea cga actgo
AB+BC+AC .L+a+actga —+ctga +1
sino sino
_actga actgo _actga
=3 = = .
ﬂ+l 20052g ctgg+1
sin o 2 2

.o a
2sin—cos—
2 2

Beruncisem 00beM Mpu3MBbI 110 GpopMyiie

1 t Zctg?
V:Sm,r-HZEazctga-Z actga :acga'

a a
ctg—+1 ctg—+1
g2 g2

2 .02

[Tomyyaem orBet: V:w.
a

I+ctg—
g2

Ipumep 2. bokoBoe peOpo NpaBUIBHON YETHIPEXYTrOILHOM MTHPaMU/IbI
paBHO a. JIBYrpaHHbBIH yroi, oOpa3oBaHHBI CMEKHBIMH OOKOBBIMH I'DaHsi-
MH, paBeH . HaliTu paguyc mapa, OnucaHHOTO OKOJIO STOM MUpaMH/IbL.

Pewenue. Cnenaem pucyHok (puc. 12.49): ABCD — xBagpat, SO — BbI-
cora nupamunpl, LAEC = 3 — nByrpaHHBINA yro.

PaccmoTrpuM nuaroHanpHOE ceueHHE MUpPAMUAbI — TPEYroJbHUK SBD
(8B = SD). Pamuycom 1miapa, OHNMCAaHHOTO OKOJIO JaHHOW MUpaMuIbl, Oyaer
paauyc OKpY>KHOCTH, OIMMCAaHHOW OKoJo TpeyrojbHHMka SBD. Haiinem ero
o popmyie
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R _SB-SD-BD _ SB*>-BD _ SB’

4Sassp 4. lSO .gp 250 '
2

Puc. 12.49

U3 nonobus tpeyroabHukoB AOBS©AEOS (LSOB = ZSEO = 90°,
Z/BSO = ZOSE) cnepyet nponopuuoHaIsHOCTb cTopoH: SB/SO = BO/OE.
AO

ﬂj . B
W3 tpeyrompuuka AEO | £Z0=90°, /E =~ | HaiineM tg— =
pey ( 2 & 2 OE

B B
Tak xak A0 = BO, 10 tgﬁ = —O CrnenoBatenbHO, S—=tg£.
2 OE 2
BrrancnseM paguyc oKpy>KHOCTH:
2
250 2 2 2 72

[Tonyuaem oTBeT: R = -tgg.

a
2

IIpumep 3. B yceueHHslil KOHYC BnucaH map paguyca R. O6pasyromas
KOHYCa HakKJIOHEHa K IJIOCKOCTH OCHOBaHHMs 1oj yriiom co. Haiitu o0bem

YCEUEHHOr'0 KOHYCa.
Pewenue. PaccMoTpum oceBoe ceueHne Konyca (puc. 12.50).

C

b a
A
B
Puc. 12.50

265

BBenem o0o3HadyeHus: R — paJnyc HIUKHETO OCHOBaHUS KOHYca, Ry —
panuyc BepXHEro oCHOBaHHUS. BrpIcoTa JaHHOTrO yceueHHOro KoHyca Oyaer
paBHa AMaMeTpy BIHUCAHHOrO B Hero mapa 2R. PaccMoTpuM NpsiMOYyToiib-
HBIA TpeyroasHuk ABC: ZB=90°, Z4 = a, BC=2R. Haiinem karetr BA u

runotenysy AC: BA =BC- ctga, AC = ?C
sina

BIIMCAH IIap, TO oOpa3yrolas 3TOro KOHyca paBHA CyMMeE PaJHyCOB €ro

ocHoBaHui. [Tomy4unm paBeHCTBO:

BC 2R

sina  sina

3ametuM, uto R, — R, = BA= BC-ctgo = 2R -ctgo.

2R
R+ R, =— s .
Pemms CUCTEMY SIno Hanuaem

R, —R, =2R-ctga,

. Tak kak B yCEUeHHBII KOHYC

R +R,=AC=

1
RI:R( - +ctgaj:R-ctgg,
sino 2

1
RZ:R( - —ctgaj:R-tgg.
sina 2

Brruncisem 00beM ycedeHHOTo KoHyca mo popmye (12.8).

2 2
1 o a o o
V=-—n-2R||R-ctg— | +| R-tg— | +R-ctg—-R-tg— |=
3 {[ gZJ ( gZJ g2 ng

2 1 1
:gﬂ-R3 (ctg2g+tg2g+lj:—ﬂ-R3 —
3 2 2 3 sin?® cos? &
2 2

ol — L :gn-R3( .t —1).
3 sinz%-coszg 3 s a

sin «

Ionygaem orset: V' :gn -R3( 4 —lj.

Ipumep 4. B map paguyca R BnucaH KOHYC, oOpasyromasi KOTOpOro
COCTaBJISIET C IJIOCKOCTBIO OCHOBaHUsA yroin ¢. Halitu miomazns noaHoH mo-
BEPXHOCTHU KOHYCA.

Pewenue. ]I BBIYMCICHUS IUIOIIAAU TOJHOM MOBEPXHOCTH KOHYCa
HEoOXO0JMMO 3HATh PaJyC OCHOBaHHS M o0pa3yrollyro KoHyca. Paccmor-
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pHM OCEBOE CeueHHE JIaHHOTO KOHyca — PaBHOOCIPEHHBIH TPEyrojbHUK
SAB: SA = SB — obpasytomue, SD — Beicota, DB — paiuyc OCHOBaHHUS KOHY-
ca (puc. 12.51).

Puc. 12.51

[To ycnosuto 3anauu £SAD = ¢, cnenoBarensHo, £ASD :%—(p. Tpe-
yromsHUK AOS — paBHoOenpenHblit (A0 = OS =R), nostomy ZLASO =
=ZS40 :%—(p. Buemmnuit yron sToro TpeyrosneHuka npu BepumuHe O

paBen: LZAOD = £ZSAO + LASO = n—2¢.

U3 tpeyromsuuka AOD (£D =90°, AO =R, ZAOD = n — 2¢) Bblpa-
3uM AD:

AD = AO-sin ZAOD = Rsin (7 —2¢) = Rsin2¢.

U3 tpeyronsauka ASD (£D =90°, AD = R sin 2¢) Bbipa3um SA4:

SA _AD _Rsin2gp _ 2Rsing.

cosQp  CcosQ

[oncraBuB HaliieHHbIE BBIpAKEHHS B (QOPMYIY Ui BBIYMCICHUS

IUIOIIA I MTOJTHOM MOBEPXHOCTU KOHYCA, MOIYYUM:

;15 =mRsin2¢p-2Rsing +7 (R sin2(p)2 = R*sin2¢(2sing +sin2¢) =

iiéi

=R sin2¢ - 2sing (1+cos ) = 47 R” sin 2¢ sin ¢ cos’ %

Takum 06pasom, S, = 47 R sin 2¢ sin ¢ cos” %

Ipumep 5. B npsimoii napajienenunes BIUCaH MWIMHAP, 00beM KO-
TOpOro B m pa3 MeHblle oObeMa napajuienenunena. HalTi nByrpaHHbIe
yIJIBI TIpU OOKOBBIX pedpax Mapajuiesienunesa.

Pewenue. [IByrpanHbIMU yrilaMu 1pu OOKOBBIX peOpax JaHHOTO ma-
pannenenunesna sSBISIOTCS YIIIbl HapajieIorpaMMa, JISKAIero B €ro 0CHO-
BaHMU. B mapaenenunen BOUCaH LWIMHIP, 3HAYMT, B MapajuieorpaMm
OCHOBaHMsI BIIMCaHa OKPY)XXHOCTb. ECiM B 4eTHIpEXyroJIbHUK BIIMCaHA OK-
PYXHOCTb, TO CYMMBI JJHMH NPOTHUBOJISKAIIUX CTOPOH YETHIPEXYrOJbHUKA
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paBHbl. TakuM 00pa3oM, OCHOBaHHEM Mapajuieleunena ABIsIeTCS pomo.
Cnenaem pucyHok (puc. 12.52).

B
R
y Q
C
Puc. 12.52

O6o3HaunM HCKOMBIH yron a. U3 tpeyroapHuka ABC (£LC=90°,
/A = o) HaiineMm cTopoHy poM0a AB u ero Beicoty BC:
2R

smao
Tak kak BBICOTBI HUWJIKMHIAPpa U Mapajliejienuneaa paBHbl, TO IUIOIIalb
OCHOBAaHUA HUJIMH]Ipa 6yz[eT B m pa3 MCHBUIC IJIOMIa/IA OCHOBAHUA Iapali-

AB =

, BC=2R.

nesjenunena. 3anuiieM paBeHCTBO: AB-BC =m .nR? u BBIPAa3UM M3 HErO

. 4
- 2R=m-nR*, namee sino =—.
sino Tm

JIByrpaHHbI€ yIJIbI IPH OOKOBBIX peOpax rnapajuiesenumesna Oy IyT paBHbL:

sina :

.4 , .4
o =arcsin—— M @ =7 —arcsin—-.

Tmm Tmm
3aoanusn
I ypoeens
1.1. B mpaBWIIbHYI0 YETHIPEXYrONBHYI0 MUPaMUIY ¢ 00BEMOM
288

—— BIHMCaH KOoHYyC. Haiigute ero oopem.
T

1.2. B koHyc, oOpa3ymomias KOTOPOro HaKJIOHEHa K IIOCKOCTH
OCHOBaHWUsI 1O/ YTJIOM @, BIMcaHa nupamuaa. OcHOBaHUE TUPaMUIbI
— IPSMOYrOJIbHBINA TPEYroJIbHUK ¢ KaTteTamMu 3 cM u 4 cm. Haiigure
00beM TUpaMHUIbI, eciu tg o = 2.

1.3. Okono nuimHApa onucaHa NMPaBUIIbHAS YETHIPEXYroibHas
pu3Ma, IepuMeTp OCHOBAaHUS KOTOpPO paBeH 12 cM, a miomanp 00-
KOBOI1 MoBEpXHOCTH paBHa 48 cM’. Haiinure miomanps HONMHOI mo-
BEPXHOCTH IWIIMHApA.
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1.4. B paBHOCTOPOHHUY HUIUHAP, TUATOHATH OCEBOTO CEUCHHUS

KOTOpPOro paBHa 142 , BIIMCaHa MPaBUJIbHAS LIECTUYTOJIbHAS MPU3-
Ma. Brruncnure miomans 60KOBOM OBEPXHOCTH PU3MBI.

1.5. YceueHHBIH KOHYC ONMCaH OKOJIO MPaBUIIbHON TPEyroJbHOU
ycedeHHOW mupamuabl. Paguyc BepxHEro oCHOBaHMS B 2 pa3a MEHb-
e paanyca HWKHEr0 OCHOBAaHUS KOHYCa, BBICOTA paBHA 4 cM, a 00-
pasyromas — 5 cM. Haligure miomans OOKOBOH MOBEPXHOCTH yce-
YEHHOW NMUPaMUBL.

1.6. B ky0 BnmcaH map u okoio Kyda onucad map. Haliaure ot-
HOIIIEHHE 00bEMOB 3THX IIAPOB.

1.7. B cepy Bnucan mununap. [nomaags ocHOBaHUS HUIMHIPA
paBHa 1677 cM’, TAHTEHC YIIa HAKJIOHA JUATOHAIM €r0 OCEBOTrO Cede-
HUS K TUIOCKOCTH OCHOBaHuUs paBeH 3. Halipure miomans chepsl.

1.8. B xoHyc, miomans OOKOBOH IMOBEPXHOCTH KOTOPOTO B
2 pa3za OoJblIe TUIOLIA U OCHOBAaHUS, BIMCaH map. Haiinure pagmyc
mapa, ecii 00pasyroias KoHyca paBHa § cM.

1.9. B munuHApHyYecKyl0 MEH3YpKy, AUaMeTp KOTOpoH 2,5 cM,
3alOJIHEHHYIO BOJOW /10 HEKOTOPOr'o YpPOBHS, OITYCKalOT YEThIpe
pPaBHBIX METAJUIMYECKHUX IIapuka aquamerpom 1 cm. Ompenenure, Ha
CKOJIBKO U3MEHUTCSI YpOBEHb BOJIBI B MEH3YPKE.

1.10. OcHOBaHMsI MApOBOTO CIOA U LWIMHIPA coBmagaroT. O0b-
€M TeJa, 3aKIIFOYEHHOTO MEXAY X OOKOBBIMH IOBEPXHOCTSIMH, Pa-
BeH 367 e’ HalifuTe BHICOTY IAPOBOTO CIIOS.

11 ypogeno
2.1. PaBHOCTOpOHHMI TPEYTOJIbHUK, CTOPOHA KOTOPOro paBHa 4,
BpAILIAETCS BOKPYT BHEIIHEW OCH, MapajuleIbHOW €ro BBICOTE U yla-

y 3. s
JICHHOH OT HEC Ha Ea. HaI/IIII/ITe IUIo1Iaab MOBEPXHOCTHU MMOJTYIE€HHO-
TO T€Jla BpalCHUsA.

2.2. YceueHHbIN KOHYC BIIUCAH B YETHIPEXYTOJIbHYIO YCEUEHH VIO
MHPaMULy, OCHOBAHUE KOTOPOH — pOMO CO CTOPOHOH a M YIJIOM dL.
[Tnomanp GOKOBOH MOBEPXHOCTH MUPAMHJIBI paBHA S, OOKOBBIE I'pa-
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HU HAKJIOHEHbl K OCHOBAaHMIO TUpaMujpl noj yriom [. Haiinure
00BbEM yCEUEeHHOT0 KOHyca.

2.3. B mpaBUIIbHOI TpeyrojpHOH mpu3Me 00KoBOe pedpo paBHO
cTopoHe ocHOBaHMA. OKOJIO MPHU3MBI ONMHKCAH IIap, a OKOJO IIapa
onucaH KoHyc. OOpasyromas KoHyca paBHa / M COCTaBIIACT C IUIOC-
KOCTBIO OCHOBaHUA yroi o. Haiigure 00beM MpU3MBL.

2.4. B nupamune, Bce OOKOBBIE TPaHH KOTOPOW paBHOHAKJIOHE-
HBI K IJIOCKOCTH OCHOBAHUS, Yepe3 LEHTpP BIIMCAHHOIO IIapa MpoBe-
JIeHa TIOCKOCTBh, MapajulelibHast IUIOCKOCTH OCHOBaHWs. OTHOIIEHHUE
TUIOINAAN CEYSHHS MUPAaMUIIBI STON TUIOCKOCTBIO K IUIOLIAH OCHOBA-
HUs paBHO k. Halinute yrona mexay OOKOBOM I'paHblO M OCHOBAaHUEM
MTUpaMUIBL.

2.5. B map paguyca R BICaHBI ABa KOHYcCa ¢ OOIIUM OCHOBaHH-
eM. BepinHbl KOHYCOB COBIAJAlOT C IIPOTHUBOMOIOKHBIMU KOHIIAMH
nuaMetpa mapa. [llapoBoit cerMmeHT, BMenalomuid MEeHbIINH KOHYC,
MMeEeT B OCEBOM CeueHHuH Ayry o. Haiiaure paccTosHne MEXAY LIEH-
TpaMH I1apOB, BIIUCAHHBIX B 3TH KOHYCBHI.

2.6. lllap xacaetcs Bcex OOKOBBIX peOep NMPaBUIIBHON YeThIpeX-
YrONbHOHM MPHU3MBI U e OCHOBaHMK. HaiimuTe oTHOLIEHME IIomaan
MOBEPXHOCTH 1lIapa, JieXkaleil BHE MPU3MBI, K IUIOIAAH ITOJTHOU TMo-
BEPXHOCTH IPU3MBIL.

2.7. B npaBUJIbHYIO YETHIPEXYrOJbHYIO IIMPaMHUAY BIIMCAH paB-
HOCTOPOHHHMU LMJIMHAP TaK, YTO OJHA M3 €ro 00pa3ymoIIuX pacro-
JO)KeHa Ha TUaroHad OCHOBAHUS MHUPAMUIBI, & OKPYKHOCTh OCHO-
BaHMs KacaeTcsl ABYX CMEXKHBIX OOKOBBIX IpaHed mupamunsl. Haii-
JIUTE PaJUyCc OCHOBAHUS LWIMHAPA, €Ci OOKOBOE pedpo MUpaMuIbI
PaBHO b, a yroi ero HakJoHa K INIOCKOCTH OCHOBAHUS PaBEH OL.

2.8. PeOpo terpadapa paBHo 8 cm. llwnmHapudeckasr moBepx-
HOCTH MPOXOAHUT Yepe3 OJJHO U3 ero pedep U 4epe3 Bce ero BEPIIUHBL.
Haiinure paguyc ocHOBaHMS HUIMHIpPA.

2.9. PeOpa TpeyroiabHO# MUpaMuIbl, BEIXOISIIUE U3 BEPIIUHBI S,
MOTIAPHO MEPIICHAUKYIISPHBI U paBHHI a, b U c. Haiinure o0beM Ky0a,
BITMCAHHOT'O B MUPaMUAY TaK, YTO OJHA M3 €ro BEPUIMH COBIALAET C
BEPIINHON S MHpaMuIbL.
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2.10. B yceueHHBIIl KOHyC BINHCAaH map, 00bEM KOTOPOTO CO-
6 . .
CTaBIIsIET E o0bema koHyca. HaiimuTe yron HakiioHa oOpa3yromieit

K INIOCKOCTH HUXXHETO OCHOBAaHHA KOHYCA.

111 ypogens

3.1. BokoBoe pedpo npaBHIIBHON TPEYTOJIbHON MHPaMUIBI PAaBHO
b 1 00pasyeT ¢ MIOCKOCThIO OCHOBaHMS yroi o. B mupamuny Bnucan
PABHOCTOPOHHHUIA IIIIMH/P TakK, YTO €r0 HIDKHEE OCHOBAHHE JICKUT B
IUTOCKOCTH OCHOBaHUS mupaMubl. Haiiiure BBICOTY UUIMHAPA.

3.2. Coepa c eHTpOM B BepllIMHE KOHYCa KacaeTcsl ero OCHOBa-
HUS U JICIHUT MOBEPXHOCTh KOHYCa Ha JIBE YaCTH, UMEIOIINE PaBHBIC
rtontaau. Halure yro npy BepIIMHE 0CEBOIO CEUEHUS KOHYCA.

3.3. B xy0, peOpo KOTOpPOro paBHO @, BIUCAH KOHYC C yrJOM
MEKJy 00pa3ylomUMU B OCEBOM CEUEHUH, paBHBIM . HaiimuTe au-
Hy o0pa3yrolleil U paanyc OCHOBAaHHS KOHYCA, €CIIH €ro BhICOTA Jie-
KHUT Ha JUaroHaiu Kyoa.

3.4. Illap xacaeTcs Tpex rpaHeil Kyda, comepKallux OIHY Bep-
LIMHY, ¥ IPOXOIUT Yepe3 BepIIMHY Ky0a, MPOTHBOJISKAIIYIO TEPBOHL.
Haiinute paguyc mapa, ecnu pedpo Kyda paBHO a.

3.5. Hunmunmp 3aBepiieH cBepxy nonymapom. O0beM Tena paBeH
457. Ilpu xakoM pagmyce MoJylIapa MoJjiHas MOBEPXHOCTh Tena 0y-
JIET HauMeEHbIIen?

3.6. B xoHyc ¢ pagmycoMm ocHOBaHUsA R u BbicOTOM H BIucaH
mumuHap. Haliaure muHedHbBIe pa3Meps! IMITHHIPA, TIPH KOTOPBIX €ro
00beM OyzieT HarO OJIBIIKM.

3.7. Haiinure HanOopmuiA 00beM NPaBUIIBHON HIECTHYTOJIbHOM
MUpaMUIbl BINCAaHHOH B IIap, PaJyCc KOTOPOTo paBeH R.

3.8. B mpaBmwiIbHYIO YETBIPEXYroJbHYIO NMUPAMUIy BIIUCAH IU-
JIUHJIP TaK, YTO OKPYKHOCTh €0 BEPXHEr0 OCHOBaHUsI KacaeTcs BCEX
OOKOBBIX TpaHell MUPAMHUIBI, & HIKHEE OCHOBAHHE JICKUT B IJIOCKO-
CTU OCHOBaHUs nupamujibl. Kakyio 4acTh BBICOTHI MUPAMUIBI JTOJK-
Ha COCTaBJISITh BHICOTA MUJIMHJPA, YTOOBI 00BEM ITWINHAPA ObLIT HAU-
GobIIM?

271

272



Conepxanue
001002 (60) 10): 2 P 3
. TPUMrOHOMETPHS . . .. ... ... .. .., 5
7.1. Tpuronomerpudeckue (yHKIUU MPOU3BOJILHOTO YIiia, UX
1 70) 7 (o2 0 - P 5
3a0aHUAL . .. 13
7.2. OCHOBHBIE TPUTOHOMETPUIECKUE (DOPMYIIBL . . . .. ... ... 18
3a0aHUSAL . .. 22
7.3. I'padviku TpUroHOMETPpUIECKUX QYHKIUHM . . . .. .. ... ... 30
3a0aHUSAL . .. 38
7.4. OOpaTHbIe TPUTOHOMETPUYECKUE QYHKIIUHA . . . . ... ... .. 42
3a0aHUSAL . .. 52
7.5. TpUrOHOMETPHUYECKHE YPABHEHHUS . . . o . v oo eeeeen e 58
3a0aHUSAL . .. 71
7.6. TpUrOHOMETPHUYECKHIE HEPABEHCTBA . . . . . v o v oo v vt . 75
3a0aHUSAL . .. 78
7.7. TpuronoMmerpudeckas 1 mokazaTeabHast (POpMbI
KOMIUTEKCHOTO UHCIIA . .+« e voevetee et et eeee e ee e 79
3a0aHUSAL . .. 88
8. BEeKTOPBI HA MJIOCKOCTH . . . ..o\ oo e et e e eee e e 94
8.1. Bexrops! 1 npocrediye JeiCTBUA Hal HUMH . . . ... .. .. 94
3a0aHUSAL . .. 102
8.2. Omepanuu HaJl BEKTOpaMH B KOOPJAMHATHOH opme . . . . . 106
3a0aHUSAL . .. 110
8.3. IlonspHas cucrema koopauHat. CrocoObl 3a1aHus
KPUBOM HA TITOCKOCTH &« .+« o v v et eet e et eee eeeeee e 113
3a0aHUSAL . .. 118
9. AHAIMTHYECKAS] TeOMETPUA HA MJIOCKOCTH . . . .. ... .. ... 121
O.1. TIpsIMAst HA TTOCKOCTH .« « . « v e v e oot et et eeeeeeaeaen 121
3a0aHUSAL . .. 126
L JR2G 1617 11 (o 129
3a0aHUSAL . .. 137
90 3. THIEPOONIA . . .\ vttt 138
3a0aHUSAL . .. 144
0.4. TTapaboma . . . .ot v ettt et e 146
3a0aHUAL . .. 150

272

10. IIpenesa mocjien0BaTEIbHOCTH M PYHKIMHA . . . . ... ......
10.1. YucnoBas mMOCIETOBATENBHOCTD . . . v v v vevvevee e
BA0GHUSL . ..o

10.2. Ipenen moCHeTOBATEIBHOCTH & « .« v v v v veve e
BA0AHUSL . .. oo

10.3. TIpenem QYHKIMH . . .. oo vvt e et eeeeieeeeeens
BA0GHUSL . . oo

10.4. IepBbIit 1 BTOpOI 3aMeyaTeNbHbIE IPEIEIB . . . . . . . . .
3A0AHUSL . ..o

11. TTpon3BOAHAS PYHKIIHHM . . . ... ovve et e
11.1. Ioustie npouzBoauoM. IlpaBuna
maddepenuupopanus. Tabauna NpOU3BOJHBIX . . . . . . .
3a0anus . ... ...
11.2. Tlpou3sBoaHAs CIIOKHON PYHKIUHU . . .. oo v veennn ..
3a0anus . ... ...
11.3. YpaBHeHnue kacaTenbHON 1 HopMand. Pu3nyecKkuit
CMBICI TIPOUBBOTHOM . .+ o v v et ve e et ee e
3a0anus . ... ...

12. CTEPEOMETPHS . . . . . ottt et ae e
12.1. B3anMHOE pacnonoKeHre MPSIMBIX U MJIOCKOCTEN
BIIPOCTPAHCTBE « « « e vovvee et ee e et ee e
3a0anus . ... ...
12.2. llpuzma. [apamnenenumnen . .. ......c.covevnenn.n.
3a0anus . ...
12.3. [Mupamuna. YcedeHHAS MUPAMUTA « « .« oo vovvevevnn ..
3a0anus . ...
L BP0 175, 1712 71§ o S
3a0anus . ...
12.5. KoHyC. YCEUEHHBIM KOHYC . .« v v v ve e e aeaeae e
3a0anus . ...
12,6, THAp . o oo
3a0anus . ...
12.7. KOMOMHAIIMH TEOMETPUUCCKUX T . « o v v v v es o .
3a0anus . ...

273



Tabnuma 7.3

CBolicTBa (yHKIINN

DyHKIHA

f(x)=sinx

f(x)=cosx

S(x)=tex

S (x)=ctgx

1. O6nactsb onpeze-
neHnst QyHKIUH

R

—£+n'n;£+n'n, I eZ]
2 2

(znsm+7n, i € Z)

2. O6nacTh 3HAUCHUIN
GbyHKIMN

[-1;1]

[-1;1]

R

R

3. YerHocTh / HEYET-
HOCTH

HCYCTHAA

YcTHasA

HCYCTHAA

HCUYCTHAA

4. HaumeHbIINH
MOJIOKUTCITBHBII
TIePUO]

2

2

5. Koopaunars! To-
YeK NepecedeHus
rpaduxa:

¢ ocwro Ox

¢ ocero Oy

6. IIpomexyTku BO3-
pactanus GpyHKIUH

—£+2n'n;£+2n'n,nel
2 2

(= +27n; 27nn,n € Z)

—£+n'n;£+n'n,nelj
2 2

3
7. TIpomexyTku £+2n'n;—n-+2n'n,nel (27n; 7w +2mn,neZ) HeT (mms7+7n,nel)
yOBbIBaHUS (hyHKITHH 2 2

Oxonvanue Tabi. 7.3
. DyHKIHA
Caotictsa dyniciuu S(x)=sinx f(x)=cosx f(x)=tex S(x)=ctgx
8. DKCTpeMyMBl
GbyHKIMI:
TOYKY MUHMMyMa ——+27n T +2nn HET HET
smwyw s | e ] Tmer
b3

TOYKH MaKCUMyMa —+2rn,nel 2nn,nel HET HET
MakcnmyM Qyskumn | T I wer |  wer

9. IlpomeKyTKH 3Ha-
KOIIOCTOSIHCTBA
GbyHKIMN:
HIPOMEKYTKH, HA
KOTOPBIX (DYHKIHS
HIPHHAMACT OJIOXKH-
TeJIbHBIC 3HAYCHUS
HIPOMEKYTKH, Ha
KOTOPBIX (DYHKIHS
IpPHHAMAET OTpPHIA-
TEJIbHBIC 3HAYCHUS

(= +27n; 27nn,n € Z)

£+2nn;3—n+2nn,nelj
2 2

(—% +an;n,ne Z]

(—% +an;n,ne Z]




