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HNPEJUCJIIOBUE

OcobenHocTbio oOpa3oBaTenbHOM cucTeMbl PecriyOnuku Bena-
PYCh SIBIISIETCS CTaHOBIIGHHE M pa3BUTHE y4eOHBIX 3aBEICHUH pas-
JUYHOTO THIIA, B TOM YHUCIE KOJJIEMKEeH W BBICHIUX KOJUIEIDKEH.
B ycnoBusix MHOTOypOBHEBOT'O 00pa30BaHUs B CHCTEME YUeOHBIX 3a-
BE/ICHUH KOJUIE/PK—YHUBEPCHTET aKTyalbHa pean3alysl MPUHIHUIIOB
HENMpephIBHOCTH M IPEEMCTBEHHOCTH B O0YUCHHH.

[Ipennaraemoe ydyeOHOe mocobme «MaTemMaThka B MpUMeEpax M
3a1a4ax» B 6-TH YacTsX MPU3BAHO 0OECTICUUTH MPOLIECC U3YyUSHHUS Ma-
TEMAaTHKH B BBICIIUX KOJUIEIKAaX M KOJUIEHKAX TEXHUUECKOTO MPOQH-
nsi. OHO MOXKeT OBITh HCIOJIB30BAHO YYalIUMHCS Ha MPAKTHYECKUX
3aHATHUSX, A TAKKE MPH CAMOCTOSTENBHOM M3YUYeHUH MaTeMaTHKH.

[Ipu co3manum HACTOSIIETO MOCOOUST aBTOPHI CTABUIIH TEpesl CO-
00l HECKOJIbKO IIeNieii: BO-TIEPBBIX, JAaTh 3HAYUTEIILHOE KOJIMYECTBO
3a7a4 (TUIOBBIX M OPUTHHAIIBHBIX), KOTOPBIE ObI JOCTATOYHO MOJIHO
0TOOpakalil CyTh OCHOBHBIX MaTeMaTHYECKUX TOHITUH; BO-BTOPBIX,
obecrieunTh HEOOXOAMMOW TeopeTndyeckoi WHQopMalued it HX
pELIEHU; B-TPEThUX, MO KaXXJ0W TEME€ MPUBECTH PEIIEHUE OCHOB-
HBIX THIIOB 33/1a4; B-4ETBEPTHIX, MpeJlaraeMblil s perieHus: Habop
3aja4 pacrnpenenuTb 0 TPEM YPOBHSIM CIIOKHOCTU. Bee 3Tn menu u
OIIPENCIUII CTPYKTYPY Y4E€OHOro IMOCOOHSs, KOTOpOE JCIHUTCS Ha
TJIaBbl, [JIaBbl — Ha naparpadsl. B Hauane kaxmoro maparpada co-
JIEPIKUTCST HEOOXOIMMBII CIIPaBOYHBIM MaTepHal, 3aTeM — pelIeHHe
HECKOJIBKUX 3a/1a4 U Ha0Op 3aJjaHuil TpeX ypOBHEH CI0KHOCTH.

[Ipemnaraemas CTpykTypa y4eOHOT'0 TOCOOHS, 10 MHEHHIO aBTO-
POB, JlefaeT BOSMOXKHBIM CaMOCTOSITENIbHOE W3YUeHHE MaTeMaTHKH.
Ero ucnons3oBaHre Mo3BOMISIET peann3oBaTh AU(depeHIUpOoBaHHBIN
MOJXO0Jl B O0YYEHUHM — Ka)XIbli YYalIMHCS MOXET pelaTh 3aJaHus
JOCTYITHOTO €My YPOBHSI CIIOHOCTH.

[Mocobue pazpaborano u npomuio anpobaiuio B YO «MuHCkui
rOCyIapCTBEHHBIH BBICIINIT pamuoTexHuueckuii komwiemk» (MI'BPK)
B IIpolecce O0YUEHUS yJaluXxcs mociie 0a30BOM MIKOJIBI.

XapakTepHOH 0COOCHHOCTHIO METOIMYECKOr0 MOAX0Aa K U3yde-
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Huto mMatematuku B MI'BPK sBisiercs moctpoeHue MHTErpupOBaH-
HOT'O Kypca MaTeMaTHYeCKUX JAUCIHUILIMH. ITUM 0OBSICHSIETCS TO 00-
CTOSITEIBCTBO, YTO ONpPE/CIICHHbIC TEMbI BBHICIICH MaTEeMaTHKH BBeE-
JICHbl B KOHTEKCT 3JIeMEHTapHOW mareMaTtuku. [lockosibKy Ha npak-
THKE HIMPOKO PEAM3yeTcsi HempephIBHOE 00pa3oBaHHE B CHUCTEME
y4eOHBIX 3aBelleHni KoJuiek—yHuBepcuter (B Tom yucie MI'BPK
WHTErpUpoBaH ¢ benopycckuM rocynapcTBEHHBIM YHHBEPCHTETOM
MHPOPMATUKH M PAMOIICKTPOHUKH), TO MPH pa3pabOTKe TaHHOIO
y4eOHOTr0 MMOCOOHs aBTOPHI UCIONB30BaNIN (Kak U B PeajbHOM yueoh-
HOM IIpollecce) B KauecTBE THIIOBBIX MPOrpaMMy HM3y4deHHs MaTema-
THUKW B CPETHHX LIKOIax bemapycu u mporpaMmy W3y4eHHs BBICIICH
MaTeMaTHKH Uil BBICHIINX Y4eOHBIX 3aBEICHHN MO CIEHUATbHOCTIM
3NEKTPO-, PAANOTEXHUKH ¥ HHPOPMATHKH.

Takum 00pa3oM peanu3yloTcsi OCHOBBI HEMPEPBIBHOTO MPOAOII-
XKeHusi oOyueHHs B yHHBepcuTere. Kpome Toro, mpemiraraemoe
yuebHOe TocoOMe MOMKET OBITh HMCIOJIB30BAHO B KOJUIEDKAX MPH
W3yYeHHH MAaTeMaTHUKW IO Pa3MYHbIM 0a30BbIM M pabO4uM Ipo-
rpaMmaM — MeHee WK Ooliee TOTHBIM.

«Marematrka B mpuMepax 1 3aj1adax. Yactb 4» sBisieTcs HEmo-
CPEICTBEHHBIM MPOAODKEHUEM y4eOHOro rnocobus «MaremaThka B
npuMepax u 3agadax. Yactu 1-3». B oTuX M3gaHusSX npuHsATA €au-
Has HyMmepanus riaB. [Ipemiaraemoe mocodue (uerBepras 4acTh) co-
CTOMT U3 YeThipex riaB (r1. 19-22). B oTHOILIEHHH aBTOPCTBA OTMe-
THM, YTO OHH MOJTOTOBIICHBI CICAYIOLUIHMM 00pa3oM:

M. B. JlamuanoBckas — 1i1. 19 «HeonpeneneHHbBIN HHTErpam,
ri. 20 «OmnpeneneHHbiid nHTErpan», ri. 21 «HecoOcTBeHHBIE MHTE-
Tpanbl»;

H. B. Muxaiinoa — 1. 22 «/luddepennnanbHbie ypaBHEHHS.

Hayuno-meronnueckoe penakrupoanue ocyuecrsuia JI. M. Maii-
CEHs1, OHa SIBIISIETCS] COABTOPOM BCEro MmocoOusl.

ABTOpBI OMaroapHel pereH3eHTaM y4eOHOro ocoOust — JOKTOPY
¢u3.-mar. Hayk, npodeccopy A. B. MeTenbcKoMy U COTpYIHHKaM Ka-
¢enpo! Beiciuei matematnku BI'YUP, ocobenHo 3aB. kadenpoi, 10K-
Topy ¢u3.-mat. Hayk B. B. Llerensauky u npodeccopy A. A. Kapmy-
Ky, 32 O4YCHb BHUMATENBHOE MTPOYTEHHE PYKOMUCH U PsAJl LIEHHBIX 3a-
MeUYaHHH, yCTpaHeHUe KOTOPBIX YIyUlIHIIO Hallle U3JaHue.

Hapneemcs, uto npemiaraeMoe u3ianue OyIeT COACHCTBOBATh aK-
THUBHU3ALUHA MBICIUTEILHON NIEITENBHOCTH YUYAIIMXCS U TOBBIICHHIO
3¢ PeKTUBHOCTH yueOHOTo Ipoliecca Mpy H3y4eHUH MATEMaTHKH.
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19. HEONPEJEJIEHHBI UHTEIPAJI

19.1. CBoiicTBa HeonpeaeaeHHOro HHTerpaaa. Tadanua
OCHOBHBIX HHTEIPAJIOB

®ynkiyst F(X) HasbiBaercst nepeoodpaznon dyukuuu f(X) Ha He-
xoropoM mnpomexyrke X1 R, ecnn F(X) muddepenmmpyema Ha
npomexyTke X u juisi Beex X1 X BBITOIHSETCS

F&x) = f(x). (19.1)

Eciu F(X) — onmna u3 nepBooOpasubix ¢yHkimu f(X) Ha mpome-
KyTke X, To robas apyras ee mepBoodpasuas umeer Bua F(X) +C,
rae C — npou3BosIbHAsSI TOCTOSIHHAS.

CoBOKyMHOCTh Bcex nepBooOpasHbix ¢yHkimu f(X) HazpiBaeTcs
Heonpedenennvim unmezpanom ot Gpynkuun f(x):

c‘j (X)dx = F(x) +C. (19.2)

N\
B pasenctse (19.2) ucrmonp3oBaH 3HAK HHTErpajia O OyHKIus

f(X) HaswsiBaeTcs noovinmezpansroii gpyuxyueit, f{(X)dx — noovinme-
2panvHoe svipajrcenue, X — nepemeHnas URMeZPUposanus.

Ormepaiysi HaXOXK/IGHHs BCeX mepBooOpas3Hbix (yHkimu f(X) Ha-
3bIBACTCS] HHTETPHUPOBAHUEM ITOH (QYHKIIHH.

Bcesikast HenpepbiBHAs HA MHOXKECTBE X (YHKIHS UMEET HA ATOM
MHOXKECTBE MEepBOOOPA3HYIO, 8 3HAYHT, HEONPEICTICHHBII HHTErpal.

['eomMeTpuvecky HEONpENeNeHHBIH HHTErpall MPEICTaBIseT CO-
6oit cemeiicTBo kpuBbix Y = F(X)+C, CI R. I'padux kaxnoii mep-
BOOOpa3HOM Ha3bIBACTCS] HHTETPAIbHON KPUBOH.

Ta6M1a 0CHOBHBIX HHTETPAJIOB!

@xﬂx:C;

< Xa+l
Of‘ dx= +C (@t -D, (19.3)
a+1
B YaCTHOCTH,
éxjx: c\jlxz x+C; (19.4)

édxzzln|x|+c (x1 0);

X

c‘jlxdxz 2 +C=a’log,e+C (a>0, at 1),
Ina

B YaCTHOCTH,

\

(y x=€"+C;
Ginxdx=-cosx+C;

Gosxdx=sinx+C;

s° X
\.d>2< =-ctgx+C;
n’ x

~sh xdx =chx+C;
o"

c‘jhxdx=5hx+C;

~ dx

QT:thx+C;

h“x

(}ﬁz-cthwc;
X

N dx 1

X
=—arctg—+C,
cLz+x2 a ga

B YaCTHOCTH,

ddizdx=arctgx+c;
+X

07‘ X _acsinl+c
a’- x? a

B YaCTHOCTH,
N\

dx =arcsinx+C;

- X

(19.5)

(19.6)

(19.7)
(19.8)
(19.9)
(19.10)
(19.11)

(19.12)

(19.13)

(19.14)



< dx 1 X- a
=—I|n——+C; 19.15
2. a> 2a |x+a ( )
O— X _infx+xxa?]+C. (19.16)
UxP +a?

CBoiicTBa HeoNpeaAeJeHHOT0 MHHTErpaaa

1. c‘jlf (X)dx = ac‘j (x)dx, a=const.

2. c\jfl(x) + f,(x))dx = c‘jl(x)dx + c‘)‘z(x)dx.
3. (c‘j(x)dx)ct: f(X).

4, dc‘j (X)dx = f(x)dx.

5. c‘le(x) =F(x)+C.

6. Eciu (‘j (x)dx = F(x) +C,

TO (‘)‘(ax+b):§F(ax+b)+C, at 0.

Henocpeocmeennbim unmezpupoeanuem Ha3blBAlOT HHTETPU-
pOBaHUE C MOMOIIBIO TAOIUIBI HEONPEAENCHHBIX HHTErpaios, Imep-
BOI'O U BTOPOTO CBONCTB HEONPENEIEHHOI0 MHTErpana M TOXKAECT-
BEHHBIX MTPeo0pa30BaHUi MOABIHTETPATbHON (PYHKIIHH.

1
IMpumep 1. Ipoepurts, sBasercs nu ¢yHkuus F(X) = - 7COS7X+5

nepBooOpasHoii a1 pynkuuun f(X) =sin7x.
Pewenue. Haiinem npoussoanyro Gyukimu F(X):

L
& E(:os7x+52 =- E>(- sSin7x) X7 =sin7x.
& 7 [} 7

Cornacao dopmyne (19.1) ¢ynuxmus F(X) siBisercst mepBooOpa3HOi
¢dyuximn f(X).

Ipumep 2. Ilposeputs, sBisiercs au GyHkuus F(X) = X2 epBo00-
passoit st dyHkuuu f(X) = 2X, HaliTh HeonmpeneNneHHbIH UHTErpajl U Ha-
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pHCOBaTh MHTETpAIbHBIE KPUBBIE U3 ceMelcTBa nepBoodpasHbix st C =0,
C=1 C=-2, C=3.

Pewenue. (x*)¢=2x. Tlo dopmyie (19.2) HeonpeeneHHbIH HHTErPa

UMeeT BHJ: Gxdx = x? +C. Tloctponm HHTErpanbHbIe kKpuBbie (puc. 19.1).

-2

Puc. 19.1

Ipumep 3. [Tyrem HermocpeACTBEHHOIO HHTEIPUPOBAHMS HAUTH HEOI-
peneNeHHbIe UHTErpalbl:

1) 59x + X2 - 1dX' 2) \32X - 5% dx: 3) \ dx .
(6 ’ O 2% ’ Q032x+sin2x’
dx N X N X
4 A 5) (yos”— dx; 6) :
Oc.o 0* 2 Qr
Pewenue. 1) Vicnionb3ys nepBoe U BTOPOE CBOMCTBa HEOIPEICICHHOTO

unTerpana u Gopmyisr (19.3) u (19.5) TabnuIp! HHTETPATIOB, MOTYYACM:
1

. 3 .
Ix+x c\)sidx Q5X3+X-——dx—
2

\ -2 \ ~dx 5X- §+l X +1
= 3 - = - =
50 dX+0dX O; 2+1+1+1 In|x|+C

1
=15x3 +%x2 - In|x/+C =15¥x +%x2 - In|x +C.

2) Vcnonp3yst BTOpOe CBOMCTBO HEONPENETICHHOr0 HHTerpana u (Gop-
Mmyiy (19.6) Tabnuip MHTErpaioB, UMEEM:

8



9"- 5 B9 aéoXO

3 - 5 dx = dx = dx- dx—
Oz "0z ngg 25 1 Qza G

1 . 1
04 ) ox- 025 | 45 -(29) n25 ' C

3) Ilpumenss popMyny COS2X=C0S> X- Sinx u ¢opmyry (19.10)
TaOJIHIBI MHTETPAJIOB, MOIYYaeM:

\ dx .Y dx .Y dx _th+C
C&032x+sin2x C&oszx-sin2x+sin2x CEoszx '
4) C nomoripto hopmyist (19.13) TaGmuIIbl HHTETPATIOB HAXO MM
A Ox ~  dx 1 X
= =—arctg—+C.
Qo Ocvz2 3793

X 1+ COSX

5) [pumensist popmyny COS2

, IEPBOC U BTOPOC CBOMCTBA

HEONpeesICHHOr0 HHTErpaIa, (bopMynLI (19.4) u (19.9) TabnuiBl HHTETpA-
JIOB, TIOTY4aeM:

by X o _+cosx  _ ~d 1 szl a1 _
Oo§§dx—02—dx_Q2+2costdx de+qcosxdx
_ 1~ RN 1 1.
_EGX+EOOSXdX_§X+ESHX+C'

6) C momoripsio hopmysiet (19.14) Tabauilel HHTENPATIOB HAXOAUM:

. X
=arcsin— +C.

A dx .Y dx
Q/g_ XZ 0\/(\/§)2_ XZ \/é
Ipumep 4. Ucnons3ys unrerpupoBanue quddepenimana, HaiTu:

1) G(&) 2) c\ji(lnsinx); 3) c\ji(sin4x); 4) 61(3 x+x2).

Pewenue.

1)01( ) Jx+C.

2) c\ji(lnsinx) =Insinx+C.
3) c\ji(sin4x) =sin4x+C.

4) 61(3 X+ xz)dx:- x+x% +C.

[pumep 5. Ucnonb3ys 1mecToe cBOHCTBO HEOMPENEICHHOTO WHTETpa-
J1a, HaliTH.

1) c\)in(x- 2)dx; 2) GEdX; 3) %

dx

4) 68x+1)9 dx; 5) Qm 6) c‘ym(sx+3)dx

Pewenue. 1) Tlo hopmyse (19.8) Tabnuiibl HeONpeAEIEHHBIX HHTETPA-
JIOB TOJTy4aeM:

c\jin(x- 2)dx =- cos(x- 2)+C.

2) Tlo popmyse (19.7) TabmHIBI HEONPEIEICHHBIX HHTETPAIOB UMEEM:
X X X
c\jzdx:%e2 +C=2e2+C.
2
3) Ucnonezyem dopmyny (19.5) tabnuibl HeonpeneaeHHbIX HHTErpa-
noB. Torma
~ dx
- 5x
4) Tlo dpopmyne (19.3) TabauIBl HEONPEACICHHBIX HHTETPAJIOB MONY-
qaeM:

=- EIn|2- 5x| +C.
5

10
68 1y° dx-— (8X+1) +C:(8X+1) +C.
10 80
5) TTo popmyine (19.13) TaOJUIIBI HEOTPEIENICHHBIX HHTETPAIOB UMEEM:
b dx _11 3x-1 1 3x-1

—X=arctg +C =—arctg +C.
Q3x 1)?+25 35 5 15 5

6) Ucnonb3yem dopmyny (19.12) Tabmuisl HeonpeaeaeHHbIX HHTErpa-
noB. Torma

G\(Sx+3)dx:éch(5x+3)+c.

3aoanus

| yposens
1.1. Hoxaxwute, uro Gyukius F(X) sBiasercs mepBooOpasHOit
Gbynkumu f(X) 1 HaliUTe HEONpeAeICHHbBII HHTErpat:

1) F(x) =X, f(x)=2—k;

10



2x-5
2) F(X)=In | x*- 5x+8], f(X)=—————;
) F(=In | 0=
1 x+2 1
3 F(X)==arctg——, f(X) =¥—————;
) F(9 3 g 3 ) X% +4x+13
15§/(1+3sinx)* 9cosx
4) F(x)= ;o) =———;
) P 4 ) $1+3sinx
2
5) F(x) = ~arcsiny | f(x)= 2.
2 2 4-x*

1.2. Haiiiute COBOKYITHOCTh BCEX MEepBO0Opa3HbIxX GyHKImH f(X)
Y HAapUCYHTe HHTErpajbHbIC KPUBBIC IS 3aaHHbIX 3HaueHui C:

1) f(Y=3x%,C=0,C=2 C=-3
2) f(x)=sinx, C=0,C=3,C=-1,

3) f(x):x%l, C=0,C=1C=-2

1.3. Vcnonn3ys MHTErpupoBanue quddepeHnuana, Haiaure:

1) c\jlg%rctg%g; 2) ¢y (tg5%);
3) c\jl(Zx2+x+1); 4) c‘jl(Sx- 6)°.

1.4. Haiinure pynkuuto F(X), rpaduk KOTOpOi MpOXOAUT depe3
TOuKy M, ecnu:

1 1 &p. .0
1) F{x)=2+
) &) cos’

= M(p;0); 2 FG(x):1+m, M g E;OB;

3) Fqx)=3x*- iz,M(z;la); 4) FG(X):2x+%,M(J;- 2).
X

Il yposens
2.1. Haiinute HHTErpaj HEMOCPEACTBEHHBIM HHTETPUPOBAHNEM:

2 N dx . {1+ cos? x .
y x-1) a2 O, ) (s coop ™

11

N dx . N\oX X e .
Vs IFER O

\(1+X)2 N 2 <5- cos’® x
7 dx; 8 dx; 9 dx;
)Q(1+x2) X )ngx ) cos® X X
\Sin2x N W - ¥dnx+x%e

ax.

dx
16 20

10) %dx; 11)

2.2. HaiimuTe HeonpeneieHHbI HHTErpall, UCIOIb3ys CBONCTBA

X2

UHTErpaa;

1) dx - 3)%dx; 2) c\jhg dx; 3) G n(4x+3)dx;

4) ~ dx . 5) N dx . 6) N dx .
@X"‘S’ q2-2X+5’ D 6X - X2-8’

dx

N\ dx . N . N i
7) Qm 8 Ocraxss 9) (yos(5- 8x)ax

1l yposens
3.1. Haiinute Heonpe e eHHbI HHTErpat:

\3X+1 - 2X-l \ezx -1 N X2
1) OT dax, 2) Oex—+ldx; 3) Omd)(;

\\}X2+X-2+2 N \ dx
4 O—dx; 5) rsto®(3x+5)dx; 6 ;
) X ) (O ( ) ) X% - 12x+ 25

7) (ysin’ (2x- 7)ax; 8 C\)\/%; 9) (‘gzw%g dx.
X- IX

3.2. [IpeacraBpTe NMOABIHTErPAILHOE BBIpAKEHHE B BUAE AUQ-
(epeHnrana HEKOTOpO (DYHKIMU H, MCIONB3ys CBOMCTBA HEOMpe-
JIeTICHHOTO WHTErpaa, HAlAUTe HHTErpa:

\COS\/; . 2 5341 4. \ - 2X .
1) Oﬁdx, 2) 6x e dx; 3) dx

Jx Gz ™

n-Xx

12



N 5X4 N 2X+1 ~ -9x
4 dx;, 5 de; 6 Oidx.
) Y(x° - 6)° : f+x-1 ) 1- 9x°

19.2. MeTo/bI BHIYUCIEHHUSI HEOTIPETeTeHHOT 0
HHTerpaja

IIpuBenemM OCHOBHBIE METOIBI BBIYMCIIEHUS HEOIPENEIECHHOrO
HHTErpaa.

1. MeTtoa 3aMeHBI MepeMeHHOI

Ero ucnons3oBanue 6a3upyercs Ha CleIyloulel «ienodke» pa-

BEHCTB!
=9(x)

O (909) 99 dx=| 4 = | = OF Ot =FO+C,

rae F(t) mepsoobpasnas ¢pyukuuu f(t). amee HeodxoauMo mo-
cTaBUTh BMeCTO t BhIpaxkeHue g(X).

2. MeToa NOACTAHOBKH

OnucsiBaeTcs paBEeHCTBOM

& (ax=| =99 1= & (a(t) )t

dx = g&t)dt

OTOT METOA HCIONB3YIOT B TOM Ciydae, €Clii MOCIeIHUN HHTe-
rpajl BBIYUCISETCS MPOIIe YeM 3aJaHHBIN.

3. MeToa nognecenns noj 3uak auddepennuana

JIJis BBIUMCIICHUST MHTErpaJia UCIONIB3YIOT onpesenenue audde-
peHnuana;

N\ N\

) (9(x) 94x)ax= ¢y (9(x))d (g (x)) =F (g(x)) +C.

CoriacHO 3TOMY METO/y HE JENAIOT SIBHO 3aMEHY MepeMEeHHOI,
mojipazymeBast, uto g(X) Urpaer posib HOBOH HE3aBUCHMOM TIEpEMEHHOM.

[Ipu ucronb30BaHUM METOJIa TIOJJHECEHUS 0] 3HAK U depeH-
[[Majia, METo/Ia 3aMEHbI MIEPEMEHHOM, METO/Ia MOJCTAHOBKH YI00HO
MCIONB30BaTh MpoCTeiiinue npeodpa3oBanus qudhepeHImaia;

1) dx=d(x+b) (b—npousBonbHas nocrosHHas BETHYMHA);

2) dx= é d(ax) (mocrosuuas al 0);
3) dx= é d (ax + b) (mocrosinnas at 0).

13

IIpumep 1. Haiitu HeorpeeneHHbIH HHTErpa:

2 5
N X“dx X +arctg’3x
1 \1-3xdx; 2 \sn[dx 3 X 4 dx
) 'O ® 205 ?O0 o

Pewenue. 1) 1-ii cnoco6. Vcnonb3yeM MeTOA 3aMEHbBI MMEPEMEHHOM.

Ilomoxum 1- 3x=t. Torma X:%(l- t), dx =- %dt. Hmeewm:

3
1 3
N\ 5 _ 1 tZ _ 2 3 _
~Y1- 3xdx = d -—_dt 3c)zdt—-:—3><§+C—-§\/t7+c_
2
=- : (1- 3x)° +C.

JIyis BBIYMCIIEHUST MHTErpasia ucnonb3oBaau Gopmyny (19.3) tabnurier
HEOMpEIENICHHBIX HHTETPAJIOB.

2-11 cnocob. Victionb3yeM MeToJ| MOJAHECeHUs! 1o/l 3HaK auddepeHua-
na. [IpeacTaBUM JaHHbBIA UHTErpaj B CIACAYIOUIEM BUJIE:

N\ _ 1 N\
1- 3xdx =- éo/ﬁ%ﬁ)dx.

VYuaursisasi, yro - 3dx =d (1- 3X), no ¢opmysne (19.3) tabnunsl Heomn-

PEACICHHBIX MHTEIPAJIOB IOJIYy4YacM:

3
2

=
N

0/‘ 1- 3xd(1- 3x)=-§ AfL- 3x) d(1- 3x)=-é(1'%x)+c=
2

(1- 3x) +C.

LOlI\J

2) TlockombKy d(«f) dx TO c\)sidx 20|n«/7><—

IMoanecenue mof z[mb(bepeHuHan NPUBOIUT Jajee K HHTerpany
2c‘)in&d(&):-2cos&+c.

JIyis BBIYMCIIEHUST MHTErpasia ucnonb3oBaau Gopmyny (19.8) tabmuiiet
HEOTMpPEe/IE/ICHHBIX HHTEIPAJIOB.

3) OueBusHo, uto d (Xs) = 3x%dX. 3Hauwr,

XPdx 1 a3dx _ 1~ d(x®)

0\/4 e 3Q0 e 30 oy

[pumensis popmyny (19.14) TabaMIBl UHTETPAJTIOB, MOTYYaeM OTBET:

14



3
Earcsinx?+c.

4) Hcnosnp3ys BTOpOE CBOMCTBO HEONPEACICHHOIO HHTErpana, Mpes-
CTaBUM 3aI[aHHI>II71 HUHTErpal B BUAC CYMMBbI JIBYX I/IHTel"paJ'IOB:
5 5
X+ arctg®3x N xdx ~arctg’3x
9 = + 9 ax=1,(x) +1,(x).

1+9x° +9x? 1+9x°
BBI‘H/ICJ'II/IM HOJ'Iy‘IeHHI)Ie I/IHTel"paJ'H)I OTACIIBHO. TaK KakK

d(1+9x%) =18xdx, To, ncnons3ys gasee popmyiry (19.5) TaGuuupl HHTE-
rpajioB, MOIyYaeM:
A OaX - 1 A18xdx _ \d(l+9x2) __| (1+9x) +.C

h()= Qo 8Qio¢ 800 8

Taxk xax d(arctg3x) :13‘%, 10 1o popmyne (19.3) Tabnuipl uHTE-
+9x

rpajioB UMEEM:

\arctgs3x X 1 s
I, = == yretg®3x == yrctg’3xd(arctg3x) =
= Gage ® 3 U030, g =5 (o030t (ae09)
:Eyarctg63x+czarctg 3, o
3 6 18 '

IMoacraBuB HaiifeHHbIe 3HaueHus: uHTerpaioB l1(X) u 1x(X) B nepBoHa-

1 1
YaJIbHBIA MHTETPaI, IPUXOANUM K OTBETY: T In@+9x%) + T arctg®3x+C.

IIpumep 2. MeTos0M NOACTAHOBKH HAWTH MHTETPa:
2
X“dx N Ox
1) (Y4- xPdx; 2 ¢ ; 3) .
QX+2)6 Q;Z\/1+ X2
Pewenue. 1) Vicionb3yeMm MeTo| mofcTaHOBKH. [lonokum X = 2sint,
torga dx = 2costdt.

~Y4- xdx = O/\ 4- (Zsint)2 X2 costdt :Zd\ 4- 4sin?t costdt =

1+ cos2t

=20y 4(1- sin’t) costa :40(‘ cos? t costdt :4(‘)osztdt =G, =
= 251+ cos2t)dt = 2c‘j|t + ZGOStht =2t+ Gosth(Zt) =

=2t+sn2t+C=2t+2sintcost +C.

Jnisi BBIYKCIICHHS TOCTCIHUX HWHTEIPAJIOB HCIONB30BaNU (HOPMYIIBI
(19.4) u (19.9) Tabmuusl uHTErpanoB. Beipasum nepemeHHyo t uepes mepe-
MEHHYO X.

15

smt—f, t=ar csm— Torma sma%rcs
2 2 &

oosa%rcsini(gz 1- sinza%rcsini(gz\/l- X :\/ﬁ :\/4' X .
& 25 & 25 4 4 2

. X X
INony4aem oTBerT: Zarcsma +§\/4- x? +C.

2) Ilpumenum monactaHoBky X =t- 2, torma dx=dt, t=x+2. Ta-
KUM 00pa3om,
Rdx | s(t-2)° . sP-dt+4 el 446

dt = dt=y, - =+odt=
x+2)° t° t® Qi v
-3 -4 -5
dt °+ 4t )t SLA L S
-3 -4 -5
:-_ i-i =- 1 + 1 - 4 +C
3 th s 3(x+2)* (x+2)* 5(x+2)°

JIyis BBIYMCIIEHUST MHTErpasia ucnonb3oBaau Gopmyny (19.3) tabmurier
HHTETPAJIoB.

dt
3) IIpumMeHnM MOACTAaHOBKY X = tgt, Torma dx = . [Honyuaem:
t

dx \ 1 dt

~ = .
Q<2\/1+ X2 QQZt\/lﬂgzx cos’t

Vcrionb3ys TPUrOHOMETPHYECKOe TOKIECTBO 1+ tg°X = 75 UMEEM:
cos? X
c\) dt _c\) _ ~costdt _ ~d(sint) _
=0 =z, " 0oz "
cos t snt 1 SN2t x n°t sin“t
cos’ t coszt cost
1
dsnt 2dsint = ) +C=-—+C.
Csint

BepHemcst k mepeMeHHOMH x, UL 4ero BbIpaszuM t dyepe3 X U3 MOACTa-
HOBKM X=1gt: t =arctgx. Tornma
tgarctgx X

\/1+ tg2arctgx  v1+x2

A Ox V1+ NG

=- +C,
21+ %2 X

. Takum obpazom,

sint =sinarctgx =

16



3aoanus

| yposens
1.1. HaiimuTe HeonpeaeieHHbIM HHTErPajl, UCIONb3Ys METO 3a-

MEHBI IIEPEMEHHOI!
3x-1

Dgta 2 Qg% 3 (yos(ex+ 3
~ dx . 3, 4 1 5 .
4) O‘;XTS 5) de, 6) C‘i?x+5) + o 1de,

1.2. Haiinure HEONpeNENCHHBIN WHTErpall, MCIOIb3ys METOJ
MOJTHECEHHUS T10]1 3HaK U depeHIana:

1) \ dx . 2) N~ dx . 3) \ dx .
(' 49x2" O 5x2’ Q+25x2’
N \ \%1 0
4) dx ; 5) dx : 6) e3+e X + eBX :dX,
Qﬁ+5x O\/9- 4x? Q ]
\ dx AN dx e ol 1 1 o)
N0o——— 90— 9Qsz:" dx.
/162 - 9 14x% +5 %S“ZZX coszg+
7]

1.3. HaiiuTe HeonpeaeieHHbIM HHTErpajl, UCIIONb3Ys METO 3a-
MCHBI HepeMeHHOﬁ WM METOJ NOJCTAaHOBKU.

N Xst

1) Qx+72)2 (t=x+2); 2) dx- 1)+/x+ 2dx (t2=x+2);
3) c‘lgd% (t2 =3- x); 4) c‘)<(3x+1)17 dx (t=3x+1);
- X
N > . . N\ dx .2
5 (y1- xX’dx (x=sint); 6) qm (x—t )

Il yposens
2.1. Haiinute HeonpeaeeHHbIH HHTErpal pa3HbIMU CIIOCO0aMH:
e \3+In4x

N\ . . N\ . 3 .
1) T dx; 2) Ode, 3) Oln Xcos xdx;

17

< /tg5x < X2dx \ |arccosx
4 dx; 5 : 6 dx;
) Qioezsx ) Q1+ x%) ) 1- X2
\ €dx . \3\/; dX_ N dx
7 Q=12 8) OW ; % sz- In2x- 1)’

2.2. Haiinute HeonpeeneHHbI HHTEerpat:
arcsin® 4x - N2 \ Sinx- cos
1) dawdx; 2) (ye" dx 3) X%,
J1- 16x2 COSX+SinX)
Varcsin® 7x
0 V1- 49
\COS2XdX dx

N dx N
7) 90— 9 ;
Cll+ x?) arcctg Asin® 2x c2«/16 - 25In?3x

4)

dx, 5 c\jtgxdx; 6) é(zx“/ X2 +8dx;

A1 1 N earcs’nx < SIn3x
10 cos—dx; 11 O—dx; 12 dx;
) OF X ) 11- ¥2 ) c1+cos3x
13) X+ arctg 3x dx

O oz o 14 ~ .
1+9x? X ) C{3x- 1)1\J/In4(3x- 1)

2.3. Haiimute HeompeneleHHbI WHTErpaj, NpPeABapUTEILHO
peoOpa3oBaB MOJBIHTErPAIIEHOE BBIPAKCHHE:

.1
) C&' Ssn;dx_ 2 (cos® x - sin? X) g
O ¢ ’ O Branx
Il \5s - in2x + fgx
3) de_x; 2) 055mx 392 X+e7
te COS™ X
1l yposens
3.1. Haiinute HEeonpe e eHHbI HHTErpat:
N dX . N _3+sn?3x . \ .
1) o~y 2) G sin6xdx; 3) nglncosxdx,

1
4
< xdx W +Inx? x 24/x
4 : 5 dx; 6 dx;
) (6 raw ) O« ) ({7)(4-)()3

18



7 ~snxdx 8 [ sinx i 9 ¢ X2dx
Q\/coszx’ 0\18- 2008 X O\/9- a8

10) dx . 11) o sin2xdx . 12) xax |

b 07.1 b

Q;X(9"’X) V16- 9sin? x O - x-1
E + X dx

13) dx,  14) ¢ .
O 1 C{1+ 4%?)/25- 9arctg? 2x

3.2. Haiimute HeolpeneneH bl HHTErpal METOIOM TOACTaHOB-
KU WM METOAOM 3aMEHbI IepEeMEHH O

1) Qf-—-;;;‘dx (ykaszanme: X-1=t);
2) O\/ex- ldx (ykasamwue: V€ - 1=t);

3) d\/;- 2§/§+9/§)dx (ykasanue: 9/;=t);

4) A o (yKa3aHI/Ie'X_})'
q\/xz-l ot
5) d% (ykazamue: IX+1=t);

\

dx .
6) (ykazanume: X=2dnt).
Q4- XCW4a- X2

19.3. UuTerpupoBanyne HEKOTOPbIX BbIPAKEHHH,
cojeps;KalMX KBaApaTHLIi Tpexuien ax” +bx+c

PaCCMOTpI/IM HeKOTOpI)Ie BUJIbI I/IHTeraHOB, COZ[ep)KaHII/IX KBaJ-
paTHI;Iﬁ TpeaneH B HOZ[I)IHTCI‘paHI)HOM BI)Ipa)KeHI/H/I, nu CHOCO6I)I nux
BbIUKCIeHHs. Berony nanee cuutaem a, b, ¢t 0.

HHH BBIYUCJICHUA I/IHTeraHa BHUJIA

\ dx

19.17
CEZ +bhx+c ( )

BbIJICIIUM TOJIHBIN KBazpaT B KBaApaTHOM TPEXYJICHE:

19

2 2
o]
a? +bx+c=aSC +x+-2=a x2+2x£xx+b_-b_ co_
8 a ag 2a 4a 4a ag
.2 20
a2 0,6 b0
eg zaﬂ a 4ag

Crenaem 3aMeHy TepeMeHHOU X + 2£ =t. Torma unterpan (19.17),
a

2
B 3aBUCHUMOCTH OT 3HaAKa BI)Ipa)KeHI/ISI — = —, CBOJUTCA K OZ[HOMy n3
a 4a
t- k
+

MHTETPAIoB (- dt =1arctgl+C wm dt :iln—
PR Qe Tk Qe "2 vk
BwmecTo 3ameHBI HepeMeHHOﬁ (HOCHG BBIACIACHHUS ITOJIHOI'O KBaa-

para) MOKHO HCIIOJIb30BaTh TAKXKE METOJ IOJAHECEHHs MOJ 3HaK

g depenimana.

WNHurerpan Buna

N\ dx

O¢: (19.18)

ax? +bx+c
TAKKC BBIYHUCIIACTCA BBIACIICHHUEM ITOJITHOI'O KBaZ[paTa B KBaZ[paTHOM
TpexwieHe. OH CBOIUTCS K HHTErpaly

éLzln‘ t+/t2 + k2
Vt? + k?
WJIM K MHTErpaty

~ dt

Oﬁ=al’csinlk+c, ecin a<0.
k®-t

PaccmoTpum mnHTErpan Buaa

AN MXEN gy e Mo, (19.19)
+bx+c

B uucnuTene moOABIHTErpaibHON (DYHKIIMH BBIACTAEM MPOU3-
BOMHYIO 2aX+b kBajgpaTHOro TpexuieHa, 3alMCaHHOTO B 3HAMEHa-
tenme. Torma materpan (19.19) MOKHO TIPEICTaBUTHh B BHIE CYMMBI
JIBYX WHTEIPAJOB, OAWH M3 KOTOPBIX CBOJWTCA K HWHTErpamy

~dt

+C, eciu a>0,

= In|t| +C, a BTOpOii BbIuMCIsieM Kak uaterpan suaa (19.17).
~ Mx+N
Wurerpan Buma O\/:dx CBOIUTCSL K CyMME MHTErpa-

ax’ +bx+c

20



N
0B =2t +C u Buza (19.18).
Qi R

VHTerpans Buga (- . o (n=1,2) comarcs K
q px+q)"Vax? +bx+c

PacCMOTPEHHBIM BbIIIE MWHTCIpajlaM C TIOMOIINBIO MOACTAHOBKHA

1
px+q=2.

N\
WnTerpan Buna O/ ax® +bx+cdx Tmocne BbIIETEHHS TOTHOTO

b
KBajJipaTta M 3aMeHbl t = X+2— CBOJUTCA K OJIHOMY M3 MHTErpajoB
a

O\ /t2 + k2 dt, O\ /t2 - k2dt wim O\ k2 - t3dt, KOTOpPbIE MOT'YT OBITH

BBIYKCIICHBI METOIOM MHTErPUpOBaHus 1o 4acTsM (cM. m. 19.4.) nim
C MOMOIIBI0 TPUTOHOMETPUYECKHX MOACTaHOBOK (cM. m. 19.7.), win
Kak uHTerpain ot quddepenuanbaoro ounoma (cm. m. 19.8).

IIpumep 1. Haiitu HeorpeeneHHbII HHTErpa:

1) \ dx . 2) \ ax .
Oz 1ax+ss’ Gva1
3) \ adx : 4) \ dx .
O X?- 4x-5 O\/S- 2x- X°
Pewenue: 1) Boinenaum B 3HaMeHaTele JpOOH MONHbBIA KBaIpaT:

\ dx .Y dx .Y dx
Oc 1ax+s8 - 02~ 27x+29- 29+58 Qx- 77 +9

Hcnonk3yem MeTon MOAHECeHUsI o/ 3HaK auddepennmana. Marerpan
MPUMET BHT;

N d(x-7)
x- 7)? +9 “37
Jlis BBIUMCIIEHHS ITOCTEAHEr0 HHTErpajga HCIONb30Baan (hopmyry
(19.13) TabauIBl HHTETPATIOB.

2) Brinecem B 3HaMeHarene MOABIHTCIPAJIbHOI'O BBIPAXKCHUA MHOXKU-
TeJb 2 38 CKOOKH U BbIJICIIUM TIOJIHEII KBagpar, MOJIy4YuM:

ag* L ec

N X _1 \ _1 N\ dx
2 _—— _—— .
Qa1 2csz+§x_ 1 205@(_'_30 7
2 2 & 45 16

21

3amMeHnM X+i—31 =t u dx=dt. laTerpan npumer BuA:

1~ dt 1
o ==In

0 4
.2
2 2 a76 2 V17
s by 4
et g
Jlis BBIUMCIIEHHs ITOCJIEIHEro HMHTErpana MWCIIONb30BaIn (Gopmyry
(19.15) Tabunuie uHTErpaoB. Bo3Bpamiasich K mepeMEHHOM X, UMeeM:

N dx :1| 4X+3- J—
Qx2+3x-1 2 4x+3+J_

3) BeiienuB B MOJAKOPEHHOM BBIPAXKEHUH TIOHBIN KBaJPAT, MOIYyYaeM:

G dx _ G dx
Ux?- 4x-5 \/(x 2)%-9
Hcnonp3ys MeTon MOgHECEHUsI MO 3HaK quddepeHimana u GopMyiny
(19.16) TabaHIBI HHTETPAJIOB, UMEEM:

Sy dx-2)

:\/(x- 2)%-9

4) BpigenuM B MOJKOPEHHOM BBIPa)KCHHH MONHbIA KBaIPaT:

by dx 2 dx _ A dx .
Q/S- - 0\/9 (1+2x+x2) 01[9- (x+1)?

[IpuMeHUB MeTO MOAHECEHUS MON 3HAK quddepeHnuana u GopMyiy
(19.14) TabnuIBl HHTETPATIOB, MOTYYACM:

C——I

4t+x/7

X- 2+4/X% - 4x- 5/ +C.

d(x+1
A d(x+) arcsz—1+C
9- (x+1)
IIpumep 2. Haiitu HeorpeeneHHbII HHTErpa:
X- 3)dX N 6x-1 \ x-1
1) ¢ ( ; 2 Or— & 3) dx.
) O ax+20 2 ax- x2 X2 - 6X+7

Pewenue: 1) Haiinem npou3BOJHYIO KBaJPATHOIO TpeX4ieHa, 3allu-

¢
CaHHOT'O B 3HAMEHATEJE podH, (x2 - 8x+ 20) =2x- 8.
BbigeuM mpou3BOIHYIO 3HAMEHATENS B YUCITUTENE IPOOH:

1 1 1
X- 3= 200x- 3= ~(2x- 8+8)- 3:5((2x- 8)+8)- 3=
:%(2x- 8)+4- 3:%(2x- 8)+1
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1
\ (X' 3)dX _ \7(2)(- 8)+1dx

Torma 0(2 = >
- 8x+20 - 8x+20
Hcnonb3ys BTOpoe CBOMCTBO HEOMNPEJEIEHHOr0 MHTErpaja, npeicra-

BUM JIAHHBIM UHTETPaJl B BUJIE CYMMBI JIByX HHTETPAJIOB
14(2x-8) dx  ~  dx

207 xr20 O axr20°

BbiennM B 3HAMEHATENe BTOPOro MHTErpalia MOJMHBIN KBaIpaT:

X2 - 8x+20= %2 - 8x+16+4=(x- 4)° +4.

J1J1st BBIYUCIICHHS TIOJYYEHHBIX UHTErPAJIOB MCIIOIb3YeM METO]I MOJIHE-
cenus noj 3Hak auddepenimana u dopmynst (19.5) u (19.13) tabnuns! uH-
TErpaJos:

2
- 8x+
ic‘jd(); 8x+20) + dxz =Ll - ex+ 20+
2U x°-8x+20 QX- 4) +4 2

+0 d(x-24) =Linhe- 8x+20|+£arctg—x- ic.

X- 47 +4 2 2 2
2) BuiienM B MOJIKOPEHHOM BBIPQYKEHWH TIOJIHBIN KBAJIparT:
ax- X2 =- (3% - 4x+4- 4)=- (x- 2)° +4.

3amenuB X- 2=t, X=t+2, dx=dt, monyunm:

N 6x-1 N 6x-1 \6(t+2)-1dt: \BLIL
0\/4X- NG 0\/4 (x- 2)2 O Va-t? O 4-t2
< Btt < dt - 2ttt d(4-t?)

=0 +110y :-36 +1larcsint =- 30—+
Ja-2 Qa2 Qe 2 4-t°

1
2

+1lacsint =- 364- t2) d(4- t2) +11arcsint =- 6y/4- 2 +
2 2
.t 2 . X-2
+1larcsmE +C=-6vV4x- X +11arcsmT+C.
JI7ist BBIYUCIICHHUSI CyMMBI MHTETPAJIOB HCIIONB30BAIH METOJ TIOJHEece-
Hus Tox 3HaK quddepennmana u popmyis (19.3) u (19.14) Tabnuis! HHTE-

rpajoB.
3) Haiinem mpou3BOIHYIO KBaIPAaTHOTO TPEXUeHa

(3x2 - 6x+7)"=6x- 6.
BeimenuM ee B wuchurene IpoOW, YTOOBI MOMYyIHTh auddepeHIran

3HaMEHATECJIs:

23

S (x-Ddx _1 5 (6x- B)dx _1 xd(3x- 6x+7)
Qe ox+7 6O oxe7 603 6x47

:%In(3x2 - 6x+7)+C.

JIyis BBIYKCIICHUST MHTErpajia UCIOJIb30BAIM METOJ MOAHECEHUS MO
3Hak auddepenimana u popmyny (19.5) Tabauibl HHTETPAIOB.

dx

N\
IIpumep 3. HaiiTu HeorpeeneHHbII HHTErpas QK7
2Ux% +9

1 1
Pewenue: TlpuMeHUM MOACTAaHOBKY X :E' Torma dx=- _zdt' [Tony-
t

qyaeM.

< dx t 1 . 18wt

- 2 dt _ A td _ 1 _
Qz s ng\/lw Qrror 1800w
t? \t?

1 ~d(+ot?) 1 5 1[ .9 VX2 +9
— =- Z{1+9%%*+C=-= |1+ = +C =- +C.
180 1+0ot2 9 9V 2 9x

3aoanusn
| yposens
1.1. Haiigure HeonpeaeeHHbIH HHTErpall:
1) N dx . 2) N dx . 3) N dx .
Q2 ax+17 Qe +ox+2 Q2 ox-a8
4) N dx . 5) N dx . 6) N dx .
) ) 0—1
Oc-5x- 4 O/ +ax. 4%% - 4x- 15
N dx N dx 9) ~ dx

7 ; 8 ; 5
'Oracv O Qrocor 2 Ok

1.2. Haiigure HeonpeaeleHHbIH HHTErpall:
8x-1 \ 2x+13

AN X-3 AN
1 dx; 2 dx; 3
)022-6x+13 ) x? - 12x+13 ) 2+8x-9

4)\ x+1 dx 5)\ 4x+5 d  6) X+2 dx
O axes Ociox-3™ 01/4X2+4X ’
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7) N 6x+3 ax: 8) N x-1 dx: 9) ~  4dx+1 dx
‘ ' '] ‘ ' 1 ‘ ' "
X +4x-12 AJ3- 2x- X \J5- 4x- X

Il yposens
2.1. Haiinute Heonpe el eHHbI HHTEerpat:
1) 27x- 3 dx: 2) 26x- 5 dx:
- 8x+3 X" - 2x-1
N 3x-5 N 2X+3
3) Oidx; 4) Oidx.
9%? - 6x- 2 AJ1- 3x- 4%
2.2. Haiinute HeonpeeneHHbI HHTEerpat:
1) \  dx . 2) N dx .
Qe Q200 - axet’
3) N dx . 4) N dx
C{x- 1)V8- 2t- 12 S PN
1l yposens
3.1. Haiinute HEonpe e eHHbI HHTErpat:
N sinxadx N Inx+1
1) ; 2) dx;
s’ X- 4cosx+8 Q«/? 6lnx- In”x
3) dx ; a) : X d>2< _
2x +1)/552 +4x+1 +2X° +5

19.4. MeTox MHTErPUPOBAHUS 10 YACTAM
[Mycte ¢yHkimmu U=U(X) u N =N(X) UMEIOT HENpepbIBHBIC
npoussoaabie UC=U&x) u n¢=n€x). Torma umeer MECTO PaBEHCTBO
éldv =uv- ddu. (19.20)

®opmyna (19.20) 3amaer memoo unmezpuposanus no Yacmam,
COTJIACHO KOTOPOMY HMHTEIPHpOBAHME BbIpaXKEHHs UOV CBOAMTCS K
uHTerpupoBannio BeipakeHus vdu Tlpumenenue dopmyser (19.20)

v N\
Mpearnoiaraer, YTo B IMPaBOW YaCTH WHTErpai Odu MOXET OBITh
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BBIUHMCIIEH Jierdye, ueM ucxoaueiii. ®opmysa (19.20) moker OBITH 3a-
MYcaHa TakKe B BUJIC

N\ N\
OIVCUX =uv- Oufdx.
PannroHanbHOCTh BBIYHMCIICHUSI HEKOTOPBIX MHTErPAJIOB 3aBUCHUT
OT TOro, Kak BeIOpansl GyHkimu U(X) u VEX) B 3a1aHHOM HHTErpase.
dopMynia HHTEIPUPOBAHMUS IO YACTSIM MOXET MPUMEHSTHCS He-

OJTHOKPATHO.
Paccmorpum crnepyromue ciaydau:

1. Jlns  BBIYMCICHUS ~ WHTETPAJoOB  BHJIA c\f” (x)e™dx,

(\j’n (X)sinaxdx, c\j’n (x)cosaxdx, rae P,(X) — mMHOrouneH cremneHu

N, B kauecTBe GyHKuuu U(X) crexyer B3saTh MHOrowieH P, (Xx), a B

KauecTBe OV — 0aHO U3 BeIpaxkenuii €™dx, sinaxdx, cosaxdx coor-
BeTcTBEHHO. [Ip 3TOM (hopMyiTy HHTErpHpOBaHUS 110 YaCTSIM CIEAy-
eT MPUMEHATH N pas.

2. Jlist MHTErpaioB Buaa c\yax cosbxdx u c\yaxsinbxdx B Kaye-

ctBe hyukuu U(X) MoxHO B3ITh €™ mmm cosbx (sinbx). ®opmy-
y pMYy

JIy AHTETPUPOBAHUS MO YACTAM CIEAYyET NMPUMEHUTH JABAXK/bl, a 3a-
TEM M3 MOJIYYEHHOI0 paBEHCTBA, KaK U3 YpaBHEHUS, HAWTH 3aJaHHbII
HWHTErpal.

3. Ins wHTErpaioB BHUAA c\j’n (X) In xdx, c\j’n (x)arcsin xdx,

(‘j; (X)arccosxdx, c‘fn (x)arctg xdx, c‘fn (x)arcctg xdx, GI ninxdx,

N\ .
Ooslnxdx B KadecTBe U(X) OepyT pyHkuuu INX, arcsinx, arccosx,

arctgx, arcctgx, sinlnx, coslnx, a B xadectBe OV — BBIpaXKeHHE
P, (x)dx. Takoit noxxon ucrnone3yoT u toraa, koraa P, (x)° 1.

Bo MHOrmx ciyuasix mouslHTErpajibHasi (pyHKIUS 3aBUCHUT HE
TOJIBKO OT apryMeHTa, HO U OT HATypaJIbHOTro MHIeKkca N. Meromom
MHTErPUPOBAHUS 110 YACTSAM YIAeTcsl IPUBECTH MHTErpasl K MHTErpa-
Jly TaKkou ke pOpMBbI, HO C MEHBILIMM 3HauYeHHUEeM UHekca. [locie He-
CKOJIBKHX TaKHX INAroB MPUXOAAT K HHTErpanxy, KOTOPbId MOXHO
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BBIYHMCIUTHh C MOMOINBIO TaOMUIBL. Takoil METOJ] MHTErpUpPOBAHUS
HA3BIBAIOT PEKYPPEHMHBIM MemoooMm, a TOIy4YeHHYIo (opmyrny —
PeKyppenmHoil hopmynoi.

Ipumep 1. MeronoM MHTErpUPOBAHMS 110 YACTSIM HAWTH HEOIpese-
JICHHBIM UHTErpai:

1) GSX +1)e* tdx; 2) d’] xdx; 3) dxz - 2x+ 3) s ng dx.
Pewenue. 1) Tlonoxum U=5x+1, dv=¢* Ydx. Torma du =5dx,

v=e“1 Hcnomssys dopmyry (19.20) HHTErpHPOBAHHS IO YACTSM, TIONY-
qaem:

(\}5X+1)ex'1dx= (5x +1)e* - (\)X'1>6dx: (5x+1)e* - SGX'ld(x- )=

= (5x+1)e*!- 5“1 +C = (5x+1- 5)e* ' +C = (5x- 4)e“ +C.
2) Tpumennm popmyity (19.20) uHTErpUpOBaHUS [0 YACTSIM:
=Inx, dv=dx,

d’\xdx: dx =xinx- (Y2 =
du=—, v=X X
X

=xInx- c\jix:xlnx- x+C.

3) TlonmoxmM U=X- 2x+3, dV:Sinng. Torna V:-ZCosg,
du = (2X- 2) dx = 2(X- 1) dx. Ipumensis popmymy (19.20), monydaem:
dxz- 2x+3)sin§dx:-2(x2- 2x+3)cos§- ‘ae-Zcosng(x- L)dx=

2 2 Q 2¢g
X N\ X
=-2(x? - 2x+3])cos= +44x- 1)cos=dx.
[ Joos + 40 oos;

[TpumenuB Gopmyiry MHTETPUPOBAHUS IO YACTSIM, OHU3UJIM CTENCHb

X
MHOI'O4JICHa Ha CAWHUILY. qTO6BI HaﬁTI/I GX' 1) COSE dX, MNPpUMCHUM CUIC
X
pa3 MeToJ MHTErPUPOBAHHKs 10 YacTaM. IlonmoxkuM U= X- 1, dv= COSE dx.
. X
Torma du=dx, v= 23|n§. [Momy4aem:
X . X X B
- 2(x2 - 2x+3)cos— +4a%(x- 1sin=- ¢ sin=dx2=
2 & 2 2 5
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_ ) X X o X
—-2(x - 2x+3)cos§+8(x- 1)sm§- 80|n§dx—

N

(¥ - 2x+3)cos +8(x- 1)sin +16c0s> +C =
2 2 2
:-Z(XZ- 2X - 5)cosg+8(x- 1)sing+c_

IIpumep 2. MeronoM MHTErPUPOBAHMS 10 YACTSIM HAWTH HEOIpese-
JICHHBIM UHTErpa:

1) fY4- XPdx; 2) GZX cos3xdx.

Pewenue. 1) Nurerpan O\ 4- x2dx yKe OBUT BBIYHCIICH B maparpade

19.2. (cm. npumep 2, c¢. 15-16 maHHOrO MOCOOMS) METOJOM MOACTAHOBKH.
PaccMmoTpum BTOpOIT CITOCOO €ro BBIYUCICHHUS, UCIIONB3YSI METOJl HHTEIPU-
POBaHUS TI0 YACTSIM:

u= , dv=dx,
O\/4- X dx=| -xdx = xd4- X - XX
du= s 2, = O /
2
=xv4- x? - A XK xV4 dx = xy/4- X -
(6 e 07 v

\4X

Q/4 " dx+0\/4 > dx =xy/4- X2 - d4- xzdx+40\/ﬁ.

Boruriciium mocieHui uHTerpai, ucnons3ys gopmyry (19.14) tabnu-
16l HHTErpasioB. [Tony4rM paBeHCTBO

d4- 2dx = x/4- X2 - d4- xzdx+4arcsing.

B HpaBOfI YaCTU S5TOro paBCHCTBA IMOJTYUYHUIIHU HCXOI[HBIﬁ HUHTETpaJI.

. X
Haiigem ero u3 ypaBHeHHUS: 20\ 4- X2dx = X\ 4- NG +4arcsm§, OTKyJIa

MOJTyYaeM OTBET: d4- dex=g\/4- NG +2arCSing+C.

2) Ucnone3ys (popMyIly HHTETPUPOBAHHMS MO YACTSM JIBAXKIbI, [TOTYYaeM:
. u=e*, dv=cos3xdx,
X cos3xdx = 5 1. =
0‘2 du = 2e™dx, vzgsm3x
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:Eezxsin3x- c\isin3x>Qe2de:Ee2Xsin3x- gszsin3xdx:
3 3 3
=e?*, dv =sin3xdx,

du = 2e®dx, v=- écos3x

= Lergnay. 228 Lo ey Q-—cos3x 006 2xchy 0=
3 3§ 3 o

:Ee sin3x+ge cos3x-—0 cos3xdx.
3 9 9

B pesysbTaTe MONY4WIN PaBEHCTBO

GZX cos3xdx = Eezx sin3x +2 e?* cos3x - 4 GZX cos3xdx,
3 9 9

n3 KOTOpOl“O HaXOI[I/IM:

13 N o — 1 o 2 ox .

<0 cos3xdx = —e2 sin3x+-=e”* cos3x;

9 9

GZX cos3xdx = —gé—t e”* sin3x +§e2X cos3x2.

@
IpuxoauM K OTBETY:
2X
GZX cos3xdx = e1_3 (3sin3x+2cos3x) +C.

. . N cin2
IIpumep 3. HaiiTu HeorpeeneHHbIi HHTErpas C)(Sln X COSXdX.

Pewenue. Vicionn3ys popmyny (19.20) unTerpupoBaHus MO YacTsM,

HoNy4aeM:
u=x, dv=sin?xcosxdx,

N\ .
O<sm2 xcosxdx = dn®x|=

du=dx, v= c\jin2 x00s xdx = c\jin2 xd(sinx) =

:%xsinsx- %c\jin3 xdx:%xsin‘°‘x+%c\jin2 x(- sinx)dx =

@
:Exsin3x+gdl- cos’ x)d(:osxzixsin‘°'x+E COSX-
3 3 3 3&

:Exsin3x+gcosx- Ecos?'x+C.
3 3 9

IIpumep 4. Haiitu HeorpeaeneHHbII HHTErpas QLB'
*2 +16)
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Pewenue. IIpeoOpazyeM NOABIHTETPATBHOE BEIPAXKCHUE!

dx  _ 1 16dx _ 1 \(x?+16)- X2 o
NG +16)3 16 NG +16)3 16 (42 +16)3
:i N dx } 1 ~ deX

16 (2 +16)2 16 Mx2 +16)3
IMocnenHuii MATErpaa BHIYKCIMM, IPUMEHsAS (HOPMYIy UHTErPUPOBA-
HUS 110 YaCTSAM.
ITomaraem u =X, du=dx.

2 .
Ecmu dv= xdx 3 :Ed(x +12) :l(x2 +16) 3d(x2 +16), TO
(x2+16)" 2 (x2+16) 2
1 -3 1(x2+16)° 1
v:—dxz+16) d(x2+16):— = .
2 2 -2 4(x2 +16)
Torma
~ XPdx X 1~ dx

=- += .
sz +16)°  4(x*+16)* 4 sz +16)?
dx

N\
TaxuM 0Opa3om, MoTy4aeM BHIPaXKEHHME MHTETPAIA Qis uepes
x2 +16)

HUHTErpal
q NG +16

dx _ 1 ~ dx lge +l N dx 9_
-1 1 1 _+=
X2 +16 16 42 +16)" 16§ 4(x +16) 4Qx2+16) P
_ 1 ~ 1 ~
16 Mx2 +16 (x2 +16)° MQX +16)°
_ 3 + X

64 {2 +16) 64(x2 +16)°

BBI‘II/ICJ'IH@M Qi AHAJIOTMYHO IEPBOHAYAJIBHOMY.
NG +16

_ 1 16dx  _ 1 \(x*+16)- x

il dX:
P Q 16
2 +16) %2 +16)° (x +16)

15 dx ~ Xdx 1 ~  xdx

1 1 aagX. L
16 qx +16 64 4 16 QXZ +16)2

T

ﬁ
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I[J'IH BbIYMCJICHUA TMOCJICAHETI 0 UHTEI'paia MIPUMEHACM (bOpMyJ'Iy HUHTCI- Mzer MOJIYYMIIN:

MPOBAHHUS 110 YACTSIM! .
pup U=x du=dx In:cos”'lslnx+(n-1)(‘)03”'2de-(n-l)ln
_ xdx _1d (X2 +16) Beipaxkaem:
- 275 2! -
24 (x2+16)" 2 (x2+16) I, :icos”'lxsinx+n—lln_2.
N L (@ +16) (2 +160) = n n
qxz +16)2 V_E = 6 +16 d X" +16) = DTO U €cTh peKyppeHTHas (GopMyla, KOTOpas MO3BONSAET YMEHBIIATH
X +16) TOKa3aTeNb CTENEHH B MOJBIHTErPAIbHON (QYHKIMM 10 TeX MOp, MOKa He
_1 (<2 +16) " =. 1 NpUJIEM K UHTErpany c\josxdx =snx+C wm c\jix =x+C B 3aBUCHMO-
2 -1 2(x? +16)
« 1< dx CTH OT TOTO, ABJISAETCS JIH N YHCIOM YETHBIM MIIH HEYETHBIM.
N\
= —— 16 e +=arctg=. L Ao
2(X + 16) 2 +16 2(X2 + 16) 8 4 Hcnonw3yem ee i BeIYUCIEHUS |5 = OOS XOX.
Nmeem: 1 4
N~ dx 1arctgx lae X +1arctgxb— I5:c\jossxdngcos4xsinx+gc\jossxdx:
sz+16)2 64 4 16§ 2(x2+16) 8 4y L et ). 5
I X . XL aX :gcos“xsinx+§8§coszxsinx+goosxdx+:
647 04 3(+16) 128" 4 32(Z+16) 128 4 X A g ?
HonyllaeM' :gcos4 Xsinx+1—5(:032 Xsinx+1—53inx+C.
2 X 3 & X 1 x0
Qs oalene) B48a2la+10) 128”45
+16 (x +%§3() 933 X +16x 2 3adanus
+ > + arctg—+C.
64(x +16) 2048(x? +16) 8192 4 | yposens

1.1. Haligute uHTETpaj METOIOM WHTETPUPOBAHHS TI0 YACTSM:
Ipumep 5. TonyunTts peKyppeHTHYIO (HOPMYITY sl BEIYUCICHUS WUH- 2%
N R < & 1) d3x+ 2)e’dx; 2 65- 2x)sin3xdx;  3) dx+5) cos—dx;
Terpania OOS xdx, nl N, n3 2. Hcrnone3yst ee, BHIUUCIUTH OOS xdx. 3
N\ N\ X N X
+ : + Zdx; !
4) dx 4)sh2xdx; 5) d?x 3)ch 3dx, 6) @m

N\
Pewenue. O6o3uaunm |, = OOS” xax.

. S . -1 _ o
=% xdx = Oos” xcosxdx = 1.2. Haiiiute MHTErpa METOJOM MHTETPHPOBAHMUS [0 YACTSIM:

_| u=cos™x, dv=cosxdx, 1) dxz - X+5)cos2xdx; 2) 62x2 +3x- 1)sin(3x+ 2)dx;

— -1 :
= _ ho . =cos"“xsnx+
du =- (n- 1)cos™ ? xsinxdx, v=sinx

dn 1)cos™ ? xsin® xdx = cos™ 'xsinx+(n- 1)003” x(1- cos? x) dx 3) 62+X' x?)e*dx; 4) 63X2+X+1)93X'1dX;

=cos" ' xsinx+(n- 1) Oos”'zxdx- (n-1) Oos” Xdx. 5) dxz - 3x- 1)3%dx; 6) dxz +5x + 2) 2% dx.
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1.3. Haiigute uHTETpajg METOIOM WHTETPUPOBAHHS TI0 YACTSM:
1) c‘jarctgxdx; 2) @xdx; 3) me_zde;

A X i \ _ . 2
4) %dx, 5) Oarctgwx 1dx;  6) dm(x +9)dx.

1.4. Halinute WHTETpaj METOIOM WHTETPUPOBAHHS TI0 YaCTSM:

1) GSX sin2xdx; 2) c‘y X cosxdx; 3) GE sing dx;
4) (¥ cos3xdx; 5) ¢sinlnxdx; 6) (sosinxdx;
O o°
7) GinlnSxdx; 8) GZX cos® xdx; 9) (Yx*- 4dx.
Il yposens
2.1. Haiinute unTerpalt:
\arccos/'x N
1 dx; 2) carctgy/xdx;
'O ) e
3) é<cos2 xdx; 4) c\ja\r/%dx;

sarcsinx N .2 .
5) Oﬁdx’ 6) O(Sln xdx;

7) (yresin(6x- 5)o 8) (yrecos(L- x)dx;
9 (3- 2¢- 3)sin’(2x- Yo 10) (- 2 +4)cos’ (3x+2) k.

2.2. Haiinute unTerpalt:
AInx dx,

1) (Y Inxax 2o el c\)dng_‘JH%?dx;
9
4) C\JI%dx; 5) c\)&lnzxdx; 6) dx- 2)In(x- 2)dx;
X
7) (x+1)°In* (x+ 1o 8) (§x+2)°In*(x+2)dx.
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2.3. Haiinute unTerpai:

1) c‘f‘arctgxdx; 2) C)(Z arccos xdx;
3) c‘)<arcsi nxdx; 4) c‘jarcsi n? xdx.

2.4. Haiinute unTerpalt:

1) dx+1)2(x- 3)5 dx; 2) 62x+1)2(3x- 2)3 dx;

X - Tx+1
3) éxs' X2+2X' 1)\/2X+3jx; 4) Oﬁdx

2.5. Haiinmute nHTErpai, KOMOWHUPYS METOMBI HHTETPUPOBAHUS
0 YacTsIM M 3aMEHBI ITepeMEeHHON:

1) c‘yﬁdx; 2) dcos&dx; 3) c‘f‘exzdx;

JIn(arctgx)dx_

4) C\fxln(ex+l)dx; 5) v 6) c\jinxlncosxdx;

7) Gosxlnsinxdx; 8) GianInsinxdx.

1l yposens
3.1. Haiinute uHTErpa:
1) (Y x* +1dx; 2) (V1- xPdx; 3) (Vx*- 4dx;
4) (Y2 +9dx; 5) (Y25- x*dx; 6) (VY X*- 2x+ 2dx.

3.2. TTonyunTe pekyppeHTHYIO (HOpMYITy AJsl BEIYMCICHUS WHTE-
rpajia U c ee IOMOIIbIO HaliJuTe HHTErpaj Uil yKa3aHHOro N:

\ dx N .
1) —, n=2; 2) yin" xdx, n=4;
x2+a2) O
3) da IN"xdx,a -1, n=3 4) daz- x2)"dx, n=2;

5) (= dx n=4; 6) Ginmxcosn xdx, n,mi N;
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7) On X dx, n=3; 8)0<edx,n=5;

9 Gaxsin”xdx, n=2 10) (‘l% ni N, n=4

11) (jo"xdx, n=3; 12) (yto"xdx, n=2;
iSin" x

13)Q;O—dxnmINn 3, m=2

19.5. Paunonanbublie pynkuun. MHTerpupoBanue
npocreimux apooeit

Payuonanvnoii (hynkyueil Ui payuonaibHoil 0pooblo HA3bI-
R.(X)
b
Qn(X)
panoHaIbHBIMU KO3(QUIIMEHTaMHU CTEIEeHEe N U M COOTBETCTBEH-
HO. Ecitm n<m, To 1poOb Ha3wbiBaercs mpasuavhoil, ecau N3 m,
TO — HENPAGUILHOIIL.
Besikyto HenpaBUiIbHYIO JpOOb MyTeM JCICHHS YHCIUTEIS Ha

3HAMEHATellb MOXKHO IPEACTABUTh B BUJIE CyMMbl MHOTOWICHA M
MPaBUIBHON APOOH

BaeTcss QyHKIMS BUA rae P (x), Q,(X) — MHOrounens c

RO _ R(X)
Qun(X) " Sen09 Qn(¥)’
rie S, (X)), R(X) — MHOroumensi, QR<(())(()) — TpaBUJIbHAS

npods, k<m.

WnTerpupoBanre palmoOHANBHBIX APOOEH CBOOUTCS K WHTErPH-
poBaHMIO MHOrowieHa S(X) W NpPaBHIbHOW PAalMOHAIBHON JIpOOH
R(¥)
Q(x)
raercs Ha MHOXKUTENH, TO €€ MOXXHO IPEICTaBUTh B BUAE CYMMBI
mpocrefmux apodeit (METOABI Pa3IoKEHUS HA CyMMY MPOCTEHIINX
npobeit cmotpute B maparpade 2.3, yacts 1, c. 47-54).

Cpenu mpaBHIBHBIX Jpo0el pa3inyaloT YeThlpe TUIa MPOCTel-

. Ecnu BeIpakeHne B 3HaMeHaTele MPaBUIILHOM IpoOu pasmna-
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HIUX IpoOeii:
A

|_

-a

A .
(x-a)"

Mx+ N
X2+ px+q’

v MXAN ag

(x2 + px+ q)k ’

rne A, M, N, & p, q — NoCTOsSHHBIC JEHCTBUTEIBHBIC YHCIIA,

k — matypaneHOe uncio, auckpumuHant D = p? - 4q<0.
HeonpeneneHHbie HHTErpajbl 0T MpoCcTeIMX Apodeit

N AdX P \d(X a)
1. 07 = Aln|x- a +C.
- a X-a | a|
~  Adx 1
2. -=ACKX- 2 “d(x- a)= —+C,
Qx 0 ) - @)= 1- k (x- a)*?
kT N, k3 2.
3. Unterpuposanne npocreifmei npodu |l tuna npomsBonst

COOTBETCTBEHHO CII0c00y BbrumcieHus nurerpaia (19.19), koropsrit
onuca B naparpade 19.3.
4. B uncnurene npobu |V THma BbIACINM MPOM3BOAHYIO KBa-

paTHOro Tpex4icHa X2 + px+q:

M Mp 6
Mx + N _?(2X+ p)+?\" p
(x2+px+q)k (x2+px+q)k
Tornma
\ Mx+ N dx _M \ 2X+p kdX+
x2+px+q) 2 x2+px+q)
_md\ dx

+ ;
- K
& 2 o9x+px+q)
Brruncium HUHTCTpaJibl HOCHCZ[Heﬁ CYMMbI OTACIBHO.
CornacHo popmyie (19.3) TaOIHIBI HHTEPATIOB, HMEEM:
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My 2xbp o M (¢t prra)
2 X2+ )k - 2 5 )k =
px+q X"+ px+q
_ ) Sk+L
:%C‘Sx2+px+q) kd(x2+px+q):%x«(X +_p::f) +C=
M

= 1 +C.
2(1- k)(>2 + px+q)

Jns BpIUMCIIEHHSI BTOPOrO MHTErpasia BBIICIUM B 3HAMEHATENe
MOJHBIN KBaJpar:

k
e OO
(X2 + pX+q)k :§3(+—go 8q- % ++ . Cnemaem 3aMmeHy Iie-
4} 9g
2
peMeHHol t = X+Ep. OGo3Hauns a° =(- % >0, momy4nm:
da§(+£9
By Moy O _m Mpos & 25
& 2gq cpxeq) & 2,@@%‘; od @ zddk

+—+ +gq-

g

8 ik

_ Mpo ~ dt
= -2 -
8 2 gqtz +a2)
IMocnennuii uHTErpan, KOTopblii o0o3HaumMm |, BeIUHCIAETCS
M0 PEKyppeHTHOH popmyre

N dx 1 X 2k 1
[ kTN, 19.21
k+l sz +a )k+1 Zkaz (XZ + az) Zkaz I ( )
| = ~ dx _ 1 X I
rae 1—OK2+—a2—aarCtga+ .
B wactHOCTH,
I, =C o X iarctg +C.

C(x2+a2) 2a’(x*+a%) 2a°
X2m+1

N\
HNuTterpansl Buaa > dx, rme m — menoe moNOKUTENb-
a+bx?)

HO€ YHCJI0, BBIYHCIISIOTCS C IIOMOIIBIO 3aMeHbLI a+ bx? =t. Torma
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X2 = t-Ta, dt = 2bxdx,

1 1
2™ dx = x?Mxdx :_(XZ)m oxdx =18 a(? dt =—— (t a)"dt.
2 26b g 2
‘(t - a)m d
Ota 3aMeHa NPUBOJUT K UHTErpary o m t.
IIpumep 1. Haiitn uaTErpabL:
2 4 2
0 w; 62x 4 2 X +6x3+102x X+4
+x%- 2x X2 +5x% +4x
~ X°+x-8 - 3x-1

K Qx- 3)2(x+1) & K ox(x- 1)° o
Pewenue. 1) Pa3noxum Ha MHOKUTENN 3HAMEHATEITH IPOOH:
3G+ - 2x = x(52 +x- 2) = x(x- 1)(x+2).
Tak kak KaxJaplii MHOXXHUTENb X, X- 1 U X+ 2 BXOJUT B 3HaMEHATEIb

B HepBOfI CTCIICHU, TO KAXKJIOMY U3 HUX COOTBECTCTBYCT HpOCTeﬁmaH I[pO6I> |

Tumna. Torma oOmuil BUI pa3iokKeHUsl HA CyMMY IPOCTEHIIX JApo0eit Oymer
UMETh BHJT;

x*-6x-4 _A, B  C
x(x- 1)(x+2) X k1 X2
IMpuBeneM npaByio YacTh K 0OIIEMY 3HAMEHATEIIIO:
X2 -6x-4 _ A(x-1)(x+2)+Bx(x+2)+Cx(x- 1)
x(x- 1)(x+2) - X(x- D(x+2) '
IMprpaBHUBAs YUCITUTEIH, TONYIACM:
32 - 6x- 4= A(x- 1)(x+2)+Bx(x+2)+Cx(x- 1) = AlX® +x- 2) +
+B(x2 +2x) +C(x2- x) = Ax® + Ax- 2A+Bx2 + 2Bx+Cx? - Cx =
=(A+B+C)x’ +(A+2B- C)x- 2A
I[Ba MHOI'O4JICHa paBHbI, €CJIW PABHbI KO3(1)(1)I/II_[I/IGHTI)I npu OJUHAKO-
BBIX CTEIEHsX IepeMeHHol X. [IpupaBHsieM 5TH K03()HUIUEHTHL:
X*|A+B+C =1,
x'|A+2B- C=-6,
_2A=-4.

[Nomyunnu cucteMy ypaBHEHUI
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iA+B+C =1

{A+2B-C=-6

f-2A=-4.

Penras ee, naxomum A =2, B =-3, C = 2. Takum oOpa3om,
x*-6x-4 _2 3 L2

$CAxZ-2x X x-1 x+2

3Hauur,
A X - 6x- 4 X o xdx | xoox
= - 2 =
O 2" 20x *0 1720z
2 2
=2In|X- 3In|x- 4 +2In|x+2 +C :IHM +
(x- 1)

2) MonpiHTerpanbHas GyHKIUS SBISETCS HENPaBHIBbHOH apoObto. [1y-
TE€M JEJCHUS YUCIUTENs Ha 3HAMEHATeNlb BBIIEINUM eIyl 4acTh paluo-
HaJIHOW APOOH ¥ MTPaBWIIBHYIO PallMOHAIBLHYIO ApO0b.

x* +6x° +10x%2 - 3x+4| x3 +5x2 + 4x
x4 +5x° +4x X+1

X3 +6x% - 3x+4
X3 +5x2 +4x
X - Tx+4
Torga
4 2 _ t==) 2 _ o]
x* +6x% +10x I+4 | N x+1+#id _
%3 +5x2 +4X Q X7 +5x° +4x z

NG N XP-TX+4
=—+X+ dx.

+5%% +4x
Pa3ﬂO)KI/IM HAa MHOXXHUTECIIU 3HAMCHATCIIb HpaBI/IHBHOﬁ I[pO6I/I

x* +5x° +4x = x(x+1)(x+4).
Nmeem:
x*-7x+4 _A B  C

X(X+D)(x+4) x x+1 x+4’
OTKyZa

X2 - Tx+4= A(X+1)(x+4) + Bx(x+4) + Cx(x +1).

Haiinem xoadduimeHTs METOI0OM YacTHBIX 3Ha4YeHWH. B mociennem
paBeHCTBe, mojarasi nocnepoBarensHo X =0, X=-1 X=-4, nmomydaem
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COOTBETCTBEHHO:
4=4A 12=-3B, 48=12C, t.e. A=1 B=-4, C=4.

X-7x+4 1 4 4

CJ'IeI[OBaTeJ'H)HO, =-—- + .

X(x+1)(x+4) x x+1 x+4
[TosTomy

2
N X°- 7xX+4 adx o~ odx N Ox
O(idx: -4 +4 =In{x - 4In{x+1 +
(x+1)(x+4) O;( (I+1 ( )2_,_4 |XI | :q
4
+4In|x+4|+C:In—X(X+421 +C
(x+1

3) 3HaMeHaTeNb MOABIHTErPATBEHOTO BEIPAKECHHS UMEET KOpEeHb X = 3,
KpaTHOCTHU 2, ¥ TIPOCTOH KopeHb X =- 1. O0ummii BUJ pa3ioKeHHs1 Ha Ipo-
cTedime JpoOHM MOIBIHTErpajJbHOW (QYHKIMM B JaHHOM ciydae Oyner
HUMETb BUJ!

x* +x- 8 A B C
> = + > + .

(x-3)7(x+1) X-3 (x-3)° x+1

[TpuBenem npaByro 4acTbh 3TOr0 paBEeHCTBA K OOIIEMY 3HAMEHATEIIO U
IIPUPABHSICM YUCIUTEIIN:

x2 +x- 8= A(x- 3)(x+1)+B(x+1)+C(x- 3)°,

x° +x- 8=(A+C)x*+(- 2A+B- 6C)x- 3A+B+9C.

[TpupaBHsSB KO3 PUIMEHTHI IPH OJUHAKOBBIX CTEIICHSIX MEPEMEHHON X,
TIOJTy4aeM CUCTEMY YpaBHEHHH, peliasi KOTOpPYO, HaX0IuM K03 (hUIIHMEeHTHI:

Ta=3
i A+C =1, IS
{-2A+B- 6C=1 {B=1
o :
f-3A+B+oC=-8 foo1
1 2
Taxum O6pa3OM NMEEM pa3JIO>KeHI/IeZ
3 1
X¥+x-8 _ o L1 2
(P xe]) *3 (e af
Torga
x X +x-8 3adx  x odx 1 adx

2 ®=20 3" 2 20017
x- 3)7(x+1) x- 3)

3 1 1
:Eln|x- 3- 3 EIn|x+11+(:_
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4) 3HaMeHaTeNb MOABIHTEIPATLHOTO BHIPAKEHUSI UMEET MPOCTOM KO-
perb X =0, KOTOPOMY COOTBETCTBYET MpocTeiias qpook | Turma, u KopeHb

X=1 KpaTHOCTH 3, KOTOPOMY COOTBETCTBYET CYyMMa TpPEX MPOCTEHIINX
z[po6ef/'1 | u Il TumoB. Nmeem:

X2 - 3x- 1 A B + C + D
x(x- 1) X x-1 (x-l)2 (x-l)s.
[IpuBeneM mpaByrO 4acTh 3TOTO PABCHCTBA K OOIIEMY 3HAMEHATEIIO U
MIPUPABHICM YHCITUTEIIH:
*2 - 3x- 1= A(x- 1)° +Bx(x- 1)° +Cx(x- 1) + Dx.
Haiinem k03¢ GuUIMEeHTH METOIOM YacTHBIX 3HadYeHui. [Tomaras X =0,
nonyqaeM: -1=- A A=1. Ilpu x=1 umeem: D =-3.

Haiinem npou3BOAHYIO OT 0OEMX YacTe MOCIEIHETO PABEHCTBA!

2x- 3=3A(x- 1)2 +B(x- 1)2 +2Bx(x- 1)+ C(x- 1) +Cx+D.

[onaras x=1, momydaem: -1=C+D,C=2. IIpu Xx=0 wumeem:
-3=3A+B-C+D, B=-1.

Takum obpazom,

x-3x1 1 1 + 2 3
X(x-1° % %1 (x-1* (x-2°
Torma
\x2-3x-1 ~dx N dx

Ox(x-l) O; d<_1 Qx 1)? 3Qx-1)3:
=In|x- In]x-1- 3

X- 1 2(x - 1)

IIpumep 2. Berancnute HeonpeaeIeHHbIH HHTErpa:

2 2
BN \ -7
1) Q 14x +2x+5 dx 2) X . dx
x+1)(3x - x+2) QX- 2)(x? - x+1)
3 1 3 +6x% +11x+5 o 2 ¢ xax
X2 +1) (P +2x+2) Qx+1)(x2+x+1)2'

Pewenue. 1) TIocKOIbKY KBaAPATHBI TpexdIeH 3X° - X+2 He HMeer
JIEWCTBUTENILHBIX KOPHEW, TO IPUXOJUM K CIeIyIoeMy o0IIeMy BUIy pas-
JIO)KEHHS TO/IBIHTETPANbHON (QYHKIMY HA MpOCTEHIe ApooH:

14x°+x+5 _ A . Bx+C
(X+D(BP- x+2) x+1 3x%- x+2
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[IpuBenenne npaBoii yacTu K 00IIeMy 3HAMEHATEIIIO U IPUPaBHUBAHUE
YyHCIUTENEN NaeT ypaBHEHUE:

14x% + x+5= A(3X? - x+2) +(Bx+C)(x+1), 1. e.
14x% + x+5= (3A+B)x? + (- A+ B+C)x+2A+C.

[MpupaBHIB KO(hPUIMEHTH NPU OJUHAKOBBIX CTENEHIX X, MOIydaeM
CUCTEMY YpaBHEHMI

13A+B =14,
t-A+B+C=1,
j2a+C =5,

Pemast momydeHHyto cuctemy, HaxomuM KodpduuueHTs: A =3,
B=5 C=-1
Taxum obpazom,

14x% + x+5 _3 ., 5x1
(X+D(BP- x+2) x+1 3x%- x+2
CrnenoBaTelbHO,
14X% +x+5 dx:gxdx+\ Bx-1 0=
C{x+1)(3x2-x+2) OZ+1 QXZ-X+2
\§(6x-1)-}
=3in[x+1+ (5L o=
3x°- x+2
(3x - x+2)
=3In|x+ +_
x+3 O 3X° - x+2 180
2 dX
:3In|x+11+—ln‘3x - x+2‘-— =
6 18 23
& eg T3
5 2 6X - 1
=3In|x+1+—=In|3x° - x+2 - ——arct
s gin| s O
2) Nmeem:
X2 -7 __A , BxsC
(X- 2(x%- x+1) X-2 x*-x+1’
OTKy/a

X2 - 7= A0 - x+1) +(x- 2)(Bx+C).
Z[J'IH HaX0XKXIACHUSI HCU3BECTHBIX KO3(1)(1)I/IHI/I€HTOB MNPpUMEHUM OJIHOBPEC-
MEHHO METOJ 4YaCTHBIX 3HAYEHUI U MCTOA HCONPECACICHHBIX KOB(l)(l)I/IHI/IeH-
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ToB. [Toacrasistst X = 2, Haxomum: - 3=3A, A=-1.

Js Haxoxaennst koad¢unmento B u C noctarouyHo NpupaBHATH KO-
sddurments npu X 1

X?| A+B = L

O A- 2C=-74

W3 mocnenneli cucreMsl ypaBHeHUH nonmydaem: B =2, C =3,
Takum obpazom,

X2-7 _ -1, 2x+3
(X- 2)(X%- x+1) X-2 x2+x+1
Torna
\ XZ- 7 ~ dx N 2X+3

=. dx = - In|x- 2
Qx-2)(x2-x+1)dx 02" 0™ npx- 3+

2
+ \(22X+1)dx+20<2 dx=- In|x- 2 \d(); XA,
+x+1 +x+1 X+ x+1

d?”%? 4 2x+1
+20 2 —_In|x- 2/ +In|x®+x+ +—arctg——+C.
1& 3 -3 ‘ # 3 NE
+-1+=
& 25 4

3) IocKONbKY KBaJpaTHBIE TPEXUICHBI X2 +1 1 X2 +2X+2 He UMeroT
JIEHCTBUTEITLHBIX KOPHEH, TO MPUXOIUM K CIEAYIOIEMY O0IIeMy BUIY pa3-
JIOXKCHUS TIOABIHTETPATBHON (DYHKIIMH HA CYMMY MPOCTEHIITUX APOOCH:

3 +6x* +11x+5 _ Ax+B ,_Cx+D
(x2 +1)(x2 +2x+2) X2 +1 X2 +2x+2
[TpuBoAMM TpaByIO YacTh ATOTO PAaBEHCTBA K OOIIEMY 3HAMEHATEIIO 1
NIpupaBHUBaeM ynciuTend. [lonydyaem ypaBHeHHe
3 +6x° +11x+5 = (Ax+B) (3 +2x+2) +(Cx+ D) (x* +1);

3x° +6x” +11x+5=(A+C) x> +(2A+B+D)x* +
+(2A+2B+C)x+2B+D.

[TpupaBHsIB KO3 PHUIMEHTHI IPH OJUHAKOBBIX CTEIICHSIX NEPEMEHHOH X,
MOJy4aeM CUCTEMY YpaBHEHUI

1A+C=3
[2A+B+D =6,
{2A+2B+C =11,
f2B+D =5.

43

Pemast momydennyto cucremy, HaxomuM KoddduimeHnts: A =2,
B=3 C=1, D=-1 Takum obpa3om,
3C+6X° +11x+5 _2x+3 x-1
(x2+1)(x2+2x+2) X2+l X2 +2x+2

CrnenoBaTelbHO,
x 3% +6x% +11x+5 2X+3 x x-1

QXZ +1)(x2+2x+2)dX: Q<2 +1dx+q2+2X+2dx:

a2xdx o\ dx 1d2x+2)dx_ o I

:O;2+1+3O;2+1+§ 24+ 2x+2 qx+1)2+1:
\d(x +1) 1 < (x +2x+2)

07+3arct += 07 2arct +1
X2 +1 o X2 +2X+2 o g(x )

= In‘x2 +q +3arctgx+zln‘x2 +2x+2‘- 2arctg(x+1) +C.

4) B maHHOM CJIydYae MpHU Pa3ioKEHUHU IMObIHTErPATbHON (HYHKIINK HA
HpOCTeﬁmHe I[pO6I/I B KaQUCCTBEC Cl1ara€MbIX 6yz[eM HUMCTh HpOCTeﬁmHe Apo-
6u l, Il u |V Tumnos:

X _ A + Bx+C + Dx+E
(x+D(C +x+1D)%  x+1 2 +x+1 (C+x+1%
Orcrozia nony4aem:
x= A(X% + x+1)? + (Bx+ C)(x +1)(x? + x +1) + (Dx+ E)(x +1).

[onaras X=-1, momydaem: A=-1. IIpuBemem mogOOHBIC WICHBI B

HpaBOﬁ YHYacCTH 3TOro paBeHCTBaZ
x=(A+B)x* +(2A+2B+C)x> + (3A+ 2B+ 2C + D)x* +
+(2A+B+2C+D+E)x+(A+C+E).

[MpupaBHuBas K03((GUIMEHTH NPU OJAMHAKOBBIX CTENEHSX MepeMeH-
HOH X, MOJTy4lM CUCTEMY YpaBHEHMI

x* A+B=0,

x}|2A+2B+C =0,
X?|3A+2B+2C+D =0,
xt|2A+B+2C+D+E =1,

x°| A+C+E =0.

U3 mee naxomum B=1, C=0, D=1 E=1.
CrnenoBaTelbHO,




X _ -1 + LS x+1
(x+D(C +x+1D)2  x+1 2 +x+1 (C+x+13%

Torna
N dx N dx \ ~ (x+1)dx

c{x+1)(x2+x+1)2 O cj<2+x+1 Qx +x+1)?

s(2x+)dx 1 8 dx 1~ (2x+1)dx
2+x+1-§ 24 x+1 ZQX +x+1)? *

N RN dx

dx 2
= = il -z .
+2Q7x2+x+1)2 n|x+11+2 n‘x +x+]{ 2Q§<7+}oz+§

1 1 dx

1 12
- = = 2 -
2(X2+X+1)+20a%§< " 362 n|x+11+2 n‘x +x+4
+ :

1
__I -
n|x+jj+2

L g2l 1 |
3 V3 203 +x+1) 18 36

& 25 4g
I[J'IH HaXOXIACHUA NOCJICAHCTO MHTCIrpaja CAciacM 3aMCHY ICPECMCH-

1
HOU X+§ =t u mpumeHuM pexyppeHTHyo dopmyny (19.21) anst ciayyas

3
k=1 a’==:
L 4
L= A dt _ 2t +2|
2~ - . 51
Q?2+§‘?2 3%24+39 3
&€ a5 €& 45

e ! 2
rae Il—q—3 [arctg[

Torna nonyuaem:

2t 4 2t 2x+1 4 2x+1
= +——arctg—= + arctg .
V3

. e O G I

[TpuxomuMm K OTBeETY:
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~ XSX 5 =-In|x+1 +£In‘x2+x+4-
C{x+1)(x +x+1) 2
1 2x+1 1 2x+1 2 2x+1
arctg arctg

B 2(x2+x+1) 6(x% +x+1) 3\/§ V3

3
2x+1 x-1

1 12
-In|x+]j+§ln‘x +x+]4-3\/§arctg A +3(x2+x+1)+c'

Ipumep 3. Beraucnuts MHTETpaIbL:

- 43 +6x2 - 3x+4 2X
> dx; 2 O ~dx
x3- 3% +3x- 1 2+%%)

Pewenue. 1) TloapiHTerpanbHas (QYHKIHUS SBISETCS HENPABHIBHOM
npoObio. Beinenum nenyro yacTb 1poOH, pa3aerB ee YHCIUTENb Ha 3HaMe-
HaTeJNb 1O NMPaBUITY AEICHHUS] MHOTOWICHOB!

Xt - 4 +6x% - 3x+4 x3- 3% +3x- 1
x-1

9

1)

x*- 33 +3x%- x
X +3x% - 2x+4

X +3x%% - 3x+1

X+3
Torma
.. 2

- 4x3 +6x2 - 3x+4 \ag(_1+ X¥3 Oy =X 44

X2 - 3x2 +3x 1 - 3% +3x- 1g 2
+6L3)dx: 6L)+4 ax=X dX ray -

T oy 2 Qey Qe
:X_- X-i- 2 +C

2 x-1 (x-1)?
2) Cuenaem 3ameny 2+x°=t. Torma dt = 2xdX, X2 =t- 2,
2x%dx = X8 s@xdx = (x?)* s@xdx = (t - 2)*dt. Momyuaem urTerpan

<~ 2 iy \(t-2)4dt: - 8t +24t% - 32t +16 ot =
2+x%)4 t4 O t4
:c‘iﬁ 8+2;1 3—5 E%It-t 8In |t|-§ 1—?-1—2+c:
t t2 3t t2 3t

2
:t-8|n|t|-88—-t_ a—-+C t- 8inlt|- 8(9t'—?+2)+c
2
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Bo3Bpamaemcst K CTapoil IepeMeHHoi, MoacTaBuM t = 2+ X% u momy-
qaem:

v 2 8(9x* +30x° +22) N

dex 2+ %% - 8In‘2+x‘ 3(2+x2)3

3aoanusn
| yposens
1.1. Haiiaure uHTErpai OT npocTeiiiel Apodu:
~ dx < dx « 6dx
1 OA_; 2 ; 3 Q—;
) -7 ) X+3 ) - 3x
~  dx N~ dx N\ dx
4 ; 5 ; 6 ;
) c2x+2) ) QZX- 1) ) Q4- 5x)°
7 ¢ dx ) 8) O xadx ) 9 ¢ 4x- 1 dx
Oz +6x+10° O +10x+ 38" O x5
10 2 g 1) 2 w12 22
> +4x+29 > +3x+4 X° - x+1

12 Haﬁm/lTe I/IHTeraH OT mpocreiieit npobu |V Tuma:
A 2X+1 A 3Xx- 2

D Qvar 2 Qrvgr 9 Qs ® 9 Qevar™

1.3. Haiigute uHTETpaj OT MPOCTEHIINX APOOEH:

0 0
1)\8854_22 +dx;2)\ae3+ 12_ 23+dx
Q(x+3) X - 2X+2g Qx+1 (x+)° (x+2)°g
N\ 0 e
3) aez4x 1 o 26x+1 + 3 i
(gx +25 (X-4)°g ch +8x+20 2(x- 2)° gy
Il yposens
2.1. Haiinute HeonpeeleHHbI HHTEerpat:
1 @ Bx+1 . 2 \4x%- x- 6 "
Oy 2™ O™
\ 3x+2 _ 2%+ x+1

3) Q 4) O—dXZ(X+1) X.

x- 1)(x? - 5x+6)
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5)

7)

1 X - 5X* +5x+23 N 3%~ x+2
dx; 6) 5 X
X- D(x+D(x- 5) c2x+1) (x-2)
\ X?-5x+5 ~  dx

QX- )3(x- 2) o 8 O/<_3(x- 1)2;

X+4 WC - 11¢ - 19%% - 5x+4

) c2x+2)(x+1 90 X - 3x+4 o

1

5)

7)0

9)

2.2. Haiinute HeonpeeneHHbI HHTerpat:

< X+x+3 i 2 « XdX
Qx+3)(x2 +9) (0 ey
3 & dx : 2 23+ X2 - 2x- 2

sz- 3x+5)(x? +2x+3) X+D2(x* +x+1)

< 3C-2x+4 _ 6 ¢ dx
X+ +2x+2) - X

x*+3x2 - 3x-11 v 8 \3x3+7x+1dx_
(x- D(x>+4) Qs

. X+3 " 10) - )3+ +2x- 7d>c
f+6x°+9 O xise+a

1l yposens

3.1. Haiinute HEeonpeeneHHbI HHTErpat:

< xdx 2% - 3x* +11x% - 18x% +16x- 32

Y Quyarey 20 (2 + 4y P

~ 32 X7

\ X
; 4 .
% Qi+ x?)* & ) Qa+ 2x2)* dX

19.6. UnTerpupoBaHyie TPUrOHOMETPUYECKHX BhIPAKEHU I

JIyist BBIYMCIICHUST WHTETPATIOB BHA GI n(ax + b) cos(cx + d)dx,

(‘}os(ax+b)cos(cx+d)dx, (‘)in(ax+b)sin(cx+d)dx, roe a, b, c, d—
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Z[eﬁCTBHTeHLHBIe qyucia, NpuMEHAIOT CICAYIONIUC TPUTOHOMETPpHUYC-
cKHe ()OpMYIIBI:

cosa cosb =%(cos(a - b)+cos(a + b)),
sinasinbz%(cos(a- b)- cos(a + b)), (219.22)

sina cosb =%(sin(a - b)+sin@ +b)),

C TIOMOIILIO KOTOPBIX MPOU3BEICHIE TPUTOHOMETPUICSCKUX (DYHKITUH
MEPEBOJIUTCS B CYMMY.
Briunciienue nHTErpaia Buaa

c‘ji n™ xcos" xdx (19.23)

3aBUCUT OT ITOKa3aTelel cTelneHed mu n.

PaccmoTpum cnenyromume ciyvyau:

1. Eciiu B popmyne (19.23) M — HeueTHOE TOIOKHUTEIBHOE YUC-
7o, T.e. m=2k+1, kI N, To nmoaplHTerpasibHOE BBIpAXKEHHE TIpe-
00pasyercst CIAeAyIONMM 00pa3oM:

My — a2kl — 2K v — (cin2 Kainy — S2k'
gnm"x=9n“"x=9n“ xdnx=(sin“ x) “sinx=(1- cos” x)“snx.
JlenaroT 3To ¢ LeNbio MOIHECEH s o]l 3HaK auddepeHnuana.
Torpa

Gn

=- (‘jl cos? x)* cos" x(- sinx)dx = - (‘jl cos? X)* cos” xd (cosx).

2+ y cos” xdx = 61 cos® x) ¥ cos” x sinxdx =

[Nony4yaem MHTErpaI OT CTENEHHOMN (PYHKIIMM OTHOCUTEIILHO COSX.
B cnyuae m=1 cpasy umeem:

ancos” xdx = - c‘jos” xd(cosx), " nl R.

AHAIOTHYHO MOCTYMAIOT, ecii B hopmyste (19.23) n — HeuerHoe
MOJIOKHUTEIIBHOE YHCIIO, T. €. OTACIbHO MHOXHTETh COSX MOXHO
MOJTHECTH T0JT 3HaK TuddepeHIuaia.

2. Eciu B popmyie (19.23) m+n=-2k, k1 N, To:

1) noxpiHTErpaigbHas (QYHKIMS MPEACTaBiser cobod ApoOb, B
YHUCIIUTENEe KOTOPOH HAXOJUTCS CTEIEHb CHHYCa, a B 3HaMEHATele —
CTEMeHb KOCHHYCA M HA000pOT (CTeleHb YMCIUTENS MEHbBIIE CTe-
NICHU 3HAMEHATeNs), PUYEM IMOKa3aTelN CTCIeHU WM 00a YeTHbIC

49

WK 00a HEYETHBIE,

2) moapIHTErpangbHas (GYHKIMS TMPEACTaBiaseT co0oi apoos,
YHUCIIUTENb KOTOPOH TIOCTOSIHHAS BEJIMYUHA, 4 3HAMEHATEb — MPOU3-
Be/ICHHE CTeIeHel CHHyca U KOCHHYCa OTMHAKOBOW YETHOCTH.

B 31HX citydasix npuMeHsoT noactaHoBku t =tgx wm t =cCtgX,

KOTOpBIE MPeoOpa3yloT MOABIHTErPAbHYI0 (YHKIHIO B CTEIEHHYIO
(YHKIUIO OTHOCHTENBHO tgX mim CtgXx.

IIpu »TOM, €cCiiM NMPUMEHSIOT NMOACTAHOBKY t =tgX, TO HCIONb-
3yroTcs (POPMYIIHIL:

. tgx ot _ 1 _ 1
snx= = ; ooSX= = ,
\/l+tg2X \/1+t2 \/l+tg2X \/1+t2 (19.24)
ct
X=adgt; dx= .
J 1+t

Ecnu npuMeHAroT noacTaHoBKY t=CtgX, TO HCHOJIB3YIOTCS
bopmyIbI:

. 1 1 _ cgx _ ot
sinx= = ; coSX= = ,
\/1+Ctg2X \/1+t2 \/1+Ctg2X \/1+t2 (19_25)
dt
x=acctgt; dx=- .
g 1+t2

J1st npobu mepBOro BHIA, €CIM B YUCIMTEIE HAXOAUTCS CTe-
neHb SINX, TO paloHajbHEe MPUMEHUTH MOICTaHOBKY t =1gX, ec-

JIM B YHCITUTENIE HAXOMUTCS CTEMeHb COSX, TO — IMOACTAHOBKY CtgX.
B ciyuae, ecmu m+n=- 2Kk, kT N, uncia mu n MOTYT OBITH HE

OCIBIMUA.

3. Ecit m+n=0 (M, N — menble 4ncna), TO MOABIHTErpabHOE

m n

X Cos X
—— WM ——
Cos X SN X

BBIPpAXKCHHUE UMCECT OJUH M3 BUJ0B n TOorjga HUH-

N\ Y
Terpaj NPUBOJAUTCS K BUJLY OngdX Wiu OtandX. Jlyist BBIUKCIIE-

HHUSI CIELyeT IPUMEHUTh COOTBETCTBEHHO MOJCTAaHOBKHM tgX=t u

dx = dt
1

e wim ctgx=t, dx=- 1 KOTOpBIC MIPUBOIAT K MHTE-

+t2'
m n
Nt b

rpajiam W& WIIN Wdt COOTBETCTBEHHO. BbINomnHsis nene-
+ +
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uue (B mepBoM ciydae t™ menum ma 1+t?, a Bo BTOpoM t" — Ha
1+1t?), npuneM K BBIPAXKEHHIO, KOTOPOE HENOCPEICTBEHHO HHTETPH-
pyercs.

hY N\
JUisi BBIYKMCIICHUS WHTErPajioB BHUJA OngdX u OtngdX,

ml N, MOXHO HCIOIB30BATh TAKKe (HYOPMYJIBI:

tg®x = -1, ctg®x= 12 -1, (19.26)
SNn” X

1
cos” x
MOCIIEI0BATENIFHO TIOHMIKAs CTEMeHh TaHTE€HCa WM KOTaHTeHCA.
C nomoripto hopmyit (19.26) MOKHO BBIYHCIIATH HHTErPATbI BUA

\ 1 S 1
Og"‘xT dx, Otg"‘x ——adx,
Cos™ X SN~ X
rie N — 1eJ10€e MOMIOKUTENBHOE YHCIIO0, U HHTErPasIbl BHIA
~ dx < dx
i x’ Qo™ x
rjie M, N — 1eJIbIe MOMOKUTENbHBIE YHCIIA.

4. Wuarerpansl BUIA c\jinzn xdx wu c\joszn xdx, nl N Bbrumc-

JISIIOTCSL ¢ TOMOIIBIO TPUTOHOMETPHUYECKUX (POPMYIT TOHIKEHHUS CTe-
IIECHU:

sin®x = 1(1- C0S2X),
21 (19.27)
cos’ x = > (1+cos2x).

WNHurerpan Buna
c‘ji n®" x cos”” xdx, (19.28)

rme m, nl N, Beumcnserca ¢ momombio popmyn (19.27) u
(dhopmyIsl

Sin2x =2sinXcosX (19.29)

5. UnTerpan Buma c\j{(sinx,cosx)dx, rae R — paumonanbHas

(GyHKIUS, apryMeHTaMi KOTOPOU SIBIISIIOTCS SINX W COSX, T. €. Haj
CHHYCOM M KOCHHYCOM IIPOBOJATCS TOJIbKO palMOHaJIBLHBIC OIlepa-
1un (CIOXKEHUE U BBIYUTAHHUE, YMHOKEHHE HA TOCTOSHHBIC BEINYHU-
HBI, BO3BC/ICHUE B IIC/IBIC CTCICHN KaK MOJI0XKHUTEIIbHEIC, TAK U OTPH-
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naTCiIbHBIC, ZLGHCHI/IG), BBIYHUCIIACTCA C IIOMOIIBIO yHHBCpCﬂHI:HOI?I

. X
TPUTOHOMETPUYECKOHN NOJCTAaHOBKU t = th. ITpu 3TOM

X 2 X
sinx = b =2 cosx=l- o 2_ Lt
X 1+t? 2 X 1+t%
1”925 1+tg 5 (19.30)
2dt

X = 2arctgt; dx= .
g 1+t2

Takum crnocoOOM  ymOOHO BBIUMCIATH HMHTErPAbl  BUAA
N Ox < dx dx

N\
) , a TaKKe _
Gy Qogmiy Qisinx+beosx+c
b onHOBpEeMEeHHO HE paBHBI HYJTIO.

, TO€ yucia a,

X
Bwmecre ¢ TeM, yHUBepCallbHAS OACTaHOBKA t = th 4acTo Ipu-

BOJIMT K I'POMO3/IKAM BBIUMCIICHUSIM, TIO3TOMY €€ CIIEIyeT PUMEHSTh
B TEX CIIy4asix, KOrJa HEeBO3MOXKHO HalUTH OoJiee yI00HbIH cr1oco0.
YacTHbIe MOJACTAHOBKH
1. Ecim R(SINX,c0SX) — HeueTHass (YHKIMS OTHOCHUTEIBHO

gnx, 1.e. R(-Sinx, cosx)=- R(SNX, COSX), TO MOIBIHTErpajbHOES
BBIP@XKCHHE MPUBOJUTCS K PAIIMOHAIBHON (YHKIMH IMOJCTAHOBKOI
t =cosx.

2. Ecim R(SINX, COSX) — HeuerHass (YHKIHUS OTHOCHUTEIBHO
osx, T.e. R(Snx, - cosx) =- R(SNX, COSX), TO MOIBIHTErpalbHOE
BBIP@KCHHE MPUBOJHUTCS K PAIIMOHAIBHON (YHKIMH IMOJCTAHOBKOI
t=sinx

3. Ecnmn R(SiNX, COSX) — uerHasi GYHKIMS OTHOCHTEIBLHO SINX
u asx T.e. R(- SinX, - cosx) = R(SiNX, COSX), TO MOJBIHTErpajb-
HOE BBIPa)XCHHE MPUBOAUTCS K PAI[MOHATIBHON (DYHKIIMU MOACTAHOB-
Ko t =tgX.

4. Vurerpan c\f(tg X) dX TPHUBOAUTCS K PALOHATIBHON (YHK-
LIMM C IOMOUIBIO NOJICTAaHOBKHU t =tgX.
5. UnTterpan c\f(ctg X)dX TPUBOIUTCS K pallMOHATIBLHON (YHK-

LMY C IOMOUIBIO TIOJICTaHOBKHU t = Ctg X.
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IIpumep 1. Haiitu HeorpeeneHHbII HHTErpa:
1) c\jl N 2x cos4xdx; 2) c\jl N 4xcos2xdx.

Pewenue. 1) 3amvensis npousBeneHue SIN2XC0S4X 1o (opmyie
(19.22), monygaem:

1c‘}s’n(- 2x)+sin6x)dx:£c\}sin6x- sin2x)dx =

_lee Eco36x+ 1cost +C :ECOSZX- i(:036X+C
2& 6 4 12

']
2) Unrerpan Oin4XCOSZXdX TaK)Ke MOXKHO BBIYHCIIUTE, TPeodpa3ys

MPOU3BEICHHE TPUTOHOMETPHUYECKHUX (DYHKIHI B cymmy. cronb3yeM HHOM
crioco0:

Gin4xc032xdx = c\jsin 2XC0S2Xcos2xdx = 26032 2xsin 2xdx =

- c\jos2 2x(-2sin2x)dx = c\jos2 2xd(cos2x) = %cos3 2x+C.

IIpumep 2. HaiiTu HeorpeeneHHbII HHTErpa:

X
cos® =

N5 . N 4 3 . Y 3
1) Om 2xdx; 2) Om XC€0s” Xdx; 3) %dx.
3

Pewenue. 1) Tloxazatens CTENIEHH CHHYca — HEUETHOE HATYPAIBHOE YHCIIO.
[TosToMy B MOZBIHTErpaTbHOM (QYHKIMH BBIIETNM MEPBYIO CTEIEHb CHHYCA!

sin® 2x =sin2x>sin® 2x = sin2x(sin® 2x)% = sin2x(1- cos® 2x)* =
=sin2x(1- 2cos? 2x+cos® 2x).

[Tonyuaem:

c\jin5 2xdx = c\)l 2c0s” 2x + cos? 2x) sin 2xdx =

1~ .
=- = (§Ll- 200s? 2x +cos” 2x)(- 2sin 2x)dx =
Ly i 23n2

1
=3 61 2cos” 2x + cos’ 2x) d(cos2x).

WHTerpupyst kak cTeneHHyto (pyHKIMIO OTHOCHTENBHO COS2X, IMONydaeM:

o]
2cos® 2x cos’ 2x_ o

3 5 5

o 2xce= - 2082
Om 2xdx = ZECOSZX
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_C0S2X | C0S’2X  COS® 2X
=- + - +C.
2 3 10

2) B noasIHTErpabHON (hYHKIMY BBIIEIUM CTENEHL KOCUHYCA:
sin® xcos® x = sin® xcos® xcosx = sin® x(1- sin® x) cosx =

=(sin* x- sin® x)cosx.
IMonyunm:

Om“ xcos°® xdx = Osm“ x- sin® x) cos xdx :Osn“ x- sin® x)d (sin ).
HHTerpupys Kak CTENeHHyr (yHKIMIO OTHOCUTENLHO SiN X, TOIydaeM:

smx smx

c\jin“xcos?‘xdx— - +C.
X X X . 2 XO X
3) Tockobky COS® = = C0S? = X00S—~ = al- S22 20082, TO HMeeM:
3 373 § 35 3
1
o3 X q. snggcos5 sngogcos:
c\) 3dx:Gg g dx:3g 2 dx =
sin® X sn® X sn® X
3 3 3
\1-sin2§ . X0
:307d n—
sin® X & 35
3

IIpyMeHNM NMOJICTaHOBKY sm§ t.

. . . X
BosBpamaemcs k crapoil nepeMeHHOH. 3aMensieM t Ha S|n§ U MoIy-

qaem:
3 X
cos’ =
3 1
C\) idx:- x+ x+C'
sin®Z 5sin° >~ sn®Z
3 3

HpnMep 3. Haiitn HeonpeieeHHbI HHTETPa:
asin? x A0S’ 3%

1 dx; 2 dx;
) 3 X ) 'n7 3X
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3) \ Ox . 4) \ dx
%36 2x’ Q n® xcos® X
Pewenue. 1) Tokazatens cTeneHu cuayca M= 4, noka3aTejb CTEICHU
KocuHyca N=-6, M+nN=-2 — 4eTHOE¢ OTPUIATEIBHOEC YUCIO. TaKk KakK B
YHUCIIUTENIE HAXOANTCS CTENIeHb CHHYCA, TO IPUMEHUM I0JICTAaHOBKY t = tg X
U ucnoib3yeM (opmyssl (19.24). Ionydaem:
4
ae t 0 t
2\2
asin’ x 1+t2 N\ (1+t dt
s A P Telo R s L
1 0 1+t2 1 1+t 5

2\3
& J1+¢2 @+t

3aMeHuB t Ha {g X, OKOHYATEIBHO MOITYYaEM:

4

sintx o tg°x

5 dx = +C.
S> X 5
2) Toka3zaTenp CTENEHN CHHYyca M= -7, MoKa3arellb CTEMEeHH KOCHHY-
ca N=3, M+n=- 4 —yerHOE OTPHLATEIHbHOE YUCIO. TaK KaK B YUCIIH-

TCJIC HAXOAUTCA CTCIICHb KOCUHYCA, TO yz[06Hee MNPUMECHHUTH IMMOACTAHOBKY

dt
31+t2)’
HUcnone3ys Gpopmysel (19.25), nonyuaem:

t = ctg3x, x:%arcctgt, dx =-

t3

et

&
\00333xdxzé\/1+t 5 dt _ 1a@+th)’ dt
Q 0

3
2

in’ 3x 1 31+t2) 3 1 142
&1+ 5 1+12)°
=3 \3(1+t2)dt=-i(\jt3+t dt:-ia&—4+t—0 c=-U T,
30 3 384 12 18

3ameHuB t Ha Ctg X, HOTydaeM:

3 4 6

\CO0S” 3X ctg'x ctg°x

093¢ 4, - CO'x_ g,
n’ 3x 12 18

3) 1-ii cnocob. Tlokazatens cremeHu cuHyca M=0, mokasaTenb Cre-

MIeHH KocuHyca N=-6, mMm+n=-6 — gerHoe oTpHUaTenbHOE yucio. [1pu-

MEHHM TIOAICTAaHOBKY t =tg2X, Torma X= ardigt , dx= dt

= > Ucnons-
2 2(1+t7)

3ys popmyiel (19.24), momyuaem:
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dt 1~ dt

N~ dx 2
Qos62x Q,E 1 62(1+t) 20 1 (1+t)

9 1+¢2 (1+t)
1~ 20, 1 ) 1ee 22 t°0
=— +t dt == +2t°+t" |dt==¢ct+—+—=+C=
> G 261 ‘) 28 3 5p
t 2 t°
=—+_+—+C
2 3 10

3amensieM t Ha tg X U momydaem:

N dx _tg_x+tgx tgx ‘.

Sox 2 3 10
2-11 cnocod. TIpeobpa3zyeM MOIBIHTETPATLHOE BHIPAKCHUE W IPUMEHUM

¢dopmyast (19.26):
dx 1 1 dx
= 1+tg° 2x)(1+ tg22x
cos® 2x  cos? 2x cos® 2x cos? x ( 9" 29(+1g )
2
:%(1+t922x) d(tg2x) :%(1+2t922x+tg42x)d(thx).

WHTerpupys Kak CTENeHHyI0 QYHKIMIO OTHOCUTENBHO tg2X, momydaem:

c‘% = % c‘)1+ 2tg®2x +tg* 2x)d (tg2x) =
_ Eaet92x+ 2tg®2x . thZXE_'_ _tg2x tg°2x . tg°2x ‘c
2§ 3 5 2 3 10
4) Umeem m=-5 n=-3, m+n=-8 — yeTHOE OTPHUIATEILHOE YNC-
0. [Ipumenum moacraHoBky t =tgX u dopmyist (19.24), monyuaem:
dt A1 dt

\ dx _ 2 1 _ _
QH3XCOSSX % ¢ an 1 51+t2 O 1+t2

d(2x)
cos? 2

2\4
g 1+t zg 1+t2 5 )
2,3 2 4 "
:6(1# dt :élw dt:‘Qﬁ'3+g+3t+t32 dt:
t t t (]
2 2 4
_-i+2ln|t|+3t—+t—+c—- ! +2Injtg x|+ 39X, 9,
22 4 2tg°x 2 4

IIpumep 4. Haiitu HeorpeeneHHbII HHTErpa:
N [ SinX

- dx; 2) \“‘tg dx.

COos X OSX

1)
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Pewenue. 1) IToka3zarens creneHu CMHyca m= 5, IoKa3aTcjib CTCIIC-

~

HU KOCMHyca N=- —, mM+n=-2 — 4eTHOe OTpHUAaTenbHOe uucio. IIpu-

w

MEHHB MOJACTAHOBKY t =tgX u popmyssl (19.24), nonydaem:

1 t
e t @ I
sfsinx o  J1+2 D odt _ a@+td)" dt _
cos’ x dae 1 @ * 1+t? 1 1+¢2
= = z
881+ 5 5 1+12)°

_a B
—d}lt—3+c.

BosBpamaemcs k crapoit nepemenHoi. 3aMensisi t Ha tg X, moaydaem:

N sm7x0I _tg Xic
cos' x 2

2) Ilpeobpasyem MOABIHTETPANTBHYIO (GYHKIIHIO K BUIY

5 5
. 2 .2
«/tgsx_sm x 1 _sd8n X
cos* x cos* x
cos” X cos” X

Nmeem m= > n=- > M+n=-4 — 4eTHOE OTPHUIATEIHLHOE YKC-

0. [TpuMenuB moactaHoBKY t =tgX u dopmynsi (19.24), nonydaem:

5 2
22 t
5 e t (0] 5
wWtg°x WL \8 1+t2 g dt _ ~(@1+t?)" dt
os* x 2 7 1+t? 1 1+¢?
cos e 1 0 5
- 2
g 1+t2g 1+t

2 5 9
:Oz(l"-tz)dt:étz"'tz)dt:t +t +C:2t +2t_+C:

7 u

2tg°x | 2tg” X &g®x | tg°x0
= + +C =2/t ~ 4 2
7 11 gx 7
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IIpumep 5. Haiitu HeompeeneHHbII HHTErpa:
1) c\)g6xdx; 2) c\jin4 5xcos”* 5xdx.
Pewenue. 1) 1-ii cnoco6. llpumeHsst moacTaHOBKY t =tgX u dopmy-
nb1 (19.24), nonydaem:
xix= (LU Z e 2y S =L Loy arctgt +C
C)g Q Q 1+t? El 5 3 '
3aMeHHeM t Ha tgx
G5

3 == +1tgx- actg(tgx) +C =—=—
2-i cnoco6. IpescTaBUB IMOABIHTEIPATBbHYIO (DYHKIHIO B BHUIE

tg°x  tgix
- ——+tgx- x+C.
5 3 &

tg°x = tg*xxg*x u npumenns (bopMyny (19.26), nonyuaem:

®e 1 4 4 1 2, sp2
tg4x - 1_—tg XX———- 1 "X =10 XX%———- tg"°Xxg°x.
&cos? x cos2 cos? X
Eime nBa paza npumeHnM (bopMyny (19.26):
1 2. ae 1 1 2, 1 2
tg4x - tg°x - 1_ tg X———- tg°x +ig°x =
&cos X cos? x cos? x
1 1 4 2
:tg“x - tg°x +——-1=(tg*x- tg?x+1 -1,
cos2 X cos’ X cos® x ( ) cos® x
_ dx
VYuaursiBasi, uro d (tg X) = 2 MOJIY4YUM HMHTErpaj OT paldOHaNb-
Cos” X

HOHM (pyHKIIMHM OTHOCHTENBHO tQg X

\ _ dx N
cjg6de— dtg“x- tgzx+1) o ox=

tg°x tg X
5

= dtg“x- tgzx+1)d(tgx)- X =

2) Nmeem unterpan suza (19.23). I/Icnonwya ¢dopmyny (19.29), momy-
gaeM:

——+tgx- x+C.

Sin10x¢ 0 dx =
2 5
Hanee, nonmxast crenens mo popmyne (19.27), umeem:

2
1 - €0s20x 9 1 2
- - - = - 2 =
16& 2 dx dl cos20x)“dx

1 N 1 1+ cos40x o
= _— AL- 2c0s20x +cos? 20X |dx =—— (31- 200S20X + — "y =
64d1 00520x + c0s” 20x ¢ 64@ 2 5

c\)in4 5xcos’ 5xdx = 6§n5xc035x)4dx = c\j n* 10xdx.

58



=18 03 2c0s20X +C0s40X) dx =

3
~128

-3 ) -
=5 " 1280 OosZOxd(ZOx) 20 Oos40xd(40x) =

K- — OosZOxdx +— Oos40xdx =

—ix- ism20x+isin40x+c.

128 1280

IIpumep 6. Haiitu HeorpeeneHHbII HHTETrpa:
4+5c0sx

3tgx+2
1) Q g ——dx 2 C‘Lf dx
cos® x +3sin2x +9sin x nx(7+3sinx)

Pewenue. 1) 3anuiem NoJbIHTErPaIbHYIO QYHKIHIO
. +

R (sinx, cosx) = 3tg_x 2 ——=

5c0s” X +3sin2x +9sin? x
3tgx+2
5cos® X +65in xcosx+9sin® x

Tak Kak MOJABIHTETpaIbHAS (DYHKIIHS SBJISCTCS YETHOH MO SINX U COSX,

T.e. R(-snx, - cosx) =R(SnX, cOSX), TO NOPHUMEHUM MOACTAHOBKY

t= tg X. Bnauane YMHOKUM U IMOACIHNM 3HAMCHATECJIb MOABIHTCTPAJIBHOI'O

BBIPQKCHUSI HA cos’ X, MoJry4aem.:
3tgx+2 N\ 3tgx+2 dx

Q dx =
cos® x +6sinxcosx +9sin® x +6tgx + 9tg>x oL X
~(3tgx +2)d(tgX) N (3+2)dt _

= =t=t = =
@+6tgx+9tgzx ik CE +6t+5

18t +6)+6
‘d(gt +6t+5) = (18t+6)dt‘ 14 6t) : dt =
216t +

1\(18t+6)dt N _E\d(9t2+6t+5) dt
6 Wbt +6t+5 Qt2+6t+5 60 o2 +6t+5 Qt FoL41+4
1, (s dt ) 1~ d(3+)
==—|n|9t“ + 6t +5|+ :—In9t + 6t +
6 ‘ ‘ Q3t+1)2+4 6 ‘ 5‘ 3Q3t+1) +4
3A+1
+C.

In‘gt +6t+5{+(13arctg

BosBpamaemcs k 3a1aHHOM niepeMeHHOMH, 3aMeHsaeM t Ha tgX u mpuxo-
3tgx+1
9XTic.
2

JIUM K OTBETY: %In‘ 9tgzx+6tgx+5 ‘ +%arctg
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2) TlockonbKy MOABIHTErpanbHas (HYHKIUS HE SBISETCS HEUETHOH HU
o SiNX, HU MO COSX, TO MPUMEHHM YHHBEPCAJIBbHYIO TPHTOHOMETPUIECKYIO

X
MOJICTAaHOBKY t = th u popmyier (19.30). [Tonxyuaewm:

X _ 2dt
\  4+5c0sXx _t_tg? X = 2aragt, dx_ﬁ’ _
'nx(7+3sinx) sinx = 2 ,cosle-t .
1+t2 1+t2
5(1- tz)
A 200 N 9-tP

_02t , 91+t2_Q(7t2+6t+7)
1+t8 1+t° @

PaznoxuB MOABIHTErpaIbHYIO (QYHKIMIO HA CyMMY MPOCTEHIIHX JIpO-
Oeil, cBOIMM 3aJ[aHHBIM MHTErpall K pa3HOCTH JABYX HMHTETPAJIOB, KOTOpBIE

BBIYUCIISIEM.

9 10t+%
\7 N 7 \dt 1~ 70t+54
dt - dt—
c}t2+6t+7 Qt +6t+7
:‘d(7t2+6t+7):(14t+6)dt‘:

—| |t|__d770t+30)dt_1 N 24dt
t2+6t+7 7T\ It2+6t+7

5 \(14t+6)dt N
I -24 =
|| t2 +6t+7 QIQtZ+42t+49
5 NA(7t* +6t+7) 24 N d(7t+3 _
2+et+7 7 Un+32+40
7t 3
——In|t|-—ln‘7t +6t+7‘ +
r 92010
7t+3
——In t -—In 7t2 +6t+7- —— arct +C.
-3 2 ﬁ Y210

X
3ameHss t Ha th, MIPUXOJIUM K OTBETY.

' nt- =

C=

X
gl 5| 12 7tg-+3
—In|t - =In|7t +6t +7 arct +C.
79 ‘ o 92 74109 210
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3aoanus

| yposens
1.1. Haifigute HeompeaelieHHbI MHTErpai, mpeodpa3oBaB Ipo-
W3BEICHUE TPUTOHOMETPHUECKUX (QYHKIUHI B CyMMY:

1) c‘jl n3xcos3xdx; 2) c‘jl n3xcos5xdx;
AL X X \
3) on 3 s nE dx; 4) Oos4x cos6xdx.

1.2. Haiinure HeolpeneieHHBI MHTErpai, MPUMEHSS IO0JCTa-
HOBKY t =SnX wmm t =COSX:
< Sinx

1) (3in° xcosxdx,  2) dx; 3) (stgxdx;
o O« (0]
4) c‘)g xdx; 5) GI n® xdx; 6) 6053 xdx;

C0S2X
7) s’ 3xsin3xdx; 8) Oidx 9) d/sm3x cos3xdx.
OO \(sin2x- 3)

1.3. HaiinuTte HeonpeeeHHbIN UHTETPall, UCHIONb3Yys (hOPMYJIbI
MTOHIKEHUS CTCIICHHU

1) c‘}os2 xdx; 2) GI n? 2xdx; 3) c‘}os4 xdx.

1.4. Hatigute HeompeneleHHbI WHTETpall, UCIOJIb3Ysl YHUBEP-
CaJIbHYIO TPUTOHOMETPUUECKYIO MOJCTaHOBKY:

\ dx \ dx
1 ; 2 , ;
) - 3cosx ) Q: 49 n X+ 3cosx
\ dx ~ dx

3 Q’nx+cosx; 4 Q sinx

1.5. HaiiguTe HeonpeneneHHbI MHTErpaj, HCIONb3ys I0JCTa-
HOBKy t =tgX:
dx N dx
il ; 2 ;
) Qisin? x+ 9008 x ) QBsin’x- co x
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dx N th+3

3 ¢ ; 4 dx
) cl+25in2x ) C!gzx+6tgx+7
Il yposens

2.1. Haiinute Heonpe el eHHbI HHTErpat:
N\ . . . X 3x
; n— — OX.
1) Om3xcos4xsm7xdx, 2) Ol 2cosxcos > dx
2.2. Haligute HeompemeseHHBIM MHTErpaj, NMPUMEHsS I0JCTa-
HOBKY t =SinX wmim t =COSX.
1) 6055 xdx; 2) GI n® 2xdx; 3) GI n’ xdx;
4) Gos“ xsn®xdx, 5) c‘jl n?xcos’ xdx;  6) (‘)1 n® 2xcos® 2xdx;

\Sln X \COS X \COS X
7) Q;o—dx 8) de 9) Osm_dx

\SlnX \Sln 2X

10) O\/co:dx; 11) Qﬁ 12) 6057 xJ/sin® xdx.

2.3. Haligute HeompemesneHHBIA MHTErpaj, NMPUMEHSS I0JCTa-
HOBKY t =tgX nmm t =ctgx:

4 4 ;3
1) \C.OS8 X dX; 2) \C.OS6 X dX; 3) S n7x dX;
n° x n° x s’ x
N dx N dx N dx
YO 5 (@ e 6 ;
) sm“f ) s' 2x ) Qinex
« [ cosx \COS’X < [sin3x
7) —— ax; 8) 59X 9) ——ax
sin® x n° x cos’ 3x

10 55" Xae  11) Q:‘{)idx 12) C\J:O—Vtgdx

cos® x ® X s* x

2.4. Haligute HeompemeSeHHBIM MHTErpaj, NMPUMEHsS I0JCTa-
HOBKY t =tgX nmm t =ctgXx:

1) \ dx . 2) N dx .
in® xcos® X’ Q n®xcos® x’
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dx N dx

; 4 .
in* 2xcos® 2x ) Q’n XC0oS’ X

2.5. Haligute HeompemeseHHBIM MHTErpaj, NMPUMEHsSS I0JCTa-
HOBKY t =tgX nmm t =ctgx:

1) c\)gzxdx; 2) c\)g32xdx; 3) c\)g“xdx; 4) c\jtg6x

3) O

1
sin x
5) c\)g6xdx; 6) c\)gSSxdx; 7) c\)g7xdx; 8) c\)gsxcoi4 dx.

X

2.6. Haiinute HeonpeeneHHbI HHTErpat:

dx;

1) 64 cos® xdx; 2) Gin6 xdx; 3) c‘jin6 xcos® xdx;
N2 4yt N aX o8 ind 4
4) Om XC0oS™ xdXx; 5) OOS de, 6) d sin” xcos™ xdx.

1l yposens

3.1. HaiiguTe HeonpeneieHHbIi UHTErpal, UCIOIb3ys YHHUBEp-
CaJbHYI0 TPUTOHOMETPUUYECKYIO ITOJCTAHOBKY

< sin xdx N dx N dx

1 ; 2 ; 3 . ;
) C{1+cosx. sinx)z ) in® x ) Q+smx+cosx

4) N dx . ) N dx . 6) x COSX dx:
Qsinx- cosx+5’ s X' Q+5005x ’
\3sinx- 2cosx < dx \2- sinx
7 dx; 8 ;9 dx;

) O 1+ cosx ) Q:_os32x ) +COSX
 dx cosxdx

\ dx \
10 ; 11 ; 12 ;
) cEsx (1- sinx) ) Q‘n7x ) c1+cosx+sinx

13) \4sinx-5003x-5dx_ 14) 5+9sinx
O cosx+1 ’ sx(2+3sinx)

3.2. HaiinuTe HEONmpeneIeHHBIN WHTErpajl, UCIONb3Ys IOJCTa-
HOBKy t =tgX:
N dx N Ox
Qg o 2) s
cos” X +5sin” x +sin” x
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. 2tgx+2 N 4tgx - 2
3 0= 4) . —
g’x+tgx+1 c0s° X- 25NXCoSX+5n° X
5) N dx . : 6) N 3+ 2th de;
Q4tgx- 1)sin2x C{sinx+ 2cosx)
7 4 - 7tgxdx; 8) A\ 25tgx-|.r2
tgx- 2 Sin® x+2sin2x+ 2
9 A9t g 1y, 9xd ox
S X- sin2x+1 sin® x- sin2x- 4cos2x

19.7. AuTerpupoBanne MPPaMOHAIbHBIX (PYHKIU A

OcCHOBHOI MeTOJ] BHIYMCIIEHUS MHTErpajia OT WppalOHAIbHOM
(GYHKIIMY — METO/ panmoHanu3aiun (T. €. CBeJICHHE K PallMOHAIbHOI
(GYHKIMU), JUTS 9€ro JACNA0T OMPEACICHHYO MOJACTAHOBKY.

Auredpanveckasi NOACTAHOBKA

WNHurerpan Buna

P P g
aaX+bon s@x+bow aax+ b oa,

e
REX, o, 0 e =" Tk, (19.31
O?é Ex+dy  &ox+dg Ex+dg & (19:31)
rae Py, Poy e Prs Gy Gy oo O, — LIETBIE HEHYJIEBBIE YHCIIA, C
IIOMOIIBKO ITOACTAHOBKHN

ax+b , A

=t™ m=/7E(q, G ..., G ),
ot d (% % - G)

NPUBOJNTCS K MHTErPaly OT palliOHAIbHON (QYHKIIHH.
Yacmuvie cayvau unmeepana (19.31):
1. Eciu ¢=0, d =1, To uHTErpas uMeeT BUIT;

- B LYo
(R (ax+b) .. (ax+b)™ X,
U TIpeo0Opasyercs B MHTErpajl OT PAlMOHAIBLHON (YHKIMH C [TOMO-
wpko noacranoBku (ax+b) =t™, e m= HOK(q, 0y, ..., G,)-
2.Ecmu b=c=0, a=d =1, o uarerpan (19.31) umeer Bux;
)

e b~ B P
c‘f%x, X%, x%, ., x% X,



U CBOIUTCS K MHTErpajly OT PAlMOHAIBHOM (PYHKIUH C MOMOMILIO
noacranoBkn X =t", roge m=HOK(q,, 0y, .., G,)-

Tpuronomerpuyeckas nNoACTAHOBKA
WHuterpainsl Buga

c‘f(x,\/axz +bx+c)dx,

rae R — HekoTopas panroHaibHas (YyHKIUS OTHOCHTEIBHO X U

vax? + bx+C, MOryT GBITh BBIYHCIIEHBI C TIOMOIIBIO TPHTOHOMETPH-
YECKUX IOJICTAHOBOK, KOTOPBIE MPHUBOJAT €r0 K MHTErpally OT pa-
IUOHATBHON (QYHKIIUH.

B kBampatHOM TpeaneHe BBIJICIIMM IIOJIHBIM  KBaapar

% b b’-4achd
ax® +bx+c= agcX+_——+ - ————+ WU TPUMEHUM MOJICTAHOBKY
&"2ap  4a

b
y= X+2—. B pesynbTare moa KOpHeM MOIYYHM OAHO U3 3-X BhIpa-
a

KEHUI: \/kz- y?, \/k2+y2 i Y - K2,

Ecmu umeeM +/K” - y?, TO [UIsl yHUUYTOKEHHS MPPALHOHATLHO-

CTM TIPUMEHHMM TOACTaHOBKY Y =KsSint, B pesynbrate KOTOpOii

dy =kcostdt, +/k?- y* =kcost. AHaNMOrHYHO MOKHO HCIIONB30-
BaTh MOJICTAHOBKY Y = K COSt.

Eciu umeem +k® + yz, TO I YHUYTOXXEHHUSA HUPpalrOHAILHO-
CTH TIpUMeEHsSeTCs TojcTaHoBka Y =Ktgt, B pe3yabTare KOTOpOWA

nMeeM: dy:de k?+y* =
cos’t COSt

[2_ 12
Ecnu mon mHTErpanoM ectb BhIpaxkeHue /'y~ - K, To moxacTas-

nsieM y=L, T. €. l;gt dt, \y*- k® =ktgt.

cost
Janee HHTErpal BBIYUCISIOT KAK MHTErpaj OT TPUTOHOMETpUYE-
ckol ()YHKIMM M BO3BpAIAIOTCA K CTapOd MepeMEHHOH, BbIpaxast
IIOCIIEN0BATENBHO t uepe3 Y u X.
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Ipumep 1. HaiiTn HeonpeaeneHHbIH I/IHTel"paJ'I'
6 -
1) N\ \/; 3 dx: N\ 1+ 3X+ dx:
O 3¢ ? Qa2 - vaxez

N 6Yx+1 dx 2) X+ 2 X+2dx.

QX+1)2\/x+2 ’ -2\x-2

3)

1 5

2
6 6 3
Pewenue. 1) Tlockonbky uHTerpan umeer sua: R (X , X, X )dx, a

HOK (3; 6) = 6, TO MPUMEHHUM IOJICTAHOBKY X = t8. Torma

Yx- 3

\ = [x=t0 t=9x[_ At-3) 6t dt :6\(t-3)t5dt:
(}\/*smﬁ ax=6ct | O F+a it +2)
10 0

dt 3t%- 30t+60In |t+2+C=

= 60— dt = GQ 5+
=3Yx- 3o&+60|n\&+2‘+c.
;> 2 20
2) Wurerpanm wuMeer BHI: 028(3X + 2) , (3X + 2) gdx, mosTomy
IPUMEHHM TI0CTaHOBKY t2 = 3X + 2. Toraa nmeem:

t? =3x+2,

=4/3x+2,

N 1+4/3x+2 2 _ A1+t 2 2 \(1+t)tdt
dx=[,=1"-2 |= xEtdt == =
Q3x+2)2-J3x+2 X=—5 Q“-t 3 3Q(t3-1)
dx:gtdt
3

at+1 2\ t+1 4 ~dt 2~ 2t+1

2
== dt=2 dt=2 =z dt =
303-1 3Qt-1)(t2+t+1) 9 U-1 902+t+1

4 2 ~d(t?+t+1) _4 2 1.0 ~
—§|n|t-11-§Om—§ln|t-ﬂ-§ln‘t +t+q+c_

=g|n‘«/m- q éln‘3x+3+\/W‘+C.

& L 30
G aX+ O -
3) Unrerpan nmeet Bua. REAX ~dx
) p 8 8 +2g p

IIpuMeHnM NMOACTAaHOBK Xﬂ':t2 t= x+1 le' 22
p yX+2 L X+27 t2-17
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2 2
7: SO . GRS G

(13- )2 -1 2-1
N12t3(t2 - 1)2dt opdt 12 [x+
TTonyuyaem: 07 = —+C—-12 —+C
i t4(t? - 1)2 O_
& 06
Cex+20 +

4) VnTterpan uMeeT BUI: Rggx 5% -dx.
2 9

IIpuMeHnM NMOACTAHOBK X =t?, t= X+2
p Yy V) ) -2’

x+2=t%(x- 2),

2
_20+t) oy -8
t?-1 (t%- 1)?

X(t?- 1) =2+ 22,

HOJ'Iy‘IaeM HUHTETpaI

\X+2 X+ N ee(+20 N t4
dt=-8 dt.
O 2Vx-2 Ojgx 25 ¢ O (2 1) Qtz-l)2

Jlist BBIUMCICHHUS TOCICIHETO0 WHTErpaja BMECTO Pa3lIOXKCHHs Ha
mpocreiiimue apodu mpuMeHUM (OPMYTy HHTETPUPOBAHHS IO YACTSIM.
TTonoxum:

_tdt
t*- 9>

Nt 2t _1Nd(t*-_ 1 1
V= == =-= .
Qtz-l) 2Qt2 1)? 2Qt2 D 2.1

, du=3t’dt, dv=

[Tonyuaem:
thdt _ g & -t 3\t2dt0 a° o NP-141
Qtz 2 ey 20 @.n “Oe
A —ft - 12t- Binj= 7 +C
- 1
X+2 .
3amensem t Ha 4[—, TOrJJa NUMEEM.
X- 2
)
4 aX+20 x+2_1
- 2¢ + - + +
&x- 25 12 X*2 gV x2 lics(xo g)XE2 XF2
x+2 4 X- 2 ‘ X+2 x- 2\ x- 2
+1
X- 2 x- 2
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12 [ g2 V2l /&2 /iz
12 X- 2 |\/x+2+\/x 2| C=(x+2) 2
x/mh/x— |Jx+2+Jx 2|

-6In = (x- 10)

IIpumep 2. HaiiTu HeorpeeneHHbIH HHTErpa:

W9- X2 A dx N dx BN dx
1 dx; 2 ;3 ;4 .
) O X2 % 2 Q/(XZ- 4)° ) C§<\/1+x2 ) 0\/(x2 +2x+5)°

Pewenue. 1) Tonoxum X = 3sint.

. X
Torma dx =3costdt, t =arcs ng.

I/IHTerpan TIPUMET BH!

\ \ ){3 tdt = \900821' \1 sm tdt
O O 9sin?t o Q)sm t sinzt

:c‘lioizt- c‘jit:-ctgt-t+c.
n

o . . X
Bo3BpamaeMc91 K 3aJlaHHOM NICPEMCHHOH, 3aMCHICM t Ha arCS|n§.

1-sinzarcsin— 1- 88(92
Et 1- §n? 3_ 3G J -

Torga cigt =
nt snt snacs nf X X
3 3
2
[IpuxoauM k oTBETY: - 9- x - arcsin§+C.
2) IlpuMeHHUM MOACTAaHOBKY X = ——
cost’
2sn 2
Torma dx = S'—t dt, t =arccos—.
cos? t X
HOJ'Iy‘IaeM HUHTETpaI
N dx X 1 2sntdt 2s8intdt _
0\/(x2-4)3 an4 § oos’t 0 @&- oltd
8 > 4= 439 5+ COSZt
cos“t @ e cos“t g
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_ 1~ sintdt

1 ~costdt

3 ALk 3
3 a&in’t 0 4cj£coszt
2 G 2.~ cos’t cos’ t
ecos  t g
1. . 1 sin't 1
== N “tdsint == +C=-
40I - 4sint

2
3amensist t Ha @rCCOS—, MONTy4aeM:
X

sint =sinarcco g:\/l- cos? arcco 2 :\/1-
X X

X
[Mpuxomum k otBery: - ——=+C.

405|nt

WXP- 4

N

4 x*-
NG X

3) 1-ii cnocob. llpuMeHnM MOACTAaHOBKY X = tgt.

Torma dx =

dt
cos? t

, t=arctgx.

WnTerpan npuMer BUL!

\

z:tglz, t=2arctgz, dt =

2dz

1+z

=05 = O =Inld+e=

A+22)x =2

N dx 1 Lt _Q o dat
2 2 i Q’nt
C!<\/1+x QQt«/1+tg t cos’t Snt . o t
cost \ cos” t
2dz 2z
7 sint=——/ =
1+z 1+z
A2 In tgl +C.
2
2
sint
3amensieM t Ha arctg X u npumensieM GOpMyITy g— =
2 1l+cost’

sint =

cost = = = ,
Ji+tg?t  (Jl+tgZarcgx V14X

t

th =

tgt

tgarctg x

X

vt JLrtgfacgx V1

1

1

1

X

X

1+

V1+ x2
1

1+ x2

e 41
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[TpuxomuMm K OTBeETY:

+C=In

X +C:-In!“1+;(2 +1 +C=

J1+x2 +1

/ 2
=-1|n ‘£+l +C
X X

n tgzL

2-11 cnoco6. TIpuMeHnM TIOAICTAaHOBKY X —% Torma dx=- ﬂ, t =%.
t

HOJ'Iy‘IaeM I/IHTel"paJ'I

C!<\/1+x Q\/l -dt

o /1+—
X x2

4) BoytenuM  TIONHBIA  KBajgpar B KBAJIPATHOM  TPEXUJICHE

X2 +2x+5=x?+2x+1+4=(x+1)>+4. Tonokum Xx+1=vy, torma

dx =dy, monydaeM HHTErpa c\) ox = c\) dy , JUISL BBI-

\/(x2+2x+5)5 \/(4+ y?)®

YUCJICHHUA KOTOPOro MNpUMEHHUM TPUTOHOMETPHUYCCKYIO IMOACTAHOBKY

\

dt
O— =-1n
V1+t?
RS
X

t+4/1+t2| =

-In +C=-1In +C.

X

2at y
y =2tgt, dy=———, t=arctg=.
cos’ t 2
Torma nmeem:
by 1 J2at N 2dt _X dt _
0\/(4+4tgzt)5 cos’t qs\/(lﬂgzt)s cos’ t 04 ®l &
cos“t@
S :iéosg‘tdt :ic\)oszt costdt =
6 2 16 16
. Cos’t
cos’t
-3
——Ol sin t)dsmt—s'—nt- il t+
16 48
3ameHnsieMm t —arctg Y- arctgx—l:
x+1 x+1
tot It 2 x+1

Sint:\/l-'-t Zt = - ) = ~ :\/ =
9 \/1+tg arcth \/1 &+16 4+(x+1)
2
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_ x+1

_\/x2+2x+5.

[TpuxomuMm K OTBeETY:

3
X+1 1@ (x+1) 2 i

16 V@ +2x+5 BE 0P +2x+5) 5

3aoanus

| yposens
1.1. Haiiaure HeonpeaeaeHHONW HHTErpall:

1) N dx . 2) N §/§dx . 3) N dx .

N\ X3 \\/;dX N deX
4 dx; 5 ; 6 ;
) Q/x 2 ) @+5 ) Q3X+2)\/3X+2

~  dx ~ X \ X
7 Oxi; 8 OAi; 9 Q/’i;
) \5x- 4 ) 2x+9 ) X + 24X
. X+1 wWX+1 N dx
10) dx; 11) dx, 12) .
Qiox+3 O 0 X+2+4)(x+2)°

Il yposens
2.1. Haiinute HeonpeeneHHbI HHTEerpat:

) G g g Q= x 3Q i !
QX+1)2& Ix-1 W+\/2x+3

- \ 6 -

2) N xadx . 5 < [4- X d  6) Ix-1 o
Q}x+1+«3/x+1 x- 12 Q}X-1+\3/x-1
<« x-2 < [1- x dx < 2x+8/x+1

7) Qidx; 8) — 9 Qx—dx;

[ +3[X2 1+ X X +3IX4 ) IXS
wWX+1+1 < Xxdx \ WUX+2+3
10 Oidx; 11 12 dx;
) Ix+1 ) Q?sx- 1 ) Qx+2)2- JX+2

W3x- 16 N 1+ x dx N dx

13 Oid; 14 ——; 15 ;
) X X ) 1- x x ) Q{/(x+1)2 - JIx+1

71

3 = N\
 V2x+1 dc  17) N [1- X dc 18) dx ;
+32x+1 x-5 Q- 43 2

O X+ (x- D2 +4/x-1- §x-1
O * 200 (x- D/x- 1+1) o

2.2. HaiimuTe HeONpeneaeHHbIH WHTErpall, mpeo0pa3oBaB Io-
JbIHTErpabHYI0 QyHKIMIO K Buay (19.31):

&
< |1- X dx N 1- XE
1 _— 2 Oid
) 1+ x (1+x)? ) - [ x

1

- X
\ dx \ /2- X dx
3 ; 4 —
) 0\'/(2+x)3(2- X) ) Q2+ (2- x)°

dx

16)

19)

X,

N\ dX N\
5 h; 6 ﬁ;
) J(x- D?(x+2) ) Y (X- D(x+1)?
N dx < |/X+1 dx
7 O—; 8 —
: J(x- D3(x- 2) ) x-1(x-1)
\ dx \ dx
9 ; 10 .
) Q\/(><+1)2(><- 3)* ) cj\'/(X- 2°(x+1°

2.3. Haiigute uHTErpaj, n30aBUBIIICH OT UPPAOHATILHOCTH B
YUCIIUTENE UM 3HAMEHaTele Apoou:

N\ \[X(X"'l) ~ [B+2x N [1+X
1 dx; 2 dx; 3 Q/—dx;
) Q}x+\/x+1 ) 5- 2% ) 1- x

\ dx

) 5) dx
Q}x-l-\/x- 2 X+1-+/x-1

2.4. Haiigute mHTerpai (mociie MmojCTaHOBKM BMECTO Pa3JioKe-
HUS Ha TpocTedire ApoOH MPUMEHUTE METOJl MHTEIPUPOBAHHUS 110
YaCTSIM):

N [5- 4x | 2-X
1) dx; 2)
4+9x 9- 25X

4)

dx;
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WX+1 [x+1 \ |A- xo
3 OK_‘/_d; 4 dx.
) -1yx-1 X )QI81+X

1l yposens
3.1. Haiimure uHTETpaji, NpUMEHSs TPUTOHOMETPUYECKUE TOJI-
CTaHOBKH:

1) (V16- x2dx; 2) é(z\/4- X2 dx; 3) c\)<3\/1+ X2 dx;
\ dx \ X2 \ dx

4) ;9 O—% 6) Qxi;
QX2+4)\/1- X2 Ix*-5 2 Jo+x?

7) q—‘ » x;)ji(/ﬁ; 8) C X;' Lox 9) (\)Ld
10) c‘)ﬁdx; 11) c\)@dx; 12) C\)\/%;
13) c‘)@dx; 14) c\)\/(lxzdx 15) Qz:%xz;
16) c‘)@dx; 17) c\)\/%dx; 18) Ode
dx . dx

; 20) ;
4- XP)Wa+ X 4+ )WA4+ X2

dx ) 22) & dx _
x2-9x2-9 C{x2+1)(x+\/x2 +1)

3.2. HaiiauTe nHTErpa, BEICIUB MPEABAPUTENBHO B MOJKOPEH-
HOM BI)Ipa)KeHI/II/I IIOJIHBII KBAJIparT:

19) ¢

21)

Do 0t
X? +2x+5 X? +6x+8
3) AYX2 - 2x+17dx; 4) (Y10x- 21- x2dx;
dx N (x+4)

5 ¢ ; 6) dx;
c]+\/x2-2x+2 C{x2+2x+4)\/x2+2x+5
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\ X2 \ 2
7) Oidx; 8) X- X“dx;
A3- 2x- X?
dx (x+2)dx

9 O—\ : 10 O—\ .
) (8+2x- x%)? ) U2 - 10x +29

19.8. UuTerpansi ot 1uddepeHnaabLHbIX OHHOMOB

HuddepennpmansHpiM ONHOMOM Ha3bIBACTCSI BRIpaKEHHE BUA
X" (a+bx")Pdx, (19.32)
rae M, N, P — paloHaIbHbIC YKCIa; &, D — NeCTBUTENbHBIC YKC-
712, OTJIMYHBIE OT HYJIS.
Ecmn pl N, to MoxHO ucnonszoBaTth hopmyiny OuHoma Hero-

TOHA, W 3TUM CBOAMM HMHTErpajl K MHTErpajly OT CTENEeHHOH (yHK-
nuu. B obmem ciyuae uHTerpainsl ot auddepeHnuanibHpIXx OHHOMOB,

m
N\
e (X (a+bx")Pdx, MOXHO TpPHUBECTH K HMHTErpagy OT palro-

HaTBbHOW (YHKIMH B CIEAYIOIINX TPeX Clydasx:

¢ r <
1) ecim p — wmenoe umcno, m=-+, n=-=2, g, 1l Z,
S
S,,S$,1 N, To nmpumenseTcs mojacTaHoBka X =t°,  Tne
S=HOK(s, s,);
r " "
2) ecn — nenmoe yucao, P=—, rl Z, sl N, to npume-
S

Hsercs moacTanoBka a+ bx" =t3;

3) ecin

+1 r o 0
+p — uemoe umcno, P=—, rl Z, sl N, To
S

a+bx"

[PUMEHSIETCSI TI0JICTAHOBKA zax "+b=t°%.

IIpumep 1. Haiitu HeompeeneHHbII HHTErpa:

D (ra+xax 2) c\)—"1+d
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\\%l"'(‘/? . N\ | 3
3) OWdX, 4) X(2+9X )dX

Pewenue. 1) 3anviieM NOAbIHTErpabHYIO QYHKIMIO B BHIAe audde-
pennmanbHoro 6uHoma (19.32)

( )
1

Torma m= 3 = > p=2, T.e. p— uenoe uncno. ClenoBaTenbHo,

UMeeM MepBBIH ciydail mHTEerpupyemMoctu auddepeHIranisHoro OuHoMma.
Tak xax HOK(3,2)=6, To mpumennM moacranoBky X=t°. Torma
dx = 6t°dt, t=9Yx.

Brruncnsiem:
1 1 2
C\)‘S (1+ X ) dx = Oz(l+t3)2 *6t°dt = 6@7(1+ 23 +%)dt =

8 11 146
:Gdﬂ +2t10 +t13)dt = 6a—+2t— 0=
€8 11 14

38 1t 3} 33z 1261 . 33/7
==+ +2+C=2x +ZRxM + 23X +C.
4 11 7 4\/7 11 7\/7

2) 3anuieM MOABIHTETPANBHYIO (QYHKIHIO B BHIC AU PepeHInaTbHO-
ro 6uxoma (19.32)
1

1 1)3
x’ (1+ x" ] dx

1 1 a1 1
m+l_ 2 _2_
T m=-—, N=— = = — = £ =£=3 — qqe-
oraa > 5 p==, s=3 1 1 e
6 6
JI0€ YHCIIO.

CrnenoBatenbHO, 3/1€Cb MBIl UMEEM BTOpPOW Clyyall MHTETPUPYEMOCTH
1

6 _.3
muddepennmansHoro omaoMa. Mcenons3yem nojacraHoBky 1+ X =t°,
Torma x=(t3- 1), dx=6(t>- 1)°3t2dt =18t>(t3 - 1) >dit.

1

R 1
N\ 2

3
O (1+ xg) dx = (‘)(t3 - 1)) * (%) 18t3(t3 - 1)°dlt :18(\jt3 - 1)%t3dt =

—1a.3¢6 _ %3 3_\9_63_53£_2t_7ﬂ9
=18(§° - 2° +Dtt 218" - 2°+E)ct =188 - -+ L 24C,
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rae t :\311+§/;.

ITonyuaeMm oTBeT:

Y+ s+, Kar¥o*,
5 7 2 '

3) amumiem noasIHTErpaNbHyo GyHKuio B Bune (19.32)
1

.Z( §)3
X 2\1+ x4/ dx

7 3 1
T m=-—, n=—, p==, s=3.
o > " P73
7+1
m+l_ " 10 m+1 10 1
—=—f =-— ——+p=-—+==-3 —nenoe yucno. Cre-
n 3 3 n 3 3
4

JIOBATENBHO, UIMEEM TPETHIA CITydail HHTErpUPYEMOCTH IU(PEPEHITHATBHO-

3

1+ x4
3
X4

3 3 3 3

Torma 1+x4 =t3x4, x4(t*-1) =1 x4 =t3—1:(t3' D

3
ro OMHOMA. HCHOJ'II)3yeM MOACTAHOBKY =t~

4 4 7 7z
x=(t3-1) 3, dx=- §(t3- 1) 33t2dt =- 4t%(t3- 1) 3dt.
3 3
1+ x4 =t3x4 =3 - L.
Hepexoz[ﬂ B IMOABIHTCTPAJIbHOM BBIPA’KEHHUHU K HepeMeHHOﬁ t, HOJ'Iy‘IaeMZ

.Z( E)s A2 1 7
C\)‘ 2\1+x4) ax=\t®- 1) 3| (B@- D) (-HP@-1) 3dt=
14 1 7

=(F9 -3 (-1 3~ D ot =-4cY - D2et =

:-46306 - 2% + 1ot :-4@9 - 2%+ %)t =

ol RO -
€10 7 4o 5

1+(‘/; _‘3‘/1+(‘/;

3amenseM t Ha i/ U TIOJIy4aeM OTBET:
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2arih)® 8\/(1+f) arthe)
5x2/x o X
4) 3anuiieM MOJBIHTEIPATIBHYIO (GYHKIHUIO B BUne nudhepeHImanbHO-

ro 6uxoma (19.32)
1 1

x2(2+9x%)2.

1 1
Torma m=—, n=3, p=—, s=2.
L P=3

~+1 =
+ + 1
m_1:2_ :2 :E’ m_1+ p:&+_:1 — [EJI0€ YUCIIO. CHeI[O'
n 3 3 2 n 2 2
BATENLHO, UMeEeM TPETHil cilyuail MHTerpupyeMocTd AU depeHInanTbHOro
C2+9¢
6uHOMa. Mcronb3yeM MoACTAHOBKY: —— =t°. Torma
X
3 _,2 2 2 -1
2+9x3 =3¢, X¥(t%-9) = =2(t?-9)
1 4
= 1¢ -4 2
x=32(t2- 9) 3, dx:%?-?(t 9) 32tdt:-i -9) 3dt

2+9x =2t3(t?- 9)°t
HuTterpan npeodpas3yeTcs K BUIY
1
1 1 1)z
AY2(2+9x%)2dx = (VY2(t2- 9) 3] (22t - 9) )2

1
_Q 49t2(t2 9) 6(t2 9) 2(t2- 9) 3dt Q ;10202 9) dt

2@ -9) 3dt

TMocnennuit MHTErpas MOXHO BBIUUCIWTH JBYMs CHOCOOaMu: JTHOO
Pa3JIOKUTh MOABIHTErPATbHYIO PAI[MOHANBHYIO IpO0bh Ha CyMMY HpPOCTEH-
X JApobeit 160 mpuMeHuTh (HOpMYITy HHTEPUPOBAHHMS 110 YACTAM.

BrruuciauMm 2-M criocoboM.

_ tdt

-9

TTonoxxum U =t,

Torna
1 ~d(t?-9) 1

tolt 1 N 2t
du=dt, v= ~ == = .
Qtz- 9)? ZQt2 - 9)? 2Qt2 92 2(t2- 9
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[omy4anm:
e s o T
€ 229 2Q- 95 3 -9) 0 EG -9) 9"lt+3

2+9x°

X
2+9x° 2+9x° 3
3
X - 1 X3—+C:

@+93 6 9
3?+2X3 -9+ 2+9x° +3
X @ X

[v3 3
VX(2+9T) éln( 9x° +1- &/x3(2+9x3))+c.

3

3amensiem t Ha ¥ OKOHYATEJIBHO IOJIy4YaeM:

2

o \
IIpumep 2. Haiitu unTerpan X? - 250X pa3HbIMH CIIOCOGAMH.

Pewenue. 1-ii cnoco6. J111s BBIYUCICHHST HHTETpalla UCHIONb3yeM (op-

MyIly HHTErpHpOBaHHs 110 yacTsM. Ilonoxum U=+/x%- 25, dv=dx. To-

xadx
rfa du=———, v=Xx
Vx?- 25
Nmeem:

2 2
O/\ X% - 250x = x/x? - 25 - Oidx =xyJx%- 25- (\)(Lde:
Ux? X2 - 25

= x\x%- 25- X2 - 25dx- 2507:
O/ VX2 - 25
= xyx2- 25- C)/xz- 250x- 25In|x++/5 - 25‘.

B mpaBoii wactu 3TOro paBeHCTBAa MOJIYYMIM HCXOAHBIA HHTETpal.
Haiinem ero u3 ypaBHeHus

c‘)/xz- 250 = /X2 - 25- c‘)/xz- 250x- 25In |x++/x2 - 25|,
dx - 25dx-—\/x -25- In|x+\/x - |+C

2-1i cnocod. Jlns BbIYUCIIEHHS HHTErpajla MPUMEHUM TPUTOHOMETpHYe-

5
CKYIO NIOACTAaHOBKY X = ——
o Y cost’
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Bsint 5
~—_dt, t =arccos=.
cos? t X = g?

WnTerpan npuMer BUL!

Torma dx = y-1 1

2y b+ __2 y+1+ 25y
y+1 -

1- ¥y’ 5 4 y12(1-y2)

BosBparnaemMcsi K 3aaHHON TMEpEMEHHOM, 3ameHsieM Y Ha SiNt, rae

x| 25 5 5sint 1- cos’t sint
d - 25dx = dt = a 5
x o cos’t coszt cost cos? t t= arccos;. Torza

\25sint sint \gin? t cost
O— dt =25 dt = 2507dt = 2.
cost cos?t (E y:sinarCCOSE:\/l- coszarccosé—\/ Z—E—X—ZS
X X X X
sn’tdsint ___~sin’tdsint y?dy _
= 25(‘) |S|nt = y| 25 . Iomyuaem:
cos’t)? 1- sin?t Ql 2)2
(057 Q ’ y Y) y VX2 - 25 25Vx%2 - 25
[MonpiHTerpanbHas (GyHKIMS SBISETCS NPABHUIIBHON palOHAIBHON o5 +1 5 5+ x
Ipo6bi0. PaziokuM ee Ha CyMMY IPOCTEHIINX APOGEii: - EIn \/ZX_ + X +C=- EI
& x%-250 .
Y y? _A B+C+D NXT-25 4 Zgl_xzzs_ 25- X
@) @ y’a+y’ Iy @y vy @y’ X e
AL- Y)A+Y)* +B(L+y)* +C+Y)(A- v +D(A- yP =y°.  (19393) N 25 a0 '255 +9° gx/xz - 25+C=
x?

1
[onaras y =1, nonyqaem 4B =1, B= 7

1
[onaras y =-1, monysaem 4D =1, D =Z.

Haxomum nipon3BoHyro oT obenx vacteid paBeHctsa (19.33): =
- A(L+Y)? +2A(L- y)(1+Y) +2B(L+Yy) +C(1- y)* - 2C(1+y)(1- y)-

5
2
; %In‘\/xz- 25+><1+§ ¥ - 25+75In5+C.

25 . .
-2D(1- y) = 2y. [pucoenunss 7In5 K TIPOM3BOJIbHOM MOCTOSIHHOW C, MONy4aeM:
1
Monaraz y =1, nonyunm -4A+4B =2, A=- . g [ - 5. %ln‘ [ - 254x+C.
TMonaras y =-1 nonyuum4C- 4D=-2, C=- E ) 3-11 cnocob. 3amumieM MOIBIHTETPATFHOE BhIpakeHUE B Buje audde-
pennmanbHoro 6uHoma (19.32)
Torna paznoxxeHue NTaHHON IPOOH HA MPOCTCHIIIEC UMEET BUJI: :
1 1 1 1 X°(- 25+ x2) " dx.
4 4 4 4 1 m+1_1 m+l 1.1
+ - + . = = =_ - = T 4+p==4+==1 -
1-y (- y)z 1+y (1+y)2 Torma m=0, n=2, p 2,3 2, - > Th p= >3 1
[puxomuM K UHTETrpaty tenoe yncio. CresoBarebHO, UIMEEM TPETHH ClTydail HHTerpUpyeMOCTd Aud-
25&ee- 1 1 1 1 66 X*-25_ 5
= + = (epeHIanbLHOr0 OMHOMA. VCcrione3yeM IOICTaHOBKY >— =t Torma
4§Q1- v @y ey (1+y) 55 x
2
X°-25 25
a? n[1- y|+_- |n|j_+y|- 1 9= t="" 22 K- 25=x1%, K(1-t°)=25 X =", =
l+yy X 1-t
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1 .. .3 .3
x=5(1- t2) 2, dx= 5? %2(1- t2) (- 2t) dt =5t(L- t2) .
%]
X2 - 25= x> %% = 25t2(1- t?) L.
Wnrerpan npeodpaszyeTcs K BULY
o GRS 1)% Bt(1 tz)'gdt —25Q—‘ tdt 25Q—‘ ot
1- tZ)Z 1- tZ)Z'
JIyist BBIUUCTIEHHS TIOCIEHEr0 HHTerpaia npumMenum Gopmyny (19.20)
HUHTErPUPOBAHUS 110 YACTSIM.

1
Ionoxum u=t, dv= tht 5 Torma du=dt, v=- > . Tlo-
(t°-1 2t°-1

JIy4aeMm:
t+1

t-1

e t 1xd s 25 25
BE 4= 90-. 22 2
& 2t2-1) 202-1,5 2t2-1) 4

X2 - 25

X

+C.

U TocyIe mpeobpa3oBaHuil MoaydaeM OTBET:

IloncraBisiem t =

25(x2 - 25
] X 25 n|\/x2- 25+Xx

+C=

o 4 ‘XZ-Z-X

X

:gxlxz- 25- %In‘ X% - 25+ X

+C.

3aoanus

| yposens
1.1. Hatigute unterpan ot nuddhepeHmaibsHoro OnHoMa:

1) é/§(1+§&)2dx; 2) 6&(1+9/§)3dx;
N\ \/; . N\ dx
3) de, 4) O’m

lX_

1.2. Hatigute unterpan ot nuddhepeHnaibsHoro OnHoMa:

1) dxjﬁ; W x(1+§/;)dx.
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1.3. Hatigure unterpan ot nuddepeHmaibHoro OnHoMa:

N dx N dx

1) Oo—— 2) .
V(B+4x)° Q;Z\/g- X
Il yposens

2.1. Haiigure unTerpan ot auddepeHnnaibsHoro OnHoMa:

1+ 4 x < dx < dx
2 4

J1+4/x
1 O—d; 2 ; 3 ;
: Jx § ) q J@+x)? ) q V1+x?
N X3dX .
ey’
N x*-9 "
x ;

6) \ (1+ x% )3dx;

4) N\ X3dX
4

5 Oo—=
) J(2- 3x%)°
N X

\\[9+\3/X
8 ax; 9 d
) (§) 32 X ) 0) 3- X2)° X

O
7)O—d (
2%

N N dx WX - 36
10) O<2\/ 4- Xdx;,  11) O—— BDBQO 7 &
(25 +x2)° X

1l yposens
3.1. Haiigute unTerpan ot auddepeHnnaabsHOro OnHoMa:

i)
Xzz\o/7

\ dx

3) (Y121- X°dx;

W+i) Wi Ix X
07)(2 ¥x dx; 5) OT‘/? dx; Oixé& dx;

7 c‘)<53(1+ x°)%dx;  8) c‘)i\'l):/\;&dx; 9) c‘j/§\3/1+3€'/?dx.

3.2. Haiigute nHTErpai pa3HbIME CIIOCOOAMHU:

1) (Y1- Xdx; 2) (VX% +4dx; 3) Y x*- 9dx.

1) dx; 2)

4) 6)
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20. OMPEJAEJIEHHBIII UHTEIPAJI

20.1. TlonsiTHe ONpeIeIeHHOT0 HHTEIPAJia U ero cBoiicTBa

ITycTs Ha otpeske [@; b], (Bctogy a<b) ompenenena Henpepbis-
Has orpannueHHas Qynkuus f(X). [IpousBoibHBIM 00pa3oM pa3zo-
ObeM otTpesok [a;b] mHa N orpeskoB Toukamm X, =&,

Xy Xoyeww X, =0 (% <X <X, <K<x,). IlonydeHnsle oTpe3ku
[XO, Xl], [Xl, XZ], [Xn_l, Xn] OyaeM Ha3bIBaTh YaCTUYHBIMH.
Jnmuay K-ro 4acTMYHOro OTpe3ka [Xk_l; Xk], k=]71, 0003HaYNM
DX, =X - X.,;- Ha KaXaoM 4acTUYHOM OTpe3Ke BhIOEpEeM INpOH3-
BONBHYIO TOUKY G, G| [Xk_l; Xk] (puc. 20.1) u BbUMCINM 3HaYe-

Hue QyHKIMu B 3TOM TOuke, T. €. f(C).

Ty y=f(x)
) e
fc) [ // """ \\‘\ , ,//g/
L]
0 a= Xoé1 X1 2 Xo I IXk-16k Xk ‘ IXn_lé”b: Xn:
Puc. 20.1

Jns xaxnoro K, kK =1, n, naiinem npoussenenue f(c, )Dx, u co-
CTaBHM CYMMY:

)
S, = f(Q)Dx + F(C)Di K+ F(6,)D%, = T(G)DK. (20.)
k=1
CymMa (20.1) HaswiBaercs uHmepanabHoil cymmou (HyHKINN
f(X) Ha orpeske [&; b].
O603naunm uyepes D=maxDx,, k=1, n, nmuny HanOomnbiiero
YaCTHYHOTO OTPE3Ka.
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Bynem paccMaTprBaTh BCEBO3MOXKHBIE pa3OHeHUs oTpe3ka [a; b]
npu ycnosud, 4to N® ¥ u D® 0.

Onpeoenenue. Ecnu cymecTByeT mpeen HHTErpaabHOU CyMMBI
(20.1) npu D® O, xoTOpHIil HE 3aBHCUT HU OT CIOCO0A pa3dueHHUs

OTpe3Ka [a; b] Ha YaCTHYHbIE OTPE3KH, HU OT BBIOOpA TOYEK C, Ha

KaXZIOM 4YaCTHUYHOM OTPE3KE, TO 3TOT NPECACIT HA3bIBACTCA onpede-

Jaennsim unmezpanom dyuxiun f(X) Ha orpeske [a; b] u 0b6o3Haya-
b

ercst c‘j (X)dx.

Takum 00pazom,

b

A (X)dx =lim 2 f (¢ )DX,. (20.2)
0] ama

a k=1

Yucna a u b B popmyse (20.2) Ha3wpBAlOTCS COOTBETCTBEHHO
HUMICHUM W 8epXHUM npedenamu unmezpuposanus. Oynxuus f(X)
HasbIBaeTCa Hoovihmezpanvhoii gyukyueir, T(X)dX — noovinme-
2PAIbHBIM GBIPANCEHUEM, X — NEPEMEHHOI UHMEZPUPOBAHUS, OTPE-
30K [&; b] — ompe3kom unmezpuposanus.

®ynkiyst f(X), s koropoii cymiectByer unrerpan (20.2), Hasbl-
BACTCSI UHMEZPUPYEMOll HA OMpe3Ke.

Kaaccsl nHTEerpupyemMbIx pyHKIMI:

1) neripepbiBHast Ha otpeske [a@; b] GyHkuus uaTerpupyema;

2) orpannueHHas Ha orpeske [&; D] ¢yHkums, uMeromas UL
KOHEYHOE YKCJIO TOUYEK Pa3phiBa, HHTErPUpPYyeMa,;

3) MOHOTOHHAsI OrpaHUYeHHAs PyHKIUS HHTErpUpyema.

Ecm f(x)2 0, " xI [a; b], TO (urypa, orpaHuyeHHas rpadu-
koM pyHkimu Y= f(X), ocbto OX, mpsimpiMu X=a u X=Db, Ha3bI-
BaeTcs Kpusoauneinoii mpaneuuei (puc. 20.1).

T'eomempuueckuit cmvici onpedeeHH020 UHmMezpana: onpee-
nenubiii uaTerpan (20.2) or HeoTpUIATEIbHONW (YHKIIUU YHUCICHHO
paBEH IJIOMIAIA KPUBOJIMHENHON Tpaneuuu.

QDu3uuecKuii cMbICl ONPEOeIeHHO20 UHME2PAIa. MyCTh MaTe-
puasnbHas Touka M JBHMXKETCS BIOJIb YHMCIOBOH OCH CO CKOPOCTBIO
V(t), V(t)2 0. Torma myTh, NPOMACHHBIH TOYKOW 33 TMPOMEKYTOK
BpeMeHu oT t=a 1o t=D, paBeH ompeneleHHOMY WHTErpajily OT
CKOPOCTH:
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b
S= d(t)dt.

CpoiicTBa onpeieJieHHOT0 HHTErpaJjia

b
1) c‘jlx=b- a;

b b

2) c‘jf (x)dx = cc‘j (x)dx, ¢ =const;

b b b
3) (P + F,(0) dx = (Fo()dx + (F, (x)ekx,

paBeHCTBa 2 U 3 B COBOKYITHOCTH HA3BIBAIOTCS CEOUCHEOM NUHEI-

HOocmu,
b

4 O (ax=- ¢y (9ax.
a b

5) (J (k=0

6) 3HaYeHMEe MHTErpaja He 3aBUCUT OT O0O3HAYEHHMsS HepeMeH-
HOH UHTETPUPOBAHUSL:

b b
c‘j (X)dx = c‘j (t)dt;

7) ceoiicmeo adoumugnocmu: Tipy JIOOOM B3aUMHOM PACIIONO-

JKEHUH yucen @, b, C uMeer MecTo hopmya;
b c b

&Y (9= ¢ e+ ¢ (i

a
b b

8) ecnu f,(X) £ f,(x) mpu X1 [a; b], To c‘jl(x)dxﬁ c‘jz(x)dx;

9) ectt M u M — COOTBETCTBEHHO HAWMEHBIIIEE ¥ HAHOOJbIIIEeE
sHadenus pyukipn Y = f(X) Ha orpeske [a; b], To BepHa orenka
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b

m(b- a) £ c‘j (X)dxEM (b- a);

b b
10) c‘j(x)d Ec"Df (x)| dx;

11) eciu pyukius f(X) HempepsiBHa Ha oTpeske [&; b], To cyre-
CTBYET TOYKA cl [a; b] Takas, 4To
b

c‘j(x)dx: f(c)(b- a);

a
12) ecnu f(X) — HeuerHast pyHKLUS, TO

c‘)f (X)dx =0;

i3) eciu f(X) — dernas yHkiws, TO
c‘)f (x)dx = 2c‘j (x)dx;
-a 0

14) eciu f(X) — nepuomndeckas (GyHKIMS nepuoma I, TO TPH
mobom al R BepHO paBEeHCTBO
a+T

c‘)f (X)dx = c‘j (x)dx.

[Ipeamnonaraercsi, YTO BCe MHTErpalibl, NPUBEICHHBIE B CBOWCT-
Bax 1-14, cymecTByIOT.

b
TMpumep 1. BoluucIuTh M0 ONpe/eIe o uHTerpan | = ézdx.

0
Pewenue. Oynxums f (X) = x° unrerpupyema Ha orpeske [0; b], mo-

CKOJIbKY OHa HempepbiBHa. Pazobbem orpesok [0; D] ma n wacreit Touxamu
% =0, % =h, % =2h, K, x, =b=nh, rze h:E:ka, k=1n.
n

B xauecTtBe TOUEK Ck BO3bMEM KpaﬁHHe MpaBbI€ TOYKH KaKJAO0r'o 4ac-

THYHOTO OTpe3Ka [X 1, X ], T. e.
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¢ =kh, k=1n.
202 _ 12 b
Brruncnim 3nauenus gynxkimum f (¢ ) = ¢ =k“°h” =k —
n
COCTaBI/IM PIHTeraJ'IBHyIO CyMMY
b b_b* 9
a f(c)Dx, = a kz—zy;—n—a k2.
k=1
MeToz[OM MaTeMaTHYECKOW HHIYKIMH MOXKHO J0Ka3aTh, 4TO
P+22+3F +..+n? :%ézm-l).

Torna nonyuaem:
b® n(n+1(2n+1) _b*(n+1)(2n+1)

n’ 6 6n?
Nmeem
. b¥(n+1)(@2n+1) b
| = ~y 2 =| _— =
O&x=lm——" 3
0

Ipumep 2. [lokazats, yro ¢pyHkms Jupuxie
F(x) = 1ZL €CJTH X - paIlMOHAILHOE YHCIIO,
0 O €CIIM X - UpPpaIUOHAIBHOE YHUCIIO,
He uHTerpupyema Ha orpeske [0; 1].
Pewenue. Pazobbem otpesok [0; 1] mpou3BoIbHBIM 00pa3oM Ha N yac-

THUYHBIX OTPE3KOB. [IpH COCTABICHUH UHTETPAIbHON CYMMBI BHIOEPEM B Ka-
9ecTBe TOUEK G, parmoHanbsHble yncna. Torma f(c ) =1.

[Tonyuaem:
) ) )

S, =Q fID% = Q 1Ox = Q Dx =1-0=1
k=1 k=1 k=1

3aTreM COCTaBUM HUHTCIrpaJIbHYIO CYMMY, BI)I6paB B KaUCCTBC TOUCK Ck

uppanuoHansHel uucna. Toraa (¢ ) = 0. [Noxygaem:

) )
S, =a f(c)D%=gq D% =0.
k=1 i=1
Takum 00pa3oM, HHTETPATBHBIE CyMMBI MOTYT IPUHUMATH KaK 3Hade-
Hue, paBHoe 1, Tak u 3HaueHue, pasHoe 0. CiemoBarensHO, Npenes UHTE-
TpajJbHBIX CYMM HE CYIIECTBYET, T. €. pyHKIus [Jupuxie He HHTErpUpyeMa
Ha otpeske [0; 1], xoTs 1 orpaHuyUeHa Ha BCEH YHUCITIOBOM MPSAMOIA.
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1 1

Ipumep 3. CpaBHUTH HHTETPAIIBI 6/;dx u c\)(3 dx.
0 0

Pewenue. Tax kak IX > X npu 0< x<1 (puc. 20.2), TO MO CBOWCTBY
CpaBHEHHsI OMPEICNICHHBIX HHTErpaioB (cM. 8-¢ CBOWCTBO) MMeeM:

c\j&dx > c\f‘dx
0 0

Puc. 20.2
p\si nxdx p
[pumep 4. Jlokazats HepaBencTBo O£ Oc)m < 3
sinx

1
Pewenue. Tak xax O£ < G npu 0<X<p, 1O Mo 9-my cBoicT-

X* +5
BY OIPCACIICHHBIX UHTCTPAJIOB HMeeM:
P
\Sin xdx P

+55

Of
0

P

IMpumep 5. Ouennts uHTErpa GCOSZ *dx.

Pewenue. Tax xak O£ cos’ x£1 mpu 0< X<%, 10 1E6 % £

Torz[a o 8-My CBOﬁCTBy OIIPEACIICHHBIX UHTEIPAJIOB IIOJIy4acM:
P

G o5 x gy £ P ep :
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Ipumep 6. Beraucnuth onpeeneHHbI HHTETpat:
2 4p 3
X nx .
(S 2) c\jm3 xdx; 3) c\sz +1)dx.
0 -3

VO

2 .
Pewenue. 1) Tak Kak NoJbIHTErpaibHas yHKIIHSL

2 ABJISICTCS
X" +1

He‘IeTHOfI a 01pe301< HUHTCTPUPOBAHUA CUMMETPUICH OTHOCUTECIIBHO Ha4dajia

2gnx
KOOPJMHAT, TO d =0.
P,

2) CDyHKHI/IH SiN® X SBIIAETCH MEPHOMYECKOH C MEepPHOLOM 2p. Uc-
MOJIb3yeM 7-¢ U 14-e CBOICTBa I/IHTel"paJ'Ia'
4P

n3 xdx = n3 xdx + n3 xdx =2 n xdx =2 n xdx = 0.
O’ O‘ O’ O‘ O’

HOCJ'IGI[HI/II/I HUHTEIrpaJl paB€H HYJIIO B CUJTY HCYETHOCTU (byHKHI/II/I S|n X.

3) ®ymkums X +1 SBISETCS YETHOH, a OTPE30K HHTEIPHPOBAHHS
CUMMCETPUYCH OTHOCUTEIILHO Ha4Yajla KOOpAUHAT, TIO3TOMY
3 3
®¢ o 0
6x2 +1)dx = 26x2 +1)dx = 2g X = 2?—3+3+: 2(9+3) =24,
3 "4, &3 o

-3 0

3aoanua

| yposens

1.1. CocraBbTe MHTErpajibHBIE CYMMBI W, TIEpEiis K Tpeaeny,
HaﬁZ[HTe HUHTErpall. HpI/I COCTaBJICHUU HHTEIpaIbHBIX CyMM 3Ha4dc-
HUe QYHKINUN BBIYHUCINTE:

1) B mpaBOM KOHIIE Ka)kJI0r0 YaCTUYHOTO OTPE3Ka,

2) B JIEBOM KOHI[E KaXKI0TO YaCTHYHOTO OTPE3KA!

1) dx+2) dx; 2) c\)<3dx; 3) Gxdx

V¥ xa3aHu 4. Bocione3yiitech paBeHCTBAMU:

1.1+2+3+...+n n(n+1)
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2.13+22+433+ . +n°

3. CymMMa N 4IEHOB reOMETPHYECKOIT IPOrpecCHy paBHa

Il yposens

_n (n+1)
4

2.1. CpaBHUTE UHTETPATHI:

1
1) c\)/;dx u é(zdx;
0 0

N\U

p
2

3) c\jl nxdx u Oln xax;
0

2
3 3

7) \ Ox \dX_
O " O

_h(@"-9
S = a1

0 0
2) c‘yos3 xdx c‘yosf’ xdx;

P
2

E

R Wl =
y Q:
&
=

Q-

2
P NI
' =

=

Q
X

N

8) O—‘S‘:‘(de

0

/7 wiek
< &

2

W
Q.
e

\Sin X
O—dX.

XZ

2.2. Beluuciute MHTErpaj, UCIOb3ysl CBOMCTBA OMPEIS/ICHHOrO

HWHTErpana:

p
1) C\P n5xdx;

_p

4

P

g 3+ X
7) ¢in® xIn>—Zdx:
) Gl 3- X

p

2

p
2) C\P n’ 2xdx;

1
WX sinx

_Ol 1+ X

5) dx;

p

8) C\P N 2xcos4xdx;

-p

1

3) \arCSinXdX_
O™
-1

4
6) c\)<3 V2+3x%dx;
-4

3

9) c\jxrctgxdx.



1l yposens
3.1. loka>xuTe HEPaBEHCTBO:

p . 1
1) 0£ NIXX P 2) 1€ (y dxE e
0 X+4 2 0
P
2p j dx p X p
3 £ A £p: HEEA £
)JTO 00J7+3s'nx P )8 QIO -co?x 6

3.2. OueHuTe UHTETPAJL:

P
1 2
N 2 \ dx
1 *dx; 2 :
) g ) +3sin’ x
3) Zp\ dx ) 2) p\ dx
050 B/6+ 2cosx Q'nx+cosx'

0

20.2. ®opmyaa Herorona-Jleiionuna. MeToabt
HHTErPUPOBAHUS MO YACTSIM U 3aMeHBI MepeMeHHOi
Ecnu ¢ynkius f(X) HenpeprsiBHa Ha otpeske [&; b] u F(X) — ee

nepBooOpa3Hasi Ha ’TOM OTpe3Ke, TO
b

O Wdx=F(b)- F(@)=F (%)

b
(20.3)

®opmyna (20.3) nasbiBaercs popmynon Hovtomona-Jlenonuya.
WHTerpupoBaHue 1Mo 4acTam

ITycts U(X) 1 V(X) — HenpepbIBHbIC (QYHKIUHU, KOTOPbIE UMEIOT

HEMpepBIBHBIE TPOM3BOAHBIC HA oTpe3ke [&; b]. Torma cnpaBeminBa
(bopMyIia HHTErPUPOBAHUS 10 YaCTSIM:
b

@(X)dV(X) =u(x)v(x)

b
. c\)(x)du(x). (20.4)

3aMeHa mepeMeHHOI B onpeaeIeHHOM HHTerpase
ITycts f(X) — HenpepriBHas Ha oTpeske [&; b] dyHkums, a hyHk-
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mus X=j (t) u ee npoussomnas | §t) HempepbiBHBI Ha OTpe3Ke

[a; b], rie a=j (@), b=j (b). Torma cnpaBeamuBa Gopmysa
b b

c‘j(x)dx:c‘j(j (t)) €t)ct. (20.5)

BwmecTe ¢ 3aMeHOIl NEpeMEHHOI B ONPEAECIEHHOM UHTErpaje 3a-
MCHAIOTCA TPEACIIBI MHTCIPUPOBAHUA.

IIpumep 1. Berauciutb uHTETpa:
p

6 2
dx

1) A S xdx; 2) ;
) o° ) czi+x2

0 -2

3 3 2
3) X +2>;+3dx; 2) N 3X+2

X-

h 021 2(x+1)

Pewenue. 1) llpumenum popmyny Herorona-Jlei6nuna (20.3):
P

6 P

6 =gnP_sno=1.0=1.
e 2 2

N\ .
Oosxdx:smx

0

2) ToapiaTerpanbHas GyHKIHS

> SBIIACTCA yeTHOH. [ToaToOMy
4+X
2

2
~ dx ~ dx 1 X 2
=2 =2x-actg—

Qe 2 20097
-2 0

2
= a‘agi(
0 2

p A~_P
=avctgl- actg0=—- 0==.
_madgl- adg0="7- 0=

3) IoapinTerpanbHas (QYHKIMS SBISETCS HEMPAaBUIBHOW paIMOHANb-

HOM I[pO6I>IO. Brinenum HEIYyI0 4aCTh, pa3JCcjinuB €€ YUCIUTCIIb Ha 3HaAMCHA~
TE€Jb 110 IPABUITY JCICHUSA MHOIOYICHOB!

x+2x-1  x-1
3o ]‘x2+x+3
X2 +2x-1
x2-x
3x-1
3x-3
2
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Torma

3 3
3 ..
21 ‘a§<2+x+3+i2dx:
x-1 Q X-1lg
2 2
2 53
:aei+x—+3x+2ln|x-11: =
€3 2 ,
P 3

=2+ <+ 38+ 2In3- 1- g—+2_+3>Q+2In|2 1|_-

:9+2+9+2In2- § 2- 6- 2In1:11§+2In2.
2 3 6

4) TlonpiHTerpanbHas QYHKIUS SBIACTCS MPABUIBHON PAIMOHATBHOM

JpoOkk0. PaszmoxuM ee Ha CyMMY MPOCTEHITUX APOOEH:
3x+2 A B C Ax(x+1)+B(x+1)+Cx

2(x+1) X x2 x+1 X% (x +1)

Haiinem xoadpdummentst A, B, C u3 paBencrsa

3x+2= AX(x+1) + B(x +1) +Cx>.

Monaras X=0, momydwaem B=2. Ilpu x=-1 momyuaem C =-1.
IMomaras  x=1, nomywaem 5=2A+2B+C. [lazee HaxoIuM:
2A=5-2B-C, 2A=2, 1.e. A=1.

Torga
: 3x+2 Z\aé. 2 2 2
N 3X+ 0
dx = —+—-—_dx =Fn|x- Z- In|x+1Y =In2-1-
2(x+1) le 2 x+lyg & i X | j.ljl

-In3- (In1- 2-In2)=In2- 1- In3+2+In2=1+2In2- In3=1+|ng.

[pumep 2. Berauciuth UHTETpa, UCIOIB3Ys (HOPMYITY HHTETPUPOBA-
HUS 110 YaCTSIM:
1

2) c\}rccos xdx;

0

2p
3) c\)(arctg xdx; 4) c\)ezx sin xdx.
-1

Pewenue. 1) Tlo hopmyne (20.4) umeem:
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u=x- 3, du=dx,
c\)x-3)cos ! dv:coszx 1dx, =
3. 2x-1
2 V==sin
2 3
2
:E(X-3)sin2x_1 -§c\)inzx'ldx—§aesml+213m0 +
2 3 |1 2 3 2& 27 5
1
2

=- —sin1+2(cosl- cos0) =- §sin1+2cosl- 2
4 2 4 4

2
2) Ucnonezyem hopmyiy (20.4):

dx
N u=arccosx, du=- —, 1
O\rccosxdx: 1- x? | =Xarccosx| +
dv=dx, v=x 0
1 1 5 L L
1 1- 1
A X :-—c‘)dw:-—xz 1- 2| =-41- 2| =1
V1 X 2 VL X 2 0 0
3) MoapinTerpanbHas GYHKIHS SBISIETCS YETHOM, TIOITOMY
1 1
N\ N\
O<arctg xdx = 20<arctg xdx.
-1 0
IMpumenum  ¢dopmyny (20.4) unTerpHpoBaHUs MO dYacTsaMm. Ilyctb
dx 2
u=arctgx, dv=xdx, du=——-:, v=X
1+x 2
IMonyunm:
1 1
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~ X2dx

1
! N\ +D)-1
- =1xarctgl- O- dx =
0 c}+x2 J O 1+ %2
0

2c\)<arctg xdx = x?arctg x




4) Ucnonbzyem dopmyity (20.4) HHTErpUPOBAHUS 110 YACTSIM JBAXK/IbL:

2p 2p
=X =g 2p
(\jzxsinxdx:u ¢ ,Zdv S| e2x cosx +2(\jzxcosxdx:
du =2e™dx, v=- cosx 0
0 0
2p 2p
=-e% cos2p +¢° cosO+ZG cosxdx =1- e® +203 cosxdx =
0 0
=|17¢ 5 T OOSTN g, e +29ezxsmx - ZGZ sinxdx”
du =2e”dx, v=dn =
® 2 0 2
=1- e® +2%e™ sin2p - €°sin0- ZGZXsinxdszl- e - 4szsinxdx.
0 El 0
Taxum 06pa30M, NOJTYYWIN paBCHCTBO

2p 2p

N\ . N\ .
c)ezxsmxdle- e - 402Xsmxdx.
0 0

W3 nero naxonum:
2p

SGZXsin xdx =1- e®

0
%p

GZX sin xdx :é(l- e® )

0

Ipumep 3. Beruucnute onpenesneHHbld HHTETpall, HCIOIb3ys GOpMYy-
JIy 3aM€HBI IEPEMEHHOM!

9 4 2
1) A xax 2) (Y16- x2dx: 3) A xdx :
Ql +Jx’ ° ’ NOE- - )

(o2}

5-x
2+Inx \F
4) (Y6x- x2dx: 5) O—d‘
QS+X) 25 X2

0
Pewenue. 1) Cuenaem mozcranoBky X =t2 (t>0), torza dx = 2tcit.
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OmnpezenarM HOBBIC TPENETBl HHTETPUPOBAHUS. J[J1s1 3TOro B paBEHCTBO 3a-
MEHBI MIEPEMEHHON TOOYEPEIHO MOACTaBUM X =1 (3aMaHHbIA HIKHUIN TIpe-
JIeST MHTErpUpoBanust) U X =9 (3amaHHbIil BepxXHUH npeaen): eciu X =1, to
=1 t=1 ecnu Xx=9, T0 t2=9, t=3.
Ucnone3yem dopmyny (20.5) 3ameHbl nmepeMeHHON B OMpeaeIeHHOM
UHTErpae:

9 3 3
xdx sttt Cop t2

+ \/; 02 +1 O+_2
1 1
[Momyuunu MHTETpan OT HeNpaBWJILHOW palMOHAJIBLHOM npoOu. Beine-

JIUM LIEIYH0 YaCTh B MOABIHTETPAJIbHOM BBIPAXKCHUU:

dt.

3 N 2 43
205 2+ 2 Ot =22 atvam|t+2d =
1

=22 61ain5- B 24 41n3%0-
&2 &2

20
=2 @ 6. 1ioiains- 4in30=sin>.
&2 2 s 3

2) 1-u cnoco6. UHcnompdyeM MeTOA MOACTAHOBKU. Ilomoxum
X =4sint, torga dx = 4costdt.
Haiinem HOBBIC mipenensl nHTerpupoBanus: ecan X =0, To t =0; ecmu

X=4, tot= B
2
CrnenoBaTelbHO,

s V=T
p N [T

le x2dx = (V16 - 16sin’t x4costdt =164Y1- sin®t costdt =

N T

2

Oﬁdt 861+ cos2t)dt =
0

2-1i cnoco6. Uctionbzyem ¢opmyny (20.4) MHTErpUpOBaHUS 110 YaCTSIM.

Monoxum U=+16- X2, dv=dx, Torza du=— XX

Vi6- 2@

V=X
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HonyllaeM'
. \(16 x?) - 16d _

le x2dx = xy16- x° Q/16 > 0 \/16 =

N\ 2 N dx _ W o x|4
- le- X dx+1607—- 16- x“dx+16arcsin—
N16- 4lo

0

4 4
- ()16~ x*ck+16(arcsinl- arcsin0) =- ()16~ X dx+8p.
0 0

Haiigem uckoMblil HHTErpa U3 MOJIYYEHHOI'O PaBEHCTBA

4 4
O/‘ 16- X2 =- O/‘ 16- x> +8p.
0 0

BeipaxaeM:
4

~Y16- X2 =4p.
0

3) IIpuMeHNM MOJCTAHOBKY X° = COS° t +4sint.
Torma 2xdx =-2costsintdt +8sintcostdt, T.e. 2xdx = 6sint costdt,

xdx = 3sint costdt.
X2 - 1=cos’t +4sin’t- 1=cos’t- 1+4sin’t =- sin’t +4sin’t =3sin’t.
4- % = 4- cos’t- 4sin’t = 4(1- sin?t) - cos’t =4cos’t - cos’t = 3cost.
\/(xz - 1)(4- x2) =+/35n2tBcos?t = 3sint cost.

Taxum 06pa30M, NOABIHTEIPAJIBHOC BBIPAKCHUE IPUMET BU:.
xalx _ 3sintcostdt _

\/(XZ_ 1)(4- XZ) " 3sintcost

J7

OHpeI[eJ'II/IM HOBBIC IIPEACTIbl HHTCTPUPOBAHUA. €CIIU X:7, TO
1

~ =cos’t+4sn’t, T.e. %zl-sinzt+4sin2t, 3sin2t:§, sinzt:Z,

1
sint ==. HaxomuMm t =

\F
eciii  X=,/—, TO
2

=1- sint +4sin’t,

l\)|U‘I oj|'O

cos’t+4sin’t, T.e.

N | o
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3Sin2t=g, Sinztzi, sint:i. Haxonum t:%.

2 J2

[Tonyuaem:

5 p

2 4 P
Ot e
N (x*-D(4- x) B %

2 6

4) B 10/IKOPEHHOM BBIPaXKEHUH BBIIEINM TIOJIHBINM KBAJIPAT:

6x- X2 =9- (x*- 6x+9)=9- (x- 32

IMpumenum nmoxctanoBky X- 3=3sint, x=3+3sint, dx =3costdt.
OrnpesieniM HOBBIE Mpeienbl HHTerpupoBanus: ecan X =0, To - 3=34nt,

sint=-1, t—-%; eciim X=6, To 6- 3=3sint, sint =1, t:%.

[Tonyuaem:
6 6
d\ 6x- xzdx:O\/g- (x- 3)2dx= £
0 0
P P
? “14cosZ . 9
:gc\):osztdt—g\ oS =2
2 2
P P
2 2
9ap 1 ep, 1
=—c=+=s8np- ¢- —+=dn(-
28229573 (-p)

5) 1-it cnoco6. Vicnons3dyeM MeTOA 3aMeHbl mepeMeHHOU. [lomoxum

dx
2+Inx=t. Torma dt =—.
X

Haxomum HOBBIE TIpeIeNbl HHTETPUPOBAHUS, UCTIONB3Ys PABEHCTBO 3a-
MEHBI MepeMeHHOU: ecaum X=1, 10 t=2+In1=2, eciu X= ez,

t=2+Ine’ =4.
HonylH/IM'

2-1i cnocob. I/Icr[0m)3yeM METo/I IToAHECEH s 1o/ 3HaK auddepenmyana;
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e e

2+InX N _(2+Inx)2 ¢
CJX—dX—02+Inx)d(2+Inx)—Tl =

1 1
:Eé‘fzﬂnez)z - (2+1n1)?8=1(16- 4)=6.
2& g 2
3ameTuM, 4TO B CIy4ae MCIOIb30BAHUS METOJA MOJHECEHUS MOJ 3HAK
muddepennmana He HY)KHO U3MEHSTH MPEAEITbl HHTETPUPOBAHUS, a IT03TO-
My, KaK IpaBuIIo, OH SBJISIETCS OoJiee PalioHaIbHBIM.
6) [IpuMeHUM MOJCTaHOBKY:
E =1, Torma E =t2.
5+Xx 5+X
Beipazum nepemennyto X uepes t:

2 2
5- x=t?(5+x), x(t2+])=5- 52, x=> 2 =501

t?+1 2+l
=5 AT 4D - 21 t7) - 20t
(tZ +1)2 (tZ +1)2
(5+x)325- % =(5+x) (5~ X)(5+) = (5+x)? %

5(1- t?) _ 5(t? +1+1- t?) _ 10
t2 +1 t2 +1 t2+1
OnpeneniM HOBBIE Mpejeabl HHTerpupoBanus: eciu X =0, 10 t =1;
ecau X=5, 10t =0.
HUcnone3ys popmyny (20.5) 3ameHb! iepeMeHHOMN B ONpe/IeIEHHOM HH-
Terpase, noyJaeM:

5+x=5+

5 5 x 5 5 x 0
N e\/; dx = N evot+x dx = N et - 20tdt _
QS+X)«/25- 2 0 L Ex . O @y
0 0 (5+x) T L2 +1)2
0
0 -
-E\tdt:-iet :-E(eo-el):-i(l- ) e_l
5 5 | 5 5 5
1
3aoanusn
| yposens

1.1. Beiuucnure onpeaeacHHbIA HHTErpa, UCIONb3Ys (HOpMyTy
Herorona-Jleitbuuua:

99

In5

2
3- 2% +8x- ¥

3
1) dsinx+sin2 x)dx  2) CF o 30 dx.
P In3 1 X
4
P
: " dx e 1 1 6
4) A4/ x+2%)dx; 5) ¢ ©6) ¢ - 2dx;
) g‘& ) X ) qs 5- X ) pc%sinzx coszxﬁdX
6
"X+ X L d " 3
X+ X ~ QOX N lo)
7 dx; 8 . 9) ~ocos® x- > cosxdx.
) O—X& ) (0 pava ) 0(% 4 005X
7
Il yposens

2.1. Beruncnute onpeaeneHHbIA HHTerpa:

2 1 2p
N \ tg(x+2) . 1- cosx

1) O<\/ 4- x2dx; 2) onidx; 3) dx;
0 -2

s*(x+2) X- sinx)?
p

2 p

b sint A X+CoSX :
4) A—Xdx 5) A dx.  6) (oS’ xsin2xdx;
) 01 X2 ) CJ>—<2+25inx ) OOO

i p

p

1

-2 1

3
7) O Varsddc 9 qf'%‘; 9) C\J;Tldx;
0 0

-3

P
5, 4 V3
WX +3 N dx

10) Ondx; 11) c‘;inchosSxdx; 12) 0TS
0 0

3

2.2. Beaucnute onpeaesieHHbIA UHTErpajl, UCIoIb3ys (hopMyiry
3aMEHBbI IEPEMEHHOM

N

2
2 ~arctg2x + x

1) N dx . 2) ! dx . 3) dx:
.01 1+ ¥x+1 Qsl +2x OO 1+ %2 ’
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1

iz 33 V2 2

2 5 AKX 6 \ (arccosx)” - L
b 07 tl
Ox\/x +4 ZEEX- 1 o V1
1

8 9 e-1

N 1- 4/x+1 \ X ~ 1+In(x+1)
7 d;, 8 ;9 ————dx
) Q3 [x+1(x+2) ) ° 9x+1)v/x ) o ox+l

2.3. Beraucnurte onpeesieHHbIA UHTErpall, UCIoIb3ys (hopMyiry
WHTETPUPOBAHHUS 110 YACTSIM:

; :
1) é(e' *ax; 2) c\)<3 sinxdx
-1 0
, P
€ 4
3) c\)&ln2 xdx; 4) é(tgzxdx;
1 0
P
: : tg X
1 XCOSX A Xarc
5 Oy dx; 6) dx;
h n®x Oox/ﬁ
3
1 p
darcsu nx)? dx; 8) c‘ij2 +2x+5) cos2xdx;
0
0
d - 1) dx; 10) (% +5x+6)sin3xdx.
2 -2

1l yposens
3.1. Beluncnute onpeaeeHHbIH HHTErpajl METOI0M 3aMEHBI Tie-
PEMEHHOI:

; 2
lQ;\/x2+x+l ) Ox x2-1

101

p 64 \/— 2
3) (¥ sin? xcos® xdx; ~
G Qe 3o ™

2

2

N dx ~ 18/x+2
5 07; 6
) 01/(4+x2)3 ) Qx+2) Jx- 1

p

7) @4 sin* xcos* xdx; 8)
0
p

2 Asinx- 5cosx- 5

90 dx; 10) (‘)(3\/1+x2dx;

(1- x)17 dx;

%‘ »—\Q/mm

cosx+1

B4
N 4th- 2
- §n2x+6c0s° X

16 7
1) A—Xdx 12)
x-19

3
13) c\)<2\/9- x2dx; 14) (Y9- xPdx;
-3

1 fx
h A+ X)V1- X 0 +Cosx+9nx
4 2arctg3
W X2 -4 N dx
17 OidX; 18 —
) x* e sinx(1+sinx)

2arctgl

NIT o
VR

{Q‘/(Xil+\/—l+\/—l
0 ok 1)

Ttgx-1

2

0

c\ja dx.
sin? x- 25iN XCosX - 4C0S2x

z
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3.2. BeiuncinuTe omnpeeieHHbIH WHTErpall, UCIONIb3ys yKa3aH-
HYIO 3aMEHY ITIEpEMEHHON

2 1

\ dx 1 N [1- X
1 , X=—x 2 ——dx, x=cost;
) QZl (2+x4) -1 ) LEx

p . In2

< XSnx

3 dx, x=p - t; 4) Ae - 1dx, t=+e - 1
)quxxlo )Oo/e—ldxt e

3.3. Beruncnure uHTErpai paHbIMHU CIIOCOOAMHU:
3 V3 5

1) (Y9- xPdx; 2) (Y +4dx; 3) O\/x2-16dx.
0

0 0

20.3. TeomeTpuyeckue u pusnyecKkue MPUJI0KeHHU
omnpeieJIeHHOI'0 HHTerpaJia

1. Ilnomans NJI0CKOH PUTypHI

[Inomans KpUBOIMHEHMHOW Tpalenuy, OIPAaHHYEHHOW CBEPXY
rpadukom HenpepbiBHOW pyHkumun Y= f(x) (f(x)3 0), cnesa u
ClipaBa, COOTBETCTBEHHO, NPsAMBIME X=a u X=Db, cHH3y — oTpes-
koM [&; b] ocu OX (puc. 20.3), BeipaskaeTcs hopmyIioi

b
S= () (W (20.6)

Ecrn f(X)£0 mpu x1 [a; b] (puc. 20.4), To

b
S=- c‘j (x)dx. (20.7)
a yh
1 y=10>9 a b,
0 X
a ol b x y=f(x)<0
Puc. 20.3 Puc. 20.4
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[lnomaas KpUBOJIMHENHOW Tparneuuu, OrpaHUUYECHHON NPSIMbIMU
X=a, X=b u xpusbiMu Yy=f/(X), y="f,(x), rne f(X)£ f,(X)
s X1 [a; b] (puc. 20.5), Beipaxkaercsi popmyoii

b
S= d f,(x) - f,(x))dx. (20.8)

[Inomans KpUBOIMHEWHON Tpamnenuu, OrPaHUYCHHON MPSMBIMU
y=c, y=d, kpusoit X=g(y) (g(y)?3 0) u orpesxom [C; d] ocu Oy
(puc. 20.6), Boipaskaercs popMyIIoii

d

S=Cp(ydy. (20.9)
vyl y=f(x)
yA
d
oa b % ”‘F 9(y)
O A\ ;X
y=11(X) c

Puc. 20.5 Puc. 20.6

[Inomans KpUBOIMHEWHON Tpanenuu, OrPaHUYCHHON MPSMBIMU
y=c, y=d u xpussivu X=0,(y), X=0,(Y), rae Gi(Y) £ g,(y)
s yl [C; d] (puc. 20.7), Beipaskaercst hopMyIioi

d

S= (3%~ Gu(y)dy. (20.10)
yA
d _______

X = ga(y)

x= gl(y)y / *

ol
Puc. 20.7
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Ecnu xpuBonMHEWHasl Tpareuus OrpaHUYeHa CBEPXY KpPHUBOM,
3a1aHHOM ITapaMETPUYECKUMU YPABHEHUSAMU

1x=j (1), 7

t)3 0 tl |a, b,
by=y .Y @ 2. b]

npssMbiME X =@, X=Db u orpeskom [&; b] ocu OX, TO ee ruiomambL

BBIYHCIISETCS 110 (hopMmyJie
b

S= @ (t) &t)dt, (20.11)

rne & u b onpenensitores u3 pasecte a=j (@), b=j (b).

IInomans KpUBOJIMHEWHOrO CEKTOpa, ONPAHMYEHHOIO KPUBOM,
3aJIaHHOM B MOJIIPHBIX KOOP/AMHATAX ypaBHEHUEM I =T (j ) u aByMms
aydamu | =), | =], (] 1<] 2) (puc. 20.8), mpuuem r (j )2 O mis

jl [j 1) 2], BbIpaXkaercst popMyIon

112
L2
= 2 O
i
[Mnomane mIOCKOW (UTYpHI, OrpaHUYEHHOW IBYMS JIydamH
J =l 0 =i mxpueeiva 1 =1,( ), 1 =r,G ), ri()Er,()
s j 1 [j 1) 2] (puc. 20.9), BeIpakaercs hopMyIioi

(i )di - (20.12)

l2

_ 1 N\ 2/ 2/ M

s-zdrz(j )- 12G))dj . (20.13)

J1

p=plp) p = pAp)

p = pup)
P2
Q1
Puc. 20.8 Puc. 20.9

2. lnuHa 1yru KpuBou
Ecnu ¢ynkius f(X) uMeer HenpepbIBHYIO MPOM3BOAHYIO Ha OT-
peske [, D], To mimHa mgyrm KpWBOM, 3aJaHHON ypaBHEHHEM
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y=f(x), rme xI [a; b], BBIYHCIISETCS 110 (hopMmyJie
b

| = O\ /1+ (f €x))2dx. (20.14)

a
Ecnu kpuBas 3amana ypaBHenueM X =(g(Yy) Ha otpeske [C; d] u

bynkuus X=(g(y) uMeeT HeNpepbBHYIO MPOU3BOAHYIO IS
yl [c; d], TO JJTUHA JYTH OIpeAessieTcs mo Gpopmyie
d

| = L+ (9%y)’dy. (20.15)

C
Ecnu kpuBas 3agana mapamerpuyecku Ha miockoctu XOY ypas-

IX=] (57,
HEHUSAMHU %y:y (t),“ [a, b],
rae j (1) uy (1) — mubdepennnupyempie GyHKIHE HA [a; b],
npuuem | €)1 0, u a=j (@), b=j (b), To qmMua ayru 3TOM Kpu-
BOM, 3aKJIFOUEHHON MEXIy JBYMsS TOYKaMH ¢ abciuccamMu X=a |

X =b, Beruucasercs mo Gopmyse
b

| = c‘)/(j €0)+(y &) . (20.16)

a
Ecnu xpuBas 3a1aHa B MPOCTPAHCTBE MapaMETPUUECKUMHU YpaB-

1X=] (0),
HEHHUSIMHU |l y=y (t), ti [a; b],
tz=c(v),
rae j (), y (t), c(t) —uenpepsiBHO arddepeHpyembIie (yHKITHHI
Ha OTpE3Ke [a ; b] , TO JUIMHA JTyT¥ KPHBOM BBIYMCIISETCS 110 (hOpMyIie
b

| = c‘)/(j €)2+(y &) +(c &)t (20.17)

a

Ecnn kpuBas 3ajaHa ypasaenueM [ =1 (j ), j | [j ] 2], B T10-
JIIPHOM CHCTEMe KOOpAWHAT, rae I =r (j ) — QyHKIH, KOoTOopas
MMEET HENpPEpPLIBHYIO MPOM3BOIHYIO IIPH | | [j ] 2], TO JUTMHA Y-

T'H BBIYHCIIAETCS 10 (popmMyie
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iz
|=c‘)/r2(i )+(r §))°dj . (20.18)

i1

3. O0bem Tena

Ecnu usBectHa iomanab S(X) ceueHus Tena MIOCKOCTHIO, Tep-
NeHAMKYJsSIpHOH K ocu OX, mpuueM S(X) sBJIsieTCS HEMPEPBIBHOI
byHkumei Ha otpeske [@; D], To 00beM Tena, 3aKIFOYEHHOTO MEXITY
IUIOCKOCTAMU X=a u X=Db, nepnenmukymspapimu k ocu OX
(puc. 20.10), BerumCasIETCS 110 HOpMYITe

(20.19)

Puc. 20.10

4. O0beM 4 IO AL TIOBEPXHOCTH TeJIa BPalleHHU s
Ecnu Teno orpaHudrBaeT MOBEPXHOCTh, OTYYEHHYIO BpallleHU-

em kpusoit y = f(x), xI [a; b], BOKpyr ocu OX (puc. 20.11), To ero

00bEeM BBIYHCISETCS 10 (hopmMyie
b

V=p c‘j 2(x)dx, (20.20)

a MJIoAb MOBEPXHOCTU — IO (hopMylie

b
S=2 c‘j OOyL+( F €x))dx (20.21)

Eciau Teno orpaHMYeHO MOBEPXHOCTBIO, KOTOpas oOpa3oBaHa
BpauieHuem kpupoir Yy = f(X), xI| [a; b], Bokpyr ocu OY, To ero
00bEeM BBIYHCISETCS 10 (opmMyie
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b

V=2 C\)‘f (X)dx (20.22)

Ecau Teno orpaHMYeHO MOBEPXHOCTBIO, MOTYUYECHHOW BpalCHH-
em kpusoit X =g(y), yl [C; d], Bokpyr ocu Oy (puc. 20.12), To ero

00bEeM BBIYHCISETCS 10 (popmMyie
d

V=p y*(dy. (20.23)
a TUIONIA/Ib MIOBEPXHOCTH — 110 (hopMyJie
d
$=2p CP(Y1+(g%y)) dy. (20.24)
YT
1\
[ >
0 a | b X
|/
0 X
Puc. 20.11 Puc. 20.12

Ecnmm mmockas ¢urypa, orpanudeHHas kpuBsiMu Y = f(X),
y=1,(xX) wu mpamemmu X=a, X=b; O£ f(X)£ f,(x) mm
x1 [a; b], Bparmiaercs BOkpyr ocu OX, To 00beM Tena BpaileHUs
BBIYHCIISETCS 110 (hopMmyJie

b
V=p d 12(x)- £2(9)dx (20.25)

Ecnmn muockast ¢urypa, orpannueHHas KpuBbIMH X =g, (Y),
X=0,(y) u mpamemvm y=c¢, y=d, O0£g,(y)£0,(y) mu
yl [C; d], Bparaercs Bokpyr ocu Oy, To o0beM Tena BpailecHUS
BBIYHCIISETCS 110 (hopMmyJie
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d
V=p Jei) - gi(y)dy. (20.26)

Ecnu kpuBas, 3amaHHas IapaMETPUUYECKUMU YpPAaBHEHMSIMU
}x=j v,
Ty=y (),

BpAIIICHUs BBIUUCIIAETCS 110 popmMyie
b

V =p @ 2(t)] &t)dt, (20.27)

ti [a; b], Bparmiaercs Bokpyr ocu OX, To o0beM Tena

a TUIOIA/Ib IOBEPXHOCTH BpalieHus — o popmyiie
b

S=20 (y OV @)° +¢ ©)*at. (2028)

Eciu Teno nmomy4deHo BpameHneM CeKTopa, OrpaHMYEHHOTO KpH-
BOM I =r(j ) wmuyyamu | =j,, | =] ,, BOKpYI HOJSAPHOH OCH, TO
ero o0beM BBIYUCISIETCS 110 popMyIie

V:ch‘j3(j ysinj dj | (20.29)
i1

i2
3

a MJIoAb MOBEPXHOCTU — MO (hopmylie

J2
S:2pc\j(j )sinj \/r 2G)+(r 4 ))%d . (20.30)
i1
5. ®usnyeckne NPUJIOKEHHS ONMPETETEHHOr0 HHTErpaia
Ilyms, npotidennvlii menom co ckopoctsio V =V (t) 3a mpome-

KYTOK BpEMEHH [tl; tz] (V(t) 3 O) BBIUHUCIISIETCS TI0 PopMyIie

S= d(t)dt. (20.31)

Ecin maTepuanbHast Touka JABHUXKeTCs Mo ocH OX U3 TOYKH X =a
JI0 TOUkM X =b mox aeficTBUEM HampaBieHHOW Baoyib ocu OX mepe-
MeHHOM cuibl F(X), kKoTopas 3amaercst HempephIBHON (YHKIIHEH, TO
paboma, npouszgedennas cunoi F no nepemewjenuro mouxku, BeI4uc-
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Jisiercs 1o Gopmye
b
A= c‘f (X)dx. (20.32)

JlaBiieHue )XUJIKOCTU Ha MOTPYKEHHYIO B HEE B TOPU30HTAIIEHOM
MOJIOKCHUH TUIACTHHKY Ha TJIyOMHY h OT MOBEpXHOCTH KMIKOCTH
BeIuHcisercs mo 3akony Ilackams: P =r ghS, rme g — yckopenue

cBoOOMHOrO majgeHus: g =9,8 i/c?, S— muomans MIACTHHKH, [ —

IUIOTHOCTh JKUJKOCTH. ECiM TUIaCTMHKA MOTpY)KEHa B HKHUIKOCTh B
BEPTUKAILHOM TOJIOXKEHUH, TO CHJIA JABJICHUS KHUKOCTH HA SAUHHUILY
TUIOIIA I U3MEHSIETCSl C IITyOMHOM TorpyxeHus. Jasnenue sHcuokocmu
HA 8EPMUKATLHYIO NIACMUHKY, OTrpaHudYeHHyro junusmu Y = f(X),

x=a, Xx=b, y=0 (puc. 20.13), Beruucisiercs o Gpopmyie

b
P=rg c‘)cf (x) dx. (20.33)

JlaBjieHue KUAKOCTH Ha BEPTUKAIBHYIO TUIACTHHY, OrPaHUYEH-
Hyto quausmu Y = f(X), y=f,(x), x=a, x=b (puc. 20.14), BbI-

YUCIIAETCS 110 (hOopMyIie
b

P:rgc\}(fz(x)- f,(x)) dx. (20.34)
o0 0 R
a—— y aj y
=f =
: zy ) y:fl(X)E ; ; !y (%)
b b
Puc. 20.13 Puc. 20.14

Macca neooHopooHo2o cmepoicHs, PACTIONOKEHHOTO Ha OTPE3Ke
[&; b] ocu Ox, umeroriero JuHEHHY0O TWIOTHOCTL I (X), e r (X) —

HerpepbiBHAs Ha [&; b] dyHkIwus, Berancisiercs no gpopmyre
b

m= C\I (x)dx. (20.35)
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Ecnu myra miockoit kpuBoi 3amana ypaBHenwem Y = f(X), rae
x1 [a; b], W MMeeT IIOTHOCTH I =T (X), x1 [a; b], TO cmamu-
cmuueckue momernmsl M, u M, 5TOH Iyru OTHOCHTENLHO KOOP/IH-

HaTHBIX oceil OX 1 Oy BEIUHCIAIOTCS, COOTBETCTBEHHO, 110 (hOpMYJIaMm:
b

M, = (\) (%) f (y/1+ (f §x))dix,
a (20.36)

b
= 0 (Ox/1+(f €x)?ax

Eciu  xpuBas 3agaHa apaMETPHYECKUMH  YPaBHEHHSIMH
x=j(t), y=y(@{), a£tf£b, wumeer omHOpPOIAHYIO IIJIOTHOCTH

I =1, To GopMysBl UMEIOT B!

b
M, =y (i @) +(y @) at
? (20.37)

@ OV €)° +ly ©)°ct

Momenmut unepyuu 0yeu Tockoit kpuBoit y = f(x), rae Xl [a; b],
UMEIOILEH TUIOTHOCTh I =T (X), BBIYUCISAIOTCS 10 (hOopMyJIam:

b
= 0) (0 F2(0V1+ (F &)k,

b

=(‘)(x)x2 1+ (f €x))?dx.

(20.38)

Eciu  xpuBas 3agaHa apaMETPHYECKUMH  YPaBHEHHSIMH
X=j (t), y=y (t), a£t£b, r =1, 10 GopMyIBI UMEIOT BHUI:

2(0yi €))7 +(y €)’ct
(20.39)

UmQ’U

= ) 2l @) +ly @)t

Q
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Koopounamuvl yenmpa macc dyeu mnockoit kpuBoit Y = f(X),
rne Xl [a; b], UMEIoIel TIOTHOCTE I =T (X), BBIYHCIAIOTCS 10

dbopmynam:
b

C\) (X)x/1+ ( f €x))2dx

Xc‘ﬂ‘a
M M ’ (20.40)
c\j(x)f(x) 1+ (f €x))%dx
_MX_ a
yc_ M - M )

b
rae M —wmacca nyru: M = c\j (X)/1+ (f €x))?dx.

Eciu  xpuBas 3ajgaHa apaMETPUYECKUMH  YpaBHEHHSIMH
x=j (t), y=y (t), a£t£b, r =1, 10 GopMyIBI HMEIOT B
M M
=Y y =—X, 20.41
= YTy (20.41)
b

rae M —macca qyru: M = é/(J 0{t))2 + (y ((t))zdt
a

Mpumep 1. BeraucnuTs miomaab KpUBOIMHEHHON Tpanenuy, orpaHu-
YEHHOW JTUHUSIMHU:
1) y=x*-2x+2, x=0, x=3, y=0;

1

2) y=cosX, X=- % x:%, y=0;
3) y=3- X%, y=2x
4) x=y? x=2- Y-

Pewenue. 1) Tloctpoum rpaduk ¢yHKIHH Y = X2 - 2X+2, T.e.
y=(x-1)?+1. Iposexem mpsmbie X=0, x=3 u y=0. 3amrpuxyem

uckomyto purypy (puc. 20.15).
[Mnowans nanHoM GuUrypsl Haxoaum 1o gopmyse (20.6)

3
3

s:c‘)xz- 2x+2)dx:a§§- x2+2x3 =9- 9+6=6.

0
0
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Xy

Puc. 20.15

2) ®urypa umeet Buj, n300paxeHHbIi Ha puc. 20.16.

1 »y = COSX
1

/a-e‘o NG /2 2\ .
2 6 2 2 6

Puc. 20.16

é p.13pu
Tak xak Ha OTpe3ke S— E, ?H (yHKIMS TPUHUMAET 3HAYCHUsI paz-

HBIX 3HAKOB, TO pa3o0beM OTPE30K MHTEIPHPOBAHHS HA TAKUE YACTH, IIE
GYHKIUS TPUHUMAET 3HAYCHHS OJHOrO 3HaKa. J[is HaXOXKICHHS IUIONIA M
¢burypst Bocrionezyemcs popmysaamu (20.6) u (20.7):

P 3p 13p
2 2 6
S= (yosxdx- c\yosxdx+ c\}:osxdx:
P p 3
6 2 2
P £ 13p
. 2 . 2 . 6 1 1
=snx - sinx +sin X =1+=+1+1+=+1=5,
P 3 » 2 2
6 2 2

3) Tlocrpoum rpaduku pyaknuii y = 3- X° u y = 2X, 3amTpuxyeMm
uckomyto ¢urypy (puc. 20.17). Haiimem mpemenbl MHTETPHPOBaHHSA, T. €.
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abcryccsl ToYek mnepeceueHus rpadukoB GyHKIuA. s 3TOro penmm cuc-

L ly=3- %2,
TEMY YPaBHECHUH |
1Y =2x
yn
3 y=2X
-3 01\ 3 X
|
|
i
|
l y=3-x
I
——————— -6
Puc. 20.17

Hmeem 2x=3- x4, X +2x-3=0, x, =a=-3, X, =b=1.
[Mnowans nanHoM GuUryps! Haxoaum 1o opmyse (20.8)
1
& X o 1.6
S= 8- - 20dx=¢ax- —- X4 =3-=-12-(-9+9-9) =
O - 2ommghe 3oy gy (0r9d)
-3

-2-1i9-102
3 3

4) TloctpouMm rpadukd QyHKIUH X:y2 n X=2- y2 C He3aBUCHUMOH

nepeMeHHo# Y. Onu 06pasyrot mwiockyo ¢urypy (puc. 20.18). Haiinem op-
JMIUHATHI TOYCK TepecedcHus rpadukoB MaHHBIX (yHKuH. s sToro pe-

o — 2
L IX=2-y%,
UM CUCTEMY YpPAaBHCHHU | >

Tx=y
Umeem y* =2- y%, 2y?=2, y*=1 y,=c=-1 y,=d =1
[Mnowanes nanHoM Gurypsl Haxoaum 1o opmyse (20.10)

1 1
- A 2 vy = D 2, o8 2y
SEQP Y Y)Y E (R Y )dy=g2y- 73_1—
-1 -1

_o.2.®5,20_, 2., 2_,2
3 &

3g 3 3 3
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Puc. 20.18

IMpumep 2. Haiitn tomans GUrypbl, orpaHI4eHHON JTNHUSIMU:
2 2
X
1) snnuncom —; +-= y =1
a

;x 2(t- sint),
=2(1- cost),

3) kapauoumon I :3(1+COSJ ), 0f£) £2p.
Pewenue. 1) 3anuiiieM ypaBHEHHE JJUTAIICA B TTAPAMETPUIECKOM BHIE
] X =acost,

{ y =bsint,
DIUTAIIC — CUMMETPUYHAST KpUBasi. B OCHOBY BBIYUCIICHHS IOJIOXKUM
WIomaab (GUTypHI, JexKaliei B MepBOil KOOPJAWHATHON YETBEPTH, 00pa3o-
BaHHOM SJITMIICOM U KOOpAUHATHBIME ocsiMu (puc. 20.19). OHa npoeKkTupy-
ercs Ha otpe3ok [0; 2] ocu Ox. Haiimem mpenenbl HHTEIPUPOBAHKS: €CIH

2) nepBoii apKoit HI/IKJIOI/I):[LI O£t£2p, nunpamoii y=0;

-pEtEp.

x=0, Tot =%; ecmu X=2, 10 t =0. [Toaromy Bocmomp3yeMcsi popmy-

no#i (20.11) anst BBIYMCIICHHUS IUTOMIAIN GUTYPBI
0 0

0

S= 4Gsint(acost)ﬂdt = 4Gsint(asint)dt =- 4abc\)in2 tat =
P
2

p

2

P
a? sm2t'.'p _

—4ab07dt 2ab01 cos2t)dt = 2ab8

2) durypa, orpaHuYeHHass apKoOW IMKIOUABI U ocbio OX, n3o0paxkeHa
Ha puc. 20.20.

oo NI
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y A
3
2l -1 o1 J2 x
-3
Puc. 20.19
y
4
|O 27 dr X
Puc. 20.20
Haiinem mpenensl uHTerpupoBanus: ecaim X=0, 1o t=0; ecnmn
X=4p, To t =2p.
Haiinem mumomans durypsr no hopmyse (20.11)
» % 2

S= (‘3(1- cost)(2(t - sint)) it :4(‘31- cost)2at :4(‘31- 2cost +cos?t)dt =
0

2 2 2
N 1+ cos2t N EEEN
=4ryl- 2 +4 =4(t- 2 +2 A1+ =
01 cost)dt OTdt (t smt)0 dl cos2t)dt
0 0 0
sin2tg % . %
:8p+2§?+ ) =g +(2+sin2t)| =8 +4p =12p.
0 0

3) Kapauonnga obpasyer Gurypy, CAMMETPHIHYIO OTHOCHTEIHHO OCH
Ox (puc. 20.21).
Hcnone3ys cMMMETpHIO, HalieM ruioia b Gurypsl mo Gpopmyse (20.12)
p p

8:2%63(1+cosj )2di :9@1+2cosj +cos?j )dj =
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—9§i+2c031 +1 cost 0 02+4COSJ +1+cos?Z )dj

P

9~ . e 9 sin2
=—$§3+4cos +cos?j )d :—E% +4sinj +——— =
5 (P + 400 ) )dj 2§ j 30 =30

0

yA

SU S
I
><v=‘

Puc. 20.21
Mpumep 3. Beraucnure AauHy 1yri KPUBOI:
1) y=InX or Touku ¢ abcuuccoit 1 10 TOUKH ¢ abeiuccoit J8;
2) y=€" ortoukun X=0 10 Touku X=4;
3) x=2y? ortouku y=0 1o y=1.
Pewenue. 1) Tlpumenum ¢opmyny (20.14). s y=InX wumeem

1
yt==. Tony4aem:
X

| = & 8X_d—c)—d\\/l—x:c)<1(1+x)

1
HOI[BIHTel”paJ'IBHOe BBIPAXKCHUC SABJIACTCA I[I/I(l)(l)epeHHI/IaJ'IBHI)IM 6I/IHO-
m+1

n

=0 — meioe 4ucIo,

MoM. [Tockombky M=-1, Nn=2, pZE, s=2u

TO UCIONB3yeM IMOJCTAHOBKY 1+ x?=t?. Torma t=+1+ Xz, X2 =t2 - 1,
tdt

x=4/t? -1, dx=\/2_. Ecim x=1, 10 t=x/§, eciau X:«/g, TO0 t=3.
te-1
HonylH/IM'
tzdt \tz 1+1
I—d\/t -1) = Oz ¢= aﬁ+ Ot =
Q Q t?-1g

2
1/ Ov1
-1 J_t
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1 |t-1]6 1. 1 &~ 1, J2-10
=X+2in—3 = |—-2—|—__ 2
§+2nt+13ﬁ 3302 8\/_+2 NP 2+

V2- 1)
Ll ( ) =3 2.1 Sin2- (ﬁ-l):

2"z 2"l
=3-/2-In4/2- In(x/é- 1):3- J2- In(2- \/5)

2) Ipumenum dopmyiny (20.14). Jlns pyuxuun y =€ umeem y¢=¢*,

MO3TOMY
4

| = O/‘ 1+ €2Xdx.
0

Hcnonszyem HOI[CTaHOBKy 1+e =t2. Torma t=+1+e*,
l‘dt

e =t?-1 2x=In(t?- 1), x—

HaXOI[I/IM HOBBIC TIPEACIBI MHTCIPUPOBAHMS. €CIIA X:O, TO t:\/é,

ecau X=4, 1o t=+v1+€e’.

[Tonyuaem:

1+e? Vit+ed

_\tdt_\tzdtaeltl*/ 3

| = Ot2 > =v1l+€e +
-1 t 1§72

5 N
1 -1 1 fz 1 . -1
+Zin "= «fz \/1+ -V2- In(2- 1
2 1+e8 +1 \/1+e8 +1 vz

3) Ilpumenum (bopMyny (20.15). [ns dysxumu X =2y? uMeem
1
x¢=4y, torma | = A 1+16y2dy.

0
Breruuciaum UHTErpaj METOJAOM MHTEIPUPOBAHUS 110 YACTSIM:

32ydy _ 16ydy .
2/1+16y? \/1+16y2'=y 1+16y°) -

_[u=41+16y*, du=

dv—dy v=y

1

1
N 16y 16y% +1)- 1 f Ni+16 dy
O -7 67 =V17- ydy+ O—— =
,/1+16y 0 J1+16y? ,/1+16y

0
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_ 7. 1~ dy) ) }‘ 2
=J17- (1+16y%dy+= O—== W17 I+4In4y+ 1+16y

) 481+ (4y)?

Haﬁ):[eM JUIMHY OyTHu | u3 IIOJIY4E€HHOI'0O paBCHCTBA!

| =171 +%In(4+\/ﬁ).

Beipaxaem:
1
V17 +=In(4++/17) JI7
17 1
| = 4 =——+=Inl4++/17].
2 > ()

Ipumep 4. Haiitu anuny:
1) actpoust Ix_aco§t, tl [O 2p]
jy=asint,

2) nyru po3sl I =asinj ;
3) mepBoro BuTKa cnupanu Apxumena I =g ;
4) nyru norapn(bMI/Iqecxofxi crmpamn 1 =d (>0, al 1) mexay
a) 0

ﬂ

Pewenue. 1) HpI/IMeHI/IM dopmyny (20.16). Actpouaa — CUMMETpUY-
Has kpuBas (puc. 20.22).

&P pé 0
Toukamu Aga‘, =+ u Bga 2
e ﬂ

Puc. 20.22

Bbruucnum qnuny nyru, aexaineil B nepBoi KOOPAMHATHON YETBEPTH.

p

Torma mua X=0 uMeeM t=5, a1 X=a umeeM t =0. Beruucnsem npo-

WU3BOJIHEIE:
x¢=3acos?tsint, y¢=3asin?tcost.
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[Tonyuaem:
P

2
I :4dga2 cos*tsin?t +9a’sin*tcos? tdt =

0

N\U

aZ
== scos?tsin?tdt =

40/ a? cos’tsin? t(coszt+sm t)dt =4

0

o p N [T
@
.p.

P P
2 2 P

=6a()sin’2t dt=6ayn2dt =-3acos2t|? =3a (1- (-1)=6a
0 0 0

2) Kpupas, onpezensieMasi ypaBHeHHeM I =asinj , nMeeT OIuH Jere-
crok (puc. 20.23).

ylk
a

b

<V

0

Puc. 20.23

JmvHy nyru nenectka moimydum, eciiu ¢ uw3Mmensercs ot 0 mo z. [pu-
MeHuM (opmyity (20.18). Berurcium npousBoanyio: I ¢=acosj .

P p
TMonyuaem: | = (Ya2sin?j +a’co?j dj =2a0yj =24 | =2ap.

3) Jnuny mepeoro Butka crnupanu Apxumena (puc. 20.24) monyuum,
ecnu ¢ usmensiercs ot 0 o 2z. Ilpumenum dopmyny (20.18). TTockombky
r ¢=a, to momyyaem:
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=ayj 1+J

+
] 0 %]

—aéZp\/1+ O/ i 2dj *O— ~
—a92pxll+ -—+In(j +4(14] ) L=
2}
:ag:Zp\/l+4p2 - E+In(2p +\/1+4p2)9_
2}

Haiinem anuny nyru | M3 mony4eHHOro paBeHCTBa

| =2pay/1+4p? - | +a|n(2p +\/1+4p2).

Beipaxaem:

| =ap~/1+4p? +gln(2p +\/1+4p2).

)

+1-1 i T=

Ol— ‘aézf”l* d?z i 5=
%]

ﬁ;_
i)

Puc. 20.24

4) Jlorapudmuueckas crupaib I =3 n3o0paxxkeHa Ha puc. 20.25.

@l o )
Ipumenum dopmyny (20.18). Touky Aca‘, Z+ MOJTY4nM, €CIH | :Z'
e %]

g ?, 2 ¢ P
TOYKY (;a y HOJ'Iy‘II/IM eCJ'II/IJ —7 HOZ)TOMy HMeeM:

@ » >
2

| = c)\/a2j +ad In%adj = cy‘ Ji+In2adj =J1+In2a c\y‘
p
4

_1+In? a \/1+In agsp Bb

INJ=]

Ina g

~|T
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=V

Puc. 20.25

I[pumep 5. Haiiti 00beM Tena, OrpaHMYCHHOTO SJUTUITUICCKIM Iapa-
2 2
X
0oyIonIoOM Z=— +-<- WU IUIOCKOCTBI0O Z=h.
2 2
a- b
2 2
. X Yy
Pewenue. Eciu sumnTHdeckuil mapaboIouns z=—+=—
a“ b
2 2

X
IUIOCKOCTBIO Z = CONSt, TO B €ro CEUYCHUU TIOJIYYUM BJITTATIC ) +? —l,
za

nepeceyb

XZ 2

e. +—=—
(Vza)?  (Vzby?
c. 115). Umeem S=p~/zaVzb=pabz, O£ z£h. Jlns Borucienns o6bema

2

=1. Tlnomaae >/uturca Haiiiena B mpumepe 2 (cMm.

h
Tena npuMenumM dopmyny (20.19): V = C\B abzdz = P a;)Z =pabh?.
0

Ipumep 6. Mcnonk3ys onpeaeneHHblil HHTErpa, HOIyduTh GopMyty
o0bema mapa JByMs CIIoCOOaMH.

Pewenue. 1-1i cnoco6. TlomecTuM LEHTp IIapa B Hayajlo KOOPJIMHAT
(puc. 20.26). IlepeceueM miap IIOCKOCTHbIO, MEPHEHAUKYIISIpHOH ocu OX.
BeruncnuM mionaap Kpyra, HONy4eHHOro B cedeHurn. OO03HaYMM ero pa-

nuyc yepes r. Torma r =+R?- x*. Inomap Kpyra sSBJsieTCs (YHKITUCH
TiepeMeHHOM X ¥ paBHa S=p re= p (R2 - XZ), npu4eM X u3mensiercst ot —R

1o R. lnst BeruumcieHus obbema mapa npuMenum dpopmyiy (20.19):
R R R

V= c‘f(x)dx: c\))(RZ- x2)dx =p c\jRZ - x2)dx =
-R -R -R
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-R

Puc. 20.26

2-ii cnoco6. BeruncnuM o0beM I1apa, paccMaTpUBasi €ro Kak Telo Bpa-
2 2 -2
menus. [Tycte okpyxHOCTE X* +Y° = R® Bpamaercst Bokpyr ocu OX, oHa

obpasyeT cepuueckyro MOBEPXHOCTb, KOTOpasl SBJAETCS I'paHULlel Iiapa.
Jns BeruncieHus: obbema miapa npumeHuM ¢dopmyny (20.20). ITockombky

y2 =R?- %%, rue x| [- R; R], TO mony4yaeM (GopMyiTy oObeMa Iapa:

R R

3R
V =p c\)/zdx:p c\ij- xz)dx:pgesz- %3 =
R
-R -R

&, R & R360 4
=pcR- —- -R+—:="pR%.
PE" "3 ¢ 3o 3"

[pumep 7. Vcrons3ys ONpeneIeHHBIN HHTETPAJ, MOTYyIUTh HOpPMYITy
IUTOIIAH MTOBEPXHOCTH C(HEpPHI.
Pewenue. BprauciuM IIIomaas MOBEPXHOCTH cdepbl mo (opmysie

(20.21). Tax kak y* = R*- x* (puc. 20.26), T0

X NG 2+x?  R? R
2y xyt=- 2x, y¢:-;, «/1+y@:\/1+—2: y — = 7:—.

y y y
Torma yxj1+ yff‘ = ny_2 =R
y

[Monywyaem ¢opMyITy IUIOIIA U TTOBEPXHOCTH CHEPHI:
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R R
S=2p (‘)/,/1+yc8dx:2p (\j?dx:Zpr " =2pR(R- (- R)) =4pR2.
-R
-R -R

IMpumep 8. Haiitn 00bem Tena:

1) oGpasoBanHOro BparenreM BOKpyr oci OX mapaGomsr Y2 = X u or-
PaHMYEHHOTO TIOCKOCThIO X = 4;

2) o0pa3oBaHHOTO BpAIlleHHEM (Urypbl, OrPAaHUYCHHOH JHHHSAMH
y= X2 y = 2X, Bokpyr ocu Oy.

Pewenue. 1) s Beraucnenus oovema tena (puc. 20.27) npuMeHUM
dopmymy (20.20):

4 4
2|4
\Y :pc\yzdx:pc\)(dx:% =8p.
0
0 0

[Mnomaas 60KOBO# MOBEpXHOCTH BhryrciuM 1o ¢popmyse (20.21). Ber-
pasuB Y uepes X, momyanm Y = /X.

Haxomgum:
1 1 4x+1
C=—— uJl+y€ = /1+_: / .
y 2/x " y 4x 4x
Torma
4 4 4 1
4x+1 \ p X =
S=2p AYx dx = 1+4xdx == +4x)2d(1+4x) =
P OX| g =P 2 O+ 4x)2d(1+4x)
0 0 0
_p (1+4x)2|* _p s“_p( 3 )_p
=P 2P Javax)?| =E(Vi7? - 1) =E (17417 - 1).
4 3 0 ( ) o 6 6( v )
2
2‘y
\\
i
|
| >
: 4l X
/
!
-2
Puc. 20.27
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2) Tloctpoum rpaduku yHKIMH Y = X2 y = 2X, 3amTpuxyeM odpa-
30BaHHYIO UMH IUIOCKyI0 Gurypy (puc. 20.28). Haiinem npezensl WHTErpu-
pOBaHMS, T. €. OpANHATHI TOUYEK nepecequI/m rpadukoB GyHKImil. s aTo-
y X

T'o p€IIuM CUCTEMY ypaBHeHI/II/I | 2
TY=2X

y“

Puc. 20.28

Hmeem: X =0, X, =2, torma Yy, =0, Y, =4. IIpeacraBus 3aJaHHbIE

GyHKIMM Kak (YHKIUM TEPEMEHHOW y, MOIY4uM: X = \/7 —X, rae

2
yl [0;4].
OO0beM Tena, MONYYEHHOT'O BpAIIEHHEM IUIOCKOH (UTYpPBI BOKPYT OCH
Oy, BBIYKCITUM TIO (bopMyne (20 26):

V= p(g(f “¢r3 _dy p@y-——dy pgl—y;32=

Ipumep 9. Haiitn o0beM M miiomaab NOBEPXHOCTH Teja, 00pa3oBaH-
HOT'0 BpallleHUEM:!

1) ofHOM apKH IUKIIOUTBI

I x=a(t- sint),

£tE£2 ;
%y=a(1- cost), O£t £ 2p, Bokpyr ocu OX;

125

2) kapauounsl I =a(l+C0oSj ) BOKPYT MONSPHOHN OCH.

Pewenue. 1) O6beM Tena W IUIONIAb MOBEPXHOCTH BBIYHCIUM IO
dopmynam (20.27) u (20.28).
Haxomum: x¢=a(l- cost), y¢=asint.

Torma
2p 2p

V=p c\f‘ (1- cost)’dt =pa® c‘jl- cost)’dt =
0 0

2
=pa’ (- oost +3c05’t- cos’t)dit =

2p
=pa’ c\iﬁ 3cost+g(1+c052t)- (1- sin’t) cost odt =
2

2p
=pa’ c\ié Acost +- cos2t +sin?tcost 2dt =
) 2 2 17

N Zp
=pa38§t- 4sint+§sin2t+ésin3t ] =g5p?a’
&2 4 3 .
2
S=2 c\y(l cost)\/az(l- cost)? +a’sintdt =
0
2
=2p c\)az (1- cost)v1- 2cost +cos’t +sin’ tat =
0
2p 2p

=2pa’ c\jl- cost)/2(1- cost)dt = 2pa’ c‘j?sinzé [4sin? lzdt =
0 0

2p 2p
=8pa’ c\}ing‘ldt =gpa’ (Al coszlgsinldt =
2 Q 2g 2
0 0

3t 0

% 12p
=16pa’ Q%osz—-l_d%os—_—mpa ¢ . cos—a =

3 2
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:16pa288_}+1_}+19:g
€3 3 45 3

2) O6beM Tena, 00pa30BAHHOTO BpAIEHHEM KapAHOUIbI BOKPYT II0O-
JsipHO ocH, BbrurciuM 1o ¢popmyiam (20.29) u (20.30) u yurem, 4to Kap-
quonzia — pUrypa, CHMMETPHYHAS OTHOCHTEIBHO MOJSIPHO# ocH (MO3TOMY
j1=0, j , =p —Ipenensl HHTErPUPOBAHHSI).

pa’.

Brruncnsiem r ¢=- asinj . Torma
P P
2 . S 2 . .
V=2p (Y (t+oos sinj o =- Zpa’ (§ircos )'d(1+cos )=
0 0
_ pa®(1+cosj )*

P_gpa’,
6 b

0 3

p
S=2 c\}(l+cosj )sinj \/(a(1+cosj )2 +(-asinj )?dj =

0

p
:2pazdl+cosj )sinj y1+2cosj +cos’j +sin?j dj =
0

p . . . - p .
2 Nun2) - J 2] 2 2. 4] )
=2pa sin“ —2sin—cos— /4sm —dj =16pa n"—cos—d
2 G 2 2 2 2 J o Ol 2 2 )
0 0

i i 3pa’ '
J pa” sl

. p 2
:32pa2c\)in4j—dsin—: 3pa
2 2 2
0

0 5

IMpumep 10. Haiiti cuny naBieHus >KUIAKOCTH Ha IUIACTHHY, BEPTH-
KaJbHO MOTPY)KEHHYIO B )KUIIKOCTh, €CJIH IUIACTHHA UMeeT GopMy MONTyKpy-
ra pamuycoM R, IuaMeTp KOTOPOro HAXOAMTCS HA TOBEPXHOCTU BOJIBI
(puc. 20.29).
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Puc. 20.29

Pewenue. JlaBnenne xxunkocty Ha monykpyr ABC umcieHHO paBHO
YIIBOEGHHOMY JIaBJICHHIO HCITBIThIBaeMOMY ueTBepTbio Kpyra OBC. YpaBHe-

ure xyru BC umeer Bux: f(X) =vR? - x%. Torxa o dpopmyie (20.33) Ha-
XOIUM MCKOMOE JIABJICHUE

R R
P=2r gc\)( R?- xzdx:-rgd\ R?- x?d(R?- x*) =
0 0
3 . 3

[pumep 11. Haiitu kooOpAMHATHI IIEHTPAa MacC OJHOPOJHOU JyTU
(r =1) acrpoumel X=acos’t, y=asin’t, pacnonoXeHHOIl B MePBOM
YETBEPTH.

Pewenue. KoopauHatel X, u Y, HaxomuMm mno Qopmymam (20.41).

Umeem x&t) =-3acos’tsint, yt)=3asin’tcost. Tak xak X=0 mpu

t =%, x=a npu t =0, 1o mo popmysam (20.37) nonyuaem:
P
2
M, = c\}sin3t\/9a2 cos’tsin?t +9a?sin*t cos’ tdt =
0
[} P
2 2
:3a2c\)in4tcost coszt+sin2tdt:3a2c\)in4tcostdt:

0

. p
=3a? 'n4tdsint:—3azsm5t 2 _ 3%
5 . 5

N|T OQ/ NIT o

M, = c\jtcos3tx/9a2 cos*tsin®t +9a?sin*t cos? tdt =
0
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P
2

N|o

2 5,|P 2
:3aZGos4tsintdt:-3a2c\)os4tdcostzm 2 :ﬂ;

5 5
0 0 0
P
2
M :dg 2cos*tsin?t+9asin*tcos? tdt =
0
P P
2 2
:éasintcost coszt+sin2tdt:3ac\)intcostdt:
0 0
P
: 3asin’t 3a
N\ L an )
=3amyintdsint = =—
6 2 2
0 0
3a° 3a2
£ 2a M £ 2a
T :_y:i:_, =x-_5 <2
o % 3a 5 *TM 3. 5
2 2
20
CHeI[OBaTeJ'H)HO, HEHTP MAaCC UMECT KOOPAUHATLL C 8 a, ga_
@

Mpumep 12. CkopocTh aBTOMOOWIISA MPU TOPMOKCHUU MEHSETCS 110
sakony V(1) =30- 5t (m/c). Onpenenuts, kKakoil myTh (M) IPOHAET aBTO-
MOOWIIb OT Hayaia TOPMOXKEHHSI IO TTOJTHOH OCTaHOBKHU.

Pewenue. IlyTb, IPOWICHHBIA aBTOMOOMIIEM, BBIYHCIHM IO (OpPMYIIe
(20.31). Haiinem Bpemst ot Hauaya TopmoxkeHust t; =0 1o octaHOBKHM {,.

W3 paencta 30- St =0, naxomum t, = 6. [TosTomy

6
S - _
S= (§%0- 5t) dt—g -7%0—180- 90=90 (m).
0

3aoanus

| yposens
1.1. Beruucnure miomanb GUrypsl, orpaHHYeHHON JIMHASMU:
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]_) y:l, X:i, X =4, y:O;
X 2
2) y=x*+1, x=0, x=2, y=0;
3) y=-x2+6x- 4, x=1, x=4, y=0,
4) y=tgx, x=0, xzpz, y=0;
5) x=-y?+12y- 32, y=2, y=6, x=0.
1.2. Beluncnure 00beM Tena, MOITYYEHHOTO BpallleHHeM (ury-

PBl, OTPaHUYEHHOMN TaHHBIMU JIMHUSAMU, BOKPYT YKA3aHHBIX OCEU KO-
OpAMHAT:

1) y=x?, x=0, x=2, y=0 Bokpyr oceii Ox u Oy;
2) y=sinx, xI [0; p], y=0 Boxpyr ocu OX;

3) y=x-1, x=2, x=5, y=0 Bokpyr ocu Ox;

4) y=¢", x=-2, x=2 Bokpyr ocu OX;

5) xy =10, x=1, x=10, y=0 Bokpyr oceii OXx u Oy.

1.3. Beluncnure [UIMHY AYTH KPUBOWA:
. 2
1) y=InsinX or Touku X=% JI0 TOUKH X=—p;

2) y=2X or Touku X =1 110 TOukH X=3.

14. Ckopocth aBuxeHHS aBTOOyca 3amaercs (HoOpMyJIoi
V =3t +10 (m/c). Ompenenure, Kakoil MyTh mpoiaer aBTooyc 3a 10 ¢
OT HaYaJa JIBHKCHUS.

1.5. Haiigute, kakyro paboTy HYKHO COBEpPIIUTB, YTOOBI pacTs-
HyTh npyxuHy Ha 20 cM, ecnu cuna B 10 H pactaruBaer npyxuny Ha
5 cm (ympyras cuna o 3akony ['yka paBaa F(X) = kx).

1.6. HaiiguTe momiaib MOBEPXHOCTH BpalllCHUs, €CIIU BpallaeT-
Csl KpUBasi:
1) nyra cunycouapl Y =sinX, O£ XE£p Bokpyr ocu OX;

2) OKpYXHOCTb I = 2SiNj BOKPYT MOJSAPHON OCH.
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Il yposens
2.1. Beruncnure miomaas GUrypsl, OorpaHUueHHOW JTHHUSMH

1) y=x3, x=-1, x=3, y=0; 2) y=4x?-8x, x=4, y=0

3) xy=4, x+y-5=0; 4 y=x3, y=x, y=2x
5) y=x*- 4, y=- x> +6x- 4 6) 2y=x?, 2y=-x*+8,
7) kapuouzoit r =a(1- cosj ); 8) y=¢€, y=¢e*, x=2

9) y*=5- X, X=1; 10) y=arcsinx, px=2y,

Ix= 3
11) y=(X+3)2, y=- Ex+9; 12) ACTpOMIOit I’X aC.OSst,
2 Ty=asn t;
IX= 2 2
13) snmncom i X :4C.OSt_’ 14) snnumnicom XY oy
| Y =5sint; 9 4

15) x- y-1=0, x=y*- 1 16) y? =6x, x* =6y,
17) nemuuckatoit Beprymmu r? = 2a°cos?j ;
_3.

18) y=sinx, y=3sinx, x=0, X_T’

19) omHUM JIeIeCTKOM TPEXJICIECTKOBOM po3bl [ =asing ;
20) oHMM JICTIECTKOM YEThIPEXJICECTKOBOM po3bl I =asing ;

21) cmpanbio Apxumena =8 M paadyc-BeKTOpaMH | 2%

j =2
=3

2.2. Beruncnute JUIMHY YT KPHBOI:
1) okpyxHocTH X° + Yy? = 25;
2) kapauonpsl I = a(l+cosj );
3) r =+/2sinj ;

4) r=3cosj , 0£j £
12
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.:.X:ZCOS:J'l,
5) actpounpl | 4
'I'y:28in3£;
) 4
6) syutrica 1 x=4cost, 0£t£2p
ly=3snt, '
| X=
7% C_Oszt’ or t=0 m0 t=L
fy=8n’t, 2
i x =€ cost, .
8) i . ort=0mo t=1
iy=€sdnt,

9) monyky6uueckoii napabomer 2y? =X or Toukn X=0 10 TOYKH
X=2
10) y=X? OT BEpIIMHBI IO TOYKH C aOCIHCCON X = 2;

x=a(t- sint),

y=a(l- cost), O£t£2p;

11) ruKIOuIBI

12) y=InX or Touku X =1 110 TOUKH x =+/15.

2.3. Beruncnute 00beM Tea, MOAYYSHHOTO BPAIICHUEM TIOCKOM
¢Gurypsl, OrpaHMYEHHOW NaHHBIMH JIMHUSIMH, BOKPYT YKa3aHHBIX
ocell KOOpJINHAT:

1) y=x?, y=2x Bokpyr oceii Ox u Oy,

2) y=-x?+4x, y=0 Bokpyr ocu Oy;,

3) y=xe*, x=1, y=0 Bokpyr ocu OX;

4) nemunckatsl bepaymmu r? =a”00S2]  BOKpyT MOIAPHO# OCH;
I x=asin’t,

5) actpousr |

BOKpyT ocu OX;
i y=acos’t, by

X=2(t- 9nt),

y=20- cost), OE1E P, BoKpyr ocm OX.

6) omHOW apKH ITUKIIONIBI

2.4. Haiinute oObeM Tena, OrpaHnYEHHOT 0 TOBEPXHOCTSAMHU:
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<

X
1) X +y* =4, z=1, z=4 2) W "'? =z, z=6 3.5. Haiiaute 00beM Tefa, MOMYYEHHOTO BPAIIEHHEM ILIOCKON
s ¢burypsl, orpaHHYEHHON JTMHASMHU:
3) %+;—5 72?=1, z=0, z=2 a) y=X?, y=4 BOKpyT IpaAMOil X =2,

6) y=x3, x=0, x=1, y=4 Bokpyr npsamoii X=23.
2.5. HaiinuTe miomaap MOBEPXHOCTH BpaIlICHUs, €CIIU BpalllaeT-
csl KpUBas:

1) nyra mapaGonsr y* =2x, x| [O; 4], Bokpyr ocu OX;

x=3(t- sint), .
2) onHa apKa IUKIOUIBI y=3(1- cost) Bokpyr ocu Oy,

2y
3) sunc — +F =1 Bokpyr ocu OX;
a
ix=€sdnt, .~ é pu
4) nyra IUHUA | "t A0, —, Bokpyr ocu OX;
) 2y ly=ccost, & 2f """
i x=acos’t, _
BOKpyT ocu OX;

5) actpouna | )
) actp %y=asm3t

X=2Rcost - Rcos2t
y=2Rdnt- RInZ,
7) kapmuonna I =4(1+ COSj ) BOKpYT MOJSPHOW OCH.

6) kapauonIa " O£t £, BOKpYyT ee ocu;

1l yposens
3.1. Beiuuciure mwiom@abs (GUryp, Ha KOTOpble mapaboia

y? =5x pas6uaer xpyr X° + y’ £ 36.

3.2. Haiigute 1uiomans obOiied yactu kpyra r £a U IUIOCKOM
¢burypsl, orpanndeHHol Kapauouaon r =a(l- cosj ).

3.3. Haitnute mumomans Qurypsl, orpaHUYEHHOW OIHOW apKOii
X=t-snt,

IIAKJIONIBI y=1- cost

U IPSIMOH Y = >

3.4. Haiinure auny nyru cnimpand Apxumena r =2 , Haxons-
uielics BHYTPU OKPYXHOCTH ' =2p.
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21. HECOBCTBEHHBIE UHTEI'PAJIbI

21.1. HecoOCTBeHHBIIi HHTErpaj NepBoro poaa

HecoOcTBeHHBIN MHTErpa MepBoro poja — 3To 0000IIeHUE UH-
Terpaja Ha ciydail 6ECKOHEYHBIX MPOMEKYTKOB YHCIOBOW OCH: Ha

MOJTYTIPSIMBIC [a; +¥), (-¥; b], a,bl R, nna npsmyto (- ¥; +¥).
[onaraem, uro ams mo6Goro uncna bl R, af£b, cymecrsyer
b
onpenenennsiii uarerpan O(b) = c\j (x)dx.
a

Pesynbrar HaxoxaeHus npenena ¢pynkiuu (D) npu b® +¥

Ha30BEM HeCOOCHEEHHbIM unmezpajiom nepeozo poda:
+¥

b
lim c‘j (x)dx = c‘)f (X)dx. (21.1)

HecoOcTBeHHBIN MHTErpall MEPBOr0 PojAa HA3bIBACTCA CX005-
wumesn, ecim npenen (21.1) cymecryer. Eciu mpenen (21.1) He
CYIIECTBYET, TO HECOOCTBEHHBIH HMHTErpan Ha3bIBACTCS PaAcx00s-
wiumca. 1Ipu 5TOM 3a HEM 3aKperuisieTcsl 3HaueHue ¥, eciau QyHK-

st @(b) GeckoHeuHo Oonblasi Ha OECKOHEYHOCTH, U HE 3a/1aeTCs
HUKAKOTO 3HaueHwus, ecnu npenen pyukuun @(b) mpu b® +¥ nHe
OIpe/IeIICH.

Eciu s ynkuun f(x), Xl [a; +¥) MOXHO HaWTH TIepBO0O-
pasHyo F(X) Ha KaXJIOM KOHEYHOM OTpe3Ke [a; b]i [a; +¥], TO

cnpaseiuBa popmyna Heromona-Jleribnuya
+¥

O)f (k= lim F(b)- F(2)=F(x) ¥ (21.2)

AHaHOI‘I/I‘IHO OnpeaAciIACTCA MOHATUC HeCO6CTBeHHOFO HUHTErpa-
Jia TIEPBOTO Pojia Ha MPOMEKYTKaX (- ¥, b] , (- ¥, +¥ )

PasencrBo
b

b
lim c‘j (X)dx = c‘)f (x)dx (21.3)
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(mpu  yCIIOBHMHM, YTO MpPEAEN CYIIECTBYET) ONMPENEIsieT CX0O0AUUics
HecoOCmeenHblil UHmezpan Ha TPOMEKYTKE (-¥; b]. CootBercT-

BEHHO, PACX00AWUICA UHMeZPA — €CIIH TIPEJICT B JIGBOW YacTH pa-
BercTBa (21.3) me cymectByer. Ecimn F(X) — mepBoobpasuas f(X) Ha
Ka)XJI0M KOoHeuHOM oTpeske [a; b], To anmsa mamuoro cinygast cipaBen-
nmuBa gpopmyna Heiomona-Jleiibnuya

b

O)f Wdx=F(b)- lim F(a) =F () "

HecoOctBeHnbIii nHTErpanm Ha mnpoMmexytke (-¥; +¥) pac-
CMATPUBAIOT KaK CyMMY HECOOCTBEHHBIX HHTEIPAJIOB Ha JIydax
(-¥, C] u [C; +¥), rae C — mpou3BoiibHAs (PUKCHPOBAaHHAS TOUYKA

Ha YMCJIOBOH OCHU:
+¥

c +¥
N\ N\ N\
Of (x)dx = Of (x)dx+ Of (x)dx. (21.4)
-¥ -¥ c
I[TepBblii MHTErpas B paBoii 4acTu paBeHcTBa (21.4) onpenesstor
B cMbiciie popmyisl (21.3), a BTopoii — B cMbiciie hopmyisl (21.1).
+¥
HecoOcTBeHHBINH HHTErpa c\)f (X)dX HazbIBaeTCS cxo0gUIUM-
-¥
¢, eCIIM CXOIsTCs o0a MHTEerpaa B MPpaBoi 4acTu paBeHCTBa (21.4),
U pacxo0amumcs, iy Xots Obl OJTMH UHTErpaj B PaBOil yacTH pa-
BeHcTBa (21.4) pacxomsiuiics.
HecoGctBennbiii uHTErpan ot (ynkuuu f(X) Ha mpomexyTke
(- ¥; +¥) MOXHO 33/1aTh TAK)KE PABEHCTBOM

+¥ c b b
Of (9ax= lim ¢ (9ax+ lim d(x)dx:glér%d(x)dx,
-¥ a c * a

TJie BENMWYMHBI & U D cTpemMsTes K 6ECKOHEYHOCTH HE3aBUCUMO JPYT
oT apyra. J[ist BEIYMCIEHHS HECOOCTBEHHOI0 MHTErpaja Ha MpoMe-
KyTke (- ¥; +¥) ucnons3yioT gopmyny Heiomona-Jleibnuya

+¥

N\ . . _ +¥
Of (x)dx—blérg F(b) - aI(r!)m¥ F(x)=F(x) N
-¥
rae F(X) — nepBooOpasnas ¢pyHkums f(X).
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+¥
v N\
HecoOcTBeHHBIH HHTErpa Of (X)dX cxooumca ¢ cmvice

-¥
2/1A6H020  3HAYEHUs, €CIM  CYLNIECTBYeT KOHCYHBIH mpenen

a

. N\
lim (X)dx. DToT mpenen Ha3bBIBACTCS 21AGHBIM 3HAYEHUEM He-
a® +¥

-a
coocmeennozo unmezpana om Qynxuyuu T(X) ¢ cmvicne Kowu w

o0o3Havaercs:
+¥

V.p. c‘)f (x)dx= lim c‘)f (x)dx. (21.5)

+¥
N\
3ameuanue 1 [ng unrerpana Of (X)dx cmemyeT pasmuyath

-¥
CXOAMMOCTB, OMpPEEIAEMYI0 paBeHCTBOM (21.4), OT CXOMUMOCTH B CMBICIIE
[JIABHOTO 3Ha4YeHHs (CM. Janee peunieHue npumepa 4, ¢. 144-145).

CBoiicTBa HeCOOCTBEHHBIX HHTErpajoB
+¥

N\
1. Eciu cxomutes uaterpain Y (X)dX, To CXOOUTCA U UHTErpa
p p

a
+¥

c\)f (X)dx, rme c>a, u Haobopor. [lpm 3TOM BBIOIHSAETCS

Cc
+¥ c +¥

A (X)dx = (¥ (X)dx + (Y (X)dx.
O 0] O

2. Ecnu uHTerpan c\)f (X)dx cxomutcs, TO AIém¥ c\)f (x)dx =0.

a A
+¥

v v N\
3. CBOICTBO TUHEHHOCTH €CIH CXOASTCS WHTErPaIbl Of (x)dx

a
+¥

N -
" c)g(x)dx, TO TIPH MPOU3BOJIBHBIX MOCTOSIHHBIX & ,0 1 R cxomurces

a
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+¥
TaKKe HHTErpaj da f(x)+b g(X)) dx u cipaBemIMBa popmyra

a
+¥ +¥ +¥

da f(x)+bg(x))dx=a c‘)f (X)dx+b c‘p(x)dx.

4. Ecmu s moGoro X1 [a; +¥) CIPaBEUIMBO HEPABEHCTBO

+¥ +¥

f(X)£9(X) u wmHTErpasb c\)f (x)dx, C\P(X) dx cxomarcs, TO

+¥ +¥
c‘)f (X)dx £ c‘p(x)dx.

5. Ecin ¢yHkimu U(X) 1 V(X) IMEIOT HelpepbIBHBIC MPOU3BO/I-

HbIC Ha MPOMEXKYTKE [a; +¥) W CYIIECTBYET XI(!)rEé (u(x)v(x)), To u3
¥ +¥

CXOZIMMOCTH OJIHOIO W3 HHTErPAJioB c\)J(X)V((X)dX, c\y(x)u((x)dx

a a
BBITEKAET CXOAMMOCTh JIPYroro MHTErpajia U crpaBeminea (hopmysa

I/IHTerI/Ip OBAHMUJ 110 YaCTIM.
+¥ +¥

c‘y(x)vc(x)dxzxm u(x)v(x) - u(av(a) - c‘y(x)uc(x)dx. (21.6)

6. [TycTh BBINOJIHSIOTCS CICAYIONIHE YCIOBHS:

1) ¢pynkuus f(X) HepepbIBHA HA TPOMEXKYTKE [a; +¥ );

2) Ha TPOMEKYTKE [a; +¥) OTIpefieNieHa CTPOrO0 MOHOTOHHAS
bynkims X = g(t), MHOXKECTBOM 3HAUCHHUIT KOTOPOU SIBJISIETCS TOJY-
npsiMast [a; +¥ ), u g@)=a

3) dyukums g(t) uMeeT HenpepbIBHYIO MPOM3BOAHYIO HA MTPOMe-
KYTKE [a; +¥).

+¥
Torga W3 CXOOUMOCTH OJHOTO W3 HWHTErPajoB c\)f (X)dx,

a

137



+¥
c\)f (g(t))g&t)dt BeITEKAET CXOAMMOCTH APYroro HMHTErpaia, MU

a
crpaBeiiBa GopMysia 3aMEHBI TIepeMEHHOI

c‘)f (X)dx = c‘)f (g(t))g&t)dt. (21.7)

IIpu3HAKH CXOMMOCTH HECOOCTBEHHBIX HHTETPAJIOB

NEePBOro poja OT HEOTPULATEJIbHBIX QYHKIMI

1. Ilpusnax cpaguenusn

IMycte ¢ynxkumu f(X) u Q(X) ompemeneHbl Ha MPOMEKYTKE
[a; +¥ ), WHTErPUpyEMbIe Ha JIFOOOM KOHEYHOM MpoMmexyTke [&; b],
¥ JUTs HUX BbInonHsercs Hepasencto O£ f(X) £ g(x), xI [a; +¥ )

Torna:
+¥

N\
1) U3 cXOAMMOCTH MHTErpajia c)g(x)dx BBITEKAET CXOANMOCTh

a
+¥

WHTerpaia c\)f (x)dx;

a
+¥

N\
2) M3 pacxoAMMOCTH WHTErpajia Of (X)dx BBITEKAET pacxomau-

a
+¥

N\
MOCTb MHTerpaia c)g(x)dx.

a
2. IlIpedenvnvtii npU3HaK CpagHeHus
[TycTs Ha IpOMEKyTKE [a; +¥) OIpe/ieIeHbl ABE TOI0KHUTENb-

uele Qynkimu f(X) u g(X), uHTErpUpyeMble Ha JFOOOM KOHEYHOM
npoMexxyTke [&;b]. Ecnim  cymectByer  KOHEUHBIH — mperen

+¥
lim E=M >0, TO HEcOOCTBEHHBIC HWHTErPaIbl c\)f (X)dx wu

X® +¥ g(x)

+¥

a

N\
c)g(x) dX BMecTe CXOTCS T BMECTE PACXOMISTCS.

a
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3. [lycte HeoTpunatenbHas ¢yHkuus f(X) onpenenena Ha mpo-
MEXKYTKE [a; +¥ ), a>0. Eciu Ha 3TOM NPOMEXKYTKE JIJIsl HEE CIpa-

c
BEIJIMBO HepaBeHCTBO f (X) £—p, rae C, p — onpeaeiieHHbIe OCTO-
X

+¥
N\
SIHHBbIE BEIMYMHBI, TIpHueM P >1, To uHTerpan Of (X)dx cxommtcs.

a
C
Ecnu cnpaBenimBo HEpaBEHCTBO f(X)3 —» Tne p£1, TO uHTE-
X

+¥
rpan c\)f (X)dx pacxomutcs.
a
4. Tlyctp HeotpuuarenbHas ¢ynkius f(X) onpeneneHa Ha mpo-
MEKYTKE [a; +¥ ), a>0. Ecm mnpm p>1 -cymecrByer
+¥
lim f(x)x? =c, 0£c<+¥, 1o uHTerpan c\)f (X)dx cxomutcs. Ec-
X® +¥

a

au ipu P£1 Bemonusercs  lim f(X)x” =¢, 0<c£+¥, to unTe-
X® +¥

+¥
rpan c\)f (X)dx pacxomutcs.

a
CXOI[I/IMOCTL HeCOOCTBEHHBIX HHTErpajgaoB MMepBoro poaa

OT 3HAKONEPEMEHHBIX (PyHKIUIA
+¥

N\ v
Ecnm df (X)|dX CXOOMTCS, TO HECOOCTBEHHBIH MHTErpaj

a
+¥

N\
Of (X)dx Ha3bIBaCTCS AOCONIOMHO CXOOAULUMCA.

a
1. Eciiv HecOOCTBEHHBIN MHTErpajl MEPBOro pojia CXOAUTCS aod-

COJIFOTHO, TO OH CXOJHUTCA.
+¥

2. Ecnu unTerpan c\)f (X)dx abcontoTHO cxopsmiics, a GpyHK-

a
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st g(X) orpaHuyYeHa Ha TPOMEXKYTKE [a; +¥), TO HHTErpal
+¥

c\)f (X)g(x)dx Takxke cxomuTcs aOCOMOTHO.

a
3amMeuanue 1 Eciau HeCOOCTBEHHBIH HMHTETPaJ MEPBOTO POJIA OT
3HAKOIEPEMEHHOM (PYHKIMN HE CXOANUTCS a0COIIOTHO, TO 3TO €Illle He O3Ha-
YaeT, YTO OH PacxXoAuTcs. JIJIsl UCCIIEeOBaHUS HA CXOJUMOCTh JAHHOTO MH-
Terpajga HeOOXOAUMO HCIOIB30BAThH JPYTUe MPHU3HAKU, B YACTHOCTH, MPU-
snax Abens-qupuxne. nycts ¢pynaxiun f(X) u g(X) onpeneneHs u Hempe-
PBIBHBI HA IPOMEXYTKE [a; +¥ ) npudeM ¢GyHKIiws g(X) MOHOTOHHO CTpe-

MHTCS K HYJI0 Ipi X ® +¥, mMeer HenpepsiBHYIO npou3Boanyio gXx), a

bynkuus  f(X) wuMeer orpaHudeHHyr0 mepBooOpasHyro F(X) mpu
+¥

x1 [a; +¥). Torna nHTerpan éf (¥)g(x)dx cxomurcst.

a
3amMeuanue 2 Bcloay namee OymeM nccieoBaTh HHTETPabl HA
CXOAMMOCTh B cMbicie ompeaenenuii (21.1), (21.3) u (21.4). B cmbicie
TJIABHOTO 3HAYCHUS HEOOXOMMO UCCIIEIOBATh TOJIBKO T€ MPUMEPHI, B KOTO-
PBIX 3TO TpeOyeTCst IO YCIOBHIO.

IIpumep 1. VccnenoBats Ha CXOAUMOCTD UHTETPAIIBL:
+¥ +¥ +¥
~ dx N \ xdx

1) pdx: 2) Oz’ 3) (¥inxdx; Y O——
g 1 OG N6 - 1
B ciyyae cXomUMOCTH BHIYUCITUTD UX.
Pewenue. 1) Tlo onpenencuuio (21.3) HecOOCTBEHHOrO HHTErpaa
HUMEEM:

0 0

c‘)?'de: lim (8dx= lim e 0=1 jimlen=l o=1
a® -¥ a®-¥8 ag 3 a®-¥3 3 3

-¥ a

3HAYUT, HHTETPAJT CXOJIUTCS.
2) To onpexnenennto (21.1) HecOOCTBEHHOTO HHTETPaIa HMEEM:

+¥ b

~dx . ~adx . b .

O—: lim = limInx| = lim Inb- In1=+¥ - 0=+¥.
X b® +¥ b® +¥ 1 b® +¥

1 1

WHrerpan pacxomures, Tak Kak nepoodpasnas F(X) =InXx seusercs

0eCKOHEYHO OOJBIION (YHKITHEH HAa OCCKOHESUHOCTH.
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+¥
N\,
3) Unrerpan Om XdX pacxomurcs, Tak Kak (QyHKIIHs

0
b

F (b) :c\)inxdx:cosb- 1, b>0,
0

HE CTPEMUTCS HU K KaKOMY nipenieny npu b ® +¥.

4) BorumcnsieM:
+¥ b b
N d(4x?)

~  xdx . N xdx 1.
07: lim 07:_ lim =
h /16)(4 .1 bew h [16)(4 .1 B8be+¥ Ol [(4)(2)2 -1

-1 lim In(4x2+ 16x* - 1)

+¥
g im =L lim In(4b2+ 16b? - 1)-
!

1 8b® +¥

- %|n(4+¢£) =¥- éln(4+\/ﬁ>) =¥,
WuTterpan pacxoaurcs.

Ipumep 2. VccrenoBars, Npu KaKuX 3HAYEHHUAX P CXOIUTCS HECOOCT-
+¥

. N 0OX
BCHHBIM MHTETpal Ox—p, a>0.
a
Pewenue. o onpeneneHuo (21.1) umeem:

i x Pl
ﬁidx b\dx b\ 1 lim , anée pt -1
= lim = lim 0 Pox = [ PO *¥ - p+ =
P p® +¥ P e+ T P,
a a a lim In|x| , afiée p=1
o +¢ a
i 1 &l 106 ... i
ili L, anée pt -1 , afige p>1;
= b0+ 1- p&" ! aPly =i(p-1)af? i’
}bl®+ (Inb- Ina) anée p=1 1¥, é’mee pEl

+¥
~ dx
CreqoBaTeNbHO, MHTErpal Ox—p(a>0) cxomuTes, ecnmu P>1, wu

a

pacxoautcs, ecnu P £ 1.

[pumep 3. Beraucouth HeCOOCTBEHHBIN HHTETPAJ TIEPBOTO POJIA!
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+¥ 0 +¥ 4) TlpencTaBUM MOJABIHTETPATIBHYIO (YHKIHIO B BHIE CyMMBI HpO-
1) Y dx . 2) N xdx o 3) N dx . cTeinmx Apobeii:
2 L L 2 L
Q§ X“+4x+5 Q 2y7 C];l+ln X
s ( ) SRO+x%) y ( )
+¥

4 4 A B C D
¥ +

= = +—+ .
0 0C-07 (x-D%x+)® x-1 (x-? x+1 (x+1)?
2) by jdx - 5) c\)(eXdX. Janee npuBoauMm ApoOH K oOILIeMy 3HAMEHATENI0 U HNPHUPABHUBAEM
X -1 YHUCITUTEIH:
3 ¥ 2 2 2 2
4= A(X- D(x+D“ +B(x+D)~ +C(x- Y(x+1) +D(x- D~ 21.8
Pewenue. 1) BeinenuM B 3HaMEHaTeNe MOJBIHTErPATBHOTO BBIpaXe- AL D+ B(x+]) (x- 370+ +Dlx- (21.8)

HUS TTOJIHBIMN KBagpaT U MNpeaACTaBUM 3a[[aHHBH>i HUHTErpal B BUAC CYMMbI
JIBYX UHTETPAJIOB!
+¥ ¥

HewusBectHeie k03 pUIMEHTH HalZIeM C IMOMOIIBI0 METOJA YaCTHBIX
3HAYEHMIA:

0 +¥ x=1 4=4B, B=1.
\ dx _1 N~ dx _1 N~ dx 1~ dx _ x=-1 4=4D, D =1.
=_ =_ + - =
QJ (XZ +4x+5) p QX+ 2)2 +1 p QX+ 2)2 +1 p QX + 2)2 +1 Beruriciinm npou3BoHY0 OT 00enx uacteil paBencrsa (21.8):
-¥ -¥ -¥ 0

. 0= A(x+1)? +2A(x- 1)(x+1) + 2B(x+1) +C(x- 1)? +

0 N +2C(x- D(x+1) +2D(x- D).

a Torma s X =1 monyyaem: 4A+4B=0, A=-B, A=-1.
Jna x=-1 umeem: 4C- 4D =0, C=D, C=1.
B utore nonydaem:

_ \ dx dx
X
a

b
L jim +Lim & =L lim arctg (x+2)
pa®-¥Q +2)2+1 pb®+¥QX+2)2+1 p a®-¥
0

b
+1 lim arctg(x+2)‘ :iarctgz- 1 lim arctg(a+2) +
0 p p a® - ¥

p b® +¥

+¥ +¥ .
1. 1 l1gepo,1p \4dx_\88-1+1+1+19d_
+= lim arctg(b+2) - —arctg2=- —x~ —+—>x—=2, = =X =
D by g(b+2) o g 0 >§ 250 2 30(x2-1)2 gx- 1 (x-1D% x+1 (x+1)2 5
2) Ucnone3yeM MeTOJI MOAHECEHHUS TT0]] 3HAK auddepernuaia. s ato- b
T0, BBIJICNIUB IIPOM3BOAHYIO KBaAPATHOTO TPEXWICHA B YHCIUTENE, TOTyIHM:! — lim -1 + 1 + 1 + 1 6 _
0 0 0 - - 12 22X
N oxdxo lim 1~ 2xdx _ lim 1@9+X2)-;d(9+xz)— b® +¥ S%X 1 (x-)° x+1 (x+D)° g4
Q 2,7 a®-¥2Q/ 2\7  a®-¥ 2 b
A NEHX) 2 VOFX) a = Iimae-ln|x-14-i+ln|x+11-i. =
2 b® +¥ x-1 X+1gs
2\'5 |0 0 R
T Gk i L TP T h — lim afn|X+1|_ 1 19°_
a®-¥2 2 [a  4a0-¥5(gyy2)2|a g |x-1 x-1 x+1gs
5 i
.5 5, 1 _ 5 . 5 = lim In EJ’i- lim bll- lim b-1+1' 8n2-%-%2:
I =- = —. ® +¥ - ®+¥ b- ® +¥
4381 4a®-¥ \5/(9+a2)2 4%81 43/81 " . (7]
3) Beruuncisiem: :lnbgrp¥ o1l 0- 0- In2+Z:
+¥ q b d(| ) b )
N X . N nx . 1
= lim = lim arctg Inx| = 1+=
( I 2 (2 2
) (@+In“x) be+¥ ) +In“x b®+¥ 1 =In lim —2- In2+§:|n1+§- In2:§- In2.
b® +¥ 1.1 4
= lim arctginb- arctglnlzB- 0=L. b
b® +¥ 2 2

5) IlpumeHuM GopMyiTy HHTETPUPOBAHUS IO YACTSM:
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u=x, dv=eldx, _

c\)<exdx: lim Fye“dx= <
du=dx, v=¢€

a® - ¥
a

= lim xe*| - lim £§*dx=0- lim ae®- lim e*| =
a® -¥ a a®-¥ a® - ¥ a® - ¥ a
=- lim ae*- 1+ lim e*=- |lim ae®- 1.
a® - ¥ a® - ¥ a® - ¥

Jlnst BBIYHCIICHHS TIpeJiena UCIoNb3yeM npasiuio Jlommrans (o mepe-
MEHHOI a):

. . a .
- limae*-1=- lim —-1=- lim ——-
a® -¥ a®-¥ g @ a®-¥ (g 2)¢ a®-¥_.g?

IIpumep 4. Haiitu rnaBHOE 3HaUeHNE HECOOCTBEHHOTO0 HHTETPAJIa:

+¥ +¥
dx N1+ X
1) A ; 2 dx.
) c16+x2 ) + X2
-¥ -¥

Pewenue. 1) Halinem rnaBHOe 3HaYeHHE JAHHOIO MHTETpaja Mo OIpe-
nernenuto (21.5):

\% W\ - lim = lim arct " 9.
P- 6+)(2 a® +¥ a® +¥ &4 g4_aa
-¥
1. e 00
=— lim arct — - actge — == lim G%TCt + arct
4 a® +¥ g gg m 4a®+¥8 g g

== I|m 2arctg———>Q>£——
4a®+¥ 4 2 4

3aMeTM, YTO BBIYMCIIEHHE UHTErpaia o opmyne (21.4) Takke gaer

% (mpocbba yOemUThCS CaMOCTOSTENBHO), T. €. OH CXOAUTCS U B OOBIYHOM

CMBICIIC.

2) Haiizem rnaBHOe 3HAaYeHHWE AAHHOTO HMHTErpaja IO OIpesene-
uuro (21.5):
+¥ a A

V. N1+ dx lim dx “m? dx 1 \Zxdxg_
- +X a®+¥q a®+¥g +x2 2Q+X2:
%]

-y -a
e

a
= lim Sarctgx
a® +¥

A iy
! d(1+x%) 2
-a 2 ]."‘X2
-a
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a6_

a® + -ag

= lim 8arctga arctg(- a)+—|n(1+x )

a® +¥

= lim a‘:2arctga+—ln(1+a )- In(1+a2)2: lim 2arctga:2>£:p.
8 g a®+¥ 2

+¥

N1+ X
MoxxHO y6eI[I/ITBCH, YTO HUHTCrpal mdx SABJIACTCA pacXoddaluMcs B
+ X

OOBIYHOM CMEICIIE.

Ipumep 5. VccnenoBate nHTErpas Ha CXOAMMOCTH, MCIONB3YS NPH-
3HaK CPAaBHEHMUS:

1) ﬂi ax | 2 +Aix+3dx
o :
QZl +X 051 M@

Pewenue. 1) Tpu xI <5 +¥), byHKIMS >0, mnpuuem

+¥
1 ~dx
<— = g(x). Unrerpan OF CXOIUTCS, TaK KaK
X + X X
1
+¥
~dx . ~0x . _eelyP .1
= lim =limge =2 =- lim=+1=1.
2 pe+ 2 be+¥E Xgi b® +¥
1 1

+¥

N dx
[TosTOMYy, cornmacHo Npu3HAKY CpaBHEHUS, UHTErPajl OA— CXOJIUTCHA.

+
2) OyHkus ): 3>0 npu Xl & +¥ IpUYeM ——— i:
" e 1o

" % dx
HTerpant 04—3 PacxXomuTCs, TaK KakK

1V X
+¥ g b g b . %
N\ OX . N\ OX . N\ 2
sz lim O—: lim dx = I|m— =4 lim =¥-4=¥,

A3 e Qs oo v O be+¥ 1 b®+¥\/71
1 1 1 4
+¥

AX+3
IMo3TOMY, COrIACHO MPU3HAKY CPaBHEHHUS, MHTEIPaT W dx pacxomurcs.

e

1
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HpnMep 6. HCCJ’IGI[OBaTI) Ha CXOJUMOCTH HeCOOCTBEHHbBIE HUHTErpaJibl
110 IIPEACIbHOMY IPU3HAKY CPAaBHCHUS .

+¥ +¥ +¥Incosi
1) 077‘ x__. 2) 02_‘ Py 3) Oidx
+2x+2X" x-1
1 1
1 -
Pewenue. 1) Oynxkuusa f (Xx)=—— >0 mpu x| &; +¥). Pac-
) Py (%) 74+2x+2%" P g +¥)

1
CMOTPHUM (YHKIHIO g( ) —, MHTErpa OT KOTOpoii cxomutes (mpumep 2,
X

¢. 141 nanHoro mocoousi).
7

Haiigem |lim ()— lim
x®+¥ g(X) x®+¥ 7 +2x+ 2%’

1
:El 0. Ilostomy, coriacHo

+¥

N dx
Hpe):[eJ‘IBHOMy HpI/I3HaKy CpaBHeHI/IH 3aKJIroyacM, 4To TAKIKEC
+2X+2X’

1
CXOHUTCH.

2) Oyukuus f(X) 22&1>0 pu X1 =ik +¥). Paccmorpum dyHK-
X_

1
LU0 g(X) :ﬁ' HHTErpall OT KOTOpoil pacxoautes (mpumep 2, ¢. 141).

Haxonum:
lim ——= 19 _ lim Dodx = lim -~ -1 0. Ilosromy, coriacHo
®+¥ g(X) @+ 2x-1 x®@+¥2x-1 2

+¥

npeaAcIibHOMY IPU3HAKY CPABHCHU, pacxoauTcs.
x-1

1
*®l o

oosgxzz

3) Oyukws f <0 mpu xI [ZL' +¥). IMostomy wuccme-

16
- Incosge—zg
\ X- 9 o
JyeM Ha CXOJMMOCTh HMHTErpai Wm, KOTOpBIA OyJeT cXo-
X
JIAThCS WM PACXOJUTHCS OJHOBPEMEHHO C 3aJaHHbIM HHTerpanom. Hc-
MOJTb3yeM 3KBHUBAJICHTHOCTh OCCKOHEYHO Manbix (QyHKiwmi: IN(1+X) ~

2
X
x® 0, 1- COSX~7, X® 0. Caenmaem cremyromue mpeoOpa3oBaHUs:
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|noo—_|na':°L+a%osi2 1P-cos L1 x® 4% 1-cos s -1,
88 X" o9 x° X“ 2X
el 0
- Incos¢— =

QQL 1

X® +¥. TlosTomMy mmeem X® +¥. Tak kak u3-

Jx 2xx*’

BECTHO, 4YTO HECOOCTBEHHBIH HUHTETpaI OT (byHKHI/II/I g(X) = CXOOUTCA

1
9
X2
Ha MPOMEXKYTKE [l; +¥) (mpumep 2, ¢. 141 naHHOTrO OCOOMS), TO CXOIUTCS

14
- Incosge—zg
N\ o
TaKXKe MHTErpal O%’dx, a BMECTE C HUM U 3aJJaHHBIM MHTErpal
X

+¥
ASiNX
IIpumep 7. MccrenoBats Ha CXOAMMOCTh MHTETpal O—dX, rae
xP

1
p>0.

Pewenue. UVcnonesyem mpusHak  AOems-Hupuxie. DyHKius
f(X)=sinX wuMeerT oOrpaHHYCHHyI0 THepBooOpasHyro F(X)=- COSX,

R 1
x| [l; +¥), GbyHKIHSA g(X) = —, MOHOTOHHO yOBIBaeT M MMeeT Herpe-
X

1
pbIBHYIO mpou3BonHyo. Kpome toro, lim ) =0. Takum oOpa3zom, Bce
X® +¥ y

yCi1oBuA IIpU3HAKaA A6enﬂ-):[1/1p1/1xne BBITIOJIHAKOTCA, a 3HAYUT HHTErpal
+¥

ASiNX

dx cxonmures.
( )Xp
1

Ipumep 8. Mccnenoath HHTErpai Ha AOCOMOTHYIO CXOIUMOCTB!

+¥ +¥
ASin3x | ASiNX
1) Qﬁdx’ 2) OTdX'
0 1
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Pewenue. 1) Tak xak |Sin3x|£1 s moboro X1 [O; +¥), TO

+¥
\sm3x )
d £ QA_ lim carctg x
1+X a® +¥ 9

+¥

ag
== lim arctga =
Oﬂ a® +¥

NI'CJ

A Sin3x
CrnenoBatenbHO, HHTErpal W dx cxomurcs aGCOMIOTHO.
+ X

0
+¥

\SiNX
2) Wurerpan O—dX CXONHUTCS B CHITY Tipu3Haka Aobems-dupuxie
X

1
+¥

NELEY

(cMm. mpumep 7, c.147). PaccMoTpuM HHTErpai O—dx. Tak kak
X

1

1- cos2x

|sinx|3 sin?x= , TO Ju1s JTIo6oro b >1 umeem:

b b b b
1JsinX a1-cos2x 1 adx 1 \cOS2X

dx3 dx == -= dx. 219
dT O 2 ¥720: 20 (219

2X 2 2
1 1 1 1

OcyliecTBUB Tpe/ebHbIi mepexon B HepaBeHcTBe (21.9) mpu
b® +¥, momy4yaem:
+¥ +¥ +¥

NELEY e T A0 1 Acos2x o
X 20 20 %

1 1 1
+¥

\ COS2X
Wurerpan O— dx cxomutcs B cuity npusHaka Abens-/{upuxie, a
X

1
+¥

dx
HHTErpan c\)— pacxoautcs (mpumep 2, ¢. 141 qannoro nmoco6us). [Ipuxo-
X

1
JUM K BBIBOAY, YTO B PE3YJbTATC MNPCACIBHOIO INEpexXodga B HECPABCHCTBC
+¥ +¥

sinx Sinx
(21.9) momy4uum d—' dx =+¥. Takum o0pa3om, HHTErpa c\)— dx
X X

1 1
CXOAHUTCA, OAHAKO OH HC CXOQUTCA abCOJTIOTHO.
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3aoanus

| yposens

1.1. Beruncnute HecOOCTBEHHBI MHTETPal WA YCTAHOBUTE €ro

pPacxoiuMocCTb:

+¥
< dx

1)(1X—

1

+¥
~ dx

2)0\/—;

+¥
5) c\)’c! > dx;
0

0

N Ox .
¥ O’

+¥

~ OX

6 :
) Q5 2

-y

2.1. Beruucnute HECOOCTBEHHBINM MHTErPajl UM YCTAHOBUTE €ro

4) c\ja5xdx;
-¥
Il yposens
PacxoauMOCTh:
+¥ 3
1) ~  X7dx .
OO Vi6x* +1
+¥ dx
4) :
) O +4x+5
+¥ >
7) N X“dx

050 (x* +5)*

+¥

10) xdx

2 +4x+5’

0
N~ xdx
-¥

16) ﬁi dx )
021 A+In’x)’

19) ﬁi dx .
eZoi(lnx- 12’

+¥
2) c‘yos xdx;
1

+¥
xdx

O/ 1

1

5)

8) \ dx .
02¥ 2. 2x+2

¥
\arCtg 2X
2

11) dx;

+ 4x
0

+¥
N\ dx

14) 5 ;
(x+1)

< dx

17) e
+¥ 3
A o- X .
20) %dx,
0

3) ~  Xdx ’
) 4xt-1
«/arct92x
) p 1+4x°

¥

9) \ dx .
lc(l+ 9x?)arctg?3x’

3

+¥

. 16dx

c13(4x2 +4x+5)’

12)
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+¥ +¥

+¥

1 .1 N dx \ dx
22) >Sin—dx; 23) Oﬁ_; 24) O —

g X o +1 h X [1+X2

p 2

2.2. VccnenyiiTe Ha CXOAMMOCTh HECOOCTBEHHBIH HWHTErpal
HEepPBOro poja:

+¥ +¥ i +¥
1) \arctgxdx; 2) \3+s;nxdx; 3) N\ X+3VX+2 dx:
) o X 1Ox3+\4/x2+2
2
+¥ +¥

4) c‘)a X cosxdx; 5) c‘ja'zxsin4xdx;
0 0

+¥¢
~ X
6 ;
) _Of_s +3¥ +1
v 1
1+arcsin=—

9 07\ X dx;
)1 1+x\/§

+¥
N X+H4/X+1 dx
O>_<l 2+3x+2

+¥ BRI | E
N Xdx 8 A% _dx
+

;Vx7+1’ +x3/x
+¥ ¥
100 A— . 1) A% g 12)
@l +9n?x’ pCX2+1 ’
3

7)

2.3. HccnenyiiTe Ha aOCONIOTHYIO CXOJMMOCTh HECOOCTBEHHBIM
MHTErpaj nepBoro poa:

¥ +¥
ASNX ~ COSX
1 dx; 2 dx;
) O, ) Tl
1 0
+¥ +¥
3) + 00S3X dx 2) sarcsinx dx
X2 O«
1 0
1l yposens

3.1. Mcnonp3yst (GopMyiny MHTETPUPOBAHUS 110 YACTSM, BBIUHC-
JUTE HECOOCTBEHHBIH HHTErPajl UM YCTAHOBUTE €0 PACXOIUMOCTD.

+¥ 0 +¥
1) c‘)<e' *dx; 2) C\)‘ZX dx; 3) c‘)a X cosxdx;
0 -¥ 0
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+¥ +¥
4) c\)a X sin2xdx; 5) 6(Si nxdx;
0

0

6)

+¥

< Xdx
3
QO 1+X)

3.2. Haiinure rimaBHOE 3HaUYeHHUE HECOOCTBEHHOI'O MHTErpayia U
OIPENICIIUTE, CXOIUTCS JIU UHTErPajl B OOBIYHOM CMBICIIE!

+¥ +¥

\ < dx
1) cyrctg xdx; 2) 03—2 ;
-¥ By X
+¥ +¥ Xd
N\ . \ €70X
4) cfm xdx; 5) e
-¥ +e

3)

6)

+¥

<arctg®x

1+ x°
-¥

+¥

W2X+1

+ X

2

dx;

dx.

3.3. Jlokaxxure CXOAMMOCTh HECOOCTBEHHBIX MHTErpanor ®pe-

+¥ +¥
A N\

Hest anzdx u Gosxzdx.
0 0

VY ka3aHue. Beimonaure 3aMeHy X = \/f

3.4. UccnenyiiTe MHTErpail Ha CXOAUMOCTh:

+¥
1+ X2
+x4

1) dX (yxaszaunue: tzx-é);

+¥

2) c\fin%dx (ykaszauwue: t=§);
0

+¥
dx
3) c\h (ykazamme: t=Inx);
3 InxInlnx

+¥

4) c\)(xe'xzdx (yxasanue: cpasaure g(X)=e & xq f(x)=¢

1
+¥

- %2 2
5) c\jEXdX (yxazanwue cpasHute € © n

0

- ¢, Inxo

e 2x+1

).
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21.2. HecoOCTBEHHBIII HHTErPaJ BTOPOro pojaa

[Mycte ¢ynkiust f(X) sBiseTCs HENpEephHIBHOW Ha MPOMEKYTKE
[a;b) w HeorpaHwueHHOW B OKPECTHOCTH TOYKH X=Db, T.e.

Ii[)n f(X) =¥. Tornma Touka b Ha3bIBaeTCsi 0C000I MOYKOU Y TOBO-
X® b- 0

par, uro ¢pyukuus f(X) umeem ocobennocmo 6 mouke b. Jlns nro6o-
ro e>0 (e<b-a) ¢yukuus f(X) uHTerpMpyema Ha oOTpe3ke
[a; b- e], T. €. CYIIECTBYET HHTErpas

b-e

I(e) = c‘)f (X)dx. (21.10)

Pesynbrar BhruucieHus npeaeda Gyukmuu |(€) npu e® +0
Ha3bIBACTCS HECOOCMEEHHBIM UHMEZPATIOM 6MOPO2O POOd.

b-e b
lim | () = lim c‘)f (X)dx = c‘j (x)dx. (21.11)

HecoGctBennblii uHTErpan Broporo poxaa (21.11) naspiBaercs
cxooamumesn, ecnu npenen (21.11) cymecrByer. Ecnu QyHkums
I (e) sBmsiercss OecKOHEUHO OOJBIION, TO HECOOCTBEHHBIH WHTErpas

CUHTAIOT paBHBIM OeckoHeuHocTH. Ecnm nipenen (21.11) we cyrect-
BYET, TO MHTErpajl He MPUHMUMAET HUKAKOro 3Ha4eHus. B mocmemHux
JBYX CITy4asix HeCOOCTBEHHBIH MHTErpajl BTOPOro pojia Ha3bIBaeTCs
pacxooawgumcs.

Eciu mns ¢ynkuum f(X), onpeneneHHONH Ha TMOTyHHTEpBae
[a, b), u3BectHa ee mepBoobOpasHas F(X), TO It BEIYHUCIEHUS MHTE-

rpana (21.11) ucnonssyercs popmysia Herorona-Jleitonuma
b

c‘j(x)dx: limF(b- e)- F(a). (21.12)
e® +0
a

®dopMyJia HHTETPHPOBAHMS N0 YACTSAM /151 HECOOCTBEHHOTO

HWHTerpaja BTOporo poaa

Eciu ¢pynkimu U(X) 1 V(X) IMEIOT HEPephIBHBIC MPOM3BOIHBIC
Ha TpOMeXyTKe [a, b), a Takke cyiecTByer Iémou(b- e)v(b- e), To

e® +H
b b

U3 CXOIMMOCTH OJIHOTO U3 UHTEIPAJIOB c\)l(X)V((X)dX, c\)lf(x)v(x)dx

a a
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BBITEKAET CXOJAUMOCTH JIPYroro, U crpaBeainBa Gopmya
b b
N\

Ol(x)vf(x)dx: limu(b- e)v(b- e)- u(awv(a)- d(x)uf(x)dx.
e® +0
a a

®dopmyJia 3aMeHbI TepeMeHHO#i B HeCOOCTBEHHOM MHTerpaJsie

BTOPOTO0 pojia

Eciu ¢ynxnus f(X) HenpepbiBHa Ha npomMexyTke [a, b), byHkims
X =g(t) onpeneneHa Ha MOIyHUHTEpBaIIC [a; b), -¥ <a <b <+¥,

M MMEeT Ha HeM HENpPEphIBHYIO NPOW3BOIHYIO, MpudyeM g(a)=a,

b b
Ll@ng g(t) =b, To cnpaBemmBa popmya d (X)dx = d (9(t))g&t)dt,

MPY TOM WHTETPAJIbI B HEM 00a CXOAATCS Wi 00a PacXousTCs.
AHAJIOTMYHO OMNpPEAesieTcss HECOOCTBEHHBIN MHTErpall BTOPOTO

pona, ecnmu X =a — ocodas Touka dynkiuu f(X):
b b

O (k= lim §f (x)dx. (21.13)
a ate
Eciu ocobast Touka X = C ¢ynkiuu f(X) sBisercs BHyTpeHHeH
TOYKOHi otpeska [&; b] (bynkums f(X) uMeer B 3TOW TOuKe pa3phiB
BTOPOI'0 pOJia), TO HECOOCTBEHHBII HHTErPaJl BTOPOTro pojia GYHKIIUU
f(X) mo otpesky [&; b] onpenensieTcss paBeHCTBOM:

b C'el b
c‘)‘(x)dxzelli@njo c‘)f(x)dx+e!i®rgo c‘)f(x)dx. (21.14)

3ameuanue 1 Creayer pa3inyaTh CXOJAUMOCTD, ONPEICIEHHYIO
paBeHcTBoM (21.14), ¥ cXOAUMOCTB B CMBICIE TJ1aBHOro 3HauyeHus (21.15),
KOTOpast OpENENAETCs CIeAyonMM obpasom: mycth ¢yukius f(X) onpene-
neHa Ha otpeske [& b] ¢ ocoboit Toukoit ¢l (&; b) u mmTerpupyema Ha
JI000M OTpe3Ke, MpUHAJJIeKAIeM MojayuHTepBaiam [&; C) u (C; b]. Ecnu
g e >0 takoro, uro e < min{c- a b- C} CYIIECTBYET

as e b 5] b

i N \ s \
eléryo Of(x)dx+ c)f(x)dxi V.p.d(x)dx, (21.15)

a c+e 7] a

TO OH Ha3bIBaeTCs TJIABHBIM 3HAY€HHEM HeCOOCTBEHHOr0 WHTerpajia
BTOPOro poaa, a pyukuus f(X) — uarerpupyemoii no Kommu.
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Bcerony manee Oyaem paccMaTpuBaTh CXOAMMOCTb, OTPEICIICH-
HYI0 paBeHCTBOM (21.14).

Ipu3HAKH CXOMMOCTH HECOOCTBEHHBIX HHTETPAJIOB

BTOPOI0 POAA OT HEOTPULATEIBHBIX (PyHKIMIA

1. Ilpusnax cpaguenusn

[Mycte pynxumm f(X) 1 g(X) onpeneneHsl Ha MpoMEKyTKe [&; b)
M IS HEX BeIMonHsercs HepaseHctBo OF f(X) £ g(x), xI [a; b).

b

N\
Torga W3 CXOOMMOCTH HMHTErpaa O(X)dx CIeyeT CXOIMMOCTh

a
b b

WHTErpasa c\j (X)dX, a U3 pacxoaMMOCTH HHTErpaja (\)‘(X)dx BBI-

a a
b

N\
TEKaeT PacXoAUMOCTh HHTErpaia O(X) dx.

a
2. IlIpedenvnutii npu3HaK cpagHeHus
[Tycte Ha npoMmexyTke [&; D) ompeneneHbl MOIOKUTEIbHBIC

¢bynkuuu f(X) u g(X), wis koropeix lim——- 1) _ =M, M >0. Torma
x®b g(x)
b b

0ba wmHTerpana c\)‘(x)dx " c\y(x)dx BMECTE CXOJITCS I 00a

a a
BMECTE PACXOJISATCS.
3. [lycte HeoTpunatenbHas ¢yHkuus f(X) onpenenena Ha mpo-
MexyTke [@; D) m mns X, 6mu3kux k D, ymoBieTBopsieT YCIOBHIO

f (X) £ W, A>0. Torma npu P <1 HecoOCTBEHHBIH HHTErpal
- X

b

N\

d (X)dx cxomutes. Ecnu mis X, 61amM3kux K D, BeIONHSAETCS Hepa-

a

A .
BeHCTBO f(X)3 ——, A>0, Ttorma mpu P23 1 wHTErpas OT 3TOU
p p

(b-)°

GyHKIMU HA TPOMEKYTKe [&; D) pacxomurcs.
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CX0IMMOCTh HHTETPaJI0B BTOPOT0 pojia
OT 3HAKONEPEMEHHBIX (PyHKIUIA
b
Eciu unTerpan df (X)|dX CXOJIUTCS, TO HECOOCTBEHHBIH WHTE-

a
b

N\
rpain d (X)dx Ha3bIBaeTCS AOGCONIOMHO CXOOAMUMCA.
a
1. Ecnu HecOOCTBEHHBIN MHTErpaJl BTOPOTO pojia CXOIUTCS ad-
COJIIOTHO, TO OH CXOJIUTCSL.
b
N\ v
2. Ecnu unTerpan d (X)dx abcomoTHO cxoasAIumiics, a QyHK-

a
st g(X) orpaHuueHa Ha mOpoMexyTke [&; D), To wuHTerpan

b
of (X)g(x)dx Taxxke cxomuTcsi aOCOIFOTHO.
a

3aMeuanue 2 Eciu HecOOCTBEHHBIN MHTErpa BTOPOTO POja OT
3HAKOIEPEMEHHOM (PYHKIMN HE CXOANTCS a0COIIOTHO, TO TO €llle He O3Ha-
4aer, 4TO OH pacxofurcs. [[ist uccnemoBanus Ha CXOMUMOCTh JTAHHOTO WH-
Terpajga HeoOXOIUMO HCITONIb30BATh IPYTHe TPU3HAKH.

IIpumep 1. VccnenoBars naTErpa

1
\d)p(, p=const, p>0, Ha cxo-

0
JUMOCTDb U B CJIy4a€ CXOAUMOCTU BbBIYUCIHUTD €T0.

Pewenue. HOZ[I)IHTel"paJ'H)HaH (byHKHI/IH HEOorpaHnucHa B OKPCCTHOCTH
1

Toukn X =0. O6osnaunm | (€)= éj_)P(’ rme O<e<l.

e
BI)I‘II/ICJ'II/IM 3TOT UHTETpal

Ine anée p =1.

3aKJ'IIO‘IaeM, 4TO KOHEeuHbIH mpexen lim |(e) cymectByer mpu p<1
e® +0

U He cymectByer pu p3 1.
MBI NONy4uny CNeAyOUMNA pe3ynbTaT:
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' 1
\d i—l S e p <1 (01 o), (2116
o X ¥, aiige p3 1 (0adi de o).
N 1
AHANTOTMYHO MOXHO IIOKa3aTh, YTO Ui (QYHKIMH Y= m )p’
- X

b
1 dx

x1 [a; b), u y=———, x1 (a; b], WHTETPAJIBI ~
(x- a)P Qb- x)P
a

o

T cxonatrcs npu P <1 u pacxoxsarcs mpu p3 1.
X-a

a

Ipumep 2. BruuciauTe HECOOCTBEHHbBIH WHTErpaj WA YCTAHOBHTH

€ro pacXxoJHUMOCTb!
2

3 3 3

N dx \In(2x D \smxdx
1) O 2) Oidx 3) 07 4)

) (3- )2 h 2X Z/(x- D(3- X ,/

2

Pewenue. 1) lonpiarerpanbHas QYHKIHS UMEET OCOOCHHOCT B TOUKE
X=3 — MpaBOM KOHIle MPOMEKYTKA UHTCTPUPOBAHUS. [ BBIYMCICHHS
UHTErpaia ucnons3yem dpopmyisi (21.11) u (21.12):

3 3-e 3-e
N dx . N dx .
= 07:- |
Q (3_ X)Z e(L)TO 3 (3_ X)Z e(i)rgo dg X) d(3 X)
1 1
3

- 3-e

- jim 82X Y3- x| =-3(lim e - ¥2) =392,
e@+0 1 1 e® +0 e® +0
3

1
2) ToapiaTerpaipHas GYHKIUS UMEET 0OCOOCHHOCTh B TOUKE X = 3 B

neBoM KoHIle npomexytka. Cornacao ¢opmyne (21.13) u dpopmyne Hoto-
ToHa-JIeiioHuIa, UMeeM:

1 1 1

~In(2x- 1) a1 1. In*(2x-1)

O—dx: lim In(2x- DdIn(2x- 1) == lim ———=
2x-1 e® +0 OE ( ) in( ) 2e® +0 2 %,Le

1 1

= “+e

2 2

-1 lim(In?1- In?(1+2e- 1)) =- Lliminze = +¥.
4e®0 4e®0
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WHTerpan pacxoaures.
3) loapinTerpanbHas GyHKIWMSA UMEET ABe 0co0ble TOUKH: X =1, x=3 —

KOHIIbI TPOMEKYTKA UHTETPUPOBAHUSI.
Torma

3\ dx - 2\ dx + 3\ dx -
9/()(' D(3- x) 9/()(' D(3- x) 9/(x- D(3- %)
3 2
N d(x-2)

= lim 07+ lim 07\2 dx = lim 07+
e1®+o \/ X2 +4x- 3 ©®*0 > V- X2 +4x- 3 a0 ML (x- 2)?

3-62
~  d(x-2)

+ lim 07: lim arcsin(x- 2)
e,® +0 1- 2 e®+0
2

2 3-e,

+ lim arcsin(x- 2)
+0

1+e;, €2

(x-2)

=arcsin0- lim arcsin(e, - D+ lim arcsin(l- e,) - arcsin0=
e®+0 e,® +0

2

=- arcsin(- 1)+arcsin1:2arcsin1:2><B =p.

4) TlonmpiHTerpanpHas (GYHKIUS HMEET OCOOCHHOCTh BO BHYTpPEHHEH

_P

TOYKEC X—E MPOMEIKYTKAa MHTCTPUPOBAHUS. I[J'IH BbIYMCJICHUA HWHTCTpaia

ucnons3zyem dopmyny (21.14) u popmyny Hororona-JleiOuuna. [Tomyanm:
iy P

3 2 0
\ Snxdx _ ~sinxdx + aSinxdx _

Ooxs/coszx_g/ooszx g/coszx_

2

@
—iim A sinxdx \  Snxdx
T e®40 OW e2®0 O\/—
0 P,
2
2
7o 2 3 2
. N\ 5 . AN 5 _
—-ejg@rrlo (cosx) d(cosx)-e!!@m+0 (cosx) ~ d(cosx) =
0 p+ez
e @ Y xe 3 2D o]
=- |lim Goos’ x|, 2 ;- i ¢0oS 3 _:
q®+09 3 T e@40% 3 b
g - - Q - —+e, ~
5 [} e 5 12 7°¢g
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5[ 3y |P g O 5/ 3y|3 =
C o im ooos'x|Grel g cos® x i
e1®+08 3 + e,®+0 3 P, -
P e, 3
o
55/cos* . - g 55005 2+, 9
_ &2 5 5 1. . &2 ’p
=- lim S5+ lim ——== %=
e® +0 3 8 040 3

Ipumep 3. VccnenoBats MHTErpa Ha CXOAUMOCTB!

1
~ sin? xdx

l\ dx l\ an—
1) O 2) Oxi 3) O—X dx.
h nx h 24/X2+X ) 7X4
2
Pewenue. 1) lonpiarerpanbHas QYHKIHS UMEET OCOOCHHOCT B TOUKE

1
x=1. CpaBHuM ¢(yHKIMIO —— C (YHKIHEH . Ilo npasuy Jlonu-

Inx (x- P

TaJisl BBIYMCIIUM IIpeJIes
1

. Inx . X .
lim =lim I =lim T
x®l(X-1)p x®1 p(x-j_)p' x®lxp(x-1)p'

. Inx 1
Eciu p=1 1o lim——=1. Dto o3Hayaer, 4T0 GYHKIMH —— U
x®1x- 1 Inx

1 SKBHBAJIEHTHBI IpH X ® 1. [TOCKONbKY PACXOUTCA HHTETpal (- o
x-1 P ' yP R O
2
1
X
(mpumep 1, c. 155-156), To pacXxouTCs TAK)KE HHTETPaIl c\)d—
nx

1

2
2) TloapiHTerpanbHas GyHKIHS HMeeT OCO6eHHOCTI> B Touke X=0.

Tak kak SiNX~X, sin?X~x2, XVYx%+x=x \/x+1 x' mpi X® 0, 10

smx

X252 +x

CIpaBeyIuBa YKBUBAJIEHTHOCTD ~x" npu X® 0. INosTomy u3
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~dx
CXOIMMOCTH UHTErpana CJ—1 (mpumep 1, c. 141) cnenyer cXOAUMOCTb HH-
2
0 X
oo
N SN X dx
Terpana Oxi '
242 L

0
.1
Sin—
X
7/X4

MeHHO# ¢ynkuumeit Ha mpomexytke (0; 1]. Mccnenyem mHTerpan Ha abco-

3) ToapinTerpanbHas (yHKIUS f(x) = SIBIII€TCA 3HaKomepe-

1 -
JIOTHYIO CXOmUMOCTh. Tak kak [SN—£1 mma moboro Xl (O; 1],
X

4
INockoneky nokasatenb P :7 <1, to coriacHo ¢popmyne (21.16) un-

TErpaj CXOOuTCH.
Orcrona CJICAYCT, 4TO 3aJJaHHBINA HUHTErpal CXOAUTCA abCOIOTHO.

Ipumep 4. Haiitn rnaBHOE 3HaueHWE HECOOCTBEHHOTO WHTErpaja

5
~ dx

-2

Ha otpeske [1; 5] pacxo-

1
Pewenue. Vaterpan or GyHKumu Y =
X -

qutest (mpumep 1, c¢. 155-156). OqHaKO OH CXOMUTCSI B CMBICIE TJIABHOTO
3HAYEHMSI.

5 5
\dx \dx;

V.p. A O —IlmQO— O_ =
- e®+0g =

o}

¥ lim In|x 2|

e® +0 e® +0

= lim Ine - In1+|n3- lim Ine:In3.
e® +0 e® +0

+e
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3aoanus

| yposens

1.1. Beruuciaute HeCOOCTBEHHBIH WHTErpajl BTOPOrOo poja WU
yCTaHOBHTe €ro pacxoJIuMOCTh:

\dX

1)0;

0

3
< d
5) OA_-XZ;

2) ~ dx
Ql x-1

e

e
< dx

o
6) gﬁ; 7) 9A|I‘l—3x;

N dx

3) Ox—l m;

3

dx

4 037\ ;
) (3- x)*
8) JIn(2- 5x)dx

uﬂm,_\

2- 5X

1.2. Uccnenyiite HecOOCTBEHHBIH HMHTErpajg BTOPOro poja Ha
CXOJIMMOCTh:

: COSX : sinl : sSin2x ;
h . N X gy X . p
1) OK_—3dx, 2) O(l/’_xdx’ 3) Oﬁdx’ 4) ngdx.
3 0 0 P
6
Il yposens

2.1. Beruucnute HECOOCTBEHHBINM MHTErPajl WM YCTAHOBUTE €ro
PacxoauMOCTh:

P
1 2 6
< Xdx < xdx N 00s3X
Q& 2) = 3) ——
0 - X 0 16- X 0 (1- S|n3x)
P
o dx e " xdx
4 r\ ; 5 C dx; 6) O ;
) (3 %)? ) C’:_o0 s X ) Ql /x-1
5% - 3 . xdx L o
7) O—‘ _“dx; 8) 07\ : 9) c\)—;
Ve X -9 2 (x- 2)(4- %)
P
" sinxdx  Xdx :
10) oo, 1) — 12) (ytoxdx

Q\/coszx’ V64 x° h

n|o
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~ Xdx N dx ) p\ dx

¥ Qe 7 ¥ Qx- 57 15 Oiveosx

-3 3 3p
4

2.2. Vccnenyiite HECOOCTBEHHBIM WHTErpajl BTOPOro poja Ha
CXOJIUMOCTh:

1cos£ : e "d- cosx
1) A—==dx; 2) A—dx: 3) A dx;
2
1 1 1
< dx An+¥x) An@+4é)
4) Erapt 5) Ois'nx_ 1 dx; 6) Oietgx_ 1 dx;
0 0 0
p
2 1
7)1\ dx | 2\ dx 9) dx
K- sinx’ q cos2x’ QO X - coSX
1l yposens

3.1. Beruucnure HECOOCTBEHHBIN MHTErPal WM YCTAHOBUTE €rO
PacxoauMOCTh:

1 1-£arcs'nx

3)\8

2 p
Oidx
o pV1- X

1

1
\dX_

1 ;

) Q—O v %_ 5
1
N dx N dx ~  Ox

4) ) ) Qxi
_C{l 2- XW1- X ql 3x* - 2x- 1 XX +1

3.2. Haligure riIaBHOE 3HAa4YCHHWE HECOOCTBEHHOI'O HWHTETpalia

BTOPOI'0 poJIa:

3
dx ~ dx ~ dx

1) O, 2) OA_ 3) Ox_lnx

1

3

2
N\

T/ N w

dx N

. x|
Y Qg ) Q- 57 Qﬁ
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3.3. UccnenyiiTe HeCOOCTBEHHBIM HHTErPal HA CXOJAUMOCTD:
2

&
1)l\dx_ z)li.ni%_
gx- X' X2 X3

0

T o

2 7
: \ dx
3 sin xdx; 4 .
'O ) Qs o9+ 3

3.4. Beiuuciiute HECOOCTBEHHBIM HMHTErpaj BTOPOro pojia, UC-

oJIb3yst GOPMYJTYy HHTETPHUPOBAHHUSI IO YACTSIM:

p 1

2 n2 e% dx ; arcsin X
1 sinxdx: 2) : 3 A dx;
& ) O Yoine

0

p

1
A Inxdx ctgxdx; 6) c‘)(lnsinxdx.
0

Qe

5) 4)

Qe
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22. JNOPEPEHIIUAJIBHBIE YPABHEHUS

22.1. IndppepenuuaibHbie ypaBHEHUS MIEPBOTO
nopsiaka. {udpdepenuuanbubie ypaBHeHUs
¢ pa3aessiloIUMKC NepeMeHHbIMHU

ITycth X — He3aBHCHMAs TiepeMenHas, Y(X) — QyHKIHs OT mepe-
MEHHOI#1 X, 3aJJaHHasi HA HEKOTOPOM ITPOMEKYTKE.

Jugppepenyuansnuvin ypasnenuem (00bIkHOBEHHBIM audde-
pEHIIMAJIbHBIM ypaBHEHUEM) Ha3bIBACTCS YpaBHEHHE, CBS3bIBAIOIICE
HE3aBUCHMYIO TIEPEMEHHYIO X, GYHKIIHIO Y(X) 1 ee IPOU3BOIHBIE.

Hopsaokom nuddepeHIInaIbHOrO ypaBHEHUSI HA3bIBACTCS Hau-
BBICHIMI MOPSAOK IPOU3BOAHOM, BXOAIIEH B HETO.

Huddepennmansroe ypaBHeHre 1-ro mopsaka ©MeeT BHI!

F(x y, y9=0, (22.1)

rie F — HekoTopoe BBIpaKEHHE OTHOCHTEIBHO X, HCKOMOIA

dynxun Y(X) U ee IPOU3BOIHOI, 3a1aHHOe B obmactu D1 RZ.

Ecnmn nuddepennnansHoe ypaBHEHUE pa3pelieH0 OTHOCUTENBHO

MPOU3BOAHON (PYHKIIMH, TO €r0 OOIIUI BU:
ye=f(x, y), (22.2)

rne f — HeKoTopoe BBIPAKEHHE OTHOCUTEIBHO X U Y,
(x, y)1 DI R? B Takom ciydae roBopsr, uTo audydepeHuansHoe
YpaBHEHHUE 3aITUCAHO B HOPMATIbHOM BUOe.

Pewenuem nuddepeHIMaIbHOTO0 YPaBHEHUS HA3BIBACTCS TaKas
middepentupyemas ¢byukimsa Y = y(X), koropas oOpaimaer 31O
ypaBHEHHUE B TOXKIECTBO.

[Nouck pemenus nudQepeHnanbHOr0 ypaBHEHUST Ha3bIBaeTCs
unmezpuposanuem ouppepenyuanvioco ypasrenus, a rpaduK 3Toro
PEIICHUS — UHMESPANbHOU KPUBOU.

Hauanvnvim ycnosuem (ycrosuem Kowiu) Ha3sIBAETCS yCIOBHE

y(%) =Y, (XO, Yol R), KOTOPBIM 3a/1a€TCs JIOMOJHUTENbHOE Tpe-

ooBanue Ha pemenue Y(X) muddepeHInanTbHOro ypaBHeHHs.
Obwum pewenuem nuddepennmansHoro ypasuenus (22.2) B
oomactu D' (X, y) HaseBaercs ¢pynkuus Yy =j (X, C), ymoBierBo-

pAOIIAst YCIOBUSIM:
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1) j (X, C) sBnsercst penieHrueM AaHHOTrO auddepeHIInaIbHOro
ypaBHEHUS TIPH JTI0OOM 3HAUEHUH MTPOU3BOIBHON MOCTOSSHHOH C;

2) nnst moOoro HavanbHOro ycnoBus Y(X,) =Y,, Takoro, 4ro
(X, ¥o)1 D, cymectByer enuncTBennoe 3nadenue C=C,, mpu Ko-
TopoM peurerne Y =j (X, C,) ymoBierBopsieT HauaIbHOMY YCIOBHIO.

Oo6rmee perrenre @(X, y, C) =0, 3aganHoe B HEABHOM BHjIE, Ha-
3BIBACTCS 0OUUM UHMEZPATIOM OUPhepeHuanbHo2o ypasHeHus.

Yacmuvim pewenuem nupdepeHnaibHOr0 ypaBHEHHS Ha3bl-
BAETCsl BCSIKOE PEIlCHUE, TMOMYyYeHHOe M3 OOLIEro Mpu KOHKPETHOM
3Hauenun C =C,.

3aoaueit Kowu Ha3bIBaeTCs 3a7ja4a OTHICKAHUS YacTHOTO pelie-
Hus udGepeHIMaIbHOTO YpaBHEHHMSI, YAOBJICTBOPSIONICTO 3a/IaH-
HOMY HayaJlbHOMY YCJIOBHIO y(X0)= Yo- 'eomerpudecku oOieMy
PELIEHUI0 HAa KOOPJIMHATHOM IIJIOCKOCTU COOTBETCTBYET CEMENCTBO
UHTErpajbHbIX KpuBbIX Y =] (X, C), 3aBucsiiee OT YHCIOBOro Ia-
pamerpa C, a YaCTHOMY PEHICHUIO — ONpenelieHHasi MHTerpajibHas
KpUBast, IPOXO/SIIas uepe3 TOuKy (Xy, Yp)-

Teopema Komm. Eciu dynkuus f(X, y) HenmpepsiBHA U UMeeT

i
HENPEPHIBHYIO TTPOU3BOIHYIO ﬂ_ B obsactu D, To pemenue audde-
y

peHIMaibHOrO ypaBHeHus (22.2) TpuM HAYaJbHOM  YCJIOBHUH
V(%) =Yy, (X, Yo)! D cymecTByer u eTMHCTBEHHO.

Pemenve nuddepennmaibHOro ypaBHeHuUs, BO BCEX TOYKaX KO-
TOPOTO HE BBHIMOIHSETCS YCIOBHE €AMHCTBEHHOCTH, HAa3bIBACTCS 0CO-
obim pewenuem. Ocoboe pEIICHHE HE MOXET ObITh TOJIYYCHO W3
obmiero perienus U epeHIINaTbHOIO ypaBHEHUS HU TPH KaKOM
3HAUCHHH MTPOU3BOJIBHOM mocTosiHHOM C.

HuddepennmansHoe ypaBHeHHE BHIA

(g, (y)dx+ f,(X)g,(y)dy =0, (22.3)
rae f,, f, — bynkuun nepemennoit X, ¢;,d, — GyHKunM nepe-
MEHHOW Y, Ha3bIBACTCS YPAGHEHUEM C Pa30esaiouumMucs nepe-
MEHHBIMU.
Jns pemenus ypasuenus (22.3) npenmonaraior f,(X)1 0 u
0,(y)* O. INounennsm nenenueM ypaBHenus (22.3) na f,(X) %g,(y)
ero CBOJISIT K YPABHEHUIO
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fl(x) dX - gz(y) dy, (224)
f2(x) a:(Y)
KOTOPOE B JIGBOW YaCTH COJEPIKUT BHIPAKEHUE TOJIBKO OT TEpPEeMeH-
HOHM X, a B MPaBoil — TOJIBKO OT MEPEMEHHOW Y (3TUM OOBSCHSIETCS
Ha3BaHWE JAaHHOrO THMa aAudQepeHnnanbHbIX ypaBHeHwuil). [lanee
MHTErpUpYyIOT paBeHCTBO (22.4) (cneBa — 1O MEpeMEeHHO X, a crpa-
Ba — 110 Y) M MOJIyJaroT 001Iee perieHune.
Orpannuenus f,(x)* 0, g,(y)* O moryr nmpuBect: K morepe

pelleHuii, modToMy cieayer pemuts ypaBHeHuss f,(X)=0 wu
0,(y) =0 m ycraHOBUTH NOJCTAaHOBKOW B 3aqaHHOe auddepeHiy-

aNbHOE YpaBHEHHE, SIBJSIFOTCS JIM OHU pelieHrneM auddepeHuas-
HOT'O ypaBHEHHsI. 3aTeM HEOOXOANMO OMpPENeNUTh, BXOIAT JH OHU B
ob1ree perienne (MK ABJSIOTCSA OCOOBIMHU).

2 X
IMpumep 1. [lokazath, 4o GyHKIUS Y = Ev +? SBJISETCS PENIEHHEM
X

nuddepennmansHoro ypasHenus (2y- xy§x = 2.

2 2x
Pewenue. Tlponuddepenimpyem Qpyuximio: yo= - ? +?. IToncra-
X

BHM e¢ B 3a71aHHOe quddepeHnmansnoe ypaBHeHUE:

& x 24 o) ® 2 24
e+ X0 (B 2 XU, P20, 2 X0y
€% 30 & 32 3 &x 3 3x 305

B utore nomy4daeM TOXIECTBO

E><)(:2 Wi 2= 2.
X

2
X
DTO NOKa3bIBACT, UYTO PYHKIUSA Y = ™ +? SIBJISIETCSL PEUIEHUEM 3aJIaHHO-
X

ro qudGepeHITUaTEHOTO YPAaBHEHHUS.

Mpumep 2. [oxasath, uto paBeHcTBO (1+ yz)(1+ XZ):C SIBIIICTCS

00IIIM UHTErpajom nuddepeHnnanLHOro yYpaBHEHUS
(x+xy?)dx+(y + yx?)dy = 0.
Pewenue. Bbruuciaum HpOU3BOJHYIO  HESBHOMN (GyHKIHI
F¢
F(x, y) =01+ yz)(1+ xz) - C 1o dpopmyne y§=- F—X¢:
y

nockomsky F8= 2x(1+ y?), Fg#=2y(l+ x?), To
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yo=- 2x(L+y?) _ X(1+y?)
2y(1+x3)  y@l+x?)
IMoacrasum Y§¢ u dy = y§dx B 3amanHoe auddepeHIHaIbHOE ypaB-
HEHUE;

.
(x+xy?)dx+(y + yxz)g- %gdx:(xwyz- x- xy2)dx = 0.
y(d+Xx g

Honyuwmmu Toxxaectso 0 =0, uTo u M0Ka3bpIBaET TpeOyeMoe.

Mpumep 3. Haiitu obuiee pemenne nuddepeHnnansHOro ypaBHEeHUs:
1) Vx2 +4yt=x; 2) ydx+(1+ x?)dy =0; 3) y¢+cosy =1.
dy

Pewenue. 1) Vcnons3dyem TO, 4TO y¢:d—, U 3aIMIIeM HCXOJHOE
X

middepeHnnansHOe ypaBHEHHE B BHIE

e +4;ﬂ =x wmm v X? +4dy = xdx.
X

Tak kak VX°+41 0 ams Becex XI R, To mpeoGpasyeM ypaBHEHHE K
xdx

Buay dy = .
VX2 +4

N\
WurerpupyeM TmocieHee PaBEHCTBO: Oiy=

N xdx
O\/ X2 +4

y=+x?+4+C — obuee pereHne 3a1aHHOT0 AuhepeHINATBHOTO ypaB-

[Monyuyaem

HEHUSI.
2) Tlpennonaraem, uro Y 0, a Tak kak 1+ x?*1 0 musBeex x1 R, T0
mpeoOpasyeM 3amaHHOoe JuddepeHIManbHOE  ypaBHEHHE K BHIY

dx _dy

1+ %2 Yy
HuTerpupyem mocienHee paBeHCTBO: - c\ldiz = \dy.
+ X
[Tonyuaem:

-arctgx =In|y| +InC, C >0.

[pousBonpHy0 KOHCTaHTy 3amucanu B ¢opme INC mns ymobcrsa
JIANTbHEHIINX TTpeo0pa3oBaHuii:

InC|Y|:'arCth. C|y|:e'arCt9X, T. €. y:Ce-arctgx.

3aMeTI/IM, qTo npeo6pa3OBaHI/m AHAJTUTUYCCKHUX BI)Ipa)KeHI/Iﬁ IpOn3BO-
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JATCA C TOUHOCTBIO 10 KOHCTAHThI C.

Taxum obpasom, y = Ce ¥9%

— o0IIee perreHne UCXOAHOTo TUdde-
PEHIMATBHOTO YPaBHCHUS.

[Iposepsiem, sBnsercs mu pemenueM Y = 0. [oacraBnsem B 3a1aHHOE
nuddepeHImaibHOe ypaBHeHUE U BUANM, 9T0 Y =0 SBIIIETCS pelieHueM
nuddepeHIMaIbHOro ypaBaeHus. OMHAKO OHO HE SABJSIETCS OCOOBIM, Tak
Kak moirygaercs u3 oomrero pemenus mpu C = 0.

[MpuxoauM K OTBETY:

y = Ce ¥ _ oGmee pemenne, C = const.

3) Ucnonb3zys To, uro yt= v 3alHIleM ypaBHEHUE B BUJIE
X

ﬂ =1- cosy.

dx

[pennonaraem, uro 1- cosy® O u mpeoOpasyeM ypaBHEHUE K BHIY

. oda

_d =dx. Mcnonesys dopmyny Tpuronomerpun 2sin®= =1- cosa,
1- cosy 2
HHTETPUPYEM MOCIEHEE PABCHCTBO! = Nyx, = X

rpHpY! P Q- sy cosy O Oz—sinzl o

2
Nmeem:
-Ctg%=X+C I Ctg%=C- X.

Takum o6paszom, monydaem Y = 2arcctg(C- X)+2pn, nl Z — obmee
pelieHne HCXOaHOro AuddepeHInaaIbHOro ypaBHEHHS.
IpoBepsieM, fnaer jiu paBeHCTBO 1- cOSY =0 ocobsie pemenus. [Tomy-

uaem, Y =2pk, ki Z —»510 ecth 0cOOBIC pemenns ucxomuoro quddepen-

LIMAJILHOTO ypaBHEHHUs. TakuM 00pa3oM, pelieHne 3a1aHHoro auddepeHim-
aJbHOTO ypaBHEHUS!

6r=2ata(C- 0+ on 1 7, 4 2
IMpumep 4. V3BecTHO, YTO pEIICHUEM HEKOTOpOro auddepeHiuaib-
HOTO ypaBHEHUs SIBISETCS CeMeicTBO mapabon Y = X +Cx. Onpeiennts
910 MU dhepeHITuaIEHOE YpaBHEHUE.
Pewenue. [IuddepeHnupys paBeHCTBO Y = x> +CX, uMeeM
y¢=2x+C. (22.5)
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2

Bripasum C w3 ypaBHenus mapabonsr: C = y- X , X1 0. TloacraBur
X
y _ y- X
Haiinennoe 3Hauenue C B ypaBuenue (22.5), momyumm yC=2x+
X
T. €.
1
y¢ —y=x (22.6)
X

3amaHHOe ceMeicTBO mapabon sBJsieTcs pemeHneM andQepeHyalb-
HOro ypaBHeHuUs (22.6).

Mpumep 5. [lokazars, 4to X2 - 4x+ 2y+ y2 =C sBnsiercst 0OMIKUM HH-
TerpanioM JubdepeHnraipHoro ypaHenus (X- 2)dx+(y+1)dy=0. On-

PEJIENUTh YacTHBIC HHTETPAIIbl, €CJIM M3BECTHO, YTO HHTETPAbHBIC KPUBBIC
npoxomsIT cootBercTBeHHO uepe3 Touku (0, —1) u (2, 0), moctpouts 3TH
KpHUBBIE.

Pewenue. BerauciiiM NPOM3BOHYO HEIBHOW (QYHKIUHK 110 HopMyrie

:-% rae F(x y)=x%- 4x+2y+y?- C.

2x- 4 X-2
Torma =- ——=- ——, [loacraBum u = X B 3a/1aH-
y¢ ayr2 yel y$ u dy=ygd
Hoe uddepeHnransHoe ypaBHEHHE:
(x- 2)dx+(y+1)? X'—ngx: 0 unu
& ytlg

(x- 2)dx- (x- 2)dx =0.

Honyuannu ToxnectBo 0=0. D10 AOKa3bIBaeT, YTO 3aJaHHAsI HEIBHO
(GyHKIUS SBASETCA OOIIMM HMHTETPaioM HCXOMHOTO IU((EpeHIINATEHOTO
ypaBHeHHS. {7151 HAXOXKACHUS YaCTHBIX WHTETPATIOB U MPOXOJIIIUX UYepes
3aJIaHHBIC TOYKH WHTETPATBHBIX KPHUBBIX ITOJCTABJISIEM KOOPIUHATHI 3THUX
TOYEK B OOIUIT MHTETPAJ U OMPENEIIIEM COOTBETCTBYIOIINE KOHCTAHTEHI.

Just rouku (O, —1) momywaem: -2+1=C;, wm C, =-1. lna Toukn
(2, 0) monyuaem: 4- 8=C, wm C, =-4. Torna 4acTHEIMH HHTErpajaMu
OynyT:

X2 - Ax+2y+y? +1=0 u x*- 4x+2y+y* +4=0.

WHTerpanbHBIME KPUBBIMH SIBISIFOTCS KOHICHTPHYECCKHE OKPYKHOCTH
C IIEHTPOM B TOUKE (2, - 1) u paguycaMu 2 U 1 COOTBETCTBEHHO. DTO BHJI-

HO, €CIIM B NOJYYEHHBIX YACTHBIX MHTErpajiaX BBIACIUTH MONHBIM KBaapaT
IO XU IO Y:
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(x- 2% +(y+1)* =4,
(x- 22 +(y+1? =1

I'padukn uHTErpaTBHBIX KPUBBIX N300pakeHbI Ha puc. 22.1.

Puc. 22.1

Ipumep 6. Haiitn yactHoe penieHne auddepeHnnaIbHoro ypaBHeHHS:
1) 2xdx- (1+x3)dy =0, y(0)=0; 2) l¢:|n y, y(2)=1
y

3) y¢=2e*sinx, y(0)=1.
Pewenue. 1) Pa3nenus ypaBHenue Ha 1+ X210, MOJTYY UM
2X

1+ %%
HHuTerpupyem JeByIo U IpaByIo YacTH:
N 2X

y= Q—zdx; y=In@+x?)+InC.
+X
Honyuaem Y =InC(1+X?) — obuiee pelerne ucxoqHoro auddeper-
uanbHoro ypasuenus. Ioncrasisem Havansaoe yenoue Y(0) =0 u Ha-

xonuM koHctauty C:
0=InC umu C =1.

Hauum gactHoe pemenre Y = In(1+ X?).

2) IlpeoOpa3ys 3aaHHOE YPaBHEHHE C YIETOM TOTO, YTO y¢:;ﬂ, mo-
Iny
nydaem dX=—=dy. /lasee uHTerpHpyeM:
y
Ayix = \Inydy Wi X = In® y+C 9TO OOIIUI WHTETPaJl HCXOHOTO
oo ; i g o

YpaBHEHUS.
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Hcnonp3yem HayalbHOE YCIOBHUE: B MOIYYEHHOE PELICHUE MOACTABIIA-
eM X=2 u y=1. Haxogum xoHcTanry C:

2 2
:InTl+C, 1. ¢. C =2. 3Hauur, X=In y

+ 2, oTKyJla 1ojyJaeMm:
2( =In? i
X- 2) =In“y —uckomMoe yacTHOe perieHue (YacTHBIN HHTErpa).

3) C yuerom paBeHCTBa y¢=;ﬂ nonyuaem dy =2e*sinxdx. HUurer-
X

pupyem: c\jiy = ZGX sinxdx wmm y= ZGX sinxdx+C. Beruucasem mo-

CJ'IeI[HI/Iﬁ MHTErpa, ABaKibl MHTCIPUPYS 110 YaCTIM:

u=¢e*, du=e"dx

A sinxdx =
O dv=sinxdx, v=- cos

Xl =- e"cosx+ GX cosxdx =

u=e*, du=e*dx,
dv =cosxdx, v=snx

. N\ .
=-e“cosx+esnx- Oxsmxdx.

N\ . .
Otcrozia monydaem ZOX sinxdx = e*(sinx- cosx).
Taxum o6pazom, Yy =e€*(SinX- cosx)+C — obluee peleHre UCXOIHO-
ro auddepennunansaoro ypasaenus. Ioacrasmsas B wero X=0, y=1, na-

xomnm C: 1=€%(sin0- cos0) +C, T.e. C =2. YaCTHBIM pelIeHHeM SBIs-

erca y=e*(Sinx- cosx)+2.
3aoanusn

| yposens

1.1. Tokaxxute, 4TO NaHHast QyHKIHSA SBISIETCS PEIICHHEM COOT-
BETCTBYHOMIEro MU pepeHIraibHOr0 ypaBHEHMS
1) y=cosx+4x, y¢=4- sinx;

2) y=x2Inx3, xy¢=3x%- 2y;,
_ 3
3) y=(1 X) +(1- X)Z, 3y¢+ 3y2
3 x-3 (L- )
4) y=¢e*, yt ey*+2y=0.

=7- 4x;

1.2. Pemmre ypaBHEHHE:
1) ye=3Jy*;  2) y¢=tgxxgy;  3) (y- Jdx+(x- dy=0;
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8 . 5) y¢=y’sinx; 6) yo=——

4) y¢= .
)y X2-16 1'X2

1.3. HaliguTte yacTHOE pelIeHne ypaBHEHUS:

1) y¢=8x3, y(0)=0; 2) V1- x?dy- 2xdx=0, y(0)=-2
3) yorsinx=0, y(p)=L 4) 4x+Ddx+(y- Ddy=0, y(0)=1.

Il yposens
2.1. lokaxuTe, 4yTO 3a/laHHasE HEIBHO (D)YHKIUS SBJIICTCS pele-
HUEM COOTBETCTBYIOIIEro Tu(depeHnnaIbHOr0 ypaBHEHHS !

1) y*- x*- y=0, y&x*+y?)- 2xy=0;
2) 2x*+y?-1=0, 2x+yy¢=0;

3) y(nx+x)+y=1 xy¢ y?Inx+y=0;
4) y=|x", xyt=my.

2.2. Pemte ypaBHEHHE:

1) y(1+x?)yb+ x(1+y?*) =0; 2) e'dx- (1+e)ydy =0,
3) ye=(x+2)%-1; 4) yt=2€e*cosx.

2.3. Pemnre 3amavy Komm:
1) %ﬂey =0, y(1)=0; 2) (x*-1)yer 2xy* =0, y(0)=1;
3) xyt=-2Y -1 4 (xy? +y)dx- xdy= -
) Xy et y(e)=1 )(xy +y) X- xdy=0, y(1)=1.

5) (y- Jax+(x+4)dy=0, y(-3)=4

2.4. JlokaxuTe, 4YTO TapaMeTpHyecKH 3aJaHHas (yHKIUS
i x=te
i y _tee_t’ SIBJISIETCS PEIICHUEM YPaBHEHUS (1+ xy) y&+ y? =0.
Ty =
2.5. Jlokaxute, uro coorHoiienne Y(X-1)=C sBusercs 00-

UM perieHreM (oOumM uHTerpanoM) auddepeHnnanTb»Horo ypas-
nenust (X- DyC+y=0. Onpenenure yactHble pemieHusi (YacTHbIE
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WHTErpajbl), €Cli HHTErpajbHble KPHUBBIE MPOXOIAT Yepe3 TOUKH
(0, 0), (O,—12) u (2, 1), mocTpoiiTe 3TH KPHUBHIE.

1l yposens
3.1. TlocrpoiiTe MHTErpaipHble KpHBBIE AH(QepeHInaTEHOTO
ypaBHEHHUS:

1)ﬂ=—2|xy|; Z)Q: X"y :
dx  xy dx 3x-y|

3) dy_ vy, 2) dy _[o, afige y? x,
dx x+|x|’ dx |L anée y=x

3.2. CocraBbre auddepeHaIbHOE ypaBHEHUE 3aJaHHBIX Ce-
MEHUCTB KPUBBIX:

1) x¥*+y?- Cy=0 2) y=Csinx+cosX;
NG yz _x

3) —+2-=1; 4) y+Ce¥* =x

)4 c )y

3.3. CocraBbTe auddepeHiraibHOe ypaBHEHHE CEMEHCTBAa OK-
pyxHOcTe# ¢ 06mum neatpom O(3, 1).

3.4. CocraBbTe auddepeHiaibHOe ypaBHEHHE ceMeicTBa ma-
pabo, kotopsie mpoxoaar yepe3 Touky (1, 0) U mwis KOTOpBIX OCh
aOCIIHCC SIBJISETCS OCBI0 CHMMETPHH.

3.5. MarepuanbHas TOYKa JBUKETCS IO MPSIMOH CO CKOPOCTBIO,
00paTHO MPONOPLIMOHAIBHOM MpPOiIeHHOMY MyTH. B HayambHBIH
MOMEHT JBM)KEHUS TOUKa HAXOAWIACh HA PACCTOSIHUU 2 M OT Hayala
oTcyera mytd u umena ckopocts 30 M/c. HaiiinTe npoiiieHHbIH TyTh
U CKOpocTh ToukH 4epe3 10 ¢ mocie Havaga JBHKEHUS.

22.2. Onnopoaubie nuddepeHnuaIbHbIE
yYPaBHeHHs. YpaBHEHUsI, CBOASIIHECS
K OTHOPOJAHBIM

HuddepennmanbHoe ypaBHEeHHE BHIA
f,(x, y)dx+f,(x, y)dy=0 (22.7)
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Ha3bIBAIOT 00HOPOOHBIM, ecn 00e Gynkimu f, m f, sBmsrorcs on-

HOPOAHBIMHU (DYHKIHMSIMH OHOM W TOH K€ CTeleHH N, T. e. I mapa-

merpa t Bemommsorest: f(tx, ty) =t"f (%, y), f,(tx, ty) =t"f,(x, y).
OMHOPOIHOE YPaBHEHUE MOXKET OBITh CBEICHO K BHJIY

_. &0
ye=j € + (22.8)
Xg
rJe | — HEKOTOPOE BBIPAXKEHHUE OTHOCHUTEIIHHO Y
X

JIist perieHnst OJJHOPOHOTO YPaBHEHUs €ro CBOIT BHayaje K
Bujy (22.8), a 3areM 3aMeHSIIOT Y- z, tae z=2(X). Droi 3aMeHOi
X

i depenmanbaoe ypaBHenue (22.8) npuBomuTCs K ypaBHEHHUIO C
pasaensIonMMucs epeMeHHbIMU. VHoria nenecoodpasHee caenaTh

X
3ameHy — =z, rae Z = Z(y).
y

Huddepennmanbroe ypaBHeHHE BHIA

o= f gemg (22.9)
& X+thy+C, g

IPY ONpPEAENeHHBIX 3HaUCHUIX &, &, b, b,, C;, C, cBoaMTCA K Ox1-

y

HOPOJHOMY YpaBHEHHIO. PacCMOTpPUM TPH BO3MOXHBIX CIydast KO-
3¢ uueHToR:

1. Ecnu &, ﬂ, TO JIeTIat0T 3aMEeHY IepeMeHHBIX:
)

X=u+a,
[y:v+b, v=v(u), (22.10)

rIe yuciia 8 u D HaxomsaT kak perieHue CUCTEMbl YpaBHEHHIA

aa +bb +¢ =0,
[aza +b,b +c,=0. (22.11)

Droii 3amMeHol muddepernnansHoe ypaBHeHue (22.9) cBoaurcs
K YPaBHEHHUIO

du~ Eau+byvy

I[anee €ro peuIaroT Kak O JHOPOAHOC.
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2. Ecmm k = A - ﬂ 1 &, TO ypaBHeHue (22.9) 3aIMChIBAIOT B BUJIE
&

y¢: fgk(azx"'bzy) +C12, kT R,
é HXthy+c, 4
U 3aTeM 3aMeHSI0T Z=a,X+h,y, rae z=2z(X). Dra 3amMeHa mpuso-

T K auddepeHnnaibHOMy YPaBHEHHIO C PasJIelsIOIIMMUCS Tepe-
MCHHBIMMU.

3. Ecmn —=—==—== k, k1 R, To umeem

&
_ ¢ (@ x+hy+c,)0
¢_ f (‘, -1
é axthy+c, 4

T. e. dy = f (k)dx. Jlanee unrerpupyor.

y

IIpumep 1. Pemuts ypaBHEHUE:

1) (x+2y)dx- xdy =0; 2) xyt=x*- y* +y;
3) gey+xsin§2dy- ysinidx:O.
e Ya y

Pewenue. 1) 1,(x, y)=x+2y, f,(X, y)=-x Tax kax
fi(tx, ty) =t(x+2y), f,(tx ty)=t(-x),

to f; m f, —omHOpOMHEIE HYHKIMNU MEPBON CTEIIEHH.

Jenaem 3ameny. O4eBUAHO, UTO JeJIEHUEM Ha X (X1 O), ypaBHEHUE

CBOAUTCS K BUIY gﬁ& ZXEdX- dy=0, t.e. ;ﬂ :1+2X wm y¢=1+ ZX.
X g X X X

3amensiem Y = z, tne z=2(X), orkynma y=x*z u Yy¢=z+xz¢ Tlozcras-
X

JIsisl B KCXO/HOE AudepeHIaIbHOe ypaBHeH e, mojydaem: Z+ xz¢=1+ 2z,

dz
T.e. X—=1+2z
ax
dx _ dz
Paznensiem nepemennsie (npu ycnosun 1+2z1 0): — =1T. WuTer-
X z
HUpyeM: Al _ A dz wm In|X =In[1+Z+InC. Otcrona X —¢
prpYeN: Oy = Qa2 ' 1+z

B03BpamaeMc51 K CTapbIM NEPEMEHHBIM, IOACTABIISIEM BMECTO Z BhIpa-
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JKEHHE X Tornma oOmMit HHTErpaJl KCXOAHOTO MU(QEepEHIMATHHOTO ypaB-
X

2

HEHHS UMECT BU.

+y_

Paccmotpum otaensHO Bo3MoxHbIe pemiennss X =0 n 1+z=0, koro-
Yy _ -
pBle MBI MCKItouanu. B mocnennem cimydae umeem 1+==0, T.e. y=-X
X

IoncraBnsem Xx=0 u Yy =- X B 3amanHoe nudepeHaIbHOe YpaBHEHUE

U yOexaaeMcsl, YTO OHU TaKXkKe SIBISIFOTCS ero peureHusmu. [Ipu sTom pe-

menue X =0 comepxurcsa B popmyne obmero unrerpana npu C =0. Pe-

HICHHE Y = - X HE COMEPIKUTCS B MONYyYCHHOH (hopMyIie 00IIero HHTerpana.
é x2

. e—

[ToaTOMy OKOHYATENBHOE PELICHHE! ax+y

By =-x

2) Paznenue nuddepenimansHoe ypapaenue Ha X (X1 0), momyuaem:

:C’

y

0
- ?/—+ += — 3TO OmHOpOAHOE TU(QEpEHIMATHLHOS YpaBHEHUE.
Xg X

ITocne 3aMeHsl Y- Z, Tae z= Z(X), umeeM Z+xz0=+/1- ZZ + 2
X

):[anee MIpUBOANM HOI[O6HI>I€ n pasacideM IMCpEeMCHHBIC, CUHTAasA

dz X
1- 210, 1.e. z1 1. [onyqyaeM ——— :d—_ Wnterpupyem u nomyua-
X

1- 72

em arcsinz=In|x +C.

Bo3sBpariaeMcst K cTapbIM EPEMEHHBIM, MONTyYaeM 00IIee PEeLICHHE:

arcsinY = In|x|+C.

X

AnanusupyeM, sBisiotess au pemenusmu X=0 uw z=%1 T.e.
y =+X. IloncraBnstem X=0, y=X, Yy=-X B 3amanHoe muddepeHu-
anpHOe YpaBHEHHE M yOexmaeMmcs, 4to X =0 He SIBISIETCS PEIICHHEM 3a-
naHHoro quddepeHIMansHOro ypaBHeHus, a Y =X, Y =- X SBJISIOTCS pe-

IICHUAMHU, KOTOPBIC HE BXOAAT B MOJYYCHHOC 06mee peUICHUC. HpI/IXOI[I/IM
K pCHICHUIO UCXOAHOT'O I[I/I(l)(l)epeHHI/IaJ'IBHOFO YPaBHCHMUSI:

garcsin¥:ln|x|+c,

gy = *x.
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3) 3anuiem 3aJaHHOE YpaBHEHHE B BHIIE

Hemum eronay (y* 0):

A+ Xsin 22 inXxe=o0. (22.12)
e Y VYg y

Jlemaem 3aMeHy X= z, tne z=2(y), T.e. X=yz u x¢=z+yz¢ Io-
y

Clie MOICTAaHOBKH B ypaBHeHue (22.12) monydaem:

(1+zsinz)- sinz(z+yz¢$ =0, T.e.
(1+zsinz)dy - sinz(ydz+ zdy) = 0.
IMocne ynpowenust umeem dy- ysinzdz =0.

Jlenum nepeMeHHbIE! ﬂ =snzdz

WurerpupoBanue naer:
In|y|=- cosz+C wm In|y| +cosz=C.

X
Bo3BpamaeMc;1 K CTapbIM II€PEMECHHBIM, HUCHOIBL3Ysd Z=—. Torz[a 00-

o X
IV UHTErPaJl UMEET BUJI: In|y| +cos— =C.
y

Mpumep 2. Pemmts 3anauy Komm:

1) (y*- x*)dx- 2xydy =0, y(1) =1.
2) (y- 2x)dx+(x+2y)dy =0, y(1) =3.

Pewenue. 1) Ito omHOpoHOE ypaBHEeHHE. Pa3nenup 3aqaHHOE ypaB-

2 .
Henne Ha X°, X! 0, momyuaem:

HIIH,
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2 i

5
ol - 12ax- 2Yay =0,
8 5 x

Jemaem 3ameny Y- Z, dy=xdz+zdx roe z= Z(X) :
X

(2% - Ddx- 2z(xdz + zdx) =0
TIpUBES TTOJOOHBIE,

- (2% +1)dx- 22xdz = 0.
Pa3nensem nepemeHHbIE!



2z X

. dz=- &, (22 +11 0).

z+1 X

WuTerpupyem nocuenHee ypaBHEHUE:

In(z2 +1) =- In| x| +InC,

. C
T. €., HCTIONB3Ysl CBOJCTBA orapu(mMa, nMeeM - +1= ﬁ
X

Ke)

2
BosBpamasce k crapbIM NEpPEeMEHHBIM, HOITy4aeM: Y 41= — 00-

2 |X

x

H_II/Iﬁ HUHTErpal UICXOAHOTI'O YpaBHCHUAA.
HOI[CTaBJ'IHeM B HErO Ha4aJlbHBIC YCIIOBUS X = l, y= lu HaxoJauM C:

1
—+l=— um C=2
1
3HauuT, peneHreM 3aaauu Komu ssisieTcs
2
2
y—z +1=—.
X | x|

2) D10 ypaBHeHHe ogHOpoaHoe. Paznenus ero Ha X (X! 0), momydaem:

B 20+ F+2Y%y =0,
& 5 & “xp

Jemnaem 3ameny Y- z, tne z=2(X), y=xz, dy=xdz+zdx:
X

(z- 2)dx+ (1+2z)(xdz+ zdx) = 0.
TTpuBOMM TIOIOOHBIE:
(z- 2+z+27°)dx+ x(1+22)dz =0 wm

2(2% + z- Ddx+ x(1+22)dz=0.

Paznensiem nepemenHble, cunuTas Z2+z-11 0:

12z g, 2% (22.13)
z7+z-1 X

Janee unrerpupyem ypasHenue (22.13) u moigydaem:
In‘zz+ z- q +2In| =InC.

Hcnonp3yem CBOICTBA Jorapudma 1 moryJaem: (Z2 +2z-1) x? =C.
Bo3BpariiaeMcst K CTapbIM EPEMEHHBIM
5 .
(0]
aq%+z_ 1:x* =C wm y? +xy- x* =C.
8 x5
Ortcrofa nonyyaem:
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y? +xy- x> =C — oGuwmii HHTerpan 3a1aHHOro ypasHemus. Ilojcra-
BHB B HET0 HavajbHbIC yeaoBusA: X =1 y =3, momyunm C =11.

Pemenue 3anaun Kommu: y2 +Xy- x? =11.

Ipumep 3. Haiitu pemenne quddepeHInansHOro ypaBHEHUS:

-2X+4y- +y+ +
1) ye=2XHAY-6. 5 o 2XTYHL 3) yo= XY+
X+y-3 4x+2y- 3 AX+2y+2
Pewenue. 1) Do ypaBHEHUE HE SBISETCS OJHOPOAHBIM, HO CBOTHUTCSI
K ofHOpoaHOMY JuddepeHnnanpbHOMyY ypaBHEHHIO. Tak Kak &, %, T. €.
a
-2, 4
4 7T clienaeM 3aMeHy MmepeMeHHbIX 1o ¢popmyse (22.10):
X=u+a
{y:v+b, v =v(u). (22.14)
Yucna a u b Haiigem u3 cuctemsl ypaBHeHuit (22.11):
-2a +4b - 6=0, a=1
a+b-3=0, " \p=2
. X=Uu+]
Torna cucrema ypaBHenui (22.14) npumer Bu/ M

HOI[CTaBI/IB OTYy 3aMCHY B 3aJaHHOC YPABHCHUC, HOJ'Iy‘II/IM:
dv _-2u+1)+4(v+2)- 6

—_— = WiIn

du u+tl+v+2-3

dv _-2u+4v
du u+v

— ogHOpoIHOE U hepeHIINAEHOS YpaBHEHUE.

Y
CnenaeM 3aMeHy MepeMEHHbIX: — =2, rae z=2z(U); V=uz
u

dv = udz + zdu. TloacTaBuB ee B mocieqHee ypaBHEHHE, MTOTYIHM:
udz+zdu _ - 2u+4uz

du  u+uz
(-2+42)du = (1+ 2)(udz + zdu),

(- 2+ 4z)du = u(l+ 2)dz+(z+ Z2?)du,
-u(l+z)dz = (2 - 3z+2)du.
Pazgenum nepeMenHble, nonaras Z2- 3z+21 0, momy4mm:

1+z du
2— dZ:'_
Z°-32+2 u

nimn
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1+z
Z-3z+2
1+z 3 2

2-37+2 -2 z-1

IIpeoOpazyeM apoOHOE BBIpAXKEHUE MIPEJICTABUB €r0 B

BH/I€ CYMMBI POCTEHIINX JApoOeii:

Torna nonyuaem:

HHTerpupyem mocnenHee ypaBHEHHUE:
3In|z- 2- 2In|z- 1 =- In|u|+InC,,
In |2- 2|3 +Inju|=InC,
(z-12)° |
u(z- 2)° _
(z- 17

Bo3BpaIuaeMca K CTapbIM EPEMCHHBIM:

.3
(x- D& 2. 29
x-1 ] =C
.2 '
&y - 2_12

8X- 1l g
IMocne ympomienus nonydaem: (Y- 2X)3 =C(y- x- 1)2 — o0mmii uH-

Terpai 3aJaHHoro AudHepeHIHaTEHOTO YPaBHCHUS.
Kpome toro, penienneM ucxomHoro audhepeHnuanisHoro ypaBHEHUs

oyner z°- 3z+2=0 wm y=2Xx u y=x+1.
Pemrenue y = 2x Bxomut B obmuit uaterpan npu C = 0. Takum obpa-

30M, HICKOMOE pelieHre U QepeHInaIbHOr0 ypaBHEHNS

g(y- 2x)3 =C(y- x- 1)2,

gy = x+1.
2) Tak kak & - ﬂ :E 1 &, TO 3aJaHHOE ypaBHEHUE IIPUBOAUTCS K
a b 2
+y+
YpaBHEHHUIO y¢:M.
2(2x+y)- 3
3amensiem z=2x+Yy, tae z=2(X), y=2z- 2%, yb=2z0¢ 2.
z+1
Monyunm: z¢ 2= .
i 2z- 3

179

Pa3nengem nepemeHHbIE!

gz 5z-1) WIH 22- 3dZ=5dX, (cuutaem z1! 1), T.e.
dx 2z-3 z-1

5. igdz = bdx.

& z-1p

Wnterpupyem:

2z- In|z- 1| =5x+C.

Bo3sBpariaeMcst K cTapbIM MEPEMEHHBIM U TIOJTyJaeM OOIINIA HHTErpa:

2y- In|2x+y-1- x=C.

Kpome Toro, peueHneM HCXOAHOro AU(dEpeHIMANTEHOr0 YpaBHEHHUS
oyner z=1 wmm 2x+y =1 T1.e. y=1- 2x. Takum 0Opa3om, HCKOMOE pe-
urenue audGepeHnnaIbHOr0 YpaBHEHHS:

€2y- In|2x+y- 1- x=C,

gy=1- 2x.

3) Tax kax & :ﬁ :&, T. €. E =£=£, TO 3aJJaHHOE ypaBHEHHE
b, b, o 4 2 2
CBOJUTCA K YPAaBHCHHIO
dy  2x+y+1

dx 2(2x+y+1)
IMocne cokpamienust umeeM 2dy = dX. MHTerpupyem u moiydaem 00-
ee pelIeHrue HCXOIHOTo Tu(GepeHIMaIbHOro ypaBaeHus: 2y = X +C.

3aoanusn
| yposens
1.1. Pemmre ypaBHEHHE:
1) (X* - y?)dy+2xydx =0; 2) 2xdy- (x+2y)dx=0;

3) (y*- 2Xy)dx+ (X" - 2xy*)dy =0.

1.2. Pemmwre 3apauy Komm:

1) ye= Yy =1, 2) xyt=y- 2x, y(1) =0;
X- 2y

+ X2+ 2
3) ye= YN TV ny y(1) =0.
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Il yposens
2.1. Pemte ypaBHEHHE:
2X+2y- 4 6X+4y+2
3) y¢:L2; 4) yq::M_
2x+y-4 3x-7y-3

2.2. Pemnre 3amavy Komm:
1) (x+y-Ddx- (5x- 7y+2)dy =0, y(0) =1,
2) (x+y+1dx- (2x+2y- DHdy=0, y(0) =1
3) (x+2y+Ddy- (2x- y+1)dx=0, y(0)=1.

1l yposens

3.1. Hanumute ypaBHEHHE KPHBOH, MPOXOSIIEH 4Yepe3 TOUKY
(—1; —1) Tak, 4TO paccTosHHE OT Hayaja KOOPIMHAT 10 000 Ka-
caTellbHON K 3TOW KPUBOHM paBHO aOcIHcce TOYKH KacaHUsl.

3.2. JlokaxuTe, 4YTO WHTErpaJbHbIe KpPUBBIC YpaBHEHUS

oo y2- 2 /5x4+x2y2+y4

2x2

MepeceKkaT NpsAMYI0 Y =2X TOA yr-

22.3. JIuneiinpie ypaBHeHusi. Y paBHenue bepuysin

YpaBHEeHuUE BUAA
y& p(x)y =a(x), (22.15)
rae P(X), q(X) —3amaHHbIC HEMTPEPbIBHBIC (QYHKIMH, Ha3bIBACT-

Csl AUHEHbIM OughhepenyuanbHviM ypagHenuem nepeozo nopaoKda.
Eciu q(x) © O, To ypaBHenwue (22.15) umeer Bu:

y&+ p(x)y =0 (22.16)
U Ha3bIBACTCS JAUHEUHbIM OOHOPOOHBIM OudhhepenyuanbHbvim
ypasnenuem. Ecmu (X) 1 O, To ypaBHenue (22.15) Ha3pIBAIOT J1U-
HellHbIM HeOOHOPOOHBIM OUPPePeHUUATbHBIM YDAGHEHUEM.
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OnuopomHoe ypaBHenue (22.16) pemmaior, pa3ienss nepeMeHHbIe:

Y =- p(x)dx.
y

Ero obiee perienue umeer Bu

y= Ce (‘j)(x)dx,

rae C — npou3BOJIbHAS TIOCTOSHHASL.

OO0I1ee perieHre TMHESHHOr0 HEOTHOPOIHOr0 ypaBHeHus (22.15)
MOXHO HAaWTH OJHUM U3 CJIEIYIOIINX METOHOB.

Mertoa Bapuanuy NpoU3BOJIbLHONU NOCTOSAHHOU

(meTox Jlarpan:ka):

1) HaxomuM oOIee pelieHue COOTBETCTBYIOIIETrO JUHEHHOro

oHOpOIHOrO ypaBHeHus Y =Ce bp(x)dx, C=const, Cl R;

2) ofuiee perieHWE JHMHEHHOrO HEOIHOPOIHOIO YPAaBHEHUS
UILEM B BHJIC

y=C(x)e ®M* (22.17)

rme C=C(X) — Hexoropas (QYHKIHSI, KOTOPYIO HEOOXOIHUMO
HaWTH,

3) noxcrasisem Gpynkumto (22.17) B ypaBHenue (22.15) u Haxo-
M pynknuio C(X):

C(x) = C + 5q(x)e¥ I dx,

rae C — npor3BosIbHAsI TOCTOSIHHAS,

4) obuiee penienne ypaBuenus (22.15) 3amnceiBaeM B BHJIE

N e Cp(x)dx lo)

y=e O ce @(x) e dx+. (22.18)
e %]

Meron BepnyJjuin:
1) umem o6iee pemrenue auddepeHnuanpHoro ypasaenus (22.15)
B BHJIC
y=ux, (22.19)
roe U=u(x), V=V(X) — HekoTopble (QyHKIUH, KOTOPbIC HAJO0
HaWTH,
2) noncrasiseM QyHkuuio (22.19) u ee nmpou3BOAHYIO B ypaB-
Henue (22.15), nonyuaem:
udy +uve+ p(x)uv = q(x) wm
u(ve+vp(x)) +ud = q(x); (22.20)
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3) ¢dyakmmio V(X) mogdupaeM Kak dYacTHOe pemieHue (mpu

C =0) auddepeHnnanbHOrO ypaBHEHHSI
ve+vp(x) =0; (22.21)

4) npu ycnoBun (22.21) pemaem ypasuenue (22.20), kotopoe
pHoOpeTaeT BU/Y

u® =q(x)
Kak IuddepeHnalIbHOe YpaBHEHHE C pa3ZessIFOINMICS MepeMeH-
HBIMHU (HAXOMM €ro odIIee pelieHwue);

5) obtrree pertierre UCXOAHOro ypaBHenwus (22.15) 3amucsiBaeM Kak
NpOM3BENICHHE HalIeHHBIX yHKIMH U(X) 1 V(X), T. e. B Buze (22.19).

3ameduaHu e. [Ipu pemennn nuddepeHuanbHBIX ypaBHEHUH Me-
tonamu Jlarparmka u BepHyIUIN peanuszyem «IoImaroBo» OMUCAHHBIE AJIro-
PUTMBEI.

YpaBHeHuE BUAA

) ye+ p()y = a(xy", (22.22)
rie ml R, waswiBaercs ypasnenuem bepuynnu.
Eciiu m=0, 10 3T0 nuHeliHOe nuddepeHInaIbHOe YpaBHEHUE,

ecnmu M=1 —ypaBHEHHE C Pa3AEIAIOIIUMUCS I1€PEMEHHBIMU.
Ecin m?t O; 1, To mpu pelieHny TakKuxX ypaBHEHHH TarKe MpH-

MeHstoT Metof Jlarpanka wiu meron beprysuim.
IMpumep 1. Pemmts ypaBHEHHE ABYMS CIOCOOaMH:
1) xy¢ 4y =2x*; 2) y& Y =23,
X

Pewenue. 1) Tlpeobpasyem ypaBHenue (monaras X! Q) K Bumy Jiu-
HEWHOr0 HEOJHOPOIHOTO AN( P EepEeHINATEHOTO YPaBHEHHS

4
y& Sy =2x3,
X
1-1 cnoco6. Pemium Metonom Jlarpamxka. Halinem oOriee pemenue co-
4 dy _ 4dx
OTBETCTBYIOIETO €My OJHOPOAHOrO ypaBHeHus y¢ —y=0, —=——.
X y X

WnTterpupyem u nonydaem:
In|yj=4In|x|+InC
WA y:CX4, rae C =const.

Obmee pereHne UCXOAHOrO AU((HEPCHIMATEHOTO YpaBHEHUS OyeM
HCKATh B BHJIE

y=Cx", (22.23)
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rae C =C(X) — GyHKIHMS OT mepeMEeHHOH X.
Haiinem C(X). s atoro nuddepenumpyem (22.23):
yb=C&* +4C¢.

IMoacrasnsem ¢yukiuio (22.23) u ee MPOU3BOJHYIO B HCXOAHOE JTH(D-
(epeHIanbHOe ypaBHEHHUE:

X(C&* +4Cx3) - 4Cx* = 2x*.

VipolaeM ToydeHHOEe ypaBHEHHE U pemraeM oTHocureapHo CC ITo-
2
aygaem: Cl=—.
X
Janee uarerpupyem:
2
C(x) = c\szX+C, C(x) = 2|n|X| +C; C(x) =Inx? +C. IoxcraBisiem

HalinenHoe Boipakenne BMecTo C B paBeHcTBO (22.23). Torma obimee pe-
HIEHHE HUCXOAHOro AU QEepPeHIUaTbHOrO  ypaBHEHUS  HMEET  BUJ

y=(nx*+C)x*.
2-1i cnoco6. Vimem oOlnee pemieHHe HMCXOTHOTO ypaBHEHHS B BHUJIE
(22.19). Tlocne MOACTAaHOBKH TTOMYYHM:

ug% viOiu = 258, (22.25)
Xg
IMon6upaem dyHKIMIO V Kak yactHoe petienue (mpu C =0) ypaBHeHusI
ve- ﬂ:O, T. €. ﬂ=4—dx
X \Y X

BcrneacTBue MHTETpUpOBaHUS UMEEM:

In|v| =4In|¥, v=x*

[MoncraBnsieM HaiineHHyto QyHKIHIO V B (22.25), nonyyaem:

uk? =2x3.

Haxoxum oOmiee penieHue MOCIENHETO ypaBHEHHMS, pas3zielisisl Iepe-
MEHHBIE!

2
du=—dx.
X
VHTerpupyem M Toydaem:
u=2In|x+C wm u=Inx*+C, re C = cong.

Torzaa oblee penieHre UCXOAHOrO ypaBHEHHUs UMeeT BUI (B COOTBET-
ctBuu ¢ (22.19)):

y=(nx*+C)x*.
BEIBOA: B JaHHOM HpHMepE PelleHre MeToaoM beprymmu (2-i cnocob)
oKasasoch 6onee palMoOHaIbHBIM, TAK KakK ObICTpee MPUBENO K OTBETY.
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2) 1-it cnoco6. Pemum ypaBHenue Metonom Jlarpamka. Haxoaum 06-
1Iee PEIICHHe COOTBETCTBYIOMIETO MY OMHOPOJHOTO YPaBHEHHUSI

dx
y¢- X =0, 1.e. dy
y x
I/IHTel”pI/IpOBaHI/Ie JIaeT:
In|y| =In|x/+InC wm y=Cx, C=const.
Obmee pereHne UCXOAHOrO AU((HEPEHIMATEHOTO YpaBHEHUS OyeM
HCKATh B BHJIE

y =Cx, (22.26)
rae C =C(x).
Hubdepenuupyem bynknuro (22.26):
y¢=C&+C.

IMoxacrasnsem ¢yHkiuio (22.26) u ee MPOU3BOJHYIO B HCXOAHOE JTH(D-
(hepeHIanpHOe ypaBHEHHUE:

C¢(+C-2—-2X3, Ck=-2x3, CC=-2x%. UurerpupoBaHue Io-
X

2x3
clesHero paBeHcTBa naeT Ham C (X) =- T +C, roe C =const.

IMoacrasnsem HaiifeHHOE BhipakeHue BMecto C(X) B (22.26). [Nonyua-
eM ob1ee pemeHHe 3aJJAHHOTO YPaBHEHUS:

y= 8——X3+C_x T.e. y= Cx-gx

2-ii cnoco6. Vuiem obiiee pemnienue B Buae Y =WV (Meroa bepHysmn),
rae U=U(X), V=V(X) — pyHKIHH, KOTOpbIE HA0 HaliTH. Beraucisem mpo-
usBouyo Yy¢=ud +uve u noncrasisem ee BMecte ¢ QYHKIMEH Y =UV B
ucxomHoe ypaBHenue. [lomydyaem:

uv
ul+uvt — =-2x°, 1. e
X

Va
ude “4+uw=- 253 (22.27)
& xgp
Y
Cornacuo Merony, nonaraem V& — =0. U3 atoro ypaBHenust (Kaxk u3
X
nuddepeHImanbHOr0 ypaBHEHHs ¢ pa3esiONIUMHUCS TIEPEMEHHBIMHU) Haki-
dx

dv
neM  ¢yHkuuio V(X). HHTerpupyeM paBeHCTBO — =— H HaXOJuM
\' X

In) =In|X| (xoncranty C nonaraem paBHoii Hyi110).
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W3 mnocnennero ypaBHeHUst nmeeM. V= X. BozBpamaemcst Kk ypaBHe-
Huto (22.27). C y4eToM paBeHCTBA HYIIO BBIPAXKCHHS B CKOOKax U HaiileH-
HOM (yHKIUH V(X) OHO HMEET BUII:

uk =-2x% wm du = - 2x%dx.
HMHTerpupyeM nocieaHee paBeHcTBo. Ilomydaem:

u:c\)szdx:- §X3+C,

rae C =const.
Torma oOmiee pemeHwe Y =UX/ wucXomHOTO MU GEpEHIMATHFHOTO

ypaBHeHI/IH HUMeEeT BUA.

y= 8— - X3 +C_X T. €. IPUXO/IUM K OTBETY:

2 4
=Cx- =Xx".
y 3

BeiBox: Oosiee panuoHambHBIM OKaszajics meron Jlarpamka (1-i7 cno-
c00), Tak Kak ObICTpee MpHBEN K 00IIEMY PEIISHUIO UCXOMHOTo auddepen-
[IUAJILHOTO YPaBHEHUSI.

Ipumep 2. Haiitn yactHoe penieHne auddepeHInaIbHoro ypaBHeHHS:
1) yety=x+1 y(0) =% 2) y& 3y=¢’, y(0)=0.

Pewenue. 1. Haiinem obmee pemenne metonoM Jlarpamka. Paccmor-
PHM COOTBETCTBYIOIIIEE OJJHOPOJHOE YpaBHEHHE

y&+y=0.

Pemaem ero kax muddepeHpanbHoe ypaBHEHHE C Pa3/eiIsIIOIIIMHUCS
TepeMeHHbIMH, T. €.

dy _

— =-dx
y
Ero pemenuem ssnserca Y =Ce ¥, rae C =congt.

HNmem obmiee penrenue 3amaHHOrO Ju¢(epeHIUATFHOTO YPaBHECHUS
B BUJIE

y=Ce *, (22.28)
rae C =C(X) — HekoTopast GyHKIHS.
Haiinem ¢ynkuuro C(X). duddepenimpyem Boipaxenue (22.28):
y¢=C& *-

IMoacraBnseM HaliJICHHYIO TPOU3BOAHYIO U QyHKIHIO (22.28) B 3a1aH-
HOE ypaBHEHHE, TOTy4aeM:

C&*-Ce*+Ce*=x+1 t.e.
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C& ™ =x+1 wm CEx) =e*(x+1).
Torma C(X) = c\}x(x +1dx +C. HnTerpupys 1Mo 4actsiM, MOTYIHM:

C(x)=xe* +C,
rae C =const.
Haiinennoe Boipaxkenne C(X) mozacraBisieM B paBeHcTBO (22.28), mo-

aydaeM: y=X+Ceg*
Haiinem yacTHOe pellieHHe, UCTONb3ys HayanbHoe yenoBue. Ecmn x =0
u y =1 1o C =1. 3Ha4uT, YaCTHOE PEILECHUE UMEET BUIL. Y = X+€ *
2) Haiinem oGiiiee periieHre MeToaoM bepHysUH, T. €. B BUIE Y = UXV.
IMocne mozpcraHoBku mpousBoxHoi Y¢=u® +uve u camoii QyHkmu
Yy =W B ucxoaHoe muddepeHImansHoe ypaBHEHHE MOTYyIaeM:

u+uvt 3uv=e", t.e.
u(ve 3v)+udy =€, (22.29)

IMonaraem v¢ 3v=0. Wurerpupyem 3T0 ypaBHeHHE Kak jauddepeH-
[UANTBEHOE YPAaBHEHHE C Pa3AC/SIONIMMUCS EPEMEHHBIMHU U HaX0AuM V(X):

d_ 3v, av = 3dx,
dx %
In|v] =3x (nonaraem C =0) wm v =€*

Bosepamiaemcst k auddepeHimansHoMy ypaBHeHHO (22.29):
ox du _ .
ue™ =e*, ut=e®, —=e?.
dx
Vmeem ypasuerne du = e 2*dX, KOTOpoe HHTErpUPYEM, H IONTydaeM:

N oy - 2X
u:o dx =-

rae C =const.
Torma obmee pemenue 3agaHHOro JUG(GEPEHIMATHFHOIO YPaBHECHUS
HUMEET BUJI:

X

2

HaI/II[eM YaCTHOC pPCHICHUEC, HCHOJb3ysd Ha4YaJIbHOC YCJIOBHC. Ecmu

—e um y = Ce?

1
x=0 m y=0, 1O CZE. 3HA4YNT, YacTHOE pElIeHHEe WMEET BHI:
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Ipumep 3. Pemmts ypaBHEHUE:
y?Inx

1) by === 2) y&*cosy+y =xy¢

Pewenue. 1) Oro ypaBuenue bepuymmu. Bynem uckats obiee perire-
HUE METOJIOM bepHyiy, T. €. B BUe Y = UXV.
ITocne moaCTaHOBKYU MOMYYUM:
2,2
u“veIinx
X(u®+uvg +uv = :

[Tocne ynpoieHust umeem:

2
U(XVEH V) + Ul = LS'”X (22.30)
IMonarast xv0+Vv =0, HaxoauMm QyHKIHIO V =V(X):
LU %, Injv|=- In|x,
\

v= 1 (momaraem C =0).
X

. 1
[MoacraBnsiem HaiineHHyl0 QyHKIMIO V=— B anddepeHIraIbHoe
X

ypaeaenue (22.30):

u? xL Inx
1 2 du Inx
u—xx=—2>X_ ymm — :—de.
X 5 u 5x
Hurerpupyem nocienHee ypaBHEHUE!
1 .Inx N
-== > dx + .
u X
Hocne I/IHTer’pI/IpOBaHI/IH I10 4aCTAM nonyqaeM:

-—=- i(InX+1)+C, oTKyna u :L.
u 5x Inx+1+5xC

Torma obmee pemenne 3agaHHOro JUG(GEPESHIMATHFHOIO YPaBHECHUS
HUMEET BUJI:
_ 5
y=—+ ——.
Inx+5Cx +1
2) 3anuieM 3aJaHHOE YPaBHEHHE B BHIIE

dy 2 dy

xcos+ X—.
yry= dx

3To yYpaBHEHHE He ABISCTCS JTUHEHHBIM U epeHIanbHbIM ypaBHe-
HueM Buza (22.15) unu ypaBHenneM beprymiu Buna (22.22). YMHOXUM 3a-
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dx L dx
JAaHHOC YpaBHCHME Ha E, nojayymm: X COSYy+Yy— =X

Pasnemum ero Hay (y ! O) u monyunm ypaBHenue bepHymiu

2
. 1x—- X—cosy, (22.31)

dy 'y y
peteHrneM koToporo siBisiercst Gynkuus X = X(Yy). Uiiem obuiee penieHune
MoCeTHETO  TUQQEPEHIIMATHPHOrO YpaBHEHUS B BHIC X=UX/, TIC
u=u(y), v=v(y). Haxonum npoussoauyro x¢=ul/+uv¢ u moacrasisem
ee BMecTe ¢ pyHKImei B ypapHenue (22.31):

2
ug+wve =Y v COSY Wiu
y y
2,2
u9v¢~ VOrug=- Y COSY. (22.32)
& VYo

Haiinem v(y), pemiast ypaBHeHUe

ve X:O, T. €. ﬂ:ﬂ
v oy
WnrerpupoBanue naer:
In|vl=In|y]|, T.e. v=y (nonaraem C =0).
[MoncraBnseM HaiineHHY!O QYHKIHMIO V B ypaBHeHue (22.32):
2,2

u
ug =- YUY cos Y, —5 =- cosydy. Vurerpupys mnocineasee ypasHe-
y u
HHUE, HOTYYHM:!
1 . 1
-—=-9ny+C wm u= —.
u C+siny

IMonyuaem obiee penienne (00w UHTErpan) 3agaHHoro auddepeH-
[IUAJILHOTO YPaBHEHUS

X= y_
C+sny

wm y=Xx(C+siny).

3aoanus

| yposens
1.1. Pemmre ypaBHEHHE:

1) yo+2y=3x. 2) y& 3y=€*; 3) xyC+y=-4x; 4) y& 4xy=3x
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1.2. Pemmwre 3apauy Komm:

1) yt+2y=¢€*, y(0)=0; 2) y@osx- ysinx=1, y(0)=1;
3) xyt+2y=xe*, y(0)=0; 4) y¢& 2xy=2x*, y(0)=1.

Il yposens

2.1. Pemte ypaBHEHHE:
1) yt+ 2tgxxy = ctg®x; 2) y&+ ycosx = 2 5",

3 Inx
3) y¢t ytgx=- ——; 4) xy¢+y=y :
COSX 2

2.2. Pemnre 3amavy Komm:

1) ye=—Y =1
)y x+Iny’ y(0)=%

2) (y*- 3x)y¢ y=0, yg 0=z
3) (y°+2(y?- 1)y¢ 4y’ =0, y(0)=l'

4) y&in2x- 2y =2cosX, yg 0= /2.
4y

1l yposens

3.1. CocraBbTe ypaBHeHHE KpUBOH Y = Y(X), mpoxomsiuei ue-
pe3 Touky A(a, @) u obiagaromniel CBONCTBOM: €CIM B JF000H TOYKE
N(X, y) xpuBoii ¢ opaunaToii, paBaoii |BN| (puc. 22.2) mpoBectu ka-
CaTeNbHYIO JI0 MEPECEYCHUS C OChI0 OpMHAT B Touke C, TO IUIOLIA/b

tpanenun OCNB 6y/eT HOCTOSHHOI 1 paBHA a°.

9] a B X
Puc. 22.2
3.2. CocraBbTe ypaBHEHHE KPHBOH Y = y(X), npoxoaduei de-
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pe3 TOUKy O(O, O) 1 o0Jasiaronieil CBOMCTBOM: CepeinHa OTpe3Ka e

HOpMAaJIH, 3aKJIIIOUEHHOr0 MEKIY JIF00OW TOYKON KPUBOM M OCHIO

s _ X
abcmuce, JISKUT Ha mapabone Y =E.

22.4. YpaBHeHusl B NOJHbIX A PepeHunanax

YpaBHEHUE BUAA
P(x, y)dx+Q(x, y)dy =0 (22.33)
HAa3bIBACTCA YPAGHEHUEM 8 NOJIHbIX OudhghepeHyuanax, eCiv ero Je-
Basg YaCThb €CThb NONHBIA JudQepeHnnanr HEKOTOpol QYHKIUH
u=u(x, y), T.e.
du =P(x, y)dx+Q(X, y)dy. (22.34)
Torna ypaBuenue (22.33) paBHocmibHO ypaBHeHuto du =0,
001l MHTErpaT KOTOPOro ompenensercs GopMyon
u(x, y) =C, (22.35)
rae C — npou3BOIbHAS TIOCTOSHHASL.
Jlnst Toro uroObl auddepenmanbioe ypaBHenue (22.33) ObL1o

ypaBHEHHEM B TOJHBIX AUQQepeHinanax, Heooxooumo n oocma-
MO4YHO, ‘ITO6I)I BBITIOJIHAJIOCH TOXKIAECCTBO

P _1Q
Ty x

npu yciosun, uto PS¢ n Q¢ — HenpephIBHbL

(22.36)

I[Tpu pemennn ypaBHenus (22.33) cnemyer caenarthb cleayrolee:

1) npoBepuTh BhINOJIHEHKE paBeHCTBa (22.36);

2) eciu paBeHCTBO (22.36) BBIMOIHSETCS, CIEAYET OMPEACTUTh
GyHKIHI0 U =U(X, Y) U3 CHCTEeMBI YpaBHCHUIT

{% =P(x, y).
i (22.37)
’;‘ﬂ_y =Q(x, y);

3) o6uwmii nuTerpan ypasHenus (22.33) nosyuaror B Buje (22.35).

pumep 1. Pemmts muddepeHnnansHoe ypaBHEHHE:
1) (3x+5y)dx+(5x- 3y)dy =0; 2) (¢"- y)dx+(y- x+1)dy =0.
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Pewenue. 1) Oto ypaprenue Buma (22.33), rme P(X,y) =3x+5y,
Q(X, y) =5x- 3y. Ilposepum BoInoaHeHHe ycnoBus (22.36):
E:S, E:S, E:E
Ty fix iy fix
3HauuT, 33IaHHOC ypaBHEHUE — B TONHBIX Au(depeHnuanax. Onpee-
M GYHKIHIO U(X, Y) U3 cucTeMbl ypaBHeHui (22.37)

! E =3x+ 5y,
! .'Hfj (22.38)
I— =5x- 3y.
Ty
WHrerpupyemM nepBoe ypaBHEHHUE IO X, CUUTAas Y IOCTOSTHHOMN BETMUMHOM!
N\ 3X2
u(x,y) = O3x+5y) dx > +5xy+C(y), (22.39)

rJie B KauecTBe NMPOU3BOJIBHOW MOCTOSHHONH OTHOCHTENBHO IEPEMEHHON X
Beictynaet pynkius C =C(y), kotopyro HyKHO HaiTh. st aToro ¢yHk-
o (22.39) nuddepenimpyem mo y:
fu
—=5x+Cqy).
iy )

IMpaByro yacTh MOMYYEHHOI'O PABEHCTBA NPUPABHUBAEM K MPABOM Yac-
TH BTOPOT'0 YpaBHEeHUs cucteMbl (22.38):

5x+C{qy) =5x- 3y,
OTKy/Ia MoTyJdaeM Cﬂ(y) =-3y.
WurerpupyeM nocientee paBeHCTRO:

2
cy)= (3 av=-2L+c,

rae C; =const.

Ioncrasnsem HainenHyto ¢ynkuuio C(y) B (22.39):
2 2

u(y) =2 +5y- 2L +c,

Cornacuo dopmyre (22.35), nonyuaem:

S(¢- ¥)+y+c=c,,

rae C, =const, 1. e.
g(x2 - yz) +5xy=C, (C=const) — oOmuii uHTErpas 3aJaHHOIO

muddepeHnnansHOro ypaBHEeHHI.
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1Q
X
ypaBHeHHe B mojiHbIx quddepenimanax. Haiinem ¢yukimio U(X, Y) u3 cuc-
TEMBI ypaBHEHUN

2) B 3amaHHOM mpHMepe HUMeeM ﬂ—:- =-1. 3nHauwr, 31O
y

‘IE =eX- Y

L‘Hﬁ (22.40)
i =y X+l

Ty

WnTerpupyem nepsoe ypaBHEHHE CUCTEMBI:
u(x, y) = c\jex - y)dx+C(y), T.e.

u (X, y) =e*- Xy+C(y), rae C(y) — ¢yHKIEs OT Y, KOTOPYIO HAI0
Hatitu. JluddepeHimpyem nocneaHee paBeHCTBO 110 Y:
Tu
= (€ - xy+C(y))¢
iy
Tu
—=-x+Cqy).
iy )

Hcnonp3yst momyd4eHHOE PaBEHCTBO M BTOPOE PABEHCTBO CHUCTEMBI
(22.40), mpupaBHHUBAaEM HX MPABBIC YACTH:

-Xx+Cqy) =y- x+1 wmm dC = (y +1Ddy.

HHTerpupoBaHueM MojiydaeM Jajee

_ _y
Cy=Qy+Ydy==-+y+Cy,
rae C; =const.
2

Torma u(x, y) =e*- xy+y7+y+cl.

OOmmit uHTErpal 331aHHOr0 MU QepeHINaTBHOIO YpaBHEHNUS !
2

y

e*- xy+7+y:C.

Mpumep 2. Pemwmts 3anauy Komm:
1) (sinx- 2xy)dx- (¢ +cosy)dy =0, y(0) :%;
2) (2y- & *)dx+(2x+e’)dy =0, y(0)=0.
Pewenue. 1) B 3aganHOM mnprMepe 1111—5 =-2X, 1111—(3 =-2X. 3Hauwr,

9TO ypaBHEHHE B MONMHbIX muddepeniuanax. Haiinem dynkuouro U(X, y) u3
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CUCTEMBI YpaBHEHUN

-}E:sinx- 2xy,

P X (22.41)
. ﬂu _ 2

I— =-X"- cosy.

Ty

WuTerpupyem nepBoe ypaBHEHUE CUCTEMBI:
u(x,y) = ds'nx- 2xy) dx+C(y).
[Tonyuaem:
u(x,y) =- cosx- x?y+C(y),
rae C(y) — dyukiust ot Y, kotopyio Hamo Haitu. JJuddepenuupyem
TIOCIIe/IHEE PABEHCTBO 1O Y.
o e Cgy).
iy

Hcrnonk3yeM TONYy4eHHOE PABEHCTBO W BTOPOE PABEHCTBO CUCTEMBI
(22.41), npupaBHUBaEM UX MPABBIC YACTH:

- X +CEy) =- x? - cosy mwm dC = - cosydy.

WHTerpupoBaHUEM MONTy4YaeM:

C(y)=-siny+C,

rae C, =const.

Torma oOmuit nHTErpan 3agaHHOro AUQGQeEpPeHIINAaTIBHOIO YpaBHEHUS
HUMeEeT BHJI:

cosx+siny+x?y =C,

rae C =const.

p

Hcnonszyem HauanmbHOe yeioBre X =0, y = P 1 HaxoauM KoHcTaHTy C:
COSO+Sin%+O>% =C wm C=2
[MosTomy pemenuem 3anaun Komm siBnsiercst

cosx+siny+x?y = 2.
P Q_

2) Tposepsiem ycnosue (22.36): ﬂ_ =2, ﬂ_ =2, 3HAYWT, 3aJIAHHOC
y X

muddepeHnmansHOe ypaBHEHHE SBIISIETCS YypaBHEHHEM B IONHBIX 1udde-
pennmanax. Haxomum GyHkimio U(X, Y) U3 CHCTEMbI YpaBHEHUM

i fu 2X

—-—_— = y- e ,

! .'HX (22.42)
i—=2x+¢’

Ty
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HWurerpupyem nepBoe YpaBHEHUE CHCTEMBL
u(x, y) = c‘ij- e 2)dx +C(y).

[Tonyuaem:
- 2X

u(x, y) :2xy+e2 +C(y),

rae C(y) — neusBecTHast GYHKIHS OT Y, KOTOpPYIO Hajao Haiitu. [udde-
PEHIMPYEM IOCIIE/IHEE PABEHCTBO 10 Y:

‘ﬂu
0%

=2x+Cgy).

Hcrnone3ys MOJTy4eHHOE DPAaBEHCTBO M BTOPOE PABEHCTBO CHCTEMbI
(22.42), npupaBHUBaEM IPaBbIC YACTH:

2x+¢e” =2x+C¢y) wm dC =¢€’dy.

WHTerpupoBaHueM MomydaeMm:

C(y) =€’ +C,, e C, =congt.

Torma oOmuit nHTErpan 3agaHHOro AUQGQeEepeHINaTIBLHOIO YpaBHEHUS
UMeeT BHJ:

1
2xy+2—+ey—C re C =congt.
e

Ucnonp3ys HavansHOe ycnoBue X =0, Yy =0, Haxoaum xoHcTaHTy C:

1

—~ +e°=Cum C= §

2¢6° 2

Torz[a pemeHHeM 3a1a4u KOIJ_II/I SABJISAETCA.

2xy+i+ey _3 win 4xy +e > +2e¥ =3,
2e> 2

3aoanusn

| yposens
1.1. Pemmre ypaBHEHHE:

1) (¢- y)dx- 3Pdy=0, 2) (Vx- 3y)dx- (3XCy+y? - 2dy=0;
3) (4x+e *y)dx- € *dy=0; 4) (3x- cos2x)dx+(siny- €”)dy=0.
1.2. Pemmwre 3apauy Komm:
1) (2x3 +3x%y+7y?)dx+ (X3 +14xy + 4y®)dy =0, y(2)=0;
2) (y? +6xy- 3x%)dx+(3x* +2xy)dy =0, y(1)=1
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3) (2xy - Iny)dx- g x2+5gdy=o, y(0)=-1.

Il yposens
2.1. Pemte ypaBHEHHE:

) Zey—xz+1§dx- X%dy=°: 2) (- - Gy + 2y dy =0,

2.2. Pemmnre 3amavy Komm:
1) 3x(y+x)%dx+ x*(3y+2x)dy =0, y() =2

2) \x- y?dx- 2y(d+4/x- y*)dy=0, y()) =1
3) (ycosx+sny)dx+(xcosy+sinx)dy =0, yg—f-
1l yposens

3.1. Onpenenure Thn auddepeHInaIbLHOr0 YpaBHEHHs ¥ PEIIn-
TE €ro:

1) y&2xy- ) +y=0; 2) L+e)yy=e

3) xy¢+x+x(Iny- Inx) =0; 4) sinxdy = yIn ydx;

5) fdx+fdy+Xdy+de 0; 6) xyC+ x + xtgY =0,
y? X

22.5. Tlonsitue tudepeHIHATBHBIX YPABHEHUH
BBICIIHUX NOPAAKOB. [InddepeHunaibubie
YPABHEHUs, JONYCKAKOIIHE IOHUKEHHE NOPAIKA

Judpgpepenyuanvnvin ypasnenuem n-2o nopaoka, nl N, nHa-
3bIBACTCAd YPAaBHCHHEC BHU1a

F(xy, ytys..,y™)=0. (22.43)

Ecmu ypaBhenne (22.43) MOKHO paspelinTh OTHOCHUTEIBHO
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cTapuied mpou3BOIHOM, TO nuddepeHnnanbLHOe YpaBHEHUE N-Tr0 Mo-
psaKa UMEET BUJI:
YO =0y, yey&.., vy ). (22.44)
Pemenuem auddepeHImanbHOro ypaBHeHUs N-rO MOPSIKA SB-
asieTcs Besikas N pa3 auddeperuupyemas Gpynkius Y = Y(X), koro-
pas obpalaer JaHHOE ypaBHEHHE B TOXKJIECTBO. 3a/1a4a HAXOXKICHUS
petrenust Y = Y(X), yAOBIETBOPSIONIETO HAYAIbHBIM YCIOBHIM

V(%) = Yor V&%) = Y8 o Y (%) =y, Y,

rae Xy, Yor Y8 - Yo'U P — 3amaHHBIE uMCIIa, HA3BIBACTCS 3A0d-
yeni Kowu.
OOmuMm pereHnem ypaBaenus (22.43) HazbiBaeTcs QYHKIHS
y=y(xC,C,, ...C,), (22.45)
rae C,,C,,...,C, —npou3BOIbHBIC NOCTOSHHBIE.

Tunsl ypaBHeHH, 7ONMYCKAIOIINEe MOHMKEHNEe MOPSIKA
YpaBHEHUE BUAA

F(xy")=0 (22.46)
WJIK Pa3pelIEHHOE OTHOCUTENBHO N-I MPOU3BOIHON
v = £ (x) (22.47)

pelraercs mociea0BaTeIbHBIM HHTErPUPOBaHUEM N pa3.

YpaBHEHUE BUAA

Fx y, .., y"™) =0, (22.48)

HE cojiepkaiiee ssBHO MckoMod (yHkuuu Y u nepBoix (K- 1)-x ee
npomssoanbix, K1 N, pemaror ¢ momompio 3aMeHbl Z=y(k) , THe
z=2(x). Takum 0Opa3oM, MOPSIOK MCXOTHOro ypaBHeHus (22.48)
MOoHMXaercd Ha K equnui.

ITpuxonaT x ypaBHEHHIO

-k
F(xz..,2")=0.
[Mony4eHHOE ypaBHEHHE PEHIAIOT Jajiee B 3aBUCHMOCTH OT €ro

THUIIA.
YpaBHeHuUE BUAA

F(y, y6... y'") =0, (22.49)

HE cojJeprKalliee SIBHO HE3aBUCUMOH NEPEMEHHOU X, pelaroT ¢ Io-
MOIIBIO 3aMEHBI

ye=2z rue z=2z(y), y=y(x).
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D10l 3aMEHOM MOPAJOK MCXOMHOTO YPABHEHUS MMOHMKAETCS Ha
eqmHuIy, TocKonbKy Y8=z¢y¢=z¢z (pynxumio z(y) mddepeniu-
POBAJIH TI0 X KaK CIIOKHYI0). AHAIOrHYHO Bhipaxator Y@ u T. 1.

YpaBHEeHuE BUAA

F(x Y, y6... y")=0 (22.50)
Ha3bIBaCTCS 0OHOPOOHBIM OTHOCHUTEILHO UCKOMOW (DYHKIMH Y U ee
npousBonabix Y§¢ y&..., y(n), ecnu yHkuus F oqHOpoaHA OTHOCH-
tensHO Y, Y¢..., y(n), T. €.

Fo Iy y6 1 Y™y =1 "F(x,y, y6..., y!V),

rjie M— creneHs ogHopoaHocty, Ml N;
| —mpou3BOJILHOE YHUCIIO.

¢
Jnst peleHus: UCTONb3yeTcsl 3aMeHa Z=l, rae z=2(X), mo-
y

HI>KAIOLAas MOPSJ0K UCXOIHOI'0 YPaBHEHUS HA EIUHHUILY.

IIpumep 1. Haiitn obuiee pemeHne ypaBHEHUsL:
1) y®=-sin2x; 2) xy@®+2y¢=0;

3) wyé 2(y9> =0; 4) x*yy® (y- xy9> =0.

Pewenue. 1) 3ananHoe ypaBHeHHe uMeeT 3-i mopsamok. IT1o mudde-
peHlmanbHoe ypaBHeHue Tuna (22.47). [pouHTerpupyeM mocienoBaTenbHO
TpH pasa:

_ C0S2X

yo= d—sian)dx- +C,
ye= cxiesost +Clgdx _sin 2X +Cx+Cy,
2 o
. N 2
y= \a@rfx+clx+c2§dx: i w32x+QX +CX+C,,
C,,C,,C; — mpousBoibHble MNOCTOAHHBIE. IlomydeHHas QyHKIMs

Y = y(X) u ecTh 00IIIEE pelieHHe UCXOTHOIO YPABHEHUSI.

2) D10 ypaBHeHHE 2-TO TIOpsIIKa, HE COHeprKallee SBHO HCKOMOI
byukimy Y, T. €. Tuna (22.48). lenaem 3ameny y¢=z, rne z=z(X). dud-
bepennupyem 3ameny eire pa3, noaydaem Y@= z¢ IMoncrasisiem Bbipaxe-
aust Y¢u y@ B ucxonHoe ypaBHeHue:

xz¢+2z=0. (22.51)
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HOJ'Iy‘II/IJ'II/I YPaBHEHHUE C Pa3ACIIIOIUMHUCS IICPEMEHHBIMMU
—=-—, 210, xt 0.

B pesynbrare unrerpupoBanust umeeM: In|z|=-2In|x|+InC;, otky-
ma z=Cx 2 _ obmee pemenne ypasuenns (22.51).
Bo3sBpariaeMcst K CTapbIM MEPEMEHHBIM:

yt=Cx 2 _ ypaBHeHHe nepBoro mopsika. HTerpupyeM ero:

c\jiy = c\ylx' 2dx.

IMonyyaem y=CX Ly C, —o01uee penieHne HCXOHOTO YpaBHEHUSL.

3) D10 ypaBHEHHE 2-TO MOPSIKA, HE COMAEpIKAIee SIBHO HE3aBUCHMOMN
nepeMenHoi X, T.e. tuna (22.49). Ienaem 3ameny y¢=2z, rme z=z(y),
y = y(X). dubdepenimpyem 3ameHy Mo X Kak CIOKHYIO (QYHKIHIO, TOTY-
vaem: y®=z$y¢ =z Tloncrasnsem Beipaxenns s y¢u y@ B ncxommoe
ypaBHEHHUE:

yz&- 27% = 0. (22.52)

VYpaguenue (22.52) — 310 ypaBHEHHE C pa3/IEISAIONIMMUCS IEPEMEHHBI-

mu. Pemraem ero:

EyZ=222 b 81051 E:&, z1 0, y*O0.

dy z y

Hanee uarerpupys, uMeem:

|n|Z| = 2|n|y|+|nCl, OTKyZa

z= Cly2 — oburee perieHue ypaBHenus (22.52).

Bo3BpaiiaeMcst K CTapsiM [EpPEMEHHbIM, ToTydaeM Y= Cly2 — ypas-

HCHUEC C pa3AC/IAIOIINMUCA IICPEMCHHBIMU. Torma

(;—di =Cy? wmn ;—d)zl = Cyax.

Wnterpupyem:

1
-—=Cx+C, umu y= — olluee pelieHre UCXOTHOro aud-
y

Cx+GC,
(hepeHIaTFHOTO YpaBHEHUS.
4) D10 ypaBHEHHE 2-TO MOPSAKA, OTHOPOIHOE OTHOCHTENLHO Y, Y¢ 1

y& tax kax
XLyl y& (1y- X1 y§? =1 2(:Cyye (y- xy9?),
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rae | — IMIPOMU3BOJIBHOC YUCJIO.

¢
Oro ypaBHenue tumna (22.50). [lenaem 3ameHy Z:l, rae z=2(X),
y

OTCHOa IOJTy4aeM:

y¢= zy. (22.53)
JuddepeHumpyem 310 paBEHCTBO elle pas:
yo=z§ +zy¢
C yuetom (22.53) nonydaem:
yo= 26+ 2%y, y@=y(z0+ Z%).
IMoncrasisiem Boipaxkenus it Y¢u y@ B ucxosHoe ypaBHEHUE!
x*yy(z0+ 2%) - (y- xzy)* =0.
Jenum ero Ha y2 (y1 O):
X2 (z0+ 2%) - (xz- 1) =0.
IMocie ynpoleHus: UMeeM ypaBHEHHE
x?z¢ 1+ 2xz =0.
JlenmuM ero mowieHHO Ha X2 (X 1 O) :

26+ 22 = iz (22.54)
X X

HOJ'Iy‘II/IJ'II/I JIMHEHHOE YpaBHCHUC 1-ro nopsaka. Pemaem €ro, Harpu-

Mep, MeToioM bepHyiu:
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z=uwv, z6=ul+uvt
Torna (22.54) npumer Bu:

u¢/+uv¢+2—uv :i T. €. u@+ua%¢+£9:i.

X X2 & Xg X
2v 2
IMonaraem v&+ — =0, orkyna ﬂ =- ;‘X
X Y X

HHTerpupoBanre NpUBOJUT K PABEHCTBY
In|v|=-2In]|Xx]|.
Torma nmeem:

1
V=— —ncKomast pyHKIWs V.
X

Jlanee numeem:
u¢_ 1

N

Orcioma 2= (x+C))x 2.

T.e. du =dx, urto o3Hawaer U= X+C,.



Bo3BpaIuaeMca K CTapbIM NEPEMCHHBIM:

lq::(x+(.‘,l)x'2 WIH ﬂ :eé'—+%9dx.
y y & Xp
Wnterpupyem:

In|y| =In|¥- % +InC,, ucnons3ys ceoiicTra Jorapuma, NoTydaem:

Takum obpasoM, Y =C,xe * —obliee peleHne NCXOJHOTO YPaBHEHNS.

IIpumep 2. Haiitn yacTHOE pellieHne ypaBHEHHUS:
3

2) 3yy®=2(y9?, y(0)=1, y¢0)=2,
3) yV =xInx, y@)=1 y¢)=0, y&l)=-1 y&I) =0.

Pewenue. 1) 3anannoe ypaBHeHHEe UMeeT 2-if mopsiaok. Jlenaem 3ame-
Hy z=y¢ z=2(x). Torna y®=z¢ u 3amanHoe ypaBHEHHE IPUHUMAET BHI:

z¢ 2z=0.

Momyuyunu nuddepeHuunansHoe ypaBHeHHE 1-ro mopsaika ¢ pasje-
JISFOIIMUCS TIepeMeHHbIMU. Perraem ero:

Q:Zd)(, In|z]=2x+InC, nm z:CleZX.
z

Bo3Bpaiiasce k crapoii iepeMeHHOM, roxydnm: Y¢= Clezx.
Ornpenennm koHctanTy C; u3 HawanmbHoro ycimoeust Y§0) =1. Torma

1= Cle0 win C; =1. Takum o6pasom, y¢= e*. WuTerpupyem u noiydaem:
N oy e2x
y= GZ dx=—+C,.

Omnpenensem C, u3 2-ro HayanpHoro yciaosus: Y(0) = g T.e. C, =1

YacTHBIM peIIeHHEM HCXOMHOro TU(QepeHIHaIbHOr0 YpaBHEHUS SIB-
X
nsiercst QyHKIUs Y = — +1.

2) D10 ypaBHeHHE 2-TO MOPSIKA, HE COAEPIKAIIEE ABHO MEPEMEHHYIO X.
JNenaem 3ameny y¢=2z, z=12z(y), y=y(x). Torna y®=z¢ wu 3agannoe

ypaBHenue npumer Bua 3yz& = 27°. Tonyumnu ypaBHenne 1-ro nmopska ¢
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pa3aensomuMucs nepeMeHHsMu. HTerpupyeMm ero:

E = &, HMeeM.

z 3y
2

In|z|:§ln|y|+ln(:l I z:Clyg.

BosBpammaemcs k ctapoii nepeMeHHOM:
2

ye=Cyy2.
Omnpenensem C;, ucrons3ys 2-e HayalabHOE yCIOBHE!
2=C 4, orcroma C; = 2.
2
IMonyyaem Yy¢=2y3 — ypaBHeHue 1-ro mopsaxa ¢ pa3iensrOIUMUCT

NEPEMCHHBIMU. Ero peuieHue:
1

> 1
3y? =2x+C, wm y:§(2x+C2)3.
OrnpenensieM koHcTaHTy C,, HCMONB3Ys EPBOE HAYAIBHOE YCIOBHUE!
1 3
1=—CJ, orxkyma C, =3.
57 2 Y. 2
Torma 4acTHBEIM PEIICHUEM 3aJaHHOTO YPABHEHUS SBISETCS (DYHKIIHSL
1 3
=—(2x+3)".
y=—(2x+3)

3) Oro auddepenumanbHoe ypaBHeHHe 4-ro mopsaka tuma (22.47).
[IpouHTErpUpyeM €ro MoclieIoBaTeIbHO YeThIpe pasa;
XInx X2

-Z+Cl.

Ornpenennm koHctanty C; u3 HauanbHoro yciosus Y®1) =0. Torma

y#= c\)dn xdx =

1 1
0=-—+C um C; =—.
4 4

WnTterpupyem emie pas:

_3®CInx x* 16 xInx 5¢ | x
y@= - —+=xdx= - +2+C,
2 4 4g 6 36 4
Omnpenensem C, U3 HAuaIbHOIO YCIOBUS y'll(l) =-1:
-1=- i+E+C2 mwm C, =- E
36 4 9

Hurerpupyem nanee:
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_&¢Inx 5¢  x 1006, x*Inx 13x* x* 10x
+ : BN AN i ol

6 36 4 95 24 288 8 9

W3 HavanpHOrO yciaoBus yﬂ(l) =0 naxomum C; :

13 1 1
=- —3+—- —O+C3 mwm Cy =§.
288 8 9 32
Wnrerpupyem B 4-i1 pas:
_ ~aatinx 13x* N X lox 330 _ xInx 77 N X
24 288 8 9 32¢g 120 7200 24
5x%  33x
- +224C,.
9 32
Haxonum xoHcTanTy C, U3 Ha4anbHOrO YCIOBHA y(l) =1:
o 711 5B 14
7200 24 9 32 225

Tornma 4acTHBEIM pelnieHHEeM 3aqaHHoro Ju((GepeHINaIFHOTO ypaBHe-
HUS SIBJIACTCS () YHKITHS

_XInx 77 X3 5x*  33x 114
= + + +

120 7200 24 9 32 225

3aoanusa

| yposens
1.1. Pemmre ypaBHEHHE:

1) yV =6x 2) y#=cos3x+2 3) (y§?=y¢ 4) y@+3xPy¢=0.
1.2. Pemmwre 3apauy Komm:
. 0 5 1
1) sin® xy@=cosx, y220=P ?19:_;
) SmyEosx Ve 2 Y25 2
2) y#=2¢’, y()=0, y€)=2;
o o
3 3: e ~ =1
) y& ly82bly ZQL
4) 2,/yye=y¢ y(2)=1 y¢2)=1.

Il yposens
2.1. Pemte ypaBHEHHE:

1) y®=2cosxsin®x- cos’x; 2) (Y92 +(y9? = 4;
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3) yy®=(y9? 2) %y yo=xsin 2"

X

5) xy® yt=x’sinx; 6) (1+x?)y®+ 2xyt=3x2.
2.2. Pemnre 3amavy Komm:

1) e’'y®=-x, y(0)=3, y€0)=-1 y&0)=0;

2) y#+(y9’=0, y()=-1 y§)=0, y&1) =1

3) y&° =1, y?—;g:l yggﬂ
4) y&3y+1)- 3y¢ =0, y(1) =0, y&1)=1.

1l yposens
3.1. Pemnre 3amauy Komm:

1) y& 3y§=0, y(0)=-2, y¢0)=0, y«0)=§;

2
P
2 1- gﬁg + %0 yo)=1, ye0) =1
Yo y

3) v*- Yy®#=0, y(0)=1 y&0)=+2;

2

4) (y&+xyde? =1 y(0)=1 y¢0)=0;
5 w& (y9* =y*Iny, y(0)=1, y&0)=1.

3.2. Haitnute nuddepennmanbHoe ypaBHEHHE CEMEWCTBA OK-
pyxHocteii (x- C)? +(y- C,)* =4.

3.3. Cocrasbre auddepeHnnansHoe ypaBHEHHE ceMeiCcTBa T10-

cKuX KpuBBIX X° +y* +C x+C,y+C, =0.

3.4. Tokaxure, yro pyHkuus Y =Y(X), mapaMeTpudecKu 3a-
JlaHHAsl CUCTEMOW ypaBHEHUI

Ix=tints 2

sABnsercs pemenneM ypapaenus (y#? - 2y§@+3=0.
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22.6. JIluneiinbie oqHOpoaHbIe (P epeHInATbHbIE
YPAaBHEHHS BBICIIHX MOPSIAKOB

Juneitnoim 00HOPOOHBIM OUPPepeHyuanbHbiM ypagHeHUuem
N-20 nopsaoka Ha3bIBaETCs ypaBHEHUE

Y +a, (YT Y+ ke ()yera(9y=0.  (22.55)

OOmuMM peleHreM 3TOT0 ypaBHEHUS SBIISIETCS (PYHKIUS

Yy=CY+Coy, +..+ Gy,

rae Yy, Yo, -y Y, — JIMHEHHO-HE3aBUCHMBIC YAaCTHBIC PEIICHUS
ypaBHenus (22.55), C, C,, ..., C

CoBOKYIMHOCTh N JIMHEHHO-HE3aBUCHMBIX Ha (@, b) pemenwuit
ypaBHeHus (22.55) Ha3biBaeTCs (hyHOAMEHMANbHOU cucmemou pe-
wienui.

YacTtHeIM cityyaeM ypaBHeHus (22.55) siBnsiercs TUHEHHOE Of1-
HOPOZHOE ypaBHEHHE N-TO MOpsAKa C TMOCTOSHHBIMH KO3 (HUIIHEH-
TaMH:

n — IIPOHU3BOJIbHBIC IIOCTOSHHBIC.

Y +a Y ra P+ aybray=0,  (2256)
rae ay,8,a,,...,a, ; — JeHCTBUTENbHBIC YHCIIa.

JIns HaXOXKAEHHUS YaCTHBIX pelleHuil ypaBHenus (22.56) co-
CTaBJIAIOT XapaKmepucmuieckoe ypagHenue

| "+a, ., "t +..+al +a,=0 (22.57)
MyTeM 3aMeHbl B ypaBHeHHH (22.56) mMpon3BOAHBIX OMPEICICHHOIO
MOpsZIKa Ha COOTBETCTBYIOIINE CTENEeHH mapamerpa | : y(k) Ha | ¥,
roe k=0,1 ..., n.

Kaxnomy kopHio ypaBHeHus (22.57) cOOTBETCTByeT orpeje-
JICHHOE YacTHOe perieHue auddepeHinmansuoro ypaBuenus. By ua-
CTHOTO PCIICHHsI 3aBHCUT OT THIA KOpHs ypaBHeHus (22.57). Bos-
MOXKHBI CIISIYIOIINE YEThIPEe Cilydasi, KOTOPbIC ONPEACISCT NPAGULO
YACMHBIX peeH Ul

1. Ecnu |, — nmeiicTBuTenbHBIH KOpeHb KpaTHOCTH 1 (mpoctoit

|
KOpEHB), TO EMY COOTBETCTBYET PEIlEHHE BUaa Y = € °%.
2. Ecim | | — nelicTBUTENBHBII KOPEHb KPaTHOCTHU K, TO eMy co-
OTBETCTBYET K 4aCTHBIX pEIICHHIA:

y,=€% y, =xé*, ..,y =X
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3. Ecnu | ,;=a +ib — mapa xommiekcHO-CONpSKEHHBIX KOp-
HEl, TO UM COOTBETCTBYET JIBA YACTHBIX PELICHHS:

y, =€**cosbx, y, =€**sinbx.

4. Ecnu | ,5=a xib — napa k-xpaTHBIX KOMILIEKCHO-CONpSI-
’KEHHBIX KOPHEH, TO UM COOTBETCTBYIOT 2K YaCTHBIX PEIICHHMS:

y, =€**cosbx, y, = xé* cosbx, ..., y, =X 'é*cosbx,

Yoy =€78SNDX, Y., =X€*sinbX, ..., Y, =X'é*sinbx.

[MTockonbky xapakrepuctuueckoe ypaBHeHue (22.57) mmeer n
KOpHEH, CuuTasi X KpaTHOCTbh, TO s MU HepeHIInaIbHOro ypaBHe-
Hust (22.56) o mpaBuIily YaCTHBIX PEIICHHH MOXKHO yKa3aTb N pere-
HUH Y, Y,,...,Y,. DTU pemieHus o0pasyloT (yHIaMEHTAIbHYIO CHC-

TEMY pELICHUI.
Torma obiee perenue ypaBHenus (22.56) ompenensercs dop-
MYJION

Y=C(¥) +Coy,(X) +...+ Gy, (%),

rne C,,C,,...,C, —npou3BOJIbHBIC TOCTOSIHHBIE.
Ipumep 1. Haiitu obuiee pemieHne ypaBHEHUs:

1) y& 25y =0; 2) y& 25y¢=0;

3) y& 4yC+4y =0; 4) y& 2yt 2y =0.
Pewenue. 1) CoctaBuM XapaKTepUCTHYECKOE YPAaBHEHHUE
| 2-25=0.

Pemas ero, monmywaem: |, =5, |, =-5 — nBa neficTBUTENBHBIX MpO-
CTBIX KOpHS. [IM COOTBETCTBYIOT YACTHBIC pEIICHUS Y; = e, y, =€ S
Oo1ee penierne 3agaHHOro AU dOepeHIUANTEHOT0 YPaBHEHUS UMEET BUJI:

y= Cle- 5x + C2e5x,

rae C;,C, —npou3BOIbHBIE IOCTOSHHBIE.

2) CocTaBUM XapaKTEPUCTHUECKOE YpaBHEHHE

| 2-25 =0.

Pemas ero, momywaem: |, =0, |, =25 — nBa nefcTBUTENBHBIX MpPO-
CTBIX KOpHSA. MM COOTBETCTBYIOT 4acTHBIE pemieHust Y, =1, Yy, = X,
Oo1ee penierne 3agaHHOro AU (HEepeHIMANTEHOT0 YPaBHEHUS UMEET BUJI:

y=Cy +Ce™,

rae C;,C, —npou3BOIbHBIE IOCTOSHHBIE.
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3) XapakTeprcTHuecKoe ypaBHEHHE UMEET BUII:

12-41 +4=0 wm (I - 2)>=0.

Otcioga | =2 —KopeHb KpaTHOCTH 2.

Torma pemenust Y, = e u Y, = xe? 00pa3yroT (QyHIaMEHTAIBHYIO

CHCTEMY pEIIeHHH HCXOAHOro auddepeHnnaIsHOro ypaBHeHus, a odiee
pelICHHE UMEET BHJI:

y =Ce” +C,xe*,
rae C;,C, —npou3BOIbHBIE IOCTOSHHBIE.

4) XapakTepuCTHYECKOe YpaBHEHHE 3aJaHHOTO U (epeHIHATLHOrO
YpaBHEHUSI

| 2-2 +2=0.
Ero xopuu: |, =1+i, |, =1-i — mpocrble KOMIUIEKCHO-COMPSDKEH-

HBIC. Torz[a JTOU nape KOpHeﬁ XapaKTCPUCTUICCKOI'0 YpaBHCHUSA COOTBET-
CTBYIOT IBa JIMHEHHO-HE3aBUCUMBIX YaCTHBIX peUICHUA 3aIaHHOTO I[I/I(l)(l)e-
PECHIMATILHOIO YPABHCHMS .

y, =€fcosx, Yy, =€*sinx.
INomygaem ob1iee pereHre UCXOAHOro T GepeHITMATBEHOTO YPaBHEHS:
y =C,€* cosx+C,e*sinX,

rae C;,C, —Ipou3BOIbHBIE IOCTOSHHBIE.

IMpumep 2. Haiitu obuiee pemenne nuddepeHnnansHoro ypaBHEeHUs:
1) y® 3y®+2yC=0; 2) y®+3y®+4yt+2y =0;
3) y"V - 4y@+5y6=0; 4) y" +3y"Y +3y@+y=0.

Pewenue. 1) 3anuiieM XapaKTEpUCTHYECKOE ypaBHEHHE 3aJaHHOTO
nmuddepeHInansHOro ypaBHeHHs

13-32+2 =0.

Ero xopusmu 6yayr |, =0, |,=1 [;=2, 1.e. xopHH XapakTepu-
CTHYECKOT0 YPaBHEHUS JCUCTBUTENBHBIC U pa3inyHbie. VIM COOTBETCTBYIOT
TPHU JTMHEHHO-HE3aBUCUMBIX YACTHBIX PEIICHHS:

V=1 y, =€, y;=e™.

OO6mee perreHue 3agaHHOro AU((EPCHINATEHOIO YPaBHEHUS HMEET
Bux: y =C, +C,e° +Cye”,

rae C;,C,, C; —npou3BoIbHbIE IOCTOSHHBIE.

2) CocTaBUM XapaKTEpUCTH YECKOEe YpaBHEHHUE 3aJaHHOrO audhepeH-
[IUAJIBHOTO YPaBHEHUS

1343 2+41 +2=0.
Ero xopuu: | =-1 |, =-1+i, I3=-1-1i. 1M cooTBeTcIByIOT TpU
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JIMHEHHO-HE3aBUCUMBIX YaCTHBIX PELICHHS:

y,=€%, y, =€ cosx, y;=€*snx

OO11ee penieHre UMEET BUI

y=C€ ¥ +C,e *cosx+C,ye *sinX,

rae C;,C,,C; — mpou3sBosIbHbIE IOCTOSIHHBIE.

3) XapakreprcTHuecKoe ypaBHEHHE NMEET BHI

| - 413%+5 2 =0.

Ero xopuu: |,, =0 (xopens kpatHoctu 2), | 3 =2+i, | ,=2-1i. Um
COOTBETCTBYIOT YETBIPE JINHEHHO-HE3aBUCHMBIX YaCTHBIX PEIICHHUs BH/A

V=1 Y, =X y;=ecosx, y, =e*sinx

O011ee penieHre UMEET BUI

y =C, +C,x+C;e** cosx +C,e?*sinx,

rae C;, C,, C;, C, —nmpousBosIbHbIE IOCTOSIHHBIE.

4) 3anumieM XapaKTepHCTHUECKOE ypaBHEHHE 3aJaHHOro auddepeH-
[MAJBHOTO YPaBHEHHS

| ®+3 4+3 2+1=0.

IpeoGpa3yeM 3TO ypaBHEHHE K BUILY

(I 2+1)° =0.
Otcroa, OYEBHAHO, YTO KOPHH XapaKTEPHCTUYECKOTO YpaBHEHHSI
[, =i, |, =-1 — KoMIUIeKCHO-conmpsbKeHHbIe kpaTtHOocTH 3. Torma uM co-

OTBETCTBYIOT ILECTh JINHEHHO-HE3aBUCHMBIX YaCTHBIX PEIICHHH Bra
Y, =COSX, Y, =SINX, Y3=XCOSX, Y, =XSNX, Ys=X?C0SX,
Ye = X2sinx.
Oomiee perieHue 3aIlaHHOrO TU(PQEpEHINATEHOrO YPAaBHEHHUS HIMEET BUT
y =C, cosx+C, Sinx+Cyxcosx+C,xsinx+Cx? cosx +Cgx* sinx,
rne C;, C,, C;, C,, G5, C; —1pou3BOIbHBIE IOCTOSHHBIE.

Mpumep 3. Pemmts 3anauy Komm:
1) y& 6y¢+9y =0, y(0) =2, y§0)=9;

2) y' +4y®=0, y(0)=2, y§0)=3, y&0) =4, y®%(0)=8, y' (0)=16.
Pewenue. 1) XapakTepucTuueckoe ypaBHEHUE UMEET BUJL:
12-6l +9=0 wm (I - 3)*=0.
Ero xopens | =3 — xopenb kpatHoctd 2. Toraa pemenus Y, = esx,

Y, = xe™ 06pasyloT PyHIAMEHTAIBHYIO CHCTEMY pemeHuii. Obuiee pelie-
HHUE UMEET BUJI
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y=Ce* +C,xe*.
UroOs! Haiitu koHcTanthl C; u C,, nuddepenmupyem HalneHHOE
o01Iee peneHue:
y¢=3C,e¥ +C,e** +3C,xe*.
3aTeM MOJCTaBIIsIEM HAYalbHbIE YCIOBHsS B BhipaskeHus 1ast Y u Y& u
pemaem cucreMy ypaBHeHui otHocutensno C, u C, !
} 2=Ce,
19=3Ce” +C,€°.
Monywaem C, =2, C, =3. Torna pemenue 3agaun Kommn:
y = 2 +3xe*.
2) XapaKkTepuCTHYECKOE ypaBHEHHE
15+413=0 wm | 3(1 2+4)=0.
Ero xopuu: |;,3=0 — kopenp kpatHoctu 3, | , =2i, | 5=-2i. Um
COOTBETCTBYIOT MSTh JTUHEHHO-HE3aBUCUMBIX PEIICHHIA:
Vi =1 ¥, =% Y3 =X, Y, =C0S2X, Y5 =Sin2x.
Oomiee perieHue 3aIaHHOrO TU(PQEpEHINATEHOrO YPAaBHEHHUS HIMEET BUT
y =C, +C,x+Cyx? +C, cos2x +C5 sin2x.
Juns ompenenenust xoncranr C;,C,,C;5,C,,C5 nponuddepeniupyem
HOJIy4eHHOe ofIIee pelIeHre OCIeI0BaTeNbHO YeThIPe pasa:
y¢=C, +2C;x - 2C, Sin2x+ 2C; cos2x;
y®=2C; - 4C, cos2x - 4C;sin2x;
y#=8C, sin2x- 8C; cos2x;
y" =16C, cos2x+16C;sin2x.
Toxcrasisis B BeIpaxkerns s Y ', y& y& y¢ y mauansmsie ycio-
BUSI, HAXOJIMM KOHCTAHTBI
C;=-1 C,=1 C;=4, C,=5 C =1
Torna pemenue 3anaun Komm:
y =1+5x+4x% +C0s2xX - Sin2x.

3aoanusn
| yposens
1.1. Pemmre ypaBHEHHE:
1) 2y® 5yt+2y=0; 2) ye+16y=0;
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3) y& 4y=0; 4) yV +2y@+2y@=0.

1.2. Pemmwre 3apauy Komm:
1) y®+2ytty=0, y(0)=1, y€0)=2,
2) y® 5y€+6y¢=0, y(0)=2, y§0)=3, y&0) =4

3) y#+9ye=0, yg%gd y%%ﬂ yti%%:l-

4) yV -16y=0, y(1) =1 y&l) =2, y&l) =3, y#1)=4.

Il yposens
2.1. Pemte ypaBHEHHE:
1) y®+2y@+9yt=0; 2) y&+8y=0;
3) yV - 8yt=0; 4) yV - 4y@+4y¢ ye=0.

2.2. Pemnre 3amavy Komm:

1) y®+2y=0, y(0)=1 y%0)=1, y®0)=1
2) yV - 4y@+8ye 8ytray=0, y o= PO_o v O_3
) Y y®+8y@- 8yt+ 4y ygzﬁ 1 y@b y@b

5
— =4
VS
3) y'-8y"Y +16y®=0, y(0)=4, y€0)=3 y®%0)=2, y®(0)=1
yY(0)=1.
1l yposens

3.1. CocraBbTe nuHelHOe muddepeHnaibHOoe ypaBHEHUE TI0
ero pyHaaMeHTaIbHON CHUCTEME PEIICHUH:

1) e*, xe’, 2) 1, X, X°, COSX, SiNX;
3) 1, x, X% 4) e *cosx, € *sinx.

3.2. Jlokaxwure, 4r0 (GYHKUHH Y, = el (cosv/2x +isin/2x),

y, =€ ‘/EX(COS\/EX- iSin\/EX) 00pasyoT (QyHIaMEHTATbHYIO CHC-
Temy pemennii ypapuenus Y@ 4iy = 0. IIposepsre:
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1) sBASIOTCS  JIM  PELICHUSIMA  JTAHHOIO  ypaBHEHHs (DyHKUIUH
u, =Rey,, u, =Rey,, v, =Imy,, v, =Imy,;
2) UMeeT M JJaHHOE YpaBHEHUE JICHCTBUTEIbHBIC PELICHUSI.

22.7. JIuneiinble HeoAHOPOAHBIE U PepeHIHATbHBIE
YPABHEHUS

Jluneitnoim HeoOHopoOHbIM OUpphepenuuaIbHbIM YpaGHEHUEM
N-20 nopsaoka Ha3bIBaeTCs ypaBHEHHE BUA
y® +a,  ()yTY + e ()ytra (y = f(x),  (2258)
rae a,(x), a,(X), a(X), ..., f(X) — nenpepsiBHBIE (yHKIHMH Ha
HEKOTOpOM MpomMexyTke (&, b).
Ecin f(X)° O B ypaBHenuun (22.58), To monydaem coomeem-
cmeyrouiee 00HOpoOHoe OudgepenyuansHoe ypasHeHue
y® +a, )y e ()Yt (x)y=0.  (2259)
OG6iee pemrenne ypaBuenus (22.58) onpenensercs hopmysioit
Y=YotY,, (22.60)
rae Yy, —ooOuiee pemeHre COOTBETCTBYIOLIErO OJHOPOIHOrO
YpaBHCHUA, yq — YaCTHOC PCIICHUE HEOJHOPOJHOTO YPAaBHCHHA.
st perenust quddepenimansHoro ypasuenus (22.58) ucmnosn-
3ytoT MeTox Jlarpan:xka (MeTo] BapualMy MPOU3BOJIbHBIX MMOCTOSH-
HbIX). 17151 ero peanu3anuu HeoOXOIMMO CACNATh CIIeyolIee:
1. 3anucaTh COOTBETCTBYIOIEE OAHOPOAHOE MU epeHIInATb-
HOE ypaBHEHHE.
2. Haiitn pyHIaMeHTanbHYI0 CHCTEMY YaCTHBIX PEIIeHUH
Yo =Yi(X)s Yo = Yo(X), -y Yo = Ya(X)
COOTBETCTBYIOILIEr0 OHOPOJHOTO MH(PepeHIINaATBHOTO YpaBHEHHS.
3. Haiitu of1iee pemienre oJJHOPOIHOTO YPaBHEHUS B BUJE
Y=Cy+Gy, +..+ Gy, (22.61)
rae C,, C,, ..., C, —KOHCTaHTHI.
4. PeiieHue 3aJaHHOrO HEOAHOPOIHOrO JU(depeHIIUATBLHOrO
ypaBHeHHs uckath B Buzae (22.61), o cumrath, uto C, =C (X),

C,=C,(x), ... C,=C,(X) — dynkumuonansusle Ko3(pPHUIUEHTH,
KOTOpPBIE HAJ0 HANTH.
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5. Jna naxoxnenus koddpdurmento C, (K =ﬁ) peleHus
ypaBHenus (22.61) HeoOX0aUMO 3aMmucaTh CHCTEMY YpaBHEHU I
1YY, (%) +CHRY, () +...+ CHN Y, (X) =0,

T CRY00 +CB00 Y0 +...+ CH) V) =0,
S (22.62)

1 CH9Y™ 09 +CIYE™ (9 + .+ CHRYE™™ (9 = F ().

6. Pennts cucremy (22.62) ornocutensuo CE...,C$ u nonyunts
C&¥) = 1(X).K,CHX) =] ().

7. TlpounrterpupoBath moiydeHHble paBeHcTBa 111 CH(X),
k= ]?l ¥ HaWTH

C(X)=g ,x)dx+C, ..., C,(X)=¢§ ,(x)dx+C,_,

rre C,,...,.C

8. IloxncraBuTh noyueHHsle Bepaxkenus smecto C;, C,,...,C, B

n — IPOHU3BOJIbHBIC IIOCTOSHHBIC.

3anucaHHoe perierne (22.61). Oto u ecth o0lee peneHue 3a1aHHo-
ro muddepennmnansHoro ypaBuenus (22.58).

CornacHo meroxy Jlarpamka, cpasy HaxoauMm OOIIee pelIeHUe
(22.60) 3amannoro auddepenimaipHoro ypasuenus (22.58) (6e3 Ha-
XOXKIEHUS OTIENBHO €ro YaCTHOTO PEleHus Y, ).

JIist pelieHus JTMHEHHBIX HEOAHOPOAHBIX T depeHInamTbHbIX
ypaBHenuit (22.58) ¢ nocrossHHbIME KO3 HUIIIEeHTaMK U TTPaBOW Ya-
creio f(X) crenmanpHOrO BHIa MCIONB3YIOT MeToA Jiijepa (Meron
HEOoMpe/eeHHbIX KO3()(QUIIMEHTOB). DTOT METOJ MPUMEHUM, €CIH
bynkuus f(X) umeer Bu:

f (x) =€ (P,(x)cosbx+Q,,(X)sinbx), (22.63)
rne a,bl R, P,(x), Q,(X) —MHOrouIeHsI cTermeH: N 1 M co-
OTBETCTBEHHO.
JIi1st peau3aiiu MeTo1a HeoO0X0AMMO CIeNaTh CIIeayolIee:
1. Pemmmth COOTBETCTBYIONIEE OAHOPOAHOE AUQQepeHITHaIbHOS
ypaBHenue (22.59), ucnonb3ys XapaKTepuCTHIECKOE YpaBHEHHUE:
| "+a, 0 "t+..+al +a,=0. (22.64)
Oo6miee perenne aupdepeHnmansHoro ypasuenus (22.59) 3a-
MUCaTh B BUJIC

Yo =G tCy, +..+Cy,, (22.65)
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rae Yy, Yo, ... Y, — YacTHBIC pelieHus ypaBHeHus (22.59), momy-
YEHHbIC B COOTBETCTBUU C THUIIOM KOpPHEH XapaKTePUCTUYECKOrO

ypaBHeHus (22.64).
2. 3anmcaTh KOHTpOJIbHOE YKciao S =a +bi, rme a,b — uwncna,

KOTOpbIe 3a1aHbl B (22.63). Onpenenuth, MMEETCs JIX YUCIO S cpe-
1M KopHei ypaBHeHus (22.64). Eciu numeercs, To KakoBa KpaTHOCTh
k aToro kopHsi.

3. Eciu s =a +bi He comepxurcst cpeau KopHel xapakTepu-
CTUYECKOro ypaBHeHus (22.64), To 3amucath UCKOMOE YacTHOE pe-
menue Y, auddepenipansaoro ypapuenus (22.58) B Bune

y, =€*(P (X)cosh x+Q, (x)sinbx). (22.66)

Ecnau cpemu kopHeill XxapakTeprcTHUecKoro ypaBHeHus (22.64)
uMeercs KopeHb S =a + bi, kpatHocTs KOoTOpOrO K, TO icKOMOE Ya-
ctHoe pemieHue Y, auddepennuansHoro ypasHenus (22.58) 3ammu-
caTh B BUJIC

y, = X“é*(P (x)cosbx+Q, (x)sinb x), (22.67)
re B paBeHcTBax (22.66) u (22.67) P, (x), Q,(X) — mHorounens
cremenu r, r = max(n,m) — GOmbias cTerneHb 3aJaHHBIX MHOTO-

ateHoB B (22.63). Muorowtenst P (X) n Q (X) Heobxomumo 3amu-
caTb B CTaHJapPTHOM BHUJIe ¢ OYKBEHHBIMH KOd(ppHLIMEeHTaMHU.

4, Ko>pdumments: MHorounenoB P (x), Q,(X) maiitm MeTomom
HEOIPENEICHHbBIX KO3 GUIMeHToB. [ 3TOro HeoOXOAMMO BBIYKC-
nuts npoussozansie Y, y& K, ysn) byukumu (22.66) wim (22.67) u
MOJICTAaBUTH B JIEBYIO 4acTh ypaBHeHus (22.58). Jlanee Hamo npusec-
TH MOA00HBIC OTHOCUTEIBHO COSDX u SiNDX, a 3aTteM mpupaBHATH

MHOTOWICHbI TIPU OJHOUMEHHBIX TPUTOHOMETPUYECKUX (YHKITHSIX.
Hcnonw3yst paBeHCTBO MHOTOYICHOB, 3aIMCBIBAIOT CUCTEMY ypaBHE-
HUW OTHOCUTEIILHO UCKOMBIX YUCIIOBBIX KOA()(PHUIIMEHTOB.

5. HaiinenHble 3Ha4eHUs YMCIOBBIX KO3((HIMEHTOB HEoOXo-

JIUMO TOJICTABUTH B MHOTOuNeHsl P u Q, wactHoro pemenus Y, ,
3amucaHHoOro B Buje Gpynkunu (22.66) nm (22.67).
6. 3anmcare oOmiee pemieHre 3agaHHOrO auQdepeHInaTLHOro

ypaBHeHus (22.58) B Buze (22.60), rie perenue Y, nmeer Bux (22.65),

a Y, — pelleHue BUa, 3alIMCAHHOIO B IIPEIBIIYIEM 5-M «Iare».
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3ameuanuel ®opma samucu (22.66) win (22.67) coxpansiercs U B
CIly4asix, Korja B ucxomHoM ypasHenuu (22.58) P,(x) =a mwm Q,,(X) =b,
rae a, b — uucna. Torma I5r (x)=A (3, (X) =B, rme A, B — uncia, koTopbie
HaJ0 HaTu.

3ameuanue 2 Eciunpasas yacts ypaBHeHus (22.58) ecth cymma
pa3IMYHBIX (YHKIHUHA CIENHATBHOTO BU/A, TO [UISl HAXOXKACHUS Y., UCTIONB3Y-
0T meopemMy 0 HAN0MCeHuu pewieHul. ecv B ypaBHeHuu (22.58) mpaBas
YaCTh UMEET BUT

f(x) = f,(x)+ f5(X) +...+ . (X),

rae kI N, a Yo 1 Yo, ee Yo, —UACTHBIC PEIICHHS YPaBHCHUI

Yy +a, (YD +_ +ay(X)y = f,(X),
yW +a, ()Y D+ +ay(X)y = f,(X),

YW +a, 1)y 4.+ ag(x)y = fie(x),
COOTBETCTBEHHO, TO (PYHKIIHUS

Yo =Yy Yy, Tt Y,

SIBJISICTCSI PEIICHUEM 3aJIAHHOTO YPaBHEHHSI.

3. Ecnu B mpaBoii wactu f(X) ypaBHeHus (22.58) npucyTcTByeT TOIBKO
OIHO cllaraeMoe C TPHrOHoMeTpHueckod ¢yHkumeit (t.e. B, cosbx mm
Q,sinbx), To obmee penreHHe W B ITOM Clydae 3aIMCHIBAIOT B BHUJC
(22.66) wnu (22.67), 1. €. ¢ ABYMSI TPUTOHOMETPHYCCKUMU (PYHKIHSAMH.

IIpumep 1. Pemuts ypaBHeHue MetoaoM Jlarpamxka:

1
1) ye+ = g% 2) y& 4y =4x; 3) y#+4y+ y¢ 6y =e*.

Pewenue. 1) 310 HEoqHOPOAHOE NHHEIHOE MU(depeHInaIEHOE ypaB-
HeHue 2-ro mopsjika. Haiifem pelieHre COOTBETCTBYIOIIETO OJHOPOIHOIO
ypaBHenus Y&+ y=0.

Ero xapakrepucruueckoe ypasuemue | 2+1=0, KOopHH KOTOPOro
[, =-i, |, =1 — xoMmIeKcHO-conpshKeHHbIe, mpocThie. Toraa obmee pe-
IICHHUE COOTBETCTBYIOIIEIO OHOPOIHOrO ypaBHeHus Y, = C, cosx+C,sinXx,

rae C;, C, — npou3BONBEHBIC TOCTOSHHBIE.
Oomiee perieHre 3a1aHHOTO U (epPEHIHATEHOTO YPABHEHYS UITIEM B BUJIC
y =C, cosx+C,sinx, (22.68)
rae C, =G (x), C, =C,(X) — dynximu, koTOphIe HAJIO HANTH.
Juns maxoxaenust Cq(X), Co(X) penm cucteMy ypaBHEHHIH
}Cﬁcosx+C§sinx =0,

%Cﬂ(cosx)ﬂcy(sin X)¢= L

sinx
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HUcnonszyem, Hanpumep, meron Kpamepa:

COSX sSinx .
=| . =cos? x+sin’x =1,
-snNX CoSX
0 sinx
D=1 =-1
—— COSX|
sinx
COSX 0 ox
D, = ) 1 =——=ctgx
-snx ——| snx
sinx

Torna pemieHussMU cucTeMbI OyIyT:

P
iP5 jcp=-1,
; _D, PIJIPI%C&zctgx.
8= %

WHTerpupyst MonydeHHbIC PAaBEHCTBA, MOIyYaeM:

1C (0 =-x+C,

1C,(x) =In|sinx|+C,,

rne C;,C, — npon3BoJbHBIE IOCTOSIHHEIE.

IMoncransieM HaiineHHble 3HaueHUs QyHKUA B (22.68) u monydyaem
ofIIee penieHue 3a1anHoro audGepeHIMaIbHOr0 YpaBHEHHS

y =C,cosx+C,sinx- xcosx+sinxIn|sinx]|.

2) Dro HeoaHOpOAHOE THHENHOe Aud(hepeHInanbHOe ypaBHEHUE 2-T'0
nopsiika. Hafiziem pernieHre COOTBETCTBYIONIETO OJHOPOMHOTO YpaBHEHHUS:

y® 4y = 0. Ero xapakrepucrudeckoe ypasHenne | 2 - 4 =0, KOpHH KOTO-
poro |; =2, |, =-2 —mpocTele, AelicTBUTENbHBIC. Toraa obliee perieHue
COOTBETCTBYIOIIEr0 OTHOPOAHOTO ypaBHeHHs Yo = Ce™X +Cre %%, e
C,,C, — npou3BosbHbIE TOCTOSIHHEIE.

Oo6mee penreHue 3amaHHOrO UG (GEPEHIIUATEHOIO YPABHEHUS HINEM
B BUJIE

y=Ce>+C,e ¥, (22.69)
rae C, =C(X), C, =C,(X) — dbyHKIMH, KOTOPbIE HAJIO HANTH.
Hns maxoxaenust C(X), C,(X) pewnm cucreMy ypaBHEHHIH
JCR? +Ce =0,
1 CHE) G+ Cl(e 2)6= 4x.

HUcnons3yem meton Kpamepa:
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er e 2X
= =-2e"- 260 = -4,
27X -2 X
0 e
= =-4xe ¥,
D 4x -2 %X
e 0
= = 4xe?,
2 e 4x

Torna PCUICHHUE CUCTEMBI:

T~p_ D1

ICP_ D1 Icpzxe-ZX’

! p, "} Cg=- xe*

| C = =2 T =- .

1 4 D

WuTerpupyem noayyeHHbIE PaBEHCTBA!
u=x, du=dx

— e 2X — _ — xe \e'zx =
Ci(x) (65 dx_dv:e'zxdx,v:-ezx —*0>3 dx

B VR
u=x, du=dx,
C, (x)= () e = P v :-?‘ezzx- c‘f; d g_
=- xe22X +%+C2
Takum obpazom,
i:-cl(x) =X e,
ic,09=-2"+& e,

rac Cl,CZ — HPOU3BOJIBHBIC MTOCTOSAHHBIC. HOI[CTaBJ'IHeM Haﬁl[eHHI)Ie

3HaueHus GyHkuui B (22.69) u momydaeM ofliee pelieHHe 3aJaHHOrO
muddepeHInansHOro ypaBHEHHUS:
2} - 2X - 2X o > X X o)
-2 xe e +Cl+ezx+§- xe? +e2 +c, e,
& 2 4 g & 2 4 g
IMocie ynpouieHus IPUXOAUM K OTBETY:
y=Ce* +Ce ¥ - x.
3) Oto HeogHOPOHOE JIHHEHHOE Au(depeHIHaNEHOe YpaBHEHNE 3-TO
nopsiika. Haiizem pelieHne CoOTBETCTBYIONIETO OTHOPOJAHOTO YPaBHEHHUSI
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y®+ 4y@+ y¢& 6y =0.

Ero xapakrepucTideckoe ypasHenne | > +4l 2+| - 6 =0, xopnu Ko-
toporo |, =1, |, =-2, |5=-3 — neiictBurensHsie, mpocteie. Toraa o0-
iee pelieHue COOTBETCTBYIOIETO OJITHOPOJTHOTO YpaBHEHHUSI
Yo =C,€° +Ce X +Coe ¥, e C;,C,,C; — NPOU3BOIBHBIE TIOCTOSHHbIE.
Ob1ee penierne 3agaHHOro AU HEepeHITUATEHOTO YPaBHEHUS UIIIEM B BHJIE

y=Ce*+Ce X +Coe ¥, (22.70)
rie C, =C(X), C, =Cy(X), C3 =C5(X) — byHKIMH, KOTOpbIE HAI0
Haitu. s vaxoxaenust C;(x),C,(X),C5(X) pemraem cucremy ypaBHEHUit
|G+ Cflr 2+ Ce ¥ =0,

.IICLQX _ 2C£é-2x _ m—?;x =0,

%Cl@x +4C£é-2x +9C/$-3X =eX,

ITo meTony Kpamepa:

eX e 2x e 3x e e 2x e 3x
D=le* _2e-2x _3e-3x =0 _3e-2x _4e-3x =

X Ao 2X O 3x 0 3 2x 8e 3x

=e*(-24e >+ 12e¥)=¢*(- 126 ) =-12¢' ¥,

0 e 2x e 3x

-3 2x de 3x
) 2x 8 3x =

- 2X - 3X
- . e e . -
D1:O _2e2x _3e3x = :eX(_3e5x+2eSX):_e4x
2 - 2X 3e-3x
e 4 X Og 3 - <€ -
e 0 e—3x
— |aX - 3X| — xeX e—3x — X - 2X - 2X) — g X
D,=e* 0 -3 =-¢ =-e(-3*-e7)=4e",
2 3 eX _3e-3x
e e 9
ex e—2x 0 y .
. € € . .
Dy=le* -2 o0|=¢"| L FE (2% -e¥)=-3
e 4e> e e -2

Torna PCLICHHUE CUCTEMBI:

il el
}CP_E’ _:_cp 12’
] D I e
iC :_2’ H =- -
: 5 D HHH.:.Cg 3
Tog=Ds [N
109 D A
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WuTerpupys nonydeHHbIE paBEHCTBA, MOITYYaeM:

|Q|.(X)__+QI.

o3
|C2(X) =- ?"'sz
|

1C3,(X)——+C3,

rae C;,C,,C; — nmpou3sBosbHbIE IOCTOSIHHBIE.

IMoncraBnsieM HaiinenHsle 3HaueHus QyHkud B (22.70) u monydyaem
o01Iee penieHue 3a1aHHOTrO z[mb(bepeHunanLHoro YpaBHCHHUS:

e X ™ 0 3
+ _e+-—+C *to—+Ci e
y= 812 GE e 9 G $16 TS5
Ilocne ynpolieHus: NpUXOAUM K OTBETY:
70
e +C,e 2% 4 C.e ¥ an
y=G G Ry

Mpumep 2. Pemmts 3az[al1y Komm:

8.
1) y®+9y =ctg3x, y86 =0, yﬂ?ég: 3

2) y®+4yt=x?, y(0) =2, y¢0) = g, y%0) = 4.

Pewenue. 1) D1o nuHeiHOE HEOHOPOAHOE MU PepeHInaTbHOE ypaB-
HeHue 2-ro mopsiaka. Haiimem ofliee pelieHHe COOTBETCTBYFOLIETO OJIHO-
pomHoro ypaBHeHus Y®+9y =0. Ero XxapakTepHCTHYECKOE YpaBHEHHE
| 2+9=0, xopuu xotoporo |; =3i, |, =-3 — KOMIIEKCHO-COMpSIKEH-
Hble, mpocThie. Torma obiee pelreHHe COOTBETCTBYIOIIETO OIHOPOIHOTO
ypaBHenus Y, = C, cos3x+C,sin3x, C;, C, =const. O0buiee penieHue 3a-
naHHoro nuddepeHIanbHOr0 ypaBHEH S HIEM B BHIC

y =C, cos3x+C, sin3x,
rie C, =C(X), C, =C,(X) — (yHKIMH, I HAXOKICHHS KOTOPBIX
COCTaBIISIEM CHCTEMY
i Cficos3x + Cgsin3x =0,
7 - 3Cf,sin 3x + 3C£cos3x = ctg3x.
Pemaem ee meronom Kpamepa:
cos3x  sn3x| _ 3
- 3sin3x 3cos3>J o
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0 sin3x

D, = = - cos3x,

ctg3x 3cos3x
_| cos3x 0 | cos?3x
27 |-3sin3x ctg3 " sin3x

[TonyuaeM pelieHUE CUCTEMBL:
cos3x

ICP‘ 3

| C cos? 3x

1 $= 3sin3x’

WuTerpupyemM noaydeHHbIE PaBEHCTBA!

cos3x SI n 3x
G(x) = 0 dx = +Cy,

c0323x 1 \1- sin?3x

C = =
20 = czsm3xdX 3U sn3x ox

:} N dx €0s3X
3Win3x

rne C;,C, — npou3BONbHBIE TOCTOSHHEIE.

O|n3xdx——ln

tg_ +C21

Torza obiee penieHue 3a1aHHOTo AU} epeHIIMaTEHOTO ypaBHEHHS:

—a?;l Smgx_cos3x+adln g3x COS3X +C223in3x.
&9 o
[Tocne ynpoieHust nomy4yaem:
y= Clcos3x+Czsin3x+éln tgg—zX sin3x.

Hanee pemaem 3amauy Komm. duddepeniupyem monydyeHHOE o0Iee
peuenue:
y¢=- 3C, sin3x+3C, cos3x +

F= 2] o]

¢
é(}% 1 ><§sin3x+ln
92

3x -
tg—| X3cos3x+.
Szg 2 2
IloncraBnsieM HauyanbHBIE YCIOBHS yg%gz 0, vy 59: - % B BBIpa-
[7] [7]

2

xenus 1 Y u Y6 u onpenernsie koncrautsl C; u C,

0= Clcos%+czsm3p —In tgi smgg

6 9
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8 .
- §:-3013|n%+3czcos%+

& 6
Q

1 1 ><—3p 2 35 ‘><3cos
g‘tg cos® = :

Orcrozia umeeM:

1G =1

ic, =o.

[Tonyuaem peuienue 3anaun Komm:

y:cos3x+éln sin3x.

3x
t_
97

2) Dro nuHeitHOe HeoqHOPOaHOE AU (hepeHIHaTIbHOe ypaBHEHUE 3-TO
nopsiaka. Haiinem ero obmiee pemenue meromom Jlarpamka. Coorerct-
BYIOIIIEE OTHOPOAHOE ypaBHeHue uMeet Bux. Y#+4yC=0. Ero xapakrepu-
ctuueckoe ypasuenne | 2 +41 =0, rne |, =0, |, =2, | 3 =-2i —xopHn.
Torma obmee pemenne oxHOpoxHOro uddepeHnnaTbHOro ypaBHEHHMS:
Yo =C; +C, cos2x+Cysin2x.

Obmee penreHue 3amaHHOrO UG (GEPEHIIUATEHOIO YPABHEHUS HINEM
B BUJIE

y =C,; +C, cos2x+C;sin 2x,

rie C, =C(X), C, =C,(X), C3=C5(X) — uckombie (HyHKIHOHATD-
Hble KO3()(DUIMEHTEI.

CocraBisieM CUCTEMY

i1 Cf+Cgcos2x+Cgsin2x =0,
I 2Cgsin2x + 2Cgcos2x = 0,
1. 4Cgcos2x- 4Cgsin2x = X2,
Pemaem ee meronom Kpamepa:

1 cos2x sin2x
D=|0 -2sin2x 2cos2x|=8sin?2x+8cos’ 2x =8,

0 -4cos2x -4sin2

0  cos2x sin2x

D, =|0 -2sin2x 2c0s2x|= x?(2c0s? 2x + 2sin? 2x) = 2x?,

x> -4cos2x - 4sin2x
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1 0 sn2x

0 0 2co0s2x|=-2x?cos2X,
0 x* -4sin2x

1 cos2x O

0 -2sn2x 0|=-2x’sin2x
0 -4cos2x X2

TOFI[a peuicHue CHUCTEMBI.

i 2%

: Cf= 8’

i X2 cOs2X
% C? - b
: 4

i X% sin2x
IC&: B 4 )
|

WnTerpupyem 3TH paBeHCTBA!

X3
C.(0=15+Ch

X2 cos2x sn2x xcos2x x2sin2x
QM=% =% 5 g <
\ Xx2sin2x X2 C0S2X XSn2x cos2x
X) = dx = - - +
G=0"73 8 8 T

rne C;,C,,C; — mpou3BoibHBIE MOCTOSHHBIC (MMPH HHTErPUPOBAHUU
Cf u C{ npuMeHsIICS. METOJ] HHTErPUPOBAHHS 110 YACTSM).
IMoxncrasinss Beipaxenus s C;,C,,C; B obIee pemeHne, momyqaem:

x3 &®N2x XCcos2x x2sin2x o)
=Z_+C + - - +C, =00S2X +
Y=tate s 8 8 25
3®° C0s2X XSin2X cos2x 0.
+ - - +C;sin2x
g 8 8 16 p
WJIN TIOCJIE YIPOLICHUS:
. X X3
=C, +C,co82x+C,9n2x- —+—.
y=C +GC, G 8 12
JuddepeHnupyem momydeHHOE 00IIee PEIICHUE TBAXK I
2
X

yt=- 2C, sin2x+ 2C; cos2x - é+ 7

y&= - 4C, cos2X- 4Q,,sin2x+§.
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IMoncrasisiem B Boipaxkenus st Y, y¢ y@® 3anannbie HavanbHbIe yeio-

Bus u HaxoguM C;,C,,C5:

12=C+Cy,

115 1
== =2 - =
: ) Cs g’
§4=-4C,.

Otcioma C;, =3, C,=-1 C3=1
IMonyumn pemenue 3agaun Ko
. x X3

y =3- CcoS2X+sin2x- §+E'

Ipumep 3. Pemts ypaBHEHUE:

1) y& 3yt=e >(x+2)?; 2) y"V +2y@+y =2cosx+3sinx
3) y®+ y@+ 4yG+ 4y = € *(cos2x + XSin 2X).

Pewenue. 1) 310 nuHeiHOE HEOqHOPOHOE MU(dEpeHINATIEHOE ypaB-
HEHHEe 2-TO TOPSIJIKA ¢ MOCTOSHHBIMH KO (UIMEHTAMU W NPABOH YaCThIO
CrenUanbHOro BUa. JIist ero pemeHns HCHoib3yeM MeToj Dilepa.

PaccMoTtpuM coOTBETCTBYIOIIEE OMHOPOAHOE ypaBHenue Y@ 3y€=0.
Ero xapaktepucrudeckoe ypasuenne | 2 - 31 =0, xopuu kotoporo | ; =0,
| , =3 — neiicTBUTENBHBIC, IPOCTHIE.

Torna obImee perieHre COOTBETCTBYIOMIETO OJHOPOAHOTO YPABHEHHS:

Yo =C, +C,e¥, rme C;,C, — npon3BOIBHEIE MOCTOSHHBIE. 3aTHuIIeM
KOHTpOIIbHOE 4nciIo S =-3 (Tak kak @ =- 3, b =0). KonrponsHoe yncio
HE COZICPYKUTCS CPe/IM KOpHEH XapaKTepucTHIecKoro ypapuenus. Toraa uc-
KOMOE€ YaCTHOE PeIleHHe 3aJaHHOr0 AU} (hepeHIIHATEHOTO YpaBHEHHS HUMe-
eT BUJI:

y, =€ ¥(Ax® + Bx+C),

rae A, B, C —HeonpesieneHHble KO3 QUIIHMEHTBI, KOTOPBIC HAJ0 HANUTH.

Borumcium nipoussonusie Y&, y&:

y¢=-3e >(AX? + Bx+C) +& *(2Ax +B),

y&=9e 3 (Ax? + Bx+C) - 3¢ ¥(2Ax + B) - 3" ¥ (2Ax + B) +24¢€ **,

IMoxacraeisem nosiy4eHHsle Beipaxenuss Y¢ u y$ B 3amanHoe nudde-
PEHIHAIBHOE YpaBHEHNUE:

9e ¥ (AX® + Bx+C) - 66 ¥ (2Ax+B) +24e > -

- 3(- 3 (A +Bx+C) +e& *(2Ax+B)) = & ¥ (x+2)°.

222



CoxkpamaeM Ha € > U rpynmupyeM OTHOCHTENBHO CTeNeHeil X:

(94 +94)x? +(9B- 12A+9B - 6A)x+9C- 6B+2A+9C- 3B =
= X2 +4x+4.
[TpupaBHuBaeM K03(h(HPUIMEHTH IPH OJUHAKOBBIX CTEMEHSX X:
X’ < iea=
x':118B- 18A =4,
0 -118C- 9B+2A=4.
Pemaem nony4yeHHyto cuctreMy ypaBHeHnii 1 Haxoaum A, B, C:
= i , B= E , C= g i
18 18 324
[Noxncrasnsiem HalineHHbIe KO3()(UIMEHTHI B YaCTHOE pEIlICHUE:

e.3xael X2 + 5 x+115(.j

Yo=e e "1 300y ™™
3x ..

\ 2 +5x +§9.
18 8 8 g

Torma obmee pemenue 3agaHHOro JUG(GEPEHIMATHFHOIO YPaBHECHUS
HUMEET BUJI:

1154

y=C, +C,€’ +—a‘§<2 +5x+-=9

8 & 18

2) Dro nuHeitHOEe HeoqHOPOaHOE AU hepeHnnanbHoe ypaBHeHue 4-ro

MOPSA/IKA C MOCTOSTHHBIMU KOA(Q(UIIHEHTAMHU U MPABOM YaCThIO CIEIUATIBHO-
ro Buza. Mcnonezyem meron Diinepa Ui HAXOXKICHUS €ro oOLIero pere-

Husi. COOTBETCTBYIOIIEE OJHOPOIHOE YpaBHEHHE — yIV +2y@®+y=0. Ero
XapaKTEePUCTHIECKOE YPaBHEHHE
| 4420 241=0 wm (I 2+1)%> =0,
KOPHH KOTOpOro |, =i kpatHocTH 2 (KOMILIEKCHO-CONPSKEHHBIE).
Torna obImee perieHre COOTBETCTBYIOMIETO OJHOPOIHOTO YPaBHEHHS:
Yo =C, cosx+C,xcosx+Czsinx+ Cyxsinx,
rae C;,C,,C;,C, —npou3BoIbHBIE IOCTOSHHBIE.
3anuiieM KOHTpoOibHOE 4Hcno S =i, tak kak a =0, b =1. Kon-

TPOJIBHOE YHUCIO S CONEPKUTCA CPEeAM KOpPHEH XapaKTepUCTHYECKOTO
ypaBHeHHs KpaTHOCTH 2. [103TOMy MCKOMOE YacTHOE pelleHHe 3aJaHHOTO
muddepeHansHOro ypaBHEHHs UILEM B BUJIE

y, = x*(Acosx+Bsinx),
rae A, B — ko3¢ GunmeHTs, KOTOphIe Ha0 HAWTH.
Juddepennupyem Y, ABaKAbI:
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y¢=2x(Acosx +Bsinx) + x?(- Asinx+ Bcosx),
y$=2(Acosx+ Bsinx) + 2x(- Asinx+ Bcosx) +

+2x(- Asinx + Bcosx) + x*(- Acosx- Bsinx).
Vopoctum y$:

ye=(2- x?)(Acosx+ Bsin x) + 4x(- Asinx + Bcosx).
JHanee nonyuum:

y#=- 2x(Acosx+Bsinx) +(2- x?)(- Asin x + Bcosx) +
+4(- Asinx+ Bcosx) +4x(- Acosx- Bsinx).
prOCTI/IM 3TO BI)Ipa)KeHI/Ie:

y#=- 6x(Acosx+Bsinx)+(6- x?)(- Asin x+ BcosXx).
Huddepenmupyem erie pas:

y»Y =-6(Acosx+Bsinx)- 6x(- Asinx+ Bcosx) -

- 2x(- Asinx + Bcosx) +(6- x?)(- Acosx- Bsinx).
VYnpoiaeMm 3To BeIpakeHHE!

yiV = (x? - 12)(Acosx+Bsinx) - 8x(- Asinx+ Bcosx).
HO):[CTaBJ'IHeM BBIPAXKECHUS JUISL y , Y8 u y, B3amannoe nudpdepen-
UAJIbHOC YPAaBHCHUE!

(x? - 12)(Acosx+ Bsinx) - 8x(- Asinx+ Bcosx) +
+2(2- x*)(Acosx+ Bsinx) +8x(- Asinx + Bcosx) +
+x?(Acosx + Bsinx) = 2cosx + 3sin x.

I'pynnupyeM oTHOCHTETBHO COSX M SN X:

(AX? - 12A- 8Bx+4A- 2AX? +8Bx+ AX?) cosx +
+(Bx? - 12B+8Ax+4B- 2Bx? - 8Ax + Bx?)sinx = 2cosx +3sin x.
[Mocne mpeoOpa3oBaHuii B CKOOKAX MOIYYUM:

-84cosx- 8BsSnx=2cosx+3sinx.

[TpupaBHuBaeM KO3(QUIMEHTH IPU OJTHOMMEHHBIX TPUTOHOMETpHYE-
CKUX (YHKIHMSX U MTOTY9aeM CUCTEMY

COSX: ‘|-8A 2,

sinx:-8B=3,
pemenue koropoi: A=-—, B=- §
4 8

INoncrapnseM HalieHHbIe KO3 QUIHEHTHI B YaCTHOE pellIeHHe Y, !

Y, = xza@icosx-g‘smxg
& 4 8

2
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Torna obmiee penieHne 3a1aHHOrO UM HEepeHINANTEHOTO YPaBHEHUS:

. . 1 3
y = C, cosx+C,xcosx+C;sinx+C,xsinx+ nge_ 7 Cosx- gsmxg
2

& x?0 & 3x? 0
Ui y:8C1+C2x- —+cosx+gC3 +C,X- —=8inx
4 @ 8 o
3) Dro nuHeitHOe HeoqHOPOIHOE AU (hepeHIHaTbHOe ypaBHEHUE 3-TO
HOpsIZIKA C TIOCTOSHHBIMU KO3()(UIIMEHTaMH U CHENUaIbHOM MpaBod ya-
c1p10. COOTBETCTBYIOIIEE OMHOPOAHOE ypaBHeHue — Y#+ y@+ 4y G+ 4y = 0.
Ero xapakTepucTHUECKOE ypaBHEHHE
13+12+4 +4=0 wm (I +1)(1 2+4)=0.
IMonyyaeM KODHH  XapaKTepPHCTHYECKOro ypaBHeHus |, =-1,
I 2’3 = izi .
OO0liee penieHne COOTBETCTBYIONIETO OAHOPOTHOTO YPaBHEHHS HMEET
BUI;
=Ce " +C, cos2x +C;sin2x,
rae C;,C,,C; — mpou3sBosIbHbIE IOCTOSIHHBIE.
3anuiieM KOHTpOJbHOE uncino S =-1+2i, tak kak a =-1, b =2.

KoHTponmbHOE YHCI0 HE COACPKUTCS Cpequ KOpHEH XapaKTepUCTHISCKOro
ypaBHeHus. Torma uckoMoe YacTHOE pellieHHe 3aJaHHOro AuddepeHIraib-
HOT'O YpaBHEHUsI UIIIEM B BHJIE

y, =€ *((Ax+B)cos2x +(Cx+ D)sin2x),
rne A, B, C, D — koa¢ddunmenTs, kotopble Hao Halith. nddepeniy-
PYEM TpUIKAbL yq :

y¢=-¢e *((Ax+B)cos2x+(Cx+D)sin2x) +

+€ ¥ (Acos2x- 2(Ax+ B)sin2x+Csin2x+ 2(Cx+ D) cos2X).
prOCTI/IM 3TO BI)Ipa)KeHI/Ie:

y$=e*((- Ax+2Cx- B+ A+2D)cos2x+(- Cx- 2Ax- D- 2B+C)sin2x).
Hanee mupdepentmpyem:

y@¢=- € *((- Ax+2Cx- B+ A+2D)cos2x+ (- Cx- 2Ax- D-
-2B+C)sin2x) +€ *((- A+2C)cos2x- 2(- Ax+2Cx- B+
+A+2D)sin2x+(-C- 2A)sin2x+2(- Cx- 2Ax- D- 2B+ C)cos2x).
prOCTI/IM 3TO BI)Ipa)KeHI/Ie:

y&#= € *((- 3AX- 4Cx- 2A- 3B+4C - 4D)cos2x + (4Ax- 3Cx- 4A+
+4B- 2C - 3D)sin2x.

y®=- e *((- 3Ax- 4Cx- 2A- 3B+4C- 4D)cos2x + (4Ax- 3Cx- 4A+
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+4B- 2C - 3D)sin2x) +€ *((- 3A- 4C)cos2x- 2(- 3Ax- 4Cx- 2A-
-3B+4C- 4D)sin2x+(4A- 3C)sin2x+2(4Ax- 3Cx- 4A+4B-

- 2C - 3D) cos2x).

VIIpocTHM 3TO BEIpaXKEHHE:

y#= e *((11Ax- 2Cx- 9A+11B- 12C - 2D)cos2x + (2AX+

+11Cx +12A+2B- 9C +11D)sin 2x).

IMoxcrasiss Boipaxkenus anst Y,, Y& y& y#® B sagannoe nuddepen-

LMaJbHOE ypaBHEHHE, TPYIIUPYEM M, NpHUpaBHUBas Kod(QuImMEeHTH mpu
OJHOMMEHHBIX TPUTOHOMETPUYECKUX (PYHKIHUSIX, HIMEEM:

X00S2X:111A- 2C - 3A- 4AC- 4A+8C+4A=0,

XSin2x:} 2A+11C+4A- 3C- 8A- 4C+4C=1,

Ccos2X: -:--9A+1lB- 12C- 2D- 2A- 3B+4C- 4D- 4B+4A+8D+4B =1,
sn2x: {12A+2B- 9C+11D- 4A+4B- 2C- 3D- 4D- 8B+4C+4D =0.
prOH_IaH BBIpaKCHU, MOJTY4aeM CUCTEMY ypaBHeHI/Iﬁ

18A+2C =0,

|-2A+8C 1
-7A+8B- 8C+2D =1,

,8A 2B- 7C+8D =0.

Pemaem ee u HaxoguM:
pe.l o4 p50 o208
34 34 289 1156
[Noxcrasnsiem HalineHHbIE KO3()(UINEHTHI B y;
- —900 X + E?s n2xs X
88289 TP TRl
Torza obiee penieHue 3a1aHHOT0 AU} epeHIIMaTEHOTO ypaBHEHHS:
y=Ce *+C, cost+C3sin2x+

X@-lb +—20393|n2 X=
K280 3y o &34 1565 g
IIpumep 4. Pemuts ypaBHEHUS:
1) y¢ 2y¢ 3y=e?; 2) y@+ 25y = cos5x; 3) y& y=2x+¢€".

Pewenue. 1) 1o nuHEHHOE HEOTHOPOJAHOE YPABHEHUE 2-TO MOPSIKA C
MIOCTOSTHHBIMU K03(p(pUIMEHTaMH 1 CIIeNNaNIbHOM MTPaBoOi 4acThIO BUJIA

f (x) = e** (0>cos0x +b>sin0x),
rae b —uucno, a =2, b =0.
COOTBETCTBYIOIIEE OJHOPOIHOE YPaBHEHHE:
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y& 2y¢ 3y=0.
2 -

Ero xapaxrepucruueckoe ypasHeHue | - 21 - 3=0, kopHH KOTOPOro
l,=-1 |, =3 — neiicTBUTENbHBIE, IPOCTHIE.

Torzma obmiee pemeHne COOTBETCTBYIONIETO OAHOPOAHOro auddepeH-
[UaJTbHOTO YPAaBHEHUS:

- 3

Yo =Ce " +Ce™

3anuieM KOHTPONbHOE Yuca0 S = 2. OHO He ABNIAETCS KOPHEM Xapak-
TEPUCTUYECKOr'0 ypaBHEHUSL.

Tornga yactHoe pemeHne 3aaaHHoOro JudQepeHnanbHOro ypaBHEHUs
WILEM B BUJE

y, = A,

rae A — KO3 QUIUEHT, KOTOPBIA HAaJI0 HANTH.

Juddepennupyem Y, ABaKAbI:

yE=2Ae”, yg=4Ae.

IMoxcrasiseM Y, ,y$ y$ B 3agannoe quddepenimansaoe ypaBHEHHE:
AAE” - 2R A - 3A™ =€,

1
nomygaeM A=- 3

3aTeM NoACTaBisAeM TOT KO3(QGUIMEHT B BhIpaXKeHUE JUIS Y,
y = e2x
y _—c
3
Ob6mee pemienne 3agaHHOro nup(HEepeHIMATFHOIO YpaBHEHUS 3allv-
LIEM B BHJIC

e2x

y=Ce X +C,e¥ - =

2) Dro nuHeitHOEe HeOqHOPOaHOE AU (hepeHIHaTIbHOe ypaBHEHNUE 2-T0
MOpSZIKa C MOCTOSIHHBIMH KOI((PUIHEHTAMH U CHEIUAIbHOW MPaBoi Ya-
CTBIO BUJIA

f (x) = €™ (1xcos5x +0>sin5x), rae a =0, b =5.
CooTBeTCTBYIOIIEE OAHOPOAHOE YPABHEHNE UMEET BH/I!
y&+ 25y =0.
Ero xapakrepucrudyeckoe ypaBHeHue | 24+25=0, KOpHU KOTOpPOro
| 1, =5 —IpoCThIe KOMILIEKCHO-COMPSKEHHBIE.

Torna obiee perieHre 0JHOPOTHOTO YPABHEHUS:
Y, =C, cos5x+C, sin5x.
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KontponpHoe unciio S =5i coBmamaer ¢ OJHUM U3 KOpHEH Xapakre-
pHUCTHYECKOrO ypaBHeHHs, kpaTHocTH 1. [ToaToMy yacTHOe pelieHHe 3a-
JnaHHoro nuddepeHInanbHOr0 ypaBHEH S HIEM B BHIIC

Y, = X(Acos5x + Bsin5x),

rae A, B — xoaddurmenTs!, KoTopbie Hal0 HAUTH.
Juddepennupyem Y, ABaKAbI

y¢=(Acosbx + Bsin5x) + X(- 5Asin5x + 5B cos5x),

y#=- 5Asin5x +5Bcos5x - 5Asin5x +5Bcos5x +

+X(- 25Ac0os5x - 25Bsin5x).

Vopouaem y$:

y®= - 10Asin5x +10Bcos5x + x(- 25Acos5x - 25Bsin5x).

IMoxcrasnsem Y& Yy, B 3amanHoe muddepeHnHaIbHOe ypaBHEHUE:

- 10Asin5x +10Bcos5x + x(- 25Acosbx - 25Bsin5x) +

+25x( Acosbx + Bsin5x) = cosbx.

I'pynmnupys oTHOCHTENBHO SIN5X, a Takke COSS5X W MpPUpPaBHUBAS KO-

3¢ QUIHEHTHI TIPU OJIHOMMEHHBIX TPUTOHOMETPHUYECKUX (YHKIHSAX, MOIY-
YUM CUCTEMY

10B=1,
-10A=0,

1
u3 kotopoit Haxonum A=0, B=—.

Toraa yacTHOE peleHue:
X .
Y, =—Ssin5x,
10
a o0IIee perieHue 3aaHHOr0 TU(PEePeHIMATEHOTO YPABHCHUS

y:Clc055x+Czsin5x+%sin5x WIH

X0
y:(:lc055x+§at2 +—38in5x
10g
3) Dro nuHeiHOe HeomHOPOAHOE MU depeHIIaNbHOe yPaBHEHHE C TT0-
CTOSHHBIMU  KO()(HUIMEHTAMH W CIEHUAIBHON TMpaBOil YacThio BHIA
f,(X) + f,(X) = 2x+€*. Jlnst HaxoxkIeHUs! €r0 OOLIETO PEIIEHHs BOCTIONB3Y-
eMcsi MeToZioM Dilliepa U TEOpeMON 0 HaJIOKEHUU PEIICHHA.
CooTBeTCTBYIOIIEE OIHOPOJHOE YpaBHEHHE IS 3aJaHHOrO audde-
pennmansHoro ypasenus Y@ y=0. Ero xapakrepucTHUeCKOe ypaBHEHUE

| 2-1=0, KOpHH KoToporo | ;, =1 —npocTbie AeiCTBUTEBHbIE.
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OO011iee peliieHrue OHOPOTHOIO YPaBHEHUSL:

Yo =C,€ X +C,€e".

YacTHoe pelienne 3aaanHoro aud)(hepeHuansHoro ypaBHeHus 0yaem
HCKATh B BUJIC

Yo =Y TV,
e Y, —4acTHOE pelieHHe g hepeHITNaTFHOrO YpaBHEHUS !
y& y=2x; (22.71)
Y,, —4acTHOE peleHne 11 HepeHIHAIBHOrO YpaBHEHNS:
y¢ y=¢€*. (22.72)

Koutponsable uucna 3tux auddepeHnuansaelx ypaBHeHUd S, =0 u
S, =1, coorBeTCTBEHHO. 3aMeTuM, uT0 S, =0 He sBIsIETCA KOPHEM Xapak-
TEPUCTUYECCKOrO YPABHEHMUS!, 3HAYNT, YACTHOE PELICHUE Y, HIUEM B BUIC

Yo = AX+ B,

rae A, B — xoaddurmenTs!, KoTopbie Ha10 HAUTH.

Auddepenuupyem Y, :

y¢=A y¢=0.

[ozcranss B audepeHimansHoe ypaBaeHue (22.71) y% H Y, , TOIY4HM:

- Ax- B=2x, orkynma Haxomum A=-2, B=0.

Torna y, =-2x

AHAJOrHYHO, TaK KaKk S, =1 —npocToil KOpeHb XapaKTEPUCTUUECKOrO
YpaBHEHUs, TO YacTHOe pelenue (22.72) uieM B BUIE

Y., =Cxe’,

rne C — ko3 hunmenT, KOTopslii HaJo HANTH.

Auddepentupyem y,,

y$ =Ce" +Cxe’, y$ =2Ce" +Cxe’.

TMoxcrasnsem Y& u vy, B (22.72):

2Ce* +Cxe* - Cxe* =€* wm 2Ce* =€,
1 _ xe*
Orcrona nonyvyaem, uro C —E. Torma Y, —T.
3anuchiBaeM 4aCTHOE PEIleHHe 3aJaHHOrO Tu(PepeHIIMaTBHOIO ypaB-
X

HeHus. Y, =-2X+

. Torma oburee pemieHue 3amaHHOTO MU GEpeHIH-

AJIBHOT'O YPaBHCHMSI UMECT BUJ .
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X
y=Ce *+C,e* - 2x+X§ :

Ipumep 5. Pemmmts 3anauy Komm:
y® yo=sinx, y(0)=25 y§0)=0, y®0)=15.
Pewenue. Ito nuHeiiHOE HEOTHOPOIHOE NU(depeHIIanbHOe YpaBHe-
HHE C MOCTOSHHBIMU KOA((DHUIIMEHTAMH H CHICHATIBHO# MPaBO YaCThIO BUIA
f (x) = €™ (0>cosx +1>6inX),

rre a =0, b =1, P(x)=0, Q(x)=1.

CooTBercTByIOIIee  OMHOPOAHOE ) depeHIHanTbHOe  ypaBHEHHE
y#- y¢=0. Ero xapakrepucriueckoe ypasrerne: | >- | =0, KopHu KoTO-
poro |,=0, | 2,3 =*1 — neficTBuTenbHbIE, MpocThie. Torma obumiee peme-
HHE OJTHOPOJIHOTO YPaBHEHHUS:

Yo =C, +C,e ¥ +Cge".

KoHTponpHOE YHCI0 S =i He ABISAETCS KOPHEM XapaKTEPUCTHYECKOTO
ypaBHeHus. [103TOMy 4YacTHOE pelieHHe 3aJaHHOrO U QepeHIHaTbHOrO
YpaBHEHUS UIIEM B BUJIE

Yy, = Acosx+ Bsinx,

rne A, B — HensBecTHbIE KOAQPUIIMESHTHI.

Juddepenuupyem Y, TpHKIBL

y¢=- Asinx+ Bcosx, y#=- Acosx- Bsinx, y#=Asinx- Bcosx.
IMoxcrasinsem Y® u y¢ B 3amanHOe muddepeHnranbHOe ypaBHEHUE:
Asinx- Bcosx- (- Asinx+ Bcosx) =sinx.

[NpupaBHuBaeM KO3(P(UIMEHTHI TPU OJHOMMEHHBIX TPUTOHOMETPHYE-

CKHUX (QYHKIHUSX, ONY4aeM CHCTEMY
2A=1
-2B =0,
Torna nomyuaem:
_ COSX
W=
Ob1ee pemenne 3agaHHOro AuddepeHInaNTBHOT0 YPaBHCHHUS

y=C, +C,e ¥ +C;e +%.

1
U3 KOTOpOi HaxomuMm A= E' B=0.

Hubdepenmupyem odIee penieHue:

: y¢=-C,e ¥ +Cxe” - S|_r21x
i
;:'yﬂt:CZe'X +Cze* - %
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HOI[CTaBJ'IHeM 3a1aHHbBIC HAYaJIbHBIC yCJ'IOBI/IH:
2=C,+C, +Cy+ E

IO— G +G,
i3 1
-—=C,+C,- =
fo= 2Ty

W3 nomyuennoit cuctemsl Haxogum C; =0, C, =1, C; =1.

COSX
Pemenuem 3anaun Ko senserca y=¢€ X+ + ——.

3aoanusn

| yposens

1.1. Pemmre ypaBHEHHE:
1) y# y=x 2) y& 7yG+ 6y =cosx;
3) y@+3yt=x- 2; 4) y®+y=2sinx.

1.2. Pemmwre 3apauy Komm:
1) y& 4y6r3y=e”, y(0)=—, y40) =",

’ 48’ 48’

2) y& 2yt=4, y(0)=2, y§0)=0;
3) y®+yt=x, y(0)=4, y€0)=3, y%0)=-1

1.3. Haiigure oOmee perienue ypaBHeHus MeToioM Jlarpamka:

1

; 2) y& y=+/x.
C0S2Xx

1) y@+4y=

Il yposens

2.1. Haiinute obuiee pelieHue ypaBHeHUs: MeTooM Jlarpamka:

X

1) y®+4y=tg2x; 2) y¢- 4y¢+4y:e2—;
X

COSX 4) y& dy=

3) y®+yt= 3
sin?x’ Cos’ 2X

2.2. Pemte ypaBHEHHE:
1)y - yY- 2y@=2x

3) y#+y=sin2x+sinx; 4) y¢ 3yt=24x- €.

2) y& y=4sinx- 2cosx;
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2.3. Pemnre 3amavy Komm:
1) y& y=x*, y(0)=-2, y§0)=4
2) y& 2y¢+ry=€'sinx y(0)=1 y%0)=2
3) y#+9y=cos3x, y(0)=1 y0)=3

4) y& y=xe* +e”, y(0)=%, y<(0)=%-

2.4. Vxkaxure BHUJ] YaCTHOrO pelieHus audhepeHIuanbHOro
ypaBHEHUS:

1) yV- y# y& yt 2y =x°cosx; 2) y# iy@=3x"- 2ix+5;
3) y# y@=3sin2x+5xc0s2x; 4) y' - 10y#+9yt=2xe" +2e" >,

1l yposens
3.1. Pemte ypaBHEHHUE:

1) y® y&=x>+e*+sinx;
3) y®+2yC+y =€ *(cosx+ X);

2) y& 3y=¢e*+cosx;
4) y®+y=2sinxsin2x.

3.2. Haiigute obiee perienue merogom Jlarpanxa:

1) y& y=e1- e; 2 ye& 6y¢+9y_9x+—fx+z,
X
3 yo y=2*L 2) y& 2y0ry= X T2X*2 *ax+2
X\/; X

22.8. Cucrembl 1uddepeHnaNbLHBIX YPaBHEHMIT

Cucrema muddepeHiuanbHbIX ypaBHEHHH BHIA

I?j)/(l_ (X Yir Yoo K, yn)

dy, _

%d_)f_ (X1 Yir Yoo K, yn)’ (22.73)
| e e

:

'II d): = n(X1 Yir Yoo K, yn)’

rae Yy, Yo, Y, — UCKOMBIE (DYHKIMU IEPEMEHHOI X, Ha3bIBa-
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eTCSl HOPMAIbHOU CUCHEMOU.
CoBokynHOCT N QYHKIMH VY, VY,,...,Y,, YAOBIETBOPSIOLINX

Ka)XXJIOMy YpaBHEHUIO cucTeMbl (22.73), Ha3bIBaCTCs peutenuem 3Ton
cucmemul.

3aoaua Kowwu s cucrembl (22.73) COCTOMT B HAaXOKIACHHH
pelIeHHs 3TOM CHCTEMbI, YAOBIETBOPSIOLUIETO HAYATbHBIM YC1O6U-

am V(%) =Y, Yo (%) = Ve, oo Yo%) = Vn-

OCHOBHBIE METO/IbI MHTErPUPOBAHKS HOPMAJIBHBIX cuctem (22.73) —

Memoo UCKTIOYeHUs. U MemOoO UHMeZPUPYeMblX KOMOUHAYUIL.

Mertoa HCKJII0YEHHUA

OTOT METOJl MO3BOJISIET CBECTH HOPMAJIBHYIO CHCTEMY M3 N Ju-
HEeWHbIH An(depeHnanbHbIX ypaBHEHHH K OTHOMY JIMHEHHOMY
muddepeHIHaIEHOMY YpaBHEHHIO N-TO MOPSKa OTHOCHTEIBHO Of-
HOW HEM3BECTHOH (PYHKIIHH.

Metoa nHTerprpyeMbIX KOMOMHALMIA

Meron 3akio4aeTcsa B TOM, YTO TTOCPEICTBOM apu(METHIECKUX
ornepanuii U3 ypaBHeHUil cuctembl (22.73) MOMy4aroT JIerko MHTer-
pHUpyemMble YypaBHEHHsI OTHOCUTEIHHO HOBOH HEN3BECTHOH (PYHKIIHH.

Ipumep 1. Pemuts cucremy:

idy; _
N T =Y3" Yo,
i i I
Iﬂ:z +sinx, |ﬂ: 2y, + Vs, J[g;(
+dx ¢ dx h _
1) 2) i 3) i—==Yys,
|$:l '|'%:4y -V 1 dx
fax 2z o [
T dx

Pewenue. 1) Vcnonpsyem Meron uckiodeHus. dubdepeHuupyem
MIepBOE YpaBHEHUE CHCTEMBI 110 X:
2
d dz
9Y - 27% 4 cosx
dx? dx
[ToxcraBuB B MoNy4eHHOE ypaBHEHHE U3 BTOPOTO YpaBHEHUS CHCTEMBI

Z
BBIPpA’)KCHUE BMECTO d—, HMeeM:
X

2
M :221+cosx HIN
dx? 2z
2
%- Y = COSX. (22.74)
N

IMocnenanee ypaBHEHHE — JHUHEHHOE HEOAHOPOMHOE AubdepeHIrab-
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HO€ ypaBHEHHE 2-TO IOpsJKa CO CIeHUaIbHON mpaBoi yacTeio. Ero coor-
BETCTBYIOLIEE OJJHOPOAHOE YPABHEHHUE!

y& y=0.

XapaKkTepuCTUUECKOE YpaBHEHHE MIOCIIETHETO:

| 2-1=0, xopuu koroporo | 12 =%1. Toraa obmee penienyre oxHO-
POZHOrO ypaBHEHHUS:

=Ce *+C,e".

Hmem 4YacTHOE pEIICHUE IOJIYYEHHOIO HEOJHOPOAHOIO YpaBHEHUS
(22.74) B Buze

Yy, = Acosx +Bsinx,

rne A, B — HeonpeneneHHbie KOAQPUIIMEHTHI.

Berancnsem npousBosHbIE!

y¢=- Asinx+ Bcosx,

y$=- Acosx- Bsinx

IMoncraBnseM ux B ypaBHeHHe (22.74), rpynmupyeM OTHOCHTEIBHO
Sin X u COS X, HpI/IpaBHI/IBaeM KO3 HUIIUEHTHI.

[Tonyuaem cucremy ZB _16 13 KOTOPOW HAaXoaum A = - %,B =0.

Ob6mee penierne audHEepeHITUATHEHOTO YpaBHEHUS 2-T0 MOPsIKa:
y=Ce X +Cye*- % (22.75)

Bo3sBparaeMcsi K IEpBOMY YPaBHEHHIO 3aIaHHOI CHCTEMBI, U3 KOTOPO-

T'0 BbIpaxacM Z2

2=Y_ gnx
dx
[Moncrapnsas B 310 ypaBHeHHMe npoauddepeHimpoBaHHoe odiee pe-
urenue (22.75), nomyauM:
_x Sinx
=C,e*-Ce*- —
Oyukimu (22.75) u (22.76) cocraBnsroT oOliee pelieHue 3aJaHHOM
CHCTEMBI.
2) TlpuMeHUM METOJ UCKITIOYEHHs. BhIpasuM W3 mepBOro ypaBHEHHSI
CHCTEMBI Y, :
_ay
Yo =—>- 2.
dx
Ortcrona, ruddepeHupys 1o X, IMoayduMm:

@ &% o
dx  dx? dx

(22.76)
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HOI[CTaBI/IM MpaByr0 4acCTb IMOJYYCHHOI'O paBCHCTBA BMECTO d_z BO
X

BTOPOE YPABHEHHUE CUCTEMBI:

M,
dx? dx  dx
yf- 6yf+9y, =0.

[onyuwmmu oxHOpOIHOE MU GEPESHIMATHFHOE YPaBHEHHE 2-TO MOPsIKa

C IMOCTOSAHHBIMU KO3(1)(1)I/IHI/IGHTaMI/I. Ero XapaKTCPUCTUYECCKOE YpPAaBHCHUE!:
2
I

-8y, - yy wn

- 6l +9=0; pemras koropoe, HaxoauM: | =3 — KOpeHb KpaTHOCTHU 2.
Torma
y1(x) = Ce¥ +C,xe*.
Iponuddepennupyem byHKIHIO Y,

% = 3C,6% +C,e% (3x+1).

BO3BpaH_IaHCI) K HepBOMy ypaBHeHI/IIO CUCTEMBI, UMEEM.

¥, (X) = 3C,e™ +C,e¥™(3x +1) - 2(C,e™ +C,xe¥).

Yupomaem: Y, (x) = C,e™ +C,xe* +C,e*.

Takum 0Opa3oM, oTydaeM o0IIee pelicHHEe 3 JAHHOW CHCTEMBI:

1309 =e7(C +Cox),

1Y2(X) =€7(C +Cox+Cy).

3) Ucnonkzyem Meron uckimtouenus. Juddepenuupyem mneproe ypas-
HEHUE CUCTEMBI.

szl _dy; dy,

dx? dx dx

IloacTaBuB B HETO BBIpAXKEHUS IS n3 2-ro u 3-T0 ypas-

dx dx

HEHHWI CHUCTEMBI, TONYUYUM JIMHEHHOE OMHOpOAHOe audQepeHInanbHOe
2

Ny y; =0. Ero xapakrepucruueckoe ypas-

ypaBHEHHE 2-TO TOpsKa: v
X

Herue umeer Bux; | 2 +1=0, kopuu koroporo | 12 =% — mpPOCTBIE KOM-

IUIEKCHO-COMPsDKEHHBIE. Torma oOIMUM pelIeHUeM OTHOPOIHOTO TUdde-
PEHIMAJIBHOrO ypaBHEHUs Oy/IeT:

y1(X) =C,cosx+C,sinx

4] TPETHEr0 YpaBHCHUS CUCTEMBI IIOJTy4acM:

dys .
i Y3=- Y.
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HOI[CTaBI/IM B HCIo Haﬁl[eHHOe BBIPpAXXCHUEC JIA yl' oJTyuynm JIMHEH-

HOE HEOHOpOAHOE quddepeHmanbHoe ypaBHeHHe 1-ro mopsiaxa:

b5y = ¢ cosx- Cysinx (22.77)

dx
Pemmum ero merogom Ditnepa. XapakTepucTUUECKOE YpaBHEHUE COOT-
BercTBYyMolIero ofaHopomHoro | - 1=0, xopenp koroporo | =1. Torna

ob11ee peleHre COOTBETCTBYIOIIEr0 OAHOPOIHOIO:
j— X
Yz, = Cs€”.
YacTHOE peleHne HeoJHOPOAHOro IUddepeHInanIbHOr0 ypaBHEHHs
WILEM B BUJE
ys = Acosx+Bsinx,

rae A, B —Heonpenenennsle ko3 QuIMeHTsI.
Beoruncisiem y§ =- Asinx+BCOSX u MOICTaBisieM B HEOJHOPOIHOE

ypaBHenue (22.77).
st onpenenenust A u B mpuxoaum k cucreme
B- A=-C,,
- B = A =- Cz,
. N,+N, . N,-N,
U3 KOTOPOM HaxonuM A = 12 2, A= 22 1,

Torna nonyuaem:
C +C G .
2

C -
2 cosx + 22 sinx

y5(X) =Cee* +

4] NIEPBOro0 YpaBHCHUA 3a[[aHHOI>i CHUCTEMbI BbIpAa3UM y2 .

_y. M
Y2 =Y3 ax

HOI[CTaBI/IM B OTO PAaBCHCTBO Haﬁ)leHHHe y3 u d—l, MOJIy4YHM:
X
G-G G+GC
2 2

COSX + sinx.

j— X

¥, (X) =Cye* +

Takum 00pa3oM, MOIy4eHO pelieHre 3aJaHHON chucTeMbl auddepeH-
LNAJIbHBIX YPaBHEHHH:

1y;(x)=C,cosx+C,sinx,
C-C .
e — sinx,

2

2 cosx +
C +C C .

1

}yz(x) =Ce* +
: .

1|-y3(x) =Cye” +Tzcosx+szmx.

G +C,
2

236



IIpumep 2. MeTo0M UHTETPUPYEMBIX KOMOUHAIMN PEIIUTh CUCTEMY

jadx _
%dt_y l,
Iﬂ:x-l
i dt

Pewenue. BocnionbzyeMcsi METOJJOM HHTETPHUPYEMBIX KOMOWHAIMH.
CnoxuB 00a ypaBHEHUS CUCTEMBI, ITOTYYUM:

o, dy
dt dt
(x+y)t=x+y- 2

O6o3naunm X+Yy =12, tae z=z(t),monyunm: z¢=z- 2 — ypaBHeHUEe

=X+Yy- 2 um

C pa3acIAromnMHUC NMepeMEHHbIMU. 3anuiieM ero B BUAE

g—Z 2 W

dt

Orcrona Haxomum z = C,€' +2. Bo3BparaeMcs K CTapbiM TIePEMEHHBIM:
x+y=Ce +2.
Bripasum Tereps Y uepes X:
y=C€ +2- x.

[MpomuddepeHnmpyeM 3T0 paBEHCTBO U MOACTABUM BMECTO % BO 2-¢

YPaBHEHHE CUCTEMBL

y¢=Ce - x¢

IMocne noxcraHOBKH:

C€ - x¢=x-1 umn x¢+ x=C,e' +1 — 7710 smHeiiHOe ypaBHeHue 1-ro
nopsiaxa. Pemmm ero Meronom Beprymn.

Iycts X =WV, Toraa U +uve+uv =Cé +1.

Orcrona V:e't, u =%eZt +é +C,, Torma

-}x(t) :%et +Ce ' +1,
i
;:'y(t) :%et - Cet+1

OT0 M ecTh 00lIIee peleHne HCXOIHON CHCTEMBI.
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22.9. CucremMbl JUHEHHBIX OTHOPOIHBIX
AU pepeHIHAILHBIX YPABHEHHUI ¢ NOCTOSTHHBIMU
ko3¢ punuenramu

Cucrema muddepeHiuanbHbIX ypaBHESHHH BHIA

i
T ((jjyl =ap Yy tapy, tot Y,

)

Il % anY1 tanY, ...t &Yy, (22.78)
[ ,

i

%?: SayYr tapY, et an Y,

TIE &q,...,8,, — YUCIA, HA3BIBACTCA CUCMEMOU JTUHEUHbIX 00-

HOPOOHBIX OughhepenuuanbHbIX YPAGHEHUII ¢ NOCMOAHHBIMU KO-
Ipuyuenmamu. Pemenue cucremsl (22.78) uiiyt B Buze

Vi=0€%, ¥, 20,6 %, s ¥y =0,€ %, (22.79)
rae 0;,0,,..,0,,] — MOCTOsHHBIE, KOTOpbIE MOAOMPAIOTCS TI0
cucreme (22.78). Iloncrasisis 9ti GyHKIMH B cuctemy (22.78), no-
JydaeM CHCTeMy N ajnre0pandeckux ypaBHEHHH ¢ N HEU3BECTHBIMU
i(ay-1)g +a,0, +..+a,g, =0,
:» 30 *+ (8 - )9, +...+ @50, =0, (22.80)

[ e
P80 ta0, t.. (8, - 1)g, =0.
Yrobwl cucrema (22.80) nmena HeHyleBOE pelieHne, HeoOX0IH-
MO M JIOCTATOYHO, YTOOBI €€ ONpe/eIuTeNb ObUT PABEH HYJIIO:

& - I &, &,
%1 % %n |2, (22.81)
A G2 o By |

Vpasuenne (22.81) Ha3BIBACTCH XAPAKMEPUCHMUUECKUM YPAG-
Henuem cucteMsbl (22.78). OHO UMeeT N KOpHEH, BU] KOTOPBIX OIpe-
JeNSeT pelieHne cuctemsl (22.78).

IIpaBuo Haxo:kAeHUsI 00IEr0 peleHusi CHCTeMbI

JINHEHHBIX OHOPOAHBIX YPABHEHUI

1. Jlrobomy npocTomMy NeHCTBUTENBHOMY KOPHIO || Xapakrepu-

ctudeckoro ypaBaenus (22.81) cooTBeTcTByeT pelieHne
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Yir = 0€ s Vo1 S0€ 7, s Yoy =€,
rae koadduuuentst ¢, 0,, K, g, ompenensor u3 cucrems
(22.80) npu Haiinennom | |, T.e.
1(ay-11)0 tapg, +..+a,g, =0,
:» 310 + (8 - 11)9; +...+ @50, =0, (22.82)

18001 + 85,0, +-..+ (8 - 11)9, =0.
Torna obmiee pemieHue cucreMs (22.78) 3anuchBarOT B BUJIE
Vi =Gy t Gy o+ Gy,
Yo =G tCoYp +..+ Gy,

yn = Clynl + Czynz +K+ Cnynm

rae C,,C,,...,C, — mpou3BoIbHbIE TIOCTOSHHBIE.

2. KaxnoMmy komiuiekcHOMY KopHio |, =a+Dbi u emy conps-
kKeHHoMmy |, =a- bi coorBercTBYIOT 1Ba JIHMHEHHO-HE3aBHCHMBIX
JEHUCTBUTENBHBIX peuieHus. [ MOCTpOEHUsl 3TUX PELICHUN Haxo-
JUM KOMILUIEKCHOE perienue rno ¢popmyse (22.79) nnst xopus | ;, kak
U B ciiydae 1, u BbIJENIsIEM JICHCTBUTEIBHYIO 1 MHUMYIO YacTH 3TOTO
pemrenus (kopeHs| , yxe He paccMaTpuBaeM, TaKk Kak HOBBIX pellle-
HUii cucTembl (22.78) oH He naer).

3. Ecin | =1, —kopens kpatHOocTH K, TO pemieHue, COOTBETCT-
BYIOIIIEE TOMY KOPHIO, UILYT B BUJIC

% =RAE™, ¥, =RAME™, .. v, =R, (22.89)
rje Pk(')l(x) — MHOTOWICH C HEONMPEACICHHBIMU KO3 (PULIMEHTA-

M crenenu K- 1, i 2371.

Uto0Obl HAWTH KO3(PPUIIMEHTH MHOTOYJICHOB Pk(_i)l(x), i 2371,
nozactapisieM penerne (22.83) B cucremy (22.78) m npupaBHHBaeM
K03 (h(UIMEHTBI TOJOOHBIX WICHOB B JIEBOH U MPABOH YacTAX ypaBHe-
Hui. BeipasuB Bce ko3 dunmenTs yepes moodbie K, monaraem mo oue-
pEr OJIMH M3 HUX PaBHBIM EIUHUIIC, @ OCTATBHBIC PABHBIMH HYJIIO.

Ipumep 1. Pemmmts cucreMy oJHOPOIHBIX AU depeHInalbHBIX YpaB-
HEHUH C TOCTOSHHBIMH KO3 HUIIUEHTAMH:
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N

.:.%:yl+8y2, -:-%:3x+y,
1) i & 2 &
! dy, e
| =< = - ; = = - X
T A% fa Y
Pewenue. 1) XapakTepucTuuecKoe ypaBHEHHE CUCTEMBI IMEET BUJI:
1-1 8
=0.
1 -1-1

Bhrunciisis - onpesenutens, momydaem | 2 =9, orkyma |, =-3
| , =3 — mpoctele nefcTBUTENBHBIE KOPHU. UacTHBIE PEIICHHS CHCTEMBI
HIIEM B BUJIE

— I x — | x

V(X¥) =ge ", Y(X)=ge "

Ipu | ; =- 3 cucrema (22.82) umeer Bux:

{491 +80, =0,

o +29, =0.

Ora cucreMa UMeeT GECKOHEUHOE MHOXKECTBO perieHuit. s onpene-

JICHHOCTH HOJIOXKHUM Q; = - 2, Toraa g, =1. [TonydaeM yacTHBIE peIICHUS:
— - 3x — o 3X

Vi (X) =-2677, yu(X)=e ™.

Ilpu | , =3 cucrema (22.82) npuHUMaeTr BUA:

{' 29, +8g, =0,

0 - 49, =0.
Ionoxum @, =4, torna g, =1.
3Ha4uT, KOPHIO | , =3 COOTBETCTBYIOT YaCTHBIC PEIICHHUS:
— N 3% — 3%

Yio(X) =47,y (X) = €™

OO0lriee penieHre UCXOHON CUCTEMBI 3alUIIETCS B BUC

L3109 =-2C,e ™ +4C,e™,

~ - - oX X

1 Y2(x) =Cie™ +Ce™.

2) XapaKTeprCTHUECKOE ypaBHEHHE CUCTEMBI

3- 1
g -0,
-1 5-1
xoropoe mpuobperaer Bug (3-1)(5-1)+1=0 wm |2-8 +16=0.
VYpaBHeHHe nMeeT ABYKpaTHbIH KopeHb | =4. EMy cooTBeTCTBYET pere-
HHE BUJA

x(t) = (At +B)e*, y(t) = (Ct + D)e™.

Iponuddeperuupyem Gynkiuu X(t) u y(t) ¥ MOACTABUM B HCXOAHYIO
CHCTEMY:
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e (A+4At+4B) =" (3At +3B +Ct + D),
1e*(C+4Ct+4D) = (- At- B+5Ct +5D).

Cokparniaem Ha e"10u rpymnmupyeMm. [lonydaem cucremy Uit KO3g-
(uIMeHTOB

J[ A- C=0,
A+B- D=0,
T B+C- D=0.
Tak Kak KpaTHOCTE KopHs | =4 pasua asym (K = 2), To BEIpasuM Bce

K03 pUIIHEHTHI TIOCTIEHENW CUCTEMBI Yepe3 Jr00bIe J1Ba, HAPUMED, Yepe3
AuB:

C=A
D=A+B.

Ilomaras A=1, B=0, maxomum C =1, D=1. Ilomaras A=0,
B =1, maxomum C =0, D =1.

IMony4aeM aBa THHEWHO-HE3aBUCUMBIX YACTHBIX PEIICHHS:

} X (t) =te™, i I X,(t) = e

TH =+De" Ty, (1) =€

O6iee pemeHHe I/ICXOI[HOI/I CHCTEMBI MMEET BUL;

' x(t) = Cite® +Cz

1y =Gyt +De™

IIpumep 2. HaiiTn yacTHOE penieHne CUCTEMBI

1Yo xe2y, xO=1 yO =1

Peuwenue. XapakTepucTUYECKOE YpaBHEHHE CUCTEMBI

2-1 -1
1 2-1

Ono umeer kopuu |, =2+i, |, =2-1i. Ina xoprs |, =2+i cocraistem

cucremy (22.82):

{ ig- 92, =0,
0 -ig; =0.
IMonaraem @, =1, Torma g, =-1.

=0, 1.e. (2-1)*+1=0.

YacTHOE KOMIUICKCHOE PELICHNUE CHCTEMBI:
2+| 2+|
x(t)= e y(t) =-id
BrizensieM B OTy4eHHBIX (byHKuI/mx neiicteurensHbie (RE) 1 MEUMBIC
(Im) gacru.
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IMockonbky X(t) = et

= e?(cost +isint), To

Rex=e” cost, Imx = €” sint;

y(t) =-ie®t =_je? (cost +isint), Torxa

Rey=¢€”sint, Imy=-e* cost.

ConpsikeHHBIH KopeHb | , =2- | HOBBIX JIMHEHHO-HE3aBHCUMBIX pe-
IIEHUH He JIaeT, MO3TOMY He paccMmarpuBaercs. Takum oGpaszom, oOriee
peuicHue HCXOI[HOﬁ CHUCTEMBI.

I x(t) = C,e? cost+C2etsint,

| y(t) = q tsint - Cze cost,

{Cl C, =congt.

Haﬁz[eM YaCTHOC PCHICHUEC UIA 3aJaHHbIX Ha4YaJIbHbIX YCHOBHﬁ. HOJ'Iy-
qyaeM.

1= Cl % orkyna naxomum N; =1, N, =1
2

HCKOMOe YaCTHOC pCUICHUC CUCTEMBEI.
} x(t) = €* (cost +sint),
1 y(t) =e*(sint - cost).

3aoanus

| yposens
1.1. Pemmre cuctemy auddepeHnanbHbIX YpaBHEHUH:

i
.._:-2 y 2 + ]
1) :, dX y2 2) :, g))l( yl y2
122 =-2y: T—22 =2y +3y.:
T dx h Pax ATV
Ty, Ty sy,
31§ 4 | &
122 = - 1222 =_14y -
fax 2 T dx Yo 3%
1.2. Pemmre 3aaauy Korm:
:% 2y~ Yo,
1) i X
152 =3% - 2%, %(0) =2, y,(0) =3
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idyl

=3Y,- Yo
2) i g;
|_2:y1+y21 yl( )=l, yz(o):
dx
.I.%_4x+y,
3) i
|%—y 2x, x(0) =1, y(0) =1,
-:%z-?:x- 4y,
4 i g)t/
|E-x+2y, x(0)=-2, y(0)
Il yposens
2.1. Pemwure cucremy:
dx i
. [o=2xy, , 1=y, 3y,
)':'dy—4x+2' ):' 2=y, - 4y;
o T OE S
. -:,-%-x- y + cost, . -:,-%:3x- Y,
JE JE TN
T dt T dt
2.2. Pemure 3amauy Kormw:
n ':,'%:4)’1' 3Y,,
|
152=2y- 3y, %i(0)=4, ¥,(0)=3
T
2) Ildt ’
[ Y =-5x+5y, x(0)=1 y(0)=-5
{-%zy- 3X,
i
%Ezy- 4x, x(0)=2, y(0)=-2;
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Y1~ Yo,

I
a1
% =y, +5Y,, ¥1(0)=1 y,(0) =

§<L|%%|§

1l yposens
3.1. Haiigute wacTHOe pemieHne cucteMbl anugdepeHnaaIbHbIX
YpaBHEHHUI:
iy = Y2t Vs
=Yty

=V tYs,, yl( ):l' yZ(O):l' Y3(O):

=Y, +3Y,- Vs,
-y, +2Y, +3Y;, yl(o):01 y2(0)=l, y3(0)=l;

3.2. Pemute cucremy nud¢epeHnnaibHbIX ypaBHEHUH METO0M
HWHTETPUPYEMBIX KOMOMHAIIHIA:

[ TOX_ 2 cost
nig oy alg
fay "y Tdy_ x.
fdt x-y’ T2y’

, , idx_y .
| =y Z,

Id_2X+1Od_2y+X:O, :g;
)il t 4 g SXTYHL
1 %410Y 43y =0 i G
I dt dt la=x+z+t,
|



5)
6)

7)

dy, _ dy, _ dy,

yz+y3_y1+y3_y1+y2’
dy, _ dy, _ dy; |

2yy, Yo- Yi- V5 2V,
dy, dy, dy,

Ya(Ys - ¥s) - Yo (Ys - )ﬁ)-)%()ﬁ' o)
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