B. I1. CynpyH

MATEMATVIKA

CTAPlIJEKﬂACCHI/IKOB

Janat N
¢ noApobHbIMM
peweHuamM

=
=
=
S
S
-~
=N
=
S
S
=
N
2
N
S
S
S
é\
S
2
~
T
=
S
%a




OrnasneHune

OTaBTOPA . . . . . . . e

Inasa 1.

§1.1.
§1.2.
§1.3.
§1.4.
§1.5.
§ 1.6.
§1.7.

Inaea 2.

§2.1.
§2.2.
§2.3.
§2.4.

§2.5.
§2.6.
§2.7.
§2.8.
§2.9.

§2.10.

§2.11.

§2.12.

§2.13.

§2.14.

§2.15.

§2.16.

§2.17.

IIpuMeHeHne HeCTAHAAPHBIX METOIOB

pellleHHs] YPABHEHMIi X HEPABEHCTB . . . . . . . . ... . ..
HepapernctBo Kommr . . . . ... ... ... .........
HepaBeHctBo bepuynau . . . .. ... ... ... .....
HepaBeHnctBo Komn—DbByHSKoBcKoro . . ... ... ...
bvuHoM HeroTOHA . . . . . . ... ... ... ... ...,
Momyan . . . . . . . e e
TpuroHoMeTpHYeCKHe TIPeodpazoBaHmud . . . . . . . . . .
Jorapudmer . . ... ... ... ...

3agaud, BcTpevampecs Ha MACbMEHHBIX

9K3aMeHAX 1O MATEMATHKE . . . . . . . . . . .o v oo ..
JeMAMOCTE UMCEIM . . v o v v v v et e et et e e e
BeraucmeHme CyMMBI . . . . ...
AprdMeTHYECKHE BBIYMCACHUS . . . v v v v v v v v v v s

AnrebpandecKiie U TPUTOHOMETPHUUECKIE
MPEeOOPABOBAHM . . . .« v v v e ve e et e e e e

JoKa3aTeNbCTBO HEPABEHCTB . . . v v v v v v v v v e o v .
PalinoHaNbHEIE VPABHEHM . « « « v v v v v voe v v e e v o
HppauuoHaNbHBIE VPABHEHHUS . . . . . o v v o v oo v . .
VpaBHEHHMS € MOOYAAMU . « « v v v v v vv v e e e e v e o
CHcTeMBI YpaBHEHHUH . . . . . . . .. ... ... ......
PemeHne HEPABEHCTB . . . . v v v v v v v v e e e e e e
ITokazarenbHBIe M JorapudMUIecKhe YpaBHEHUS . . .
ITokazarenpHble M JorapudMUIecKue HepaBeHCTBA . .
ITokazarenbHBIe M JorapupMUIeCKie CUCTEME . . . . .
TpuroHoMeTpUYeCKHe YPpaBHEHUS U CUCTEMBI . . . . . .
TpUrOHOMETPHUYECKHE HEPABEHCTBA . . . . . . . v . . . .
CMelaHHBIE YPAaBHCHHS M HEPaBEHCTBA . . . . . . . . .
HepaBeHCTBA B TECOMETPHM . . .« v v v v v v v v v e e e .

13

13
15
18



4 OrniasiieHue

§2.18. TeoMeTpHYUECKHE 3aMATH . . . « « v v v v v v v e e e e e 170
§ 2.19. DkcTpeManbHbBIe 3HAYeHUS GYHKIUH . . . . .. ... .. 173
Inasa 3. Metoa MaTeMaTHUECKOM HHAYKUHM . . . . ... .. .... 179

JIuTeparypa . . . . . . ... 195



Or aBTOpa

IIpu pemeHun 3agay, npegiaraeMeix Ha LleHTpann3oBaHHOM Te-
CTHPOBAHHUH IO MaTeMaTHKE, a TaKXe Ha BCTYIHTEIbHBIX IMHCEMEH-
HBIX 3K3aMeHax, MOTryT OBITh MCMOJB30BaHbl NIOObIE U3BECTHRIE abu-
TyprueHTaM MeTonbl. IIpu 3TOM paspeliaeTcs HCIOIB30BATh METOJBI,
KOTOpbIE He M3ydalTcsi B 06I111e00pa30oBaTenbHON NIKode (TaK Ha3bi-
BaeMble — HeCTAHHAPTHBIE MeTonbl). Kak mpaBuiao, MpuMeHeHHe He-
CTAaHHAPTHBIX METOOOB IMO3BOJISIET YIPOIIATh pellleHHe MHOTHX CIOXK-
HEIX 3a7a4 IIKOJBHOM MaTeMaTHKH.

MHoroneTHHil onbIT pabOTH aBTOpPa ¢ A0UTYpHEHTAMH, a TaKXKe
aHaJNM3 3aj1a4d Mo MaTeMaTuke, npemiaraeMbix Ha lleHTpanuzoBaHHOM
TeCTHUPOBAHWH U Ha BCTYIMUTEABHEIX 3K3aMeHax B Benylnux BY3ax Pec-
nyonuku benapyck, CBUOETENLCTBYET 00 HEOOXOOUMOCTU CaMOCTOS -
TENIBHOTO W3YYeHHS CTapIleKIacCHHKAMHA MaTeMaTHIeCKHUX METOHOB,
B OCHOBE KOTOPBIX JieXaT MOHATHS U MOA0XEHHS, KOTOPbIe HE BXO-
JIT B IporpaMMmy II0 MareMaTuke o01eo0pa3oBaTelbHON IIKOJBL.
K TakuM MaTeMaTHIeCKHM ITOHATHIM OTHOCSTCS, HalpuUMep, YACIEH-
Hbele HepaBeHcTBa Ko, Komm— byHsakoBckoro u bepHynnu, OnHoM
HEeroToHa n2-11 cTeleHH, a TAK:Ke MeTOJ MaTeMaTHueCKOoH WHAYKIIHH.

B ydyebHoMm mocobuu mnipencraBiaeHbl 300 3amad MoBBIIEHHOM
CIOXHOCTH, pellleHHe KOTOPhIX OCHOBAHO Ha MPUMEHEHUHM YyKazaH-
HEIX BEIIIE YHCIASHHBIX HEpPaBeHCTB M METOlIa MAaTeMaTH4eCKOW MH-
aykuuu. Hekotopble ypaBHeHHsI U HepaBeHCTBAa 3¢ deKTUBHO pella-
10TCSI (PYHKIIMOHAIBHBIMHM METOJAMH, BBIEJIEHHEM MOJHOIO KBaapa-
Ta, BBEIEHHEM MapaMeTpa WIW NPUMEHEHHEM TPUTOHOMETPHUUYECKOM
IMOACTAHOBKU.

Hacrosiee mocobue mpenctapisieT COO0H CYIIeCTBEHHO UCIIPaB-
JIeHHOE U JOITOJIHEHHOE Mepen3naHue yuebHoro nocodus apropa «Ma-
memamurda 0451 CMapuieKAacCHUKO8: 3a0aill ROBbIEHHO CAONCHOCTID
(MH., ABepcaB, 2002). ITocoGue comep)UT GOIBLIOS KOTUYSCTBO HO-
BBIX 3a7Jad MOBBIIICHHOM CIOXHOCTH, MHOTHE M3 KOTOPBIX ITO3aMM-
CTBOBaHEI U3 MaTepuanoB LleHTpan30BaHHOIO TECTHUPOBAHMS 1 BCTY-
MUATENBHBIX 3K3aMEHOB M0 MaTeMaThke B beropycckoM rocymapcTBeH-
HOM yHMBepcuteTe (I. MUHCK) B TeYeHME MOCIEIHUX TISITH JIeT.



6 Ot asTopa

B nmocobun nepBoHavYaNbHO M3JaraloTcsl OCHOBHEIE MaTeMaTHde-
CKHMe MOHATUS W TIOJNIOXEHMSI, KOTOpble HeoOXOMMMO 3HATh IJISI MC-
ITOJIB30BAHNS HECTAHIAPTHBIX METOAOB. 3areM IIPUBOAATCS YCIOBHS
1 pelleHUs 3aJa4 MOBBIILIEHHOM CI0XHOCTUA M3 pa3IUYHBIX pa3ielioB
IIKOJBHOU MaTeMaTHKH (anreGpa, TPUTOHOMeETpUSs, reoMeTtpusi). B 3a-

BCpH.I&IOH.ICfI 4acTH Nocobusd JacTCAa OIIMCaHue U IMpUMCHCHHUC MCTOIA
MaTeMaTHYeCKOMn MHAVKIINI.



[naBa 1

lpumeHeHue HecTaH[apHbIX METO40B
peLieHus ypaBHeHU U HepaBeHCTB

K gmcny 3amad MOBEIIEHHON CIOXHOCTH IO MaTeMaTHKE OT-
HOCSTCS YpaBHEHHS M HepaBeHCTBa, pellleHHe KOTOPBIX OCHOBAHO
Ha HECKOJIBKO HEeOOBIYHBIX (HECTAHAAPTHBIX) PACCYKACHUSX YUaLLIX-
cs. K TakuM 3amayaM OTHOCSTCSI, HampUMep, YpaBHEHHUSI U Hepa-
BEHCTBA, cojfepXaliue Momyau, dorapudmel, 6mHoM HreloToHa n-i
crereHU. MHOIUe 3a[a4d MOBBIIIEHHON CAOXHOCTH (M3 pa3inyHBIX
pazaenoB MAaTeMATHKN ) PEIIAIOTCS METOAOM MAaTeMaTHIeCKON NHIYK-
LINHA, a TaKXe ¢ MOMOIIBI0 YMCIeHHBIX HepaBeHCTB Kommm, Komm—
byHsikoBckoro u bepHymiin, HM3y4eHHIO KOTOpPBIX B 00lIeoOpa3oBa-
TEeNILHOH WIKOJIe yaelsieTcsl Malo BHUMaHUsI. B To ke BpeMsi MHOrue
3aJa4u, npefiaracMele B MOCJeNHIE TOIBI HA BCTYMUTEIBHEIX SK3aMe-
Hax Mo MareMaTtuke B benrocyHuBepcuteTe, 3¢ PEeKTUBHO peIalOTCs
METOaMH, B OCHOBE KOTOPBIX JIEXKUT IPUMEHEHHE YIIOMSHYTHIX BEIIIIEC
HepaBeHCTB. EcTecTBeHHO, He3HAHUE TAKUX METONOB H (MJH) HeyMe-
HHe WMH MOJb30BaThCs CTABUT I1OJI COMHEHHE YCIIeIHOEe pelleHle
3aJaHUH KOHKYPCHBIX BCTYIMUTENbHBIX 3K3aMEHOB 10 MaTeMaTHKe.

ITockonbKy M3ydyeHHe HECTAHTAPTHHIX METONOB pelleHUs 3agad
110 MaTeMaTHKe He BXOAUT B IporpaMMy o0Ieo0pa3oBaTelbHOM KO-
JBI, IIPSABAPUTEIBHO PacCMOTPHUM OMpeieleHNs YHCACHHBIX Hepa-
BeHCTB Kommn, Kommi—byHaKoBcKoro m bepHyanHd, a TakKKe HEKO-
TOPBIX HEPABEHCTB, KOTOpPHIE JOKAZBIBAKOTCS ¢ MUX NMoMollbio. KpoMe
Toro, npusegeM dopmyny oumHoma HproTOoHa n-il cTeneHU, a Takxke
MaJoU3BeCTHLIE (hoOpMyIbI, comepxallue MOOyIu U Jorapudmel. 3a-
TeM TpuBeneM GopMyTUpoBKH (BMecTe ¢ TIOnpoOHBIM petiieHrneM) 300
3a7a4 IMOBBIIIIEHHON CIIOXHOCTH M3 Pa3IHYHEIX pa3geioB MATEMAaTHKH.

§ 1.1. HepaseHcTBO KoLum

Ilyctb a4 =20, a, > 0, ..., a, = 0, Toroga
a+ta+... +ay
n

> Vaa, ... a,, (1)



8 masa 1. [lpumerHeHne HeCTaHAapHbIX METOLOB PeLleHUs

rae n > 2. [IpuueM HepaBeHCTBO (1) MpeBpalaeTcs B paBeHCTBO TOT/IA

M TONBKO TOTHa, KOTAa @) = @y = ... = @, (IOKa3aTb HEPaBEeHCTBO

Kol MOXHO MeTOAOM MaTeMaTHIeCKONH HMHAVKIINH, CM. 3a1ady 299).
B wactHOCTH, ectu . = 2, TO HepaBeHCTBO (1) MpUHUMAET BUA

> Vana, 2)

@)+ a
2

1
Ecau monoxXuTe a¢; — a U ay — —, To U3 (2) monydaem
a

1
at — =2, (3)
a
roe ¢ > 0. HepaBeHcTBO (3) paBHOCHIBHO PABEHCTBY JUILE NpU @ — 1.

HetpynHo ycranoBuTh, ecnn ma < (0, TO UMEET MECTO HEPABEHCTBO

1
a+— < -2, (4)
a
KOTOpOe MpeBpaliiaeTcs B paBeHCTBO TOrIA M TOABKO Toraa, Korna a — —1.
Eciw a; >0, a, >0, ..., a, >0, TO
1 1 1 n’
— =+ == : (5)
a ay ay a+ay+ ... +ay,

HepaBeHctBo (5) mokasblBaeTcsl MyTeM ABYKPATHOTO MPUMEHE-
Husl HepaBeHctBa Komm (1) x zeBoit ero yactu. Mmeer Mecto

1 1 1 i)
—+—+...+— = Z
a1 + a» + + a,, Yaa, ... ay

2

S n B n
/a1‘|_az2—|_...‘|_an7a‘1+a2+'__+an'
n

§ 1.2. HepaBeHcTBO BepHynnu

«Knaccrdeckoe» HepaBeHCTBO bepHynnu dopMyaupyercs cie-
IVIOIIAM obpa3oM: 0 £ > —1 W MpOU3BOJIBHOIO HATYPaJAbHOIO 71
UMeeT MECTO

(1+z)">1+nz. (6)

[Ipuyem paBeHcTBO B (6) mocturaercs npu & — ¢ uma n = 1.
JlokaszareabCcTBO HepaBeHCTBa (6) maHo Huxe (cM. 3amauy 293).



8 1.4. Burom HeroToHa 9

Kpome «ki1accudyeckoro» HepaBeHCTBA bepHYy/IIM CylleCcTBYeT Me-
Hee KM3BecTHas popMyJupoBKa HepaBeHCTBA bepHY/IM, KoTopast co-
JepXUT B cebe clenylllue NBa HEPAaBeHCTBA:

ecit p < 0w p > 1, 10

(1+2z)? > 1+ pz, (7)
eciu 0 < p <1, 1O

(1+z)’ <1+pz, (8)

roe £ > —1.
CrenyeT OTMETHTB, YTO PaBEHCTBO B BEIpaxXeHUAX (7)  (8) mMeer
MECTO TOTAa U TOABKO Torma, Korna & — 0.

§ 1.3. HepaBeHcTBO KOowun—bByHakoBCKOro

s TIpOU3BOJBHBIX JeHCTBUTENbHBIX YHCEd X1, X, ...,%n U
Y1, 1, - -, Yy BBIOIHIETCSI HEPABEHCTBO

(131 + 2210 + ... +23nilln)2 <
<@t tz)wty ...y, (9)

rne n = 2. IIpudyeM paBeHCTBO B (9) JNOCTUTAeTCsI B TOM H TOJBKO
B TOM clly4yae, KOTja 4yhcia Ly WU Y TPONMOPIHUOHANBLHEI, T. €. CYIIlle-
cTByeT KoHcTaHTa @ (@ # 0) Takas, 4ro mus Beex k = 1,2,....n
BHITIOJIHAETCA PABEHCTBO Tp — Q.

JlokazaTenbcTBO HepaBeHCTBa (9) MpUBOOMTCS NPU PELICHHH
zagadd 22.

B HekoTopEIX cnydasx BecbMa P(P¢PeKTUBHBIM SIBIICTCS IIpHUME-
HeHHe HepaBeHCTBA

(@a+b)" <2 (a" +b"), (10)

rne @ > 0, b >0 un > 1. [Ipuaem paeHctBo B (10) moctrraercs
TOrJa M TOABKO TOrma, korga n — 1 wim a — b. CrpaBeqInBOCTE
HepaBeHcTBa (10) moKa3bIBaeTCs METONOM MaTeMaTHYECKOH MHIYKITUH
(cM. 3amauy 295).

§ 1.4. BnHoM HblOTOHA

®opmyna 6mHoMa HeloTOHA M-l CTeNeHU MMeeT BH

(@ +b)" = Cpa"t’ + Cha"'b" 1 Coa" 70" ...+ Ca’b", (11)



10 masa 1. [lpumerHeHne HeCTaHAapHbIX METOLOB PeLleHUs

k ., .
rae C,, — OMHOMUANLHBIA KO3(pPUIIMEHT «9KCIO COUYeTaHUM U3 12 1o k»
BBIUMCIISIETCS MO (popMyTe

n!
ck———
" Kkl(n - k)
Specbn! —1-2-...-n, 0! = 1!=—1u 0 < k < n. BuacrHocTH, nMeet

Mecto Cy =C" =1u CL = C" ! = n.
Ecnu B dopmyne (11) monoxuts ¢ =x u b =1, 0

(x+ )" =Chlz" +Cox" ' .. 4 Cl Pt O e 4

11—1 1 .
HOCKOJIBKy Cn = N u Cn — N, TO U3 IIPUBCACHHOMU BBIIIC
(bOpMyJIBI mojay4yaem

(x+1)" — Az +1— Bz +nx + 1, (12)
e
A=Cle" vl .1t n
B=Cir" 4 Cox" P ... 4 CP

U3 dopmynst (12) crenyer, ecnit & — menoe yuciao, 10 A u B
TaKXKe SIBISIOTCS IIEBLIMUA YUCTaMMU.

§1.5. Moaynu

K zagauamM moBBINIEHHOIH CIOXHOCTH OTHOCSTCS TaKXe 3amadu
Ha pellleHHe YpaBHEHUI W HepaBeHCTB, coaepXKallllX MOIYIH.

Onpepenenmne. Ilycth ¢ — HeKoTOpoOe NEHCTBUTEILHOE YHCIIO.
Torma

al { a, ecmm a = 0;

a, f—

a, ecmmn a < 0.

W3 ipuBeneHHOTO BHIIIIE ONTPENeNeHIS CeayeT, 9T0 eClu |a| = |b|,
TO @ — tb.

3agauu Ha pellleHUe YpaBHEHUI W HEPaBEHCTB ¢ MOTYISIMU MOX-
HO pellaTh 0OBIYHBIM 00Pa3oM — «pacKpbiTUeM» Moays. OmHAKO Mpu
TAKOM crioco0e MOKMCKa pelleHUs YacTo NMPUXOAUTCS paccMaTpHBAaTh
MHOTO clydaeB. bonee Toro, «packpbiTHe» MOIY/ISI HHOTAA COMPSKEHO
C TeXHUYSCKUMHU TPYTHOCTIMHU.

VIpocTuTh pellieHne ypaBHEHUI 1 HepaBEHCTB ¢ MOMYISIMH T103-
BOJISIET UCIOJIb30BAHUE CIIENYIOIINX MPABWUI:



§1.6. TpuroHomeTpuueckme rnpeobpasoBaHmns 11

1) HepagenctBo |f(x)| < g(x) nMeer MecTo TOraa U TOJIBKO TOTHA,

Koraa
fz) < gz
flz) = -
2) Hepasencteo f(z)| > ¢g(r) uMmeer MecTo TOrIa U TOJBKO TOrNA,

korma f(z) = g(z) mm f(r) < —g(x).
3) Heparenctso |f(x)| < |g(x)| umeeT MecTO TOTAA U TOIBKO TOTAA,
Koraa

{ f(z) < g(z); - {f(fc)>g($);
f(z) = —g(x), f(z) < —g(z).

Kpowme toro, niist Mpon3BOABHBIX BEIpakeHwil f(x) u g(x) cnpa-
BEINBO HEPABEHCTBO

|f(z)] + |g(z)| = | f(z) £ g(x)].

[Tpu 3TOM HEOOXOOWMO YYUTHIBATH CAEAYIONINE CUTYAIUU:

ecnu | f(z)| +lg9(z)| = |f(z) +g(z), 10 f(2)-9(x) >0;
ectn | f(z)| + |g(z)| = |f(x) —g(z)|, T0o f(2)-9(x) <O;
ecmu | f(z) +|g9(z)| = f(z) +g(z), to f(z

( ( (

ecmn | f(x) +[9(x)| = f(x) —g(x), 10 fl2

§ 1.6. TpuroHomeTpuyeckne npeodpaszoBaHus

IIpu pellleHMH TPUTOHOMETPUUYECKUX YPABHEHUII M HEPABEHCTB
HMHora OBIBaeT MOJIe3HBIM MpeACTABICHIE BEIpaXkeHUs @ sin £+b cos x
MOCPEACTBOM (POPMYIIEI

asinz £bcosz = vV a? + ¥ sin (z £ w), (13)

IIe BCIIOMOTaTeIbHBINA yroja & oIpeacadaeTcd COOTHOIICHUAMUN

. b a
SiNW = —————, COoSW —

, __*
NCE Va? 1 b
C TOYHOCTLBIO O ClIaracMoro 27’(?’1, rac n — Hejiaoe YHucio.
B HYaCTHOCTHU, UMCCT MECTO PAaBCHCTBO

T
sinx + cosx — \/zsin (m:l: Z)



12 masa 1. [lpumernerHne HeCcTaHZapHbIX METOLOB PeLleHuUs

Orcroma ciemyeT, 4To —v2 <sinx coszx < V2.
J1st o6paTHBIX TPHTOHOMETpHUYECKHe (PYHKIIMIA CIIpaBeUIHBEI Clle-
IVIOLLNE TIOJIE3HBIE COOTHOIIIEHMUS:
T

‘ T
-3 < arcsin & < 3 0<arccosz < (—1<z <),

T T
—5<arctg;c<3, 0 <arcctgzx <7 (x — moboe),

arcsin (—z) = —arcsinz, arccos(—z) = T — arccos z,

arctg (—x) = —arctgz,  arcctg (—x) = w — arcctg z,

. T T
arcsin x | arccosr — 5, arctg r - arcctg x — 5

§1.7. Norapudpmel

ITpu pelieHun JorapudmMrUIeCcKUX ypaBHeHU U HEPABEHCTB B Psi-
JIe cIy4yaeB MOXHO IOCOBETOBATh MPUMEHSTH M3BeCTHHIE (HOpPMYIBI
JorapuMHUpPOBaHHUS B HECKOJIBKO MHOM ¢dopMe, a HMEHHO

loga(£(@) - 9(2)) — log |£(2)] + log lg(z)]. (14
log, % -~ log, |(2)]| — log, [9(@)!. (15)

log, fP(z) = plog, |f(x)| (p — yetHOE umciO). (16)

[pu ucnonp3oBannu Gopmyn (14), (15) BO3ZMOXHOCTH MOTEPS
KOPHSI MCKJIIOYEHa, OMHAKO MOIYT IOSIBUTHCS MOCTOPOHHHE KOPHMU.
[MTosTomy npu ucnonszoBanuu dopmya (14), (15) Heobxomumo obsiza-
TEMLHO OCYIIECTBIATE POBEPKY MOMYIAEMbIX 3HAYEHNI HEN3BECTHBIX
IepeMeHHBIX.

B 10 xe Bpems, B bopmyine (16) oGracTu 1OMYCTUMBIX 3HAYSHU
IepeMeHHOM X 00eHX YacTeil paBeHCTBa COBIANAIOT.

OTMeTHUM TaKXKe MaJIOU3BECTHOE PABEHCTBO

f(l.)l()ga glx) g(x)logaf(f), (17)

CIIPaBEIMBOCTL KOTOPOTO MOKA3bIBAETCA MYTEM JIOTapu(dMUPOBAHU:
0 OCHOBaHWIO @ ofewx ero yacreit, toe f(z) > 0, g(x) > 0, a > 0
natl.



[nasa 2

3agayqmn, BcTpedarowmecs
Ha NMUCbMEHHbIX dK3aMeHaXx
no maremarmnke

§2.1. JennmocTtb Yyncen
1. [lokazaTb, 4TO IIpH JHOOOM HATYPaJIBLHOM 71 YUCJIO SR —|—45n+2—|—35n
neautcd Ha 11.

Petwernne. llepBoHauanbHO Mpeodpa3yeM 3aJaHHOE BEIPAXEHUE Clie-
IVIOLIAM 00pa3oM:

S L 42 4 3 = 5. (3125)" 1 16 - (1024)" + (243)" =
=5-(11-284 + )" +16-(11-93 +1)" + (11-22+ 1)".
Orcrona, npuHUMas Bo BHUMaHue dbopmyny (12), momydaem
§3ntl g 4542 | gSn
=5-(11A+1)+16-(11B + 1) + (11C + 1) =
= 11-(54+16B+C)+5+16+1=11D+22=11F.

ITockonbky B monyuyeHHoM Belpaxenuu A, B, C', D, E — uenble
YyHclia, TO YTBEpXKIeHHEe 3adauyl JOKa3aHo.

2. Jloka3aTh, YTO IIpU JI060M HaTypaabHOM 7 umcio 4" | 15n — 1
neauTcd Ha 9.

Pewenne. Hcnonssysa dopmyny (12), sanumem
A" ISn— 1=+ )" +15n—1=
=(9A+3n+ 1)+ 15n—1=9A4+ 18n,

rac A — neJgIoe 9Yuciio. O‘I@BI/I,HHO, HTO 3aJaHHOC BBIPAXKCHHUEC KPAaTHO 0.

3. JlokasaTb, 4TO IPU JTIOGOM LIET0M MONOKUTEIBHOM 72 YUCIO
5n+3 2
2773 1 5% 3% penyures Ha 17.



14 maea 2. 3anayu nuCbMeHHbLIX 3K3aMEeHOB 10 Maremarvke

Pewenue. BHITOTHUM clieqyomme peobpa3oBaHus;
S g sn . gnt g 3" 1 9. 15" —
:8-(17+15)n +9.15" =
= 8- (17TA+15") +9-15" =
— 8174+ 17-15" = 17B,
rie A, B— nenble uncna. CliefoBaTebHo, Bhipaxenue 2771 | 573712

KpaTHO 17 g mro6oro HaTypaJbHOro YHcia 7. 3mech OblIa UCITOMNb-
3oBaHa opmyna (11).

4. J/loka3aTh, 4TO NpU JOOOM HATYPATBHOM 71 YHACIO 323 L a0p —27
IenuTcs Ha 64.

Pewienne. NMeer MecTo

323 | 40m — 27 = 27-9" | 40n — 27 —
=27-(84+1)" +40n — 27 =
— 27 - (64A + 8n + 1) + 40n — 27 =
—27-64A +27-8n+ 27 +40n — 27 =
— 27644 + 256n,

rie A — nenoe uncno. OTcioga cieayeT, 4TO NOJyYeHHOE BBIpaXkeHHe
KpaTHO 64.

5. JlokasaTh, 9TO MPH JTOGOM HATYPATEHOM 72 YHCIIO
5"(5" + 1) — 6"(3" + 2") menutcs na 91.

Peiuenue. Ilokaxem, 4To 3aJjaHHOE BhIpaxkKeHHEe NPU JHOOBIX 3HaAYe-
HUSIX 7 ODHOBpeMeHHO KpaTHo 7 M KpaTHo 13. Tak kak unciaa 7 u 13
IIPOCTHIE, TO OTCIONA OyIeT ClIeNoBaTh, YTO 3aJaHHOE BBIpaxKeHIIE Jie-
aaTcd Ha 91 npu ao0oM HaTypalbHOM 7i.

HmMeeT mecTo

575" + 1) — 6" (3" +2") = 25" + 5" — 18" — 12",
PaccMoTpuM crnenyrolnie ABa mpeodpa3oBaHUA:
1) 25" +5"—18" - 12" = (7 +18)" +5" - 18" = (7 +5)" =
= (7A+18") +5" - 18" — (7B +5") =

— 74 —-7B, r1ne A, B — HeKoTOpble Iieble YhCa.
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2) 25" 5" —18" 12" = (13 +12)" + 5" = (13 + 5)" — 12" —
= (13C + 12") + 5" = (13D + 5") — 12" =

— 13C — 13D, r1ne C, D — HekoTopble LiebIe YKUCIA.

Tak kak 3anaHHoe BoipaxeHnue 5" (5" +1) —6" (3" +2") kparHo 7
1 OJHOBPEMEHHO ¢ 3THUM KpaTHo 13, To oHo OGyaeT KpaTtHO 713 — 91.

Mpumevanue. llpwu penrenun 3amad 15 MOXHO HUCHOJIB30BATh TAKXKE MCTO]T
MAaTCMAaTHICCKON MHIYKINA (CM., HaTIpuMep, 3amaqy 290).

§ 2.2. BbluucneHne CyMmbl

6. Borauciauts cymmy

1 1 1 1
5 590 " @moy) @ni )

Pewernne. OG03HAUMM HMCKOMYIO CYMMY 4Yepe3 5, W MOpedcTaBUM
KaxJioe ee claraeMoe B BUJAE PA3HOCTH ABYX JIpobeii, T. e.

1 1 /1 1 11 /1 1
1-5 4 \1 5/ 5.9 4 \5 9/’

1 1 1 |
(4n—3)-(4n+1)Z'(4n—3_4n+1)‘
B Takom cnydae
R
4 5 5 9 9 13 4n—-3 4n+1

1 { 1 on
4 4n+1/) 4n+1

7. Beruucaute cymMmmy
1-242-34...4m—-1)-n, rtme n=2.

Pewenne. O003HAYMM HCKOMYIO cyMmy depes C),, a depe3 S, o6o-
3HAYUM cymMmy 1+ 2+ ...+ n. Torma

Coh=1:24+2-34...4(n—-1)-n=
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Qt344t...tn)+@Gtdt...tn)t
+@+...+n)+...at(n—1+n)+n—
= (Sy = 1)+ (S, — 8) +

+ (Sn — 53) + ...+ (Sn = Sp-2) +(Sp — Sn-1) =
=m—-1)S8, —(S1+ 5+ S+...4+ 8,20+ Sp-1)-

1 |
WUsBecTHO, 91O S, = En(n +1) = 5(?@2 + n). B TakoM ciydae

C, = %(n —1)(n* +n) -

1
— (P42 4+ 3+ (=) T+ 243+ 1),

Takxe m3BecTHO (cM. 3amauy 281), uro

1
P42 ... 0" = n(n + 1)(2n + 1).

Torma
Co=5n =D 1) — = (=(n— Dn@n 1)+ ~(n— 1)) =
= e n) = o =(n—T)n2n +5m—n) =

1 > 2n’—n n

[— _1 —_— _— — p—

2(n )(n +n e 2)

(n—1)(6n> 1 6n—2n" t n—3n) n(n’—1)

12 N 3 '

I'Ipvlme'-lal-me. HMmeeTcs doree IIpOCTOC PCICHUC JTaHHOM 3a1a4H. I[J'[H JITO-
doro HaTypaJbEHOT'O 1 UMECT MeCTO PaBCHCTBO

1

G=1i=z (-1 GrD)—G-2-G-1)-9),
KOTOpOC MOXHO JICTKO HOoKa3aThb IIVICM paCKpPLITHA CKODOK, TOT,I[a
n n
. N . . . S
Co= (G- 1) i) = 3D (G= i Gr )=(-D (- 1) i) =
i=2 i=2

n

=%(Z ((i—l)~i~(.’i+1))—i((z’—l)~i~(i+1))) =

i=2

.(n_l).ﬁ.(nJrl)_n'('ij.
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I 2 3 n
8. B S — - —~ — LA . —_ rr e e
BIYUCIUTE CYMMY 5 + 7 + 5 ot P ol

Pewernue. YMHOXUM Ha 5 00e 4acTH UCKOMON CYMMBI, TOTJa

2 3
SS=ltztgt o

Eciu n3 HHOJYYICHHOI'O BbIPAKCHH A BbIYTCM 3a1aHHOC BEIPAaKCHHC
CYMMBI, TO

2 1 3 2 n n—1
Wt s-3) e ) sa ) b

SO NP L SO -
TSR T

+....

"=
5
Ortciona nonydaem S — 5/16.

Mpumeyanune. llpu permenun 3amadyn 8 ObIIa MCIOIb30BaHa GopMyaa BhI-
YHCJICHUST CYMMBI OE€CKOHEYHO YOBIBAIOIEH TI'€OMETPHYECKOH IIPOTrPecCHH
b,by,...,0,,...,yxOTOpOI by = 11 g =1/5, 1e.

byt byt ot byt = b _ 1 >
1-g¢g 1_l 4
5
9. Halitu cymmy
1 1 1
SiCOS.’L"COSQ.’L’+C082$'COS3{E+”'+COS9$-COSIO$'

Pewernue. MeroT MecTo CICOVIOMHNUC PABHOCHJIBHEIC HpCOGpaBOBaHI/IHZ
1 1 |

+... 1 —
cosx-cos2x cos2x-cos3x cos9x-cos 10z

S —

B 1 sin n sin n n sin x
 sinz cosr-cos2r cos2x-cos3x  cos9x-coslOx

1 sin(2r — x sin(3z — 2x sin(10x — 9z
L (dnGe-g) snGedn) | sinlitz_90)

sinz \cosz-cos2x  cos2z-cos3z | cos9z-coslOx
1
=—— (th:c—tgzc—l—tha:—thm—l—...—|—tg10:c—tg9:1:) =
sinx
1 sin 9z 2 -sin 9
— (tg10x —tgx) = — X
SINT (g 8 ) sinz-cosx-cosl0x sin2x-cosl0x
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Mpumeyanue. [Ipu BEIYHCIIEHHM HCKOMOU CYMMBI OBLIH HCIIOIB30BaHBI (hop-
sin (o — f3)

MyJib sin (@ — ) = sina-cosf —cosa-sinf utga —tgff = ——————.
cosa - cos f3

§ 2.3. ApudpmMmeTnyeckue BbIMUCNEHUA

10. /50 | 19V7.

PeLueHue. PaCCMOTpI/IM JBa crioco0a BBIYMCIEHU 3HAYEHU I

/50 1 19v7 .

Cnoco6 1. byneM uckath npenctapieHue 50 + 19v/7 B BUzZE MO-

HoTo Ky0a, T.e. 50 + 19v7 = (@ + b7 )3. ITocne Bo3BeneHUs B KyO
TIPaBOil YacTH JaHHOTO BBIpaXeHUSI UMeeM

S0+19v7 = a’ +3vV7a’h +21ab” +7VT b,
55!
504 19v7 = (a’ 4 21ab’) + V7 - (3a°b + 7b°).

OTCIO,I[a mojaydyacM CUCTCMY ABVX ypaBHeHHﬁ OTHOCHUTCIIBHO HC-
HU3BCCTHBIX IIECPEMCHHBIX @ U b BHIA

a’ | 2lab’ = 50,
3a’b 4+ 76° = 19

WITH
a® | 2lab® 50

3a2b + 703 19

ECJII/I YUCIHUTECIAb 1 3HAMCHATCEb ,[[p06I/I pa3,[[eJII/ITI> Ha b3 H 0603Han/ITB
O P S0 19— 1508 1399 — 350 — 0. O
= —, TO = — WM — — 350 = 0. Onnum
B 32417 19 A
W3 KOpHEN KyOMYecKoro ypaBpHeHUd ABisiercd § — 2.

IMTockoneky { — 5 nt—=2, toa—2b B 3rol CBA3M MepBoe

ypaBHeHHe CHUCTeMBI IPUHUMAaET BUJ 8 + 426 — 50. Orcrona cie-
ayer,uto b — 1. Tak Kak @ — 2b, To @ — 2w 50 + 19v/7 — (2+\/7)3.

3/
B TakoMm ciayuae \/ 50+ 19v7 — 2 + V7.



§2.3. Apudmernyeckne BbiynCrieHus 19

Cnocot 2. IlpenBaputenbHO BBIYMCINM 3HAUY€HHE BBIpaXeHUS

\3/ 50 + 19v7 + '3\/ 50 — 19v/7. O6o3HaYUM
V50 4 19v7 + /50 — 19v7 — z

1 BO3BefeM o0e 4acTu JAaHHOro paseHcTBa B Ky6. Ilpu 3ToM Oymem
vcrons3oBath Gopmyny (a+b)° = a’+b° +3ab(a+b). Torna monyanm

S0+ 19vVT +50 —19V74+3-vV—27 -2 — 2’

3 y
nm & + 9x — 100 = 0. JlaHHOe ypaBHeHHE HMeeT €AWHCTBEHHBIU
JICUCTBUTENBbHBIN KOpeHb 21 — 4, KOTOPBIH JIeTKO HAWTHU MOg00pOoM.

(CrnenoBaTebHO, HMEET MECTO PABEHCTBO

V50 1 19v7 1+ /50 — 19V7 — 4.

3/
B sTOoM paBeHcTBe 0003HaUunM 4/ 50 + 19v7 = 1. [lockonbky

(\3/50+ 19\/7) . (\3/50— 19f7) _ 3,
3 3
To 4/ 50— 19v7 — — = u JIA BEIYUCIEHUS 3HAYCHUS \3/ 50 + 19v7
Y

3
HeoOXOOUMO pelluTh YpaBHEHHE ¥ — — = 4 win y2 —4y -3 = 0.

Otcroga monyyaem ;o — 2+t V7. Tak xak y>0,Toy =2+ V7 mm

V50 4+ 19V7 = 2+ V7.
3/
OtMeTuM, gTo {/ 50 — 19v7 =2 — /7.

11. /4444488889,

Pewernne. NMeeT MecTo caeayiolas Lielodka Mpeobpa3oBaHUIA:

V444438889 — /4444444444 1 44444 1 | —

1
:\/4-1111111111—|—4-11111—|—1—5\/4-9999999999+4-99999+9—

1 1
:5\/4'(1010—1)+4‘(105—1)+95%4.1010+4-105+1
~ 200001

1
.5(2.105“)

— 66667.
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12. /999700029999 .

Peiuernue. Ilpeobpazyem 3agaHHOe BhIpaKeHHe CISAVIOIIMM 00pa3oM:

V999700029999 — /999 - 10° 1 7 - 108 | 2- 10* | 9999 —

= 3108 1) 107 £ 7010 £ 20104 4 10 1

/102109 £ 7-108 43104 — 1 —

/1012 23,105 +3-10% — 1 =
— 10" — 1 = 9999.

N e’

13. </370370...037— 11...100...0.
N, ~ s A ”
89 30 30

Pewuenmne. VimMeer MecTO

~ e
89 30 30

§/370370...037—11...100...0—
N, v \ .

. ) 87 84 0y _ 1030
{/37 (1087 4 10% 4 ...+ 10% — 11...1-10
30

10% -1 1
:337. __.(1030_1)_1030:
103—-1 9

C3f10% — 1 1090 —10%
N 27 9 N

C3/10%0—3.100+3.10% -1
27 N

1030 — 1
3 ... 3.

14. \/44...4+11...1—66...6,r):[en23.
S N e s
2n n+1 71
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Pewernue. BRINMONIHUM clenyiolue npeodpa3oBaHUs:

\/44...4+11...1—66...6
N e s e’
2n n-+1 11

4 | 6
= 1=-99...94--99...9---99...9=
9 Ne=~— 9 N O N

2n n+1 n

/4 (107 — 1) (10— 1) — 6 (10" — 1) =

A/4-102 4100 4 1 =

S(2-10"+ 1) =

| = ] = ] = ] =

b
o
o

..01=066...67.
S o’ S’

n—1 -1

15. \/2+\/2+\/2+....

Pewenne. O003HAUUM T — \/2 + \/2 + 42+ .... O4eBUOHO, YTO
3neck & > (. Bo3BemeM o0e 9acTu paBeHCTBa B KBanpaT, TOrga

3:2=2—|—\/2—|— \/2+\/2+....

Otcroga ciaeayeT KBaJpaTHOE YpaBHEHHE OTHOCHUTEIBHO IIepe-
MEHHOW X BHUIa 2 =2+zumz’—z-2=0. KopHsamu ypas-

HeHMUs SBAdIOTCI ) — 2 U 2y — —1. Tak kak £ > 0, T0 21 = 2
" \/2+\/2+\/2+...2.
a+b

16. BrlumcauTh 3HaueHHE b’ ecma’ 1 b —3abu0<b<a.

a_
Pewenne. Tak xak 0 < b < a, T0 @ = kb, tme k > 1. B sroii

2, 42 2
CBsI3U, eclid o0e JacTH paBeHcTBa ¢ + b — 3ab pasmennts Ha b, TO
MONYYUM KBajpaTHOe ypaBHeHHe OTHOCHTEILHO MepeMeHHoi k BHIa

K —3k11-0.
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ITockoneky k > 1, To U3 ypaBHEHUs -3k 1+1=0 oayJaeM

34+4/5
k= )
2
atb
EC.T[I/I UCIHUTECIBb U 3BHAMCHATCIb I[pO6I/I paB,[[GJII/ITB Ha b, TO
34+ 45
atb kil T +15+\/§\/§-(\/§+1)\/§
a—b k-1 3+\/§1 113 1++/5 '
2

§ 2.4. AnreGpanyeckme U TPUroHOMeTpUYECKne
npeobpa3oBaHus

17. Yopoctuthb
@+y+2) —(+y-2°-(@-y+2)’ - (—z+y+2)

Petwenne. Ob6ozHaunM T + 4y = a u £ — y = b. Torma, Bocmonb3o-
BaBIIMCH (ABaxbl) GOPMYIOil pasHOCTH KYOOB, MONyIacM

(+y+z)y —(+y—2) —(x—-y+2)° —(—z4+y+2) =
—((a+2)’—(a-2)°) - ((b+2)’ - (b-2)") =
—2z-(3a° —2") = 2z-(3b" —2°) = 62 - (0" — V") = 24zyz.
31ech GBLIO HCTIONB30BAHO PABEHCTBO a” — b = 4z
18. JlokasaTs, eciu VT + Y+ Yz =0, 10 (x 1y +2)° = 27xyz.
Pewenve. BossenieM B Ky6 06e yacTy paBeHCTBA VI + 3/ = — vz,
KCITONB3Ys! TIpH 3ToM dopmyiy (a + b =o'+ + 3ab(a + b), Torma
r+y+3- Yoy (VT + Vo) = —2,
Ty 3 Yy (—Vz) = -z,
r+y+z=3 Yryz wm
(x+y+2)° = 27zyz.

19. Jlokazathk, 4TO
1 | |

+ + —
ltetey 1tytyz 14+2z+zz

I, toex,y,z=1.
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Pewernne. IlpeobpasyeM JeByI0 4YacTh 33JaHHOTO BBIpaKeHMI (c yye-
TOM TOIO, YTO LYz — 1), CAEOYIOIINM 00pa3oM:
1 x xy
+ +
l+x+zy z(1+yt+yz) xzy(l+z+zz)
1 x Ty

= + + >
ltztzy =z tzytzyz zytzyz +ryz

1 T Ty 1 +z+zy
— + + = —

ltztzy ztzytl zytltzx 1+z1+zy

1.

20. Haiitu tg «¢, ecnm 2tga — sina + Scosa = 10.

Pewernune. 3aiaHHOE BbIpaxXeHHe IpeodpasyeM CIeAyIOIIUM 00pa3oM:

2tga—sina+5cosa =10, Scosa—sina—10+2tga =0,
_ sin «v
5005a—sma—2-(5— )0,

cos
cosa-(Scosa—sina)—2-(Scosa—sina) =0,
(5cosa —sina)(cosa —2) = 0. (%)

Tak kak cos @ — 2 £ 0, To U3 paBeHcTBa (*) MoOTyYaeMm
Scosa —sina = (.
B 3T0i1 cBSI3U M3 3aaHHOIO paBeHCTBa
2tga —sina+ Scosa = 10

caenyeT, 9To 2tg ¢ = 10 mm tg o = 3.
21. Jlokasath, uto ctg 70° + 4 cos 70° — v/3.

Pewenue. Vcrnionrsys GopMyIEl IIpUBEIeHN, U3 3a0aHHOIO PaBeH-
ctBa ctg 70° + 4 cos 70° — v/3 monyuaem tg 20° + 4sin 20° — V'3 win

3 —tg 20°
sin 20° — Vi-te - (%)
4
JlokaxeM paBeHCTBO (*).
Tak kak
sin (@ — f3)

tea —tgff = :
£ ep cos & - cos 3
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TO UMeeT MeCTO CAeAVIoNIas MelloYKa paBHOCHIBHBIX MpecOpa3oBaHHIA:
V3 —tg20° tg 60° —tg 20°
4 h 4 h
sin 40° 2 - sin 20° - cos 20°
" 4. cos 60° - cos 20° =

— sin 20°.

1
4.—-cos20°
2

CJIB,I[OB&TCJIBHO, CIIPaBCIINBOCTE paBCHCTBA (*), d BMCCTC ¢ HUUM
K CITpaBCATHBOCTE 3aJaHHOI'C paBEHCTBa, AOKAa3aHBI.

22. UssectHo, uto cos A — tg B, cosB — tg(C, cosC — tg A nu
A, B,C € (0, n/2). dokasate, 4TO

V5—1

sind =sinB =sinC =

2
Pewenne. Vicnionb3ys ycIoBUA 3aJadll, MOXHO 3aIlACATh
coszASiniB¥1_COSZB 1 i
cos’ B cos’ B cos’ B
1 1
T ~l= 1 Bk
cos2 C ! I | -1
cos? A

)

Ecau B mony4eHHOM BBIpaKeHUH 3aMeHHUTH cos” A — x, To mocie
HECJIOXHBIX TIpeoOpa3oBaHMUil IojydaeM KBaJpaTHOe ypaBHEHHE OT-
l -z 2

—1lumz +tx—-1=0.

HOCUTEJIBHO MepeMeHHON = BUIa £ — 5 "
Zc —_
Pemntas kBagpaTrHoe ypaBHeHHE ¢ ydeToM Toro, uto 0 < z < 1, momy-

V31 , V31

,T.e. cos” 4 —

. Torma

V51 3-45
22

3_
s1nA_\/ \/
B 5—1)2 y\/§—1| 5—1
N 4 2 2

JacM & —

siff A—1—coss A—1—

NN




§ 2.5. [lokasarenbCTBO HEpaBeHCTB 25

HpOBC,I[H AHAJIOTUYHEBIC paCCY}KZ[CHI/IH OTHOCUTENBLHO COS B , COS C 5
V5—1
2

MNpumevanue. 1lpu pelmenuy 3agadu UCIOIB30BaICA TOT akT, uto 4, B, € €
(0, w/2). TTocKOABKY B 5TOM clydae 06¢ JacTH BCeX paBeHCTB cos A = tg B,
cos B =1gC, cosC = tg A SIBISIOTCS IOJIOKUTEIBHBIMU U I10CJIC UX BO3BE-
TeHUS B KBajpaT He MOTYT MOSBHUTLCS MOCTOPOHHHUE 3HaUYeHUS sin A, sin B
u sin .

nojyanM sin A —sin B —sin C —

§ 2.5. JlokazaTenbCTBO HEPaBEHCTB

23. Jlokazarthk, 4TO 8 J1000r0o HATYpaJbHOTO i CIIpaBeqIMBO Hepa-
BCHCTBO

>n(Vn+1-1).

1
Pewernune. O603Hauum 1 | 5 + ...+ — = 8,, Torma TpebyeTca Io-
- n

1 1
l4+=-+...+—
2 n

7
Kas3aTh HepaBeHCTBO S, I n>=n- vn + 1.
BreipaxeHnue n | S5, olleHUM CHH3Y Ha OCHOBE HMCIONL30BAHHUA
HepaBeHcTBa Komm (1) cnenyromm obpasoM:

n+5n=n+(l+l+...+l) =
2 n
1 1
(1+1)+(1+5)+...+(1+5)
2 3 n+1 nl/2 3 n+1
—n-Vn+l.

Otcroga cieayer CIipaBelNIMBOCTh TpeOyeMOoro HepaBeHCTBA.

24. JlokazaTbk, 4TO 1322 < i
2 4 6 100 10
1 35 99
Pewenue. O003HAINM 226 100 z. amee, IMEIOT MECTO
123 45 6 99 100
CIEOVIOIIE HCpaBeHCTBa.E < 5, Z < g, E < 7, - m < m
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OTCIO,I[a ITOJIy49acM HCPAaBCHCTBO

1 3 5 99 2 4 6 100
218 0533 0
HIin
2 4 6 100
A R AL AT (*)

VMHOXHM JIeBYIO 9acTb HEPAaBeHCTBa (%) Ha X, a TPaBYIO €ro
JacTh — Ha YMCIEHHOE 3HaueHue x. Torma moaydum

Lo L33 o » 246 100 1T 1

2 4 6 100 3 5 7 101 101 100°
T.e.$2<LI/IJII/I$<L.
100 10

25. Ilycts a, b — momoXxuTenbHBIE YHCIA H @+ —a+ b, Ho-
Ka3aThb, YTO o’ + b <1+ ab.

PelueHue. ,HOKEL")EITCJIBCTBO HCPpaBCHCTBA 6Y,I[6M BCCTH MCTOOOM OT ITPO-
THUBHOTO. Hpe,[[HOJIO)KI/IM, YTO CYVIUCCTBYHOT TAKHC ITOJOXHTCIBHBIC

qncna ¢ v b, [T KOTOPBIX CIIPaBeUIABO PABEHCTEO @ + b — @ + b
1 UMEET MECTO HEPABEHCTBO o’ +5 > 1+ ab.

3 3
VMHOXUM 00¢ 9acTH MpearoaaracMoro HepaBeHcTBa Ha a” 1 b~ .
Torna

(@ +0)>a(1+ab) u b(a*+b)>b(1+ab).
Ilocne cnoxeHus IMPUBCACHHLBIX BLBIINIC HCPABCHCTEB IIOJAVIAacM
@’ +a’b’ +a’t +b >a’ +a'b+ b +ab'. ()
Tak Kak I0 YCJIOBMIO @ 1+b —a t b5, TO U3 HEPaBEHCTBA (%)
BHITCKACT
a’b’ +a*b > a*b + ab4, a’b -+ ab® > a’ + b3,
ab(a 1+ b) > (a I b)(a® — ab | b°),
ab>a’ —ab+ b, (a—0b) <0
[Tonyaunu nipoTuBOpedre. 3HAYWUT, eCIH & +b =a +¥0, 10

TpeOyeMoe HepaBeHCTBO BEpHO I IMPOU3BOJBHBIX MOJIOXKUTEILHBIX
qucenx ¢ 1 b.
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26. Ilycte a |+ b+ ¢ = 1. JIokazaTb, 4TO &+t >

| —

Pewenne. TlokaxeMm IBa crioco0a pellleHHs 3TOH 3aJadM.
Cnocod 1. Y3 HepaBeHcTBa Komu— byHsikockoro (9) nMeem

1:(a+b+c)2:(1-a+l-b+l-c)2 <
<SP P)a +0 1) =30 10 +¢).

|
Otcroga noaydaeM a’ + b + c > 3

Cnocot 2. CornacHoO yCIOBHIO MOXHO 3aIlucaThb
1= (a+b+c)=a"+b + ¢ +2ab+ 2ac+ 2be. (%)

2 42 2., 2 2.2
Tak kak 2ab < a”+b", 2ac < a” +c¢” u 2bc < b +¢ (cupaBemmn-
BOCTb KOTOPBIX CJIEYeT, B YaCTHOCTH, U3 HepaBeHcTBa Ko (2), To

M3 paBeHCTBA (%) monydaeM | < 3> 13 13 um a’ 1B > 3

Mpumeuanune. HMcmonssys mepasenctso Kormu— bymsakosekoro (9), Moxio
Jlokasarh 0ojiee oblIlee YIBEPXKICHHE.

1
Ecoma; +a,+... +a,=1, 10 a%+a%+...+ai> o

27. Ilycte mnsd mpoW3BOJNBHBIX UHCEN @, b, ¢ BBITTOMHSIETCA YCIOBHE
o+ b+ = 1. Jlokasats, uto —V3 < a+ b+ ¢ < V3.
Pewenue. CornacHo HepaBeHcTBy Komi— ByHsikosekoro (9), nmeem
(@tbtec)f=(l-all-btl-c)<
S+ 1P+ P)a” +b +¢)=3a +b 1)
Tak kak a° +b° + & = 1, TO
(@+b+c¢)Y <3 mwm —vV3<a+b+c< V3

Mpumeuanune. Hcrosssys nepasenctso Korm— bymsikosekoro (9), Moxmo
JoKazaThk Oojiee oOIIee yTBepKICHHE.

Eemn a%+a.%+...+afl:1,To —\/'r_zga,lJra,ng...Jrang\/ﬁ.

28. Jlokazathk, uto v4a + 1 ++/4b+ 1+ +v4c+ 1 < 5 npu ycnoeuw,

qgroa tbtc=1ud4at+1>20,4b+1=>0,4c+1=0.
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Petuenne. Vicnionbays HepaBeHcTBO Komu (2), momydaem

1+4a+1 4a+2
Vda+1=4/1-(4a+1) < 5 =2a +1,
Vab+1<2b+1 n \/4c+1<20+1.

Tak kak a +b+c¢c— 1, 10

Vda + 1+ /4b+1+vVdc+1<2(a+b+e)+3=75,

OcTanock OoKa3aTb CTporoe HepaBeHCTBO. M3BecTHO, 4TO Hepa-
BeHcTBO Kowim (2) npeBpaluaercsi B paBeHCTBO TOLIA U TOJIBKO TOTAA,
KOIrma @y — @,. [IpUMeHNTEeNPHO K JAaHHOMY IIPHUMeEpY, 3TO VCIOBHE
o3HavaeT, uTo 4a+1=1,4b+1 —1ndc+1—=1,Te.a —b—c— 0.
ITocnemHee paBeHCTBO BBITIONHATHECSA He MOXeET, TAK KaK II0 YCIOBHIO
a+b+ec=1.

Mpumeyanue. Jannoe HepaBeHCTBO MOXKHO J0OKa3aTbh Ha OCHOBE IIPUMEHE-
Hust HepaBeHcTBa Korma— ByrsikoBekoro (9). Umeer mecto

2
(VEaF T+v/@B+ T+VE 1) < (4124 1) - (da+ 1440+ 1+4c+1).

ITockomsky a + b+ ¢ = 1, To oTcloyma ToayaaeM

2
(\/4a+1+«,/4b+1+\/4c+1) <3.-7=21<25 re.
vda+1++/4b+1+vV4e+1 <5,

29. Jlokazate, 4TO eclu I, Y, 2 — ACHCTBUTENbHbIE YHCIA, YIOBIE-

TBOpAIOLINE YCJIOBUAM & | ¢ + 2 = 5 u 2y + 22 +yz = &, 10
7 7 7
Il<z< s, ISyszul<z< 3.
T3 ysgu 2 <3
Petuenue. V3 nepeoro papeHcTBa moiydaeM y + z — 5 — x. Torma
13 BTOPOro paBeHcTBa cieayeT £(y + z2) +yz = 8, yz = 8§ —z(y + 2),
yz=8—z(S—x)n
yz —x° — 5¢ 1+ 8. (%)

HOCKOJIBKY I modoro ¥ CITpaBCAJIMBO HCPABCHCTBO

m2—5m+8>0

(IMCKPUMUHAHT ypaBHEHUS P =52 +8 =20 OTPULIATEIBHEIN), TO
13 paBeHcTBa (%) cienyeT, uto yz > 0. [IpoBeas aHanorudHele pac-
CYKIEHHUS, MOXHO TMOKas3ath, 4to ¥ > 0 u 2z > 0. OTcroga cienyer,
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9TO TMepeMeHHbIe X, § U 2 MOTYT NMPUHHUMATH TOJLKO MOJOXUTENb-
Hble WIM TOJLKO OTpHIlaTeNbHBIE 3HadeHWs. ONHAKO MO YCIOBUIO
r+y+z—5 Tlosromy >0,y >0m 2z >0.

KpoMe Toro, ecmm 2 +y +z=5Suzxz >0,y >0, z> 0, 10
<S5, y<suz<s.

Hanee, nprvenssa HepaBeHeTBo Ko (2), MO}KHO 3aImcaTh, 9TO

yt+z2=2/yz. Torma 5—z > 2,/ z1/14yz<m — 10z + 25. Orcroma
Ml I3 paBeHCTBA (*) MoMyJaeM HepaBeHCTBA

4> -5+ 8) <z’ — 10z +25 wm 3z’ — 10z + 7 <0,

pellleHneM KOTOPBIX ABISAIOTCH 1 < 2 < 3

HOBTOpI/IB IMPUBCACHHEBIC BBIIIC PACCYXKICHUA /1A ITICPCMCHHBIX {f
Hn z, JOKaXeM Tpe6yCMbIC HEpaBEHCTBA OTHOCHUTCIBHO ¥, 2

z
30. /lokazaThb HEpaBEHCTBO — + 2- \/_ +3- \/j 6, rne ¢ > 0,
x

y>0uz>0.

Pewenne. Bocronesyemcs HepaBeHcTBoM Koun (1) pu n = 6, Torna

oo

CJIB,I[OBEITGJIBHO, Tpe6yeMoe HCPaBCHCTBO JOKA3aHO.

MpumevaHue. JlokazarHnoe BHIITIC HepaBeHCTBO 0000IIaeTes Ha TOT CIydai,
KOTIa B €ro JICBOH 4acTH HAXOIUTCA 71 CJIaraeMBIX, T. €, HMEET MeCTO

_+2 / + . Il!n n+1)
I

rme n > 1. [IpuueMm paBeHCTBO B JaHHOM HepaBeHCTBe JIOCTHUTaeTcsl TOTIa
U TOJILKO TOTHa, Kora £, = 2, = ... = &, = 1.

31. Jlokazath, 4yTO Mid JIOOBIX HEOTPULIATEIbHBIX YHUCEI ¢ U b BbI-
3 5
MOJHSAETCS HePAaBeHCTBO 2va + 3 Vb > 5vab.
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Pewenue. Vcnionbays HepaBeHctBo Komrn (1) mpu n = 5, sanuieM
2va 13Vb=Vaivalvhi Vb1 Vb
5
>5.3va-va- V- V6 Vo—5- Vab,

T. €. TpedyeMoe HepaBeHCTBO JOKAa3aHO.

32. JlokasaTb HepaBeHCTBO @101 d = abe | abd tacd | bed,
rmea=0,0>20,¢=0,d=0.

PeiueHue. HpC,I[CTaBI/IM JCBYIO 4aCTh HCPpABCHCTBA KakK

| 1
a3+b3+c3+d3—§(a3+b3+c3)+§(a3+b3+d3)+

1 1
+ §(a3 terd)r 5(”3 terd).

Tenepr MpUMeHUM YeThIpe pa3za (10 YKCay nap cKoOOK) HepaBeH-
ctBo Kommw (1) ipu n = 3 1 nonyynm HepaBeHCTBA @ 1b e > 3abe,
a’ 40 +d’ > 3abd, @’ +¢ +d° > 3acd, b+ +d° > 3bed. Otcioma
caenyeT TpeOyeMoe HepaBeHCTBO.

1 1 1 1 4
33. , > -, a> 2.
JlokazaTth qTOa—2+a—l+a+l+a+2 " e
1
Pewenmne. Tak Kak Mo yclIOBHIO a > 2, TO > > 0, " > 0,
a— a—

1
> U, > 0 U B BTOH CBI3M MOXHO BOCIIOJB30BATHCHI
a+ 1 a2
HepaBeHcTBOM (5). Torma
1 N 1 n 1 N 1 - 16 B 4
a-2 a-1 a+1 a+2 a-2+a-1+at+l+tat+2 a
| 1 | | 4
OcTanock MmokasaTb, 9TO + + + + —.

a—2 a-—1 a1 a+?2 a
O,I[HaKO JaHHOC HCPABCHCTBO JICTKO CJACAYCT H3 TOTO @aKTa, qTo
1 1 1 1

a—I#aJrl?éa,JrZ'

34. JlokaszaTb HepaBeHCTBO | + 2a’ = a’ +2a’.
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Pewenne. Tlpumensis (nBaxel) HepaBeHcTBo Komm (1) mpu n = 2
1 n — 4, noaydaeMm 1+a,4 = 2a° u 1+a4+a4+a4 = 4a’. Benn

CIIOXUTH NIPUBEAESHHBIE BHILIIE HEpaBEeHCTBA, TO 2 + 4a* = 2a° + 4a’.
Orcrona cinenyeT TpeOyeMoe HepaBeHCTBO.

MpumevaHne. AHaTOTHIHBIM 00pa3oM MOXHO JIOKa3aTh 00JIee CII0XKHEIC He-
2 6
pPaBEHCTBA, K KOTOPHIM OTHOCHTCS, HAIIpUMeEp, HepaBeHcTBo 1+ 2a” + b >

3 i
3ab+ ab’, toe a, b — TIPOM3BONBHEBIC ACHCTBATEILHEIC JHUCIA.
JIIst ToKasaTeIbeTBA MAHHOTO HEPABCHCTBA BOCIIONB3yeMes (IBAXKITH)
HepabeHcTBoM Kormu (1) v moyamM clieayiontie iBa CoOTHOIICHHUS:

a’ +b° = 2va? b6 = 2ab’,

6
1 t11a1a>1a>1b6°26-vV1-1-a2-a2- a2 b5 = 6ab,

OTKyAa CICAYET a’+b° > 2ab’ w2+ 3a* + b° > 6ab. Ecam c1oXWTE JIeBBIE

W IIpaBble YacTH 11OJIYICHHBIX HEPAaBEHCTB, TO 2 + 4a® + 2b° > 6ab | 2ab’.
3HauuT, TpedyeMoe HepaBeHCTBO J0Ka3aHo,

35. [lokazathk, 4TO

1 1 1
(a—l—l——)(b—l—l——)(c—l—l——) <1,
b c a

rmea>0,b>0,¢>0uabe=1.

Pewenne. Tlockonbky abe — 1, To mepeMeHHbIe @, b, ¢ MOXHO IIpe-

X Z
CTaBUTL B BUJe @ — —, b — g u ¢ = —. B TakoMm ciydae TpeGyeMoe
1y z x
HEepaBEeHCTBO OyJeT paBHOCHIBHO HEPABEHCTBY
(z—ytz)y—ztz)z—2z Iy <zyz, (*)

ez >0, y>0,z>0.

BeeneM HOBBIE MepeMeHHBIE % — £ — Y + 2, U = Y — 2 + &
U+v vt w w4 w
Hw=2—-—x+y, Torma &£ = z,y: 2’z: 5

Ml HEPaBeHCTBO (%) MPHHUMAET BUX
(u+ v)(v + w)(u + w) = Buvw, (%%)

rneu >0, v>0 w>0.
CrpaBeTNBOCTD HEPABEHCTBA (*%) JIETKO CIENyeT U3 HePABCH-
crBa Komm (2), Tak Kak

w+v=22Vur, vt+w=2vVow U ou+t+w = 2Vuw.

CJIC,I[OB&TCJIBHO, Tpe6yeMoe HCPAaBCHCTBO JOKA3aHO.
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Mpumeuanue. J[0Ka3aTeIbCTBO HEPABCHCTB (%) M (%%) MOXHO paccMaTpH-
BaTh KAK CAMOCTOSITCIIBHEIC 3aMadH.

36. /lokaszaTh, 9TO
(@1by tashy t... Fasby) <(aitast...ta) (b 105 +...1b;),
roe n = 2.

PeLuerue. I[JIH IIPOU3BOJIEHOI'O JEUCTBUTEIBHOIO & BBIITOJIHACTCA OUe-

2 2 2
BUIHOe HepaBeHCTBO (a1 + b))+ (ay +zby) + ...+ (e, +2xb,)” = 0.
Otcrofa mocie packpbITHA CKOGOK MoidydaeM KBaJpaTHOE Hepa-
BEHCTBO OTHOCUTEIBHO TIepeMeHHOoIl Z BHIa

(b 1+t by) F 2z (anby bahy . taghy) T
t(aitayt...1a) >0

ITockonbKy KBagpaTHEINA TpeXulieH MpU 1000M T MPUHUMAET He-
OTpULIATeIbHbIE 3HAUYECHU S, TO €ro JUCKPUMHUHAHT MEHbIIe UM paBeH
(, Te.

2 2 2 2 2 2 2
PR 71 - P 71 P ) = .
(@b +abr+. .. +anhy) —(ai +ay+...+ay) (b +b6+...+b;) <O

Otciozia cieiyeT CIpaBeIMBOCTE HepaBeHeTBa Ko — ByHAKoB-
ckoro (9).

1+ v4a + 1
37. JlokazaTe HEpaBEHCTBO \/a—l—\/a,—l—...—l—\/a< il 5 il ,

roe a > 0.

Pewenne. O4eBUIHO, YTO

\/a+\/a+...+\/(_z< \/a,+ \/a+m,

roe a > 0. OboszgaunMm 1 — \/(l—l— \/a—l— va -+ ... 1 Bo3BedgeM obe

2
JacTH BBIPAXKEHHUS B KBafpaT, TOrAa MOAYIMM ypaBHeHUe £ — ¢ — a = (.
ITockoneky a > (0, To KBampaTHOE YpaBHEHIE UMeeT eIUHCTBCH-

1++v1+44a

HBI IMOJOXHATEABHBII KOpCHb L1 — 5 . OTCIOI[a BBITCKACT

TpeOyeMoe HepaBeHCTRBO.
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1 x l -z 1
38. Jlokazate, 4To — = < (@ +y) Y) < -

, Te x, ¥y — IpoH3-
2 S W11y 2 y—up
BOJBHEIC ,H@ﬁCTBHTCJIBHBIC JHACIA.

T T T T
Pewenue. llycte x =tgany=tgf,rne ——<a<—-u-——<f<—.

2 2 2
B Takom cnyuae

(z+y)(l-zy) (gattgf)l—tga-tgf)
(I+z)(1+y?) (+@a)(+e?p)
sin (a+ B)  cos(a+ f)

_cosa-cosff cosa-cosfl
— ; 0 —

cos’ @ cos?f3

, 1.
:sm(a—l—ﬁt)-cos(a:—l—ﬂ):Esm2a—|—ﬂ.

1 1 .
Tak Ka ~3 < = sin2(a + f) <

5 , TO TpeOyeMble HepaBeHCTBA
JIOKAa3aHHI.

| o—

39. /lokasaTk, 4TO MpU JIOOBIX AEUCTBUTENBHBIX Z,{ HMEET MECTO
HEpPABEHCTBO |- 2zy + 3y2 +2z+6y+3=0.

Pewenne. PaccMOTpUM JEBYIO YacTh HepaBeHCTBA. MIMeeT MecTo
m2+2my+3y2+2m+6y+3:
=z’ 42y + ) H @+ 1)’ =@+ 1) +3y +6y+3=
=@ty ) -y -2y -1 13y 1oy 3=
—(@+y+ 1) +2y+1)° =0
40. Jloka3aTh HEpaBeHCTBO 2 | 2cos T — sin® z + cosz(a: —1) > 0.
Pewenne. TlpeoGpasyeM JeBYIO 4acTh HEpaBEHCTBA
24 2cosx —sin” z +cos’(z — 1) =
—2+2cosz — 1 +cos” &+ cos™(z — 1) =
= (cosz + 1)* + cos*(z — 1) > 0.

JlokaxeM Temneph CTporoe HEPaBeHCTRO.
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cosr — —1,

OTtcroma moirvyaeMm
cos(z—1)=0. 8 i

HpCI[HOJI QXKHMM, 9TO {

r—m+2rn,

T
r—1=—+7k,
2
rae n, k — Leable 4ucia.
CiegoBaTelIbHO, HMeeT MECTO PABEHCTBO

T
7T—|—27T’ﬂ:§‘|—ﬂ'k—|—1.

2
Torma © = , T. €. T — palMOHANBHOE YUCIO, YTO ABJSI-
4n — 2k + 1
eTcd MPOTHBOpeUneM. 3HAYNT, JOKA3AHO, YTO

2+ 2cos z — sin” z 4 cos™(x — 1) > 0.

r ¥y z Yy z =z
41. Jokazath,ectu 0 <z <y <2, T0 —+ =+ —> —+ — 4 —.
Yy z x x Yy =z
x i z
Pewenne. Tak kak 0 <z <y <2z, 10 — <1, = <1, — > 1.
- ] z x

ITostomy

x Y z
-——1<0, =--1<0, —=1>0 mn
z x

RN

Otcroga mocyie packpeITUs cKOOOK moliydaeM TpebyemMoe Hepa-
BEHCTBO.

42. Ilycte 0 < a < b < ¢. lokazarh, 4TO
’b +We+t da < Va+ b tae

Pewenne. Ilockompky 0 < a < b < ¢, T0b—0a > 0, c—b >0
na—c<0. Torma (b—a)-(¢c—b)-(a—c) < 0. Ectu B neBoit yactu
HePaBeHCTBA PACKPBITH CKOOKH, TO MOJIYIUM HEPABEHCTBO

a’b + be + ca < ba + &b + a’c.
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43. Jlokazatb, ecntu a =0, b>0,¢>0,d >0, 10
\/(a+c)(b+d)>@+\/£.

Pewenune. Bocnonbsyemcs HepaBeHcTBOM Komm— ByHskosckoro (9),
TOrIa

(Vab + Ved)’ < ((Va) + (Vo)) (V) + (V)*) = (a+ o) (b + d).

OTtcropa cieayeT CIpaBeTHBOCTh TpeOyeMOoro HepaBeHCTRA.

44, Jlokasatb, ecnti ¢ > 0, b >0, ¢ >0, a+b>0,a+c >0,
b+c>0, 10
2a 2b 2¢

> 3.
b+c+c+a+a+b

Pewenne. BereneM HoBBIe MepeMeHHBle £ = b+ ¢, ¥ = a + ¢,
z =a -+ b. Torma

20 +2b+2c=x+y+z, 2a=x+y+z-2,
b+e)=—z+y+z, 2Wb=zx-y+z 22c=x+y-—=z

1 TpeOGyeMoe HepaBeHCTBO MPUHNUMAET BU

—rt+yt+z T-ytz Tty—-=z
LB L AN (%)
T Y 2
W3 HepaBeHCTBa (%) MoTydaeM
z M z xr
T2 242424 56 (45)
r o Yy y z z

Tak kak a +b >0, a+c>0,b+c>0, 102 >0, 9 >0,
z > 0. [IpuanMas Bo BHHMaHHWe HepaBeHcTBO Komm (3), omeHmM
JIeBYIO 4ACTh HEPABEHCTBA (*%) CIEAYIOIIMM 00pa3oMm:

Y r =z y =z
(-+—)+(—+—)+(—+—) >24+2+2=6.
Yy oz z T z

45. Jokazatb,ecnu a +b+c=1wmwa>0,0>0,¢>0, 10

ab N be n ac <3
ab+c bc + a act+b 2
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Pewenue. Vcnionbsys HepaBeHcTBo Komm (2) u ToT dakrt, 4To0
a+b+c=1, MOXHO 3amHicaTh

ab ab _ ab B
ab+c V\ab+r(1-a-b \(1-a)(1-0b
ab a b | a b
= = ' <3 + :
(b+c)a+c) a+c b+c 2\a+c b+c

HpOBC,[[}I AHAJIOI'MYHBIC PpAaCcCYKACHHMA, ITONVYACcM CIIC IBa HCPABCHCTBA

be 1 ( b C ) ac 1 ( a c )
<5 + u <3 + .
be+a 2\at+b aitc act+b 2\at+b bilc

Ecau cnoxute IIOJIYYCHHEBEIC BEIIIIC TPH HCPABCHCTBA, TO

\/ ab+c bc+a

1 a 3
) (a+c brec a+b atc atb b+c)_§'
46. Jlokazath,ecmi a +b+c¢c<3ua=>0,b>0,¢c>=0, 10
a n b N C <3
a+1 b+1 e¢+1 2

Pewuenne. Ilokaxem, 4To 3aJaHHOE HEPaBEHCTBO PaBHOCHJIBHO He-
PaBEHCTBY
1 1 1 < 3
atl bl er1772 (*)
Hnst aToro mpeobGpasyeM TpebyeMoe HEpPaBEeHCTBO CIENYIOIINMM
oOpazoM:

all-1 bt1-1 e¢f1-1 3

+ + < =

a1 b+ 1 c+1 2

| 1 o 1 L 1 <3

a1 b1l ct1 2
Otcroga cienyeT HepaBeHCTBO (*)

i mokaszarenbCTBa HEpaBeHCTBa (*) IIPUMEHUM K JIEBOH €ro

4acTU HepaBEHCTBO (5), TOTJa ¢ y4eToM Toro, 4to @ + b 4+ ¢ < 3,

b
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rnojaydyaeM
1 1 1 9 9 3
>

2 P :
a—l—ler—I—lJrc—l—l at+b+c+3 6 2

Jlpyrumu cioBamu, CpaBeyIMBOCTh HEPABEHCTBA (%) HOKa3bIBa-
eTCsI IyTeM ABYKPATHOTO MPUMEHEHHS K ero JIEBOI Y4acTH HepaBeHCTBA
Komm (1) mpu n = 3.

47. lokazaTh, eciau

a>0,b20 ¢>20, 71O

at+btc <\/a2+b2+(;2
3 3 '

Pewernne. /lokazaTensCTBO TpeOyeMoro HepaBeHCTBa OylieM BECTH
METOJIOM OT MpOoTHBHOro. IlpeanonoxuM, 4To MpH HEKOTOPHIX He-
OTPULIATENBHEIX @, b, ¢ BEIMONHACTCSA HepaBEeHCTBO

a+b+c S \/a2+b2+(:2

3 T (%)
BoszBeneM B KBampaT o0e yacTH HepaBeHCTBaA (*), TOraa
(a+b+c)?
3
o’ + b + ¢+ 2ab + 2ac + 2be > 30’ + 30 + 3¢,
2a” + 2b° + 2¢" — 2ab — 2ac — 2be < 0,
(a—b)"+(a—c)+(B-c) <0

ITockonbKy Kaxaoe 13 claraeMbIX MOJY4eHHOTO BBIpaXeHHUs He-
OTpULIATENIEHO, TO TIONYVYWIM IIPOTUBOpEYME, KOTOpOe MOKa3bIBaeT
CIIpaBeIJIMBOCTE TPeOyeMOTO HepaBeHCTRA.

>a’ b e,

48. [lokazatk, ecnu a > 0, b> 0, ¢> 0, 10

2B\ 2 2 2
(a+ b) +(b+2c) +(c+2a) —
c a b

Peuienue. OLEeHUM CHU3Y KaXIoe claraeMoe JIeBOi 4acTH HepaBeH-
CTBa, TIPUMeEHSIsI 115t Toro HepaBeHcTBo Kormm (1) mpu n = 3. Umeer
MECTO

(a+2b)2 (a+b+b)2 N (3- v a52>2 9. Va2l

c c 2

C
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Ilo apamorum ¢ ITPUBCOCHHBIM BBIIIC HCPABCHCTBOM ITOJIYVYIACM

b2\ 9. v c12a\ 9. va?
Z—— Hu > .

a a b b

Otcroga ciaenyer

a-+ 2b 2 b+ 2¢ 2 ¢+ 2a 2
+ + =z
c a b

9. \/3 abt 9. \/3 et 9. v3 cta?
= + + =
c? a> b2
3/9.9.9. é/azb”' - ‘\3/b264 - \3/62(l4
>3- = 27.
2022

Takum obpazoM, TpedyeMoe HepaBeHCTBO JOKA3aHO.

49, JlokaszaTh HEpaBEeHCTBO

T Y V2
+ < =
Va1 Va1l o 2
1 1

rucogxg—ﬂﬂgygi.

Pewenne. O6o3HaunM a = 2x u b = 2y, Torga TpedyeMoe HepaBeH-
CTBO IPUHUMAET BUI

(]

0 b
+
v +1  var +1

me 0<a<luld<bgll.
Tak kak 0 <a <1,0<<b<1, 10

a b a b a+b
B Ve s vere vy varp ™
Hepagenctso (10) npu n — 2 npuHUMaeT BUI
(@ +b)* < 2(a” + 1),
atb
va? +b?

(*xx) creqyeT crpaBeIIMBOCTh TPpeOyeMOro HepaBeHCTBA.

< V2, ()

H3 KOTOPOI'C BLITCKACT < \/5 OTCIOI[a H N3 HCpaBCHCTBA
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50. /lokazaTk HepaBeHCTBO
z Y 2
+ <
V2P 13 V2eE 13 V5

me 0<ze<1lud<gy<l1.

Pewernne. llockonpky 0 <2< 1nl0<y<1, 10

=L <
V2R +3 V2P +3
y

x x4y

< + = - ()
V22422 1 222 22 1 222 2y H

Wcronssys Hepasenctso (z + g)° < 2(2> + y°) = 2z° + 2¢°,

KoTopoe cienyer u3 (10) mpu n = 2, a Takke ToT dakr, 9o = < 1
n y < |, u3 HepaBeHCTBa () MOTydaeM

( . )2< (z+y) < 227 + 27
V29 13 V2P 3/ 282+ 222427+

B | 1 4

_ < .
222 422 +1 - 5 5
OTCIO,Z[a BBITCKACT CIIPpaBCOINBOCTD Tp66yeMOFO HECPpaBCHCTBA.

51. Jloka3aTh HepaBEeHCTBO

7 y 2
+ + > 6,
V-1 vz-1 +Vz-1

ez > 1, y>1uz>1.

Peuwienue. Tak kak © > 1, To £ — 1 > 0. Torma, npumeHdsa Hepa-
BeHCTBO Komu (2), MOXHO OIIEHUTh CHHU3Y MEPBOE ClaraeMoe JeBoii
JacTH 33JaHHOTO HepaBeHCTBA CJICI[YIOIJ_II/IM obpazoMm:

r—1

\/7\/7\/7

zc—l r—1
—2- .
—1 y—1

HpOBC,HH AHAIOI'HYHEIC PACCYXKACHUA, ITOIVIACM

—1 z z—1
y > 2- y Uu =2

Vz—1_ z—1 T — T —

i
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Ecnu ncnonw3oBaTh NpUBedeHHBIE BBIIIE HEPaBeHCTBA, a TaKXKe
elle pa3 MpUMEHUTh HepaBeHCTBO Kollu (1) npu n = 3, T

VY — 1 \/ 1
r—1 y—1 z—1
+ 2 - +2- 2
y—1 z—1
w—l | -1
y- 6.
z— 1 -1

2

r T
52. JlokasaTe HepaBeHCTBO v + 1 > 1+ R rae = > 0.

2
z oz
Pewenune. Paccmorpum dynkuuio f(z) = v +1 -1 — 5 + <

OueBngHo, uro f(0) = 0. dua mokaszaTenbcTBa TpeOyeMOro Hepa-
BEHCTBA JOCTATOYHO ITOKa3aTh, UTO HA MHoXecTBe > O dbyHKIUI
y = f(x) sABNAeTCS HENMPEPHIBHON M BO3PACTAIOLIEH, T. €. IS JTHOOBIX
z > 0 mMeer MecTo HepaBeHCTBO f(z) > f(0) mmm f(z) > 0.

C 5TOil 1eNbI0 BBIMHCIUM MPOH3BOOHYI GYHKIMU ¥ = f(x)

1 Il =z
— — 4+ —. CorsnacHO HepaBeH-

2ve+1 2 4

ctBy Koru (2), MoxHO 3anucath

lt+z+1 142
vVe+1=4/1-(z+1) < 5 -

H B TaKOM CJay4ac

1 | | 2 x4+ 2
L > s = -21.
fa z+2 273 2 (w+2+ 2 )

o !
0 MepeMeHHol ¢, T. e. f, =

Tak kak ¢ > 0, 0 0 <

< 1 U ¢ yuyeToM HepaBeHCTBa

x+2
2 x+2 ;
Ko (3) nonyyaem P t—> 2. A 370 03Havaert, 9yTO f, > 0.

CnenoBarensHo, ecnmn £ > 0, To f(x) > 0, T e. TpebyeMoe
HEpaBeHCTBO JIOKA3aHO.
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§ 2.6. PauvoHanbHble YpaBHEHUS
53. (3z +5)° +(z +6)° =4z° + 1.
Pewsienne. IlpeobpasyeM HCXOMHOE YpaBHEHHE K PABHOCHIBEHOMY BHALY
(Bz+5) - (22)°) + (( +6)° = 1°) =0,
(x4 5)(52 + 5) + (z + 5) (2" + 132 + 43) = 0,
(z + 5)(z” + 18z + 48) = 0.

PaccMatpupasg gBa ypaBHeHUsd £+ 5—0 n 2’ + 18z + 48 — 0, momy-

yaeM TpHM KOPHS 3aJaHHOro ypaBHeHUA Xi=—3, &) = —9 — 33
H IX3— —94++v33.

54, (#"—xz—1)" -z’ =5.

Peluenne. I/ICXO,I[HOC YpaBHCHHUC PaBHOCHJIBHO CIACIVIOINNM YpaBHC-
HUAM:

(" -z-1)-2) (=" + ') =0,
-zt —z-3)—(z+ D@ —z+1)=0,
(" —x + 1)(z* — 2z — 4) = 0.

Tak Kak ° — 2 + 1 > 0, To HeOOXOMMMO PAcCMOTPETh TOIBKO OTHO
ypaBHEHUE ¥ —2r—4 =0, us KOoToporo moiaydaeM x; = 1 + V&

uxr =1- \/g
2 2 3
55. ©(x—1)"+ (x—2) =176,
Pewenne. llpeobpasyeM ypaBHeHHE CICSAVIOIIUM 00pa3oM:
(-1 -7 +(x-2"-3=0

1 BocIioNb3yeMcsd popMyiaMHi pa3HOCTH KBAIpaToOR U Pa3HOCTU KYOOB,
TOoraa

(2(z—1)-7) - (x(z—1) +7) +(z-5)-((z—2)" +3(z—2) +9) =0,
(' —z-7)- (2 —z+7)+(x—5)-(z"—21+7)=0,
(£ —x+7) (2" —12)=0.

Tk kak 2° — ¢ + 7 > 0, To paccMaTpuBaeM TOJBKO YpaBHEHHE
- 12 = 0, Ionywaem x; — 2V3 u Ty — —24/3.
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56. (x—5)° +(x—4) +(z-3)"=2.
Peluenune. 3aHaHH06 YpaBHCHHUEC paBHOCHMJIBHO YPpaBHCHUAM!
(=5 -1) +(x-4)"+ ((z-3)"-1") =0,
(z — 4)(x — 6) + (x — 4)(z* — 8z + 16) +
+ (2 — 4)(x — 2)(z" — 62 4 10) = 0,
(x — 4)(z” — T2 + 10) + (z — 4)(z — 2)(z" — 6z + 10) = 0,
(z — 4)(x — 2)(z" — 5z +5) =0.
Otcroga mmonayyaeM KOpHH YpaBHEHUA

5445

Iy — 2, Ly — 4, L34 — 5 .

57. (2" 4+ x +4)° +8z(x” +x +4) + 152" = 0.

Peuierne. Tak kak z #£ 0 (B 3TOM HETPYAHO yOEIUTHCS MyTeM I101-
CTAHOBKM B MCXOOHOe ypaBHeHue x — (), To pasmenuMm obGe 9acTh

2
YpaBHCHHA Ha £ H INOJYUIHUM KBaJIpaTHOC YVPaBHCHHC

g’ + 8y +15 =0, (%)

' txt4
rae y = —
VpaBHeHHe (*) UMeeT qBa KOpHS 3 — —5 U 3 = —3. [Tostomy

HeoOXOMMMO paccMOTPETh ABa YpaBHEHMS
2’ +x+4 *+x+4
_— 5y — = 3
x x

KopHsgaMu nepBoro ypaBHeHHUS SBISIIOTCS

3’11:—3+\/§ U 215‘2:—3—\/§,

a BTOpOE ypaBHEHHE MMeeT KOpeHb L3 — —2.
58. z°(z* +36) — 6v3(z* +4) = 0.

Pewenne. Ilocne packpbITHa CKOOOK B JIEBOH YacTH YpaBHEHHUS IMO-
aydaeM

2° -6V  + 366 —24v3 =0 wm (&% —2V3)’ =0

Otcropa cinenyer > =23 u T = W, Ty = — W.



§2.6. PaumoHa/bHbIe ypaBHEHUS 43

59. (z° + 2z — 1) + 22" + 3z — 3.
PeiueHue. Hpe,I[CTaBI/IM YpaBHCHHMC B paBHOCUJIBLHOM BHAC
(£ +2c— 1) +2x 422 - 1) +1=2+2. (%)

JleBast yacTh ypaBHEHUSI (*) MpENCTABIAET MOMHBIN KBAJPAT, MO-
ATOMY UMEEM

(x2 + 2:1:)2 — x| 2,
332-(33+2)2 — x| 2,
(z+2)(z* +22°-1)=0
158) 0
(+ Dz +2)(z +z—1) =0
OTcroga noaydyaeM

RERE ~1-+5

3’; f—
7 hota 7

r — =1, x — =2, a3
60. z” +2x +3=(z’ +xz+ )z + x> +4).
Pewenne. Taxk kaxk

e+ 1>0 u 2t r2’ 14>4,

TO
e 243 =4 2+ 1)

2
OTciopa nmoaydyaeM KBajapaTHOe HepaBeHCTBO 3x~ + 2x + 1 < (.
OpHako JaHHOE HepaBeHCTBO MPOTHBOPEUYHBO, ITOCKONBKY

N 2 2
3p2 422 +1 =3 — Z > 2
r +2r+ (m+3)+3 3

CJIC,I[OB&TCJIBHO, AaHHOC VpaBHCHIC KOpHCfI HE NMCECT.
61. (62 +7) "3z +4)(z+1) = 1.

PewierHue. llepBoHadalbHO VMHOXHM 00e YacTH YpaBHEHHS Ha 12,
a 3ateM obosHauuM 6x + 7 = g. Torma McxomHoe ypaBHEHHE IIpe-

obpasyeTcs caenyomuM obpasoM: (6x + 7)2(6511 + 8)(6x + 6) = 12,
y2(y+ Dy —1) =12 wu y4 — y2 —12 = 0.
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Pemasi dukBagpaTHoe ypaBHEHHE y4 — y2 — 12 = 0, moayyaem
y* — 4 (moMHmM, uTo ¥ > 0) Wwim gy, = 2, i — —2.

ITockoneky 6 +7 =9, TO T = yT Torma

-7 2-7 S
6 6

I

-7 -2-7 3

6 6 2
62. (x — 1)(x — 2)(x — 4)(x — 8) — 102",

oy,

Pewiernue. IlpeobpazyeM JeByIO YacTh YpaBHEHHS CIEAYIOIINM 00pa3oM:
@-DEz-2)@z-4z-8)=(z-)(=-8) ((z-2(z-4) =
— (2" — 9z + 8)(z" — 6z + 8).
CJICI[OB&TCJIBHO, 3aJaHHOC VpaBHCHHUC PaBHOCHJILHO YPaBHCHHIO
(2" — 92 + 8)(z* — 6z + 8) = 10z°. ()
Tak kak x — 0 He sIBAsIETCS KOPHEM ypaBHeHHs (), TO obe ero

8 8
4acTH MOXHO pa3JieIuTh Ha .’Bz , TOTJA (a} -9+ —) (:l: -6+ —) = 10.
xT T

8
ITycte :c—9+; — y, Torma y(y +3) = 10 wm y” + 3y —10 = 0.

KopHsiMu mocieaHero ypaBHeHUs ABILIOTCA ¥ — 2 U 4§, — —3.

ITockoneky & —9-+ — — ¥, TO pacCMOTpUM JiBa YpaBHEHU OTHO-
x

CUTCIBHO HepCMeHHOﬁ X BHUIA
8 8
r—94+—=2 u x—94 — = -5.
T x

OTcroga moaydaeM OBa KBaJpaTHBIX YpaBHeHHS 2 — 11z +8 =0
vz —4r +8 = 0. KopHsSMH TepBOro ypaBHEHHS SIBASIOTCI X =

11+ /89 11 —+/89
S

) Ly — T, d BTOPOC YpaBHCHHC KOpHCfI HC MMCCT.

r+1 T+ 6 T+ 2 r+5

63. — _
m2+2m+m2+12x+35 m2+4m+3+$2+10m+24
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Pewernue. BEINMOJIHUM cleAylolle paBHOCUIbHBIE MPpeoOpa3oBaHM:

r+1 r+6 B xr+2 xr+5
212 @i)e+) @rh@1d) @ dH@L6)
z+ (x+2) ¢n+ﬁ+%m+7):

z(x +2) (x+5)(x+7)
Szt (3 (x4 (zt6)
(x + I){(z + 3) (x +4)(x+6)

| 1 | | 1 | | 1

2 712 215 217 z11 213 z14'z16

1Jr 1 N 1 N 1 B
xr x+7 r+2 x+5/)

R TR N
S \zt+l1l =z 6 x+3 x+4)/)

2:i:+7Jr 2z +7 B 2+ 7 N 2x + 7
2247 224+ 7x+10 2247246 x2+7p412°

()

W3 ypaBHeHust (%) cmenyer, uto 2 +7 = 0, Te. o1 = —35
SIBISIETCSl KOPHEM YpaBHEHHS ().

Iycte Teneps 2x + 7 #£ 0. Pasgenum obe yacTi ypaBHEHHUS (x)
Ha 2x + 7, 3aTeM 0003HAUYUM 2+ 7r = . Torga monyuynm ypaBHEHHUE

1 1 1 1

+ = + :
y y+10 y+6 gy1+12

(%)

ITocne npuBeaeHud apoGeil K obIieMy 3HAMEHATENIO YpaBHEHUE
(*) IpMHUMAET BUJ KBAIPATHOTO YPABHEHUSI OTHOCUTEIBHO MePeMeH-

y 2 o
Hoil ¥, T.e. ¢y + 18y + 90 — 0. [laHHOe ypaBHeHUEe OEHCTBUTEIBHBIX
KOpPHEN HE UMEET.

3Ha‘II/IT, HCXOOHOC VPaBHCHHUC UMCCT ¢IUHCTBESHHBIN KOpPCHBb
1
r = —3-.
2

ISR NN DR SRR B
xr xz+1 2x2+2 2x4+3 x+4
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Pewernne. Ecnm crpynmnupoBaTh claraeMble JIeBOM YacTH ypaBHEHHU

KaK
Lo U (L, LYy L
xr x+4 rt1 x13 r+2

TO [IOJIYIUM YpaBHEHUE
2z +2) 2z +2) 1
2 2 = 0. (*)

> +4x x+4+4x+3 zx+2

Tak kak x £ —2, To pa3genuM obe YacTH ypaBHeHHS (*) Ha 2.
Torma

2 n 2 N 1 0 ( )
— )k
2 +4r  xr4+4x+3 xi44r+4
Ecnu 0603HaYuTb T | 42 — ¥, TO ypaBHEHHe (%) MPUHUMAET BUI

2 2 1 2
. + =0 wm 5y |25y 24 =0.
y y+3 y+4 / /

KOpHHMI/I ITIOCJIACOHCTO YPpAaBHCHHA ABJIAIOTCA

—25+£ 145
10 '

N2 —

[Tockonbky 4 = 2> + 4z, To WIS HAXOXKIEHUS T HeOGXOMMMO pac-
CMOTpPETh IBA YpaBHCHUS

) —25 — /145 5 —25 + /145
r +4x = 10 u x +4x = 10 .

OTCIO,[[E[ IMoJay4YacM YCTHIpC KOPHA 3aJaHHOI'O YPpaBHCHUNAA

15 — /145 15 — /145
T = 2 ————, T 2 ————

10 0
15 1 v/145 154+ V145
Xy = =2 A ————, py— —2— 4 ——.
10 10
ST ex— 117

Petwuernune. OOnacTbiO JOMYCTUMBIX 3HAYEHU I TIEpEMEHHON T B YpaB-

6 11
HCHUH ABIACTCA O6’L6,[[I/IHCHI/I6 JABYX MHOXCCTB & § H unr>—.

6
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IIpeoGpaszyem ypaBHeHHE CIEAYIOIIUM O0pa3oM:
6’ — 11z* — 11z + 6 — 0,
6(x° +1) — 1z’ +1) =0,
6z + 1)z -2+t -2+ 1) — lx(x + 1)z —z+1) =0,
(x + 1)(62* — 172" 4+ 172" — 172+ 6) = 0.

Otcroga monydyaeM MepBhId KOpeHb 3aJaHHOro ypaBHeHHS £ — —1.
[anee, paccMOTpUM ypaBHEHHE
6z’ — 172 +172° — 17z + 6= 0. (%)

HenocpencTeeHHOI noacTaHOBKOU yoexxaaeMcsi B TOM, 4To & = ()
He sBIsIeTCS KOpHeM ypaBHeHusi (k). [anee, paznenum obe dactu

ypaBHEHHUSI Ha 2° U 06O3HAYUM X + — =y. Torpa
T

1
2 2

W ypaBHeHHe (%) TIPHHMMAET BHI KBAIpPATHOTO YPAaBHEHHUS OTHOCH-
TeJIbHO MEPEeMEHHON ¥ BUAA

6y° — 17y +5 = 0,

KOpHAMH KOTOPOI'c ABIAKOTCA

5 1
=5 "1 =73
Tak kak y—$—|—l,TO Yy 2 2 uy = é, T. €. m+l = 2 15§
x 2 x 2
22:2—52:+2:0, OTKyHa IoJydaeM 332—21/1273—%.
65, o L 4
z(x? +1) 15

Pewerue. Tlockonbky ¢ # (0, To YHCIUTETs M 3HaMeHaTeldb NpoOu
N 2
B JIEBOIM YacTHM ypaBHEHHUSI MOXHO pa3nenuTh Ha . Torma

2+1
Y a s
x4 =
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1 1
Ecau nonoxute y = = | —, 1O e — = y2 — 2 W U3 ypaBHe-
x x

HUS (%) modydaem

y> -2 4] )
= — u 15y —41y - 30=0,
1 15
KOPHSIMH KOTOPOTO SIBISIOTCS
10
— — " - ——.
Y 3 (') 5

|
Tak kak y = & + —, 10 |y| = 2. [ToaTOMY HEOGXOANMO PACCMOTPETh
x

TOJIBKO ONHO YpaBHEHHE
I 10

T} —=—, Te 3z°—10x |3=0,
T 3

1
pelas KoTopoe MOoNyuYuM £ — 3 U Iy — 3
67. (" +x+1)° =z 3z +z+1).
Peiuenue. [leppoHauannHo yoemuMmcsi B ToM, uTo & 7 0. Jlanee, obe
JacTH YpaBHEHUS pazaelnuM Ha ' u MONYIUM YpaBHeHHE

(1+1+1)2 3+1+1 (%)
L) = — *
x x? x ozl

Ob6o3zpauum 1 | — + — — ¥, Toria ypaBHeHHe (*) mpuHUMaeT
T

BH] y2 — ¢y + 2 unum y2 —y — 2 = 0. Orcroma nonydae™m 47 — 2
U iHh — —1.
PaccMoTtpum nBa ypaBHEHUS

1 1 1 1
=t —==2 1 l+—+—— I,
x X £ X

KOTOPBIC paBHOCHUJIBHEI YPABHCHHUAM
2 2
r—-—x—-—1=0 unu 2z +z+1=40.
ITepBoe n3 »THX ypaBHeHUI MMeeT ABa KOpHS

:1+\/§ 1-+/3

, 1T hemT

a BTGpoC KOpHeﬁ HE MMCCT.

Iy
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68. r —1—5(1—52%)".
Pewsenue. BBelleM HOBYIO IEpeMEHHYVIO 14 — 1—52°. Torma Toay4aeM

CUCTEMY YpaBHEHUM
r=1- Suz,
(x)

u=1- 5932,

riex <1l umwu<l.

Eciu U3 mepBoro ypaBHEHUsI CUCTEMBI (%) BBIYECTh BTOPOS YpaB-
Hennme, To  — u — 5(z° — u’) wm (z — u)(5z + Su— 1) — 0.

Iycth £ —u = 0, TOTOa  — © W MEPBOE YyPaBHEHUE CUCTEMBI (%)
IIPUHUMAET BU S22tz —1=0. Otcroga moayyaeMm

—1+v21 ~1-v21
= — U Xy = ——.
10 10
I -5z

I

Ilycte Sz +5u—1 = 0. Torma u = 1 U3 BTOPOro ypaBHe-

HHSI CUCTEMBI (%) BBITEKAeT KBaAPaTHOE yPABHEHNUE 252° —5x—4 — 0,

1117 1++17

10 10
OTtMeTuM, YTO MpPU HAWJEHHBIX 3HAYeHMUIX T nepeMeHHas 4 < 1.

KOPHAMHM KOTOPOTO ABIAIOTCS XT3 — H T34 —

60 2—r—1 B x
x4 x—2 3x2—x-—-3°

Pewerue. HenocpencTBeHHON IMOACTAHOBKOWM B 3aJaHHOE ypaBHe-
HHe yoexmaeMcsa B ToM, 94To £ # 0.
Pa3,H6HI/IM YUCIUTEIHN U 3HAMeHaTelIu 00euXx ﬂp06eﬁ B YpaBHCHHHN
Ha X, TOrAa MOoJYIuM
{ 1
m J— —_ —
xT 1
= : (%)
3

2
2e4+1—— 3r—1——
x x

1
OG603HaYMM & — — = ¥, TOrJa ypaBHEeHHE (%) MOXHO MepernucaTh

y—1 1
= , T. €.
29+1 3y —1

KakK

3P —4y+1 =29+ 1, yly—2)—0 u g —0, 3 —2.
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Ecomyy =0, o2 —— —=0wmx — 1, 2p — —1. Ecnu y»p — 2,
x
|
Toxr———2uxs—14+vV2, 24— 1-v2.
z
24 12 )
70. = +x —x.

2 =2r -z

Petuenne. O6GIACTBIO JONMYCTUMEIX 3HAYEHHI MepeMeHHOM 2 B YpaB-
HeHUU fBasrorcsa x #+ 0, x +# 1 u x # 2. Jlanee, mpeobpasyeM
ypaBHEHHE CIeAYIOIIUM 00pa3oM:

24 12 , 12 ,
22 -z o (:c—l)(x—Z):x -
z(x— 1) (x—2) = 12, (2" —2z)(z" — 2z +1) = 12,

Iycte 2° — 22 = y, Torma y(y + 1) = 12 nm v +y—12=0.

Orcrona nonyvyaeMm 4, = —4 u 4, = 3.

Tak Kak z° — 2% = 1/, TO PAaCCMOTPUM JBa YPaBHEHUA
-2z 4+4=0 u 2 —-2x-3=0.
IIepBoe ypaBHeHMe KOpHeH He MMeeT, a U3 BTOPOro mojaydaeM
1 — -1 mu Ly — 3.
71. 25+ I 40,
(x +9)°

Pewenune. I[lpeobpaszyeM JeByl0 4acTh YpaBHEHHUS, MCIOAB3YS Oue-
BHIHOE PABEHCTBO ol + b = (@ — b)2 + 2ab. Torma nMeeT MeCTO

2, 8122 ( O )2+ 1822 ( 2 )2+ 1822
T —_— =z - = .
(z + 9)? z+9 z+9 z+9 z+9

2

x
BBenem HOBYIO MEpEMEHHYIO §f = 5 B Takom ciydyae 3amaH-
x
HOE ypaBHeHHE NPUHUMAET BUJ y2 + 18y — 40 = 0. Orcropa nonyyaem
) = 2 u 9y, = —20. PaccMoTpuM 1Ba ypaBHEHHUS OTHOCHTENBHO TIe-

PEMEHHOU I.
2

~ 2,102’ -2x—18—-0u

371:1+\/E, mzil—\/ﬁ.

1) Ecam
z+9
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2) Ecmm 9 — =20, 10 :L'z + 20x + 180 = 0. OgHakKo AUCKPUMH -
x
HAHT 3TOr0 ypaBHEHMS OTpUMLATEJNBHBIA M MO3TOMY YpaBHEHHE

KOpPHEH HE UMEET.
72. 102 (x — 2)* = 9(z* + (z — 2)%).
Peiuenne. Kak U IIpu pellicHUM 3afa4u 71, BocIonb3yeMcs OYEBUI-
HBIM COOTHOLICHHeM a’ + b = (@ — b)2 + 2ab. Torga ypaBHeHHe
npuaEMaer un 10z°(z — 2)° = 9((z — (z - 2))2 + 2z(z — 2)) wm
527 (x—2)" = 9(2 + z(z - 2)).

Ecau o6o3HaguTh Z(T — 2) = ¥, TO HOMYINM KBaIpaTHOE YpPaB-
HEHUE 5y2 — 9y — 18 — 0, KOpHSIMHM KOTOpPOro SBILIOTCA i — 3

I/Iygz—g.

Tak kak z(x —2) = ¥, TO PACCMOTPIM JIBa YpaBHEHU 2z —

2
3=0wuS5x" — 10z + 6 = 0. IlepBoe ypaBHeHHe UMeeT KOpHH L — 3
U £, = —1, a BTopoe ypaBHeHI¢ KOpHEeH He HMEeT.

73. 22° | 2y4 = 4zy — 1.

Pewsernue. IlpeobpasyeM 3alaHHOE YpaBHEHHUE CASAYIONIMM 00pa3oM:
22 + 2y4 — 41:2?;2 — —43:2?;2 + 4dxy — 1,
2z —y’) + (Qzy — 17) = 0.

Otcrona nojaydaeM CHCTEMY YpaBHEHHIH

{ r =y,

2y — 1,

KOPHSIME KOTOPOH ABIAKTCA 1 — Y —V2/2 1 2, =1 — —V2/2.
3 4 (z+ 1) +1

74. + =
+3 z2+4 (z +1)?

2
Pewenune. Tak kak x~ > 0, To JneBasd YacThb YpaBHEHHsS He IIpe-
BocxomuT 2. sl OLEHKM IMPaBOil YacTH YPaBHEHWUs BOCIIOJNB3YeMCs
HepaBeHcTBoM Kowwm (3), T e.

(x+ 1) +1
(z+1)°

= 1) —— 2
R PR
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CnenoBaTelbHO, paBEHCTBO B YpaBHEHHUHM HWMEeT MeCTO Torga u
TOJBKO TOT/A, KOTr/la KaXxaas U3 ero yacteli papHa 2. OTcrona HETPYIHO
HAATH KOpeHb ypaBHeHMs Buaa z; — 0.

75. 2z + 3y —6)* + 22" + 35" = 6.

Petuenne. BeeneMm HOBYIO MepeMeHHYIO 2 = 6 — 2x — 3¢, TorOa, MpH-
HUMas BO BHIMaHHE YpaBHEeHHE, MoJdydaeM CUCTEMY JIBYX YpaBHeHUI
OTHOCUTEJBHO MEPEMEHHBIX X, {f, Z CJASAYIOIIEerO BUA:

{2m+3y+z6,

*
2m4+3y4+z4=6. *)

[puMeHUM (OBaXABI) K MEPBOMY YPABHEHHIO CHCTEMBI (%) He-
paBeHcTBO Komm—ByHskoBckoro (9), Torma

36 =Qz+3y+2)” =(V2- V22 +V3-V3y+1-2)° <
<243+ DQx” +3y° +2°) = 6(22" +3y” + 27,

36 < Qe +3 + 27 = (V2- V22 V3 V3 F1-2°) <
< @43+ D2z +3y" + 2% = (6+3y" + 2.

4 4 4
Takum oOpas3oM, oKazaHO HepaBeHCTBO 2z + 3y +2 = 0.
OTcrofia U 13 BTOPOTr0 YPABHEHHUsI CUCTEMBI (%) CIEIYeT, 4TO MpH-
MeHeHHBIe BhIle HepaBeHcTBa Komn—ByHskoBckoro (9) obparmaroT-

RE

— = —,TC. =9y —Z.
V2 N

B TakoM ciyyae U3 MepBOro ypaBHEHUS CUCTEMBI (%) MoJaydaem
6x — 6 unu x; — 1. CinegoBaTenbHO, KOPHSIMH 33JJaHHOTO YPaBHEHUSI

apmATea £y =1, 4 =1m 2, = 1.

12 4
r

CAd B paBCHCTBA. B >T0ii cBsI3M

76. 4z° | 122 + — 47,

1 1
Pewenue. O0o3HauUuM y — &+ —, TOrma z’ +—= = y2 —2 U 3agaHHOe
T T

ypaBHeHME IIPUHUMAaeT B/ 4(3,12 — 2) + 12y — 47. Orcrona monyJaem

5

ypaBHEHHE 4:1,12 + 12y — 55 = 0, KOpHAMH KOTOPOTO ABIAKOTCH ¥ — 3
11

U iy = -7 Hanee, nist HAXOXNEHUsI KOPHEH 3aJaHHOTO YpaBHEHUsI

HeOo0X0JUMO PacCMOTPETE ABA YPaBHCHHUA OTHOCUTC/IBHO X
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1 5 1
1) Tlyetb x + — = E,TOF,I[a 22° =52 12=0mz =2, 2y — 7
x
1 11
2) Myctb x+ — = 5 Torma nmeeM ypaBHeHHE 227 +1lz +2 =0,
KOPHIMU K%TOpOFO SIBIISIIOTCS
—11 —+/105 —11++/105
T3 = n = .
4 4
3 2 1
7. ¥ +xr +x = —g.
Pewenue. TlpuBeneM ypaBHeHNE K paBHOCHUILHOMY BHIY
3m3+3m2+3m+1:0,
(x+1) = 22", z+1-— —V2x.
1
OTtcroa nonydyaeM KopeHb 3aJaHHOTO YpaBHEHUS X — — =
11 V2
4 3 2
78. ' — 2z +2x +4x—-8=0.
Pewenne. IlpeobOpazyeM JIEBYIO 4acTh YpaBHEHMS
et =2 2t 44 —8 =" — 207 — (227 — dav) + 42 — 8 =
— (2 —2) - 2x(x” —2) + 4" —2) =
— (2" = 2(z" - 2z + 4).
TaKKaK$2—2m+4>O,To 2 -2-0 Uxr ——VvV2, o — V2.

79. 8(z* +yH) -4 1y +1=0.
Pewenue. Ecan obe yacTu ypaBHEHHS YMHOXMTE Ha 2, TO
16z 1 16y* 82> — 8> 12 =0, wm (42> —1)* 1 (49" — 1) = 0.

Tak Kak (4m2 — 1)2 >0u (4y2 — 1)2 > 0, To oTCIOIA TIOIYIAEM

2 2
4" = 1 u 4y~ — 1. CrenoBartenbHO, KOPHSAMHU YPABHEHUS SBISIOTCSA

1 71. 71 B 1_ B 1 71 B 1
5'3142:1?!1—2,372—2:92— 2,333— 2,y3—2H$4— 7

Yya — 5
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80. x> | 3z | 5v2 = 0.

Pewenne. HetpynHo BHUIETh, YTO HAWTU MOAOOPOM XOTH OBl OJMH
KOpeHb KyOMYeCcKOro VpaBHEHHS BechbMa 3aTpygHHTeNbHo. B 31o0ii
CBSI3M OyleM HCKaThb MpeAcTaBIeHHUE MHOIOWICHA TPeTheld CTENeHM

3 ., .,
z + 3zt 5v2 B BUIC IIPOU3BEOCHISA MHOTOWICHOB IIEPBOM U BTOPOU
CTEIICHEM, T. €.

(z + a)(biz” +bx +b) — 2 43z +5V2 ()

PackpriBast CKOOKH B JIEBOI aCTH BHIPaXKEHUS (*) W IMOCIe 3TO-
ro OpHpaBHUBasA Ko3G(PHUIIUEHTH IIPpH OJMHAKOBBIX CTCIICHIX Iepe-
MEHHOH ¥ B 00eMX 4YacTIxX JAHHOrO BBIPAXEHUS, MOJYYHM CUCTEMY
VpaBHeHUH OTHOCUTENBRHO HEU3BECTHHIX a, by, by, by, T. e.

(b =1,

b, +ab =0,
ab, + by = 3,
| ab; — 5V2.

e

KopHsIMHU CHUCTeMBl YpaBHEHMU SBISIOTCS a4 — V2, b, — 1,

b, — —v2 m by — 5. B oTOli CBSI3M 3aJaHHOE YpaBHEHHE MOXKHO
repenncaTk Kak

(x + V2)(z® — V22 +5) = 0.
Tak kak 2° — vV2z + 5 > 0, To ypaBHeHHEe WMEeT eIMHCTBEHHBIN
KOpeHb T — —v2.
81. (x—2)° +(z —4)° = 64.

Pewienne. BeneM HOBYIO IIEpeMEHHYIO i — & — 3, TOrAA YpaBHEHHe
npuHUMaeT Bun (¥ |- 1)6 +(y - 1)6 — 64. BocnoasszyeMcs dpopMyIioin
6mHoMa Hetotona (11) mpu n = 6, Torma
1 DS y—D =3 16y° 1 15y* 1209 1 159° v 6y 11195 —
—6y° + 155" — 204° + 154" — 6y + 1 = 24° + 30" + 304 + 2.
Otcrona nonyyaeM ypaBHEHUE y6 + 15y4 + ISy2 - 31 = 0.

Ionoxum z — yz, TOTAA ITOJIYYIUM KY6I/I‘IECKOC YpaBHCHHUC BHMOA
22 415224152 =31 = 0 wm (2 — 1)(2* + 162 +31) = 0, te 2z > 0.
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Tak Kak ypaBHeHUe 22 + 162 + 31 = 0 MOMOKUTEIBHBIX KOpHel
He mueet, To ypasHerme (z — 1)(z° + 16z +31) — 0 mMeeT TONBKO
OIIVH MOIXONAIINN KopeHb 2) = 1.

ITockonbky y2 =z, 7014 =1uip =—1. OnHako x = ¢ + 3,
MO3TOMY 1 — 4 1 2, = 2.

2r—1 723—1
3 2
r—1

Peuwienne. O603HaYNM — = y. Torna © = 2y |+ 1 u 3agaHHOe
VpaBHeHME [IPUHUMAET BUL

4y +1

=]

3

rae iy — LOeJo€ 4uclio.
Tak kak no OIIpCaACICHHIO

a=la]+{a} uw 0<{a} <1, 10 0<a—|a] <.

4y + 1
Torna u3 ypaBHeHusi (x) caeayer, uro 0 < y3
-1 <y <2
HOCKOJIbe y —uenoeyucno —1 <y <2, oy = —1,4p =0
nys;—=1. Takkak x =2y + 1, TO 21 = —1 $2—1H$3—3
83. 3z + 4[x] — 5{z} + 6.
Pewenue. Tak kak mo ompefeineHuro x — [z| + x, To 3amaHHOoe

ypasHeHue npunumaet Bun 3([z] + {z}) + 4[z] = 5{z} + 6 wn

A i) (%)

2
7|z| -6
IMockonbky 0 < {z} < 1,10 0 < T < 1. OTcroga crnenyer,

6 8
qro 0 < 7[z] — 6 < 2 winm 7 < [z] < = ITo ompemerenuo [r] —

6 8
1ea0e YUCIO0, MO3TOMY M3 JBOMHOIO HEpaBEeHCTBA 7 < |z] < 7

noaydaem [z] — 1.



56

haBa 2. 3agayn nuCbMEHHbLIX 3K3aMEHOB 10 MAaTemMaTuke

1

Ecnu |z] = 1 noactaBute B hopmyny (x), To & = —. M3BecTHO,
1 3
uyto x — || + x. Otcrona monyyaem ; — 1 + 7= 5 T. . 3aJaHHOe
3
ypaBHEHHEe MMeeT eNMHCTBEHHBI KOpeHb £ — %

84. {2{2z}} ==x.

Pewenne. W3 3agaHHoro ypaBHeHus ciaeayeT, 4To 0 < & < 1. Pac-
CMOTPHUM YeTHIpe caydas.

1)

2)

3)

4)

85. vr—1++v2x =

1 1
HyCT50§$<Z.Torna0§2$<5,2@“:2$,22$:4m:4$

Y ypaBHeHue npuHuMaeT Bun 4 = x. Otcroga nonyyaem £ = 0.

1 1 1
ITycTh 1 < x < 7 B Takowm cayudae 5 <2 <1, 20 — 22

u22r —4x. Tak xak 1 < 4z < 2, 10 4x — 4 — 1 1 ypaBHeHHUe

1
MOXHO Mepenucatb Kak 42 — 1 = x, T.e. ) — 3 3dech ciaemyeT

OTMETUTh, YTO 3HAYEHHE I, NPUHANIEKUT paccCMaTpPUBACMOMY
TTOJMYAHTEPBATY.

1 3 3
HyCTB§§$<Z.Torna1§2$<§,2$:2$—1H22$:
4x — 2. IlpuanMasa Bo BHUMaHHUe TOT (akT, uto 2 < 4x < 3, mo-

ayqaeM 0 <4z -2 < 1, 4 — 2 = 42— 2 v U3 ypaBHEHUS ClAeayeT

2 1 3
4x — 2 = x. OTCI0[a BBITEKAeT L3 — 3 Tak kak 3 LT3 < e TO

L3 — KOPECHbE 3aJaHHOI'C ypaBHCHIA.

3 3
HyCTBZ§$<l.TaKKaK5<2$<2,T0 20 = 2x — 1

u22xr —4x — 2. Ilockomeky 3 < 4x <4l <4 -2 < 2,
To 4x — 2 = 4x — 3 W ypaBHeHH¢ IpHUHUMAET BUO 4x — 3 = .
Orcona noayyaemM £ — 1. OgHako paHee OBUIO OTMEUEHO, YTO
0 <& < 1. Ilostomy £ = 1 He sgBIgeTcs KOpHEM 3aJJaHHOTO
ypaBHEHUSI.

I/ITaK, 3aJaHHOC VPABHCHHUC MMCCT TPH KOPHA
33‘110, 562:1/3 n il’,‘3:2/3.

§ 2.7. UppaunoHanbHblie ypaBHEeHUSN

3
Vi1
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Pewenue. O01acThIO JOMMYCTUMBIX 3HAYEHUI TEpeMEHHONH & B ypaB-

HeHMH siBnsotea x > 1. Ilyete f(z) = vz —1 1+ vV2z u g(x) =
3

ve—1 '
Ha 00JIacTU JOMYCTUMBIX 3HAUYCHUN, a GYHKIHUS Y — g(m) HeIpephiB-
Ha U y6BIBaCT, TO 3aJaHHOC YPAaBHCHHC MMCCT HC 60]166 OJHOI'c KOpPH-.
HenocpencteeHHO monbopoM ydexKIaeTcsl B TOM, YTO TaKUM KOpHEM

SIBISACTCI £ = 2.

86. \/(z +4)(2z +3)-3VZ 18 = 4—/(z + 8)(2z +3)43VZ 1 4.

Pewenue. O01acTh HJONYCTUMEIX 3HAUYeHHH MepeMeHHOW X B ypaB-

3
HEHUM OIIpeaciadacTCsd HEpaBEHCTBOM X = —=

Ob6oszHaunM v +4 —a, v2x+3 —bu vz +8 — ¢. Torma

ypaBHeHHNe MpuHUMaeT BUI ab — 3¢ =4 —bc -+ 3a,t1e a >0, b >0
u ¢ > 0. [TorydyeHHOe ypaBHeHHe ITpeodpazyeM CIeAyIOIMINM 00pa3oM:

ab — 3a + bc — 3¢ — 4,
a-(b-3)+c-(b—-3)=4 wnm
(b—3)-(a+c) =4 (%)

Tak kak @ + ¢ > 0, To u3 ypaBHeHus (*) caenyert, uro b—3 > 0,

e. v2r+3>3ux>3.

[TepemnuiieM ypaBHEeHHe (%) B pABHOCHIBHOM BHIE

(V2z +3-3)- (Vz +4+Vz +8) =4 (*%)
Ilycte f(x) = (\/23: +3-— 3) - (\/ZL' +4+ M) Herpymuo

BHIETH, 4TO ¢ = f(Z) siBAsieTCs] HEMPEPBIBHOW M BO3pAcTAIOLLeH NpH
x > 3. B 3T0ii cBSI3M ypaBHeHHe (k%) MMeeT He 0osee OTHOIO KOPHSIL.
DTOT KOpeHb £ = 3.

Ecnu xopens x; = 5 He ymaeTcs HaAWTH MOAOOPOM, TO HeoOXo-
AUMO TMPOBECTH JasbHelilee MpeoOpasoBaHue YPaBHEHHs (xx) T.e.

4
=2z 3 -3,
VI+4+vr+38

4-(Vz 8-z 1+4)
— 2 3—3
z+8—x—4 £ ’

vVE+8—vr+4=+2xr+3-3.

Tak kak ¢yHkuus y — f(r) HempepblBHA M BO3pacTaeT
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Janee, Bo3BedeM B KBaapaT obe 4acTH IOCIEeIHErc YpaBHEHHH,
TOIJA IIOJIy4aeM ypaBHEHHE \/ ( 1+ 8)(x +4) =3-+v2x | 3. Bosge-

JeM B KBaJipar ellle pa3 obe JacTH YpaBHEHHUS, TOTJA z*—6x+5=0.
Tak kak £ > 3, T0 &, = 3.

87. 2> —4x —2 —2/23 + 1.

Pewenne. JIns onpeneneHUs o6IacTi JOMMYCTUMBIX 3HAYEHU Tiepe-
MEHHOU ¥ pacCMOTPHM CUCTEMY HEpaBEHCTB

21 1>0,
2’ —4x— 23>0,

13 KOTOpOﬁ CICOVCT, 4TO 00JIaCThIO JOIIYCTHMBIX 3HAYECHUH & ABIACTCH

o0beqHeHue MHOXecTB —1 < 2 < 2 — Véuz =2+ V6.
Tak Kak

©Hl=(z+ 1) -—z1+1) u
2 —dr 2= (2 —z 1) -3z 11),

TO NCXOIOHOC YPABHCHHUC PABHOCHJIBHO YPABHCHHIO

z+ D +2vVe + 1Vl —z+ 11— (2 —2x+1) =0. (%)

OTMeTnM, 4TO ypaBHEHMsI PaBHOCHJBHBI MO TOH MNPUYMHE, YTO
I MI00BIX £ > —1 crhpaBemMBO HepaBeHCTBO T + 1 > 0, a Hepa-

2 . g
BEHCTBO & — & —|— 1 > O BBIITOJHAETCA HA BCEXM HUCITOBOM OCH OX
Hanee, o6e 4acTu ypaBHeHHs (%) pasieluM Ha MHOTOWIEH
x+1
22—z 1

cly4yae IIOJAYy4MM KBadpaTHOE ypaBHEHUE 3y2 +2y -1 — 0 u ero
|

g.

2

" —2x1+1 1 opu 3ToM 0003HAYUM \/ — y. B Takom

¢TUHCTBCHHBIN HCOTpHLIElTCJIBHBIfI KOPE€HB paBEH ] —

x4+ 1 1
m — 3 OTcroma BBITEKAET
m —_

KBaJIpaTHOE YPABHCHHUE 2 — 10z —8 = 0, koTopoe uMeeT OBa KOPHS
=5+ V33 u T, = 5 — v/33. Tak kak oba 3HAueHUs Ty A Ty
MpUHAIIEeXaT 00JacTH OOIYCTUMBIX 3HAUeHUI IlepeMeHHOU I, To
OHH SBISIIOTCI TaKXKe KOPHSIMHM MCXOOHOTO YpaBHEHHS.

PaccMoTtpuM ypaBHeHMe \/
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2 3
88. v2x — =Ty

Pewenue. Vcnonssys HepaBeHcTBo Kommm (1) npu n = 4, monydaeM

I+1+14+22-1 x+1
VI =1={/1-1:1-(z-1) < i +4+ - ;

2
4 X 3

Tak Kax 1o yciosumo v2zx — 1 — TJFZ , TO UMeET MECTO LIeMOoYKa

2 3 r+1

HEepaBeHCTB — | — <
P FRREVIR

IMockombky (2 — 1)° > 0, o (2 — 1)° = 0 mwm 2, = 1. Ioxa-
CTAHOBKOW B 3aJaHHOe YpaBHeHHe yOexkaaeMmcsi B TOM, 4T0 & — |
SIBISIETCS €T0 KOPHEM.

89. V5x 17— vor—12—1.

Pewernne. llpuseneM jBa criocoba pellieHUs ypaBHEHUSI.
Cnocoo6 1. Ecnin 00e yacTh ypaBHEHHS BO3BECTH B Ky0, HCIIOAB3YsI

npu stom dopmyny (a — b)® = a® — b — 3ab(a — b), To

L2+ 3< 2+ 2 wm (x—1)" <0,

S 7 - Sz 412 =33/ (52 + T)(5z — 12) = 1.

OTCIO,I[a nojaydacM paBHOCHIBHLIC YPAaBHCHMA

e 1) 12) =6,
527 — 252 —300—0 wmm
P —z—-12=0.

KopHaMmu mociaenHero ypaBHeHHS SBISAKOTCA £ — —3 U &y — 4.
IIpoBepka moka3pIBaeT, YTO 3THU ABa YHCIA SIBISIOTCS KOPHSIMU
MCXOMHOTO YpaBHEHMUSI.

3 3
Cnocod 2. O6osHaunM 4 = vVSz +7 u v = v5x—12. Torma
IIOJIydaeM CHUCTeMY VpaBHEHHI OTHOCHTEIBHO IepeMeHHBIX & U ¥ BUJIa

u—v—1, w—v—1,
NIN
w— 0P =19 ﬂ2+u?)+?)2:19.

M3 nepBoro ypaBHeHHUSsI CUCTEMBI UMeeM © = 1 — 1, U3 BTOPOIo
ypaBHeHns caenyeT u” + u(u — 1)+ (u—1)" = 19 wm u” —u—6 = 0.
KopusiMu ypaBHeHUS u’ —u — 6 = 0 sBaAsIOTCS ) — —2 U uy — 3.
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Tak kak 35:)3—|—7:u,T0 \/3 S0 +7 = -2 unm \/3 5247 = 3. Ot-
clofa cIedyeT, 4To £ — —3 U T — 4.

90 39 1 3/35 43
. =T — X,
w\/3 35 — 13

3
Pewenune. OGosHauuMm 4/ 35 — x3 — y. Torma u3 ypaBHeHus MojIyda-
eM CUCTEeMY JIBYX YpaBHEHUI OTHOCUTENbHO MEPEMEHHbBIX Z U § BUJA

z° +y3 — 35,
30 (x)
23_y — T+ 9.

BeeneMm HoBBIC epeMeHHBIE £+ ¥y = % U Y = ¥, TOra CUCTeMa
YpaBHEHHUN (%) OyIeT pABHOCHIBHA CHCTEME

3
4 — 3uv = 35,
uv — 30.
KopHaMu gaHHoIT ccTeMBl ypaBHEHUI SIBISIOTCS ¢ — S U v = 6.

CrnenmoBaTenbHO, IS HAXOXACHHUSA 3HAUCHUI IEPEMEHHBIX E,
MeeM CHUCTEeMY ypaBHEHU

iﬁ—|—y:5,
zy = 6.

OTcroaa nmoaydaeM KOPHM 3aJaHHOTO YpaBHEHUSI ) — 2 U Ty — 3.

91. 22 + =+ 12vz | 1 = 36.

Pewienne. Ilycte y —= vz |+ 1, Torma y 20 u & — y2 — 1. B takom
clydyae ypaBHEHHE MOXHO Mpeobpa3oBaTh CAEAYIOIUM o0pa3oM:

z(z+ 1) + 12vz + 1 = 36,
(y* — Dy’ + 12y = 36,

y' -y + 12y - 36 =0,
y'—(y—6) 0,

W -y +6)y +y—6)—0.

2 .
VpaBHeHue y° — ¢y + 6 = 0 KOpHEeH He UMeeT (,[[I/ICKpI/IMI/IHaHT
OTpHLIATENBHBIIT), a YpaBHEHUE y2 + y — 6 = 0 UMeeT eNMHCTBEHHBIN
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TIOJIOXKUTENBHBIN KopeHsb 4, — 2. CiegoBaTelnbHO, UMeeM vV + 1 = 2
Win r, — 3.

92. x> — 5z —4yx +13 — 0.

Pewenne. TlpeobpasyeM JIeBYIO 4aCTh YPABHEHMsSI C LEJBIO BbIfe-
NeHns TONHBIX KBampaTos (z” — 6z 1 9) | (z —4yZ | 4) — 0 wm

(z-3)°+(Vz -2 =0

O‘ICBI/I,HHO, qTO JICBAA YaCTh YPAaBHCHHUA IIPHHNMACT HYJICBOC 3HA -
YCHHC JIUIIB B TOM CJIy4ac, KOorjga oba ciaraeMbIX OOJHOBPCMCHHO 00-
pallarwTCd B HOJb, a4 3TO HCBO3MOXHO. CJIG,[[OB&TGJIBHO, 3a0aHHOEC
YPaBHCHHC KOpHCﬁ HC MMCCT.

93. V22 -4z 131 V3z2—62 17 =2x 1212,

Pewenue. llepBoHayalbHO OLIEHMM CHM3Y JIEBYIO 4acTb YpaBHEHUSI.
Tak kak

2’ —4r+3-2x—-1)°+1>1

322 —6z+7 =3z — 1) +4 >4,

TO

V22— 4z 13>1 u /322 —6x 17 =2

Otcroga cnenyetT

V22 —dx 13 /322 —6x 17 = 3.

3aTeM IIONYUYUM BepXHIOIO OIIEHKY IIpaBOH YacTH YpaBHeHUd.
HetpynHo Bupets, uto 2x + 2 — 2’ =3 (:L" — 1)2 < 3.

CrnenoBaTelbHO, paBeHCTBO B YpaBHEHHM MOXeET HOCTHTATHCS
TONBKO B TOM cllydae, Korga obe ero 4acTh OfHOBPEMEHHO pPaBHHI 3,
a 3TO BO3MOXHO TOJBKO MPU YCIOBUM, UTO X — 1.

94, \/E—I—\/zc—x/l—a:_l.

Pewernune. [nd onpeneneHus: o6JacTH NONYCTUMBIX 3HAUEHU Mepe-
MEHHOH T B YpaBHEGHHH PacCMOTPHM CHCTeMY HEpaBeHCTB

x =0,
r—v1—x >0,
11—z >0,
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V3-1

OTKYIA ToJayvyaeM 5 <z <l

BreneM HoOBBIC MepeMeHHBIE U, ¥, W CISAYIOIINM 00pa3oM:

VI =,
V-2 =9, (%)

\/:L'— 1 —x=w.

C y4eTOM CHCTEMBI YDABHEHUH (%) M UCXOMHOTO YPABHEHHUSI MOXK-
HO COCTABUTh CUCTEMY YPaBHEHUI OTHOCHUTENBHO NEPEMEHHBIX i, ¥, W
BHA

ut+w—1,
u2 + @2 — 1,
w— v = ﬂz2,
rme # > 0, v > 0 uw > 0. HeoTpuuaTeabHBIMU KOPHIMH JaHHOM
CUCTEMBI YPABHEHMU SBISIIOTCH U] — %, v = % U w = %
4 16
[ToCKOMBKY % = VI, TO VI = 3 WIH £ = %5

95. Vrliz—1l4vVe—x2+1=x>—xz+2.

Petuenye. [IpuMeHUM K KaXIOMY claraeMoMy JIeBOii 4acTH ypaBHe-
HUs HepaBeHcTBO Kommm (2), Torma

l+z22+x2—-1 z22+x
VT 1= /1@ te-1)< = ,

2 2

l4z—224+1 z—2x2+2
vir-—z>+ —\/1-(:1’:—332+1)< il LI e

2 2

B Ttakom cayuae

2 2
r+zxr x—x°+72
Veltz—11vVe -z 11< 5 + 5 —r+1

2
1 M3 3aJaHHOr0 YpaBHEHMS I10JIydaeM HepaBeHCTBO £ —x 12 < -+ 1.

2

OTcroma BBITeKaeT HepaBeHCTBO (z — 1) < 0 wm z = 1.
ClenoBatebHO, KOPHEM YpaBHEHUs MOXET OBITh TOJABKO X1 — 1.

HenocpencTBeHHol moacTaHOBKOM X7 — 1 B McXoaHoe ypaBHeHMe

ybexgaeMcs, 4YTO 3TO JeHCTBUTENBHO TaK.
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MpumevaHue. JlaHHOe ypaBHEHHEe MOXHO PENIUTh HECKOJIBKO MHBIM 00pa-
30M. Bo3sBeileM B KBajpaT JIeBYIO 4acTb YPaBHEHUs U IIPUMEHUM HEPaBEHCTBO
Komm— Bynskosckoro (9). Torna

(Vel+r—-1+vVe -2+ 1 <P+’ +e-1+z-2"+1) — 4z

Hin

Vit tz -1+ Ve -2 +1<2/z
Jlaree, ¢ yIeToM 3alaHHOTO YPABHCHUS MOXKHO COCTABUTH HEPABCHCTBO
2> — 2+ 2 < 2v/z. Orcrona nojyuaem z° — 2z + 1+ 2z — 2v/2+ 1 < 0 wim
(z — 1) 4+ (v — 1)* < 0. Tak Kak s JIOBIX HeOTPULATEIBHEIX & HMeeT
Mecto mepaserctso (z — 1)+ (vVZ — 1) 2 0,10 (2 - 1)’ + (V2 - 1)’ =0
wii z; — 1.

3
96. {/253: (222 4+ 9) =4z + ~.

Pewernune. W3 ypasHeHUs cienyeT, uTo & 7 0. O6Ge 4acTH ypaBHEeHUS
VMHOXHM Ha T W MOJYIUM yYpaBHeHHE

Vasat2e? 1 9) — 42?13 (%)

Wcnone3ysa HepaBeHcTBo Komm (1) mpu n = 3, OIeHAM CBepXy
JIeBYIO 9aCTh YPaBHEHHUSA (k) CISOVIOIIUM 00pa3oM:

{/25x4(2$2 +9) = i/S:l:2 522 - (222 +9) <

S5x2 + 522+ 222+ 9
< + 3+ - — 4z° | 3.

M3 3agaHHOrO ypaBHeHHd CleayeT, YTO MIpUMeHeHHOe BEIIIe He-

paBeHcTBO Komm oOpalliaeTcsa B paBeHCTBO. A 3TO O3HAYaeT, 4TO
2 2 2

S =22 +9 wm x° — 3. Orcroga mojay4aeM KOpHH 3aJaHHOIO

ypaBHEHUSI X1 — V3 ux = V3.

97. 2 1+33\/1+(a:+1)\/1+(a:+2)\/1+(a:+3)(33+5)a:.

Pewenune. W3 ycnoBud 3agaun ciaenyeT, uro z > 0. IIpeobGpasyem
JIEBYIO YaCTh YpaBHEHUSI CASAYIOIIUM 00pa3oM:

2 1+m\/1+(m+l)\/l+(m+2)\/1+(m+3)($+5)
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d $\/1+ :c+1)\/ (2 +2)4/(z +4)? =
2\/1+m\/1+ m+1)\/1 +(x+2)(x+4) =
2\/1+3}\/1+ (z + )4/ (z+3)? =

2\/1+3:\/1+ (1 )(x+3)=

= \/ zy/(z+2)? =
“olra@t2) =2/ 112 =22 1 1) =20 12

Otrcrona U W3 ypaBHeHHUS mojydaeM 2x + 2 — x ummn x — —2.
Tak kak z > 0, TO 3agaHHOE ypaBHEHHE KOpPHEll He HMEeT.

98. 2(vVz +15—vx) =3(Vz +3—-vz —1).

Pewernne. OONacTbIO JOMYCTUMBIX 3HAYEHUH MTepeMeHHOH T B ypaB-
HEHUU SBIIOTCH T = 1.
[lepenuineM ypaBHeHHE B pABHOCUJIBHOM BHIE

2V + 154 3vVe — 1 =3vVz + 3+ 2/,

a 3aTreM 00e ero YacTu BO3BeIeM B KBagpar. TOF,I[EI ITONYYHUM YVPpAaBHCHHEC

24 V22t 14z — 15 = /22 + 3. (%)

Ecau Bo3BecTH B KBapaT 0be YacTH ypaBHEHUs (x), TO

4/ 22 | 14z — 15 = 11 — 11z. ()

Tak kak neBasi YacTh YpaBHEHHS (**) NPUHUMAET TOJBKO HEOT-
puliatenbHble 3HaUYeHusA, To 11 — 11z > 0 mwmm z < 1. IlocKombeky
paHee OBLIO YCTAHOBIEHO, 4To £ > 1, To & — 1. [logcraBuM 3Have-
HHe £ — | B 3amlaHHOe ypaBHCHHE W yoemuMmcs, 9To | — | ABIgeTc
ero eJUHCTBEHHBIM KOpPHEM.

99. zvr +14+V3i—xz=2Vz?+1.
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Pewenue. O01acThIO AOITYCTUMBIX 3HAUEHUH MepeMeHHOH 2 B ypaB-
HeHUU sABasitores —1 < & < 3.

[IprHIMas Bo BHUMaHKe HepaBeHcTBO Ko —byHsakorckoro (9),
ToJaydaeM

(VE+14+V3—z)Y <@+ D)z +1+3—2) =4z +1).

OTcroma cienyeT HepaBeHCTBO rvr+1+vV3i—z <2V +1.
CpaBHHMBAas IMONYYeHHOE HEPABEHCTBO € 3aJaHHBIM ypaBHEHUEM, Oe-
JlaeM BBIBOJI O TOM, UTO MpUMEHEeHHOe BhIllle HepaBeHCTBO Komm—

BYHHKOBCKOFO ITPpCBPAIACTCA B paBCHCTBO. B »T0iJi cBSI3M MMeeT MecTo
|

T
ypaBHEeHUE —

v+l 3-zx

Tak Kak mpaBas 4acTh JAHHOTO VpaBHEHUS SBJAETCS MOJIOXH-
TeqpHOR, To x > 0. IlyreM Bo3BedmeHHUs] B KBajapaT o0eHX uacTeil

ypaBHeHHsI MoJyyaeM KybGuueckoe ypaBHeHue x° — 3z° +x + 1 = 0,
KOTOPOE PaBHOCIIIBHO YPaBHEHUIO (X — 1)(:1:2—22:— 1) = 0. [Tocnennee

ypaBHEHHE UMeEET ABa MOJOXUTENbHBIX KOpHI £, — 1 u 2y — 1+ V2.

100. Vi—z+ v1tzx =4

Pewenue. llepBoHadaldbHO OIpeAcanM 001acTh JOIMYCTUMEIX 3HAUE-
HU HepeMeHHOH 2z B ypaBHeHHMH. OueBHaHO, 4To —1 < z < 1.
Hanee, ycTaHOBUM MaKCHMAaNbHBIE 3HAUEHHUS KAaXKIOTO U3 ClaraeMbIxX

. 4 4 4
JeBOM YacTH ypaBHeHHd, T.e. V1 — x < V2 u \/4 |l +z < V2.

OTCIOI[a CJICOVCT, 4TO Ha obmactu JOITYCTHUMEIX 3HAUCHHUH & JeBasd

4
4acTh YpaBHEHUSI He MPEeBOCXOAWT 3HAYEHHUS 2 \/5, KOTOpPOE, B CBOIO
ouepenb, crporo Menbile 4. CilegoBaTedbHO, 3aJaHHOE ypaBHEHME
KOPHEN HEe HMECT.

NMpumeyaHue. YoenUThCS B OTCYTCTBUM KOPHEH 3aMaHHOTO YpAaBHEHUS MOX-
HO ¢ TIOMOIIBIO HepaBeHceTsa bepuyiu (8) win Hepasenctsa (10) ipu n = 4.
ClIpaBejUIMBHI CIENVIONIHe BepXHHUE OIIEHKH JIEBOH YacTH YPaBHEHUS:

1 1 €T xr
Vi—z+ VTt ==z (e <=2 111 7=2

4 4 4
Tz +VIte<y/s(l-e+1+a)=2

101. v13z | 1+ vaz — [ = 3¥/z.

Pewenue. O0nacThIO JOMMYCTUMBIX 3HAYEHUI MMepeMeHHONH & B ypaB-

1
HEHUU SBASIIOTCS I > Z
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4
PasnenuM obe yacTH ypaBHEHMs Ha v/, TOrHA ypaBHeHHe MpU-

4/ 1 4/ 1
HUMaeT BUO 4/ 13 —|— + 4/4 — — — 3. BBeneM HOBEIe IlepeMeHHEBIe
\/ 13 —|— - Uv— \/ , TOrJ1a MOJy4aeM CUCTeEMY YpaBHEeHU

U+ v — 3, )
*
ut ot 17,
e v =0u v > 0.
Tak kak o' +v* = ((w 1+ v)° - 2m!)2 — 2u’v, TO U3 CHCTEMEI

YpaBHEeHHH (*) cienyeT ypaBHeHHUe (9 — 2'&?})2 — 2wt — 17, koTopoe
PaBHOCHJIBHO YpPaBHEHHIO v’ — 18uv + 32 — 0. Us TaHHOTO YpaB-

HEHHUS mojaydyaeM u#v = 2 uiu uv = 16.
PaccMoTpuM JBe cCHCTeMBI YpaBHEHUI

i +v =3, u+v =73,
H
Uy — 2 uv = 16.
HeoTpunatenbHEIMH KOPHSIMH MTEPBOM CUCTEMBI SIBJISIFOTCS U] — 1,

v —2W U — 2, vy — 1, a Bropas cucTeMa sIBIgeTcs HeCOBMeCTHOI.
Otcroma moaydaeM OBa ypaBHEHHUST OTHOCHUTEIBHO TepeMeHHOH I

/ 1 / 1
BHIA . 13+4— —1mnu . 13+ — — 2. IlepBoe ypaBHeHHE HMEET
£z M
|

|
KOpeHb T — —E a BTOpoe T — 3 Tak xKak = > 7 TO 3aJaHHOE
1

YpaBHCHHC MMCECT eINHCTBEHHBIN KOpEHb Xy — —

-
102. vz -2+ vad—z — 2.

Pewenne. O61aCcTLIO JOIMYCTUMBIX 3HAYEHUI ITIepeMEHHOM I B ypaB-
HeHHUH SBIsiIoTes 2 < x < 4.

OLIeHUM CBepXY JIEBYIO YaCThb YPABHEHHUS, UCIIONB3YS OJIS 3TOTO
HepaBeHCTBO (10) Ipu n — 4, T e.

a+b< y/8(at+b%). (%)
C MOMOIIBIO HepaBeHCTBA (%) MOTydaeM

Ve—2+Vd—z < {/8(3}—2+4—3})_2.
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OTCIO,I[a H 13 YpaBHCHHWA O¢JIacM BbLIBOA O TOM, YTO ITpPUMCHCHHOC
BHIIIIEC HCPABCHCTBO (*) O6paTI/IJIOCB B paBCHCTBO, YTO BO3MOXKHO TOIr'da
K TOJBKO TOrga, Korga a — b. CJI@,[[OBE[TGJIBHO, NMECM

4 4
ve—-2=—v4—-x wnu x; = 3.
ITpoBepkoii yoexnaercs, 9To £ — 3 — KOpPeHb 3aJJaHHOT'O YpaBHEHHS.

Mpumeyanue. 3agaHHoe ypaBHeHHe MOXHO pelllMTh Ha OCHOBE JBYKpPATHO-
ro npuMmeHeHust HepaseHcTBa Kot — ByHsikosekoro (9). st jieBoi gactu
YpaBHEHHUS UMECT MECTO

(@/m—2+{74—m)4< ((12+12)~(v:1:—2+\/4—:n))2:
— 4. (Vz—24vVi—2) <4 (P 1) -(z—-214—z) =16
Orcrojia ciiejiyeT HepaBEHCTBO v4 T—2+ \/4 4 —x < 2. llpyuHuMas Bo BHH-

MaHHEC 3aJaHHOC YpaBHCHHC, HCIacM BbLIBOJ O TOM, YTO IIpPUMCHCHHBIC BhI-
¢ HEpaBCHCTBa KOLHI/I—ByHHKOBCKOI‘O IIpCBpalIaloTCAa B paBCHCTBA. A sTOT

4 4
(daKT o3HagacT, 4To vV — 2 = V4 — 2, T.e. 2, = 3.

103. /322 — 5z + 7+ 3x2 — Tz +2 — 3.
PELUEHMG. YMHO)KI/IM u paBI[GJII/IM JICBYIO qacThb ypaBHCHI/IH Ha

V32— 51 17— /322 — Tz | 2,

Ipearoaarad 1npHu 3ToM, 4To

5
V322 -5z + 74322 —Tx +2, Te. T# -3
Torna
32 — S5 +7—=3x2 4 Tx — 2 B
V322 =5z 1 7—-V322— Tz 1 2
2x+5
V322 — 5247322 Tz +2 = 3+ (%)

Ecnu ypaBHeHMe (%) CIOXWTH C 3aJaHHBIM YPaBHEHHEM, TO

z+7
\/3m2—5m—l—7 = 3 Orcioma crnenyet, uro = + 7 = (0 wim

r = -7.
BoszBegeMm B KBajmpaT o0e 4acTH MHOCAeOHEro YpaBHEHHSA M I10-
2
Jy4nM ypaBHeHHe 26x — 59x + 14 — 0, KOpHSIMH KOTOpPOTO SIBJISI-

I0TCA £ — 2 U Xy — T HermocpencTBeHHOMH MOACTAHOBKOU yOexk-
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JacMcCAd, 9TO HaWIeHHbIE 3HAUYCHHA & SABISIOTCH KOpHAMHN 3aJaHHOI'O

ypaBHEHUS.

5
Kpome Toro, ydeaumcs ellie B TOM, YTO L — ~3 He YJOBJIETBO-

PACT 33JaHHOMY YPaBHCHHIO.
104. V17— 22 = (3— V)’

Petuenme. BBemeM HOBEIe IepeMeHHBIE # — VI W v = 3 — V%,

Torda % | ¥ = 3 W ypaBHeHHe NpUHUMAaeT BUA /17 — ut = vz, T. €.
4 4
u +v =17.
TakuMm obOpazoM, IMeeM CHUCTEMY YpaBHEHWIA
i+ v — 3,
at ot = 17,

(*)

rme ¢ > 0u v < 3.
[NpencTaBUM JeBYIO YACTh BTOPOTO YPABHEHHSI CUCTEMEI (%) B BHIE

ut + ot = ((u+v) - 2m;)2 — 2’

Otclona, MpUHMMAs BO BHUMAHUE YPABHEHHsI CHCTEMBI (%), TO-

JydaeM KBaapaTHOE YpaBHEHHE (iw)2 — 18uv + 32 — 0, xopHaIMU
KOTOpPOTO SIBASAOTCI 4t — 2 1 uv — 16.

[lanee, paccMOTpHUM COBOKYITHOCTh ABYX CHCTEM YpaBHEHUMA
@+ v — 3, U+ v — 3,
41
Uv = 2 uv = 16.

IlepBas cucTeMa ypaBHeHHH HMMeeT ABE Iapbl KOpHel #; — 1,
v —2W Uy — 2, vy — 1, aBropas cucreMa SBIgIeTCd HeCOBMECTHOM.

2
IMockoneky £ — ¢, To 1 — 1 1 &; — 4. IlpoBepKa MoOKa3EBIBacT,
YTO HaAlJCHHBIC 3HAYCHHS Z VAOBIECTBOPSIOT 3aJaHHOMY YPaBHEHHUIO.

105. z | /3 1 vz = 3.

Pewienne. OdesupHo, yto 0 < z < 3. O6osHaumMm 3 + /2 = v,
TOTHA § > 3 U UMEET MECTO CHCTeMa YpaBHEHWIA

z 1+ Yy =3, 0
y =31V (
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BbIuTeM U3 MepBOro ypaBHEHUS CUCTEMBI (%) BTOpOe ypaBHEHNe,
TOrJia MOJAYYUM YpaBHEHUSI

z+Vy-—y=—vr wm (Vr+yyve-yy+1) =0

ITockoneky > 0 u y > 0, TO \/E+\/§> Ou \/E—\/g+1 — 0,
T.e. ¥ — vz + 1. llpuHumas Bo BHUMaHHWe IEPBOE ypaBHEHHE

CHCTEMHI (%), ITOJyIaeM ypaBHeHHe T + v —2 =0, otkyma cienyer
Vr=1wmz = L.

MpumevaHue. JlanHoe ypaBHEHHE MOXKHO PEIIUTE IMPOINe, UCTIONB3VS IS

3TOr0 MOHOTOHHOCTD (hyHKIMK f(2) = 2 +14/3 + V2. TlockonsKy dhyHKIIUA

y = f(x) siBisiercs HelpepHIBHOM U Bo3pacTalolei ipy £ > 0, To ypaBHeHUe
f(z) = 3 me MmoxeT uMeTh GoJiee OIHOTO KOPHS. DTOT ¢MHCTBEHHBIA KOPEHb
z; = 1 JeTKo Ha¥TH moadopoM.

106. \/17—2\/45—258 =1z — 14.

Pewernune. O01acTBIO JOITYCTUMBIX 3HAUEHUN NepeMeHHON T B ypaB-

1
HEeHUH SABISKOTCA —13§ <z < 225, a ¢ YYeTOM IIpaBOM YacTH 3a-

JaHHoTo ypaBHeHHS = — 14 = 0 moaydaem 14 < ¢ < 225.
45 — 4
BBeneMm HOBYIO NiepeMeHHYIO ¥ — V45 — 22, Torma & — —
1 ypaBHeHHe MOXHO MepernnucaTh Kak

23/17 =2y = 17— ¢°, (%)
e 0 <y < V17,

Iycte 2 — /17 — 2y, Torma otciona U U3 ypaBHeHUs (*) BbITe-
KaeT cCUCTeMa YpaBHEHUIA

2 =17 -2y,

XX
22 = 17 — 3. ()

BeluTeM W3 MePBOrO YpaBHEHUS CHUCTEMBI (%%) BTOpOe YpaB-
2 2 22
HeHue, Torga z° — 2z — =2y+y ,y —2z — 2y —2z) — 0 wm

(y—2)y+2z-2)=0.
Orcroga cinenyer, 4to 2z — 4 Wid z — 2 — y. B 3Toil cBa3m
13 TIEPBOr0 YPABHEHMS CHCTEMEI (**) I0IyJaeM COBOKYIIHOCTH JABYX

VpaBHEHUU OTHOCUTENBbHO TEPEMEHHOW % BUIA y2 +2y—-17 = 0
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u y2 — 2y — 13 = 0. KopHAMU COBOKYMHOCTU YPAaBHEHUU SBIAKOTCA
o= —143V2, 4= —1-3V2, s = 1+ V14 n gy =1 —V14.
OpHako u3BecTHO, UTo O < ¢ < V17, [TosToMy ypaBHeHHe (*)
45 — y?
7

MMEET €IMHCTBEHHBIN KOPEHb | = 3v2 — 1. Tak KaK & =
TO

45— (3v2—1)2 45— 184+ 6v2 — 1
- (‘2/_ ): +2‘/_ — 13+ 3v2.

TaKI/IM o6pa30M, KOpHeM 3aJaHHOI O ypaBHeHI/IH ABIACTCHA ZBl =
13 +3+/2

107. Vi—ztvVitzt+ V1-22+ V1122 =4

Pewiernue. IlockonbKky 001acTh JOMYCTUMBIX 3HAUeHUH MepeMeHHOH
Z B ypaBHEHUM ompenensercsd, Kak —1 < x < 1, ¥ mpu 3TOM 3HAYeHUS
r — —1 ux — 1 He ABISIIOTCI €ro KOPHSIMH, TO MOXHO IOJarath,
gyro —1 < 2 < 1. B 3T0M CBS3M O OLICHKH J€BOM 4aCTH ypaBHEHHUS
MOXHO BOCIIOJIB30BaThesl HepaBeHCTBOM bepHynm (8), T. e.

Viez+Vitzt+ Vi-224+ V1+22 -

1
=(1-o)" 10+ 2 +Q -2+ 1+ )
<1-Z 0. $2+1+$24
h 2 2 4 4

CJIGI[OBE[TCJIBHO, NMCCT MCCTO HCPAaBCHCTBO

Vi-ztvVitzt Vi-22+ V112 <a

Ecnu monmydyeHHOe HepaBeHCTBO CPaBHUTEL C 3aJaHHEIM ypaBHe-
HUEeM, TO BHUIHO, YTO HepaBeHCTBO bepHymwim obOpaTuiock B paBeH-
CTBO, a 3TO BO3MOXHOo auiib pu z; — 0. [lomcTaHOBKOH B ypaBHEeHHE
ybexmaeMcs, 4To ] — 0 — ero KOpeHb.

4 6

/ T 6 T T
108. 1 — =14 1 =(1-— 14+ —1.
3+ +x ( 24>+(+36>

Peiuenue. OO01acThbIO AOMYCTUMbBIX 3HAYEHUI TIEpeMEHHONH T B ypaB-
HeHuH sABIA0TCH —1 < @ < 3. Ilockoneky £ — —1 1 & — 3 He 4BAY-
I0TCSI KOPHSIMH YpaBHeHHd, TO monaraeM, uro —1 < x < 3. IIpumeHnm

Iy

al—

<
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K JIeBOM YacTu ypaBHeHHsI HepaBeHcTBO BepHymiu (8), a K mpaBoii
yacti — HepaseHCTBO bepuyiun (7), Torna

1/2
I X I xr
1M—§+9LHEO—§) F(14+2)° < ==l ==2

H
4 6
I B (P B A
24 36/ 7 6 6

OTCIO,I[a CJICOVCT, 4TO paBCHCTBO B YPaBHCHHHU BO3MOZKHO TOJBKO
B TOM CJy4ac, Korjga o0e ero 4acTu OOIHOBPCMCHHO pPaBHEI 2. A 310
O3Ha4vYacT, 4TO HCpAaBCHCTBA BGpHyJIJII/I, IMPUMCHCHHBLBIC K 00euM 4acTsIM
ypaBHeHHs, oOpamarTcs B paBeHcTBa. ClegoBaTelbHO, HMEET MECTO
r = 0.

109. \/1+\/1—$2+\/1 Vi—zr =2

Pewernne. O01acThIO JOIYCTUMEBIX 3HAYeHHH IIepeMeHHON X B ypaB-
HeHUHU aBmsAoTcd —1 < & < 1. IlogcTtaHOBKOI B ypaBHeHMe yoexma-
eMmcs, 9yTo £ — O He SIBJAsIeTCd €ro KOpHeM, ITO3TOMY MOXKHO CUYHTATH,

o V' 1— 22 < 1.B 5Toii CBA3M K KaxXIOMY CllaracMoMY JIEBOH 4acTH
YpaBHEHMS MOXHO MPUMEHUTh HepaBeHCTBO bephymmu (8), Torma

Vi vVice i Vi-vi—a -
S0+ V1-2)T 1= VI-2) P <
e

3 5

Ecnu IIOJIYYCHHOC HCPaBCHCTBO

\/1+\/1—m2+\/1 l—a:2<2

CPaBHHUTbL C YPaBHEHHEM, TO BUIHO, YTO HepaBeHCTBO Bephymiu (8)
o0OpalllaeTcsa B paBEHCTBO, a 3TO 03HAYAET, UTO

Vi-22=0 u z=-1, x, = 1.

110. 4V -2+ /¥y Jrﬁ \/7 = 28.

<1+
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Pewenmne. OGosHaunMm VI —2 = a° u Vy—1 = bz, TOIra ypas-

HeHHe MPUHUMAET BUJ 40> + 0 + — + ) — 28. Hanee, BbIOEIUM
a
MOJIHBIC KBaJpaThl

6\ 2\’
2a — — b— -
(=3) < (=)
2 2 2
OTCIO,I[aCJIf:I[yCT,‘ITOZ{L—Ezo,b—EZOI/Ia — 3,0 =2.

Takum obpazom, umeeM v — 2 = 3 u /¢y — | = 2, oTkyna nonyvyaem
r — 1l my — 5.

1. z4/y—1+tyvr—1=uzy.

Pewwenue. OueBugHo, uto £ = 1 u y > 1. Bocnonb3zyemcsd HepaBeH-

y—1+1
ctBoM Kommm (2), Torma +/y — 1 =4/(y—1)-1 < + %

CnenoBarenbHO, A/ — 1 < Ty IIpoBenst aHalOrMYHbBIE pac-

x
cykmeHHs, monyyaeM yve — 1 — yy/(z — 1) - 1 < 7?} Takum obpa-

30M, MMEET MECTO HEPaBeHCTBO L4/ Yy — | +tyvae — 1 <z

OT1crofla M U3 3aJaHHOTO YpaBHEHU: cledyeT, 9TO MPUMEHEHHOe
BbILLe (IBaXnbl) HepaBeHcTBO Komwm (2) mpeBpaTuiock B paBEHCTBO.
AsrtoosHavae,yro x — 1l =1lny—-1=1,1e 2y =9y = 2.

12, /222 + 2> =z +y — 1.

Peuwenne. Tlpumensist HepaseHcTBO (10) mpu n — 2, nonyyaem

z+y <22+ 2y

Ecnn n3 neBoil yacTh HepaBeHCTBa BBEIYECTh 1, TO MONYUYUM CTPOTOE

HepaBeHCTBO X + 4y — 1 < 4/ 22> + 2y?, a 3To HEpPaBEeHCTBO O3HAYAET,
4TO 3alaHHOE YpaBHEHME KOPHEK HE MMECT.

113. V23 1 2 bz + 4 =avT | 2.

Pewuenne. W3 ypaBHeHus craenyet, uyto ¥ = 0. [IpumeHrM HepaBeH-
ctBo Komm— ByHskoBcKoro (9) K mpaBoil 9acTH ypaBHeHWs, TOTIA

(zvr+2) = (v +2- 1) < (@ 4+4)(x+1) =2 +2° +4z +4.
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CJIC,I[OB&TCJIBHO, TTONYIHUIN HCPABCHCTBO

eVT 1 2< V23 12l |4z |4

Ecnn monxydeHHOe HepaBeHCTBO CPaBHUTH ¢ 3allaHHBIM ypaBHeE-
HHEeM, TO BHJAHO, YTO INpHUMeHeHHOe BEHIIle HepaBeHCTBO Komm—
byHsakoBckoro (9) oGpaTuiock B paBeHCTBO, a 3TO O3HAYACT, UTO

CYIIECTBYeT KOHCTAHTA @ (¢ #£ () Takad, 410 £ = @ - veul=a-l.
Otciofa mosydaeM ¢ = 2z u 2, = 0, &y = 4.

2
x |
+
3+v9—-22  4(3-vV9-12?)
Pewienue. O01acThIO AONTYCTUMBIX 3HAYEHHUI TepeMeHHON & B ypaB-

HEeHWH SIBASAIOTCS MOJYOTKPBIThIe MHTepBadbl —3 <z < 0n 0 <z < 3.
[nsg yrpomieHNAs] MOCHEAYIOIINX pacCyKIeHH BBeAeM HOBYIO Iepe-

114.

N

MEHHYIO ¥ — v/ 9 — x2,
B TakoM ciyaae £ =9 — ¢ U 3ajaHHOE YpaBHEeHHe IPHHUMAET BIIL
9 — gy’ 1
v _
3+y 43 -1y

3aTeM Bocmonb3yeMcs HepaBeHcTBOM Komn (2), ¢ TOMOIIEO
KOTOPOTO OLIEHUM CHU3Y JICBYIO YacTh ypaBHeHUs (). MMeeT MecTo

1. (%)

9 — y? Lo 9 — 9 1

T >0, . — .
3+y  43-y) 3+y 43-y)

HM3pectHO, uTO HepaBeHcTBO Kolnu (2) MpeBpallaeTcsl B paBeH-
CTBO JIUIIEL B TOM cJIydae, KOrja ciaraeMble IeBoH 4acTH paBHBI MeXIy
co0Ol.

B »T0i1 CcBsI3M MMeeT MecTO ypaBHeHHE

9 — ¢’ 1
3+y 43—y

Tak kak y > 0, T0 3 + y > 0 ¥ ypaBHeHHe (*%) MOXHO Mepe-

(%)

nMcaTh B BUge 3 — y — n 4(3 — y)* = 1. Otcrona nonyuaem

5 7

?11:51/1?/2:5-

43-y)
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11, 13

ITockonbky =9 —yz, TO ° — 7T uxr — e Tak Kak
11 11
$2>0,To:l:1£1/1932—£.
2 2
4 1 3

115 = —.

e VEitz z-Vii-z o

Petwernune. OOnacTh JONMYCTUMBIX 3HAUEHUH TepeMeHHOH T B ypaB-
HCHHMH OMpeaeasgercs CHUCTeMOM HepaBeHCTB

a:2+a:>0,

$2—$>0,

x # 0,

13 KOTOPOH CJIeAyeT, YTO MCKOMOM 00JacThIO ABIACTCA 00BCIUHECHIE
MHOXecTB £ < —lux > 1.

[anee n30apUMCY OT UPPALlMOHAIBHOCTA B 3HAMEHATENAX 00euX
apobeit NeBOM YacTH YpaBHEHU, T. €.

Yz —-vzi+z) 2H+Vri-z 3

22— (2 t+z) 2-(P-z) =z

Orcroma nmonyaaeM 4/ z2 + £ — /22 — z = 5z | 3. [anee, Bo3-

BCACM B KBaaparT o0e JyacTu IMocAcaHEero YpaBHCHHA, TOr'a

162° + 162 — 8v/2* — 22 + 2° —x — 252 + 30z 4 9,
8yt —x2 | 8z° + 15z 19 = 0. ()

Tak kak 8Vt —22 > 0u 82> + 152 1 9 > 0 (3TO nercTBU-

2
TeJIbHO TaK, MMOCKONBKY TUCKPUMHUHAHT ypaBHeHUsa 8z~ + 152 +9 = 0
OTPULIATENBHEIN ), TO YpaBHEeHHe (*) KOpHe# He UMeeT.

116. V13 -5z 1+ 2 =2 — vV5— 3.

Pewenue. [ HaxoxaeHUA o0JACTH AOIYCTUMEIX 3HAUEHHUN Iiepe-
MEeHHOHW T B YpaBHEHHUM pPacCMOTPHM CHUCTeMY HepaBeHCTB

13 -5z >0,
5—-3z =0,

W | wn

13 KOTOPOU MoiydaeM & <
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BaﬂaHHOC YpaBHCHHC IICPCITMIIICM B PpaBHOCHUJIBEHOM BHAC
V13 -5z ++vV5-3z=x2-2. (%)

JleBasi yacTh ypaBHEHUs (x) HEOTpUIIATENbHA, TO3TOMY & —2 > 0

umi x > 2. OgHako paHee OBLIO YCTAHOBIEHO, 9TO T < 3 B »sroii

CBSI3M YpaBHEHHE (%) KOPHEH He MMeeT.
117. \/10—|—3\/$2 —1+2'V5—z=3.
Pewenne. Tak kak V22 — 1 >0, T0 \/10—|—3\/3}2 —1>=+10> 3.

4
Ecnmu nipy stom eme yuects, uTo £ - V3 —1x > 0, To neBada 4acThb
ypaBHEHMS CTpOro OoJblle 3, a 3TO 03HAYAET, YTO 3aJaHHOE YpaBHEHHUE
KOpHEN He UMEET.

118. v2—z+x—-3=+vzx — 1.

Pewenue. HeTpynHo BUAETH, YTO 00JACTHIO JOMYCTUMEBIX 3HAYEHUIA
nepeMeHHOI & B ypaBHeHHH 4BAA0TCI 1 < & < 2. OLeHHUM CBepxy
3Ha4eHUE JICBOM 4YacTH ypaBHEHMsI Ha 00JacTH JOMNYCTUMBIX 3Haude-
HUHN .

Hmeet MecTO

v2—-x2<1l u r—-3< -1, Torma v2—-x+x—3<0,

T. €. JleBas 4acTh ypaBHeHHd He mnpeBocxoauT 0. C Apyroil CTOpOHHI,
npapas 4acTh ypaBHeHUd vx — 1 > 0. B 3Toii cB3U paBeHCTBO B 3a-
JTaHHOM YpaBHCHHMH JOCTHTraeTCs JHINb B TOM cliydae, Koraa o0e ero
JacTH paBHEI (.

W3 ypaBHeHusd v — 1 — (0 monyyaem x; — 1, ogHaKo mojacTa-
HOBKOW B 3aJaHHOC ypaBHCHHE yOexkmaeMcsd B TOM, YTO 3HAYCHHUE I
He SBIseTcd ero KopHeM. ClenoBaTelbHO, 3aJaHHOE YPaBHCHHE KOp-
Hell He UMEeET.

119. 2° 1 22 1 3 — V4 — 22,

Pewenue. Tak xak z° | 2z | 3 — (x + 1)2+2 >2uV4-—x2<2,
TO W3 3aJaHHOTO YPaBHEHM MOIy9aeM CUCTeMY VpaBHEeHMIl

42z +3=2,

Va—z2 =2,
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KopHeMm mepBoro ypaBHeHud sIBIsieTcss £ — —1, a M3 BTOPOTO
ypaBHeHUs caenyeT ¢ — 0.

CnepoBaTenbHO, JaHHas CUCTeMa YpaBHEHWI SIBISIeTCSI HECOB-
MECTHOI, a UICKOMOe ypaBHeHHe KOpHeill He NMeeT.

120. mz—m+2:2\/42w—1.

Pewenne. OO0NacTbIO JOIYCTUMBIX 3HAYSHUM MMepeMeHHON I B ypaB-

1
HEHWUU IBISIOTCS L = 5

[TpuMeHNM K TIpaBOW YacTH ypaBHeHHs HepaBeHcTBO Komm (1)
npu n = 4, Torma
141414221
2«?/2$—1_2{/1.1.1-(2:c—1)gz- il +4+ — x4 1.

p)
B TakoMm ciaydae mMeeT MeCcTO HepaBeHCTBO £~ —x + 2 <z + 1
VITH (m — 1)2 < (0. ITockonbKy st IPOU3BOJBHBIX JIeAICTBUTENBHBIX T

2 2
BBINOJNHSCTCA HepaBeHCTBO (£ —1)° > 0, 10 (x —1)" = 0 wmm 2, = 1.
[NoncTanoBko 2, — | B 3amaHHOE ypaBHEeHHe yoexnaeMcs B TOM,

YTO HaiileHHOE 3HAYEHHE ] SIBISETCS ero KOPHEeM.

121. \4/8m2—2+2\/a¢2—m+ — /3.

4
Pewienne. Tak kak V822 -2 >0

2N —x+ :\/43:2—4$+4_\/(23:—1)2+3>\/§,

TO JIeBas YacThb VPABHEHMS GOJBINE WM paBHA V3. TTOCKONEKY ero
Mpagasi 9acTh paBHa V'3, TO OTCIONA BHITEKAET CHCTEMA YpaBHEHMIi

V/8x2 — 2 - 0,
\/(2:1:— 1)2 43 = V3.

Cucrema ypaBHeHI/Iﬁ ABIAETCI COBMECTHON U MMEET €IUHCTBEH-

HBIA KOPEeHb L] = 3

122. Vz 21 Vd—z—2>—62 | 11.

Pewernune. OlleHUM CBepXy JNEBYI0 YacTh YpaBHEHHS MOCPEICTBOM

HepaBeHctBa (10) mpu n = 2, T e. a | b < 4/2(a? | b?). Nmeer
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MECTO

VE 2 IVEz<q/2(z-214-2) =2,
JIns mpaBoii 4acTH YpaBHEHU: IIOJIYYUM HHMXXHIOIO OIEHKY
' —6x+11=(x—3)>+2>2

CnenoBarenbHO, paBEHCTBO B 3aJJaHHOM YpaBHEHHUH UMeEET MeCTO
JUIIE B TOM clydae, Korjga obe ero 4acTi paBHBI 2. A 3TO BO3MOXHO
TOJBKO MPH X1 = 3.

ITogcraBuM 3HauyeHue ¥ B 3aJaHHOE YpaBHEHUE U yOeamuMcs
B TOM, YTO Z; = 3 IBJISCTCH €ro KOPHEM.

MNpumeuyaHune. BepxHIOO OIICHKY JCBOH 9aCTH MOXKHO MOJIYIUTL, UCIOIL3VS
HepaseHcTBo Korm — bynsikosekoro (9). MUMeer mMecto

Ve -2+Va-z) < (P +1)(z-2+4—-2)=4, wm
Ve -2+ vV4-z <2

123. Vo —11VS5—z—=2>—62 1 7.

Pewenune. O0nacThIO JOITYCTUMBIX 3HAYEHUIA MepeMeHHOW & B ypaB-
HeHUHU sBasitoTed 1 < ¢ < 5.

I[JIH TIIPOHU3BOJBHBIX HCOTPHUUIATC/IBHBIX YHCCI & U b CITpaBCOJINBO

HepaBeHCTBO @ | b > v/ a? | b*, KoTopoe JIerko MoKa3bIBaeTcd MeTo-
JOM OT npoTuBHOro. Ecim gaHHoe HepaBeHCTBO IIPUMEHHUTE K JIEBOI
JacTH YpaBHEHMS, TO

Ve-14+vV5-z2>=2. (%)
Ecnn usz obeux vacteli 3a0aHHOTO YpPaBHCHHA BBIYCCTL 2, TO

Ve—1+4vV5-z-2=2"—6x+5 wm
ve—-1+v5—z—-2=(z— 1)z -5). (%)

Mcnons3yst HepaBeHCTBO (%), nelaeM BBIBOA O TOM, YTO JIEBasl
4acTh ypaBHEHHs (%) HeoTpHIaTenbHA. B TOXe Bpemsl Mpasasi ero
JacTh Ha OONacTH JOOMYCTHMEIX 3HadeHWH | < x < 5 MeHbIIe UM
paBHa Hy;1r0. CliefoBaTe/ bHO, PABEHCTBO B YPABHEHHH (%%) MOXeT
OBITH TOCTHTHYTO TOJBKO B TOM cllydae, Korna obe ero yactu paBHsl 0.
W13 ypaBHenus (r — l)(z — 5) = 0 momywaem z; — | u z; = 5.
[MoacTaHOBKOI B 3a[JaHHOE YpaBHEHHE YOeXKIAeMCsI B TOM, 9TO & — |
M Ty = 5 SBISAIOTCS ero KOPHAMM.
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124, i/m3+63§2—6m—1:\/1’2+4m+1.

Pewenne. llpeapaputenbHO NpeaCcTaBUM YpaBHEHHE B PABHOCHJIb-
HOM BHJIe

V@i -9z 1) =/ 2)? -3 (%)
3areM obe yacTu YVpaBHCHHA (*) BO3BCIEM B 6-10 CICIICHL, TOraa
((z+2) =902z + 1)) = ((z+2)* - 3),
(z+2)° —18(x +2)°Qz +1) + 812z + 1)’ =
— (242" =9z +2)* +27(x+2)" - 27,
3z* 1182 4 327 =0, z°(2” 6z 1 1)=0.

KopHsimMuA ypaBHeHM S :)L'z(aﬁ2 +6x + 1) — 0 sBasirorest 7 — 0,

Ty = =3+ 2\/5 U I3 — —3 — 2\/5. OnHako rmocie ToACTAHOBKH
MONYIeHHBIX 3HaYeHU! TMepeMeHHOW T B 3aJaHHOe YpaBHeHHE ycTa-
HaBIMBaeM, 4To x; — ( He SIBAsIETCS ero KOPHEM.

125. /1 — 22 — 42> — 3z,

Pewenne. OO0NacTbiO NOMYCTUMBIX 3HAYCHUU MMEPEMEHHON I B ypaB-
HeHun sBasoTcd —1 < £ < 1. BBINOIHUM TPUTOHOMETPHUYECKYIO
MMOJACTAHOBKY, T. €. MOJOXKUM I = cosw, Ime 0 < w < 7. B TakoMm
clydyae ypaBHEHHE IMPHHUMAaeT BHIA TPUIOHOMETPHMYECKOro YpaBHE-

HuA V' 1 — cos? w == 4cos3w — 3 cos W UIN
. 3
|sinw| = 4 cos” w — 3 cosw. (%)

Tak kak 0 < w < 7, To sinw > 0, |sinw| = sinw u ypaBHeHHE (*)
PABHOCUJILHO CJEIVIOLIMM TPUTOHOMETPUYECKUM VPAaBHEHIIIM:

sinw — 4cos’ w — 3cos, sinw — cos 3w,

3 T 0. i ST sin(w-Z) —o
- ——w]| = i — | -si - —] =0.
COS COS 2 iy 5 sin Iy 4 SIn ) 4

KOpHHMI/I ITOCIACOHCTO YVPAaBHCHHUA ABIAKOTCA

3 T wk
Wwe=-T+7n U w— —+ —, TOc N,k — meIblec 9UCA.
4 8 2
ITockomsky 0 < w < 7, TO MOAXOOAIIMMHU IBASIOTCA JHUIIL TPH 3HA-
T hY:y 3T
YeHUS &, a UMEHHO, W) — —, &h — — U W3 — —.

8 8 4
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Tak kak £ — COS W, TO 3aJaHHOC YPpAaBHCHUEC UMECT TP KOPHA,
SHAYCHHNA KOTOPDLIX BBIYHUCIAIOTCH ITO (l)OpMYJIaM

T
T1 — COS Wi :cos§ —

\/g(mosg):\/

Sm 1 Sw
ZEQICOS&JQICOS?:— 7 1+ cos =

a(i-e D) =5 D) --a v

3T T \/5

T3 — COSW3 =COS — — — COS — — ——,
4 4 2

Takum O6p&30M, KOPHAMHM 3adaHHOI'C YPaBHCHH A ABIAKTCI

1/ | 2
23‘115 2+\/§, 33‘2:—5 2—\/5, l’g—%.

126. V1—z —22> -1 1 221 — x2.

Pewenne. N3 ycnoBusd 3amaun caenyeT, uTto —1 < x < 1. [Honoxum
z =cosw, rae 0 < w < 7. Torma ypaBHeHHe MPUHHUMAET BUI

V1—cosw —2cosw—1+2cosw-v1—cos?w,
V2

W 2 ,
sin — —=2cos’ w—1+2cosw-|sinw|. (%)

W
Sin —
2

w

Tak kak 0 €< w < @, TO — sin 5 sinw| = sinw

¥ 13 YpaBHeHHs (%) MOJyYaeM PaBHOCHJIBHOE YpaBHEHHE
. W :
V2 sin 5= cos 2w + sin 2w,

KOTOpoe IpeodpasyeM CAeOYIOIMM 00pa3oM:

w
\/isinE — V2sin (Zw—l—g),
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. 2wt T .o W 0
sin | 2w+ — )} —sin — = 0,
4 2

5w+7r ) 3w+ﬂ' 0 (+5)
coS 2 3 sin 2 5] 0

KopHSIME ypaBHEHHS (#%*) SBISIOTCS

37r_|_47m B 7r_|_47rk
YT s M YT T T

rae n, k — uensle unciaa. OgHaKo TONBKO OAHO U3 HalIeHHBIX KOpPHei
3T

10
CJIGI[OBE[TGJIBHO, 3aJaHHOC YPABHCHHUC HMCECT eIMHCTBEHHBIHA KO-

37 .
PEeHb | = COS 0= cos 34",

YpaBHEHHs (**) MPUHAIICKAT OTpe3Ky 0 < w < T, T.e. w) =

Mpumeyanue. OTBeT MOXKHO OCTAaBUTL B TpUTOHOMeTpHUUYecKoH dopMe, a
MOXXHO BBIpa3sUTh B panukajiax. Jmg 5Toro HeoGXoIuMo MoKa3aTh, YTO

6—2v5 10+ 24/5 10 — 24/5
sin 18° — —\/_, cos 18° = ;f U  sin36° = —V/_
4 4 4
10 — 2+4/5
Torma :1:1—00354°:sin36°—T\/_.

127. \/2+\/2—V2—|-$—$-

Pewernune. O0nacTb NONYCTUMBIX 3HAYSHU IepeMeHHOM & B 3aJaH-
HOM YpaBHEHUU OMpeAcasaeTcsd CUCTEMON HEepaBeHCTB

z =2,
2-V2tz >0,

13 KOTOPOU CIEAVET, UTO \/5 < x < 2.
Tak KaK v/?2 <z < 2, ToO MOXHO ITOJOXHUTD

r—2cosw, T1me 0O0<wc<

NE
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B Takom ciaydac JcBad 4acThb 3aJaHHOTO YpaBHCHHMA ITPHHHUMACT BHJ

\/2+\;2—\/2+33‘\/2+\/2—V2+2C08w
/ w

— 2—|—\/— 400525_ 2—|—\/2—2

\/2+1/2 2cos— \/2+1!4sm2 :\/2+2

2+2811‘IZ \/_

w
Cos —| =
2

sin —

1 J— JR—
sn8 +c058

W w
_\/_ (81n§—|—cos§> —2cos (§—§>

ITpu nmpeobpa3zoBaHuK JIeBOH YaCTH YpaBHEHHSI HCIIONB30BAICS

T
ToT ¢akT, yTo 0 < w < 7 M3BecTHO, 4TO MpH TAKKUX 3HAYCHUIX W

w LW W W
CIIpaBeIJIMBBI HEpaBEeHCTBA COS 5 = 0, sin Z > 0 u sin § + cos § > 0.
[TpyuHUMag BO BHUMaHUSI pe3yabTaT nmpeodpa3oBaHUd JeBOi Ya-

CTH YpaBHEHUsI, MoJydyaeM TPUTOHOMETpHUYEeCKOe ypaBHEHH e

W T B
COS 3 4 = COS .

w
Otcroma cleayeT, yTo w — =+ (§ — Z) + 27n, TOe . — 1exoe YUCo.
T w
Tak kak 0 < w < 7 TO M3 PaBEHCTBA W — i(g — Z) + 2mn
2T 2T
MnoJiydaeM W) — — U £ = 2¢cosw) = 2cos ?

128. vVi—1423z 12 -4 1V3—z.

Pewenue. OueBUIHO, YTO 0O0JACTHIO MOIMYCTUMBIX 3HAUYEHUN Iepe-
MeHHON x B ypaBHeHHH 4BIA0TCA 1 < x < 3. [lpuueMm Ha 3ToM

oTpe3ke QYHKUNA Y — \/4 z—1+ 2\/3 3z + 2 HemnpepbIBHA U BO3pacTa-
eT, a dynkuusa ¥y — 4+ +/ 3 — x HenpepbiBHA U yObIBaeT. B 310l cBsi3n
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3aJaHHOE ypaBHeHHe WIM OyIeT MMeTb OOWH KOpeHb, WIH He OymeT
UMeTh UX BOOOIe. DTOT eIWHCTBEHHBIH KOpeHb | — 2 HETPYAHO
HalTH IToA0OpOM.

129. Vo — 11 vz 131 2y/(e - )z +3) = 4- 2.

Pewenmne. O01acTbIO JOIYCTUMBIX 3HAYEHUU TIepeMeHHOH I B ypaB-

HeHUH sBngoTcs x > 1. OgHako neBas 4acTh ypaBHEHHS HeOTpHUIIA-

TeabHa, mo3ToMy 4 — 22 > 0 uma £ < 2. Botoli ¢cBsaszu 1 < ¢ < 2.
Jlanee, BBefleM HOBYIO IEPEMEHHYIO ¥ — V& — 1 + vz + 3.
Torma

ozl - D@1 3) a3 =22 12424/ - D 1 3)

W 3aJaHHOE YpaBHEHWE MPUHUMAET BU]I y2 +y — 6 = 0, KOopHIMU
KOTOPOro ABAAKTCA ¥ — 2 U ¥ — —3. Tak kak ¢y > 0, To y — 2.

IMockonbky ¥ = VZ — 1 + vz +3 u y = 2, To paccCMOTPUM
ypaBHeHNe vz — 1 + vz +3 =2wm ve—1=2—- vz +3. Tak

KakK JeBa:d 4acThb ITOCJACIHCI'O YpaBHCHHUA HCOTpHULIATCJIbEHA, TO

2—vr+3>20 n xr<l.

Tak Kak paHee ObLIO ycTaHOBJAEHO, 9To 1 <2 < 2, To 2 — 1.
ITyrem noacTaHoBKM T — 1 B 3ajJlaHHOe ypaBHeHHUe ybOexmaemcs
B TOM, 4TO Z; = | — ero eIMHCTBEHHLIH KOpEHb.

130. \/\/2$2+:c—3+2562—3_a:.

Pewenue. Ilycth 4 = \/ 2z* | £ — 3. Torga oTciofa M W3 ypaBHEHUS
IMOJIyJaeM CHCTeMY VpaBHeHUH

{\/2w2+:c3y,
Vyt+2el-3—u.

U3 cuctembl ypaBHeHHMU (%) ciemyet, uto £ > 0 u y > 0.
BosBeneM B KBaapat oba ypaBHEHUsI CUCTEMBI (%), a 3aTeM U3 MIEPBOTO
VPaBHEHH: BBIYTEM BTOpOE, TOrAA MOAYYUM X — §f — y2 — 2’ win
(x—y)z+y+1)=0.

Ilockoneky x 2 0uny =0, 0 2+ 9+ 1 > 0. [losToMy U3 ypaB-
Henust (z — y)(x +y + 1) = 0 monyuaem x = . B Takom ciydae

()
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n000e ypaBHeHHE CHUCTEMEI (*) IMPUHAMAET BHJ \/ 224+ x—3=1x
2
nwm x~ +x—3=0.
KBagpaTtHoe ypaBHeHHMe MMeeT OOWH IMOJOXKHTENBHBINM KOpPEeHb,

V13 -1
—
i+l 4dy-1)-3Sy—1+4
Nz + 3 ,—(y ~ 1y = 10.
Pewenne. TlpeoGpasyeM ypaBHEHHE, BBIIEIAS ITOJHBIE KBAIPATHI B JI6-
BOHM €Io 4acTH, T. €.

a UME€HHO, T —

131.

! 3/ 2 _
\/EJrﬁJr‘]' (y_l) + 3/—(?,1 1)210’

2
1
4 3
Vi—a=) t 4 Vy-1- 53—
NG Jy—1
OueBMIHO, 4TO PABEHCTBO B MONYYEHHOM BBIPAXKEHUM JAOCTHIA-
eTcs JIMIIb B TOM CIydae, KOrJa Kaxknasd U3 CKOGOK OJHOBPEMEHHO

IIPUHHUMAET HYJEBOE 3HAUYCHHE, T. €. % =1mn \3/11,/ —1 = +£1. Orcro-
Jia MoJiydaeM JBe Mapbl KOPHel 3aJaHHOro YpaBHEeHUS £ = 1, 4 = 2
n xr, = 1, i — 0.

132. \/ —Va+tzx=rc.

Pewenne. O603HaunM /a + x — y. Torma u3 3agaHHOTO YpaBHEHHS
MOJIy4yaeM CUCTEMY YpaBHEHUIA

{\/my,

a—y =,

4
1

= 0.

()

13 KOTOpOH caenyeT, uto £ = 0 u ¢y = 0.
Jlanee, 00a ypaBHEHUSI CUCTeMBI (%) BO3BeeM B KBaJpaT, a 3aTeM
BBIUTEM M3 IIePBOTO VpaBHEHMs BTOpoOe ypaBHeHHe. Torma

cty—y -2 nm (z+ty)z—y+1)=0.
PaccMotpu iBa ciydast.

1) Oyctb x+y =0, te.x = —y. Takkak x > 0my > 0, o x; = 0,
y1 = 0 — KopHuM cucTeMbl ypaBHeHWU (x). CiemoBaTentbHO,
21 — 0 gaBaseTcsl KOpHEM 3aJlaHHOTO ypaBHeHUs npu a — (.
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2) Hycte z + 1 = y. Torna U3 MepBOro ypaBHEHHS CHCTEMBI (%)
oayJdaeM

z+1—=—+va+x, w2+2w+1:a+w I 332+3:+1—a:0.

—1++v4a-3

2
O‘-ICBI/II[HO, qTOo OJJd CYIICCTBOBAHMA KOpHCfI ITOIro ypabBHCHHA

3
HEeoO0X0auMO HOTpC6OBaT]E> BBIITOJHAIOCE VCIOBUA G = =

- Via=3

ITockoneky = 0, TO 23 = > HE MOXET OBbITh KOP-
HEM HUCXOAHOro ypaBHeHU:. [loTpedyem Tereph BBHIMOJHEHHS YCIOBHUSI

—1+\/4ai—

KOpHHMI/I KBaOpaTHOTI'0 YPaBHCHWIA ABIAIOTCAH X 3 —

>0, 1e. >20,v4a—-321,4a =24 uwma = 1.
—1++v4a—-3

HUtak,ecnmna = 0, tox; = 0;ecima = 1,10 2, = 5

§ 2.8. YpaBHeHus ¢ moaynamu
133. |z — 1|+ 2z — 6| = 5.

Pewenye. YpaBHeHHe OyIeM pelllaTh METOAOM PACKpPBITHS MOIVICH.
s 3Toro HEOOGXOOUMO PACCMOTPETh TPU Cayvas.

1) Iyctb x < 1, Torma £ — 1< 0,22 —-6<0u|z—1 = -z +1,
|2z — 6| = —2x + 6. B TakoM ciyyae ypaBHeHHEe NPUHUMAET BHI
32 = 2, T.e. x = 2/3. [lockonmbky & < 1 M IOJYYSHHOE 3HA-
YeHHe % BXOMUT B pacCMaTpHBaeMblil MHTepBal, TO &1 —2/3 —
KOpeHb 33aJaHHOTO YpaBHEHMSI.

2) Iycrs 1 < x < 3, Torga ypaBHeHUe IIPUHAMAET BUI
(x—1)—2z—6)=5 nm z=0.

OnHako Moiy4eHHOe 3HAYCHHE T HEe MOXET OBITh KOPHEM ypaB-
HEHUsI, TOCKOJIBKY paccMaTpuBaeTcs ciydaid, Korma | < ¢ < 3.

3) Nyete & > 3. Torma (x — 1) + 2z —6) = S u z = 4. Tak
KaK IMoJydeHHOe 3HadeHWe x Gonbie 3, To T; — 4 — KOpeHb
YpaBHEHMSI.

CJIC,[[OB&TCJIBHO, 3aJaHHOC YPpaBHCHHMC MMCECT TOJBKOC JBa KOpPHA
2
T — § nxr — 4.
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134, |2° — 4| — 2> - 9| = 5.
Pewienue. 3agaHHOe ypaBHEHHE PAaBHOCHJIBHO YpaBHEHHIO
=9+ 5 =|z" —4|. (x)

HM3BecTHO, 9ro paBeHeTBO |f(2)| + |9(2)| = |f(2) + 9(T)| HMeeT
MECTO TOTJa U TONBKO Torma, korga f(x) - g(x) = 0.

Tak Kak (z° —9) + 5 = &° — 4, To U3 ypaBHeHH (*) mOTyda-
€M HEepPaBEHCTBO 5(:1:2 — 9) > (0 winm mz = 9. OTrcropa ciaenyeT, 4TO

KOPHSIMH YpaBHeHHs (%) SIBISIFOTCS POU3BOIBHBIE 3HAYSHHS &, YIO-
BJIETBOPSIOIINX COBOKYIHOCT HEPABeHCTB £ < —3 U = = 3.

135. |z* — 3z — 10| + |2 — 7z + 10| = 20 — 4.

Pewenye. OGosnaanm f(z) = z° — 3z — 10 u g(z) = 2~ — 7z + 10,
Torga ypaBHeHMe mpuHmMaeT Bun |f(x)| + |g(x)| = —f(x) + g(z).
Takoe paBeHCTBO 03HadaerT, uTo |f(x)| = —f(x) u |g(z)| = g(x), T e.

f(z) <0ug(z)>0.
Takum obpazoM, mojiydyaeM CHUCTEMY HepaBEeHCTB

z? =3z —10 <0,
{x2—7$+1020,
KOoTOopad paBHOCHMIBHA CUCTCMC HCPAaBCHCTB
(x—5)(z +2) <0,
{(m—S)(;c—z) > 0.

PemeHnnem mpruBelecHHBIX BHIIIE CUCTEM HepaBeHCTB SIBISIIOTCS £ — 5
n—2<x<?2.

136. ||x | 4] — 2z| =3z — 1.
Pewwenune. Tak Kak neBast 9acTh YpaBHEHUs HeOTpUIATENbHA, TO
3d—-120 uw x>1/3.

Orcroga crnenyeT, uro £ +4 > 0. B »roii cBsizu |z +4| = = + 4
1 3aJaHHOE YpaBHeHHe IIPUHMMAET B
lx +4-2z|=3z-1, |[4—2x|=3z-1.

CrnengoBaTeabHO, UMeeM 4—x — :|:(33:— 1). Orcrona notyyaeMm 1 — 5/4
n xy = —3/2. Tlockonmeky & > 1/3, TO eAMHCTBEHHBIM KOpHEM 3a-
JAHHOTO YpaBHeHUs ABIsgeTcs £; — 5/4.
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e = 2|+ ]z +3]-5

137. —
e — 6| +|x+1] -7

PelueHue. BaﬂaHHOG YPaBHCHUEC PaBHOCHIBEHO CJIG,I[YIOIJ_IGfI CHUCTEME,
COCTOAMIEN U3 OOTHOIO YpaBHCHHUA U OOHOI'O HEpAaBCHCTBA.

lz—2|+ ]z +3]-5=0, )
%
lz—6|+|z+1]—-7F#0.

MsBectHo, uto paBeHcTBO |f(x)| + |9(z)| = |f(x) — g9(x)| pas-
HOCWIBEHO HepaBeHCTBY f(z) - g(z) < 0. B 3Toil CcBS3M KOpHIMU
ypaBHenuit |x — 2|+ |z + 3| =5u |x — 6| + |x + 1| = 7 6yayr, coot-
BeTCTBEHHO, —3 <z <21 —1 < 2 < 6.

N3 crcTeMBl (*) CIeNVeT, 4TO 1A TOMCKA KOPHEH 3aJaHHOro
ypaBHEHMS HeoO0XOoJAMMO M3 oTpe3ka —3 < T < 2 HCKIWUYHUTh BCe
3HaYeHUs I, KOTOphble IoMmamaloT Ha orpe3ok —1 < x < 6. Takum
06pa3zoM, KOPHIMH ypaBHEHHs SABIAOTCH —3 < - < —1.

138, |z — 2| +|x— 1) +|z|+]|z+1|+]z+2 — 2 —4

Pewenue. Tak Kaxk neBasl 4acTb YpaBHCHHM A HCOTpHIATCIbHA, TO

2 _4>0,Trexz< 24 =2
PaCCMOTpI/IM JIBa ciayuas.

1) Ecan x < —2, To BBEIpaXeHHs MOI KaXIbiM W3 ITATH MOOylei
OyIyT MeHblIe MU paBHbI Hymo. Torma, MCIIONb3ysl CBOMCTBO
MOJIYIISI, YpaBHEHNE MOXHO MepenucaTh Kak

(- -(x-D-—z—(x+D)—(z+2) 2" —4

HIN
24 S5r—4-0,
TaK KdK .’L‘ 2 TO ITOIAXOO A M KOpHeM KBa,[[paTHOI‘O ypaBHe-
5 — /41

HHU ABIACTCH X — )

2) Ecau z > 2, To 3amaHHOe ypaBHEHHUe MPUHUMAET BU
-2+ (z-Dtzt@E@+D)+(@+2) =z -4
15801
P_5r—4=0.

S++/41

Tak Kak ¢ = 2, T0 ) — >
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139, z' — 72t + 2242 = |4z — 1| — 22> - 3|.

2
Pewenue. Ecim o6o3HaunTh |42 — 1| = 9 m |22° — 3| = 2z, To mony-

Ynm
22—y = (2" - 3) — (4z — 1)%,

22—yt =4zt — 122" +9— 162" + 8z — 1,
22—y’ —4z" — 282" + 82 + 8,
2P -y = At —Tx 4 2+ 2).

Torma 3agaHHOe ypaBHeHHE IIPUHUMAET BUJ 2 - y2 =4y — 2)
wi (y — 2)(y + z +4) = 0. CnenopatenpHo, uveem y — 2z = 0 wim
y+z—=—4.

PaccMoTpum aBa ypaBHeHHUSI OTHOCUTENBHO MEPEMEHHOM Z.

1) Mycrs y=z. Torma |42 — 1| =|2z" — 3| wm 42 — 1 ==+(2z" - 3).

Orcroma moay4aeM ABa KBaapaTHBIX YpaBHEHH S 2 —2x—1=0

u oz’ + 2x — 2 = 0, KOpHsAMH KOTOPBIX SABJISAIOTCA X1 — 1 + V2 ,

23‘2:1—\/5, $3:—1+\/§I/IZL‘4:—1—\/§.

2) Myets y + 2z — —4, Torma |4z — 1| + |22> — 3| = —4. OnHako

JJAHHOE ypaBHEHUE KOPHE He UMEET, IMOCKOABKY €ro JIeBasl 4acTh

MOXeT IMPUHUMATH TOJBKO HEOTpHIIaTeIEHEIC 3HAUYCHHMA.

140. 3z — 2|z — 2| = 3v3z + 18 - 2|v3z + 18 - 2|.

Pewsenune. O01acThIO JOIYCTUMBIX 3HAUSHHI IepeMeHHOI & B ypaB-
HeHUU SIBISTIOTCS & > —6. BBengeMm B paccMoTpeHne GyHKIMIO

f(x) =3z 2|z —2|.

HGTpYI[HO BUACTD, YTO 3a0aHHOC YPABHCHHUC ITPUHUMACT BHI CI)YHK—

LuoHabHOTO ypaBHeHus f(x) = f(v/3x | 18).
Hcnons3ys coiicTsa Monynst, GyHKIMIo ¥ — f () MOXHO TIpef-

CTaBUTh, KaK
£(z) Sx—4, ecmm zx < 2;
)y =
r+4, ecm x=2.
Orcroma cienyetr, uto GyHKUMS ¥y = f(x) ABIsgeTcs HeNMpepbIBHON

1 Bo3pacTalollleil Ha Bceld uncioBoil ocu OX .
CnemoBaTenbHO, Ha 00JAaCTU JOMYCTUMBIX 3HAYCHUII T ypaBHe-

nue f(x) = f(v/3z | 18) paBHOCHIBHO ypaBHeHHIO ¥ — v/ 3z | 18.
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Orcroma umeem x > 0. Jlamee, mocne BO3BedeHUS B KBajapar
00eHX JacTeil ypaBHeHHUS IToaydaeM KBaJpaTHOe YpaBHeHHE

2’ — 3z —18 — 0,

KOTOpOC UMECT eMUHCTBEHHEIN TTOJIOXUTEIEHEBIA KOpPCHE X1 — 6.

141, V22— 92+ 24— V622 — 59z + 149 = |5 — z|.

Pewenne. Taxk Kak ImpaBad 4acCThb YPpaBHCHHUA HCOTPULATCIABEHA, TO

Vx2 -9z 1 24— /622 — 59z | 149 > 0.

OTCIOI[a IToJIy49acM

2> — 0z | 24 > 62> — 59z | 149,
Sz° — 50z | 125 <0,
(-3 <0 wm z—=>5.

ChaenoBaTenbHO, JIEBask YacTh YPaBHCHUS MPHUHUMAET HEOTpHUIIA-
TEJbHOE 3HAYCHWE JUIIb IPU & — 5. A 3TO 3HAYUT, YTO €ro KOPHEM
MOXET OBITh TOJIBKO 3TO 3HAYCHHE, @ MOXKET CIYUYUTHLCS, YTO YpaBHE-
HUe BooOIlle He OyAeT UMeTh KopHei. 1151 pa3spellieHUs1 3TOro Bornpoca
MMOACTABUM 3HAYCHHUE & — 5 B UCXOAHOE ypaBHEHHUE. TaK Kak MpH 3TOM
00¢e yacTu ypaBHeHHd obpatarotcd B 0 TO £ = 5 sABIsSIeTCS €r0 KOPHEM.

§ 2.9. CucteMbl ypaBHEHUN

Te +y /2 ty=23,
vi+yt+r—y—L

Pewenne. Ilycty /72 +y = u u /2 +y = v, Torga IepBoe

ypaBHEeHHE CHUCTEMBI MIPpUHUMAET BUI # | © — 5.

s Toro, 4ToOBbl BTOpOE ypaBHEHME CHUCTEMbl BBIPA3UTh 4epes
repeMeHHbIe % U ¥, PACCMOTPUM CHUCTEMY YpaBHEHH A

142.

T +y = u’,
2r +y — 112,
) u? — v° 2u’ — Tv°
N3 KOTOPpOU CACAYCT, YTO X — T Uiy — —T.



§2.9. Cucrems ypaBHeHui 89

B takom cJydac BTOpPOC YpaBHCHHC 3aJJaHHOH CHUCTEMEI IMPpUHHA -
MacT BHUA

w —v* 2u — T’ ) )
v+ 5 + 5 —1, wm 3u —8v” + 5v — 5.

TakuM obpazom, 3adaHHAY CUCTeMa YpaBHEHHWIA paBHOCWIbHA CH-
CTeME YpaBHEHUM
u+v—=23,
3u’ — 8v” 4 Sv =5,
rieu =20nv=>=0.

Tak Kak # 4+ v = 5, TO 4 = 5 — ¥ ¥ U3 BTOPOro ypaBHEHUS BbITE-

2
KaeT KBaJpaTHOe ypaBHeHHe ¥~ + 5v — 14 = 0, KoTopoe nMeeT ea1H-
CTBEHHBIA MOJOXUTENLHBIA KopeHb ©; — 2. Ilockoneky # — 5 — v,

To #; = 3. C yueTtoM TOrO, 4TO0 A/ 72+ 9y = v u /20 +y = v,

MoJiy9aeM HOBYIO CUCTEMY YpaBHEHUI

Tz +vy =29,
2z +y =4,
KOPHSIMH KOTOPOU ABIATCA 1 — 1 U 9y — 2.
18x
I 4+ zy = y’
Tty
143. 5 5
N 208zy
T —

Peiuenne. HpI/IBC,[[CM CHUCTCMY ypaBHCHHfI K paBHOCHJILHOMY BHAY

(I+zy)zty
zy

(1+z°y) = +y)
2132 yZ

18,

= 208.

OTtcroa cleayeT, 4To
|

(— + 1)($+y) — 18,
Ly

1
(332—?]2 -+ 1) (35'2 + ?12) — 208,
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1 1
Tty o I8,
! (¥)

2 1 2 1
Ty +?—208.

1
BBeneM HoBBIE TiepeMeHHBle # = ¢ + — U v = ¢ + —. Torma
x Y

2 2 2 2 y
r+——uw -2,y +—5— v —2ucucreMy ypaBHeHUH () MOXHO
z

%+ v = 18,
w’ vt =212
KOpHHMI/I HOCJIG,Z[HCFI CHUCTCMBI ypaBHeHI/Iﬁ ABIAKOTCA OBC IMTAPBEI YHUCCIT
‘3,61:4, ‘111:141/1‘&2:14, ‘1)2:4.
Jl1st HaxXoXAeHWsI KOPHEel UCXOMHON CMCTeMbl YpaBHEHHUI He00-

XOONMO pacCMOTpPETEL ABC CHUCTCMBI ypaBHCHHﬁ OTHOCHUTCIBLHO IICpC-
MCHHBIX & W Yy CICAYIOIICIro BUOA.

1
rro =% —dz+1 =0,
1) < 1 T. €. )

y —ldy+1=0;

Iepenmncarsb, Kaxk

y+—==14

(7 Y

o

zt— =14 2 — 14z +1-0,
2) < 1 T.e. )

y+_:4’ y—4y‘|—1:0

(7 Y

KOpHHMI/I ITPUBCACHHLIX BBIIIC CHCTCM ypaBHCHI/IfI ABIAKOTCA BO-
CCMEL I1ap 3HAYCHUH NEPEMEHHBIX & U ¥, T. €.

2 =2+V3, [2:=2-V3, [xz3=2+V3 [z—=2-V3,
yp=T+4V3, |p=T+4V3, |ys=T7-4V3, |yu—7-4V3,

m5:7+4\/§, m6:7—4\/§, m7:7+4\/§, mg:7—4\/§,
y5i2+\/§7 y6:2+\/§: y7:2_\/§, y3:2—\/§

Ty +yz +zz =12,
144, rmex =20, y=>0, 220

ryz =2+ +y+z,
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Peiwenue. Vicnonssys HepaBeHcTBo Ko (1) npu n = 3 u ToT dax,
yro £ 2 0, ¥y > 0, 2z > 0, U3 nepBoro ypaBHeHHsI CUCTEMBI TTOJyYaeM
BEPXHIOK OLIEHKY BbipaxeHus zyz. MMeetr mecto

12=xy | yz | 22 >3- {/ (zyz)?.

Otcrooma cienyerT, 9To XYz < 8.
[TpumeHssa HepaBeHcTBO Kommu (1) mpu n = 4 Ko BTOpoMy ypas-
HEHWIO CUCTEMBI, MOJyYaeM HHUXHIOK OLIEHKY 2yz. MMeem

zyz=2tzrztytz=4- \ 2ryz U zTYz = 8.

ITockonbky zyz = 8 U ryz < 8, To Yz = 8. OTCcIOIa ClIenyerT,
9TO MPUBEICHHOE BHIIE HepaBeHCTBO Komm mpespamiaetcs B pa-
BEHCTBO, a 3TO O3HA4YaeT, 4To L] = ¥ — 21 — 2. lloncTaHoBKO#
B YPAaBHEHHUS 3aJ]aHHOH CUCTeMbl yOexaaeMmcsi, YTO HaliieHHble 3Ha-
YeHUA T, Y1, 2] ABIAIOTCA €€ KOPHAMU.

x—y+2z=06,
145. { 2+ 4" +2° = 14,
$3—y3+z3 = 36.

Pewenue. IlponsBeneM 3aMeHy MepeMeHHBIX £ — ¥ — 4 U Y — V.
B Ttakom cnyvae cucTteMa ypaBHeHHI NPUHHUMAET BUIL

U+ 2z — 6,
w420+ 2° = 14, (%)
w(u® +3v) + 2° = 36.
M3 mepBoro ypaBHeHHsI CHUCTeMEBl (%) TOIydaeM # — 6 — Zz,
a W3 BTOPOTO YpaBHEHWs clenyeT, 4To (6 — 2)2 + 20+ 22 = 14

2
U v — 6z — 2z — 11. IlogcTaBuM moAydeHHBIC BBHIpaXeHHS U4 U ¥
B TpeThe YpaBHeHHe cucTeMHl (*). Torma

(6 —2)((6 — 2)* +3(62 — 2° — 11)) + 2° — 36,
(6 — 2)(3 + 62 — 22°) + 2° = 36,
2 —622 +11z—6=10.
KOpHHMI/I IMOCIACAHECIO YPABHCHMA ABJIAKOTCSH

z1=1, =2 wmn z3=23.
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Tak Kak &4 — 6 — 2 1/1’1;:62—22—11,T0 #; — 5, vy — —06,
'IL2:4, '112:—3I/IU3:3,1)3:—2.

JI1s1 BEIYMCIeHNS 3HAUeHNH MepeMeHHBIX £ U ) PACCMOTPUM TPH
CHCTEeMEI YpaBHEHHIA.

r—y =23,
1) Ecan { Y 6 TO TIOJIydaeM KBaJpaTHOe ypaBHeHHe
ry — —06,
-5z 16— 0,
KOPHAMHU KOTOPOTO ABIAOTCH £; = 2 W &y = 3. Torma ¢, = —3
H 1 — -2.

x—y =4,
v TO, pellasl ypaBHeHHe ' —dr+3 = 0,

2) Ecau {
xy — -3,
noayyaem 3 — 1 m x4 — 3. BTakom cayuae 43 — =31 44 — —1.

xr—y =73,
3) Ecau
ry = —2,

noayyaem s — 1, xg=2. Torga ys — =2 u ys — —1.

2
TO , pemias ypaBHeHue x — 3x + 2 = O,

WTak, 3agaHHas cHUcTeMa YpaBHEHHM HMMeEeT CICAVIOIIHNE IIeCTh
TPOeK KOPHEI:

=2, yn=-3 z=1 Ty =3, ys=-1, 2z4=2;
Iy =3, ip—-2, »m-1, rs =1, ys—= -2, 2z5=73
r3=1, y3=-3, 2z3=2; o =2, Yo—=—1, 26—

Yy +yz =8,
146. yz +xz =9,
xz + xy = 3.

Peuienpne. TlyreM clnoxXeHUS JIEBBIX W IPaBBIX YacTel YpaBHEHHUN
3aJaHHONW CUCTeMBI onydaeM ¥ |+ 2z | yz = 11. Ecau U3 maHHoro
YPaBHEHHUS BBIYECTb MOOUYEPEIHO YPABHEHMS CHUCTEMBI, TO MOAYYUM

Yy =2, xz = 3 u yz = 6. IlepeMHOXUM Mexay coO0U MpUBEICHHBIE
2.2 2

BBIIIIE TPU YpaBHEHU, Toraa & y 2z~ = 36 win xyz — 6.
6 6 6
Eciu zyz =6, 7028y = — =1, 99=—=2U2 = — =3.
yz Xz Ty
—6 —6 —6

Ecmm zyz=—-6,T0 ;0 =—=—-1,h=—=-21 2p = — = 3.
Yz 2z Y
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ry+r+y=1,
147. zz+x+2=2,
yz +y +z=>5.

Pewenue. IlepBoHavyalbHO K 00€MM YacCTIM KaXOIoro M3 ypaBHEHUI
cucTeMbl MprbaBuM 1, Torga

ry+zxr+y+1=2, (x+ 1) (y+1)=2,
zzt+zxztz+1=3 u (x+1)(z+1) =3,
yz+ytz+1==6 (y +1)(z+1)=6.
W3 mocieqHe CHCTEMBI YPAaBHEHHIA CIEIyeT
x4+ 1)+ 1) (z+1)"=36 wm (z+1)(y+1)(z+1)==6
Iycts (x + )(y + 1)(2 + 1) = 6, Torma

1= 6 _b
y+)(z+1) 6

y+1l= ° :E—z
(z+Dz+1) 3 7

z+1= :E—S
(z+ 1 y+1) 2

WIN I :0, yl-:l, 21:2.
Ecmm (x +1)(y+1)(z+1) = —6, To 10 aHAJIOTUH C TIPEABIIYIITAM
cayvyaeM TonydaeMm T, = —2, i = —3, 2, = —4.

148. PemmnTh cucTeMy YpaBHEeHUI
z+ [yl +{z} =39,
y+ [2] + {2} =35,
z+ x|+ {y} =2
Peiuenune. 3BectHO, 9TO
=zl +{z}, y=Ilyl+{y} n z=I[z]+{z}
B 370l ¢BSI3U crcTeMa ypaBHeHUH MPUHHAMAET BHI
lz] + {z} + [yl + {2z} = 3.9,
[yl +{y} +[z] +{z} =35, (x)
|z] + {2} + [=] + {y} =2.
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CknanpiBasi ypaBHEHUS CHCTEMBI (), TOMydaeM

lz] +{=} + [yl +{y} + [z] +{z} =47
Ecnu u3 niprBeaeHHOTO BHIIIe YpaBHEHMs BBEIYECTH ITOCHEIOBA-
TeIBHO TIEPBOE, BTOPOE M TPEThe YPABHEHUS CHCTEMBI (%), TO TIOMYIUM
CHUCTEMY YpaBHEHUIA

|2] +{y} = 0.8,
[z] + {z} — 1,2, ()
[y] + {z} = 2,7.

IMockonbky Beipaxenus [x], [y], [z2] Moryr mpuHMMaTE TOMBKO
nenwle sHaueHus n 0 < {x} < 1, 0 < {y} < 1, 0 < {z} < 1,
TO U3 CHUCTeMBI YpaBHeHHUI (kx) ciemyet, uto |z| = 1, {z} = 0,7;
ly] =2, y =08 u [2] =0, z = 0,2.

Tak kak x = |z| + {z}, v = |y] + {y} u z = [z] + {2}, 10
=17,y =28u 2z =02

$2+y2—|—Z2:145
149, xy txztyz=11, tmexr >0,y >0,22>0.
ryz = 6,

Pewenune. Ecmu Bropoe ypaBHeHHe CUCTEMBI YMHOXKUTE Ha 2 U CIOXKUTE

ero ¢ MepBBIM ypaBHeHHeM, To (£ 4y +2)° =36 u £ +y + 2z = =£6.
PaccMoTpuM OBa caydast.

1) Tyctb x+y+2 = 6. Torna y+2z = 6—x, a U3 TpeTbero ypaBHeHUSI

CIeOyeT y< — —. HepCHI/IH_IGM BTOPOC YPAaBHCHNUC CHUCTCMBI, KAK
T

z(y + z) + yz = 11. OTcroma HeTPYIHO MOMYYUTh ypaBHEHHE
6
OTHOCHTEJILHO MepeMeHHOH &, T. e. (6 —x) + — = 11, KoTopoe

PAaBHOCHIBHO YPABHEHMUIO TpeTbeii cTerenn & —6x>+112—6 — 0
Wi (z — 1)(:132 — Sz +6) = 0. OTcioma monyyaeM TpU KOPHs
ry=1,2=2mnm x; = 3.

6
Tak kKak ¥y +2 = 6 —x U yz = —, TO AJS HAXOXAECHUS 3HAYEHUI
x

TIEPEMEHHBIX I, 2 HEOOXOOUMO PaccMOTPETh TPU CUCTEMEI YpaB-
HeHHN

{y+z—5, {y+z—4, {y+z—3,
yz = 6, yz =3, yz = 2.
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KOpHHMI/I IMPHUBCACHHEIX BBIIIC CHCTCM ypaBHCHI/Iﬁ ABIAKOTCA

N —=2,21=3, =322,

y3=1,23=3, y=324=1,

s — 1, zs =2, ys—2,26 = L.
2) Ilycts £ +y+ 2z = —6. OueBUAHO, YTO B TAKOM cJydae UCXOIHasI
cHcTeMa YpaBHEHHI OygeT MMeTh XOTd OOWH OTpHIATeIbHBIN

KOpE€Hb, a 3TO ITPOTHUBOPCYUT YCIOBHIO 3a0a4H.
CJIGI[OBE[T@JIBHO, KOPpHAMHA 3aJaHHOH CHCTEMBI ypaBHeHI/Iﬁ ABIAKOTCA

xy=1, y =2, 2z =3; =1, =3, 2=2
3 =2, yp=1, 2z —3; ey =2, ys=3, z4—=1,
s —3, ys— 1, 25—12; o —3, Yo — 2, 25— 1.

150. Pemmuth cucTteMy HepaBeHCTB
VE+3+ V2 +Te+ 11> 2,
'+ 8z +12<0.

Pewerune. O06o03HAUUM v 3 —u 1 \/mz +7x + 11 = v. Torma

cHcTeMa HepaBeHCTB NMPUHUMAET BH]
U+v =2,
w4 v < 2,

()

rneu =0nmv=0.
Ecnu niepBoe HepaBeHCTBO CHCTEMBI (%) YMHOXWUTH Ha —2, a 3a-
TeM CIOXHUTH ero ¢O BTOPBIM HepaBeHCTBOM, TO

W —2utv -2w<-2 u (u—1)7+@w-1) <.

Orcrogacaenayer, 9o # — v — 1. Takkak v + 3 —u, To v + 3 =1
nxr = -2.

Hlanee, TmoAcTaBUM 3HadyeHHe X — —2 B 33JaHHYI0 CHCTEMY
HEPABEHCTB U yOeaUMCs, YTO OHO IBISETCS €€ PelleHUEM.

r+yz—0,
151. y+axz =06,
z +xy = 6.
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Pewenne. Eciu BBIUECTH TepBOe YpaBHEHHE CUCTEMBI M3 BTOPOTO
T +yz=0;
¥ TPETHEro ypaBHEHUi, To monyunM { (2 — y}(z — 1) = 0;
(z—-2)(y—1)=0.
OTcroa cleayeT, YTo I/ OTEICKAHNA KOPHEH 3aaHHOM CHCTeMBI
YpaBHEHMI HEOOXOAUMO PAacCMOTPETH YETBIPE CUCTEMBI YpaBHEHUIA

x+yz = 6; X+ yz =06 x+yz =6; X+ yz =6
z—y—=0; z—y—=20; z—1=0; z—1=0;
xr—z=20, y—1=20, x—z=0, y—1—=0.

IlpyBeneHHBIEe BBIIIE CUCTEMBI YpPaBHEHW MMEIOT CIeIVIOmue
KOPHHU:
r = —3, ¥ = —3, 21 = —3;

xy =2, Y =2, z2 =2,
z3 =1, ys = 1, z3 =3,
Zq =1, Ys =5, 24 =
x5 =3, s — 1, zs = 1.
152 {:c2+4y2+5 — 4z,
r—y=z.

Pewenne. Tak Kak z — = — i/, TO U3 IICPBOIc ypaBHCHHUA CHCTCMEBI
Imojay4dacm

24y’ +5 =4z —y),
' +4yt +5—4dx +4y =0,
(-2 +Qy+1)" =0. ()

Tockomsky (£ — 2)° > 0 u (2 + 1)* > 0, To U3 ypaBHeHms (*)
caepgyeT, uyto £ — 2 — 0 u 2y — 1 = 0. CuxemoBarensHo, | — 2
1

I/Iyli—z.

Ecan HalIeHHBIE 3HAYCHU I 1 U Y NOACTAaBUTEL BO BTOPOE ypaB-

1 5
HEHUE 3aJaHHOM CUCTEMBI, TO 21 — &1 — ¥ — 2 — (—5 -3
TakuM o0pa3zoM, KOpHSIMH 33JJaHHOH CUCTeMBl YPABHEHH B~

1 5

IOTC}I$1:2,?]1:—§I/121:§.
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153 {\/5+\/$+2y\/§a

y* + 19 = 20(z + y).

Pewenne. Tlockoneky v = 0 u y/z + 2y > 0, To U3 nepsoro

ypaBHEHUS CHCTeMBI CIEAVeT, YT /T < V2 wmm 0 <z <2,
BozseneM B KBagpaT mepBoe ypaBHEHHE CHCTEMEI, TOIIa

z+24/x(x+2y) +z+2y =2,
z4y+ x4 2zy =1,
Vi +2xy — 1 —(z+y). (%)

Orciona nonyyaem | — (z +y) > 0 wm 2 + y < 1. [Janee
npeobpasyeM ypaBHeHUe (*) CIEIYIONMM 06pa3oM:
rty) -y = 1-(z+ty)),

W
@+y)' -y =1-2z+y) + (@ +y),
20z +y) -y =1,

y +1

zty= 5

Tak kak z +ty < luz ty =

-1<y< L
y> + 1

Ecnu BelpaxeHue x + ¢ = MOJICTABUTL BO BTOPOE ypaB-

HeHMe 3aJaHHOI CUCTEMBI, TO MOJYy4YUM OMKBaJpaTHOE YpaBHEHHE
4 2 4 2
y +19=10y" +1), mm gy — 10y +9=0.

KopHaMmu mocienHero ypaBHeHHs sBASOTCA 4 = 1, 1 = —1,
#3 — 3 1 ¢4 — —3. Tak KaK paHee OBUIO YCTaHOBJIEHO, 4TO —1 < ¢y < 1,
TO MOAXOMSIIAMU KOPHIMU JAHHOTO YpaBHeHUs OyayT 4y — 1 n gy, = —1.
Ecnu HaiineHHble 3HAUEHMS §f TIOACTABUTH BO BTOPOE YpaBHEHHE CH-
CTEMBI, TO MmoayduM 1 — 0 u xr, = 2.

ios w3y+m3y2+2m2y2+m2y3+my3:30,
' $2y+$y+m+y+my2:11.
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Pewenune. IlpeobpaszyeM ypaBHeHUS CUCTEMEI CISAVIOININM 00pa3oM:

ry((z +y)° + zy(z +y)) = 30,
zy(z+y)+xy+z+y=1L

BBeneM HOBBIE MepeMeHHbIe @ = T + ¢ U b= xy, Torga nmpuBe-
JeHHad BEIIIE cHcTeMa YpaBHeHHI NMPpHHUMAET BUJ

{ ab(a + b) = 30,

abtat+b—11 (x)

C 1enbio YIPOIIECHUS PellIeHNs] CUCTeMBI YpaBHEHMiA (%) BBemeM
ele ABe IepeMeHHble 4 — a+b, v — ab u monyunM cucteMy ypaBHeHUI

uv = 30,
i+ v =11,
KOTOpas UMeeT JBe Maphl KopHell 4 — 5, v1 = 6 u uy — 6, v, = 5.

Hns BeIYMcHeHMs 3HAYEHMI MepeMeHHBIX ¢ W b HeobXoaumo
PacCMOTPETH ABE CUCTEMBI YpaBHEHUI

a+b=>35, a+b=06,
U
ab=106 ab = 5.

KopHIMHI TpHBedeHHBIX BBIIIE CHCTEM VpaBHEHHI SIBISIOTCS
geTelpe mapel @; — 2,bp = 3; a, = 3,0, = 2, a3 = 1,b3 = 5
n as — 5, b4 = 1.

OueBHIHO, YTO I HaXOXIeHHS KOpHeH 3aJaHHOH CHCTEMEI

ypaBHEHHII HEOOXOAUMO PACCMOTPETh YK€ YeThlpe CHCTEMBbl YpaBHE-
HHUIl OTHOCHUTENBHO MEepeMeHHBIX £ U 1, T. €.

{:c+y—2, {:c+y—3, {:chy—l, {:c+y—5,
Ty — 3, xy — 2, Ty — 3, xy — 1.

CucTteMbl ypaBHEHU OTHOCUTEJIBHO MEPEMEHHBIX £ U § HE SB-
JAI0TCA CIOXHBIMHU. IlepBasg M TpeTbsd CHUCTeMBlI YpaBHEHUI KopHei
He MMEIOT, a OCTAJIbHEIE JIBE CHUCTEMBI YPaBHEHUI MMEIOT IO ABA KOPHII.

Otcioga HeTPYAHO OMPEISINTh CASAYIONINe KOPHU 3a0aHHON CH-

54+421

CTeMBl YypaBHeHUU: &1 — 1, 4y = 2, &2 = 2,4 = 1, x3 = >

5—v21 5-v21 S++421
Z/3:TH$4:T,Q4:T-
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155 102° + 5y — 2zy — 38z — 6y + 41 = 0,
| 322 — 247 + 5wy — 17z — 6y + 20 = 0.

Peluenne. HCpBOC YpaBHCHHUC CHCTCMEBI YMHOXHM Ha 5, a BTOpOC —
Ha 2. Ilocae cnoxeHns ITOJYVICHHBIX BBIpa)KeHI/Iﬁ ITOay4YacM

562 + 21y° — 224x — 42y + 245 — 0,
8x” | 3y* — 32z — 6y | 35 = 0,
8(x —2)* +3(y— 1)° = 0.

Orcroga caenyer, uro £; = 2, 41 = 1. IlogcraBum nonydyeHHBIE
3HAYCHUS MEPEMEHHBIX £ U # B YPAaBHEHUS CHUCTEMBI M yOenInMcs B
TOM, 4TO £ = 2, ¥ = | SABASIOTCSA KOPHSIMH 3TOW CUCTEMBI YPABHEHHH.

22 — 33zy+y2 = 3,
156. 5 5
x +2xy -2y =06

Pewernune. HenocpencTBeHHOU NOACTAHOBKON B YpaBHEHUSI CUCTEMBbL
HETPYIHO YCTAaHOBUTH, 9TO Z £ 0 m y £ 0.

3aTeM mepBoe ypaBHEHHE CHCTEMBl YMHOXHAM Ha —2 U CIOXUM
ero co BTOPBIM ypaBHEeHHEM. TeM caMbIM MOJYYUM OJHOPOAHOE YPaB-
HEeHWE BTOPOU CTEIeHU 3z” — 8xy + 4y2 = 0. Tak kak y # 0, TO 00€
4acTh OJHOPOIHOIO YPaBHEHHUS pa3euM Ha y2 1 0003HAYUM — = 2.

Yy

Torga monydyuMm KBajpaTHOEe YpaBHEHHE 322 -8z 44 = (0, KOpHAIMH

KOTOPOT'O IBISIIOTCH 21 — 2 U 2y — 3

PaccMoTrpuMm mBa caydas.

1) Tlycte z = 2, T.e. = 2y. Torma mepBoe ypaBHEHHE 3aTaHHOIM
CHCTEMBI TIPUHUMAET BHI 2(21;)2 - 3Qy)y + g =3 wm y’ = 1.
Otcroma nonyyaeM KOPHU CUCTEMBI YpaBHeHUU 21 — 2,41 — 1
n xr — —2, i — —1.

2 2
2) Myers 2z = 3’ T.e & — ?y Torma W3 MepBOro ypaBHEHHS

2
2y 2y 2 2
CUCTEMBbI MOJy4aeMm 2 3 -3 3 y+y =3vmy = —27.

OueBUOHO, YTO B TAKOM cJyyae CHCTeMa ypaBHEHHU KoOpHeH
HE UMEeT.
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CJICI[OBEITCJIBHO, 3adJaHHad cHhucTeMa YpaBHCHI/Iﬁ NnMECT KOPHH
23‘1:2, yl:lnxg:—Z,yQ:—l.

m3—3x2+2m:y2,
157. 3 5 5
y -3y |+ 2y==z".

Pewenune. IlockonpKy mpaBhie YacTH VpaBHEHMH CHUCTeMBl HEOTPHU-
x =3¢ 2> 0; {m(m—l)(m—Z);O;
J

g =3 +2y >0 yy— Ny —-2)=0.
OTcroga, UCNONB3yS M3BECTHBIM MeTOI WHTEPBAJIOB, ITOJAYVYaeM
peieHus: cucteM HepaBeHCTB Bujga ¢ < z < 1 u 2 > 2, a Takke
0<y<luny>2.
Ecawn 13 nepeoro ypapHeHHd 3aJaHHON CHCTEMBI BHIYECThH BTOPOE
ypaBHEHHE, TO

naTejiabHBI, TO {

-y -3 -y) Az -y) =y -2,

-y tzy 1 y)—(—y)(3z 1+ 3y) +
t2z—y)+ (@ —ylz+y =0,

(x-y@ +ayty —2-2y+2) =0
@-y)(-1°+@F-1)°"+zy) =0. (*)

HetpyaHo y6enntecd B ToM, yTo ecam & = 0 uw y = 0, 1o
(2 — 1)+ (y - 1)* +zy > 0.

B 3T0ii ¢cBs31 113 ypaBHEHM A (*) ciaeayeT, 4to £ —y — 0 v £ — .
IloncraBum ¢ = y B moboe U3 ypaBHEHUI 3aJaHHON CUCTEMBI.

Torma z° — 4z° 4+ 2z = 0 wm z(z’ — 4z + 2) = 0. OTciona MonyJaem
r; — 0, $2:2—\/§H$3:2+\/§.

OT™MeTHM, YTO HalileHHbIe 3HAUCHHSA I, L3, £3 BXOIAT B 001aCTh
TONYCTUMBIX 3HaYeHHH TIepeMeHHOH .

Tak Kak & = ¥y, TO :0,y2:2_\/§ﬂy3:2+\/§.

ztytz=0,
158. I 1 1

—}
xr Yy z
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Pewenue. W3 BTOpOro ypaBHeHUS CHCTeMBI cleayeT, 4To xyz / 0.
Ecnu BTOpOE ypaBHEeHHE YMHOXUTE HA T2, TO MTONYUYUM YpaBHEHUE

xy +xz +yz = 0. (%)
W3 niepBoro ypaBHeHUd cUcTeMBI uMeeM &+ — —z. IlogctaBum
BBIPAXEHHWe Uil X + y B ypaBHeHue (x), Torma xy + z(x +y) = 0,
Ty — 2 =0mu Ty = 2. AHATOTMYHO MoJyyaeM £z — y2 U Yz = z’
CrenoBarenbHO, ypaBHEHNE (%) PAaBHOCHIBHO YPABHEHUIO
2 2 2
zZ+y +x =0,
13 KOToporo cieayet, uto £ = 4 = z = (. OmHako xyz # 0, mosToMy
3aJaHHasl CHCTeMa YpaBHEHMIA SIBISIETCSI HECOBMECTHOMM.

3
ZC‘|‘y‘|‘22i:§,
159.

4 S
—XYy — 2 2 == —,
57 4

Pewenue. W3 nepBoro ypaBHeHUsI CUCTEMBI TTOJydaeM

3 3 2
m+y:5—2z, (x+y) = (——Qz)

2
TN
x2+2my+y2_4z2—6z+§. (%)
Btopoe ypaBHeHHe CHCTeMBl paBHOCHIBHO YPaBHEHHIO
dry = 522 — 10z + ? (%)

Ecnu u3 ypaBHeHUs (%) BBIYECTh ypaBHEHUE (%), TO
22wy ty = -2 +4z—4, wm (z—y)Y = —(z -2

Tak kak (z — y)2 > 0n —(z — 2)2 < 0, To U3 ypaBHeHHA
(aj—y)2 — —(2—2)2 caenyer, yTo £ —y — 0 2 —2 = 0 vam 1 = 1
U z; = 2. B TakoM cinyyae nepBoe ypaBHEHMe CHUCTEMBI MIPUHUMAET

BUI Z; o1 +4— 2 WA I =7
5 5

ITongcTaBuM B ypaBHEHHUSI CUCTEMBI 3HAUEGHUS X — — e Y= — 1
Z1 = 2 u ybegumcs B TOM, YTO HalJeHHBbIe 3HAUYEHUS MepPeMeHHBIX

T, Y, 2 ABIAKOTCA €€ KOPHAMHM.
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1 2
r+—+z =3,
160. ylz rnex >0, y>0muz>0.

— =2,
er:cz

Pewenne. l[lepBoHayanbHO BTOpPOE YpaBHEHHE CHCTEMBI YMHOXHUM
Ha 2, a 3aTeM CIOXHUM €ro ¢ MepBbIM YpaBHEHHEM, TOrda

1 1
zt— 12 tyz b — =312z,
Yz x

[ [
T+ =—tyzt+—+2-22+1=4
x Yz

(m+é)+(yz+yiz)+(z—l)24. ()

Ilockoneky > 0, ¥y > 0 1 z > 0, TO ¢ y4eTOM HEpaBEHCTBA

nin

1
Kommw (3), monygsaem z + — > 2 u yz + — > 2. Tak Kak npu 3ToM
x z

(z—1)" >0, 10

THED VT (L R
T+ Yz vz z > 4,

CnenoBaTenbHO, PABEHCTBO B YPABHEHHU (%) TOCTUTACTCS TOIBKO
1 1

B TOM ciy4ae, Korma £+ — =2, yz | — =2 u (2 — 1)2 — 0. Orcrona
x z

MoJy4yaeM KOPHM 3aJaHHOU cUCTeMBbl YpaBHeHUH Buga x; — 1, ¢ — 1
nzy = 1.

161 z’ +1=2/yz,
. y2—1:2mz\/1—4yz.

Pewenne. W3 IICPBOIro ypaBHCHHWA CHCTCMEI ITOJIYVYACM HCPABCHCTBO

2/ Yz = z’ +1 21 unu 4yz > 1. VI3 BTOporo ypaBHeHUs1 CUCTEMBI
caenyet, uto | —4yz = 0, .e. 4yz < 1. Ilpunumag Bo BHUMaHNE 00a
HEpPaBeHCTBA OTHOCUTENBHO 2, JelaeM BBIBOI O TOM, uTo 49z = 1.

Ecnu HaliieHHOE 3HaYeHue Yz — Z IIoJCTAaBHUTE B YPABHCHHA CHUCTCMEI,

Tox=0wny==l.
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|
Tak Kak z — e TO MeeM JIBe TPOHKH Jucel

(]
0 | : 0 | :
1 = R =1, 1 = — U Iy = R = —1, zy = -,
1 hn =7 2 L)) 2 1

KOTOpBEIe MOTYT OBITb KOPHSIMH 33aJJaHHON CHCTEMbI YPaBHEHMIA.
IToncraBuM HalineHHBIE 3HAUeHUA MEPEMEHHBIX I, 4, 2 B YpaB-
HEHHA CACTEMBI U yOemuMCs, 9YTO 3TO NCUCTBUTCIBHO Tak.

3=+ 1)’ = Ve -y,
r+8y=+r—y—-9

Pewernue. U3z MNEPBOro ypaBHCHHUA CUCTCMEBI CICAYCT, UYTO

1/33—y:3—(y+1)2<3

wm r — y < 9. BMmecte ¢ TeM W3 BTOPOro YpaBHEHMSA IIOJYYAEM
z—y—9 =2 0,1e z—y = 9. CienoBaTeIbHO, HMEET MECTO PAaBEHCTBO
r—y=09.

B TakoM ciyuae crcTeMa ypaBHEHUH MpUHUMAET BUI

162.

3_(']/+1)2:3,
z+ 8y =0,
r—1y =9,

KOPHAMM KOTOPOW ABNATCA £ — 8 U 4 — — 1.

|xy—2[ —6— 1,
163. 5
3y" + 2 = 2zy.

Pewenue. W3 miepBoro ypaBHeHUS CHCTEMBI CIEOVeT, 9TO 6 — ¥ >0
wi z° < 6. lasee, GyneM paccMaTpHBaTh BTOPOE YPaBHEHHe CHCTEMBI
KaK YpaBHEHHE BTOPOW CTENEHH OTHOCHUTENBHO MEepPeMEHHON .

U3BecTHO, 4TO ypaBHEHUE 3y2 —2xy+2 — (0 uMeeT nelicTBUTENb-
Hble KOPHU TOJILKO B TOM cJlydae, KOrjaa ero AMCKpUMHUHAHT HEOTPUIIA-
TeJIbHBIH, T.¢. D — -6 > 0 unm z’ > 6. PaHee OBIJIO YCTAaHOBIICHO,
yro 2 < 6. Torma uveeM z° = 6 1 YpaBHEHUS CUCTEMBbI PUHUMAIOT
Bua xy — 2 (mepBoe ypaBHEeHue), 3y° =2 (BTOpOE ypaBHEHHE).
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KopHaMmu cucteMBbl ypaBHeHUIH

352:6,
Ty = 2,
3y’ =2

2 2
SIBILIIOTCS X1 — \/g, Y = \/; U — —\/6, ih == —\/;.

Va2 +y? 4 2zy = 8V2,
VT 4+ Y =4

Peuienye. O0nacTblo JOMYCTUMBIX 3HAYCHUW MEPEMEHHBIX & U
B CHCTeMe ypaBHeHUU sABIsoTe £ = 0 u ¢y = 0.

164.

IlepBoe ypaBHeHHEe CHMCTEMBl YMHOXHM Ha V2 , @ BTOpOe ypaB-
HeHHe BO3BelIeM B KBaJpar, Torga MoJyIuM CHCTEMY YpaBHEHHMN

222 1 297 24/xy — 16,
Tty t2yxy = 16.
Ecay B NONYYEHHOH cHcTeMe BBIUECTh M3 IIEPBOTO ypABHEHMS

BTOpOE, TO +/2%2 + 2y?> — x + y. Hanee, Bo3BeaeM B KBampaT obe
9acTH ypaBHeHnsI, Tora 2&” + 24" = &° 4+ 2xy+y° win (z —y)° = 0.
Otcroma crenyeT, 9To £ = ¥. B TakoM ciydyae U3 BTOPOTO ypaB-
HEeHUS CHCTeMBbI IoaydaeM 2v/x — 4 wiu x; — 4.
[lockonbky = ¥, TO KOPHSAMM 3aJaHHOW CUCTEMBI YpaBHEHUIA
aensgoresd £, =4 u gy, = 4.

rz =y +2,
ztz=2yy (V- iy 1+ Vz).
Peiwiexune. OHGBI/I,Z[HO, qTO 00JIACTHIO AOITYCTUMBIX 3HAYeHUN IICpeMCH-

HBIX £, §y U z B cUcTeMe ypaBHeHUM apndworea £ >0, y >0, z > 0.
IIpeobpasyeM BTOpoe ypaBHEeHHE CUCTEMBI CASTVIONIUM 00pa3oM:

z+tz=2yxy—2y1+2,/yz
(z-2Vey+y)+(y-2Vyz +2) =0,
Ve - )’ + (VI - V2 =0

OTCIO,I[a CICOYCT, UTO X — I — Z. B Takom cJydac IIcpBoC ypaBHC-
HHC CUCTEMBI IIPUHHUMACT BUI KBaAPaTHOI'OC YpadBHCHM A 2132 —r—2 = 0,

165.
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OTKyja ImoaydaeM z; — 2 U &» — —1. OpgHako &, — —1 He BXoguT
B 00/1aCThb JOMYCTUMBIX 3HAYCHUI NepeMeHHol . TakKak £ = ¢ = 2,
TO KOPHSAMH CUCTEMBI YPABHEHUN IBIAKOTCH £ — 2, 41 — 2 U 21 = 2.

(z +3)° =3 -2y,
166. < 4y° + 2> — 8y, roe z > 0.
(x +3)(2z — z) = Sz + 16,

2 2
Peuenue. 13 BToporo ypaBHeHHUS cHCTeMBI IMeeM 2~ +4(y—1)" = 4,

2
oTKyga clenyeT 2z~ < 4, T.e. —2 < 2z < 2. [anee, TpeTbe ypaBHEeHHE
CHUCTEMBEI IIpeCTABUM KaK KBaJpaTHOE ypaBHeHHUE OTHOCHTEIBHO IIe-
PEMEHHOH %, T. €. UMEET MECTO

x* —2x(z —4) + 16 — 62 — 0,

KOTOpPOC UMCCT JeHCTBUTEIBHEIEC KOpHH TOTHa H TOJIBKCO TOraa, KOoraa

ero JUCKpUMHUHAHT HeoTpullaTeleH, T.e. [) — (z — 4)2 +62z—-—162=>0
win z(z —2) > 0,
CrnenoBaTenbHO, I OIpeAcIeHUI 2 UMeeM CHCTeMY HepaBeHCTB

z =0,
—2< 2 <2,
z2(z—2) =0,

pellieHHeM KOTOopol aBasoTes z; — 0 u 2y = 2.
ITycte 21 = 0, Toraa cucteMa ypaBHEeHUM MPUHHAMAET BU]

($+3)3:3_2y3
4y’ = 8y,
—xz(z + 3) =5z | 16,

KOPHSIMU KOTOpOU sABAsAOTCH 2 — —4 u 4 = 2.
ITycTe 2, = 2, Torna nMeeM cucTeMY YpaBHEHU

(z+3) =3 -2y,

4y° | 4 = 8y,
(x +3)(4 —x) = S5z + 16,
pelas KOTOPYIO MoaydaeM I, — —2 u iy — 1.

TakuMm oGpazoM, 3agaHHas CUCTeMa YPaBHEHUM HMMeeT Cedylo-
mue Kopau: £, — —4, 41 =2, 21 =0m xy, = =2, 4, = 1, 2o = 2.
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g

r Yy oz
S Zp s,
y 2z

167.<£+f+f:3 me z >0, y>0, z>0.
r y oz
 z+y+2z=3,

Pewernne. Ecnin cioXuTh mepBBle ABAa YpaBHEHUSI CUCTEMBI, TO TIO-
JTYIUM ypaBHEHHE

x r oz z
——I—g—l———l———l—g—l——:ﬁ (%)
Yy xr z x z

Tak kak > 0, y > 0, z > 0, To cornacHo HepaBeHcTBY Komu (3)

r vy r z y =z
MOXHO yTBepXaaTh, 4yTo — + — =22, —+—2=22u — + — = 2.
AR /

y ~ Y
r Yy xr z Yy =z
Orcropa cnenyet, 10 — + =+ —+ — + =+ — > 6. Ecim janHoe
r z x z ¥
HepaBeHCTBO CPABHUTH ¢ YpaBHEHHEM (*), TO JeJaeM BBIBOI O TOM,
YTO BCe IPUMCHEHHBIE BEIIIEC HepaBeHCTBaA Koimm (3) oOpalarTcs
B PABEHCTBA, a 3TO BO3MOXHO TOJNBKO B TOM CIIy4ae, KOTIa £ = = 2.
B TakoMm ciyuae U3 TpeThero ypaBHeHUsI CUCTEMBI olydaeM 3 — 3

i ¢, = 1. CnegoBarenbHo, 4 = 1 u 21 = 1. Ilocne moacTaHOBKH
TIOJYYCHHBIX 3HAYCHUIN IEPEMEHHBIX I, #f, 2 B YpaBHECHUA CUCTEMBI
ybexmaemcd B ToM, uto Z; — 1, 4 — 1 U 21 — 1 aBngroTca ee
KOPHSIMH.

\/E‘F \/Z/Jrl:l,
ve+1+y—1

Pewernune. OO0nacThio JONMYCTUMBIX 3HAYCHUIA TIEPEMEHHBIX I, §f B CH-
cTeMe ypaBHeHUH sBisAwoTcd ¢ > 0 u y = 0.

Tak kak y 2 0, oy +1 =21 u v/y+1 = 1. C yuetom TOro,

yTo v/ > 0, moaydaeM HepaBeHCTBO vZ |+ /9y + 1 > 1. Ecau no-
Jy4eHHOE HepaBeHCTBO CPABHUTL C MNEPBBIM YpaBHEHHEM CHCTEMBI,
0 vV = 0w v/y+1—= 1. Orcrioga cnenyer, uto £, — 0 u 4, — 0.
HenocpencTtBeHHOM MNOACTAHOBKOM BO BTOpPOE YpaBHEHHE CHCTEMBI
yb6exmaemcsd B ToM, uto £, — 0, ¢ = ( gBISAOTCS KOPHSIMM 3aAaH-
HOW CHCTEMEI YpaBHEHUM.

168.

' |2y’ | 327 — 4,

169.
:ﬂ4+y4+z4 = 1.
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Pewenue. Bocnonbsyemcsi HepaBeHcTBoM Kommi— ByHsikosekoro (9),
TOraa

(2" + 2" +32°Y < (P + 22+ 3" +y' + 21 = 14z + ¢ + 2%,
Tak Kak MO YCIOBHIO
:E4+y4+z4 —1, ToO :ﬁ2+2y2+3z2 < V14,

OnHako 1o YCIOBHIO x’ + 2y2 + 322 = 4, T.e. x’ + 2y2 + 320 > v 14.
ITosToMy 3amaHHas cucTeMa YpaBHSHUH KopHeil He MMeeT.

2=,
r+2y+2z=3.

170.

Peienue. Vicrionesysi HepaBeHcTBO Koun— ByHsikosckoro (9) u rep-
BOE ypaBHEHHE CUCTEMEI, TTOJyYaeM

(4 2y +22) < (1P + 22 + 2°) (2" + y* + 2°) = 9.

Orcroga cnenyet, uto & + 2y + 22 < 3. Tak kKak mo ycJoBUIO
x + 2y + 2z = 3, To NpUMeHeHHOe BBIlIe HepaBeHCTBO Komm—
byHsiKoBckoro mpeBpaTuioch B paBeHCTBO. A 3TOT (haKT O3HAYAET,
YTO CYIIECTBYET KOHCTAHTA @ Takas, uTo £ = @, § = 2a U 2z = 2a.
Torga BTOpOE ypaBHEeHUE CUCTEMBI & + 2y + 22 — 3 nmpUHUMAET BUI

|
a+2(2a)+2(2a) = 3, U3 KOTOPOTO CJAESAYET, UTO & — 3 Torna x; = 3
2
H Y =z = g

HenocpencTteeHHOI moacTaHOBKOU yOexxmaeMcs, YTO HaliIecHHbIE
3HAYEHUd IIEPEMEHHBIX I, ¥, 2 ABIAIOTCSI KOPHIMH 3aJaHHOM CHUCTe-
MBI YpaBHEHUWM.

)+t e+ =1,
171. s 5 5 s
r+ X +x3+xy = 1 T2x324,

rac 331;09 372209 'CE?);Oa '1'420

Peiuenune. Vcnonpsys HepaBeHcTBo Kot (1) npu n = 5 u ToT dax,
9yTo 1 + &2 + 3+ 4 = 1, uMeeMm

5 5 5 5
ntontayt+ry—
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=Z1X2T3L4 =T T2X3L4 (581 +Zy+ 23 +334) =
=TI L2 T3L4 T+ 1Ty T2 T3L 4+ L1 LT3 L3L4 T L1 L2 X34 Ty <

1 1
< §($§+xf+x§+a:§+aﬁ) +§(a:f+a:§+:c§+a:§+a:i) +
1 1
+§Cﬁ+ﬁ€+w§+miﬂﬁ)+§Cﬁ+a€+$§+wihﬁ)—
—r a1

OTCIO,I[a CJIcAVeT, 4TO IIPUMCHCHHLIC BLBIIIIC HCPAaBCHCTBA Kommmn
HNpEBPATUINCE B paBCHCTBA, a4 3TO BO3MOXKHO JIMIIOb B TOM CJIy4dac,
Korga £y — Iy, — X3 = I4. OTCIO,I[EL H M3 IICPBOIa VpaBHCHMA CUCTCMEI

MOJNYYAEM L] = &y = L3 = Xq4 — 1

172. { ' =21,

Pewenne. llepenuiuem cucTeMy ypaBHEHUI B BUJIE

m:z2+1,
y:£2—|—19 (*)
z:y2+1.

Otcrona crnenyert, uto x > 1. Iyete f(x) = 2+ 1, Toroa us cu-

cTeMbl ypaBHeHHit (x) monygaeM x = f(z) = f(f(y)) = f(f(f(x))).
Tak kak pyHkuus f(x) = 2’} 1 aBaseTcs Bo3pacTawleil npu & > 1,
To dyHKuMoHaNbEHOe ypapHeHue f(f(f(x))) = x GymeT paBHOCHUIBHO

2
ypaBHeHUO f(x) = x, T.e. paBHOCIUIBHO ypaBHeHHIO &~ + 1 = z. On-
HAKO 3TO YpaBHeHHMEe KOpHeHl He MMeeT, IO3TOMY 3ajJaHHas CHCTeMa
ypaBHEHUN SIBISIETCS HECOBMECTHOIA.

Mpumevanue. llpu pemenuu cucreM ypapHeHHH 172—174 Uctionb3yercs clie-
ayiolliee yIBepxkienue: eciau GyHkims y = f(z) sBaseTcss BospacTalollein
Ha orpeske ¢ < z < b, to ypasuenue f(f(...(f(x))...)) = & paBHOCHIHHO

i
7 paz

ypaBHeHHIO f(2) = 2 Ha paccMaTpHUBacMOM OTpeske a < z < b.
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r— .y =1,
173. { v— vz — 1,
z— T = 1.

Pewenue. llepemnuiieM cUCTEMY YpaBHEHHMI CIeOVIOLIUM 00pa3oM:

33:\/?+19
y=vz+1, (%)
2=z 1.

OueBunHO, uTo * > 1. BBememM B paccMoTpeHHe (DYHKUHIO
f(x) = VT + 1, o6nacTeio ompeneneHus] KOTopoil sBisitotest & > 0.

OuesunHo, uto 31ech & = f(y) = f(f(2)t) = f(f(f(x))), T e. umeer
Mecto ypasHenne x = f(f(f(x))).

Tak kak ¢yHkuma f(r) = VZ + 1 aBiagerca BospacTamomIei
Ha obyacTu ee ompeaeNeHus], TO ypaBHeHUue T — f ( f ( f(ac)) ) paB-
HOCHMJIBHO ypaBHeHHuo £ = f(x) mmm x = /x + 1.

TMoce Bo3BeIeHNs B KBampaT o0eHx yacTell ypaBHeHHd = — | — /&
MoJayJ4aeM KBaapaTHOE YpaBHEHHE -3+ 1= 0, koTopoe uMeeT

3445 3—+/5

nr —
2 2
JAIMAM ABJIACTCH TOJBKO IICPBBIM KOPCHBb 3TOI'C YpaBHCHUMA. HpOBG,[[H

3443

AHAJIOTUYHLBIC PACCYXOCHHUA, ITONYIAEM U — 21 — .

JIBA KOPHU | — . Tak kak & = 1, To moaxo-

2
2 4 3% = §Y,
174. { 2V +3¥ = 5°,
¢ 43 =57

Pewenune. llepenuiiieM CHCTEMY YpaBHEHHI KakK
y = logs(2° +3%),
z = logs(2¥ + 3%), (%)
x = logs(2° + 3%).

ITycts f(x) = logs(2° +3%). Torma y = f(x), z = f(y), = f(2)
M CHCTeMa ypaBHeHHii () MpUHMMaeT BUI GYHKUMOHAIBHOIO ypaB-

werna f(f(f(z))) = z.

[MockoneKy dyHKIUA ¥ = f(x) ABIAETCA BO3pacTaIOLIel Ha Beei
ocu O X, To ypaBHeHue f ( f ( f (:E)) ): £ PAaBHOCHJIBHO YpaBHEHUIO
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f(x) =z, te. logs(2* + 3%) = z u 2° + 3" = 5°. Orciona nonyyaem
2\* 3\*
z 2} -1

(5)+(3)

2\* 3\
OueBUIHO, YTO KOPHEM YpaBHEHUS (g) -+ (§> — 1 gBns-

ercd r; = 1. IlpudeM 3TOT KOpeHb eMUHCTBEHHBIH, TaK KaK B 3TOM
VpaBHEHUM JieBasg 4acTh IIpecTaBIsaeT co00l HelmpephIBHYIO U YObI-
BaIONIyO (PYHKIIMIO, a MpaBad 9acTh IBISIETCS KOHCTAHTOM.

ITpoBenst aHaJTOTWUHEIE paccy:KOeHHUS, JIeTKO YCTAHOBUTH, YTO
KOPHSIMH 3aJaHHOU CUCTEMBI YpaBHEHUI SIBISIFOTCSA £ = ¥, — 21 = 1.

y
\/__ \/z_,:log?) E:
2T gt =54,

175.

Petwuenue. M3 nepeoro ypaBHeHHUd cucTeMbl monyvyaeM £ > 0u ¢y > 0.
Hanee, mpeacTaBUM OaHHOE YpaBHEHHE B BHAE PaBHOCHJIBHOIO
ypaBHEHUS

vV +logs x — /y + logs y. (%)

Honoxum f(x) = v/ +log; x, Torma ypaBHeHMe (*) IPUHUMAET
Bua dyHkuuonaneHoro ypaeHenust f(x) = f(y). Tak kak dyHKuuMs
y = f(x) sBAseTCs BO3pacTalole 11 MoObIX £ > (0, To U3 ypaBHe-
Hus f(x) = f(y) cienyer x — y. B 5Toii CBsI3U U3 BTOPOTO ypaBHEHUS
cuctembl monyuaem 2% | 8% — 5.4% Ecau nonoxuts z — 2%, To
MMeeM KyGHuecKoe ypaBHeHHe 2° —5-2° +4z — (1, KOpHSIMH KOTOPOTO
apastorest 2 — 0, 2o — 1w z3 — 4.

Takkak 2 = 2wz > 0, T0 2 > 1. [Mostomy 2* — 4 u z; = 2.
ITockoneky =y, TO ¥ — 2.

3z —y
Tr AT

176 vy
' :L'+3y70

Pewernue. OOMacThio IOMYCTUMBIX 3HAYCHUN TTIEPEMEHHBIX I, i/ B CH-
CTeMe YpaBHEHHUU SBASIeTCI MHOXECTBO BCeX IIap JeCTBUTEIBHBIX
qucen, KpoMe napel £ =0 u y = 0.
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Harnee, nepBoe u BTopoe ypaBHEHUS CUCTEMbl YMHOXWAM Ha T U 4,
cooTBeTcTBeHHO. Ilocie 3Toro ciaoXuMm IoJydeHHBIE JIBA YpaBHEHHUS

Bz —yy - (z+3y)z
2+’

Y TONYYUM 22y + = 3y wmu 2zy — 1 = 3.

|
+ —

3
Tak kak y # 0, 10 * = R Torma mepenuieM BTopoe
Y

YpaBHCHHMC CHCTCMEI KaK

y(m2+y2)—m—3y:0,

3+1_2+2 L S
Y\\2724) Y 1) YT

158051
4y —3y° —1=0.
Orcroga nmonyvyaem y2 = 1wuiy =1, yp = —1. INockoabky
3 1
$_§+@,TO$1=2H$2_1.

177. Ilpu Kakux 3HaYeHUSX IMapaMeTpa ¢ CUCTEMAa YpaBHEHHUA

{w—yaﬂ+wm,

NMECT C,E[I/IHCTBGHHHﬁ KOpeHB?
zy+zrz+y+2=20

—r—2

z+1
Tak kKak * — —1 He gBIAETCS KOPHEM 3aJaHHOM CHCTEMBI YpaBHEHUM
(B 9TOM JIeTKO YOeIUThCS MMOICTAHOBKOH £ — —1 BO BTOpOE YpaBHEHHE
CHCTEMBI), TO Monaraem, 4to & 7 —1.

Pewenue. V3 BTOporo ypaBHeHHUsI CHCTEMBI MTOJYyYaeM §f =

-z —2
ITocne nmoacTaHOBKH BBIPDAXKCHHUSA Y — T B IICPpBOC YpaBHC-
x
HHUC CHCTCMEI ITOJIY4acM KBaApPaTHOC YpaBHCHHUC OTHOCHUTCJILBHO IICpC-

MEHHOH I, T. €.
e+ +z@t+2)+2-—a=0 (%)

Ecnu ypaBHeHHe (%) MUMeeT eQMHCTBEHHBIH KOPeHb (OTIHYHBIIA
oT —1), TO MCXOIHAsSI CHCTEeMA YPAaBHEHMIil TAKkKe OYIeT UMETh eqVH-
CTBeHHBII1 KOpeHb. s 3TOro HeoGXOOMMO HAMTH Te 3HAYEHHS a,
MPpH KOTOPBIX AMCKPUMHHAHT ypaBHeHus (x) obpamaercs B 0. Tak
kak D = (a +2)* — 4(a + 1)(2 — a) = 5a” — 4, To HeoGXoAUMO pac-

2
CMOTPETh YPABHEHUE Sa° — 4 — 0, otkyna moayyaeM ¢ — = —.

V3
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Takxke ypaBHeHHe (%) MMeeT eIWHCTBEHHBIH KOpeHB (a BMecTe
¢ HUM UMeeT eMUHCTBeHHBIN KOPeHb U 3alaHHasl CUCTeMa YpaBHeHU M )
B TOM cliyyae, KOra ypaBHeHHe (%) SIBIsIETCSl yPaBHEHHUEM IIepBOM
CTeleH!, a 3ToT (akKT UMeeT MecTo Ipu @ — —1.

M, HakoHeIl, cMcTeMa YpaBHeHHH MMeeT eTMHCTBEHHBIH KOpeHb,
KOTJa ypaBHEeHHUE (%) XOTS M MMEeT JABa KOPHs, OIHAKO OUH W3 3TUX
KOpHel SBIseTCS «3allpellleHHBIM» JIIS 3aJaHHOIl CHCTeMBl ypaBHe-
HUl, T.e. x — —1.

PaccMoTpuM, NpU KaKKUX 3HAYCHHSIX MapaMeTpa @ ypaBHEHHUE (x)
nMeeT KopeHb, paBHBIM —1. C 3Toil Lenpio MOACTABUM 3HAYeHHe
xz = —1 B ypaBHeHHe (*) W BEIYUCINM 3HaueHHe TapaMertpa a. MTak,
HMeeT MeCTO

l-(a+1)—1-(@+2)+2—a—0,
a+l—a—-2+4+2—-a=0, wm a-=1.

CJIC,[[OB&TCJIBHO, 3agaHHadad CHUCTEMa ypaBHCHI/Iﬁ HMCECT POBHO

OIWH KOpPeHb, €CIi & — T — u a — *1.

V5
178. Ilpu Kakux 3HaYeHUSIX IMapaMeTpoB @, b ccTeMa ypaBHeHHH
ryz +z —a,
2 .
Ty +2z2 = b, AMeeT eJMHCTBEHHbIA KOPEHb?
2, .2, .2
r+y +z27 =4

Pewenue. T1ocKoIbKy mepeMeHHBIE I, Y BXOOAT B CHCTEMY VpaBHE-
HHUIT CHMMETPUYHO W, KPOME TOTO, CHCTEMA He M3MEHUTCA, €CIIH B HEl
3aMeHHUTE TlepeMeHHbIe X, ¥ COOTBeTCTBEeHHO Ha —Z, —%, TO eIHH-
CTBEHHBII KOpeHBb CHCTEMBI YpaBHEHHI HeoOXOOMMO MCKATh B BUIE
(0,0, u).

IlogcraBum £ — y = 0 U z — u4 B CHCTEMY ypaBHEHHii, Toraa
IONYYUM @ — b — u 1 z — +2. ClaemoBaTenbHO, I14 TOTO, YTOOHI CH-
cTeMa ypaBHEeHHH (*) MMelna OBl ¢MIHCTBEHHBIH KOPeHb, HEOOXOIUMO
MOJOXUATE ¢ —b—2ma—b— —2.

Ilycte @ — b — 2, Torna cucteMa ypaBHEHMII TPUHUMAET BUI

Yz +z2 =2,
ryz’ 2 =2, (%)
4y 2 =4
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OfHaKo CHCTeMa YpaBHEHUU (*) MMeeT CIeAyIolHe MATh TPOeK
KOpPHEN:

mmﬂ%(¢i+%vi—%£)(vi—avé;1ﬂ)

6;@+1_x5—11) ; 635—1_ﬁ5+1ﬂ)

2 7 2 2 7 2
ITycte Temeps @ — b = —2, Torga 3amaHHAag cHCTeMa YpaBHEHHH
MMECT BUA
ryz +z — =2,
zy2’ + 2z = -2, (%x)

2, .2, 2
r+y +z2 =4

Tak Kak crucTeMa ypaBHEHHH (**) NMeeT eIUHCTBEHHBIN KOPEHD

ry = iy = 0 un 2 = —2, TGO MOXHO I€JIaTh BBEIBOIO O TOM, YTO

3aJJaHHasl CHCTEMA YpaBHEHHI MMeeT eJUHCTBEHHBINH KOpPeHb TOJBKO
npu a = b = —2.

§ 2.10. PeweHne HepaBeHCTB

179. v1—x > 2x | 8.

Pewenue. PaccMoTpuM Tpu cniocoda pellieHUsI HepaBeHCTRA.

Choco6 1. O01acThiO NONYCTUMBIX 3HAYEHWH MTepeMEeHHOM & B He-
paBeHCTBe ABIAI0TCA £ < 1. JleBasd 4acTh HepaBeHCTBAa HEOTPHUIIATEIb-
Ha, [I03TOMY 3aJJaHHOe HepaBeHCTBO OyIeT 00s3aTeTbHO BBIITOIHITHCS
MpH TAaKUX 3HAYeHUsIX 2 (M3 06MacTH NONMYCTUMBIX 3HAYEHMIi), TpH
KOTOpPBIX IpaBasi 4aCcTh CTPOro MeHblie Hys. C 3TOH LieTb paccMOT-
pUM HepaBeHCTBO 22 + 8 < 0, U3 KOTOpOro CleyeT, YTO HePaBEHCTBO
r < —4 ompenenseT MHOXECTBO pellleHWI 3alaHHOrO HepaBeHCTBA.

IIycte Tenepp —4 < & < 1. BosBengeMm o0e 4yacTH HepaBEeHCTBA
B KBaJpaT, TOrjaa

1—z > (2z 1+ 8)°,
4z° 1332 1 63 <0 wim
1
—S5-<z< -3
2 z

Tak kak —4 < z < 1, To pelleHHEeM HepaBEeHCTBA SIBISIFOTCS
—4 L x < =3,
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CrnenoBaTelbHO, HepaBeHCTBO V1 — & > 2z + 8 BBINOIHAETCS
Jnd m0eIX £ < —3.
Cnocot 2. IlpencTaBuM 3aJaHHOE HEPaBEHCTBO B BUC

Vi—-z > -2(1-2x)+ 10. (%)

Ecnu 0603Ha4nTh V1 — & = ¥, TO HEPABEHCTBO (%) MPUHUMAET
BUO Y > —2y2 + 10 nmm 2y2 + 4y —10 > 0, tne y > 0. Pemasa
KBaIpaTHOE HEPABEHCTBO C YU4E€TOM TOro, 4to ¢ = {}, monyvyaem y > 2.

Tak kak V1 —z =9y, 10 V1 —2 > 2 mm z < —3.

Cnoco6 3. PaccMOTpUM ypaBHEHHE
vi—z=2x+8 (%)

¥ TTOI0OPOM YCTAaHOBUM, 4TO I = —3 SIBISIETCS €r0 KOPHEM.

OGosHaunm f(z) = v 1 —z u g(x) = 2z + 8. TlepBas byHKIHs
HeTpepEIBHO yOBIBaeT (Mpu ycioBuM, uTo £ < 1), a BTOpas ¢yHK-
1Sl — HeMpepBIBHO BO3pacTaeT Ha Beeil yucnoBoit ocu OX . B sroii
CBSI3M X1 — —3 OYIeT eOMHCTBCHHBIM KOPHEM YPABHEHHUS ().

Kpowme Toro, ectu x < —3, 1o f(z) > f(-3) u g(x) < g(-3).
Tak xak f(—3) = ¢g(—3), To McKoMoe HepaBeHcTBO f(x) > ¢(Z)
BBIMONHSIETCST JUIS IIOOBIX & < —3,

MpumevaHue. IlepBBlid crioco® peleHHs HOAOOHBIX HEPABEHCTB SIBIISIETCSI
foee VHUBEPCATHHBIM M0 CPaBHEHHIO ¢ IPUMEHEHHEM OCTATRHEBIX CITOCODOB.

180. vz 13 | V9 — =z < V3.

Peiuenye. O01acTbIO JOMYCTUMBIX 3HAUEHUH epeMeHHON T B Hepa-
4
BeHCTBE ABMAIOTCI —3 <2 < 9. Takkak vz +3>20m v9—zx = 0,

TO U3 3aJaHHOTO HepaBeHCTBA CIENYeT, YTO \/4 9—z <V3iuvr+3<
/3. I3 mepBoro HepaBeHCTBa oyYaeM & > 0, a U3 BTOPOTO CIENYeT,
yro £ < 0. Takum obOpazoM, MOAYYWIH JBA IPOTHBOPEUYMBEIX YCJIO-
BH, a 3TO O3HAYaeT, YTO 3aJaHHOe HepaBeHCTBO pellleHUs He UMeeT.

P gy
181. Y <3
xr

Pewuernune. Ilockoneky 1 — 4z > 0wu x # 0, To 00MACTEIO JOMYCTH-

MBIX 3HaYeHUI TIepeMeHHOM £ B HepaBeHCTBe aBasiorcd 0 < || < 3
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B neBoii yvactu HCpaBCHCTBA YMHOXHWM YHMCIHTCIE 1 3HAMCHATCL

apobu Ha BeIpaxeHne | | v/ 1 — 4x?, KoTopoe MPUHNMAET TOJIBKO
MOJIOXKUTENEHEIE 3HAYeHUsI, U MTONYYUM HepaBeHCTBO

4x
< 3.
1+ 1 —42?

()

IMockoneky |z| < 7 TO YHCIUTENb ApOOH B HepaBeHCTBE (%)

HC ITPCBOCXOONUT 2, a 3HaMCHAaTCIb ITPp1U 3TOM HC MCHEIIIC 1. HOBTOMY
HCPaBCHCTBO (*) HMeeT MeCTO Ha BCell M3 001acTH JOITYCTHUMEIX 3HA-
YeHU HCpGMCHHOﬁ X B 3a0aHHOM HEpPaBCHCTBC.

CJIB,[[OBaTeJIBHO, PCIICHUCM HCPABCHCTBA ABIAKOTCA ITPOH3BOIIB-

Hble 3HAYeHUs I, YAOBIETBOPSIOIINE ABOHHOMY HepaBeHCTBY ( <

1 1 1
<=, Te —— < Ou o < -,
x| 2,TC 5 r<0unld<ax >

182. V2 —z — V4 —z < 3.

Pewenue. O01acTh TONMYCTUMBIX 3HAUCHUI IepeMeHHOI I B Hepa-
BEHCTBe onpeaeisieTcs, Kak £ < 4. [IpuBegeM HepaBeHCTBO K paB-

HOCUJIBHOMY BUAY \/3 2—x < v4—x+ 3, a 3aTeM 00e ero 4actu
Bo3BeaeM B Ky0. Torma

2-x<(d-x)Wh—-2+94—x) +27vV4—z 1+ 27.

OT1croga noaydyaeMm

1 S 8t — 61 ( )

- > —. *
31 —x

Tak kak 2 < 4, To npaBasi 4acTh HEpaBeHCTBA (*) CTPOT0 MeHEIIIe

Hy/1s1. Ecim nipu sToM yuecTs, uTo V4 — x > 0, TO HepaBeHCTBO ()
CIpaBSIIABO I1d MIOOBIX £ M3 00JacTH JOIMYCTUMBIX 3HAUCHUIA.
HTak, pellieHHeM 3aJaHHOIO HepaBeHCTBA ABIAIOTCA T < 4.

183. Vi—z -\ 14Va 12—z <4

Peurenue. O061aCcThIO JONYCTUMBIX 3HAYeHHW MepeMeHHOM I B He-
paBeHcTBe ABIAOTCI —2 < & < 1. IlepemnuiiieM HepaBeHCTBO B BUIIe

\/1—:1:<\/1+\/:L'+2—m+4.
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BOSBCI[CM B KBaaparT o0e gacTH HCPpaBCHCTBA, TOTOA

1—m<1+\/33+2—x+8\/1+ r+2—x+ 16,
\/a:+2+8\/1+\/a:+2—a:+16>0.

Tak Kak neBas 9acTh IMMOJNY4eHHOIO HepaBeHCTBaA CTPOro OOJbIIe
HYJI I 11000T0 £ U3 00JacTH JOIMYCTUMBIX 3HAUYCHHU, TO pellleHHEM
3aJJaHHOTO HepaBeHCTBa SIBIsIIOTCS —2 < & < 1.

2+\/4—m2+\/2—\/4—x2 y
2 2 ”

184. xz.

Petwernune. OO0GnacTpi0 HJONMYCTUMBIX 3HAYEHHH IMepeMeHHOH & B He-
paBeHcTBe ABISIOTCA —2 < & < 2. [locKOABKY HepaBeHCTBO BHITION-
HieTcs npu ¢ = 0 (B 9TOM HeTpyaHO ybenuThbesi, moacTapiss £ = 0
B HMCKOMOE HEpPaBeHCTBO), TO OyleM paccMaTpMBaTh Ciydail, Korma
0 < |z| < 2.

HepeHI/IUICM HCPpaBCHCTBO B PpaBHOCUJIBHOM BMIAC

I\ VAT
m<(1+—) —I—(l——) .

> 5 ()

4 — 2
Ecau 0 < |z| < 2, TO — < 1. B 3TOii cBA3U K IpaBoil ya-
CTH HepaBeHCTBA (*) MOXHO MPUMEHHUTh HepaBeHCTBO bepHymmu (8).
Torna
a2\ Va—zZ\ Va—z? Va—z?
14+ ——- +1—— <l+—Ft1-—=

2 2 4 4 >

Otcrona 1 13 HepaBeHCTBa (%) monyyaem & < 2. CrenoBareibHO,
HepaBeHCTBO BBITONHSIETCS Ha Bcell 00MacTH TOMYCTHUMBIX 3HAYeHMIA
MepeMeHHOM X, T. €. pellleHHeM 3aJaHHOTO HepaBeHCTBa SIBISIOTCS
—2< <2,

7
185, ——— >z 1 2.

Pewenne. Tax xak mnpaBasi 4acTh HepaBeHCTBA GOJbIIE WIH paBHA
0, To TakoH HOMXHA OBITH K JIEBasi €r0 4acTh, a 3TO O3HAYAET, 4TO
-1 —-3>0uwm |z —1| >3, Te. < —-2wu x> 4. Paccmorpum
ABa Cydasl.
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1) Mycte x < =2, torna |[x—1| = l—x u |z+2| = —x—2. B Takom
caydae 3aJaHHOe HepaBeHCTBO NMPUHUMAET B
/ > 2
— _LE —_ R
—z -2

rae —x — 2 > 0. Orcroga nmony4aeM KBaJpaTHOE HEPaBEHCTBO
P 4dr—3<0 u —2-Vi<z<-2+V7.

Tak Kak paccMaTpUBaeTCA CIyIail & < —2, TO pellleHHueM 3aIaH-
HOTO HepaBeHCTBa SIBISIOTC —2 — V7 < & < —2.
2) Myctb x > 4. Brakom cnyae |z — 1| =z —1, |z + 2| =2 + 2
7

1 UMeeT MECTO HepaBeHCTBO Zzxr+2, tme x—4 > 0.

xr—4 ,
OTcroga ciaenyeT KBajapaTHOe HepaBeHCcTBo =~ — 2 — 15 < 0,
pemas Kotopoe moiaydaeM —3 < x < 5. Tak kak z > 4, TO
pellieHrneM 3aJJaHHOr0 HepaBeHCTBA SIBSIIOTCS Takxke 4 < & < 5.

186. =+ + vz -y —1<1.

Peluenune. HOCKOJIBKY BBIPAKCHHEC 1104 3HAKOM KBaOpdTHOI'C KOPH:A

He MOXET OBITh OTPULIATENBHEIM, TO T — y2 —1>20umx > y2 + 1,
T.e.x > 1.

Takkak £ > 1,4 > 0u 2z —4>—1>0, 10

sty P Ve 12119y 1 Ve—-9>—-1>1.
OTCIO,Z[E[ H U3 3aJaHHOI'0O HEPaBCHCTBA ITOJYYIACM YPaBHCHHEC
rty tvr—ygr—1-=1 (%)

OpnHaKo paBeHCTBO B YPABHEHHH (*) IOCTUTAaeTCsl TOJBKO B TOM
cayyae, korga £, — 1w y; = 0.

an/IMe'-IaHI/Ie. I[aHHOG HEPpaBCHCTBO MOXHO PCITHUTL HECKOJIBKO MHAaYe, I[.HH
TOroO 1IICPCIIMIICM HCPpAaBCHCTBO B PaBHOCHIIEHOM BHIC

Ve-y—1< 11—z -y

O1crojla, UCIIONB3YS CBOMCTBA KBaJIpaTHOIO KOPHS, HOJIydaeM CUCTeMy Hepa-
2

BCHCTB
r—y —120
1—m—y2 0,

peltieHHeM KOoTopol aABstoTes £, = 1 u gy, = 0.

VoW
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§ 2.11. MNMokasaTenbHble U norapupmMmnyeckmne
ypaBHEeHUS

187. 6* — 2% — 32,

Pewiernye. IlonbITKM HaWTH KOpeHb YpaBHEHHS OOBIYHBIMH METO-
JaMH 30cCh HUYEro He AaayT. B To Xxe BpeMs HETpyOIHO 3aMETHUTh,
9TO I = 2 yOOBISTBOpseT ypaBHeHHIO. IlokaxkeMm, 4To Apyrux Kop-
Heil HeT. [l sToro obe 4acTU ypaBHEHMs pas3fenuM Ha 2°, Toraa
3 1= %

JleBass 9acTh MONYYEeHHOIO YpaBHEHHUS SBISAETCS HeMpepBIBHOM
1 BoO3pacTalomieil Ha Bcell umcnoBoit ocu OX ¢dyHKUUeH, a npaBas
JacTh — HEMpephIBHON W yObIBaromiel ¢pyHKIMel. IlosToMy 5T0 ypaB-
HEHHUEe UMeeT He OoJiee OTHOTO KOPHIL.

CrnenoBaTelbHO, 3aJJaHHOE YPaBHEHHE MMeeT €AMHCTBEHHBIH KO-
peHb I = 2.

188. 9% | 6 — 2%,
PetwueHue. Hpe,I[CTaBI/IM YpaBHCHHC B PaBHOCUJBbHOM BHAC
(3%)? + (2%)(3%) — 2(2%)* — 0.
3aTreMm o0e YacTH ypaBHEHHS paslelduM Ha (236)2 A 0003HAYUM

3 &
(5) = g. Toroga mony4uM KBaJpaTHOE YpaBHEHHUE y2 +y—-2=0,

KOPHSMM KOTOporo gpiusored 4 — 1 u ¢y, — —2. Tak kak y > 0, TO

(§)$1nx10.
189. (\/2+\/§)x+( 2—\/§)$—4.

& €
Pewienne. HetpyaHo BumeTs, 9to |4/ 2 + V3l - V2- V3| =1.

[TosToMy, ecin 0003HAUUTH MEPBOE cilaracMoe 4uepes i/, TO BTOpPOE

1
ciraraeMoe OymeT paBHO —. B 3Toli cBA3M 3amaHHOe ypaBHeHUE TPH-

1
HUMaeT BUI y + — — 4.
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KopaaMu ypaBHeHHA y2 -4y +1 = 0 6ymyr o1 = 2+ V3
-1
x

Tak kak (\/ 2+ \/g) = 4/, TO PacCMOTpPUM JBa YPaBHEHUHA
& & -1
(\/2+f3) =2+V3mn (\/2+\/§) —2-V3= (2—|—\/§) .

W3 mepBoro ypaBHeHHA ModydaeM X; = 2, a U3 BTOPOro YpaBHEHMSI
Iy — —2.

190. (26 + 15V3)" —5(7 + 4V3)* 1 6(2 + V3)* + (2—-V3)" =5.

Pewenne. O6o3naunm (2 + v/3)° =y, Torna

1 1VE =y T4V =i -V -
Y ypaBHeHHe MIPUHUMAaeT BH/
gyt =5y +6y* —Sy+1=0. (%)
[TockoneKky ¥ # 0, To pazmennM obe 9acTH ypaBHeHHS (*) Ha Yy’

1 0003HaUUM ¥ + — = z, TOrJa MOAYINM

Sy i6—2 4~ 0 (2+1) 5(+1>+6 0
¥y =Yy -y =Y gy v =)= 2lyr = =Y,
y oy Y y
(2" =2)—52+6=0, mm 2z —52+4=0.
KopHsaM1 KBaapaTHOro ypaBHEHM S 22— 52+ 4 — 0 apmstioTest

z1 = 1w 2z = 4. Ilockonbky z = 4y + — u y > 0, To cornacHo
Yy

HepaBeHcTBY Komm (3) umeem z > 2. Ilostomy z = 4, y + — = 4

1580 y2 — 4y + 1 = 0. Orcroma nonygaem

1
2 1V3
TaKKaKy:(2+\/§)£, oz —=1nx —=—1.

191. 4° —(7—2)2" + 12— 42 — 0.

y1:2+\/§ | y2:2—\/§:
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Pewernne. PaccMoTpuM 3ajaHHOE ypaBHeHHE B BHIE KBagpaTHOIO
x

ypaBHeHUsI OoTHOCUTeNbHO 27 . Torma KOpHIMH 3TOro ypaBHEHMS SIB-

JSTIOTCS

7—x+/(7T—1x)2—4(12 - 42) B

X
(2%)12 = 5
T—z+vVa? 2z +1
- 5 -
T—ztlztl] T-zx(x 1)
2 2

Orcroga monydaeMm

7 — 1

7|
2
T—z—(x+1
2 = (z+1) —3 -z
2
KopHewm ypaBHeHus 2° — 4 sapnsiercst ¢; — 2. YpaBHeHUe
2Y =3 -1z

nMeeT He OoJjiee OOHOIO KOpPHS, MOCKOJBKY €ro Jepas 4acTh IIpej-
CTaBAgeT cO00H HeMpephIBHYIO U BO3pacTaIOIyio (GYHKIIHIO, a IIpaBasi
JacTh — HEMpPepbIBHYIO U VOBIBAIONIYIO (PYHKIIMIO HAa BCell YMCIOBOI
ocu OX . DTOT KopeHb T — 1 MOXHO JIerKO HaiiTh Moa0OpOM.

192. (%)Hl + (%)x ~V2- (?)x ~ 1.
Pewene. TIpeoGpasyeM ypaBHeHMe CIEAYIOIIAM 00Pa3OM:
RO CIORR
SORRORCRICIR
@) )

+
=
ol =
~—
TN
(S
~—
A~

S
AN
Sl -
SN’
&

L
N
L
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(55 () 1)
V2 \V2
1 1Y 1N\ /1Y
x| —=-—=) + +1+\/§-(—) (—) )—0. .
(5(5) Vi) 3 )

T : (l)ﬁ 1+\/§<1)$<1)$>0
aKk KakK —— —— . —— - ,TO Hnu3 aB-
\/i 2 \/j 3 P
I

+
1 1
HeHus (%) mosydae : — 1 = 0, xoTopoe paBHOCHUILHO

=
|

1 z -1
YpaBHEHHUIO (E) = (—) . Otcropa caenyet, uto 1 = — 1.

1
193. 22/% L 2o 4.
xr

Pewenne. TIocKonbKy mpasas 9acTh ypaBHeHud 6oiblie 0, To 2 > 0.
OLieHUM CHU3Y JIEBYIO YacTh ypaBHEHMS, UCIIONB3Ys A 3TOrO Hepa-
BeHcTBa Ko (2) u (3), crenyomum odpasom:

! I
2 —2% > 2\/(3;21/:5) (227) =2Vt 22V -4
T r

OTCIO,I[a N W3 3aJaHHOI'0 ypaBHCHUA CICAYCT, YTO ITPUMCHCHHEIC
BHIITIC HECPABCHCTBA Kommu o6pama10TC}1 B paBCHCTBA, a4 3TO O3HAYACT,
YTO NMECT MCCTO CHUCTCMaA ypaBHeHI/Iﬁ

1
22V = 1/22°,
1
T+ — =2,
"
KoTopad HMCCT C,Z[PIHCTBCHHBIfI KOpPEHE 1 — 1. HOI[CTaBJIHH 3HAYCHIIC

r = I B 3aJaHHOC YpaBHCHHC, y6C}K,I[aCMCH B TOM, 4YTO HallgeHHOE
SHAaYCHHS & ABJACTCA ¢Io KOPHCM.

194. 2171 1 — 22 4

2?1

Pewenune. IlepenuiiieM ypaBHEHHE B BUJE

p A R RS

: ()

|
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Tak Kak |z| > 0, To AJsI IeBOW YaCTH YpaBHEHUS (%) MMeeT MeCTo

Lo | 1
BEPXHSS OLIeHKa 2 2] < 27 = 2. IlpaBy1o 4acThb 3TOI0 ypaBHEHMSI
OLICHNM CHU3Y, HCIONB3ys HepaBeHeTBO Kormmm (3), T e.

)

2
€Z 1 =
+ +33‘2+1

OTcrofa cienyer, YTO PaBEHCTBO B YPABHEHUU (%) MMEET MECTO TONBKO
B TOM ciyuae, Korjga o0e ero 4acTy paBHBI 2.
CnenoBaTebHO, MMOAYYAaeM CHUCTEMY ypaBHeHUI

2kl g

bl

1+

b

2+1

KOTOpad NMCCT ¢IUHCTBCHHBIN KOpCHE &1 — 0.

o5, £ (2}
"1 \7)

Petuernune. O0nacThio JOMYCTUMBIX 3HAYSHHUIH TIEpeMEHHON T B YpaB-
HeHUU SBsiroTes £ > 0umw ¢ /1
[IponorapudgpmMupyeM o0e 4acTH ypaBHEHMSI [0 OCHOBAHUIO I, TOrIa

2
log, z — log, 14 =log, 4 - log, 7
1 —log, 2 —log, 7 = 2log, 2 - (log, 2 — log, 7). (%)
O6ozHaunMm log, 2 = a u log, 7 = b. B TakoMm cny4yae ypas-
HeHMe (*) MOXHO Mepenucatbh, Kak 1 —a — b — 2a(e — b) unu
2a° —a(2b—1) 1 b—1—0.

Pemas KBaJIpaTHOC YVPaBHCHHC OTHOCHTCIBHO HCpCMCHHOfI a,
ImoJaIvy4yacm

26— 1+ +/(2b—1)2 —8(b - 1) _ 2b-1£(2b-3)

h2 = 4 4
PaccMoTpuM Ba ciayyast.
2b—1+2b-3
1) Eciu a = 1— —b—1, 0o log, 2 — log, 7 — 1,

| — =1 = -
0 ni x .
ng : 2
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26—-1—-2b+3 1 1
2) Ecin o = 2 il _E,Tologl,Z_E,\/E:ZHJH/I

Ly — 4,
196. V%> | Vit _ 5 /5

Pewenue. O01acThIO JOITYCTUMBIX 3HAUSHUI IepeMeHHOI & B ypaB-
HeHUMN gBasgioTcd x > 1. Mcmonb3yd cBoiicTBa nmorapugmoB, IIpe-
o0pa3yeM MepBoe claaracMoe B JIEBOH YacTH YpaBHEHHS CJEIYIOIIHM
obpaszoM:

l,\/logg 5 mlog@ 5/,/logg 5 _ mlogg S4/logsa (xlogz 5)\/10‘-35 T 5\/log5 &

OTCIO,I[a CICOVCT, YTO 3a0aHHOC VPaBHCHHC PaBHOCHUIBHO YpaBHC-

1 1
Huio 3V'°5 % — /3 u3 kotoporo monyuaem +/logs & — 3 logs z — -

4
I/I.CE]:%.

Mpumevanue. Ilpu perieHuu IPUBEISHHOIO BEIIE YPaBHEHUS ObUIO HCIIOIb-
30BaHO OJHO HMHTEPECHOC CBOMCTBO JIOTApPH(MMOB, KOTOpPOE IIOJIC3HO 3HATH
CTapIICKIACCHHUKAM.

.\,"1 [
Foma>1lub>1,10aV ™ = bV Jlng noxkasatenncTsa jad-

HOTO PaBeHCTBA IIPOIOTapUMUPYEM TI0 ocHoBaHH0 b 06¢ ero gacTu. Torma
1

v/log, b-log, a = +/log, a. Taxk xak +/log, b = T’ TO
08 4

1
+/log, b log, a = ﬁ -log, @ = +/log; a.
b

197. 48% _ 37 1 2% _ g,

Pewenue. O01acThIO JOIYCTUMBIX 3HAUEHUI MepeMeHHOR & B ypaB-
HeHUU gaBisgiored x > 0 u x £ 1.

CornacHo dopmyine (17) umeem 4% — g'#*

. B Takom caydac 3a-

JlaHHOE ypaBHeHHe mpuHuMaeT By 4£% —32 4% — 0 ynu 4'5% — 16.
Orcropa cnenyert, uro lgx — 2 i 1 — 100.

198, 48172 — (052 4 24 | 582,

Pewenue. O01acThIO AOITYCTUMBIX 3HAUEHUH MepeMEHHOR 2 B ypaB-
HeHuu saBisoTes & < 1. B cootBetcTBUM ¢ hopmyoii (17) ypaBHeHuUe
MOXHO TIepelncaTh Kak

glogs(1-2) _ 210g3(2132—|—233—|—5) y2logy(1-x) 210g3(2m2+2x+5)_

NI
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Orcroga monydaeMm

2logs(1 — ) = logs(22° + 2z + 3),
(1—x)” =22" 42z +5,
:v2—233+1:2332+2m+5,
' tdr+4—0 wm (z+2) =0
OTCIO,I[a CICOYCT, YTO KOPHCM 3aJaHHOTO VPAaBHCHHUA ABIACTCA
r = —2.

199, 3lgz’ —Ig’(—z) = 9.

Petwernne. OGnacTth JONMYCTUMBIX 3HAYEHHUH TepeMeHHONH T B ypaB-
HeHWHU omnpeaensercad HepaBeHcTBoM & < (. IlpuHMMas BO BHMMa-
Hue dopmyny norapubmupoBanus (16), 3amaHHOe ypaBHEHHE MOX-

HO mepemucath Kak 6 lg |x| — lg*(—x) == 9. OTciona ¢ yueToMm ToroO,
ato x < 0, momygaem 6 lg (—xz) — lg*(—z) — 9, (Ig(—z) — 3)" — 0,
lg (—x) = 3 wnu x; = —1000.

1 2
200. I (& +10) + Slga” =2 lg4.

Petwuernue. OO0nacThbIO JOMYCTUMBIX 3HAYCHUI TIEPEMEHHON & B YpaB-
HeHuH siBrsitoTest x> — 10, tme x # 0.

lg 2
ITockonbky — = lg ||, To 3amaHHOE YpaBHeHUEe PpaBHOCHIBHO

ypaBHenmto Ig (z |+ 10) | lg|z| | 1g4 = 2.
Hcronesya cBoiicTBa JoraprudMoB, MoiaydaeM

lg(4lz| - (x+10)) =2 wm
4lz| - (z + 10) = 100. (%)

PaccMoTpuM 1Ba ciydasi.
1) Tlycte = > 0, Torma |x| = x ¥ ypaBHeHHe (%) MIPUHUMAET BUI
4z(x + 10) = 100 wim z° + 10z — 25 = 0. OTciona creayer

Ty = -5+ 5V2

Tak kak ¢ > 0, TO KOpHEM 3aJaHHOIO ypaBHeHHUs OyaeT

o = 5V2—5.
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2) Myete —10 < x < 0, Torga |z| = —z W U3 ypaBHeHuUs (%)
momydaem —4xz(x + 10) = 100 wm z” + 10z + 25 = 0, Te.
(x+5*=0ux — 5.

201. log, (1 +va* +22) | logy(1 1 22°) = 0.

Pewenne. Taxk kak vzt 122 > 0 um z° > 0, To O MOOBIX T
cIIpaBeIUBLI HepaBeHcTBa | +v 24 + 22 > 1 n 1—|—2:1;2 = 1. B Takom

caydae log, (1+\/a:4+a:) 0 u logy( 1+2:c)

CJIC,I[OBEITGJIBHO, HMCCT MCCTO HCPABCHCTBO

log, (1 + vVt + :82) +logy(1 4 22%) = 0

OTcroga u U3 3a0aHHOTO YPaBHEHUSI IIOJydaeM CUCTeMY YpaBHEeHUM

log, (1 +Vaxt + 932) — 0,

log,(1 4 2z%) = 0,
KOoTOpad UMCCT C,HI/IHCTBGHHBIfl KOPEHE 1 — 0.

202. |logy(2 + 7)| = logy (1 + |z +3[) +1log, (1 — |z +3]).

Pewernne. [nd onpenencHus o6JacTH NONYCTUMBIX 3HAUEHUIH Mepe-
MEHHOH T B YpaBHEHHH PacCMOTPHM CHCTeMY HEpaBeHCTB

2z +7 > 0,
1 — |zt 3] >0.
Orcroma monydaeM —7/2 < x < —2.

C onmHOU CTOPOHHI, JIeBas YacTh YpaBHeHN OoMblle Wian paBHa (.
C Ipyroii CTOpOHBI, €ro MPaBylO 4acTh MOXHO OLEHUTh, KaK

log, (1+ |z +3|) +1log (1—|z+3|) =logy(1—(z 1 3)*) <log, 1 =0.

CJICI[OBELTCJIBHO, PAaBCHCTBO B 3aJaHHOM YPABHCHHWH MOXCT OBITE
TOJNBKO B TOM CJIy4ac, KOriaa o0e ero yacTu PAaBHBI 0. CJIC,I[OB&TCJIBHO,
HMCCT MCCTO CUCTCMa ypaBHeHI/IfI

log;(2z +7) = 0,
logy(1 = (2 +3)°) = 0,

KOpHEM KOTOpOM sABIsgeTCd T — —3.
IToncTaHOBKOU HaWICHHOTO 3HAUYCHHA & B 3aJaHHOC YpaBHEHHE
ybexmaeMcs B TOM, 4TO I — —3 SBISETCH €70 KOPHEM.
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203. log 7 (z + |z —2|) = log, (5 — 6+ 5]z —2]).

Pewienne. W3 ycnoBus cieayeT, 4To 0o0JACTBEO JONMYCTUMBIX 3HaYe-
HUIT TIepeMeHHOH & B ypaBHeHWH siBnsiercss £ > 0 u x # 1.
Iyctb y — x + |x — 2|. Torna ypaBHeHHe MPUHUMAET BU

log 7y — log,(Sy —6) wm log, y” = log,(5y — 6),

rae ¥ > 6/5. OTcrona monydaeM KBagpaTHOe YpaBHeHHE y2 —5y+6=0,
KOPHSMH KOTOPOTO ABILIOTCA ¥ = 2 U 4, — 3.
Tak kak y = £+ |z —2|, TO HEOGXOMMMO pacCMOTpeTh JBa ciIydasi.

1) Myctb 2 + |z — 2| = 2. Ecrm 0 < z < 1 mwmm 1 < z < 2, Toraa
|lx — 2| = —x + 2 U ypaBHeHHe IPUHHUMAEeT BHI OYEBHIHOIO
toxaecTsa. Ecin x > 2, To |2 —2| — x—2 u mony4aeM ypagHeHue
x| (x — 2) = 2, KOTOpOe UMeeT KOpeHb &1 — 2.

2) Mycts x+ |z —2| = 3. HetpyaHo BumeTh, 4TO JaHHOE YpaBHEHUE

5

UMeET ¢IMHCTBEHHBIN KOpCHb Iy — 5

CJIC,I[OB&TCJIBHO, KOPHAMH 3aJaHHOI'C VpPABHCHMA ABJIAIKOTCA ITPOM3-

BOJIbHBIE 3HaueHUs] £ M3 uHTepBadoB 0 < z < 1 u 1l < x < 2,
5

a TaKkxe mg:z.
204. log; = + (. — 1) -logy & + 2 — 6 = 0.

Petwuenue. Tak Kak ypaBHEHHE ABILETCH KBAgpPaTHBIM OTHOCHUTEIBHO
log, &, TO

—r 1+ /(z -1 40z -6)

(logy )12 =

2
oz b lEVe?—10x 125 —xz f 1+ (x-5)
- 2 - 2 '
PaccMoTpuM nBa ciayuas.
—r+14+x—-35 1
1) Ecnu log, x — + ;r — -2, TO $1:Z.
—r+1—-—x+35
2) Ecnu log; z = 5 — 3 — r, TO UMeeM YpaBHEHHE

log, x =3 — . (%)
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ITockonbky dyHkius y — log, x Ha obnacTu onpeaeciaeHUs SB-
nAeTCA HellPepBEIBHOW M BO3pacTawpllei, a GyHKuuA ¥y = 3 — &
HeIlpephIBHO YOBIBaeT Ha Bcell uyucaoBoid ocu OX, To ypaBHe-
HEe (*) He MOXeT UMeTh Gollee omHOro KopHs. JpyruMu ciosa-
MM, €CIH YpaBHeHHE (%) MMeeT KOPeHb, TO 3TOT KOPeHb eIHH-
CTBEHHBIH. DTOT €NWHCTBEHHBIA KOpeHb & — 2 JIeTKO HaWTH
oa00pPoOM.

CJIC,I[OB&TCJIBHO, 3aJaHHOC VPpaBHCHHUEC UMCCT IBd KOPHA

T =- U Ip,=2.

205. log,: (x> 4+ 12) —log_, v2 —x = 1.

Pewenmne. O01acThIO JOMMYCTUMBIX 3HAYeHUM MepeMeHHON 2 B ypaB-
HeHUHM gpisiored x < 0, rme x £~ —1.

YuuteiBasl cBolcTBa dorapudmoB U TOT (dakt, uto 2 < 0, npe-
obpasyeM ypaBHEHME CIENYIOIINM 00pa3oM:

logp(z” +12) —log_,(2 — ) =2,
log_,(z* 4 12) —log_,(2 — z) = 2,

22+ 12
log.., S =2

m2+12_$2

2—-x

HITH
-zt 12 =0
TTockombky 2° — 2 +12 = (2+2)(z" — 3z + 6) mz” —32+6 > 0
(IMCKPUMHHAHT ypaBHeHHS Z~ — 3% | 6 — 0 OTPMUATETBHEI), TO
rt+2=0muzx =—-2.
2—4-logg; 2 [ logs(8 — x)

206. —1l=—.
logpy(z +2) logg(z + 2)

Pewenue. O01acThIO JOMMYCTUMBIX 3HAYEHUN TepeMeHHOM & B ypaB-
HeHUH ABIgioTcd —2 < x < 8 u x # —1.

IIepBoHAYaNBEHO OTMETHM, 9TO 2 — 4 - logyy 2 = logy, 9.

Hanee, BocIonb3yeMcsl HECTOXHBIM PaBEHCTBOM

log, f(x) log, f(z)
log, g(x)  logy g(x)’




128 Tnasa 2. 3agaym NMMCbMeHHbIX IK3aMEHOB 10 MareMatuke

KOTOPOE BBHIMOMHSETCS IS JFOOBIX MOMOXHUTENBHBIX @ U b, THe a 7 1
ub/l.

Torna 3amaHHOE ypaBHEHHe MepernuieM Kak
log;,9 . logpp(8—x)
logi(x + 2) log,(z +2)’
logyy 9 — logiy(z + 2) = log)»(8 — x),
(x+2)8—2)=9 wm z*—6x—7=0.

KeanpaTtHoe ypaBHeHHe MMeeT ABa KOpHI £y = 7 U Xy = —1.
Tak kak -2 <z < 8 um x # —1, To £; — 7 ABIACTCI SAUHCTBEHHEBIM
KOpPHEM 3aJIAaHHOTO YPaBHEHMS.

207. Pewmmth B 1eNBIX UuCTax ypaBHeHue x = lg (92 |+ 1).

Pewenne. OUeBHUIHO, YTO YpaBHEHHE OTPHUILATEIbHBIX KOpHEH He
umeer, a x; = 0 gBagercss ero xkopHeM. IlosToMy B manbHeiiem
OyaeM MCKaTh TOJBKO IIeNble MOJ0XUATeIbHbIe KOpHA. C 3TOH LIeIbIo
MepernniineM 3aJaHHOe YpaBHeHHe B BUIE

10° = 1 +92 wm(l+9)° — 1+ 9z.

[IpuHUMas BO BHUMaHHe HepaBeHCTBO bepHymn (6) mpu mo6oMm
HatypansHoM 7t Buga (1 + )" > 1+ nx, B KOTOPOM 3HaK paBeHCTBA
JocTUraeTcsd JHIIbL Npu 7 — 1, JemaeM BBIBOA O TOM, YTO ypaBHe-
aue (1+9)" = 1 + 9z uMeeT eNMHCTBEHHBIA LENBIA MOTOKUTETBHBIH
KOpeHb Z; — 1. WTaK, LeasiMy KOpHAMHU 3aJaHHOTO YPaBHEHUA SIB-
agwTed 1 — 0um oy = 1.

§ 2.12. MNMokasatenbHble U norapupmMmuyeckmne
HepaBeHCTBa

208. 1+ 9% +16° < 3% + 4% + 12*,

Peuienne. Eciu o6osHauuts 3° = @ u 4° = b, To TpebyeMoe Hepa-
BEHCTBO MPHUHUMAET B

1+a2+b2<a+b+ab WU a2+b2—ab—a—b+1 < 0.

O06e gactn IHOCJICOIHCI'O HCpaBCHCTBA VMHOXKHM Ha 2, a 3aTcM
B JIEBOW €ro 4acTH BBLIEIUM ITOJIHBIC KBadpaThbl, T. €.

2a° + 26 — 2ab—2a—2b+2 <0,
(> —2ab+b°) +(a"—2a+ 1)+ (B> —2b+1) <0
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(@—b)"+(a—1)+ (-1 <0. (%)

Tak kak (@ — b)2 >0, (a— 1)2 >0u (b— 1)2 > 0, To U3 Hepa-
BeHCTBa (%) ciaenyer,utoa —b=0,a—-1=0u b— 1= 0. Orcrona
noryqaeM @ = 1 u b = 1. Iockomeky @ = 3* u b =4*, o 2; = 0
ABNAETCd eAMHCTBEHHBIM pellleHUEeM TpeOyeMoro HepaBeHCTBaA.

MNpumevanue. Ilpu pemeHun TpedbyeMoro HepaBeHCTBA 3ieCh Oblla pelleHa
cIeIyIolasl caMOCTOATSARHAsA 3ajada; JoKas3aTh, 9TO JUIA JIIOOBIX JTCHCTBH-
TEJIBHEBIX Z U ¥ BBIIOJIHSETCS HEPABEHCTBO

:z:2+y2—:z:y—:1:—y+1> 0.
209. log ), x > 16",
Pewernmne. PaccMOTpUM BCOMOTaTeNIbHOE YpaBHEHUE
log jp & = 167, (%)

rne > 0. Iyers f(x) = log;nz u g(x) = 16°. WsBectHo, uTO
byHkuus y = f(zr) sBasieTcs HeMpepbIBHOM M YOBIBAIOIIEH HA CBOEH
obnactn onpeneneHus, a GyHKUMA ¢ — ¢(Z) HeNPepbIBHO BO3pacTaeT
Ha Bced 4McnoBoil ocu OX. B 3Toil cBi3M, eclu ypaBHeHHe ()
nMeeT KOpeHb, TO 3TOT KOpeHb OyneT eIMHCTBeHHBIM. IlombGopom

yYCTaHaBIMBAcM, 4YTO TaKMMM KOPHEM ABJIACTCA 1 — —.

IMockonbky GyHkiMs ¢ — f(z) HenmpepblBHAasE U YOBIBAIOIIA,
a byHKIMS y — ¢() HempepbIBHAS U BO3PACTAIONIA, TO JJISl TIOOBIX &

M3 IIPpOMCIXKYTKA 0<x < Z NMEET MECTO LCITOYKAa HCPABCHCTB

10>1(3) ~9(3) > 900

Ortcrona cieayet, 4To HepaBeHCTBO f(x) > ¢(r) BBIMONHSIETCS MPH
1

<o <-.
4

210. log; (logy(log, 1 9)) > 0.

Pewenne. O01acThiO NONYCTUMBIX 3HAYCHHUI TMepeMeHHOH I B He-
paBeHcTBe gdBnstoTcd | <z <2 m a > 2.
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ITpeobpasyeM 3agaHHOEe HepaBEeHCTBO K PaBHOCUIBHOMY BUOY

logs (logy(log,_1 9)) >0, 0 < logy(log,_; 9) < 1,

| | 1
1 <log,_19<2, =<log,_;13<1, < ——mm«<1.
ng 1 2 Ogi? 1 2 logg(m . 1)
1

M3 »epaBenctBa — < —M8M
P 2 logg(z — 1)

l<logz(z—1)<2, 3<x—-1<9 u 4<z <10,

< 1 cnenyet, 4TO

[IpuHuMasg Bo BHUMaHHe 00JacTh HONMYCTUMBIX 3HAUeHMUH I, AenaeM
BBIBOJ O TOM, 4To 4 < 2 < 10 sBIsgeTcd pellleHHeM 3aJJaHHOIO Hepa-
BEHCTEBA.

211, 282 .7 ke <9

Pewrenne. O0MacThiO JOMYCTUMBIX 3HAUYEHHI NepeMeHHON T B Hepa-
BeHCTBe sBstoTes x > 0. CornacHo dopmyre (17) MOXKHO 3amucats,
qro 282 = '8¢,

lez\2 A1
B TakoM cnyyae HepaBeHCTBO MPUHUMAET BUA (2 gx) 27T L2

1
wm 2% < 2. Orcioma monydaeM, uto lgz < 1 wm z < 10. Tak
KaK paHee OBLIO YCTAHOBJIEHO, 4To X > 0, TO pellleHHeM 3aJaHHOIo
HepaBeHcTBa sBagoTca 0 < 2 < 10.

212, logvxj+ﬂ(2 — |z — 1|) > log 5(2x — 332).

Pewenne. llepBoHauanbHO omnpefeanM 00JacTh JOMYCTUMBIX 3Ha-
JeHUI TepeMeHHOI x B HepaBeHcTBe. C 3TOH LENBIO paccMOTpUM

CUCTCMY HCPABCHCTB
2—|x—1|>0,
2r — 1> > 0,

13 KoTopoi moayuaeM 0 < x < 2.

IMockomeky 0 < < 2, 70 -1 <z —1< 1 wm |z —1] < 1.
CnenoBaTelbHO, Ha 00JACTA AOMYCTUMBIX 3HAYEHUA T HUMeeT Me-
cTo HepaBeHcTBO 2 — |z — 1| > 1. Ecam 3atem ofe YacTW HaHHO-

ro HepaBeHCTBa MpoiorapudMUpPOBaTh MO OCHOBaHMIO V2 + V'3, To
log, 5, /3 (2-]z—-1]) > 0.

Hanee, nmeem 0 < 2x — =1- (x— 1)2 < 1. Ecim y4yecTs, 4TO
V10 > 1, To MmoNYYaEM HepaBeHCTBO log 5(2z — z%) < 0.
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HMtak, ycTaHOBIEHO, UTO

2
log 7, 5(2—]z—1]) >0 n log 55(2z — z°) <0,
a 5TO O3HAYaeT, YTO 3aJAHHOE HEPABEHCTBO BBIMOJNHSIETCS] HA BCeil

O6JIaCTI/I JOIIYCTHMBIX 3HaA4YeHUH ZE, T. €. €ro pCeIuCcHUCM ABIAIOTCA
0 <z <.

213. JokazaTh, 4TO A1 JIO0BIX @, b (0 < b < a) BBIIOJIHACTCH
a a—2>b
HepaBeHCTBO In — > 2 )
P b “a b

Pewrenue. Ilockonbky 0 < b < a, To @ — bk, rne k > 1. B Takom
caydae TpebyeMoe HepaBeHCTBO MOXKHO IepelnucaTh Kak

[ bk>2bk—b
n_
b bk b’

E—1
nk >2——.
nk > E 1 (*)

T. €.

r—1
1,F,E[C£B> 1. Oye-

Paccmotpum dyHkuuio f(x) = Inz — 2 n
€

BugHO, 9to f(1) = 0. [Tokaxkem, uto dyHKIMA ¥ = f(x) BO3pacTaeT
Ha UHTepBale x > 1.
" 7 : ! (z— 1) >0 > 1
MeeT MecTo f, — — — — opu x > 1.
Cor (1) z(z 1) P

CnenoBatensHo, f(x) > f(1) =0, e Inz > 2

r—1
. Takum

z+1
00pa3oM, HepaBeHCTBO (*) U TpeGyeMoe HEepaBEeHCTBO CIPABEITHBEL

214. Jlokaszats, uto log 7 19 > log g 20.
log19 20

Pewernune. JpyruMu cioBaMu, TpeOyeTcs MoKa3aTh, UTO | T
0g17

um logyg 20 - logg 17 < 1.
Wcnons3ysa HepaBeHcTBO Kommm (2 ), MOXHO 3aIucaTh

log;e 20 1+ logye 17\
logye 20 - logy 17<(°g19 ;Og” ) _

[ logjg 340 2< logiy361\*  (2)"
; 2 2 - \2)

3neck yauThIBaiICA TOT (akT, 4To GyHKIMA § = log g  ABIdeTcA
Bo3pacTatolleil mpu x > 0, mostoMy log;g 340 < log;, 361.
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lgl+lg2+...+1gn

215. Jlokazats, uto lg(n + 1) >
n

Pewenne. Vicrionb3ya cBolicTBa JorapudMoB, MOXHO IT0Ka3aTh, 9TO
TpeOyeMOe HepaBeHCTBO PaBHOCHJIBHO HepaBeHCTBY (n -+ H* > n!,
men —1-2-...-nun=>1.

HMmeeT MecTO cucTeMa OYeBHUIHBIX HEPABEHCTB

n+1>1, n+1>2, n+1>3 ...,n+1>n.

Ecnn mepeMHOXHUTE Mexny co0o0ii Bce TIpUBeAeHHBIE BBIIIIE HepaBeH-
7
CTBa, TO MOJTYIUM HepaBeHCTBO (n | 1) > nl.

216. I[OKa3aTb qTO :l:lgxl + :clg:cz + ...+ zclg:c“ > mn, tone r; > 0,
Ty >0, . mn>01/1931m2 xnfl.

Petuenume. Jlepyio yacTh TpeOyeMoro HepaBe(HCTBa mposoraprubmu-
pyeM mo ocHoBaHmIo 10, a 3aTeM Bocmonb3yeMcs HepaBeHCTBaMu Ko-
i (1) u Komwn— ByHsikosckoro (9), Toraga

Ig (mlg:cl lg:cz 4. _|_$lg£n) > lg( \/mllgm wlzgxz lgxnt)

1
—lgnJr;-(lg2x1+lg2m2+...+lg2xn) =

1
~lgn+ —- (\12+12+...+1{) (g 1zt g ) >

n
1
>lgn+ s(1-lgzy +1-lgzp +... + 1 lga':n)
1 2
:lgn+ﬁ-lg (122 ..24)-
Tak Kak 1Mo ycIoBHIO 3aJa9l UMeeM T1ZLy ... Tn — 1, TO
1 2 |
lgn + = g (X2 ... ) = lgn + Elg 1 —lgn+0—Ign.
M3 nokazaHHOTO HepaBeHCTBA

lg (:L,lgiﬁl _|_ mlg$2 _|_ _|_ mlgxﬂ) > lgn

cleqyeT CIpaBeINBOCTE TpeOyeMOoro HepaBeHCTRA.
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§ 2.13. MNMokasaTenbHblie U norapupmMmuyeckme

CNCTEMbI
ru)¥ .$6x _ :z:’
217 (zy) y
zy=1.

Pewenue. HetpynHo BuaeTh, uTo 1 — 1 U 4y — 1 aBmAeTca KOpHI-
MM CHCTeMBl YpaBHEHUIA.

ITycte Temeps x # 1. IlpomorapudpmmpyeM II0 OCHOBAHUIO I
TepBoe ypaBHEHHE CUCTEMBI, TOrJa MOIYyIUM

y log,(zy) + 6x log, * = xlog, y wiu
y(1 + log, y) + 6z = x log, ¥. (%)

Ecnn nponorapudpMupoBaTth U BTOpoe ypaBHeHHUE 3aJaHHOM CH-
creMsbl, To 2 1 log, ¥y = 0 wm log, ¥y = —2. B TakomMm ciydae ypaBHe-

HHe (*) MPUHIMaeT BUI § = 8.

1

Tak xak log, y = —2, To y = —. CruenoBarentHo, 8 = —
x x
|

U xy = 7 HzBectHO, uTO ¥y — 8%. Torma gy, — 4.

TakuM 00pa3oM, KOPHAMH 3aJaHHON CHCTeMBl YpaBHEHHH SIBIIS-

IOTCHil?lil,ylill/IZEQ:E,yQ:‘I-.
10g5$ — 64

218. { ¥ ’
zy — 500.

Pewernune. 13 yemosus caenyer, auro £ > 0, x A1 u y > 0.
Ecin oba ypaBHeHHA CHCTeMBI MpodorapudMupoBaTh Mo OCHO-

BaHHIO 2, TO
logs x - log, y = 6,
log,  + log, y = 2 4+ 3 log, 5.

Orcroma nonydaem log, z + — 2+ 3log, 5 nnu

logs
6log, 5
logy  + ——22 — 2 4 3log, 5. (%)
10g2 T

Ecmu momoxuTth log, * = z u logy 5 = @, To U3 ypaBHeHUA (*)

6a ?
nonydnM z + — = 2+ 3a wmm 2° — z2(2 + 3a) + 6a = 0.
2
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Pemennem KBaIpaTHOT'C YPaBHCHHA ABJIAIOTCA

243a++/(2+43a)> —24a 2+ 3a=£(2-3a)
2 B 2 ‘

PaccMoTpuM nBa cayuas.

212 —

500
l. Eciu 2y =2, o logy 21 =2 u ; = 4. Tak Kak y = —, TO
T
iy = 125.
2. Eciu 2z, = 3a, 10 log, ) = 31logy, 5 1 a5 = 125. U3 paBeHcTBa
500

4 — —— CIENOyeT, uTo i — 4.
z

2log, 2° + logg, y° = —1,
219. 29 ) o2 Y
2loggx” —logy, y — 5.

Petenye. OO1acTbio JONYCTUMBIX 3HAYEHU I MEPEMEHHBIX T, 9/ B CH-
cTeMme ypaBHeHUii siBnsitotest £ 7~ 0 u ¢ > 0. [[puHuMast Bo BHUMaHMe
bopmyny norapudmupoBanus (16), MOXHO yTBepXKaaTb, 4TO B 00Ja-
CTU AOINYCTUMBIX 3HAYCHUH HMCXOJIHAsd CHUCTeMa YpaBHEHHI 3KBHBAa-
JIEeHTHA CUCTeMe

4logy [2] +3logyry = —1,
()

8logy |z| —logop y = 5.

Peluasi cucteMy ypaBHeHU# (), moaydaeM

1
logy |z| = 5 H logy, y = —1.

Otcropa cnenyet, uto £y — 2, 41 — S Uy — =2, y» — 5 dBAAOTCH
KOPHSIMM 3aJaHHOM CHUCTeMBI YpaBHCHHUM.

wloggg; 4+ yloggx _ 4’
logy x — logy y — 1.

220.

Pewenye. TlpuHuMass BO BHHMaHMe CBoOiicTBO norapudmos (17),

lo loge &
MOXHO 3anwvcatrb & Sl Uy Ss . B Takom cilydyac nepBoOC ypaBHE-

HHe CHCTEMBI MPHHUMaeT BUN T %Y 4+ 8 — 4, z1%%¥ — ) yuy
log, x - log, y = 3.
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Tak Kak BTOpOe ypaBHEHHE CUCTeMBI PABHOCHIBHO YPAaBHEHUIO
log, x — log, y = 2, To UMeeM cucTeMy YpaBHEHU

log, z - logy y = 3,
{ log; x —log, y = 2,
13 KOTOPOU Moaydyaem
logoz =3, logoby=1 wm log,x=—1, log,y = —-3.

TaknM o6pa3oM, KOPHIMH 3aJaHHOI cUCTeMBbl YpaBHEHNM IBI-

1 1
IOTC}I:Bl:S,yl:2I/I:L’2:§,y2:§.

221. Pemuth cucTteMy HepaBEeHCTB
e I S )
x+ 3y =2 —logy 3.
Peuienue. OlLCHUM JEBYIO YaCTh MePBOro HEPABEHCTBA CUCTEMBI, UC-

Monp3ys Mpu 3ToM HepaBeHcTBO Komm (2) M BTOpoe HEpaBEeHCTBO
CHUCTEMBI, CIaeayloInuM o0pazoM: MMeer mecto

47T 3 47 S 94ty 3L 2T = 08/3 . 402
2 2\/3 \ 42»«~»~10g,4 32 2.

W3 moayueHHOTo HepaBeHCTBA cleayeT, 4To 00a HepaBeHCTBA CH-
cTeMBI obOpalraroTed B paBeHcTBa. KpoMe Toro, obpainaercs B paBeH-
CTBO MPUMEHEHHOe Bhbillie HepaBeHCTBO Koum (2), T. e. mMeeT MecTo
CHCTeMa YpaBHEHHIH

437"‘3;’“”“1 - 3 . 42@'““1’
{ .

z + 3y =2 —log, 3.

Ecnu nponorapudpmMupoBaTh Mo OCHOBAHUIO 4 MepBOE ypaBHEHHE
cucTeMHl (%), T0 £ +y — 1 = logy 3+ 2y — 1 wmm y = x — log, 3.
B TakoM ciygae U3 BTOPOTO YPABHEHHUS CHCTEMBI (%) MOTydaeM

z + 3(x —logy 3) = 2 — log, 3,

I 1
4r —2 4 2logy3 wm  x; — > + 3 logs 3 — logy(2V/3).

1 1
TaKKaKy:a’;—log43,Toy1:5——log43:10g4

2
2 V3’
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§ 2.14. TpuroHomeTpuyeckme ypaBHeHUs
U CUCTEMbI

222, sinz- (1 } cosz) =1 cosz | cos’ .

PeLuerne. HYCTB CosxT = 1, TOoraa U3 3adaHHOTI'O YpaBHCHHA CICOVCT,

3
9TO SinX — —. A 3T0 SABIdeTCH ITPOTHUBOPCUYHUCM. CJIGI[OB&TCJIBHO,

cosx #1wum 1 —cosz /0.
Torma obe YacTH 3amaHHOTO YpaBHEHUS YMHOXHM Ha | — cos
U [OJYYUM PaBHOCHILHOE ypaBHEHHE

sinz - (1 —cos” ) =1 —cos
WK
sin’ z + cos® & = 1. (%)

. 3 ) 3 2 .2 2
Tak kak sin” ¢ <sin" &, cos  x < cos x usin“x +cos & — 1,

To sin’ ¢ + cos® z < 1. Otcrona ¥ U3 ypaBHeHus! (%) CIeIyeT, 4To
sin’ z = sin’ z,
cos® T = cos” .
JaHHas cucTeMa ypaBHeHMI paBHOCHIBHA CHCTeMe YpaBHEHUIA
sinz - (sinz — 1) = 0,
{ cosz-(cosx—1) =0

(%)

Tak kak cosx # |, ToO U3 BTOPOrO YPaBHEHHSI CHCTEMbI (%)
nmeeM cosx — (. Ecim cosx = 0, To sinx — £1. OnHako u3 mnep-
BOTO ypaBHEHHsI CHCTeMbI (k%) monydaem sin z = 1. CienoBatenbHO,

T
KOPHSIMH 3aJaHHOTO YPaBHEHMS SIBISIOTCS £ — 5 + 27n, tne n —
LIeJI0¢ IHCIIO.

223. 1 | cos2x-cos3x = 5 sin” 3z.

Pewenue. IlepBoHauanbHO 00€ 4YacTH ypaBHEHHS YMHOXHM Ha 2.
U ) 2

3aTeM BOCHOIB3yeMCsl paBeHCTBOM sin” 3x — 1 — cos” 3x U moaydum
ypaBHEHHe cos® 3z 4 2 cos 2% - cos 3z = —1. Ecaum Kk o6enM gacTam

2 2 . 2
ypaBHeHMs1 MpubaBuTh cos” 2z, To (cos 3z | cos2x)” = —sin” 2z.
EctecTBeHHO, 4TO 3MIeCh pABEHCTBO MOXET OBITh TOJNBKO B TOM CIIydae,
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Korga obe 4yacTh ypaBHeHMS paBHBI (0, T. 6. UMeeT MecTO CHCTeMa
YpaBHEHUN

cos 3x + cos2x — 0,
(%)

sin 2z = 0.

2 3
ITockoneky cos 2 = 2cos" x—1mncos3x =4cos” £—3cosz, TO
M3 TIEPBOTO YPABHEHMS CUCTEMBI (%) MOMYIaeM KyOHUeCKOe ypaBHEHHES
OTHOCHUTEJIBHO COS I CJHEeAYIOLIEro BUAA:

4cos’z +2cos”z —3cosx — 1= 0. (%)

Ilycte sin2x — 0, torma sinx — 0 uwmm cosxz — (. Ecam
sinz — 0, To cos ¢ — *1. OgHako, KaKk HETpYOIHO yOeouThCs, U3 Tpex
3HAYEHWH COS X YPaBHEHHUIO (k) YIOBJIETBOPSIET TONBKO cos L = —1.

KopHsimu ypaBHeHust cos & = —| (a TakKe KOPHSIMH 3aJaHHOTO
ypaBHeHUsI) siBisitotTes &1 = 7(2n + 1), rae n- menoe 4ucio.

5
224. cosb6x | sin Ex = 2.

5
Pewenne. Tak xak cos 6 < 1 U sin 533 < 1, T0o cos 6 | sin 52: < 2.

OTCIOI[a H U3 3aJaHHOI'O YPpaBHCHHA CJICOYCT CHCTCMA ypaBHCHI/Iﬁ

cosb6x — 1,
S (%)
sin —x — 1.

2

Mg pelleHUsA 3agaHHOTO YpaBHeHHUS HeoOXOOUMO HANTH MHO-
KeCTBO KOpHell KaxXKIoro U3 ypaBHeHUN CUCTEMBI B OTIEIBHOCTH, a 3a-
TeM IOCTPOHUTh UX IepeceueHre. EcIm Takoe mepecedeHne OKaXeTCs
MYCTBEIM, TO 3TO OyJeT 03HayaTh, YTO 3aJaHHOE ypaBHEHUE KOpHeH
He UMeEeT.

Pemas B OTOETBHOCTH KaXIOe M3 YPaBHEHHIl CHCTEMBI (%),
ToJydaeM

oxr — 2mn,

zm_z T,

raoe n, m — neablc Yuciaa.
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Orcroga caenyer

™

r=—

3 b
. (+5)

x = §(4m + 1).
ﬂﬂﬂ IMOCTPOCHIMA IICPCCCUHCHNA MHOXKCCTB KOpHCfI CHUCTEMBI (**)
™m

PAcCMOTPUM PaBeHCTBO E §(4m + 1). Otciona moayyaem 5n —

12m + 3. Tak kak mpaBas yacThb paBeHCTBa KpaTHa 3, To n — 3k,
e k — 1eaoe Yucio.

CnenoBatenbHo, 15k — 12m + 3 umm Sk — 4m + 1. IlpaBas
JacThk TIOCHEAHEr0 paBeHCTBA HedeTHAas, MO3TOMY k ToXe JOIKHO

OBITH HeUeTHBIM, T. e. k = 2u + 1, tme 4 — uenoe umcno. Torma
mMeeT Mecto 10u + 5 = 4m + 1 nwmm Su — 2m — 2. OdeBUgHO, YTO
30eCh U JOJKHO OBITH YeTHBIM, MORTOMY # — 2f, roe ¢ — menoe

gucno. B takom caywae 10 = 2m — 2 u m = 5 + 1. Tak kak BTOpOE
T
MHOXECTBO KOPHEH (x%) 3aqaeTcsi COOTHOUICHHEM I| = §(4m + 1)

U pu 3ToM M = 5t +1, To KOpHAMH 3aJJaHHOT'0 YPAaBHEHN S IBISIOTCS

7 = %(4m 1) = %(ZOt 1 5)=m(dt 1),
roe ¢ — 1enoe YUCIo.
1 1 1

225. — — — — — X
sinx  sin 2x sin 4x

Pewernune. JInda onpeneiaeHUs 00IacTH JOMYCTUMBIX 3HAYEHUI TTepeMeH-
HOHM Z B YpaBHEHMH HeOOXOINUMO PaccMOTPeTh CUCTEMY HEpaBeHCTB

sinx # 0,
sin 2z # 0,
sin4x + 0,

T
13 KOTOPOH IojyyaeM & +£ Zk’ rae k — 1enoe 4ucio.

Ter[epb IEPEXoanM HCITOCPCACTBCHHO K PCIICHHUID 3adJaHHOTIO
YpaBHCHHA. HmeeT MecTO LCITOYKa PpaBHOCHIBHBIX ypaBHf:HI/Iﬁ

1 1 N 1 1 sin 2x + sin 4x
sinz  sin2zr sindxr’ sinx  sin2x-sindx’
1 2sin 3x - cosx

sinz 2sinx-cosz-sindr
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T
ITockoneky = # Zk’ To sinx # 0, cosz # 0 U U3 ypaBHe-

x 7
Hus () momydaeMm sin4dx — sin3z = 0 wim 2sin§ $C0S T = 0.

T T
OnHako MpHu x # Zk UMeeT MeCcTO Sin 5 # 0. ITo3ToMy HeoGXOOUMO

pPaccMOTpeTh YpaBHEHUE COS 5:)3 — (0, KOpHIMH KOTOPOTO SBILIOTCSH

T
x| = 7(271 + 1), tme n — nenoe YKCIO.

O,I[HaKO IMOJIYYCHHOC MHOZKCCTBO 3HAYCHHH & ¢Ie HeIb3d CUU-
TaTk KOPHAMHM 3aJaHHOIC VpaBHCHHA, TaK KaK H3 3T0I0 MHOXEC-
CTBa HeOOXOOUMO YAAIWUTE T€ 3HAYCHUA I (GCJII/I TaKOBEIC HMCIOTCH),
KOTOpLEIC HC ABIAIOTCA AOIIYCTUMLBIMH AJd 3adaHHOI'oc YpaBHCHHA.

C 3Toli LIeNBIO MMOCTPOUM MepecedeHne MHOXeCTBA KOpHell ypaBHeHHUS

7
COS EZIJ — {} ¢ MHOXeCTBOM 3Ha4YeHH L, KOTOpPbIC HC BXOIAT B 00-
JacTh JQOITYCTHUMBIX 3HAYEHHI HCpCMCHHOfI I B 3aJaHHOM YpaBHCHHH.

HTE[K, CTPOHUM HCKOMOC IICPCCCUCHHC. HMmeeT MecTO PaBCHCTBO
T

T
m 1) =~
7(n+) 4k,

13 KOTOPOTO cIeayeT
8n+4=7k u k=4m, roe m — ueiloe YUCIO.
Hanee, nmoaydyaem
8n +4=28m wwm 2n | 1="7m.

OgeBUIHO, YTO JAHHOE PAaBEHCTBO BBIMOIHACTCS TOJBKO JJIS HedeT-
HEIX 3HadeHUd m, T.e. m = 2t + 1, roe ¢ — penoe umcno. Torma
n+1=144+7 um n =7{ + 3.

CrnenoBaTenbHO, KOPHSIMHU 3aJaHHOTO YPABHEHMS SBISIIOTCS

T
T = 7(2’!7, + 1),

rme n 7~ 7t +3 un, t — ueaple YucaIa

226. cos’ T+ ——— = Co8 2x +cosdx.
cCos* I

Pewenue. C 01HOI CTOPOHBI, UCMONB3ys HepaBeHcTBo Komm (3),

2 y
MOXHO 3aIlicaTh €os™ T | P > 2. C apyroii CTOpOHBI, TaK Kak
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cos2x <1 mcosdxr <1, To cos2x + cosdxr < 2. CremoBaTeabHO,
PaBeHCTBO B 3aJaHHOM VpaBHEHUH JOCTHTaeTCs TOIBKO B TOM clydae,
Korga obe ero 4acTu OOJHOBPEeMeHHO paBHEI 2, T. €. HMeeT MeCTO clie-
JIVIOIIIE paBHOCHJIBLHEIE CUCTEMBI YpaBHEHUIA:

cos’ + =2,

cos? x
cos2x | cosdxr =2,

s ) 1
cos T +

2 =2,
cos? x

X 2 cos” 22 + cos 2z = 3,

( 1
2
cos™ r +

— 2,
cos? r (%)

X 4cos’ z —3cos’z = 1.

2
M3 mepBoro ypaBHeHHs1 CUCTeMBI (%) ciemyet, 4yTo cos ¢ — 1.

2
O‘ICBI/I,I[HO, 4qTO IMOACTAHOBKA COS T — I BO BTOpPOC YpaBHCHIMC CUCTC-
MBI (*) 06paLuaeT €ro B TOXIECTBO. CJIG,[[OB&TCJIBHO, CUCTCMa ypab-

., 2
HEeHUH (*) paBHOCWIBHA YpaBHEHHIO cos™ & = 1.
3HAYUT, KOPHSIMH 3aJaHHOTO YpaBHEHUS SBISIOTCS

.
2
227. 3sinx | 4cos3x-cosx } 2sindx = 7.

T (2n 1), rme n— wHemoe YUCIO.

Peuenue. Bocnonbayemcs HepaBeHcTBoM Korn— ByHskosekoro (9),
TOora

(3sinz + 4cos3z - cosx)* < (9 + 16 cos® 3x)-(sin” z | cos” ) < 25.
OTcrona cnenyet, 9To
3sinx +4cos3z-cosx < 5.
Tak Kak
2sind5x <2, T0 3sinx +4cos3xr-cosx+2sindSx < 7.

Ecau ITOIYYCHHOC HCPAaBCHCTBO CPABHUTEL C 3aJaHHLIM YVpaBHC-
HHUCM, TO MOXKHO CACJAaThk BEIEOCH O TOM, YTO PAaBCHCTBO B YPABHCHHN
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JOCTUTAETCSl TONBKO B TOM Clydae, KOTAa OJHOBPEMEHHO BBIMOJHSI-
IOTCS CAeOVIOIIe TPH YCIOBUS:
3 sin

= , cos’3z=1 m sinSz=1.
4cos3x coszT

ITokaxkeMm, 9TO OOHOBpPEMEHHOE BBITOMHEHHE IAXKE OBYX MOCISIHHX
VCIOBMIA HeBO3MOXKHO. C 3Tol HEIBI0 pacCMOTPUM CHCTEMY VpaBHEHHI

cos 3z = *£1,
sin Sz — 1.

KOpHHMI/I 3TOM CUCTEMBEI dBIAETCH pPE3yAETaT NEPpeCEYCHUA MHO-
XKCCTB KOpHCfI Kaxaoro us3 ypaBHCHI/IfI CHUCTCMEI B OTACIBHOCTH, T. C.

T
r=—n,
3
T
_ T ama1
T =glm+l),

rae 1, m — Ieible Yhcia.
HUTak, cTpouM MepecedeHHe MHOXKECTB KOpHel KaxIoro ypab-

m m
HeHUda cucteMbl. [lycTh En — E(4m + 1), toroa 10n = 12m + 3.
Tak Kak 14 MPOU3BOABHBIX [IeJBIX 3HAYEHUI 12 U 1 JdeBas 4acThb pa-
BeHCcTBa 10n = 12m + 3 mpuHHUMaeT TOIBKO YeTHEIE 3HAYEHHS, a ero
MpaBasi 4acTh — TONLKO HeUeTHBIe 3HaUeHHUs, TO UCKOMOe Iepecede-

HHe MpeacTaBiadeT co0oil mycTtoe MHOXecTBO. B 3Toill CBA3M 3amaHHOE
ypaBHeHHE KOpHeil He MMeeT.

228. sinx | 2sin2x =3} sin 3zx.

PewieHue. 3agaHHoOe ypaBHEHHE PABHOCHUJILHO YpaBHEHMIO
2sin 2z +sinx — sin 3x — 3.

Hanee, npuMeHdad bopMyIy pasHOCTH CHHYCOB OBYX YIJIOB, I1O-
aydaeM, 2sin2x — 2sin & - cos 2 = 3 wian

, . 3
sin2x —sinx - cos 2z — 7 (%)

K neBoii 4acTu ypaBHeHUs1 (*) MPUMEHUM HepaBeHCTBO Korm—
bynsikoBckoro (9), Toraa

(sin 2z — sin 2 - cos 2)” < (1 + sin” z)(sin® 2z + cos” 2z) < 2.
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Otcroga ciaenyet, 4To Sin 22 — sin & - cos 2x < V2 , T. €.
Sin 2% — sin & - cos 2z < 7

CnenoBatelbHO, ypaBHEeHUe (%), a TaKXKe U 33laHHOe ypaBHEHHe,
KOpPHEN He MMEIOT.

229, \/i(sinaz +cosx) —tgx +ctgx.

. . T .
Petwenue. Ilockonbky sin z+cosz = \/5 sin (m -+ Z) , TO JJIsI JIEBOU
JacTH YpaBHEHUS MMeeT MeCTO —2 < \/f(sin T |+ cos :1:) < 2.
Tak KaKk tgx +ctgx = tgx + t—, TO COIJTacHO HepaBeHCTBAM
e

Ko (3) u (4), MoXHO 3amucath [tg € + ctg | > 2. CrenoparenbHo,
PABeHCTBO B 3aJaHHOM YPaBHEHHM MOXKeT OBITH TOJIBKO B TOM clydae,
Koraa o0e ero 4acTH OOHOBPeMEHHO paBHBI —2 Wid 2.

OTcronma monydaeM JIBe CHCTeMBI YPaBHEHMH

V2(sinz 4 cos ) = -2, V2(sinz + cos z) = 2,
u
tgex +ctgx = -2 tgex fctgx — 2.

W3 niepBoro ypaBHeHHUS MepPBO CUCTEMBI CIeAyeT, 4TO

: : 2
sinz +cosx = —v2, Te. sm:c:cosw:—T n ter—1,

a 3TO IPOTHUBOPEUYUT BTOpPOMY VpaBHeHHI0. CiaemoBaTelIbHO, IepBasd
CHCTeMa YpaBHEHUH dBISIETCS HECOBMECTHOM.
W3 BTOpoOli cucTeMBbl YpaBHEHU CleAyeT, UYTO

. V2
SIN T = COS & = BN nu tgxr=1.

CJIC,I[OB&TCJIBHO, 3a0aHHOC VPaBHCHUC UMCCT KOPpHH BHIA

T
T = 1 + 27n, T©Oe 7N — [eloe YUCIo.

y) 4 .2 .
230. cos x—cos ¢ —sin"x-sin3x — 1.

Pewernue. OneHUM JIeBYIO W TIPABYIO YacTH ypaBHeHHd. Tak Kak
lcosz| < 1, TO cos’ # < cos’ z u cos’ & — cos® & > 0. B 1o xe BpeMs
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sin’ x < I, sin32 < 1 u nostomMy sin® x - sin 3z — 1 < 0. Otcropa
cllieyeT, 4TO 3aJaHHOE YpaBHEeHHEe pPaBHOCHJIBHO CHUCTEME YpaBHEHUH

2 4
cos"z —cos x =0,

()

.2 .
sin” x - sin 3z — 1.
ITockonbky

2 4 2 2 . 2 2
cos"x—cos £ =cos x-(1—cos” ) =sin"x-cos” z,

. 2 .
0<sinz<1l u —-1<sin3zx <1,
TO CHCTeMa YpaBHEHHUH (%) paBHOCHIBHA CHCTeMe YPABHEHMIA

sinx-cosx — 0,
.2
sin“x = 1, (%)

sin 3x = 1.

.2 .
Ecmusin"z = 1,10cosxz = 0 msin z-cos £ = 0. CinegoBaTenrsHO,
M3 CHUCTEMBI YpaBHEHHI (%) MOXKHO YIAIHTH TepBOE YpaBHEHHE.

. . 3 . "
Kpome Toro, mseectHo, 4to sin3x — —4sin” z + 3sinxz. B 3Toit
CBSI3M M3 CHCTEMEl YPABHEHHH (**) MONyJacM CHCTEMY YPaBHEHHI

sinxz — *£1,

(%x%)

. 3 ;
4sin” x — 3sinx — —1.

HetpynHo yOequThes, ITO CUCTEMA YPABHEHHIA (# %) PABHOCIIIB-
Ha ypaBHeHHIo sin z = — |. KopHsiMu ypaBHeHus sin z = — | (a Takxke

T
KOPHAMH 3aJJaHHOTO YPAaBHEHUS ) ABIAIOTCA L — 5 +2mk, toe k —
11eJI0e YUCIIO.

231. (sinz + V3 cos ) - sin 4z = 2.
Pewenue. Ecnu obe yacTh ypaBHEHHs pa3feluTh HA 2, TO MOTYyIHUM

I V3 .
ypaBHEHHE 5 sin x + B cosz ) -sindzx = 1 unm

T
sin (m + 5) -sin4x = 1. (»k)
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T
Tak kak —1 < sin ($—|—§) <1lu—-1<sindx < 1, T0 U3 ypaB-

HEHUS (*) TOMydaeM COBOKYITHOCTB ABYX CUCTEM YpaBHEHHIA

in(z1Z i n(z1Z) =1
sin|z 1 =) =—1, sinlz =) =1,
3 a 3 (**)

sindr = —1 sindx = 1.

KopHsgamMu nepBoli cucTeMbl YpaBHEHHI SBIISIFOTCS

T T Sm T
37‘|‘§:_5‘|“27Tﬂ, x:—?+27ng(12n—5),
dr — —Z 4+ 2mm ! I I Zam -1

=75 m——8+2m—8(m—),

rae n, m — Ieiable Yucia.
Hanee, HeOGXOMMMO HAITHU MepecedeHre MHOKECTB KOPHel Kax-
[Oro U3 ypaBHeHH cucTeMbl. C 3TOil LieJbI0 paCCMOTPHM PaBEeHCTBO
T T
3(1272 —35) = §(4m —1), nm 4(12n —5) =3(4m —1).
JIeBast 4acTh MOCAEAHETO PABEHCTBA [UISI JIFOOBIX 72 MPEACTABISET
co0oif YeTHOe YHCIHO, a TpaBasl ero YacTb NMPH JIOOBIX M ABIAeTCA
HeueTHoit. [losToMy mepBasi cucTeMa ypaBHEHHMIl (k%) SBJIseTCS He-

COBMECTHOM.
PaccMmoTpuM pellieHHe BTOpOI CUCTEMBI YpaBHEHHM, Toraa

m+%:§+2ﬁk, m:%+2wk:%(12k+1),
4z — = | 2l ' z— =12 - T
2 82 |

rae k, | — uenble yncia.
T T
Otcrona E(l% +1) = §(4l + 1) m 4(12k + 1) = 3(4 + 1).

Ilo ananorum ¢ IIpcAbIIVIITUM CIIYVIaACM IICPCCCUCHUC MHOXKCCTB KOp-
HEH 3/1ECh TaKXe IIYCTO.
CJIE:,[[OB&TGJIBHO, 3aJaHHOC YPpAaBHCHHEC KOpHCﬁ HC UMCCT.

239 Zcosm+\/2—2cos:lz 2 . n 1
. —_— — -l .
V 73 3 3T Y ing

Pewenyne. V3 yciaoBusa ciaepyert, 4yro sinz > 0 U cosz > 0, oTKyaa

T
CIeNyeT, uTo 2mn < T < 5 + 27n, roe n — 1ieJ0€e 9UCO.
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OneHUM JNEBYIO 4acThb YpaBHEHU:, NPUMEHSS HEpPaBEHCTBO
Komu— Bynsikoeckoro (9). MmeeT mMecto

Zcos:c 2— 2008;1} 2cosy 2—2cos:c 4
1) -3
3 3
T. €.
2cosa:_|_ 2—2<:osaz< 2
V™3 3 V3

Tak kak sinx > (, To 1 OLIEHKH NMpaBOH 4YacTH 3aJaHHOIO
ypaBHEHHUS BOCIOAB3yeMcsd HepaBeHcTBOM Kol (1), T. €.

2 N 1 >2¢2, 1 2
— S1 = — S1 . - — .
3 T Yeing 30 Ysinz V3

CJIC,I[OBELTCJIBHO, HH2KHAA OIICHKA HpaBOﬁ qacTH YypaBHEHHA COB-
nagacrt ¢ BerHefI OLIEHKOHN €ro JeBOM YacTH. 3Han/IT, HMECT MECCTO

pPaBCHCTBO

2 ] 2
= sinx = —,
3 N Ydnze VA

. V3 1
OTKyOa CHeOyeT, 4TO SINE — 17 UM COST = j:E. ITockoapKy

V3 1
sinz > 0 1 cosxz > 0, To sinx — 7 U COST — 5 IHoncrasasis

AJaHHBIC 3HAYCHHNA SINT U COSZ B HCXOOHOC YPAaBHCHHC, Y66}KI[a€MC}I
B TOM, 4TO €10 KOPHAMH ABJIAKTCH

T
| = — + 27k, rme k — uenoe 4ucio.

3
2 *
) 9 | sin ¥
233. sin" x + — + [ cos” &+ - 12+ —.
sin? cos? 2
Pewernne. Vicnionw3ysi HEpaBeHCTBO
(a + b)’

2 2
a +b = ,
+ 2
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CTIPaBEATUBOCTh KOTOPOTO clenyeT 3 HepaBeHcTBa (10) mpu n = 2,
OLICHHUM JIEBYIO YaCTh YpaBHEHUS CASAVIOLIUM O0pa3oM:

R 1\
5(sm T+ ) +(coszaz+ 5 ) P
sin? & CcOs” &

2
| A | ’ |
Z = sm x+ —3 +cos x + 5 =
sin” & COs” &

2 sin® x - cos? x N

My 2 2>1(1+4)2—121
2 sinf2z/] 7 2 Ty

sin
C nmpyroil cTopoHBI, UMeeM 12 + Ty 125 CrnemoBaTenbHO,

)

3HAYCHHUI 00euX JacTell 3agaHHOro YPaBHCHHA COBIIAIAKOT U PAaBHEI

12—. Tak Kak paBeHCTBO B (*) JOCTUTAeTCsl TOrJa W TOJNBKO TOria,

Korma a = b, To TonydaeM CHCTeMY YpaBHeHHWH

1 , 1
—— — CO08" X + ———,
sin’ cos’ z (%)

siny = 1.

sin’ xr +

BeeneMm B paccmoTpeHre GYHKIIHIO
1
f(z)—z2+z—, roe 0 < z < I.

Torma mepBoe ypaBHeHHMe CHUCTEMBI (%%) MOXHO TIEpelcaTh B BHUIE
dbyHKIMOHANBHOTO ypaBHeHus: f(sinz) = f(cos x). Tak kak

(Z)_ ( _1)

To byHKIHA f(2) y6BIBaeT Ha paccMaTpUBAeMOM HMHTEpBAaJe.

Kpome Toro, ¢yHkims f(z) — ueTHas W mo3ToMy U3 GyHKLU-
OHAJBHOTO ypaBHeHHA f(sinx) = f(cos ) moaydaeM paBHOCHIBHOE
ypaBHeHHe sin £ — + cos Z, KOPHAMH KOTOPOIO SIBIAIOTCS

<0 mpu 0<z<l,

T
T — Z(Qn + 1), roe n — 1menoe Yuco.

KopHsIMH BTOPOTO YpaBHEHHSI CHCTEMEI (**) OyAyT

Y = %(476 + 1), rHe k — 1exoe 9uCIO.
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3
234. cosz tcosy—cos(x+y) = 7
Pewerne. llpeobpazyeM ypaBHeHHeE CIeIYIOIIMM 00pa3oM:
x x— x 3
2cos +y-cos y—Zcosz +y+1:—,
2 2 2 2
x x T — 1
2 cos’ +y—2cos er-cos 2y+§—0,
T x T — T — T —
4 cos’ +y—4cos +y-cos Zercos2 y—COS2 erl:O,
rTty r—y . r—y
(2 C0s —— — o8 — ) | sin’ = 0. (%)

Tak Kak JeBasi 4aCTh YpaBHeHUsI (*) MPeACTABIsIeT CO00H cyMmMy
JIBYX KBaJpaToB, TO UMEET MECTO CHCTeMa ypaBHEHUI

Tty r—y
2 cos 5 — COS o
-y (%)
sin = 0.

L =Y
M3 BTOpOTO ypaBHEHUS CHCTEMBI (k) CIEAYET, UTO COS 7 =

+1. B aToll cBA3M cHcTeMa YpaBHEHHId (**) PABHOCHIBHO CHCTeMe
YPaBHEHUI
rt+y |

2 2
: (154
7Y .

CcOS

sin

Peliiast ypaBHEHUS CUCTEMBI (%), MOIyIaeM

z ery — %(3'& +1) u v ; J_ 7k, rtoen,k — uensle yucia.
CremoBaTeIbHO, KOPHSIMH 3aJaHHOIO YPABHEHHS SBISIOTCSH
$1—§(3n+3k+1), y1—§(3n—3k+1) .

2 — §(3n+3k—1), 9 — §(3n—3k—1),

roe m, k — Leable YACia.
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0 6

sinl® x + cos!? x sin® z |+ cos® x

235. = - )
4 4 cos? 2x + sin? 2z

Pewenne. IlpeobpaszyeM npaByro 4acTb YpaBHEHUS

6 0

sin® | cos® sin® z | cos® x

4cos? 2z +sin? 2z 4(cos? x —sin® )2 + 4sin? z - cos?

- (sin® 2 + cos® z)(sin® & — sin® x - cos”* z + cos’ x) 1

4(sin* z — sin’ x - cos’ z + cos* x) 4
B TtakoMm cryuae 3amaHHoe ypaBHeHUeE MPUHUMAET B
.10 10
sin” x +cos x = 1. (%)
.2 2
Tak kak sin” x | cos” = 1, To U3 ypaBHeHHS (*) MOIydaeM
.10 10 ) 2
SIN. X +CcOoS x =sIn" | Ccos" I,
sin” z —sin' 2 + cos® z — cos'’ z = 0
WIN
.2 . 8 2 8
sin” - (1 —sin” z) +cos” - (1 —cos” z) = 0. (k)

.2 2 . 8

. OnmHako, I/IBBCCI;HO, yTO Sin” 82 0, cossz = 0, sinz < 1,
cos r<lul—-sin"z>=0,1-cos & = 0. B 3100 cBI31 ypaBHe-
HHe (**) PaBHOCHUJIBHO COBOKYITHOCTH JIBYX CHCTEM YpaBHEHHI

sinx = *£1, sinx = 0,
UIn
cosx — ( cosx — %1,

i
KOPpHAMHA KOTOpOfI ABJIAKOTCA I — Eﬂ,, roc 1 — OCJ0oC YHUCIOo.

236. 1| +cos693 —2- \/3 cos 2x.

2
Pewienne. M3eectHo, uTo cos 2z = 2cos”  — 1. [loaromy 3amaHHOe
VpaBHEHUE PABHOCUJIBHO YPaBHEHWIO

14 cosbe=2- i/ZcosQ.a':—l.

2
Ecau nmoaoxuts cos™ r — i/, TO IIOJAYYUM YpPaBHCHHC

1+9* =232y -1, ()
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rne 0 <y < 1. [Mockoneky y = 0, To 1 —|—y3 > 1 ¥ U3 ypaBHeHus (x)

9
clemyet, 4To 2 - \3/ 20—121mwm y = 1_6 TakuMm obpazoM, UMeeM

9< <1
6 SYSs

[IpencraBuM ypaBHeHHE (*) B CICAYIONIEM BUJE:

y—i/z-%/zy—l—l. (%)

IMycte f(z) = V2z — 1. Torma ypaBHeHHe (%%) TPUHUMAET
B yHKuuoHansHoro ypaBHenust ¥ — f(f(y)). Tak kak byHKIMs

3
f(z) = v2z — | Bospactaer Ha Bcell uncnoBoii ocu QOZ, TO ypas-
Heune ¥ — f(f(y)) paBHOCHIBHO ypaBHeHuo ¥ — f(y) Ha obmactu
JOMYCTUMBIX 3HaueHHit ¥. ClemoBaTenbHO, YpaBHEHHE (x*) PaBHO-

9
CUJIBHO YPaBHEHUIO Y — \3/23{ — 1, roe 16 <y <l

Ecnu obe yactu ypaBHeHuUs y — 3/ 2y — 1 BO3BECTH B TPETHIO
cremens, T0 §° — 2y + 1 = 0 wm (y — 1)(y° +y — 1) = 0. Otciona,
V5-1

7
V5-1
T

C VIETOM TOI'Q, 9TO 1_6 <y<l,cnenyer,aro 4y = 1l U 4 =

2
Tak Kak cos"z = y, T0 cosx = £1 U cosx = =

CJIC,I[OB&TCJIBHO, KOPpHAMH 3aJaHHOI'0 YpaBHCHHA ABJAKOTCH

V5 -1

+ 7k

ry=mn " xp— Larccos

rae n, k — Oelble YHUciIa

237. V2sinz —1+ v3sing —2 — 2

Pewenne. Tak kak sinx < 1, 0o 2sinx — 1 <1 u 3sinx — 2 < 1.

B »Tol1 ¢cBsA3M \4/23in3:— 1 <1, \4/381n3:—2 <1 #u
V2sinz — 1 | ¥3sinz —2 < 2.

Ecan MHNOJIYYCHHOC HCPABCHCTBO CpAdBHHUTH € 3aJdHHBIM YpPABHC-
HHUCM, TO BHIHO, UYTO PAaBCHCTBO B YVPABHCHHWHM HOCTHUIACTCA TOJIBKO

45— 47—
B TOM cliyyae, korga v2sinx — 1 =1wu v/3sinz —2 = 1.
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T
Otcropa nonydaem sin ¢ — 1 wim x; — 5 + 2mn, roe n — nOenoe
YUCITO.
238. sin’ z + sin’ y =sinz +siny +sinz -siny — 1.
Pewuernne. Ecnu obe 9acTh ypaBHEHUS YMHOXWTH Ha 2, TO
2sin’ +ZSin2y— 2sinx — 2siny — 2sinx -siny + 2 — 0,
(sin®z — 2sinz + 1) + (sin” y — 2siny + 1) +
+ (sin23: — 2sinz -siny + sin® y) = 0,
(sinz — 1)” + (siny — 1)* + (sinz — siny)’ = 0. (%)

[TocKOMBKY Kaxkmoe U3 claraeMbIX B JIEBOM YaCTU YPaBHEHUS ()
ABIAETCH HEOTPULIATENBHBIM, TO sin & — sin ¢ — |. OTcrona monyyaem

T
KOPHHU 3aJaHHOI0 YpaBHEHUS I — ) +2mn u g = 5 + 27k, toe

n, k — Ieable Yuca.

239. 2 | 2(siny | cosy) -sinx — cos2z.

)
Pewernne. C yueToM Toro, 4to cos2x = 1 — 2sin” &, mpeacTaBuUM
3aJaHHOE YpaBHEHHE B BUIE KBaJApPaTHOIO YPaBHEHHS OTHOCHTECIBHO
sin %, T.e.

2sin® £ 4 2(siny + cosy)sinz 4+ 1 = 0. (%)

PaccMoTpuM NUCKPUMHUHAHT 3TOrO YpaBHEHHUS M IoTpebyeM,
9TOOBI OH OBLI HEOTPHUIIATEABHEIM, T. €.

(siny +cosy)’ —2=0 mwm |singy+ cosy| > V2.

OnmHako U3BECTHO, 4TO —V2 <siny +cosy < V2. Cnenosa-

TeTBHO, UMeeT MeCTO PaBeHCTBO [sin ¥ + cos | = V2.
PaccmoTpuM nBa caydad.

, T
1) Iyctb sing + cosy — V2, Torma Y = 2 + 27n W U3 ypaBHe-
HUA (%) TMOTydaeM
2sin” 2 4+2v2sinz 4+ 1 =0, (V2sinz+1)> =0,

sSing=—— "U I =
2 1= 4

e 1, k — Leable Yucia.

+ 7k,
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5
2) Tlycts siny | cosy——+v/2, Torna i, — TW +2nl (I — uenoe ncno)

M ypaBHeHHe (*) NPUHMMAeT BUJ 2 sinz — 2v2sinz + 1 = 0.
OTcrona nonyyaem

2
(\/isinm—l)Q:O, sinm_% u mzi(—l)m%—l—ﬁm,

Toe m — Iea0e TYUCIO.
) ) ) 17
240. »~ | 2sinmx — 3x } cos T — —.

Pewuerdue. TlpeobpasyeM ypaBHeHUE CIENYIOIIUM 00pa3zoM:

) ) .2 17
-+ 2sinmx — 3z + 1 —sin wm—?,
) ) 9 13
" + 2sinmx — 3z + sin ﬂ'erI—O,

3\2
(sinmz + 1) + (m — E) = 0.
OTcroza cieyeT cucTeMa ypaBHEHHi
sinte + 1 =0,
3

r—==0,
2

COAMHCTBCHHBIM KOPHCM KOTOpOfI SABIACTCH X1 —

b |t

2
i
241, 1—281n21;+\/§-sin2x121;2—47r:)3+?+2.

Pewenune. JleByloyacTb ypaBHeHUA IIpeobpasyeM CASIYIOLINM 00pa3oM:

1—Zsinza:+\/§-sin2x:c032$+\/§-sin2x:
1 3
=2 (5 costJr%sinZ:c) —

. T T
=2- (smg-coskc—l—cosg-smh:) =

2sin [ 22 1 =
f— SIn xr — i.
6
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CJICI[OBEITCJIBHO, NMCCM YpaBHCHHC

1227 ™ 22 il
x —47r:l:+?+2f2sm 2m+g :

2
T
OT1croaa nonydyacM HepaBEeHCTBO 122 — dwx + EY + 2 < 2, KoTopoe

PABHOCUJIBEHO 36z — 12rx + < 0w (62 — 7r)2 < 0.
T
Tak kak (62 — )" = 0,10 (62 — 7)° = 0 wim z; — 3 [Moncra-

T
BHUM 3HaA4YCHHEC X1 B 3aJaHHOC VpaBHCHHC H Y66,[[I/IMCH, qTo 1 — —

6

ABJIACTCA €0 KOPHCM.

1 1
242, (sin® z + cos” 2z) - [ — + — 4cos’
sintz  cos? 2z

Pewernyne. OO0NacThIO JOIIYCTUMBIX 3HAYCHUH NMepeMeHHOH T B ypaB-

T T
HEHUH ABJIeTCSI 0OBbeTUHEHNE MHOXKECT —3 <zr<0nl<zL 3

I[EUICC, BOCITOJIBE3YCMCA HCPABCHCTBOM

(a+®-(é+%)>4, (x)

CMPaBeVIMBOCTh KOTOPOTo CIeAyeT M3 HepaBeHCTBa (5) npu n = 2.
IIpuaem 3nech Tpebyetest, 4Tobbel @ > 0 u b > 0.
Ha obmact monycTUMBIX 3HAYeHWI IepeMeHHOM X BBITOIHSI-

IOTCSl HepaBeHCTBA sin z > 0 u cos’ 2z > 0, mo?TOMY K J1€BOM 4acTU
YpaBHEHUSI MOXHO NPUMEHUTh HepaBeHCTBO (x). B pesynerate storo
MPUMEHEHU MOAydaeM, UTO I J00ro x JeBas 4acTh YpaBHEHHUS
HE MEHBEIIe 4.

B 10 Xxe BpeMmd Ha 00nacTH JONYCTUMBIX 3HAYCHUN IIEPEMEHHOM I

2
2 ™ o)
HMEET MECTO HEpPaBEHCTBO 4 COS T — - < 4. CrnenoBarelbHO,

3aJaHHOC YpAaBHCHHUC PABHOCHUJIBHO CUCTCME ypaBHGHI/Iﬁ

| 1
(sin* 2 + cos” 2z) - ( + ) = 4,

sinfx  cos?2x

’




§ 2.14. TpUroHOMETPHYECKNE YDABHEHNST N CUCTEMb! 153

%3 MMOCHCAHCIO YpaBHCHUA CUCTCMEI (C YU4CTOM obnactu JOITy-

(s T

CTUMBIX 3HAYEHWUH 33) HaxoouM €Iro KOpHHU &1 — 5 n I — —5.

IToncrasnsisi 3HaUeHUsI | U Z; B IepBOe YPABHEHUE CUCTEMBI, yOexX-

JaeMCs B TOM, YTO OHH SIBJISIFOTCS €r0 KOPHSIMU.
T
3HAYUT, 3a0aHHOE YpaBHEHUE UMEET JBa KOPHS L] = D Ty—— oR
_ |
sinz-cosy = ——,
2
1

cosz-siny = 7

PelueHune. HCpBOHa‘IaJIBHO CJIO0XHM IBa YVpaBHCHHUA CHCTCMBI, a 34d-
TCM BBIUTCM H3 BTOPOI'c YPaBHCHHA IICPBOC. Torz[a IIOJIYVUUM CHCTCMY

JBYX VpaBHECHHI
sin (z +y) =0,
sin(y —x) = 1,

243.

T
W3 KOTOpPOHM clemyeT, 4TO X + 4§ — AN U Yy — T — ) + 27k, toe

n, k — uensle yucaa. CaenoBaTe]bHO, KOPHAMU 3aJaHHON CHUCTEMEI
T T
VpaBHEHUI SBISIOTCH %) — Z(Q'n —4k—1), y = Z(Qn + 4k + 1),

roe n, kE— OCIBIC YHUCIA.

{4sina:—251ny_3,
244,
2cosx —cosy = 0.

Pewsernune. IlepBoHaualbHO MPHUBEASM CHUCTEMY YPaBHEHUH K BUIY

. 3+1 .
sinz — — + —siny,
g oY

1 (+)

CoS T — 7 cos /.

Eciu Bo3BecTH B KBaipaT 00a YpaBHEHHS CHCTEMEI (%), a 3aTeM

HUX CJIOXUTH, TO
1 = 4 3 L5 1 2 . 1
= — +-siny+ —sin"y + - iny = —.
T 4sny 4sny 4003 Yy wia  siny 1

Cn caoBaTclIbHO, HMCCM

y— (—l)n arcsin Z +Tn, T1Oe N —Ieaoe YHUCIO. (**)
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W3 nepBoro ypaBHeHUs! CUCTEMBI (%) HAXOAUM Sin & — — U

oo

x — (—1)" arcsin g Fm, (%)

re m — ILenoe YUCIO.

Tak Kak IpH PeIIeHHN CHCTEMBI YPABHEHMUI (%) HCTIOMB30BATACH
olepalis BO3BENEHHS B KBapaT, TO BO3MOXHO IOSBJIEHHE TTOCTOPOH -
HHUX KOpHeil. B 3Toli CBsI3u HEOOXOMUMO HaiIeHHbIE 3HAYCHUS (%)
M (**x) IMOICTABUTH BO BTOPOE YpaBHEHUE CHCTEMEI (%), H3 KOTOPOTO
CIEAVeT, YTO 3HAKHU YHCACHHBIX 3HAYCHUN COS £ U COS ¥ TOMXKHEI COB-
nagatb. OMHAKO HeTPYIHO BUIETh, YTO MPH YeTHBIX 3HAYCHUIAX 1t U M
B dopmynax (xx), (¥xx) COOTBETCTBYIOLIME 3HAYEHHUS COSEL U COS Y
MTONOXKUATENBHEBIE, 4 TTPH HEYeTHBIX 3HAYEHUAX 78 M M 3TH 3HAYEHHS
oTpuLaTeasHEl. OTCIoma MoaydaeM

7 7

1 — arcsin 3 + 27k, xr, — — arcsin g + w2k + 1),
1 1

41 — arcsin y + 27l 4, — — arcsin 1 +7(21 + 1),

roe k, | — 1enple yMUcaa.

§2.15. TpuroHoMeTpHUyeckue HepaBeHCTBA

T
245. JlokazaTtbh, 4TO A5 JNHOOBIX X (:L" + Ek’ k — uenoe uucno)

1 1
BBITIONTHAETCS HEPaBEeHCTBO (1 + == ) (1 +— ) = 9.
Sin“ COS* T

Pewenne. IlpeobpazyeM NeByIO 9acTh HepaBeHCTBA

1 1
(t+a3) (e -
sin” x COS~ T

sin? x + cos® sin? ¢ + cos? x
= (1 — Lt . =
sin” COS* I

— (2 4ctg’ )2 +tg’ x) =5+ 2tg” x + ctg’ x) =
:9—|—2(tg2:l:—Ztgm-ctgx—l—ctgzm) =94 2tgx —ctgaz)2 = 9.

246. JlokazaThb, 4TO I8 N000ro AeHCTBUTEABHOTO X HMeEeT MeCTO

.2 ! 2 ysin? L
HepaBeHcTBO (sin” )™ ¥ + (cos™ )™ ¥ < 1+ 5 sin 2x.
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Pewernne. O4eBUAHO, 4TO TpeOyeMoe HepaBeHCTBO CIPABEATUBO JIS

T T
T = En, e n — nemoe amcio. Ilycte Temeps x # En Torma

.7 2
0<sin"z < 1m0<cos” z < 1. Bocmonb3zyeMcs TOXIESCTBOM
sin” z | cos” x = 1

¥ IPUMEHNM K JICBOH TacTH HepaBeHCTBA HepaBeHCTBO bepHymmm (8),
TOrIa

(SiIlz a,;)coszzzf + (C082 m)sinzcc _ (1 i C082 a,;)coszz: + (1 o SiIl2 :B)sinzzc \<\
<l-cos'z i1 —sin4a::2—(sin4a:+cos4a:) —
— 2 — ((sin® z + cos” z)* — 2sin” z - cos” &) —

1 1
—2—(1—§sin22:1:)—1+Esin22x.

247. (sin’(z +y) + 2sin(z +y) +2) - log,(3° +37%) < L.
Pewenue. W3 ycnoBus 3a1adu monydaeM
((sin(z +y) + 1)* 4+ 1) - log,(3° +37) < 1. (%)
OuesnnHo, uto (sin(z +y) +1)° + 1 > 1. [anee, cormacHo

HepageHcTBy Komm (3), umeem 3° + 37° = 3% + % > 2. Torma

log,(3* +37%) > 1.
TakuM 06pa3zoM, HMeeT MeCTO HepaBEHCTBO

((sin(z +9) +1)° +1) -logy(3* +37%) > L.
OTtciona U U3 HepaBeHCTBa (%) CleayeT paBeHCTBO
((sin(z +y) +1)" +1)-log, (3° +37%) = L.

[laHHOe paBeHCTBO HMMeeT MECTO TOJBKO B TOM cllydae, KOrja
. x
sin (z +y) = —1 u 3" = 1. CregoBarenpHO, pelIeHUEM HepaBEeHCTBA

T
spasgoTcs £y = 0 U 4 = —— + 270, rOe N — LeJ0e YUCJIO.
2

248. JlokaszaTb, 4TO €ClIH

sinx +siny +sinz > \/g, TO cosZ +cosy +cosz < 2.
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Pewernne. BocmonbizyeMcsi MeTOOOM OT MpOTUBHOTO. JoImycTuM, 4TO
CYILIECTBYIOT TAKWEe 3HAYEeHUA I, ¥, 2, 119 KOTOPBIX

sinx +siny +sinz = 3,

a Tp66yCMOC HCPABCHCTBO HC BLIITOJIHACTCA, T. €. UMCCT MCCTO CHCTCMA
HCPaBCHCTB

sinx +siny +sinz > \/g,
cosz +cosy +cosz > 2.

OTCIO,I[a CICOyCT, 4YTO

(sinz + sin g + sin z)* + (cos x + cosy + cos z)* > 9,
34 2(sinx-siny | cosx-cosy) | 2(siny -sinz | cosy-cosz) |
+ 2(sinx -sinz + cosxz - cos z) > 9

14801
cos (x — y) +cos(y —z) +cos(x — z) > 3. (%)
OnHAKO HEPABEHCTBO (*) SIBISETCS] IPOTHBOPSUHBBIM, MOCKOIBKY
cos(z—y)<1l, cos(py—z)<l, cos(z—2)<1 m
cos(x —y) | cos(y —z) +cos(z—z) <3.

ITonygeHHOE TIpOTHBOpeYHe CBUAECTENLCTBYET O CIIPABEIIUBOCTH
HepaBeHCTBA COS £+C0S §f+c0s z < 2 IS MPOU3BOIBHBIX 3HAYEHHUH T,

Y, 2z TIPH YCIOBHH, 9TO sin  + sin ¢ + sin z > v/5.

§ 2.16. CmelwnaHHble ypaBHEHUS M HEPaBEHCTBA

1
249. $+y+z+@ = cos(vx — /¥) + cos vz + cos (zyz).

Peiienne. W3 ypaBHeHus ciaenyer, uto = > 0,y > 0 u 2 > 0. Tak

1 1
Kak z 20, tozt+ytzt+—=2xt+y+ —.
LY Ly
Ecnu Bocmonb3oBaTbed HepaBencTBoM Komu (1) mpu n = 3, o
1 3 1

T — >3- i/xy— = 3.
+y+my yazy
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CJIC,I[OB&TCJIBHO, JJ1d JIEBOW 4acTH YpaBHCHHUA MMCCT MCCTO HC-
PaBEHCTBO

Pyt — >3 (%)
x z+ — =3 %
Y 77

[Tockoneky cos (v — 1/y) < 1, cosvz < | u cos(zyz) < 1,

cos (v — \/¥) + cos vz + cos (zyz) < 3.

OTtciona U U3 HepaBeHCTBa (%) CIelyeT, YTO PaBEeHCTBO B 3alaH-
HOM YpaBHEHHHM MOXeT OBITH TOJBKO B TOM ciydae, Korma obe ero
yacTy paBHBI 3. JleBas 4acTh ypaBHEHMS MNPUHUMAaeT MHUHUMAIbHOE
3HaueHue npu £; — 4; — 1 m 2y = 0. HerpynHo yGenutecs B TOM,
YTO NpPH JAHHBIX 3HAUECHUAX MEPEMEHHBIX I, ¥, 2 NIpaBasd 4acTh ypaB-
HEeHUs TaKKe paBHa 3.

CrnepoBaTenbHO, HAWAEHHBIE 3HAYCHUS Z1, U], 2] SBISIOTCY KOP-
HSIMU 3aJaHHOT'O YpPaBHEHMUSI.

250. cos (zsinz) =1+1g" Va2 + x4+ 1.

Pewenue. O0nacThIO JOMMYCTUMBIX 3HAYEHUI TepeMEHHONH & B ypaB-
HEeHUHU BJsgeTcs Bes uncaoBas ock OX . [Tpruem ans qro0bIX £ UMe-

2, . 2
OT MeCTO HepaBeHcTBa cos (zsinz) < lu l+1g” Va2 tz 1> 1.
CI1e10BaTeNbHO, 3aIaHHOE YPAaBHEHUE PABHOCIILHO CUCTEME YPAaBHEHUIH

TO

cos*(zsinz) = 1,
lg® vVal +z+1 0.

M3 BTOpOro ypaBHeHHS CUCTeMBl moaydaeMm £; — 0 m &, = —1.
OpHako ToNbKo 1 = ( yOIoBIeTBOPSET HePBOMY YPaBHEHHUIO CHCTEMEI.

TakuMm o6paszoMm, 1 = 0 fABIgeTcsS ¢OMHCTBEHHBIM KOpPHEM 3a-
JJAHHOTr'O ypaBHEHMSI.

251. lg(z” — 4x 1 14) + sin (zy) = 0.
Pewienue. llepemnuiiieM ypaBHEHHE Kak
g (x° — 4z + 14) = — sin (zy). (%)

Tak kak £° —4x+14 = (£—2)"+10 > 10, 0 lg (2" —4z+14) > 1.
B To e Bpemsi — sin (xy) < |, mo3TOMYy paBeHCTBO B ypaBHEHUHU ()
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MOXeT UMeTh MeCTO TONBLKO B TOM clydae, Korga obe ero 4acTh paB-
HHI 1, T. €. TOJIly4aeM cCUCTEMY YpaBHeHMIA
2
lg(x” —4x |+ 14) =1,

sin (zy) = —1. (%)

2
M3 mepBoro ypaBHeHHs CHCTeMEI (xx) cmenyeT £~ —4x + 14 = 10
U x; = 2. Eciu 2y = 2 moacTaBUTE BO BTOPOE YpaBHEHUE CHCTEMBI

T
(xx), To sin2y = —1 u y; = 2 + 7, TIe N — LeJ0¢ YUCIO.

252. log, (17 —

i
sin%}) Vot 15— 2

Pewenue. l[lepBoHayanbHO OLICHUM CHH3Y JIEBYIO YacTb YpPaBHEHUS.

. Tr
Tak kak 81117 <1, 10
. X . T
17 — sin —- > 16 wu  logy(17 — sm7)>4

Bmecte ¢ TEM, I HpaBOfI HacTH YpaBHCHHMA CIIpaBCAJIHMBa BCPXHAA
CHOCHKAa

Vaz 11522 = 4/16- (z - 1) < 4.

OTCIO,I[a MOXHO ciaclaTb BBIBOA O TOM, YTO paBCHCTBO B ypaBHCHHH
HMCCT MCCTO TOJBEKO B TOM CJIy4dac, Korjga o0e ero yactu PAaBHLI 4, T. €.

log, (17 — ) = 4,
158)04

V2z 1 15— 22 —4 x—1=0

. T T
sin — Sin —
2 2

1,

HOCJIC,[[H}IH CHUCTCMA ypaBHCHI/Iﬁ HMCEECT GHHHCTBﬂHHBIﬁ KOpPCHB
r — I.

253, (108, Sin” ) - (logeg , Sin ) = 4.

Pewenne. O0nacTb NONYCTUMBIX 3HAUCHUU IIepeMEeHHOM I B ypaB-

sinx > 0,
HEHUM OIIpeesieTCsl CUCTeMOM HepaBeHCTB { 50 13 KOTOpOi
Ccos X ,

T
caenyeT, uTo 27l < x < ) + 2xl, roe | — 1ed0e YHCTO.



§ 2.16. CmeruaHHbie ypaBHEeHHS] M HEPABEHCTBA 159

M3 3aJaHHOIc ypaBHCHHMA ITONYyYacM

1
(2 10geos  SIN 37) : (5 - 1ogos 2 SIN $> — 4,

2 : :
logeszSinx =4 wumn  log,,, sinx = £2.
PaccmotpuM nBa ciydas.

1) Tycts log,, , sinx = 2, Torma sin ¢ = cos’ z. OTciona moyJaem

—1++5

> . IIoCKOABKY

) . .
sin" z +sinz—1=0wu (sinz); 5, =

T
O<sineg <1l u 27rl<:c<5—|—27rl, TO

VvV5—1

r1 — arcsin + 27n, rOe n — leloe YUCIIo.
. . 1 . 1
2) Ecnu loge,,, sine == —2, 10 sinx — 5, Siny = ————
cos* & 1 —sin“ x

.3 : ]
mwin sin” £ —sinx + 1 = 0. Tak kak 0 < sinx < 1, To ypaBHeHHE
.3 . .,
sin" £ —sinx + 1 = 0 KopHel He UMeeT.

TakuMm OGPEBOM, KOPHAMH 33JaHHOIC YPpaBHCHHUA ABJIAIOTCA

V5-1

T — arcsin + 2mn,
re N — LeJNoe YUCIO
254, (3 —cos’ x — 2sinz)(lg’y + 2lgy + 4) < 3.
Pewenue. llepenuilieM HEPAaBEHCTBO B PABHOCWIBLHOM BUJIE
(sinz — 1) +1) - ((lgy + 1)* + 3) < 3. (%)
Tak kak (sinz — 1)2 >0m (lgy + 1)2 >0, 10
(sinz — 1) +1) - ((lgy + 1)* +3) > 3.
Ortciona U 13 HEPaBeHCTBA (%) MONyYaeM PaBeHCTBO
((sinz —1)> +1)-((Igy + 1)* + 3) = 3,
KOTOPOE€ UMEET MECTO TOJIBKO B TOM ciydae, korga sinz =1 u lgy = —1.

T
CnenoBaTenbHO, T — 5 + 27n (N — uexoe YUCIO) U f — TS
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1

255. cos 4 -cos B -cosC <

Peuerne. W3 HepasenctBa Koum (1) mpu n = 3 cieayer, uto

A B c\’
cosA.cosB-cong(COS o8B+ cos ) (%)

3
,HOKEDKCM BCIIOMOIaTCeJIbHOC HCPABCHCTBO

3
cos A +cosB +cosC < 7" (x)

J171 3TOro MpeicTaBUM JIEBYIO YacTh HEpaBEeHCTBA (k%) B BHIE

B+ C B-C

cosAd |+ cosB | cosC =cosA | 2cos c0s — o (k)
Tak xak A, B, C — yIJIBI TpeYroJIbHUKA, TO
B+C 7« T B-C 7«
A+B+C=m, 0< < = - = — < =
TErO=T 2 2 Y TS T o)
B-C
IMTostomMy O < cos <1, 0<cos 5 <lm

B+C B-C BIC
- COS < .

2 2

IMockoneky B + C — m — A, To ¢ y4eTOM IPHBEISHHOIO BEHIIIE
HEepaBeHCTBA M3 PABEHCTBA (k%) CIedyeT, 4TO

COS

B+C
cos A+ cosB fcosC <cosd | 2cos er =
At2cos (T-A) 126 2 4 2sin A
cos cos 5”3 sin 5 sm2

3 A 1\ 3
—=——=2-|sin——-—=-] <~
2 22 )

CrenoBaTenbHO, HePaBeHCTBO (**) HOKA3aHO, a BMecTe ¢ HUM
JIOKa3aHO U TpebyeMoe HepaBeHCTBO.

§2.17. HepaBeHCcTBa B reoMeTpun

256. sin’ A + sin” B + sin” C <

| O
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Peluenne. HCpBOHa‘-IaJIBHO JOKAXEM BCIIOMOIraT¢cJIbHOC HCPAaBCHCTBO

3
cos 24 +cos 2B +cos 2C = -3 (%)

ITycte O — LeHTp OKPYXHOCTH paguyca R, omyicaHHOH BOKPYT
TpeyronbHuka ABC, . e. OA4 = OB = OC = R. UsBecTHo, 4TO
BekTOp S — OA + OB + OC saBngeTcq HYJIeBBIM TOJBKO sl PaBHO-
cTOpoHHero TpeyrojasHuka ABC, mosToMy B 00IIeM ciydae

(04 + OB + 0C)” > 0.

HCHOJIBBYH CBOMCTBA CKAAPHOTO IIPOU3BCACHHA BEKTOPOB, MOXK-
HO 3aITUCaTh

0O4d00B — R’ cos 2C,
OA400C — R cos 2B,
OBoOC =R*cos24 u
(04)° -~ (0B)* - (0C)" — R
Torna u3z HepaseHctBa (OA + OB + OC)2 > 0 cnenyeT HepaBeH-

ctBo 3R> + 2R’ cos 24 + 2R* cos 2B + 2R’ cos 2C > 0, us3 KOTOPOro
BBITEKAET HEPABEHCTBO (*).
Janee, 1eByI0 9acTh TpeOyeMOro HepaBeHCTBA MPeICTaBUM, KaK

. 2 . 2 . 2
sin" A +sin” B +sin" C =

1 1 1
= 5(1 —cos24) + 5(1 —cos2B) 5(1 —cos 2C) =

3 1
=5 E(COS 2A + cos 2B + cos 2C).

OTCIO,Z[a, HCITONB3VA JOKA3aHHOC BEIITIC HCPABCHCTBO (*) , ITOJIY4acMm

3 1 3
.2 ) .2

<——— —_— —_ -,
sin“ A4 +sin”" B }sin” C < 5 2( 2) 1

AN B\ ! c\ 7!
. A . D L > 6.
257 (sm 2) + (sm 2) + (sm 2) 6

Pewenue. Vcnonsszys HepaBeHcTBO Komm (1) mpu n = 3, MoXHO
3aIlCcaTh

| N | N | 3
. A ;] . O “ .
Siny - slnm Sy i/ sin 4 - sin 2 - sin £

()
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IlepBoHauanbHO Mg TpeyvroabHuKa ABC gokaxXeM BCIIOMOTA-
TeJIbHOE HEPABEHCTBO

A B C _ 1 (+4)
SIn — - sin — - sin — -. %k k
2 2 2 T8
IIpeoOpa3yeM U OLICHUM CBepXy JEBYIO YacThb HEpPABEHCTBA (**)
CJAEAVIOIIAM 00pa3oM:

. A B C
sin — - SIn — - SIn — —
2 2 2
1 A-B A+ B ) ™ A+ B
— —| cos ——— — ¢os -sIn | — — —
2 2 2 2 2
1 A-B A+ B A+ B
— —| cos ——— — ¢os - COS —
2 2 2 2
1 A-B A+ B », A+ B
= —| co§s —— - cos — COS <
2 2 2 2
1 A+ B A+ B
< —| cos —— — cos —
2 2 2
1 A+B 1\* 1 1
— —=| cos —=] F=<-
2 2 2 8 8

Ilpu nokaszaTenbCTBE HEPAaBEHCTBA (k%) ObLI HMCMOMB30BAH TOT
daxT, uTo ;I YyrioB TpeyroabHuka ABC cripaBelJIMBLI HepaBeHCTBA

A+B T« ™ A-B T

0 —— « - __ —
< 2 <2’ 2< 2 <2’
A+ B A-B
0 < cos <1, 0<cos <1l m

A-B A+B< A+ B
cos > coS 5 < cos 5

Takum o6pa3oM, JOKa3aHa CIPaBEIIUBOCTh HEPABEHCTBA ().
Ortciofia 1 U3 HepaBeHCTBA (%) BBITEKAeT CIIPaBeNIMBOCTD TPEOYeMOro
HEpPaBCHCTRA.

Mpumeuanme. HepaBeHcTBO (%%) MOXIO TOKA3aTh IPYTUM criocoboM. TIycTh
B TpeyrojipHuke ABC cropount AB =¢, AC=bu BC = a.
Hcrronpsyst TeopeMy KOCHMHYCOB, MOXKHO 3aIIMCaTh

&> =b 4 ¢ —2bc-cos A= (b—c)’ +2bc- (1 —cos A) =

A
(b —¢)* + 4bc - sin® 7
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A a
Ortcrona cuemyet, aro 4be - si® = < @ wiu sin = < . Ilposens
B b . C c

Hsin — < ———.
2 /ac 2 2/ ab
CiejoBaTe/IbHO, UMEET MECTO

A B C a b c abe 1
smz—sm—-sm—

< . . — = -
2 7 2Wbe 2Wac 2/ab  8abc 8

WTaK, HepaBEHCTBO (%) TOKa3aHo.

AHAJIOTMYHBIC PACCYAKJICHHUS, 110JIydacM sin > <

258. tg” A +tg B+t C > 9.
Pewenne. TlpeoGpasyeM HepaBeHCTBO KaK

(g A+ 1)+ (tB+1)+(tC+1) =12

Tak Kak tg2 a -+ 1= ————, To TpebyeMoe HepaBEeHCTBO PaBHO-

cos? oy
CHJIBHO HEpaBEHCTBY
! T L s ! > 12 (%)
. %
cos2 A cos2B  cos2(C T

JIns mokasaTenbCTBA HEPABEHCTBA (%) MPUMEHUM K €ro JIeBOW
gacTi HepaseHeTBo Kommu (1) mpu n — 3, Torma

1 1 1 3
> . K%
cos® 4 ! cos’ B i cos? C' = (/(cos A -cos B-cosC)> (%)

ITockonbKy paHee OBLIO TOKAa3aHO, UYTO IS YIVIOB TPEeYTroJdbHUKA

1
ABC BpImonHsAeTCSI HepaBeHCTBO ¢cos A - cos B - cos C < 3 (cM. 3a-

mady 255), To 13 HepaBeHCTBA (k%) CIEdyeT, YTO

1 1 1
> 12.
cos? A + cos’ B + cos? C

2A ZB 2C
259. tg 3—|—tg 7—|—tg 721

Pewenue. 1lo aHanornu ¢ perieHHeM 3amadu 258 Tpebyemoe Hepa-
BEHCTBO PaBHOCHJIBHO HEPaBEHCTBY

| | |

> 4.

cos? — cos? — cos? —

2 2 2
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Takxe Mo aHAJIOTMM MMeeM HCPaBCHCTBO

(%)

2C 7 2
= COs” = COS” = 3
2 2 2 COSé'COSE'COSg
) 2 )
,HOKEDKCM BCITOMOIaTeJIbHOC HCPABCHCTBO

A B 3V3
COS — - COS — cos — < (k)
2 2 2 8

Takkak 0 < A<, 0<B<mud<C<m, 10

1+cosA 1+cosB
cos =\ — cos— A\ ————
1+cosC
cos— — \/—
2 2

[IpyiMeHsist IpuBeaeHHLIE BEIIIE PABEHCTBA, a 3aTeM HEPaBEHCTBO
Kowm npu n — 3, nonydaem

A B C \/(l—l—cosA)-(l—l—cosB)-(l—l—cosC)<

COS — - COS — - COS — =
2 2 8

2
<\/1 (3—|—cosA—|—cosB—|—cosC)3
Vs 3 '

OpHako paHee OBLIO JOKa3aHO (cM. 3amady 255), uro

cos A +cosB +cosC < =

T. €. HEPABSeHCTBO (*%), a BMECTe ¢ HUM U HEPABEHCTBA (%) U (kx),
TOKa3aHEL.

a’ +2bc b+ 2ac 1+ 2ab

+ +
b2 +62 a2 +C2 QQ +b2
CTOPOHEI TPeVTONBHUKA.

260. Jlokazatp, 4TO >3, rmea,b,c—

Pewuenue. Victionb3ysd oCHOBHOE CBOMCTBO TpeyrolabHUKaA a + b > ¢,
2 2
MOXHO 3amucaTh ¢ > ¢ — b umu a” > (¢ — b)”, oTKyma cienyet, 4To

a’ + 2be
a2+2£)c>b2+62 I —>——— > |
b ¢
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[ToBTOpSIS MpUBeeHHBIE BBILIE pacCyXKAeHHU, ModydyaeM Hepa-

b2+2a,c>1 ﬁ2+2ab>1
BEHCTBA —— n— > 1.
a’ + ¢ a’ + b
CyYMMHUpYSI TIpUBeIeHHBIE BHIIIIE TPH HEPABEHCTEA, TIOMYIAeM Tpe-
GyeMoe HepaBeHCTBO.

261. Jlokasartb, 4TO (a,2 + B+ (:2)(11(2z Ry + hg) > 3652, e a, b,
¢ — CTOpOHBI TpeyrojibHUKa, h,, h;, h. — BBEICOTBEI TPeYroJIbHHUKA,
OTIYIIIeHHEBIE HA 3TH CTOPOHEI, S — IUIOMIamh TPeyrOJbHUKA.

Peluenne. I/IBBCCTHO, YTO AJA BBIYMCICHMA TIOIIAOH TPCYIroJIbHIM-

Ka S crpaBeduBEL (hOpMYIBI
ah bh ch
S — 2"’ = 25 - 26, T.e.6S = ah, |+ bhy | ch,.

Hanee, ncnonssys HepaBeHeTBo Komm—ByHsakoBckoro (9), mo-
ayyaeM

(68)” = (ahg + bhy + che)* < (a® + b + &) (hi + hy + h}).

Otcroma cieayer crpaBeIMBOCTE TpeOyeMOoro HepaBeHCTRA.

262. JokaszaTh, 9TO IS IIPOU3BOJIBHOIO TPEYTOABHUKA, HMEET MeCTO
2, 42, 2

HepaBeHCTBO @” + b° + ¢ > 4v3 - S, tie a, b, ¢ — CTOpOHBI Tpe-

VIOJIBHHKA, a S — ero IUIoIab.

Pewenue. Bocnonesyemcst HepaseHctBoM Komm (1) mpu n — 3. Torga

(p—a)p—b)p-o) < ((p“‘”(p;f’”(p‘@) -z

3
Tak xax (p —a)(p —b)(p — ¢) < %,TO

PP (atbhto?
S\/p(p—a)(P—b)(P—C)ﬁ\/;gﬂ 12v3

T. €.

(@ +b+c)? 9
12v3 (
B coorBerctBum ¢ HepaBeHcTBoM Koum—byrsakosekoro (9),
MoxHo 3amucath (a | b | ¢)* < 3(a” + b | &)

S <
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OTciona U U3 HEPaBEHCTBA () CledyeT HepaBeHCTBO
a’ + b + ¢
43

CrnenoBaTelbHO, 10Ka3aHO, 4TO a’ + b + ¢ P 4\/§ - 5.

S <

I'Ipwme'-lal-me. I[OKaBaHHOG HCPaBCHCTBO o6pamaeTCH B paBCHCTBO TOTa
H TOJBKO TOIa, KOorja UCKOMBIA TPCYTOJBHHK ABIACTCH PDaABHOCTOPOHHHUM,

V3.a?

CTOPOHA KOTOpPOTo paBHa a. B TakoMm ciaydae § = 1

263. Jlokazathb, 4TO IJIS BBIIYKJIOIO YeThipexyronbHuka ABC D cropa-
a*+ v+ + &2
BeINIMBO HepaBeHCTBO Sapcp < ,Tne a, b, ¢, d —

4
CTOPOHBI YeTBIPEXYTOJBHUKA.

Petuenne. B uetpipexyronpnHnke ABC D 0603Ha4MM CTOPOHEI CIEOY-
oM obpaszoM: AB —a, BC =b, CD —cu AD — d. Janee, ipoBe-
nJeM muaroHaiab AC 1 TeM caMBIM pa3o0beM YeTHIpeXyroabHUK ABCD

Ha aBa TpeyroabHuka ABC u ACD. Torna Sapep = Sape + Sacp.

ab-sinB  ab
U3pectHO, uTO Sppc — ———— < el Mcrnonp3ysl HepaBeH-

2 2 T2
a +b
ctBo Komrn (2), MoxXHO 3amucath ab < — 3HaquT,
a’ + b
IR

2 2
c+d
[To aHamorum moaydaeM S op < 7 Tak kak

Sapec <

A

Sapcp = Sapc + Sacp,

TO TpeOyeMoe HEPABEHCTBO JIOKA3aHO.

a4+ b+ +d
Mpumevanue. HepaperctBo S pop < IpeBpariacTcd B

PaBCHCTBO TOrla M TOJBLKO TOI'la, KOI'Ja ABCD — KBaapar.

264. JloKa3aTb HepaBeHCTBO a° | b | ¢& < 2(1 —abc), toe a, b, ¢ —
CTOPOHBI TPEYTOJBHUKA, MepUMeTp KOTOpOro paBeH 2.

Petuenne. Ecnu a, b, ¢ — CTOpPOHBI TpeYIroJdbHUKA, MEPUMETP KOTO-
poropaBeH 2, Toa < 1, b<1luc <1 (B IIPOTUBHOM cliy4ae OJHa
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13 CTOPOH TPEYroJbHKKA GyIeT 6obille CyMMBI ABYX Apyrux). B atoid
CBSI3M UMeeT MecTo HepaBeHCTBO (1 — a@)(1 — b)(1 — ¢) > 0.

PackpbiBas CKOOKH W Tpeobpasysl JeBYI0 YacTh HepaBeHCTBA,
TIOJYYHM

1—(a+b+c)tabtact be—abe =
—1—-24+ab+ ac+ bec— abec =

a’ + b ¢ a’ +b ¢
= -1+ 5 +ab+ac+ bc— > —abe =
b+ c)? 20+
. (@tbte) a +b+ ~ abe —
2 2
IR o’ + b+ ¢ abe —
2 2 B
@? + b+ ¢
=1- +2+ —abe >0

OTcrona cleyeT HepaBeHCTBo a° | b | ¢ < 2(1 — abc).

265. Jloka3aTh HepaBeHCTBO ¢ -|-b1¢ > 6v3r, e a, b, ¢ — cTOPOHBI
TPeYroJdbHHKA, & T — pagdyc OKPYXKHOCTH, BIIMCAHHOH B TPeYroib-
HHK.

1
Pewenue. Ilycts p — E(a + b+ ¢). BoconesyeMcsi HepaBeHCTBOM
Komm (1) mpu n — 3, Torma
3
3 \/(P—a)(p—b)(p—c‘) <p-atp-bip-—c=p.

Orcrona monyaaem 27p(p —a)(p —b)(p—c) <p*, e 2787 <p",
rae S — Iulolajib TpeyroibHuKa. M3 mojiy4eHHOro HepaBeHCTBA Clie-

S 2

JIyeT, 9TO 27(—) < p2 wim 27r° < pz, T.e P = 3v/3r. OTtcrona
P

oTy9aeM TpeGyeMoe HepaBeHCTBO @ | b + ¢ > 6v/3r.

266. Hokazats, uto h, + hy + h. = 9r, toe h,, hy, h, — TpH
BLICOTHI MPOU3BOIBHOIO TPEVIOABHUKA, & T — paguyc OKPYKHOCTH,
BIIMCAHHOM B 3TOT TPEYTONBHHK.

Pewuenune. HepBOHaanBHO JOKAKEM BCITOMOTIaTCJIBHOC COOTHOLIC-

1 1 1 1
Hue MexXny h,, hy, h, 1 r BUDA — + — + — = —.
ha hb hc T
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H3BecTHO, UTO IJIOLIAAE S TpeyroJbHHUKa CO CTOpOHAMU a, b, ¢

1 1
BBRIUMCIsIeTCS o dopMmydaM S — Eaha — Ebhb = EChC — pr, tOe
P — MONYIIEPUMETP, a T — paauyc BIIMCAHHOU oKpyxHocTU. OTCloaa

CIeayeT, 4TO

1+1 1 a+b+cp1
he  hy m“zs 2§ 28 0§

Mcmonb3ys HepaBeHCTBO (S5), MOXKHO 3aIHCATh

1 1 1

h& hb hzc
1 1 1 1
Panee 6rU10 JOKa3zaHo, 4T0 — | — |+ — — —. [TosTOMY UMeeT
ha hb hc r
ha + hb + hc
MEeCTO HepaBeHCTBO > 9. Orcroma cienyer Tpebyemoe
HCPaBCHCTBO. r

267. JlokazaTh, 4TO B J1I000OM TPEYTOJBHUKE AUaMeTp BIIUCAHHOK OK-
PYXHOCTH He OoJbllle pagnyca ONMUCaHHON OKPYXHOCTH, T.e. 2r < K.

Pewienpe. JIns TpeyrodpHUKA, MOJYIEPUMETP KOTOPOTO paBeH P,

a IUIoIIaabL paBHA S, CIIpaBeIIMBEI COOTHOIIEHUS 7 — — U R — i—bsc.
OT1croga moaydaeMm ?
2r  88*  8p(p-—a)(p- bﬂp-C)
R abcp abcp
T. €
r Sp-ap-bp-o (+)
R abc

[MpumeHss HepaBeHeTBO Kommm (2), momygaeMm HepaBeHCTBa
2 ~1
p—a+p—2= n
(P—@)(P—b)g( 5 ) =T

p-ap-9<> u
a
4

(p—-b)(p—oc <
(r—a)p - B)p— ) < ¥

T. €.
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2r Sabe
OTtcroga U1 M3 paBeHCTBA (*) clegyeT, yTo — < —— — | niam

R Babc
2r < R.

268. /lokazaTb, 4YTO IJI MPOU3BOJIBHOIO TPEYTOJbHUKA, UMEET MECTO
N‘ 2’

JBOMHOE HEPABEHCTBO T <r-R< 7 rge p — MnoJayrepu-

MeTp U S — IUIoWaAbL TPeyroidbHuKa, r, K — pagdychl BIMCAHHOM

B TPEeYIOJBHHK W ONMHCAHHOM BOKPYI TPEeYIrOJbHHUKA OKPYXHOCTEH,

COOTBCTCTBCHHO.

abe
Pewenne. WMzpectHo, uTo S =p-ru S = R
T 25 R abc
otmtar = ——, R=—mn
8 atb+tc’ 45
25 abc abc
r-R = . = .
at+b+c 45 2e+b+c¢)
albilcy
Hcnoabp3yd HepaBeHcTBO Komm abe < — ) nojay4yaem
1 atbtc\’ (atbte? 2p°
T . . f— p—
(@+b+c) 3 54 27
T. € 5
2p
* R T .
’ 27

Hanee, U3BecTHO, YTO JJs MPOU3BOJIBHOIO TPEeYTOJBHHUKA CIIpa-
BeIIJIMBO HePaBEeHCTBO

3
sin A + sin B + sin C < \2/_ (%)

(IaHHOEe HEepaBEeHCTBO MOXHO [0Ka3aTh [0 aHAJOIMU C pelleHHeM
zamad 255-258).

Tak kKak @ — 2R -sin A, b = 2R -sinB u ¢ = 2R -sinC, 10
HEPAaBeHCTBO (*) MPUHUMAET BUJ

a b C 3v'3
+ + < v3
2R 2R 2R 2

albtc<3V3 R (%)

nin
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[Mockonbky @+ b+ ¢ = (25)/r, To N3 HepaBeHCTBA (**) clemyer,

ato (25)/r < 3V3-Rwm r-R > (2\/5)/9 - S. CrnemoBaTenbHO,
TpebyeMoe JBOIHOE HEpaBeHCTBO JOKA3aHO.

I'Ipume'-lal-me. I[BOI;IHOE: HCPaBCHCTBO O6pa]_[[8.6TCH B paBCHCTBO B TOM H TOJIb-
KO B TOM CJIydac, KorIla UCKOMBIA TPCYI'OJIEHUK ABJIHCTCA PaBHOCTOPOHHHM.

Torma - R = a° /6, Tlle @ — CTOpOHA TPEYTroJIbHHUKA.

§ 2.18. TeomeTpuyeckne 3agaum

2
269. B TtpeyronpHuKe cyMMa KBaapaTOB CTOPOH paBHa 1.~ , a CyMMa
HX YeTBEePThIX CTeNEHel paBHa n*. Haittu miomans TPeyroJbHHMKA.

Pewenne. O6o3HaunM croponsl BC', AC, AB Ttpeyroaoauka ABC
COOTBETCTBEHHO uepe3 a, b, ¢. [IpoBenem Kk ctopone AC Bricoty BK .
He Hapyiast ob1iHocTH paccyxaeHuil, OyaeM cUMTaTh, 4To Touka K
aexuT Ha ctropoHe AC. O6o3Hauum BK — h n AK — x.

HeTpyaHo BuaeTh, 4To = —2"uh’—a’ - (b—:{:)z. OTtcrona
¥ -al

2b '

2 2 2 2
caeayer, 4to ¢ — & =a —(b—2x) ux =
CrenoBaTelbHO, UMeeT MECTO PABEHCTBO

B2 1 — a\?
hz—CQ—:nQ—cz—( +2b a). (%)

bh

H3BecTHO, 9TO MolIags TpeyroabHUKa S — ER Torma ¢ yueToMm

paBeHCTBa (%) moiydaem

% B - a\
2__ 2_ o
5“4(6 ( 2b ))‘

v

= @( b'e— b - —a' =207 + 2070 +2a°¢) =
|

= R(2a2b2 +20°¢ +20°¢ —a* b - ) =

1 1
— —((@*+ b + ) = 2a* + b+ cY) = R(m“ — 2.

16
Vit =2
-

OTCIO,I[a BBITEKAET S —
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270. Omnpenenuth o0BEM MPIMOYTOJIBHOrO Iapalielenuriena, eciu
ero pasMephsl @, b, ¢ YOOBJIETBOPSIOT cooTHomIeHnIo 3a + 4b 4 10¢ —

500, a quaroHanb d paBHa 20V/5.

Pewernue. [1n4 npsaMoyroabHOTO MapajuleIenuiieaa UMeeT MEeCTO
@+ b+ =d.

Mockonsky d — 20v/5, T0 a’ + b + ¢ — 2000.

IMpumennm HepaBenctBo Komm— Bynsikosekoro (9), Torna

(3a 1 4b 1 10¢)” < (9 1 16 1 100)(a” + b° | ¢) = 125-2000 = 250000.

Tak Kak mo yciaoBuio 3amaum 3a | 4b + 10¢ = 500, To mpu-
MeHeHHOe BEIIIe HepaBeHCTBO Kollli— byHsAKOBCKOro MpeBpaTuIoCh
B PaBEHCTBO, MTO3TOMY BLIMTOJHSIETCS 1IeMOYKA PABEHCTB

Otcroma nonydyaeM a¢ — 3k, b = 4k u ¢ = 10k. B takoMm ciyyae
13 paBeHcTBa 3a -+ 4b-+ 10¢ — 500 cnenyert, uto 9%k + 16k -+ 100k — 500
wm k — 4. CnegoBatensHo, @ — 12, b — 16, n — 40 u oOneM
mapaienenniena V. — abe — 7680.

Mpumeuanne. s ycraHOBIEHUS pa3MEpPOB HPSMOYIOJIbHOTO HapaJlJIeICII -
I¢/la MOXKHO HCIIOJIB30BaTh HECKOJIBKO HHBIC paccyXiaeHus. s aToro Heood-
XOJJUMO TICPBOE YPaBHCHHUE CHCTEMEI

3a + 4b+ 10¢ = 500,
{a2+b2+62 = 2000
YMHOXUTD Ha 8 M BBIYECTD €0 M3 BTOPOTO YpaBHEHHUsI, TOrA
(a — 12)° + (b — 16)> + (7 — 40)> =0,
OTKyjIa tojiydaeMm a = 12, b= 16 u n = 40,
271. JluaroHanu AensiT Tparnelyio Ha 4yeThipe TpeyronabHukKa. [lycts S —

IJI0IIAAb Tpamenuu; Sy, S, — IUTOMIAON ABYX TPEYrOJbHHUKOB, KOTO-
pble IPUMBIKAIOT K O0CHOBaHUIM. JloKa3aTh, 4TO VS = VS +HA 5.

Pewenne. Ilycte ABCD — tpanenus, rme AD — HUXHee OCHO-
BaHme, a auaroHann AC, BD mnepecekaiorcs B Touke (. Ilposemem
yepe3 BepmnHy C IpgaMyro, napailenbHyI0 guaroHaan BD, korto-
pas IepecekaeT npojoakedue ocHoBaHuga AD B touke K. Tak kak
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Sisc = Spck (ocHOBaHUSA TpeyronbHUKOB paBHel BC' — DK , a BHI-
COTOH KaXIOro U3 3THX TPEYTOJIBHUKOB SIBISETCS BBICOTA TpaTelnn),

10 Sppcp — Sack — S
O6o3HauuM Mmaomanu TpeyroabHUKoB COB u AOD depes S,
1 S, cooTBeTcTBeHHO. M3 momobus TpeyroabHukos COB, AOD

BC AD
= o1 U = 5 . Tak kaxk BCKD —
AK J§ AK /S

napawienorpaMMm, 1o DK = BC u AK — BC + AD. B Takom

CIIy4Yac IMoCHC CNOXKCHHUA IMPHUBCICHHBIX BHIIIC HpOHOp]_[I/Iﬁ IoJaydJacm

V8 +VS
NG :II/IJII/I\/gi\/S_1—|—\/S_2.

272. Jlokaszatrb, 94TO ISl IPOU3BOJNBHOTO Tpeyronsunka ABC, uMeer
MEeCTO PaABEHCTRBO

b ¢ ¢ a a b
—+=}-cosdAdt+|—-—+—=-}:cosB+{=+—-1}-cosC =3,
¢ b a ¢ b a

rae a, b, ¢ — CTOpPOHBI TPeyroJbHHKA.

u ACK cnenyer, 9T0

Pewenne. CornacHo TeopeMe CUHYCOB, MMeeM

b sinB ¢ sinC a sin 4

— = — — " — — )
¢ sinC’ a sin A b sin B

[anee, neBy0 yacTh TpeOyeMOro paBeHCTBa MOXHO Ipeobpa3o-
BaTh CJACAYIOIIUM 00pa3oM:

b ¢ c a a b
- +-jrcosd+ | —+—-jcosB+|—-+—)-cosC =
c b a ¢ b a

B sinBJrsinC At sin C sin A B
- \sinC  sinB o8 sin A sin C' €08

(sinA sinB)
+ + .cosC =

sinB sind
sinB-cosC }cosB-sinC  sind-cosC |} cosd-sinC

sin A sin B
N sind-cosB+cosd-sinB B

sin C'
_ sin(B +C) N sin (4 + C) N sin(4 + B)
- sin A sin B sin C N
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sin(m —A4) sin(r—B) sin(mr-C)
sin A i sin B i sinC~

CJIG,[[OB&TCJIBHO, Tpe6yeMoe PAaBCHCTBO OJOKAa3aHO.

3.

273. llocTpouts ypaBHeHHe 0OIIel KacaTeIbHOM, MpOBedeHHOU K Ipa-
40

dukam GyHKUMA §y — SvVz nmy — ——.
Wy

Pewuernune. YpaBHeHHe MCKOMOHM KacaTelbHOI OydeM HMCKaTh B BHUIE
9y = kx+b. Tak kak npsimMas ¥y = kx + b Kacaetcs rpaduKoB HYHKIHUH

40
Y — 5\ U y — ——, TO CTpaBe/NIMBEI COOTHOWIEHUs 5v/Z — kx | b
X
40
n —— = kx + b, KOTOpble MOXHO MepenucaTh B BUAE KBaJIpaTHBIX
x

ypaBHeHUii (MepBoe ypaBHEHHe OTHOCHTENBHO /T, a BTOpoe — OT-

HOCHTENbHO Z), T.¢. kx — 5V +b=0wu kz® + bz + 40 = 0.

ITockonbky o011as KacaTeabHas1, MpoBeAeHHasl K rpadukam ¢GpyHK-

40
it y = SvVrumy = 7 ABJSIETCS €OUHCTBEHHOM, TO JUCKPUMU-

HAaHTBEl 000X KBadpaTHBIX ypaBHCHI/Iﬁ JOIKHEI OBITE OIJHOBpPCMCHHO
PAaBHLI HVJIIO, T. €. HMECT MECTO CUCTEMA ypaBHCHI/IfI

25 — 4kb — 0,
b — 160k = 0.
KOpHHMI/I HpPIBG,[[GHHOfI BBIIII¢C CHUCTCMEBI ypaBHeHI/Iﬁ ABJIAIOTCA

ki — 3 u by — 10. 3nauyuT, ob1as KacaTeabHasl, NPOBEIeHHON K I'pa-
40

bukam GYHKUMH 4§ = 5/ u y = 5 UMEET BUL 1 — g:c + 10.
§ 2.19. IkcTpemanbHblie 3HaYeHUA PYHKLUMA
274. Haiitu makcuManbHOE 3HadeHHEe (PYHKIIUM
Fz,y,2)=z+y+z—2y—zz—9yz+ zyz,
rae $2+y2+z2 = 1.
Pewenue. IlpenctaBuM ¢pyHKIMIO ¥ B paBHOCHUIBHOM BH/IE

F(z,y,z) =(z— )y —H(z-1)+ L (%)
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TaKKaKx2+y2+z2:1,T0$§1,ygl,zglH:c—l <0,
y—1<0,z—-1<0.Boroit cBizu (x — )y — I}z —1) <0
uF(x,y,2) <1

Tenepb mokaxeM, 4TO MMOJIY4EHHAs BBILLIE BEPXHsIS OlleHKA (PYHK-
min F(x, %, z) DOCTHXIMA, T. €. CYIIECTBYIOT 3HaYeHUSA Ty, Yo, 20
Takue, uto F(x¢, 40, 20) = 1.

Iycte (z — 1)(y — 1)(z — 1) == 0, Ttorma z; — 1 (370 MOX-
HO clieflaTh, He Hapynias OGIIHOCTH MOCHEIYIOMIMX PACCYXKIEHHI ).
[Tockoneky o = 1, TO W3 ypaBHEHUH o + y2 +20 =1 claeny-
eT, ITO y2 122 =0m yo = zp = 0. Tak xak F(1,0,0) = 1, 1O
Foax(z, 9, 2) = 1.

275. Haiitn Haubonbliee 3HaYeHWE QYHKIUU

f(as)—1/1—§+\6/3:+1.

Pewenue. OGnactoio ompeneneHus byHkuun ¢y = f(x) ABaAOTCA
—1 <2< 3. Ilyete —1 < x < 3, Toraa oisl YCTaHOBJIEHUS BepXHEH
oreHKH GyHKIUHU f() BOCIOMb3yeMcs HepaBeHCTBOM Beprymu (8)
1 [1OAYYUM

1/2
X x xT X
\/1—§+\6/:c+1—(1—§> +(1+a:)%<1—g+1+g—2.

ITockoneky

O -2 f) =2 u fO) VR T fa f0) -2

276. HaiiTh HanMeHbIllee 3HaUYeHHe QYHKIIAN
)
f(zx) = < + - cos x + cos 2.
Peuuenne. TlpeoGpasyem npenctasieHune byHkuuu y = f(x) cueny-
IOIIUM 00pa3oM:

2 2
z T
f@)=—=+4zcosz+2cos’x — 1= (\/zcos:c—l— —) - 1.

8 V2

Otciona caenyert, uro f(x) > —1. [TokaxeM, 4TO HUXHsIS OIIEHKA
byuku y = f(2) MOCTUXKHMMA, T. €. CYLIECTBYeT TaKOe 3HAYCHUE
MepeMeHHOW T, IpH KOoTopoM QyHKUMs f NMpUHUMAeT 3HaYeHune — 1.
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Jlns BeImonHeHusi paBeHcTBa f(r) — —1, HEoGXooUMO, Y4TOOBI

xr X i

\/ECOS Tr = ——F=,T.€. COS €r=——. TaKKaKypaBHCHI/Ie COSEt — ——
22 4 4

MMeeT KOpeHb ((akT CylecTBOBAHUSI TAKOTO KOPHSI MOXHO TOATBEP-
AuTh rpadudecku), TO fmn = —1.

277. Haiitu HanmMeHbIlIee 3HaueHHEe (PYHKIIMHA

flz) =2 1227 1 5.

(22 + 1) +

Pewenue. Tlpenctasum dyakumio y — f(x) B Bume
F@) =@ 11 14 (4
(x> +1)2

INMpuHumMas Bo BHHMaHKe HepaBeHcTBO Kowm (3), MoxHO 3a-

1

2 2

nucath (z~ |+ 1)+ W > 2. Torma u3 BeIpaxeHUs (%) MOMy-
qaeM HIDKHIOK OLeHKY f(x) > 6, KoTopas mocturaetcsi QyHKIHeit
y = f(x) torma m Tomeko Torma, korga x — 0. CiemoBaTensHO,

fmin = f(0) = 6.
278. Haiitu HanGonblllee U HAaUMeHbIllee 3HaYeHU s (PYHKIIAN
f(z,y) =6sinz-cosy+ 2sinz-siny + 3cosz.

Peiwenue. Tlpumenssi HepaseHcTBo Koumn— ByHsikosekoro (9), us
BeIpaxeHus: f(x,y) = 6sinx-cosy+2sin z-siny+ 3 cos  monydaem

Az, y) < (6427 +3%) - (sin” z-cos® y +sin” - sin® y + cos” ) —
— 49 (sin” z - (cos” y + sin” y) + cos” x) —

— 49 - (sin” £+ cos” ) = 49.

Otciona monydaeM —7 < f(z,y) < 7. Tenepp TpeGyercs moka-
3aTh, YTO HIDKHSA U BepXHSIS OLeHKH GYHKIMU f(Z,y) TOCTUXIIMEL,
T.€ foin = —7 U frax = 7.

st 3Toro HEeOOXOAMMO PaCCMOTPETEH YCIOBHUSI, MIPH KOTOPHIX He-
paBeHcTBo Komm— byHsikoBekoro (9) mpeBpalnaetcs B paBeHCTBO.
Takum 0Opa3oM, MPUMEHUTENBHO K 3afaHHOi dyHKIMK f(2, 1), mo-
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JTydaeM CUCTeMY YpaBHEHUH
6 =asinx-cosy,
2 =asinz-siny, (%)
3—acosz,

ric ¢ — HCKOTOpad KOHCTaHTa.
BOBBC,I[CM B KBaJpaT JCBEIC W IIpaBLIC YaCTHU ypaBHCHI/Iﬁ CHUCTEC-

2
MBI (*) , TOTAA MOCJIe UX MOCAeAYIOIIero CIoXeHUs moaydaem ¢~ — 49.

3
[MycTh @ = 7, TOrAa U3 CHCTEMbI YPaBHEHUH (%) clieayeT cosx — 7
9 2+/10
sint = +4/1— — = £——,
49 7
, 2 L 1 6 4 3
siny = = +—=, cosy — = +—.
() VD ) VD
. 3 2/ 10 1 3
CIA COSL = —, SINTL = , SINY = — ¥ CoS Y = —,
7 7 Y= 10 Y= 0
2+4/10 3 2+/10 1 3
TO frax = 60 : +2- - +3.==17.
7 Vv 10 7 v/ 10 7
. 3 2v10 | 3
CIA COSL — ——, SINT = — , SINYy = —— M COSY = ——,
7 Y v 10 Y v 10

= (20) 2 (20 L ()

279. Ilycte 2+ 3y2 + 2° = 2. HaiiTu HaNMeHbIllee 3HAYEHHE byHK-
i f(z,y,2) =2z ty— z.

Petuenue. BocnompsyeMcsi HepaBeHcTBOM Komu— ByHsikoBekoro (9),
TOrAa

Frzyz)=Qzty—2° = <2$+%-\/§y+(—1)'z) <

1 16 32
<(4r=11)- 13 12°)=—=-2==.
3 3 3
4
Otciona monydaeM, 4aro |f(z,y, z)| < 5\/3 Terepb MoOKaxeM,
46

910 frin(X, Y, 2) = — 3
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W3BecTHO, 4TO HepaBeHCTBO (9) obpallaercsi B paBeHCTBO TOrMA

r  Vy oz
= -

1 TOJNBKO TOrga, Korga — —
V3

n z = —a. Tak kak :lcz—l—?yyz—l—z2 — 2, TO

= a. OTcroga clenyer,

9yTto ¥ — 2a, Yy —

a2 6
4a2+?+a22ﬂai%.

B takowm cnydae

W =

frin(@, 71, 2) f(_‘f,_‘l/f, ‘f) _

() ()4 f

2

4 3

npnme'-lal-me. HpOBGI[H AaHAJIOTMYHLIC PacCyXICHHUA, MOXKHO IIOKa3aTh, YTO

fmax(wﬂ Y, Z): f(\gg: \1/267 _\:6) — 47\/6

280. Haiitu HanMeHBIlIee U HanOoJblllee 3HaYeHUS (PYHKIIAN
fle,y) =2z +y, ecm 22"ty +2zy—6x—y—0.

Peuwernne. Peutenue. Ecnu o6o3HauuTh 22 | ¥ = P, TO paccMaTpuBa-
eMYIO 3a7a4y MOXHO OyaeT chopMyJUpOBaTh CAEAVIOIIUM 00pazoM:
HAaliTH MUHUMAIBHOE U MAaKCUMAIbHOE 3HAYECHUS mapaMmeTpa p, IpH
KOTOPBIX CUCTEMa YpaBHCHUN

2$2+y2+2my—6m—y:0,
2rt+y=p

SIBJISIETCSl COBMECTHOM (T. €. MMeeT NelCTBUTeNbHbIE KOPHHU).

s TOro U3 BTOPOro ypaBHEHHU BBIPA3UM § — p — 2T U TOJA-
CTaBHM 3TO BBRIpaxKeHHE BO BTOpOe ypaBHeHHe cucTeMEl. Ilocie aToro
IIOJIVUMM KBaJpaTHOE YpaBHeHHEe OTHOCUTENBHO MepeMeHHON T ¢ Ia-
paMeTpoM P BUOA

20" —2x(p+2)+p° —p=0.

D10 YpaBHEHUEC UMECT KOPHH B TOM M TOJBKC B TOM CJIy4ac, Korga
Cro IJMCKpMMHHAHT HCOTPpHUOATCIICH, T. €. HMCCT MCCTO HCPaBCHCTBO

(p+2)>-20p"—p) =0 wm p°—6p—4<0.
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Pemas HepaBeHCTBO p2 — 6p — 4 < 0, monyyaem

3-vVIB<p<3+ VI3
[TosTomy fml-n:S—\/EI/IfmaX:SJr\/E.

Mpumevanue. Ilpenburyinyio 3amady MOXHO OBLIO OBl PEIIMTH HECKOJIBKO

pP—Yy
uHade, M3 BTOPOTO YpaBHCHHA MOXKHO BLIPA3HUTL &£ — T . B TakoMm cJIyqac
IICPBOC YpaBHCHHUC CUCTCMEI ITPHUMCT BHI

2
P-y 2 rP-vy =y
p] (. w( =) (=) —y=0
(2)“’“’(2)(2):"’

P =2pyty

Tty ey -y - 3pt 3y -y =0,

y' + 4y +p° —6p—0.
Ksajparnoe ypaBHeHUe OTHOCUTEJIBHO ¥ UMeeT KOPHU TOLNA U TOJBKO
TOTIIA, KOTJIA er0 IHCKPHMHHAHT HCOTPHIIATCIIBHBIIL, T. ¢. 4 — p” + 6p 2 0 win
p2—6p—4§ 0. Orciona momysaem 3 — V13 < p < 3+ V13.



[nasa 3

Meron MmareMaTn4yecKkon UHAYKLNNU

MeToa MaTeMaTH4eCKOW MHAYKINH ABIAETCS OTHUM U3 Hambo-
Jee 9acTO BCTPEYAIOLINXCS METONOB B MaTreMarHKe. JlommycTuM Tpe-
OyeTcsi goKaszaTh HEKOTOpoe yrepxiueHue (win dopmyny) R(n), Ko-
TOPOE 3aBUCHUT OT LIEJIOYHMCIEHHOIO mmapaMerpa 7, rae n > . Yame
BCEro B KauecTBe 1 (UIYPHUPYIOT HaTypalbHBIe uncia. Hemocpen-
CTBEHHAs MpPOBepKa YTBepXKIeHUS R(n) I KaXIoro KOHKPETHOTO
qycaa N HEBO3MOXHA, IMOCKOJABKY MHOXECTBO HATYPaIbHBIX YKCEl
OECKOHEYHO.

CyTb MeTOa MATEMATHYECKOM WHOYKIIUU COCTOUT B CIEAVIOIIEM.
ITepBoHayanbHO HeoOXoOOUMO YOEIUTHCA B CIPABEIMBOCTA YIBEP-
xaeHus (wnu bopmyasl) R(n) mis HayanbHOro 3HaYeHHs Hapamer-
pa m, T e. HEOOXOOUMO YOEIUTHCS B CIPABEIMBOCTA YTBEPKIECHMS
R(a). DTa yacTh 10KA3aTENLCTBA HA3BIBACTCS 0A3UCOM UHOYKUUU.

3aTeM mpeanonaraeTes, YTo YIBepxkueHue R(n) cupaBeamuBo s
n == k. DTa 9acTh JOKA3aTelbCTBA HA3BIBAETCH UHOYKIUOHHBIM NPeono-
NONCEHUEM.

Ecnn mocie MHIYKIIMOHHOIO MPENNOIokeHus OyIeT ToKa3aHo,
9TO yTBepXucHUe R(n) cmpaBemnmuBo u mist n = k + 1, To crpasen-
NUBOCTB YTBepXIeHUs R(n) OymeT moKa3aHa MOTHOCTEHIO.

B psje caydaeB oKasbIBaeTCA MOJE3HBIM UCIIOIB30BAHE HEKOTO-
poii MomHUKAIIMA MeToIa MaTeMaTHYecKoi nHayKmyn. Kak u mpe-
XKJIe, TIePBOHAYAIBHO HeOOXOIMMO MPOBEPHUTH CIIPABSIIUBOCTE R(a).
3ateM mpednosiaraeTcsi, YTO yrBepxkaeHue R(n) crpaBelvBO st
BCEX 71, KOTOPBIe MeHblle k (MHIYKLMOHHOE NPEIoioXeH!e). 3aTeM
HeOoOX0MMMO YOSIUTECS B CIPABEIVIMBOCTH YTBepXIeHUS R(k).

Hizxe npemararoTcs 3aa4i, pellleHre KOTOPBIX OCYIIeCTBIAETCS
METOIOM MaTeMaTHYeCKOH MHIYKLIIH.

281. JlokaszaTtb, uTO I8 MI000ro HATypalbHOTO 7 CIpaBellHBO
PaABEHCTBO

2

1
12+f+.”+ngmn+nan+n.
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Pewenne. O003HAUYUM HUCKOMYIO CYMMY 4depes S,,. Torma Tpebyercs
JIOKa3aThb, 4TO

I%émn+nan+u (+)

1
Mycte n — 1. Torma S; — 17 — g(l +1D2+1) =1, te,

YTBepXKIeHHe (*) CIpaBemINBO TIPH N = 1.
[NpenmonoxuM, 4to (*) BepHO npu 1 — k, T. e.

1
Sk = gk(k + 1)(2k + 1). (%)
JlokaxeM crpaBeqauBocTh Gopmyasl () mpu n = k + 1, T.e.
JOKAKEM, UTO

SHI—%w+1Xk+%Qk+$. (k55)

W3 onpenenenust S, caenyet, 4to Sy = S+ (k+ 1)2. OTtcrona,
UCIIONB3Ysl MHAYKIMOHHOE MPeAnookeHue, IoaydaeM

1
SH1A€Mk+UQk+U+(k+U2

= (kT DQR 1 E 16k 16) = <(k 1 1)k 4 20k 1 3)

Takum oGpazoM, yTBepKIeHHe (*%x) MOKazaHO. 3HAUUT, HopMy-
aa (%) BepHa JUisl JTIOOOrO HATYPAIbHOTO Yucia 1.

282. JlokazaTh, 4TO AJdd J0OOOro HaTypalbHOIO 1 CIpPaBeIJIMBO
PaBEHCTBO

I+24... 40 =P +2° ... +n’. ()

Petenue. OG03HAYNM JIEBYIO U MPABYIO YacTU PABEHCTBA (*) uepes
R, u S, , cootBercTBeHHO. TpebyeTcs mokasath, uto R, — 5.
IMycte n = 1, Torma Ry = S) = 1, T. e. paBeHCTBO (*) BBIIOJIHSIETCS.
IMpenmonoxuMm, uto R; — S;. Tenmepb mokaxeM, 4TO PaBeHCTBO
(*) BemmonHsteTca npu . — k + 1, T.e. Rp 1 = Spy1-
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HMmeeT MecTO menouka npeodpazoBaHUi

Repi=(1 42 4. 1kt (k1) =
=R+ 2042+ +k)k+ 1) +(k+1) =

—k(k; ) (k4+ 1D+ (k+1) =

— Rt (k1) =8, + (k1) =Sy

Takum obpazoM, fokaszaHo, 4To Rpi) = Sp41, a 3T0 0o3Hayaer,
YTO PABEHCTBO (%) CIIPaBeIIMBO ISl IOOOr0 HATYypaIbHOrO YUCia 1.

:Rk_|_2.

283. /lokazatb, 4TO cCyMMa KyOOB 71 HEUETHBIX UMCEJ paBHA n2(2ﬂ2 —-1)
IIpH JO00M HATYpPaIbHOM 7.

Pewernue. Ilo ycinoBuio 3agadym TpeOyeTcd JoKa3aTh paBeHCTBO
P35 ... 1@n-1)7 =n"-2n° - 1),

rme n = 1.
Ecan 0603HaUNTL UICKOMYIO CYMMY depe3 .S,, To TpebyeTcs Jo-
KazaTb, 4TO

S, —n’-(2n* - 1). (%)

Myctb n — 1. Torma Sy — 1° = 1 u S — 12-(2-12—1) =1,
T. &. YTBEpXKIeHUe (%) CIpaBeIMBO Tpu 1. = 1.
[MpeanonoxuM, 4To paBeHCTBO (%) BepHo mpu 1 — k, T. €.

Sp =k -2k - 1).
JlokaxeM cripaBefyiMBocTh hopmyasl (x) mpu n =k + 1, T. e.
Spr1 = (k+ 1) QK+ 12— 1) = 2k* + 8% + 11E* + 6k + 1. (%)
W3 onpenenenus S, caenyer, 4To
Spp1 =Sk +(2-(k+1)—1)° =S, + 2k + 1)°.
Otcrona, UCob3ysd UHAYKIIMOHHOE MPEAINOI0XKEHUE, MOIYIacM
Sp =k QK —1) 1+ Qk+1)> =2k + 8>+ 11K> + 6k 1 1.

TakuMm o6pa3oM, yTBepxkacHHe (x%) H0Ka3aHO. A 3TO 03HAYACT,
uto opmyna (*) BepHa st JEOGOro HATYPAJIBHOrO YUCIA 1.
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284. [lokasate, 4TO I JNIOGOT0 HATypambHOro ducia n (n > 2)
CIpaBeIJINBO PABEHCTBO

n-(n’—1)

—

Pewuenue. O003HAYUM JIEBYIO YaCcTh BEIPAXCHUS (*) gyepes Sy,.
2-(22-1)
3

1:242-34+...+(n—1)-n—

Ilycte n — 2. Torga S, —1:2 — — 2, T. . paBEHCTBO (*)

CIIpaBeJIMBO IIpH 1. — 2.
[Mpeanonoxkum, 4To paBeHCTBO (*) BBIMOAHsIETCH Npu 1 = k,

&Eﬁ%;ﬂ_ ()

IlokaxeMm, dTo

(k+U-«k+Uz—U__%+l)%W+2@_

Skt1 = 3 3 (k)
WMsBectHO, uto Sy, 1 =Sk +k(k+1). Orctona ¢ yaetom () ciaenyer, 4To
k(k> — 1
Spy1 = Q—I—k(k—l— 1) =
k+1 k+1
:—%—.mm—q)+%»::—g—-m2+nm

T. €. CIIPABETUBOCTE GOPMYINEL (**%) MOKa3aHa, a BMECTe ¢ Heil Jo-
KA3aHO YTBEPXKACHUE (*).

Mpumeyanue. MICKOMyIO CyMMY MOXHO BBIYHCIMTH U JAPYIMMH METOIaMU
(cMm. 3amady 9.)

285. Yucna Pubonayun F(n) 3a0a10Tcsi peKyppeHTHBIM COOTHOLLIE-
HueM F(n+2) = F(n)+ F(n+1),tnen > 1u F(1) =1, F(2) — 1.
Jlokazate, 410

F()+ F2)+...+ F(n)=F(n+2)—1. (*)

Petenue. OGO3HAYMM JIEBYIO YacTh BBIpAXeHHS (*) depes Sy,.
Eciu n — 1, Torma mo onpeaeneHuo yncel PuboHayyn nmeem
F(1) = 1. C opyroii ctopoHsl, u3 dopMyisl () mpu n = | monaydaeMm

S;=F(1)=1 u S =F3)—1=F(1) 1 F2)—1=1,

T. €. YTBCPXKICHHC 3ada4H (*) BCpHO IIPpH HaAYaJdbHOM 3HA4YCHHH 7.
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[Mpenmnonoxum, uto dhopmyna () BeIONHsIeTCS Ipu . — k, T. e,

Sy =F(k+2) - L (%)
JlokaxeM, 9To BeIpaxeHue (x) cnpaBemmuBo u mpu n — k+1, T e.
Spi1=F(k+3)—1. (xx%)

Hmeer mMecto Spy1 = Sp + F(k + 1). IIpuHMMas Bo BHIMaHHe
MHIYKLIMOHHOE IIPeANONOXKeHHEe (%), MOXKHO 3armcarh

St =Sp + P+ 1) =F(k1+2)—1+Fk+1)=Fk13)—1,

T. €. YTBEPXIEHME (#%%) IOKa3aHO, a BMeCTe ¢ HHUM HOKa3aHO
PaBEHCTBO ().

286. /lokasaTb paBeHCTBO

s
\/2—|—\/2—|—...—|—\/§2C08(W>, (%)

n

roen = 1.

Peiuenue. JIeByIo 9acTh BEIpaXeHUS (%) 00o3HaUMM uepes R, , a mpa-
BYIO YacTh — 4epes S,.

T
Ilyctb n — 1, torna R; — V2 u S — 2COSZ — \/5, T. €.

R; = 1. 3nauuT, dopmyna () cupasemiusa npu n — 1.
[Tycte dopmyna () BepHa pu n = k, T.e. Ry = Sy win

T
\\/2+\/2+'”+\/§,2008(W>' (%)

k

HokaxeMm, uto Ry = Spy1. Hus 3Toro npeobpasyem Bblpaxe-
HHe (%) CISIYIOLUM 06pa3oM:

T
2+\\/2+ \/2+...+x/§—2cos (W) +2,

T

k

T
2+\/2+ \/2+...+\/§2(20082(2kj) —1) 12,

k
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f T
2+\/2+\/2—|—...—|—\/%4cos (W)’

A

T
2+\/2+\/2+"'+\/§, 4cosz(ﬁ),
k
T
\\/2+\/2+...+\/€2008 (W)

k+1

Takum oGpa3zoM, mokaszaHo, 4to Ry = Sgy1. CiegoBarensHo, cripa-
BEATMBOCTh GOPMYIBI (%) AOKA3aHa.

287. /lokazaTh paBeHCTBO

sin 271w
cosw-cos2w-cos4w-...-cos2nw:# (%)
20+t sinw

AT MI000r0 LEeIOro HeOTpULlaTebHOTO Yucaa n (n = 0).

Pewenye. OG03HAYMM JIEBYIO 9acTh BbIpaXeHus (x) depes R,,.
[ycte n = 0, Torma Ry — coSw W U3 PaBEeHCTBA (%) CIEAYeT, UTO

sin 2w 2s8in w - cos w

0 — COS W,

2sinw 2sinw
T. ¢. popmyna (*) BepHa Tipu N — 0.
[MpeanonoxuM, uto dhopMyna (x) BEIMOMHSAETCA IpH 1 = k, T. €.
sin 281w
- tlsinw’

IIycte n — k + 1. Torma u3 onpenenenus R, uMeeMm

1
Ry 1 — Ry, cos PARRIR)

Ry, (x%)

OTCIOI[a, C Y4CTOM HMHAYKIIMOHHOI'C IIPpCAITONIOXKCHIA (**), CJICOyCT

Akl c k2
g1 = ———-cos 28w — sz w .cos 2"y = sin2’ 7w
25+ gin w 2542 gin w 2542 gin w
CnenoBaTensHO, paBeHCTBO (%) BepHo mpu . = k | 1. OTciona
CIEIYeT, YTO PABEHCTBO (%) BEPHO IUIsl JIOOBIX LieabIX yucen n(n = 0).
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288. Jlokazatb, 4To ANd J000ro HATYpaJlbHOTO 7 CIpaBeAJIHUBO
PaBEHCTBO

tex+2tg2e+... +2" e = ctgx — 2" ctg 2"z, (%)

Pewenue. O603HaYNM JIEBYIO YacTh paBeHCTBa (%) uepes S,. Torma
PABEHCTBO (%) MOXHO IepenucaTh Kak

ctgx — S, = 2" ctg 2"x. ()

ITycte n = 1, Torma S| = tg £ ¥ PaBEHCTBO (¥%) MPUHAMACT BUN

cos T sin &
ctgxr —tgax = — — — 2ctg2x,
Sin x COST

T. €. PABEHCTBO (*%) cripaBeqyiBo npu n = 1.
IMpennonoxum, uto popmyna (x*) cipaBemnusa npu n = k, T. e,

ctgz — Sy, = 2% ctg 2z, (%)

IIycte n = k -+ 1. Torma, ucnoap3yd UHAYKIIMOHHOE IIPeAIIONo-
KeHHe (#%%), TIONyJaeM

ctgx — Sy = (ctgx — Sp) — Wig e = P*Hig2tr — 2 g 2n =

cos2kx  sin2Fx
B k( ) o

sin2*x  cos2¢x

CnenoBatenbHO, paBeHCTBO (*x) BepHO W nipu n = k + 1, Tem
CaMbIM CIIPABEIJIMBOCTD PaBEeHCTBA (%) JOKa3aHa.

289. Ilycte wucna ag, ay, ..., @y, @, 1 00pa3yloT apupMeTUIECKYIO
nporpeccuio. Jlokazath, 4To
1 | 1 n
+ +...+ = : (%)
a1a;  ar a3 Anln 1 a1Qn11

Peiuenue. O603HAYMM JIEBYIO YaCTh paBeHCTBA () yepes .S,.

ITycte n — 1, Torma S| — —— W, cJiedoBaTelbHO, PaBEHCTBO
aay

(*) cripaBemmuBO MipH 11 = 1.
IMpeanonoxum, uto dopmyna (x) BepHa npu n = k, T e.

k
Sy = : (%)
a1 Q1
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JloKaxeM CIpaBeTUBOCTD YTBepXAeHNS (x) mpun =k | 1, Te.

E+1
Spi1 — —. (k%)
102
W13 dopmysl (x) BeITeKaeT, 9to Sy = S I —— . Otcrona
Ap410p42
1 13 QOpMYIBI (%%) ClenyeT, 4TO
o k N | koo +ay  klagy+d)+a
@10+ Op10py2 Q1O 1Qp 1041042
B kak_|_1 +ay + kd B kak-H + ap4q B (k + 1)(1;;54_1 B k+1
Q10p410k42 A10p+10p42 a1 0p10p42 A10p42

OTcrona cieyeT crpaBeTUBOCTE GOpMYIHI (*%%). OTMETHM, 4TO
IIPY STOM JIOKA3aTelLCTBE OBIIA UCIIONB30BaHa PopMyIa I 2 — IO
wieHa apuGMeTHIeCKON MPOTpeccud ¢, = a, + (n — r)d, tne d —
pa3HOCTB mporpeccud U 1 < r < n.

W13 mokazaHHOUN GOPMYIEI (k%) CleyeT CIpaBeNTHNBOCTE PABEH-
cTBa (*) IUIst TF0OOr0 HATYPAJIbHOTO YUCA 1.

290. /lokaszaTe, 9TO JJIs MIOO0TO HATYPANBHOTO YHCIa N BEIpakeHWe
4" + 15n — 1 meautcs Ha 9.

Pewenne. O603HaunM BelpakeHue 4" + 15n — 1 gepes R,,.

Ecimn —1,10 By — 4 15—1 = 18 kpatHo 9. CiengoBarensHo,
npu 7 — 1 yTBepXaeHHE 3a0auyl BBLIIIOJIHSAETCA.

IIpeanonoxum, uto R, KpatHO 9 mpu n — k.

HoxkaxeM, 410 Ry | TakxKe geautcs Ha 9. Jljid 3Toro npeicTaBuM
Ry caenyomuM obpasom:

Reyi — 4" 415k +1) -1 =
— 44" 4 15k — 1) — 45k + 18 =
— 4R;, — 45k + 18.

ITockonpKy B crily MHAYKIIMOHHOTO TIPEANOI0XKEHUS BEIpaXKeHHe
Ry, xpatHO 9, TO OTCIO0A crnenyeT, 4To uncao Ky | Takxke AenuTcs Ha 9.
TakuM o6pazoM, yTBEPKIACHHUE 3a1a4d AOKA3aHO.

291. JlokasaTh, YTO MPOM3BOJIBHOE YUCIIO, COCTABIeHHOE U3 3" OnN-
1
HaKOBBIX (P, AeanuTcs 6e3 ocTaTka Ha 3.
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Pewenue. O0603HAaYUM UCKOMoOe unuciaodepes R, ,.e. R, —aa ... a,
- W
3?’5
rne @ — nwobdoe Lenoe YUCIo, mpuHamIexaiiee orpe3ky 1 < a < 9.
TpebyeTcs AoKazaTh, yTo yucio R, kpatHo 3".
IIycte n = 1, Ttorma uucino R; = aaea KpaTHO 3, MOCKOJIBKY

3
CyMMa COCTABIIIONINX ero HUQp paBHA 3a U 3Ta cyMMa JeIUTCI Ha 3

0e3 ocTaTka.

ITpennonoxuMm, uto yucao K kpaTHO 3k (MHIYKLMOHHOE Tpe[-

1
nosnoxenue). [Tokaxkem, 9ro uncio Ry Gyger KpaTHO it

ITo onpenenenuro uucna Ry i nMeem

Ryy1=a0a...a=aa...a0a...000...04 =
k41 5 3k kL
B ) 2.3k ) 3k B
—aa...a(10)" taa...a-(10) taa...a=
3k 3k 3k
—aa...a-{(100** +10)¥ +1) =
aa...a~((10)"" +(10)" +1)
3k
— Ry~ (1007 — 14 (10)" —1+3) =
= Rr-(99...94+99...9+3).
b
2.3k 3k

Tak Kak 1mo HHAYKIUOHHOMY MPeIIToNoKeHII0 9rucio R;, KpaTHO
3% aaueno 99...9+99...9 43 KpaTHO 3 (IMOCKOJBKY KaxkIoe ero
St e e’

2.3k 3
claraeMoe JenurTes Ha 3), To uncno Ry, Oymer KpaTHO
Ha ocHoBaHuUM nmpuHIMIIA MaTeMaTUYeCcKONH WHAYKIIUH AelaeM
BBIBOJ O TOM, 4TO 4yMciao R, KpaTtHo 3" A4 11060ro HaTypalbHOLO
qucaa n.

3k+1'

292. JlokaszaTh HEpaBEHCTBO ISl TIOOOr0 HATypaibHOro 1 (n > 2)

1 N 1 N n 1 S 13 ( )
n+1 n+4+2 2n 24
Pewenue. O603HAYNM JIEBYIO 4acTh HEPAaBeHCTBa (x) uepes Sy,.
I 1 7 13
IMycte m — 2, Torga S, — 3 + kT > 7’ T. €. HEPaBEHCTBO (*)

BEpHO TIpU N = 2.
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[NpennonxoxuM, 4To HepaBeHCTBO (%) CIpaBeTHBO MpH N = k,

13
T.e. Sp > ﬂ

HokaxeMm, 910 Spy| > 5 M3 ompeneneHus CYMMEI S, clemyeT

1 1 1
it ettt
1 1 1 1 1
R R S TR T B TN
CpaBHuBag Mexmy coboit Sy u Sy, noaydaem
1 1 1 1
Sk+1 — Sk

Tl k+2 Rl 2kIDREID)

OueBHIHO, YTO NpU Jr0OOM HaTypanbHOM k(k > 2) mpaBasi 4acTh

MOCJNEAHEero paBeHCTBa MoaoxutenbHa. [loaromy Sp; > Sp. Tak

13 13
Kak Sp > — (UHOYKIHMOHHOE MpEeanonoxeHue), To Spiq > R
CrenoBareibHO, TpeGyeMoe HepaBeHCTBO (%) JOKa3aHo.

293. lokaszaTh HepaBeHCTBO bepHyman (6): ecii £ > —1l mn —
HaTypaJabHOE YHUCJIO, TO

(1+2)" > 1+nz. (*)

Pewernne. Ilyctb n — 1, Torma HepaBeHCTBO (*) MIpeBpanaeTcs
B TOXmectBo 1 +x =1+ x.
ITpenmonoxmm, 9To HEPABEeHCTBO (*) CIIpaBeNIUBO IIpU . — K, T. €.

(14+2)" > 1 +kz. (%)

[TokaxeM, YTO HEPaBEHCTBO (%) BBHIMONHIETCA TakKe U IpU
n—k+ 1, Te. gJoKaxeM, 4To

A+ =1+ kx+ 2 (k)
HMcnonb3yst HHAYKIHMOHHOE TIPEATIONOKEHHe (), MOXKHO 3aITicaTh
I+ 2" =1+ +2)" >0 +2)(Q +ke) =
—1+kx+a+ke’>1+ke+z,

T. €. HEPABEHCTBO (k%) MMeeT MecTo. 3HAYNT, HepaBeHCTBO bepHyi-
mu (6) crpaBeIMBO sl TI06Oro HATYPAJBbHOTO YHUCIa 1.
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294. Jlokaszath, 4TO [JIsI IFOOOTO HATYpAIbHOTO ucia n (n = 3) crpa-
BEIJIMBO HEPABEHCTBO

o> "Wntl ()

Pewenue. TlepBoHaUaNEHO MpeodpasyeM HepaBeHCTBO (%) IMyTeM BO3-
BemleHHd B n(n + 1)-10 cTenmeHb obenx ero wacteil. Torma momydum

HepaseHcTBo " > (4 1)" wm

(1 + %)n < n. (%x)

O4ueBUIHO, YTO HEPaBeHCTBA (%) U (%%) PaBHOCIJIBHBI.
[Tycte m = 3, Torma M3 HepaBeHCTBA (k%) CICIYET, UTO

13
I+ =) <3.
(+3)

ITocnemHee HepaBeHCTBO UMeeT MeCTO, IOCKOMBKY 64 < 81.
TMpenmnonoXuM, YTO HepaBeHCTBO (**) crpaBemiuBo mpu n = k,

(1 + %)k < k. (xx)

IMokaxeM, 9To (**) BBIMONHsETCS Npu N = k + 1, T. e. JOKaxeM
HepaBeHCTBO

T. C.

|\
l + —— <k+1 (xxx%)
k+1

[IpeobpasyeM JIeBYIO YacTh HEPABEHCTBA (#%%%) C yIETOM Hepa-
BEHCTBA (*%%) CICOYIOIINM 00pa3oM:

1 E+1 1 1 k
r—) (1 — (14—
(+k+1> (+k+1)(+k+l) <

1y LY (14! "
E 1l %

| k2 + 2k kE+1)2
<(1+—)k— + <( +)—k+1.

k+1 k-+1 k+1

TakuM oGpa3zoM, TOKa3aHO HEPABEHCTBO (*ikk), a BMeCTe ¢ HUM
IOKa3aHa CIPAaBETHBOCTE HEPABEHCTB (xx) M (*).
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295. [lokasate, 4To M M0GOTO HATypanbHOTO 7t (n > 1) crpaBen-
JHBO HEPaBEHCTBO

(@+b)" <2" N (a" +b"), ()
rme a >0, b>

Jokazamenscmeo. Tlycte n = 1, Torma HepaBeHCTBO (%) MpeBpa-
1IaeTCd B PABEHCTBO.
[lycte m = 2, TOraa HepaBeHCTBO (%) MPUHUMAET BUI

(a+b)* <2(a’ +1),
CIPaBeNIUBOCTH KOTOPOTO CIEAYeT HEMOCPENCTBEHHO U3 HEPABEHCTBA
Ko —bynskoeckoro (9).
JlomycTiM, HepaBeHCTBO (%) BEpHO MpH TI00bIX 1t < K (MHIYKIIU-
OHHOE NpeAnonoxeHue). JJoKaxeM ero crpaBeiTuBoCTs Npu 1 = k.
JlJist 3TOTO PACCMOTPUM JBA CITyUasL.

1) Tycte k — uwetHoe. ITockomeky k/2 < k, Torma, HCTIONB3YS UH-
JVKIMOHHOE MpeanoioxeHue U HepaBeHCTBO Komy— byHSIKoB-
ckoro (9)

(ak/Z + b%)2 g (12 T 12)(ak T bk) _ 2(0,k T bk),
Imojay4dJacm
(@ +0)" < ((@+b)) <@ (a2 +7))
k11

2) Tycts k — HeuetHoe. Tak Kak < k, TO B 3TOM clyYae Tak-
K€ MOXHO BOCHOJB30BAThCS MHAYKIIMOHHBIM TMPEANOI0KEHHEM.

IMockoneky, cornacHo HepaBenctBy Komn— ByHskosckoro (9),
AMeET MeCcTO

(a'?a"? + bl/Qbk/Q)2 < (a+b)(a" +b"),
TO
(G, + b)(k+1 ) <
2k+1)/2 1 ( (k+1)/2+b(k+1)/2))2 -

A\

(al/z k2 b1/2bk/2) <
Ya + b)(a” + b").

(
(
(2 )/2 (a (4172 | p(k+1) /2))
2k
pAR

VAN
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Takum o6pa3om, oKa3aHa ClpaBelIMBOCTh HEPABEHCTBA (*) NMpU
n = k. CienoBaTe/ bHO, HEPABEHCTBO (%) JOKAa3aHO JUlsi POU3BOJIb-
HOTO HATYPaJbHOrO YMca 1.

Mpumeuanune. HepaseHcTBO (%) obpainaercss B paBeHCTBO TOTJA U TOJHKO
TOoIja, Korma @¢ = b wimm n = 1.

296. [lokasaTh, YTO YHCJIO OUATOHANEH BBIMYKJIOTO 7 — YIOJbHHUKA
PaBHO
n(n — 3)
Dn — 2 L] (*)

roe n = 3.

Pewernune. T10cKOILKY B TpeyIOAbHUKE HeT AUaroHalneil, To yIBep-
KIeHWe 3aJadd CIIpaBeIIMuBO IIpu 1 — 3.
ITpeanonoxuM, 4TO B IPOU3BOALHOM BBIIYKIOM k— VTONTBHHKE
k(k —3) )
nmeercsa Dy — — auaroHaneil. Jlokaxem, 94To B TaKOM ciaydae
yIBepxkaeHue () BepHo mpu 1 — k + |, T e. BO BCSIKOM BBIIYKJIOM
(k + 1)-yroapHUKe THUCIO IUArOHANEH PaBHO

D, &t 1)2(k -2 (vx)

Iycte A1 4, ... Ap A1 — Beinykisiid (k + 1)-yroneauk. Ipo-
BeleM B HeM quaroHaib A Ay . UTo6HB yCTAHOBHUTE YHCIO JUATOHANIEH
B (k + 1)- yroneHuke A1A;... ApApy), HEOOXOOMMO MOACYUTATH
qyucio guaroHaneii B k-yroneHuke Ay A, ... Ay, mpubGaBUTEL K MONy-
yeHHOMY umciy k — 2, T. e. uuciao nuaroHateit B (k + 1)-yronpHuke
AAy ... ApAp,q, UCXOOAIIMX U3 BepLUMHBI Ay, a TakkKe ydecTb
muaroHans Ay Ay. B 310l cBa3u mid BerancaeHus Dy, UMeeT MecTo
k(i - 3) (k + 1)k - 2)
— tk—-1= :

2

Wtak, yrBepXaeHHe (xx) CIIpaBeLIHBO H, CIEA0BATENbHO, hop-

MyJa (%) crpaBeIIMBa I JOGOT0 HaTypadbHOTo 1 (1 > 3).

Mpumeyanmne. CripaBe/UTHBOCTE (DOPMVIIBL (%) MOXHO JIOKA3aTh JPYIAM M-
TOIOM, UCIIOJIB3YS IIPH 5TOM CJICAYIOIIUE PACCYKICHMS.

BepliHHEI 7-yroJbHUKA 00pa3yloT MHOXecTBO U3 1. (1 = 3) To-
YeK IUIOCKOCTU, U3 KOTOPBIX HUKAKKE TPU TOYKM HE JiexaT Ha OJHOU
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HpHMOﬁ. COC,I[I/IHHH IIorrapHo 3TH TOYKH BCCBO3IMOXKHEBEIMH crocoba-

, n-(n—1)
M, monyaum C, = n-{n-l) OTPE3KOB, M3 KOTOPBIX 71 OTPE3KOB

ABIAKOTCA CTOPOHAMHM, a OCTAJIbHBIC — AHMaro”dajlxiMu 7t -yrojJbHHKA, T. €.
n-(n—1) n-(n—3)

D:— f—
n > " )

OTMeTuM, 4TO 371ech IPH JOKA3aTeNbCTBe GOPMYIBL (%) HCIONb-

2
30BalOCh MOHATHEe OMHOMHANbHOrO Kordoduuumenta €, — <«4IUCIO
COYETAHUI U3 7t 110 2».

297. Jloka3ath, YTO [PU HATYPAILHOM 7i(n > 2) HepaBeHCTBO
a1 +az + ... + an| <lar| +aa] +. ..+ ay] (%)

BBLIITOJIHSAETCS ITPU JIIOOBIX a1, a3 ,. .., Qy.

Petwenne. Tlpu n — 2 HepaBEeHCTBO (*) MPHUHMMAET BHI BEPHOTO
HepaBeHCTBA a1 + a;| < |ay| + |as].
ITpemmono)uM, 9To HEPABEHCTBO (*) BBITOMHSIETCS pU 12—k, T. €.

a1 +ay + ...+ o] <lag| + |aa] + ... + [ay. (k)
JlokaxeM, 4To HepaBeHCTBO (*) umeer Mectoupu n=FEk+1, T.e.
@y +ay + ...+ ag +ap| < ag| +aa| - fag] +lagg | (erx)
I[GﬁCTBHTCJIBHO, MOXHO 3aIIUCaThb
a1 Fay ... Fap tag] = (e Fayt ...+ ag) Fagy] <

<lap tay + ...+ ag| + lag 1]

Jlanee BOCIONB3yeMCS MHAYKIMOHHBIM MPEIIONOKEHUEM (%)
M MOJTyYUM TpeOyeMoe HepaBeHCTBO (¥%%). 3HAUUT, HEPABEHCTBO (%)
CIIpaBeUIUBO TIpH N > 2.

298. Ilycte 21, T2, ..., T, — TIPOU3BOJBHBIE ITOTOXKUTENbHBIE YACTA,
MIpUYeM %> ... L, — 1. Jlokazate, 4TO

rtT+...+x, =n, (*)
e n > 2.

Pewenne. Ilyctb n — 2, torma 129 — 1. Ecmm 21 <1, 70 20 > 1
(unu, Haobopot, ecnmu xy = 1, To £, < 1). B nmobom ciyyae umeer
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MecTo HepaBeHCTBO (27 — 1)(2x — 1) < 0. Tak kak z2y = 1, TO
OTCIOfIA CIIEAYeT

Ttz +1=1+1=2,

T. . HEPABEHCTBO (*) BBIMOIHSETCH.
[MpeamonoxuM, 4TO HEPaBEeHCTBO (%) CrpaBedIMBO NpH 1. = k.
Ilyctb n=k+1u 212;y...2p25 — 1. JonmycTum, uto 41 < 1.
[Tockoneky 12> ... Zpxpy) = 1, TO cpenu uncen zy, La, ..., Ly Hal-
JeTcsa XoTsd OBl OJHO 4McI0, KoTopoe Ooabpmie win paBHo 1. He Ha-
pyiliasg oOIIHOCTHA MOCAeOVIONINX paccyXaeHHui, OyaeM CUHUTaTh, 4TO
3TUM YHCJIOM SIBISIETCS I, T.€. Zp = 1. Torma

(ZL’k — 1)(211,2,4_1 - 1) <0, wmz; + Lr+1 - TpTpy + L. (**)

Ecmu x4y > 1, T0 2 < | u HepaBeHCTBO (**) Takke Oyger
MMETb MECTO.

ITo ycmoBuio 3amavu X1%; ... Tp—1(ZeZry1) = 1. Orcroma, co-
[JIACHO WHAYKLMOHHOMY MPENIIONOXEHHUIO, CIENYET

1+ e+ ...+ 2o e 2 k. (xxx)
Mcnonp3yst mocienoBate/bHO HEPaBeHCTBA (*%) U (k) , MmomydaeM
ntot... ezttt et +H1 2 kEH 1

TakuM o6pa3oM, ITOKA3aHO, YTO YTBEPKIEHUE 3a]a4l BEPHO NIPH
n = k + 1. CnemoBaTenbHO, HEPABEHCTBO (%) JOKa3aHO VIS MOGOTO
HaTypajJpHOro uucia n (n = 2).

299. Jlokasatp HepaBeHcTBO Ko (1), T e.

ata+...+a
2> Yaa,...a,, (%)

t
roe a1, a2, ..., ¢y — IPOU3BOJBHBIC ITONOXHUTSJIBHEIC YHCIIA.

Pewenue. Tlpn nokazatensctBe HepaBeHcTBa Komm (%) Gymem wmc-
IMOJIB30BaTh VTBEepXIcHIE 3anadn 298.

Hns »Toro odpaszyeM 7N MOJOXMTENBHBIX YUCET ZL1,L7, ..., Ly
CJIEeAVIOIIUM 00pa3oM:
A ay
ry = n ’ Ly = n ) Tt
@iy ... ay a1ar ... 4y
Ay
X, — : (%)
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Tak Kak %> ... T, — 1, TO IMeeT MeCcTO HepaBeHCTBO
zrtx+...+x, = n,

KOTOPOE € YIETOM (%) MPUHIMAET BHU[

a) %) g,
- + - +...+ - Zn.
aiay ... 0y, a1y ... 04y aiay ... 04y,

OTclona crelyeT crpaBelTUBOCcTh HepaBeHeTBa Ko (1).

Mpumeuanune. HepapeHeTBO (%) OyiieT CIIpaBe/UTMBO M B TOM CJIydae, KOTJa
ar=20,a, 20, ..., a, =2 0. Dro caenyeT U3 Toro ¢axra, 4ro €Cliv XOTs Obl
OJTHO W3 HEOTPUIIATEIBHBIX YUCEN G, G2,. .., G, [IPUPABHATH HY/IIO, TO He-
PaBeHCTBO (%) OyIeT OUCBHIHBIM.

300. [dokasath, 4TO NMr000OE Ieloe Yhcao pydiei n (n > 8) MOXHO
VILIATUThL 03 cOadyu ACHEXHBIMM OHMIeTaMM, JOCTOMHCTBOM B 3 U 5
pyOeii.

Pewenune. Ilycte n = §, Torma yTBepXaeHHe 3agadd CIIpaBeqINBO,
MOCKONBKY 8 pyd. = 3 py6. + 5 pyo.

ITycTh yTBepKOeHWe 3agaun BepHO O k pyOnei, roe k — 1enoe
qKrcio, OoJNbIIee WX paBHOE 8.

[Ipy 5TOM BO3MOXHEI JBa Caydasi:

1) k pyGueil yIuiaunBaoTCs ONHUMH TPEXPYOJIeBBIMU OHICTAMH;

2) k pyGueii yriaunBaroTCs AeHEXHBIMU OWIIETAME, CPEAN KOTOPBIX
€CTh XOTS OBl OOWH OWJIEeT MITHPYOIEeBOro JOCTOMHCTRA.

B nepeomM cnydyae TpexpyOaeBbIX OUIIETOB AOJIKHO OBITH HEe MeHee
TpeX, TaK KakK B 3ToM ciydae k > 8. [Indg Toro, 9To6b! yratuts & -+ 1 pyo.,
3aMEHHUM TpH TPeXpyOJieBBIX OHIeTa IBYMS IISITHPYOIEBEIMU.

Bo BropoMm ciayyae gns ymaatel k | 1 pyOas 3aMeHUM OOUH
ATUPyOJIeBBI OMIET IBYyMS TpeXpyOJaeBbIMHU.

Takum o6pazoM, MBI JOKa3alMd CIIPaBEAIUBOCTL YTBEPXKISHUS
npu n — k + 1. CinemoBarenbHO, yTBEPKISHNE 3a0a4l BBITIONHSIETCS
I TTPOU3BOJBHBIX YMCeN 71, HAaUMHAsA ¢ 1 = 8.

Mpumevanune. JlanHyIO 33189y MOXHO PELIUTH JIPYIHUM METOIOM.

Jltst mo6oro 1exoro duciaa n (n > 8) HMeeT MeCTO OIHO U3 Clely-
IOIMUX Tpex IpeactapieHuii: n = 3k — 1, n = 3k un = 3k + 1, tne
E=3,4,5,....

Takkak k> 3, n=3k—1=3(k—-2)+5un=3k+1=3(k-3)+10,
TO YTBEPXKJICHHUE 3ajaul CIIPABEIJIABO.
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06 aBTope Banepwuii Naenosuu CYMNPYH

JloyeHT MexaHWKO-MareMaTMdecKoro gakyabTera benopyc-

’(- \ CKOrO FOCYAAPCTBEHHONO YHUBEPCUTETA, 3aM. AeKaHa No Ha-
';H - yuHol pabote (1996-2007), KaHAMAAT TeXHUYECKNX HaYK.
| Tl 40 06nacTb HAYYHBIX MHTEPECOB: AMCKPETHAA MATEMATHKA M Bbli-

YMCAUTENLHAA TeXHUKA. HMeer okono 60 HaYUYHLIX cTaTeld no
AMCKPeTHOM MaTeMaTHKe U Gonee 200 u3obpeTteHuid B oGnacTu
ABTOMATMKM M BLIYMCANTeALHOW TexHMKKU. HarpaxpaeH 3ono-
ToA Mefansid U lunaomom BcemupHOHW opraHnzayMM MHTeN-
nexTyanbHo# cobereeHnoctn (BOWC), kak «Jlyuiwnii nzobpe-
Tarene benapycn 2006 rogan.

ABTOp yuebHbIX NOCOBWMA «MaTemMaTMKa ANA CTAPLIEKNACCHWKOB., 3afadYyM MNOBbILUEHHOH
cnoXHocTH® (MuHCK, 2002); «MareMarHKa AnA CTapLIeKNacCHUKOB. HecTaHgapTHele Me-
TOALI pelueHua 23f8au» (MuHcK, 2003): «YpapHeHMA M HepapeHCTBA: TOTOBHMCH K BCTY-
NUTEN b HOMY 3K3amMe HY» (MuHCK, 2003). B nocnegHue rofgbl peryns pHO NY6N M KYeTCA B Y p-
Hane AnA LWKONbHUKOB W abUTYpHeHTOB « PeneTutopy» (MUHCK).
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