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BBenenune

3anaun yactu «C» Exunoro rocymapcer-
BEHHOT'O 3K3aM€Ha 10 CTEpEOMETPUU B IO-
cieHee BpeMsi OOJIbIIEeH YacThIO MOCBSIIE-
HBl BBIYHCIICHUIO PACCTOSIHUH W YIJIOB B
MIPOCTPAHCTBE.

Oxo110 30 % BBITYCKHUKOB MPUCTYNAJIO K
pemennto 3amaun C2 Ha EI'D 2010-2012 rr.
Tak B 2010 rogy mpoueHT NpUCTYNMBIINX K
BhITIosHEHUIO coctaBmi 30%, B 2011 romy —
33,1%, aB 2012 rogy — 29%.

3ananne C2 ouenuBaercss B 2 Oaia.
B 2010 rony ot 1 mo 2 OamioB 3a 3agauy
C2 cmormu mosryuuth 11,6% y9acTHHKOB
sk3amena, B 2011 — 13,9%, a B 2012 —
5,53%.

[lonHoe pemeHue Kaxaon 3a1a4u coOCTo-
UT W3 TEOPETUYECKOM YacTH, 3aKII0yaro-
mieiicss B 000CHOBaHMM B3aUMHOTO PacIio-
JIO’)KEHUS 3JIEMEHTOB 3aJaHHOW CTepeoMeT-
pUYECKON KOH(GUTYpaIfy, ¥ BBIYACIHTEb-
Hoi uactu. Ilpu mposepke 3amaunm C2 BbI-
CTaBJieHHE 0aUIOB NMPOU3BOAMUTCS B COOTBET-
CTBHH CO CJIEIYIOIIMMHU KPUTCPHIMH.

Conepxxanmne KpuTepus Bajuibl
O60CHOBaHHO TIONYYEH IMPaBHIIb- )
HbIA OTBET

Pemenne conmepkutr 00OCHOBaH-
HBIN nepexoa K INTaHUMCTpUYC-
CKOM 3ajaye, HO IOJYy4YEeH HEBep-
HBI OTBET WJIM pelleHue He 3a- 1
KOHYCHO, WJIW IIpyU HNpPaBHIBHOM
OTBETEC pEeLICHHE HEeJOCTaTOYHO

000CHOBAHO.
Pemenue He cOOTBETCTBYET HU
OJIHOMY W3 KPUTEPHEB, TEPEUUC- 0
JICHHBIX BBIIIC

Maxcumansnouii 6a1n 2

B mnepBoii riaBe «PaccTositHuA W yIIIbI»
MIPEJICTABJICHBl Pa3HbIE METOJbl PELICHUS
3amau tuna C2. I'eomerpuyeckue MeTO[bl
pelIeHus 3a/laun ONUPAIOTCSA HA OIpenene-
HUS PAacCTOSIHUSI WM yria, U TpeOyrT OT
yyaluxcs pa3BUTOTO MPOCTPAHCTBEHHOTO
BooOpaxeHusa. Kpome 3roro noaxona B mo-
coOun paccMOTPEHbI KOOPJMHATHBIN U BEK-
TOPHBIN METOJbl, KOTOPbIE MOTYT OBITH (-
(eKTUBHO HCII0JIb30BaHbI MPU PEILIEHUU 3a-
nad pasHoro Buja. [IpumeHeHHEe OMOpPHBIX
3a/a4 TaK)K€ MOMKET IPUBECTH K PpaLUo-
HaJIbHOMY PEIICHUIO 331a4H.
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Cnenyer OTMETUTb, YTO MpPH PELICHUU
3aJlaud KOOPJAUHATHBIM UJIM BEKTOPHBIM Me-
TOJAMH BBIITYCKHUK JIOJDKEH HOJYYUTh Ipa-
BUJIBHBIM OTBET, U TOJBKO TOTJA €ro perie-
Hue Oyzaer oleHeHo B 2 Oaina. B mportus-
HOM CJIy4ae €ro pelnieHre He COOTBETCTBYET
MIPUBEACHHBIM KPUTEPUSIM U OyJeT OLEHEHO
B 0 Oamos.

B xoauduxaTtop 351€MeHTOB coJiep:KaHus
K YPOBHIO MOJTOTOBKHU BBIITYCKHHUKOB BXO-
JAT pa3ielibl, CBA3aHHbIE C TeMOW «MHOTro-
IPaHHUKW», KOTOpPbIE€ OTPAKEHbI B JIaHHOM
OCOOUU: ceyeHHsl KyOa, MpU3Mbl, MUpaMU-
Ibl; OOKOBasi MOBEPXHOCTh NPU3MBI, MHpa-
MUJBI; 00BEM KyOa, HpPSIMOYTOJIbHOIO Ia-
paienenuiiea, nupamMuiel, NpusMsl. Bo
BTOpO# rnase «[lnomaau u oObemMbl» npea-
CTaBJICHbl METOJbl PEUICHUS] CTEPEOMETPHU-
YeCKUX 3a/lad Ha MHOTOTpPaHHUKAaX C HC-
M0JIb30BaHUEM (QOpMyd HMX IUIOIIATU IIO-
BEPXHOCTH U 00beMa.

B Ttpertneit riaBe «/lomonHenus» coOpaH
OCHOBHOW Marepuall, KOTOPbIA HCHOJIb3YET-
Csl MpPU PELIEHUH MHOTMX CTepeoMeTpude-
CKUX 3ajlay, BJaJEHHE KOTOPBIM MOJpa3y-
MeBaercs. B wacTHOCTH, IpelCTaBiIeHbl OC-
HOBHBIE CIIOCOOBI IOCTPOEHMSI CEUEHHM
MHOTOTPAaHHUKOB IUJIOCKOCTBIO, OCHOBHBIE
CHocOoObl BBEJEHHSI CUCTEM KOOpPAMHAT IS
HCIOJIb30BaHUS KOOPJMHATHOTO METOoJa,
JAHO TIPEACTaBJIEHUE O BEKTOPHOM METOJE
pelieHus 3a1a4. B perenusix MHOTUX 3a/1ad4,
MIPUBEACHHBIX B JAHHOM MOCOOUU, UMEIOTCS
CCBUJIKM Ha ONOPHBIE 33/1a4M, MOJHBIA Ha0Op
KOTOPBIX TTOMEIeH B myHKTe 3.4 Ha cTp. 93-
99.

ABTOpBI HaZIEIOTCA, YTO JAaHHOE Mocodue
OyJeT MOJIE3HO YYallUMCSI MPU UX TOIr0-
TOBKE K UTOTOBOMY JK3aMEHY.

Kenaem ycnexa!



I'masa 1. PaccTosinus u yrJibl

Tema «PaccrossHMS W YIUIBD) SIBIISETCA
OCHOBOM JJIsl IPyTUX Pa3/ieloB CTEPEOMeET-
pun. B naHHOM paszzene npencTaBlIeHO B3a-
HMHOC PpacCIlOJIO)KCHHUE TOYCK, IIPAMBIX H
IJIOCKOCTEH Ha MHOTOTpaHHHUKaX, PaccMOT-
PEHBI OCHOBHBIC BHJbI 3aJla4 U MCETOJblI HX
peuienus.

1.1. PaccTosiHue MeKay ABYMS TOYKAMHU

Paccrosaue mexny toukamu A u B
MO>KHO BBIUHCIIUTD:

1) xak JuIMHY oTpe3ka AB , eciau OTpe3oK
AB ynaercs BKJIIOYUTH B HEKOTOPBIM Tpe-
YTOJIBHHUK B Ka4€CTBE OJHOU U3 €T0 CTOPOH;

2) o hopmyne

0(4,B)=(x, 2 + (=) + (-2, (1)

rae A(x], Vi Z])a B(xz’ Yas Zz);

3) mo dhopmyne
‘E‘:ﬁ AB-AB < ‘E‘:w/ a+b’+c*,(2)
rae {a,b,c} — koopauHaTHl BekTOopa AB B
JIEKaApTOBOM CUCTEME KOOPIAUHAT.
Ioymanno-eviuuciaumenbHolii MEMoO

Ilpumep 1. B  eounuunom  kybe
ABCDA,B,C\D, ma oOuaconanax zcpauei

AD, u D,B, e3amvl mouku E u F max, umo

1 2
D\E :§AD], D\F ZED]B]. Haiimu onuny

ompeska EF.

B,

A] C,1
y A C
D
Puc. 1

Pewenue. Jlniuny otpeska EF HaiieMm 1o
TEOpEeME KOCHHYCOB M3  TpEYyroJibHUKa

DEF (cm. puc. 1), B  KOTOpOM
D]F=§\/§, D]Ezéﬁ, LFD]Ezg
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(TpeyronbHUK AB,D, sBiS€TCs PaBHOCTO-
ponaum). Umeem

EF?=DE*+D,F’ —2D]E-D]F-cos§ =

2 8 22421 2

9 9 3 3 2 3

oTkyna EF = @

2

Omeem:

NG
e

Koopounammuwtit memoo

[Ipuctynas K pemicHWIO 3aJa4d 3TUM Me-
TOJIOM TIOJIE3HO pa3zo0parh 3amady Nel wus
CIIMCKA OTOPHBIX 3a1a4 (cM. r1aBy 3 1. 3.4).

Ilycmo MOYKU A(x;; v 2,) u
B(x,; ,;z,) — konywer ompeska AB. Tozcoa
snympennss mouka C ompeska AB makas,
ymo AC:CB=k, umeem Koopounamol
C[x, +kx, ywt+ky, z +k22]

k+1 ° k+1 ~ k+1

Ilpumep 2. B  eounuunom  Kybe
ABCDA,B,C,D, mouxu E u K — cepedunwvi
pebep AA, u CD coomeemcmeenno, a
moyka M pacnonosicena Ha OuazoHanu
B,D, max, umo BM =2MD,. Haiimu pac-
cmosinue mexcoy moukamu Q u L, ede QO —

cepeouna ompeska EM, a L — mouxa om-
pesxka MK maxas, umo ML =2LK.

Pewenue. BeeneMm npsIMOYTrOJIBHYIO CHC-
TeMY KOOpJMHAT, KaK yKa3aHO Ha PUCYHKE 2.

z)

4,

Puc. 2

Torma E(O; 0;%), K(l;%;O], B(0;1;1),

D (1;0;1). Jlna HaxoXKAEHUS KOOPIUHAT
TOUYKH M ucnonbzyeM GopMyny KOOpIUHAT



Touku (omopHas 3amava 1), gensimieir oTpe-
30K B,D, B otHomieHuu 2:1. Mmeem

v 0+2-1 1+2-0 1+2-1 B g ll
1+2 7 142 7 142 3737 )
AHaJ'[OFI/IT-IHO HOJ'IyLH/IM KOOpI[I/IHaTI)I TOYKHU

L, nensimen orpe3ok MK B oTHOmeHuu 2:1.
Nmeem

2 1 1
J3 st 20| (34
1+2 7 142 7 1+2 9°9°3)

Koopaunatsl Touku Q) paBHBI MOJIycyMMaM

COOTBETCTBYIOIIUX KOOPJIMHAT TO4YeK E U
11

M, nosTomy Q(g s %) [Tpumenum ¢op-

Myay (1) s paccTOsIHUSI MEX]ly TOUKaMU C
3aJJaHHBIMHM KOOpJIMHATaMU

o8y (14 (3.1 _
LQ_J[3 9] +(6 9] +(4 3]
725 5429

362 36

Bexmopnuiit memoo

Ilpumep 3. B  eounuunom  Kybe
ABCDA,B,C,D, ma oOuaconanax zpauei

AD, u DB, é3amer mouxu E u F mak, umo

1 2
D\E :§AD], D\F ZED]B]. Haiimu onuny

ompeska EF.
Pewenue. [1yctn A_D =d, E :I;, ﬂ ¢
(cm. puc. 1), torma |ad|=|b|=|¢|=1,
i-b=d-¢=b-¢=0.

FE yepe3 0a3ucHble BEKTOPHI d , b, ¢:

BeIpasum  BekTOp

—_

FE=FEA+4 , + B, :—§(6+5)+

+(1§+5)+§(a—1§)= ——&+§I;+

Torna mo ¢popmyie (2)

2
‘FE‘:\/FEZ:\/(—%5+EI;+ E] -
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1 4 1 6
—+—+—= :
9 9 9 3
3ameuanue. BexTop FE B naHHOM 0a-

121
3UC€ MMEET KOOPAMHATBl {——;—; —(, IO-
3’373

ITOMY €r0 JJIMHY MOXKHO HaWTH 1O (opMmy-
1e ‘AB‘: N a’+b* +¢*, To ecTh
4 1 e

+

995 3

|
=)
:
3
v &

48]~

TpeHI/IPOBO‘IHbIe YHpaKHCHUS

1. PeOpa mpaBuiIbHON YETHIPEXYrOJIbHOMN
npu3Msel paBHbl 1, 4 u 4. Haiinure paccros-
HUE OT BEpIIMHBI [0 IIEHTpa OCHOBAaHMUS
MIPU3MBI, HE COJIEPKAIIEr0 3Ty BEPIIUHY.

2. B egunnunom kybe ABCDA B,C, D,
Touku E, K u L — cepenunsl pebep A4,
CD n B,C, COOTBETCTBEHHO, a TOUKH M U
N pacmoJio>)KeHbl COOTBETCTBEHHO Ha OT-
pe3Kax EK u LK Tak,  4TO
EM MK =2:3,a LN:NK =1:4. Haiinu-
Te JUIMHY OTpe3ka MN.

3. B mpaBuiIbHOW TpEyroJbHOM INpU3Me
ABCAB,C, na pebpax AB u B,C, BbIOpa-
HbI TOUKH £ m K COOTBETCTBEHHO TaK, YTO
AE:EB=1:2,a BK:KC, =5:1. Haiinure
JUIMHY oTpe3ka EK, CcTOpoHa OCHOBaHMS
MpU3MBI paBHA 6, a 00KOBOE PeOpPO paBHO 2.

4. B npaBuiIbHON IIECTUYTOJIBHOM HpU3-
me ABCDEFABC D,E\F,, Bce pedpa KoTO-
pO¥ paBHBI 2, HAUIUTE PACCTOSHUE OT TOYKH
A no touex: a) C;; 0) D,; B) M, tne M —
ueHrtp rpanu EE DD .

S. B npaBuiIbHON IIECTUYTOJIBHOW MPH3-
me ABCDEFA B,C\D,EF,, Bce pebpa Ko-
TOpOM paBHBI 1, HAUIUTE PACCTOSAHHUE MEXK-
oy ToukamMu 4 u E,.

6. B mpaBuIbHON YETHIPEXYrOJIBHOW IH-
pamune SABCD , ctopoHa OCHOBaHUA U 00-
KOBOE€ pedpo KOTOPOW paBHBI 42 u 5 co-
OTBETCTBEHHO. Haiinure paccTtosiHue Mexnmy
Toukamu E u K, ecim M3BECTHO, 4TO £ I1e-
XKUT Ha 60KOoBOM pedpe SBu SE =2BE,a kK
— Ha cTopoHe ocHOBaHUsA AD u AK =3KD.



1.2. PaccTosiHue OT TOYKH /10 NIPSAMOii

® Paccmosinue om mouyku 00 NpAMOU, HE
coJiepkalieil 3Ty TOUKY, €CTh JJIMHA OTPe3-
Ka TePHEHANKYIIAPa, MPOBEIEHHOTO U3 3TON
TOYKHU Ha MPSAMYIO.

® Paccmosanue medcoy 08yMs napajieiib-
HbIMU NPAMbIMY PABHO JITMHE OTpe3Ka WX
o011ero nepreHauKymIspa.

® Paccmosanue medcoy 08yMs napajieiib-
HbIMU NPAMbIMU PABHO PACCTOSIHUIO OT JIIO-
00l TOUKHM OJHOM U3 ATHX MPAMBIX JI0 JIPY-
rOU MPSMOMU.

Ilosmanno-eviuucnumenvuwlii memoo
Paccrosanue or toukm M n0 mnpsAMoOH
AB, ob6o3nauaemoe p(M; AB), BblUUCHS-

10T, KaK JUIMHY BBICOTBI, ONYIICHHOW W3
Touku M Ha ocHOBaHWe AB (Wiau ee mpo-
NOJKEHHE) TpeyroibHuka ABM .

Ipumep 4. Ilpu ycrosusx npumepa 1
Haumu paccmosnue om mouku D, 0o nps-
mou EF.

Pewenue. I1ycts h — n1Ha BBICOTHI Tpe-
yronpHuka D EF, OIYIIEHHOW W3 TOYKH
D,. Haiinem h, mcnonb3yss METOA ILIOLIA-
nen. [Inomans Tpeyronsauka D, EF paBHa

%D]F-D]E-sin ZFD,E =

L 23 3B

2 3 3 2 9

C apyro#t CTOpOHBI IJIOWIAAb TPEYTOJIbHUKA

J6

1
D,EF paBHa EFE-h :?h. N3 ypaBHe-

V3 _ 6

HUS 7:?}1 HAaXOQUM HCKOMOE pac-

V2

crosguue h = —.

3ameuanue. MOKHO 3aMETHTh, YTO BBI-
nosmsieTcs pasenctso FE® + D E* = D, F?,
T.€. TpeyroJbHUK D EF TpsMOYroJIbHBIN H
JUINHA OTpe3ka D E  SBISETCS HCKOMBIM
pacCTOSIHUEM.

Omeem: — .
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pumep 5. B npasunvroi wecmuy2o./o-
nou npusme ABCDEFA B,C D,E\F,, pebpa
Komopou pasusl 1, natimu paccmosnue om
mouxu A oo npamou BC,.

Pewenue. B xBanpare BCC,B, nuaro-

Hasp BC, paBHa V2 (cm. puc. 3). B npsimo-

yroiabHoM  TpeyrojasHuke ACD, rae
ZACD =90°, AD =2, maxomum AC =

=+/22 -1 = /3. U3 npsamMoyronsHoro tpe-
YroJIbHUKA ACC, nMeeM AC, =

=J(/3)* +1> =2. B 1peyronsanke ABC,,

HCII0JIB3Ys TCOPEMY KOCHHYCOB, IMOJIy4acM

22+ (W2)P -1 52

CoOsQ = = ,

2.2.42 8

rue ZACB=¢.  Jlanee

HaXxO0JJUM

14
sin ¢ = —— u u3 tpeyroyubHuka AC,H BbI-

CoTy

AH:AC]sin(p:Z%:@.

E,

D,

Omeem: @ .

IIpumep 6. (MHUOO, 2010). B mempa-
a0pe ABCD, ece pebpa komopozo pashwi 1,
Haumu paccmosinue om mouku A 00 nps-

MOU, npoxoosaweti yepes mouky B u cepe-
ouny E pebpa CD.

Pewenue. Tax kak Bce pedpa ABCD —
paBHbIE MPaBUJIbHBIE TPEYTOJIbHUKHU, TO Me-
muanbl BE n AE tpeyronsHukoB BDC u



V3

ADC (cwm. puc. 4) paBubl U BE = AE = BN

PaccmMoTpuM paBHOOEIPEHHBIN TPEYToib-
HUK BEA w ero Beicotbl EM u AH. BeI-
paxkas miomaap Tpeyrojipuuka BEA nByms
crocob6amu, MoJyryyaem

SBEA:%-AH-BE:%-EM-AB,

nojiyuaem paBeHCTBO AH -BE =EM - AB.

Taxk kak

EM =~/BE* —BM? = 3.1 =£,

4 4 2

TO MOJIy4aeM

g EM-4B 2 2 e

BE 2 3 3

Omeem: — .
3

B HekoTopeIX 3agadax yJoOOHO MCIOJIb-
30BaTh IJIOCKOCTb, IPOXOJALIYI0 Yepe3
TaHHYI0 TOYKY MNEPIEHIUKYISIPHO TaHHOU
MIPSIMOM.

Ilpumep 7. B eounuunom  Kybe
ABCDA,B,C,\D, mnatimu paccmosnue om

mouxu D 0o npamoii A,C .

Pewenue. Ilycts 4, C N BDC, = F (puc.
5). Tak xak A,C L BDC, (onopHas 3ajgauya
20), To FC,=FB=FD xak npoekuuu Ha
wiockocte BDC, paBHbIX HakinoHHbIX CC|,

CB u CD cootBercrBenno. CienoBareibHo,
TOYKa F SABJIACTCS IIGHTpOM HpaBI/IJ'ILHOFO
tpeyroasHuka BDC,. Ilostomy wuckomoe
paccTOSIHHE PaBHO PAIUYyCy OKpPYKHOCTH,
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OIMCAHHOM OKOJO TpeyroiabHuka BDC,.

CropoHa 3TOro TpeyrojbHUKa paBHA V2,
3HAYUT,

V256
436

3

p(D, 4,C) = DF =

Omeem: —6 .
3

Memoo napannenvHvix nPAMbIX

JlaHHBI METOJ OCHOBAH Ha HMCMOJIb30Ba-
HUU CIEIYIOLIEro YTBEPKACHUS: PacCTOs-
HHE OT TOYKM M 10 mpsIMOM a paBHO pac-
CTOSIHUIO JI0 MPSIMOM a OT INPOU3BOJILHOM
TOUKM P, jexaiieil Ha npsamoul b, mpoxo-
nauied yepe3 TOouky M W mapauiesbHOU
psIMOM @ .

OTOT MeTo]l y100eH B MPUMEHEHHUH, KO-
I71a UCKOMBIN IEPIEeHIUKYIAP BBIXOIUT 3a
npenensl MHOTOrpaHHuka. B atom ciiyuae
€ro MOXXHO 3aMEHUTh NEPIEHIUKYIIPOM,
PacroJIO’)KEHHBIM BHYTPHM MHOTOTpaHHHKA,
00 MEepHeHIUKYIsIpOM, [UIMHA OTpe3Ka
KOTOpPOTO U3BECTHA.

Pemum yka3aHHBIM METOJIOM MpUMeED 5.

Pewenue. B xBanpare BCC,B, nuaro-

Hasb BC, paBHa V2 (cm. puc. 6). Ilycts O
u O, — IEHTPbI HIKHETO ¥ BEPXHEr0 OCHO-
BaHMH cooTBeTCTBEHHO. Tak kak AB || O,C,
u AB=0,C,, o ABC,O,
rpamMm. Otcroma 4O, ||BC,, mostoMy pac-
crosnue p(A4;BC,) =p(0,;BC,). U3 nps-
MOYTOJIBHOTO TpeyronbHuka BOQO, Haxo-
mM BO, = \/5 .

B tpeyronsauke BO,C,, ucnomub3ys Teo-

— Tapaieno-

peEMy KOCHHYCOB, MOJIy4aeM



P+(W2)-(2)* 2 HewsBectHblit k03(¢dunmeHT x Haxo-
= 21 \/5 :T’ JATCS K3 YCIOBUS MNEPIEHIUKYIIPHOCTH

N BEKTOpa MP BEKTOpY ¢ :
—u

rie ¢ = Z0,C,B. Haxomum sin ¢ = S
4 MP-G=0< (m+x-4)-g=0.
u3 TpeyrosbHuka O,C,H BbICOTY

HckoMoe paccTosiHME BBIPAXKaeTcs Cle-

14 14 TYIOIIMM 00pa3zoM:
O,H =0,C, sin(pzl-gzﬂ.

4 ‘W‘:,/(mx@)z.
Koopounammuwtit memoo

Ilpumep 8. B edunuunom  kybe
ABCDA,B,C,D, mnatmu paccmosnue om

mouxu D, 0o npamoii PQ, 20e P u Q — cepe-

Ounvl coomeemcmeenno pebep A,B, u BC.

Pewenue. PaccMOTpUM NPSIMOYTOJIBHYIO
CUCTEMY KOOpPJMHAT C HayaJloM B Touke A
(cm. puc. 8). Haiinem KoopaAMHATHI TOUEK

1 1
P 0O;,—;1]|,0 —;1,0{, D®;0;1).
J14 ( 2 ] Q(2 ] %D
Omeem:T.

KoopauHaTHbIN M BeKTOPHbIA MeTOAbI

Kak yxxe Obu10 OTMEUEHO BBIIIE PACCTOS-
HHE MEXIYy ToukaMu 4 ¥ B MOXHO BbI-
yucauTh o gopmynam (1) u (2) (cm. crp.
3).

PaccmoTpuM BEKTOpHBIM MOAXOJ K pe-
HIEHUIO 3a7a4 JaHHoro Buja. llycte nmaHa
npsiMasi [ ¢ HampaBISIONIMM BEKTOPOM ¢,

TOuka A nexuT Ha npsamMon [, touka M
BHe npsamoii [, MA = (cm. puc. 7).

UtoObl HAllTH paccTosiHuE OT TOUKU M
0 TpsMOU [, T.e. NIMHY NEPHEHIUKYISIpa
MP (Pel), npeacraBuM BEKTOP MP B
BHJIC W:m+ﬁ:ﬁ1+x-(j.

>
4
M
W3 Ttpeyronpnuka D,PQ, wucnouas3ys
7t hopmymy
2 2 2
? cosLD]PQ:D‘P +OP — DO ,
> 2-DP-QP
[ A P
HaX0JUM
Puc. 7

www.abiturient ru




5,39
cos ZD,PQ 4—2\/47‘/L

Hanee nomyyaem

| () L
sin ZD,PQ = |1 (\/;]

ITycte DN L PQ,rne N € PQ . Toraa
DN =D/P-sin ZD,PQ,

D]N:\ﬁ. (29 _ [174 V174
4 30 144 12

\174

Omeem: ———— .
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Bexmopnuiit memoo

Ilpumep 9. B mpeyzonvhou nupamuoe
ABCD npu eéepuune D 6ce niockue yenvl

paeﬁbzg AD=2, BD=4, CD =3. Touxu

P, M u K saeuaromcsa cepedunamu pebep
AD, BD u BC coomsemcmeenno. Haiimu
paccmosanue om mouku M 0o npamou PK .

Pewenue. Tlycthb DA=a , DB=h ,

DC=c¢ (cm. puc. 9). Torma umeem cie-
JYIONIYI0 TaOJUIly yMHOXCHHS BEKTOPOB
Oasuca:

a b c
a 4 4 3
b 4 16 6
¢ 3 6 9

Ecoiw MH 1 PK ,tne H € PK (cm. puc. 9),
TO B CHITY KOJUIMHEAPHOCTH BEKTOPOB PH u
PK TOJTyHaeM PH =x-PK. Beipasum Bek-

TOp PK qepe3 GasHCHBIC BEKTOPHI d, b U
c , UCIIOJIB3Ys IIPaBUJIO MHOI'OYI'OJIbHHUKA

PK =PD+DM + MK =~ a+ b+ ¢
3HAYMT, ﬁiz%x(—& +b+¢). Teneps BbI-

pa3um BEKTOp MH :

www.abiturient ru

_— — — —s —

MH = MP+PH DP—-DM + PH =
1 1
:—a——b+—x(—a+b+6).
2 2 2

Puc. 9

N3 ycnoBus nepreH MKy ipHOCTH BEKTOPOB
Wi " ﬁf UMEEM W’l-ﬁzo W

(1=x)a +(x=1)b +xc)(-a+b+¢)=0.

Hcnonb3ys Tabnuily yMHOKEHUS 0a3UCHBIX

BEKTOPOB, MOJIy4aeM YPaBHEHUE

(1-x)(-4+4+3+4-16-6)+
+x(-3+6+9)=0,

OTKyJa X = —
Tomamzla—15+l-§(—a+5+a)=
2 2 29
:%a_gq B —L(4a—45+5c)

9 9 18
Otcrona

‘MP‘ \/(4a 4b +5¢)" =

_\/16-4+16-16+25-9—32-4+40-3—40-6 ~

18

_[o7_ [
324 12°
Omeem:wfﬂ.
12

Ipumep 10. B  edunuunom Kybe
ABCDA,B,C\D, mnaiimu paccmosanue om

mouxu D, 0o npamoii PQ, 20e P u Q — cepe-
Ounvl coomeemcmeenno pebep A, B, u BC.

@‘l

Pewenue. Ilycth AD=3a, AB
A—A]:E (cMm. puc. 8), Torma |a|=|b |:
=|¢|=1, h-¢

G-b=ac=bc=0.



Beipasum Bektop PQ uepe3 Oa3ucHble

BEKTOPHI d, b, C:

PQ=PB, +BB+B0 =

I
= a+—b-c,
2

N | —

h—c+lia-
2

N | —

_— — 1_.
PD, =a—-—b.
2
ITycte DN L PQ, rne N € PQ . Beipa-

3UM BeKTOp DN, y4uThIBasg KOJUIMHEAp-

HOCTb BEKTOPOB PN u P—Q:
DN =PN -PD,=x-PO-PD, .

Tak Kak D]NJ_P_Q, TO D]N-P—on.
Otcrona noixydaem

(x-PQ-PD,)-PQ =0,

1 1 I 1 1
X|=+—+l|=———, x=—
(4 4 2 4 6
—_— 1 —_ _
DN =—-PQ-PD, =
6
1(f1. 1~ . - -
=—|—a+—-b-c +lb—a:
612 2 2
L Sy
12 12 6

121 49 1 4174
= |—Ft—F—=—.
144 144 36 12

\174

Omeem: ——— .
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3ameuanue. Pemenne nanHoro nmpumepa
BCKTOPHBIM MCTOAOM HE ABJIACTCA paluo-
HAJIbHBIM, HO IPHUBCIACHO C ICJILIO IIOKas3a
ITUPOKUX BO3MOXKHOCTEH BEKTOPHOTO METO-
Jla IIpY peLIeHnH 3a1a4 pasHbIX BUIOB.

www.abiturient ru

TpeHI/IPOBO‘IHbIe YHpaKHCHUS

7. B emunnunoMm kybe ABCDA B,C,D,
HalJWUTE PacCTOSHUE OT TOYKH A A0 mps-
moii: a) B D,;0) A,C;B) BD,.

8. B mnpaBwiIbHON TpEYroJIbHOW IIpU3ME
ABCA,B,C,, Bce pebpa KOTOpoil paBHBI 1,
HalJWUTE PacCTOSHUE OT TOYKH A A0 mps-
moit BC,.

9. B npaBWIBHON TPEYroJIbHOW IIPU3ME
ABCA,B,C, BpIcOTa paBHa 1, cropoHa oc-
HOBaHMs paBHa 2. Haiiaute paccrosiHue OT
Touku A, 1o npsamon BC,.

10. (MHOO). B npaBuibHOU TpeyroJib-
Hoii npusme ABCA B,C, BbicoTa paBHa 2,
cTOpoHa ocHOBaHMs paBHa 1. Hailinure pac-
CTOSIHHE OT TOYKd B, 1o npsmoit AC, .

11. B 1npaBuiIbHOM IIECTUYTOJBHOU
npusmMe ABCDEFA B, C, D E F,, Bce pebpa
KOTOpPOM paBHBI |, HAaWAUTE PaCcCTOSTHUE OT
Touku A no mpsmoun: a) DE; 0) D E;
B) B,C,;r) BE ; n) BC;e) CE ;x) CF;
3) CB,.

12. B 1npaBuwiIbHOM IIECTUYTOJBHOU
npusmMe ABCDEFAB,C,D,EF,, CTOpOHBI
OCHOBaHHUSI KOTOpPOH paBHBI 5, a OOKOBBIE
pebpa paBHbl 11, HaliguTe paccTOSIHME OT
Touku C 110 npssMont A F;.

13. B 1npaBwiIbHOM IIECTUYTOJBHOU
npusmMe ABCDEFABC D E\F, cropoHa oc-
HOBaHMs paBHa 3, a 00KOBOE pedpo paBHO 2.
Haitngure paccrossHue ot Touku £ g0 mips-
moit BC,.

14. (EI'D, 2011). B mpaBuibHOIl 11ecTu-
yronsHoil npusme ABCDEFABC D,E\F,
CTOPOHBI OCHOBAaHUM KOTOpPOW paBHBI 4, a
O0KOBBIC pedpa paBHBI 3, HAWIUTE PACCTOS-
Hue ot Touku C 110 npsimon D, E, .

15S. B 1npaBuibHOM IIECTUYTOJBHOU
npusmMe ABCDEFA B,C, D E F,, Bce pebpa
KOTOpOi#l paBHBI 1, HaiiauTe paccTosiHUE OT
Touku A npo npsamoi CB,.

16. OcHoBaHue  mpsSMON  MPU3MBI
ABCDA,B,C,D, — pom0 ABCD, B x0TOpOM

AB =10, AC =6+/7. BokoBoe pedpo A4,



paBHO 3+/21. Haiigure paccTosHue OT BEp-
muHbl B 1o npsmoit AC,.

17. B Terpasape ABCD, Bce pebpa Ko-
TOpOM paBHbI 1, HaWIWUTE PACCTOSTHUE OT
TOYKH A 10 TpSAMON, MPOXOASAUIEH Ype3
TOuKy B u cepenuny pedpa CD.

18. B 1mpaBuUIbHOM 4YeETHIPEXYrOJIBHOU
nupamune SABCD c¢ ocHoBanueM ABCD
CTOpOHA OCHOBaHMs paBHa 2, a OOKOBOE
pebpo paBHo 4. Touka M — cepeauna SD.
Haitngure paccrostHue ot Touku 4 A0 Tps-
Moit MB.

19. (MHUOO). B npaBuinbHON 4YETHIPEX-
yroabHoi nupamuae SABCD cTtopoHa OCHO-
BaHHMs paBHa |, a OokoBoe peOpO paBHO

- Haitnure paccrostnue ot touku C 110

npsiMoit SA.

20. B mpaBuiIbHOM WIECTHYTOJBHOW IH-
pamune SABCDEF, cTOpOHBI OCHOBaHHM
KOTOpOil paBHbI 1, a GOKOBbIE peOpa paBHBI
2, HauguTe paccrossHHe OT Touku C 110
npsimoit SF.

21. B npaBuiIbHOM IIECTUYrOJIBHOW IH-
pamuae SABCDEF , CTOPOHBI OCHOBaHUU
KOTOpOil paBHbI 1, a GOKOBbIE peOpa paBHBI
2, HauguTe paccrossHHe OT Touku C 110
npsMon S4 .

22. B npaBuIbHOM IIECTUYIOJIBHOW IH-
pamune MABCDEF, cTOpOHBI OCHOBaHHS
KOTOpOM paBHBI 1, a OOKOBbIE peOpa paBHBI
2, HaliTU PACCTOSIHME OT TOYKU [ 110 mps-
moit BT ,tne T — cepenuna pedpa MC .
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3. PaccTrosinue OT TOUYKH 10 IJIOCKOCTH

® Paccmosinue om mouku 00 NI0CKOCMU, HE
coJiepkalieil 3Ty TOUKY, €CTh JJIMHA OTpe3-
Ka TEPICHAUKYJIApPA, OMYIIEHHOTO W3 3TOU
TOYKHU Ha TJIOCKOCTb.

® PaccmosiHue mexcoy npAMou u napai-
JIeIbHOU el NJIOCKOCMbI0 PABHO JJIMHE HUX
00111eTO MePIeHIUKYIISPA.

® Paccmosnue mexncoy npsamoul u napaiieio-
HOU el NJIOCKOCMbI0 PABHO PACCTOSTHUIO OT
JF000M TOUKH 3TOU MPSMOM 10 TIOCKOCTH.

® Paccmosanue medcoy 08YyMs Napajieiib-
HbIMU NAOCKOCMAMY PABHO JUIMHE WX 00IIe-
o MePICHINKYIIAPA.

® Paccmosanue medcoy 08yMs napajieiib-
HbIMU NJIOCKOCMAMU PABHO PACCTOSIHUIO
MEXIY TOYKOW OJTHOM M3 3TUX IUIOCKOCTEN U
JPYTOH IIOCKOCTBIO.

Ilo3amanno-evtuuciumenbHulil Memoo

[Ipu pemrennu 3aaa4u STUM METOJIOM CTPO-
UTCS TEPIEHIUKYIAP U3 3aJaHHOM TOYKHM Ha
IIJIOCKOCTB ¥ BBIYUCIIIETCA €r0 JJINHA.

Hpumep 11. Haiimu paccmosnue om mouku
S 00 nrockocmu mpeyeonvruxka ABC, eciu us-
eecmuo, umo SA=2, AB=AC=4 u

SB=SC=BC=2.3.

Pewenue. Ilycte M — cepemuna BC (cwm.
puc. 10). Torma SM u AM — menuans! (1 BbI-
COTBHI) paBHO- 5
OEpeHHBbIX Tpe-
YTOJIBHUKOB
ABC u SBC. Taxk
kKak SM L BC u 4
AM 1 BC, ToO
BC 1 ASM (no
NpU3HAKy  Tep-
MEHAUKYISIPHOCTH MPSIMOM U IJIOCKOCTH).

ITnockocte ASM 1| ABC 1o mnpu3HaKy
NEPIEeHIUKYIAPHOCTH IJIOCKOCTeN  (Tu1oc-
koctb ABC conepxut npsamyo BC). Crne-
JIOBATEIIbHO, TEPNEHIUKYISIp SH , mpose-
JIEHHBIA U3 TOYKH S Ha NpAMYIO Iepeceye-
HHS TUX IUJIOCKOCTe AM W ecTh nepneH-
TUKYIsp K miaockoctd ABC. 3HaYUT UCKO-
MO€ pacCTOsiHUE paBHO BbIcOTe SH B Tpe-
yroneHuke ASM , B xotopoM SA=2,

SM=3mu AM:\/E. Oo6o3naunm AH =x,

5!

Puc. 10




torma MH =+/13-x. Beipasum SH> wu3
NPAMOYIOJIBHBIX TPEYrOJIbHUKOB ASH u
SMH , U pelunm YpaBHEHHE

4
4-x*=9-(13 -x)*. Homyuaem x=——!.
J13

Torma SH = 4—(i]2 —L
J13 NER
6
Omeem: — .
V13

Ipumep 12. B npasunvhoii uemvipex-
yeonvrou npusme ABCDAB,C.D, cmoponvl
ocHosaHus pasrul 1, 6okoesvie pebpa 2. Touka
E — cepeouna pebpa AA,. Haumu paccmos-

Hue om eepuiunvl D 0o nnockocmu BED,.
Pewenue. IloctpouM TEPNCHIUKYIAP W3
Touku D Ha iockocte BED, . Ilycts Touka K
— caen wiockoct BED, Ha pedpe CC, (cm.
puc. 11). Tak kak ED, || BK (npsimble miepe-
CEYeHMs TUIOCKOCTbI0 BED, mapaienbHbIX

rpaHeil MapajijielibHbl), TO U3 PaBEHCTBA
IPSIMOYTOJIbHBIX TPEYrOJIbHUKOB EAD, n

BKC cnenyer, uto AE=CK, a Toraa
CK=KC.

Puc. 11

Tak xak npsmeie ED, m AD nexar B
OJIHOM IIJIOCKOCTM M HE IapajlIeNIbHBI, TO
P=ED N AD ectp 00mas ToYKa IUIOCKO-
CTH OCHOBAHHMA U IJIOCKocTH BED,. AHano-

TUYHO UWX OOImEd  TOYKOU

O=DKnNDC.
Touku P, B u Q nexar Ha npsMoil me-

SABJISICTCA

pecedeHns yKa3aHHBIX IUIOCKOCTEH.
W3 paBeHCTBa IpPSAMOYTOJBHBIX Tpe-
yronsHukoB EAD, u PEA  cunepyer

PA=AD,. AHanoru4Ho NOIy4aeM, 4YTO
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DC=CQ. CnenoBaTenbHO, MPIMOYTOJIb-
HBIX TpeyroibHUK PDQ — paBHOOenpeH-
Helii u PD =DQ=2. Torna PQ:2\/§.

B stom Tpeyronbauke DB — OHCCEKTpH-
ca, a 3Ha4YUT U BbIcOTa, TO ecTb DB 1 PQ.
Tormau DB L PQ 1o Teopeme 0 Tpex mep-
nenaukyuaspax u PO L BDD.

IInockocts BDD | BED, no npusHaKy
MEepIeHIuKYIIpHOCTH MIockocTed. Creno-
BATEJIbHO, JUIMHA IepleHauKynsapa DH ,
IIPOBEJIEHHOTO M3 TOYKH [ Ha MpsAMYyo Ie-
pecedYeHns dTUX IUIOCKOCTEN BD,, ecTh HC-
KOMO€ PACCTOSIHME, PABHOE BBICOTE MPAMO-
YTOJIBHOIO TPEYronbHuka BD,D, B KOTOpOM

BD=+/2, DD=2u BD,=+6.
DD-BD 22 243
BD, Jo o 3

23

Omeem: ——.
3

p(D; BED,)= DH =

Hpumep 13. B npasurvrou wecmu-
yveonvnou npusme ABCDEFA B, C D, EF,,
pebpa komopoti pasHul 1, nalimu paccmosi-
Hue om mouku A 0o niockocmu A B,C.

Pewenue. Tlpsvas FC nepneHIuKyIsp-
Ha AE n AA,, no3ToMy NepHeHAUKYJIspHa
mwiockocth  AAE, (cm. puc. 12). Ilycts
FCNAE =G . Ilnockocte AA E, mepries-
IMKyJsipHa iockoctu A, B,C, conepxaiuei
npsamyo FC, u mepecekaer ee 1mo MpsiMOu
A,G . lnuHa BbICOTBI AH B TpeyrojbHUKE

AA,G ABISIETCS HCKOMBIM PACCTOSIHUEM.

D,

C

E,
B,

h R
Puc. 12
Tak kak B IPAMOYTOJIBHOM TPEYTOJIbHHUKE

ADE  AE =+ AD?*-ED?, T0

€CTh



AE = \/g ,T0 AG = % N3 npsiMmoyrosibsHO-

ro TpeyroibHuka AGA, HaxoauMm

G4, = i+1:£.
4 2

Bricotra AH paBHa
apg o AG A4 (V3 N7 3
G4, 2 2 7

Memoo napannenvrvix
NPAMBIX U NIOCKOCm el

JIaHHBI METOJ OMUPAETCS Ha CIEAYIOIINE
NBa yTBepKJAeHHUs. PaccrossHue ot Touku M
70 TUIOCKOCTH O

1) paBHO pacCcTOSIHUIO JO IUIOCKOCTH O
OT NPOMU3BOJILHOM TOYKM P, yexamen Ha
psAMOM [, KOTOpasi MPOXOIUT 4Yepe3 TOUKY
M w napajenbHa INIOCKOCTH O ;

2) paBHO PACCTOSIHUIO JI0 IIOCKOCTH O
OT NPOMU3BOJILHOM TOYKM P, yexamed Ha
IUIOCKOCTH 3, KOTOpas MpPOXOAUT depe3

TOYKy M W napajuiesibHa INIOCKOCTH Ol

IIpumep 14. B
ABCDA,B,C,D,
mouxu C, 0o niockocmu AB,C.

eOUHUYHOM  K)Oe
Haumy paccmosuue om

Pewenue. Tax xak npsamas A,C, napai-
nensHa AC, To npsamas A,C, napanienbHa
mwiockoctu AB,C (cm. puc. 13). ITostomy

HMCKOMOE€ pacCTOsTHUE /i PaBHO PACCTOSIHHUIO
OT NPOU3BOJBHON TOukH mpsmoil A4,C, 1o

mwiockoctu AB,C. O0603Ha4UM paccTOsiHUE
ot uentpa O, kBagpara 4,B,C,D, no mnoc-
koctu AB,C uepes h.

C
B 0,); D,
N
5N\ "
4
Puc. 13

www.abiturient ru

12

[Iycte E — oCcHOBaHUE NEPNEHIUKYJIAPA,
oIyleHHoro u3 Touku O, Ha npsmyo B0,
rae O — ueHtp kBaapara ABCD . [lokaxeMm,
yro O,FE L AB,C. Ilpamas O,E nexur B
mwiockoctu BB, DD, a npamas AC mnep-
MEHIUKYJISIPHA 3TOW TUIOCKOCTH (0OBsACHU-
te). [loatomy O,E 1L AC n O,E — nepnen-

IUKYIp K iockoctu ABC,a O E=h.

V2

Tak xax B,0, = 0,0 =1, 1o u3 nps-

MOYTOJIBHOTO TpeyrojapHuka OB, 0, Hailnem

! 3
OB, = 5+ :\/;. Hckomoe paccrosiHue

BO,-00 2 . [3 B
paBHO h=—"——=—'1:, |- =—.
OB, 2 2 3

Omeem: — .
3

Hpumep 15. B npasunvroii wiecmuyeoo-
nou nupamude MABCDEF, cmoponbl ocHo-
ganus komopou pasHul 1, a 6okosvie péopa
pasuvl 4, Haumu paccmosinue om cepeouHbl
pebpa BC 0o nrockocmu epanu EMD .

Pewenue. B npaBUIBHOM IIECTHYIOJIb-
muke ABCDEF BD L DE wu BD=4/3.
Touka O — uentp ABCDEF (cMm. puc. 14).
Torga MO - BbicoTa upamuabl. M3 mps-
MOYTOJIBHOTO TpeyroiabHuka MOD mnoiyda-

eMm MO =415. Anodemy MN OGokoBoi

Puc. 14

rpaat DME Haxoaum U3 NpsIMOYTOJIBHOTO
TpeyroiasHuka MDN



MN:\/MDZ_[%T :ﬂ
2 2

[lo npusHaky mnepHEeHAUKYISIPHOCTU
wiockocrer  (DE L MON,  NOCKOJBKY
DE 1 MO n DE1MN) MON L DME.
[TosTtomy BeicoTa OH TpeyroibHuka MON
NEpIEHIUKYISIpHAa Tulockoctn DME . U3
MIPSIMOYTOJIBHOTO TpeyrojibHuka MON , B

BD 3

koTtopoMm OL = = MOJIy4yaeM

OH =

MO-ON _ = 3 f W7 _
MN 2 7
OnycTuB M3 TOUYKM L TNEpHEHAUKYISPbI

LQ wna mnockocts rpaun DME u LK Ha

npsamyto DE, nomyuum tpeyroyibHUK LOK ,

nmonoOHbIN TpeyrosbHUKy OHD . Tak kak

paccrosiHue OT TOYku L no npsamont DE

paBHO LK = % -BD = % -OL , To ko3¢ dunu-

CHT HO)IO6I/I$I 9TUX TpeyTOJ'H)HI/IKOB paBCH

—. Orcrona LQ—— OH =— \/7 1/
Omeem: .|— .
V 28

Memoo 06vémos

[Ipu pemeHuun 3amad JTaHHOTO THUIA HC-
MIOJIB3YETCS CIIeIYIONIee YTBEPKIACHHUE.
Ecmu 06vém nupamuowr ABCM  pasen

V mo paccmosanue om mouku M 0o

ABCM >
niaockocmu o., cooepacawjeit mpey20ibHUK
ABC, sviuucnsarom no goopmyne

p(M, a)=p(M, ABC):M.

ABC

B o0mem cimyyae paccMaTpuBarOT paBeH-
CTBO 00bEMOB OHOM (DUTYpBI, BEIPAKEHHbBIE
JBYMsI HE3aBUCUMBIMH CIIOCOOAMMU.

IIpumep 16. Pebpo Kyba
ABCDA,B,C,D, pasno a. Haiimu paccmos-

Hue om mouku C 0o niockocmu BDC,.

Pewenue. Vickomoe paccTosiHUE X paB-
HO BbicoTe CQ (cMm. puc. 15), omymieHHo# B
nupamuge BCDC, n3 BepmuHbsl C Ha oc-

HoBaHue BDC,.
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O06bEM 3TOM MUpaMuibl paBeH

s co =Ll pgc.ep.ce - a

3 32
C nmpyroit CTOpPOHBI, TaK Kak TPEYrOJbHHUK
BDC, paBHOCTOPOHHMI CO CTOPOHOM a2,
00BEM MUpaMuU/Ibl paBeH

1 l(a\/_)\/_

3 BC] Q— =

KOTOpPOT'O HAXOJIUM X = 3

Omeem:

a3
3
Koopounammuwtit memoo

Paccrosstame ot Ttouku M (xo, Yos zo) 110
IJDIOCKOCTH O, 33aJaHHOW  ypaBHEHUEM
ax+by+cz+d =0, MOXHO BBIYUCIUTH TIO

bopmyre

o(M, o) = |ax0+byo+cz +d|

\/a +b* + 2

BriBoa ypaBHeHus miaockoctu. IIpuse-
JIEM OJIUH U3 CIIOCOOOB IMOJY4EHHUs ypaBHE-
HUS INIOCKOCTH, €CIIM U3BECTHBI KOOPIHMHA-
Tl Tpex ee Todek M (x,; Yy 2Zy),
N(xy; Yy zy)s P(xp; ¥p; zp), HE JEXKaAINX
Ha OJHOM mpsAMON. [[1s 3TOro HyXHO B35Th

B 00meM BHJE YypaBHCHUE IUIOCKOCTH
ax+by+cz+d =0, B xotopom a,b,c,d —

3)

Heus3BecTHBIC yncia. [logcraBuB B HETO KO-
opauHaTel Touek M, N, P, moay4uMm cCucC-

TEMY YPaBHEHUM:



ax,, +by, +cz,, +d =0,
ax, +by, +cz, +d =0,

ax, +by,+cz, +d =0.

PemuB ee, naitnem a=pd,b=qd,c=rd
(ecm okaxercs, uyto d =0, TO a= pc,
b=gqc; ecnu d=c=0, T0 a=pb). Ilox-
CTaBHB B MCXOJHOE ypaBHEHHE U COKPATHB
Ha d # (), IOJIy4rM ypaBHEHHUE
px+qy+rz+1=0.

WNuorpa ynoOHO HCNONB30BaTh )ypasHe-
Hue NJI0CKOCIU 8 OMPE3KaAX

R A (4)
a b c
€CJIM U3BECTHBI KOOPJIMHATHI TOUEK (a;O; 0) ,
(O;b; 0), (0; 0; c) MEPECEUCHHs] JTaHHOU

IUIOCKOCTH C KOOPJIWHATHBIMU OocsiMu Ox ,
Oy, Oz COOTBETCTBEHHO.

Hpumep 17. Hanucamo ypaenenue nioc-
Kocmu, npoxoosweu uepes mMpu MouKu
M(0;1;0), N(1;0;0), P(1;1;1).

Pewenue. 3anvcaB B oO1IeM BUJE YpaB-

HEHHE TUIOCKOCTH ax+by+cz+d=0 wu

IIOJICTABUB B HETO KOOPJAUHATBI 3TUX TOYEK,
MTOJTY4YHM:

a-0+b-1+c-0+d =0, (0na mouxu M)

a-1+b-0+c-0+d =0, (oramouxu N)

a-1+b-1+c-1+d =0. (0na mouxu P)
Orciompa b=-d,a=—-d wu c=d. YpaBHe-
HHEe IUIoOcKocth MNP UMeeT BHI
—dx—dy+dz+d=0 wim x+y-z-1=0
nociie cokpaieHuss Ha —d # 0.

IIpumep 18. B npasunvhou wecmu-
yeonvnou npusme ABCDEFABCD,E\F,,
6ce pebpa komopou pasuvl 1, Halimu pac-
cmosnue om mouxku A 0o naockocmu DEF, .

Pewenue. Beenem cucrteMy KOOpAMHAT,
KaK [I0OKa3aHO Ha pucyHke 16, u Haiinem Ko-
OpJMHATHI TOYEK:

A l;—ﬁ;O ,D —l;ﬁ;O E l;ﬁ;O ,
27 2 272 272

F](I;O;l). [lycts ax+by+cz+d =0 — ypas-
Henue miockoctu DEF, . Iloncrasiss B HETO
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KOOpJuHAThI TOueK D, E,

13

—Ea +7b+d =0, (012 mouxu D)

143

Ea +7b +d =0, (0n2 mouku E)

| » TOJIy9HM:

a+c+d=0. (onamouxu F))

Puc. 16

¢ =—d . YpaBHeHue miockoctu DEF, npu-

Otcroma wumeeM a=0,

et Bug 24/3 y+3z-3=0. Bprunciaum pac-
CTOSIHME OT TOYKH A 10 minockoctu DEF,
o ¢popmyne (3):

0-;—2\/5-*/2§+3-0—3

p(4; DEF,)= =
V0 +(24/3)2 + 32
6 2421 2421
=—_—=— Omeem: ——.
NCTR 7
Ipumep 19. B edunuunom Kybe
ABCDA,B,C,D, naumu paccmosanue om

mouxu A, 0o nirockocmu BDC,.

Pewenue. CoctaBUM ypaBHEHHE ILIOC-
KoCTH, poxojsiei uepe3 Touku B(0; 1;0),
D(1;0;0) u C,(I;1;1) (cm. puc. 17).

Jljis 3TOro MoACTaBUM KOOPJIMHATBI ATHX
TOYEK B 0OIllee YypaBHEHUE IUIOCKOCTH

ax+by+cz+d=0. Ilonyuum cucremy
YPaBHEHHH
b+d=0, b=-d,
a+d=0, Wu Ja=-d,

a+b+c+d=0 c=d.



Puc. 17

OTcrofa HaxoIUM ypaBHEHUE

—dx—dy+dz+d=0

WA
x+y—-z—-1=0.

I[To dopmyne (3) HaxoauM paccTOsIHUE OT
touku A (0; 0;1) mo mnockoctu = BDC,:

_Jo+0-1-1] 243
V1414l 3

p(Al; B)
23

Omeem: ——.
3

Bexmopnuwiit memoo
[lycTs maHa MmIOCKOCTH O, colepKalas
7B HEKOJUIMHEApHBIX BEKTOpa ¢, U ¢,,
Touka A TPUHAUIKUT TJIOCKOCTH O, TOY-

ka M BHe IUIOCKOCTH o, MA = i (cMm. puc.
18).

M

Puc. 18

UtoObl HAllTH paccTosiHuE OT TOUKU M
JI0 IJIOCKOCTH OL, TO €CTh JUIMHY IEPIICHIU-
Kynspa MP (P eaq), npeacTaBUM BEKTOP

MP B BUIe

M‘;:m+ﬁ’:nﬁ+x@ +5-q,.
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Heuspectuble kod3p@uimeHTs X, y Haxo-
ISTCSL W3 YCIOBUSL MEPIEHIUKYISIPHOCTH

BEKTOpa MP BEKTOPaM ¢, U G, :

MP'ql =0, @{(ﬁ;""x'gl +y"§2)"§1 =0,
W-(izzo (ﬁ;l"'x'q]"'y'qz)'qz:o'
Hckomoe pacCToAHUEC BBIpAXACTCA  ClIC-

TYIOIIIM 00pa3zoM:

| MP|= (i +x-G,+y-3,)" .
IIpumep 20. B
ABCDA,B,C,D,

mouxku A, 0o nrockocmu BDC, .

eOUHUYHOM  K)Oe
Haumy paccmosuue om

—_—

AD=a, AB

A4, =¢ (cm. puc. 19), Torma |a|=|

=|¢|=1,d-b=d-¢=b-¢=0.
BeIpazum BeKTOPBI ﬁ, D—C], ?A{ ye-

pe3 OasucHeie d, b, C:

b

Pewenue. Ilyctb

-

Sl

DB=b-id,DC =b+¢, CA=—a—b.
ITycte  MA, L BDC,, rne M € BDC,.
Bexkrop CM =x- DB + y- D—C] , IOATOMY

MA, =C, A —CM = C, 4 —(x-DB +y-DC,).

Hanee numeem

=

M4, 1 DB, MA, -DB =0,
=

M4, 1 DC, M4, -DC, =0

q_A[-ﬁa—(x-ﬁaz+y-D—q-ﬁajzo,

Q.D—q_(x.ﬁ.D—q’+y.D—q’2j:o.

Taxk xak
CA-DB=(-a—b)b-ad)=d’-b>=0,



DC -DB=(b+c)b-a)=b>=1,
DC,-Cyd, = (b +&)(-i—b)=—-b"=-1,
DB =(b-dy =b*+a* =2,
DC =(b+2)Y =b*+c =2,
0—(x-2+y-1)=0,
—1-(x-1+y-2)=0

2x+y =0, x=1/3,
= =
x+2y=-1 y=-2/3.

TO UMEEM {

Orcrona noixydaem

M_/g:—a—é—i(é—a)%(ha):

2. 2~ 2.
=——a-—b+—c,
3 3 3
2
EZE (—25—25+25] =
3 3
4 4 4 243
= |—+—+t—=—
9 9 9 3
Omeem:é.

3ameuanme. Bekrop MA, B naHHOM Oa-

2 2
3HCC UMECT KOOPANHATHI {—g;—g; g} , O~

ATOMY JUIMHY 3TOTO BEKTOPAa MOXHO HaWTH

o popmyie ‘MA] ‘:1/ a’+b*>+c?, 10 ecTh

7 AT C Y
9 9 9 3

Memoo onopuvix 3a0au

[IpuMeHeHne TaHHOTO METOJa COCTOWT B
WCIIOJIb30BAHUH M3BECTHBIX OMOPHBIX 3a/1ad,
KOTOpBIE€ B OOJBIIMHCTBE Ciy4daeB Gopmy-
JUPYIOTCS KaK TEOPEMBI.

Paccmosnue om mouxu M 0o naocko-
Cmu O MOXMCHO BbIYUCIUMb NO Gopmyne

pzp]£, 20e p=p(M,a), p,=p(M, a),

1
OM =r, OM,=r,, MM, o =0 ; 6 uacm-
Hocmu, p=p,, eciu r =r, (npamas m, npo-
xooawas uepes mouky M , nepecexaem
naockocmy o 6 mouke O, a mouka M, ne-
arcum Ha npamoti m (cM. puc. 20a u 200)).

www.abiturient ru

16

M M
M] p p
m/ |P m
o) A
7 b7
a 6
Puc. 20

Ipumep 21. B  edunuunom Kybe
ABCDA,B,C,D, naumu paccmosnue om

mouxu D, 0o nnockocmu AB,C.

Pewenue. Vicionp3yeM HalJIEHHOE pac-
crosinue (npumep 14) ot toukn C, (0T TOU-
knu O,) no maockoctu AB,C. Onyctum
neprneHaukyisip D, F Ha npamyo B E (cm.
puc. 21). Torna umeem

B,D
p(D] > AB]C) = p(Ol > AB]C) B]_Ol >

11
V3

p(D,,AB,c?):T-z:?.

23

Omeem: ——.
3

Puc. 21

Mpumep 22. Touxu A, B, C, D saensarom-

Csl BEPUIUHAMU NAPATLIEN02PAMMA, HU 0OHA
U3 CMOPOH KOMOPO20 He nepecekaem nioc-
kocmv o. Touxu A, B, C yoanenwvt om
niockocmu o, Ha paccmosuue 2, 3, 6 coom-
semcmeenno. Haiimu paccmosinue om eep-
wunvl D 00 niockocmu o.

Pewenue. OnycTuM nepneHAUKYIspbl U3
BepminH A, B,C w D Ha TJIOCKOCTh O.
Touku 4, B,,C,, D, — uX OpTOroHaJbHbIE
MPOEKIUU Ha o (CM. puc. 22).



Touka O — TOUYKa NEepeceUeHUs TUaroHa-
ned mapamnenorpamma  ABCD, Kortopas
IIPOEKTUpPYyeTCsl B TOUuKy (O, — TOYKY Iepe-
CeUeHMsl JUaroHajgeil mapajierorpamma
A B,C,D, (no coiictBy npoekuuii). Tak kak
touka O pemut otpe3ku AC m BD momno-
JaM, TO IO CBOMCTBY NPOEKIHI OTPE3KOB
Touka O, Takke nenut orpeskn AC, u
B,D, nononam. Yetsipexyronsuuku C,CA4,
u DDBB, — tpaneuuu. Otpesok OO, ux
cpeansia JiuHuA. Toraa

CC,+ A4, DD, + BB,
2 2
Orcropa DD, = CC, + A4, — BB, n, Tak Kak
CC, =6, BB, =3, A4 =2, 10 DD, =5.

C

B >

=
A | D

B] 0] C]
o AI] D]
Puc. 22
Omeem: 5.

Penrenune ogHoii
3aa4M pa3sHbIMU MeTOXaMM

pumep 23. B npasunvroti mpey2oabHou
nupamude SABC mouka S — eepwuna. Tou-
ka M — cepeduna pebpa SA, mouxa K — ce-
peduna peopa SB. Hatimu paccmosnue om

sepuiunvl A 0o naockocmu CMK, ecau
SC =6,4AB =4.

Pewenue. 1-ui cnocod (koopounammwiii
memo0). Ilycte SO — BbICOTA NMUPAMUIBI,
KOTOpYIO Haiaem u3 TtpeyroibHuka SOC
(cm. puc. 23):

$0=5C0C k[ﬂ]ﬁ
3 3

BBeneMm cucteMy KoopauHaT, Kak MoKasa-
HO Ha PUCYHKE 23, W HaWJIeM KOOpJIUHATHI

TOYEK C(#;O;OJ, A(—?;—ZOJ. Tak
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Kak ME — cpelnHss JIMHUS B TPEYrOJIbHUKE
SOA, DE — cpenHss TUHUS B TPEYroJbHUKE
OAL, 10

M(—ﬁ—ll %J’K(_ﬁll %J

37 72\3 3772\3

CocTtaBUM ypaBHEHHE IJIOCKOCTH, IPOXO-
nsieit uepe3 tpu touku C, M u K. Tloacra-
BUM KoopauHatel Touek C, M u K B obuiee
YpPaBHEHHE IUIOCKOCTH ax+by+cz+d =0,

IIOJIyYUM CUCTEMY YPAaBHEHUU

43

——-a+d =0,
3

—ﬁ-a—b+‘/2-c+d:0,
3
23

BerunTas U3 TpeThero ypaBHEHHs BTOPOE,
onpenemsieM b=0. Tenepp u3 nEpBOro

3
YpaBHEHHUs BBIPa3sUM a :—T-d U II0JCTa-

BHMM BO BTOpoe. [loryunm

53

= d.

C=———-
44/23

VYpasuenue mnockoctd CMK nmeer Bua

NE) 543

S - dz+d =0

4 4423
nJIn

J69x +53 z-4423 =0.

Bocnonezyemes popmynoit (3) paccros-
HHUA OT TOYKHA OO0 IIJIOCKOCTU



p(4; CMK) =

\/6_{ 2*3/_]+0 (=2)+ 543 -

JW69Y +07 +(543)
V23

V23

Omeem: —— .
2

2-1i cnoco6 (memoo ob6vemoe). Tak Kax
cepenuHa oTpe3ka SA Touka M mpUHAICKUT
mockoctu CMK, To Touku A u S paBHOyIa-
JIEHBI OT ATOU TIOCKOCTH (CM. puc. 24). Pac-
CTOSTHHE OT TOYKH S 10 Tiockoctd CMK BbI-
core nupamubl SKMC, omylieHHOM Ha oc-
noBanue KMC.

Haiinem 06bém mupamust SKMC u mno-
maap Tpeyroisauka KMC.

M SK
SA SB
11508 e -

4 3
_ 1[92 1693 2423
12\V3 4 3

rae SO — Beicota nupamuasl SABC, omy-
meHHo# Ha ocHoBanue ABC (cM. puc. 23).

SKMC — SABC —

1
5 ’ VSABC

N | —

S

Puc. 24

Tpeyronpauk KMC  paBHOOEIpEHHBIN
KC = MC u KM = 2 (xak cpenHsisi JMHUS
TpeyroibHuka SAB). Haiinem MC u3 Tpe-
yrosnbHuka ASC (kak ero Meauany):

MC:%\/z-AC2+2-SC2—AS2:

:%J2-42+2-42—42 =17
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Torma Beicota Tpeyronbauka KMC, omy-
uieHHas Ha KM w3 touku C, paBHa

\/MCZ —(%T =J17-1=4

LAWY
2

U IIomags Sy,c

COOTBETCTBEHHO, UCKOMOE PACCTOSTHHE
p(A; KMC) =p(S; KMC) =

5. 2923
:3'VSKMCZ 3 _\/5_

4 2

SKMC

3-ii cnocob6 (noamanho-evluucIUmMEb-
nour). Tak kak npsMas BA mnapaienbHa
wiockoctu CMK (BA|| KM) (cm. puc. 24),

TO MCKOMOE PAacCTOSIHUE PaBHO PACCTOSIHUIO
OT JIO0OM TOYKM 3TOM MPSIMOM 1O JaHHOMN
IJIOCKOCTH.

Ilycts TOUKa L — cepeauHa CTOPOHBI BA.
Torna SL 1 BA u CL 1 BA (xak MeauaHsl
PaBHOOEIPEHHBIX TPEYrOJIbHUKOB, OMYIIECH-
Hble Ha ocHOBaHue) u BA 1 SLC , a, cneno-
BareqbHO, U KM | SLC . Ilo mnpusHaky
MIEPIEHIUKYISIPHOCTH IIJIOCKOCTEN
KMC 1 SLC.

Tak xak PC = KMC nSLC, T0o nepnes-
JuKyisip LH, onymieHHbId W3 TOYKM L Ha
PC, Oyner sBIATbCA NMEPHEHAMKYISIPOM K
mwiockoctu CMK u ero jymHa OyneTr paBHA
HMCKOMOMY PacCTOSIHUIO.

Paccmorpum Tpeyronpnuk LSC. Tak kak
Touka P nexut Ha KM, To LP = PS W 1W0I0-
1[a/ib 3TOT0 TPEYroJIbHUKA PaBHA IOJIOBUHE
momaan Tpeyroiapauka LSC.

:%-SO-LC:Z@,

S LSC

AC
rne SO = _|SC? - ( ]
V3

nupamunbl, a LC = AC -sin 60° =
raa

2423

= —7=——— BBbICOTAa
NE]

2\/5 To-

1
Sipc :E'SLSC :\/Z-

Haiinem PC w3 tpeyrosbhuka LSC (kak
€ro MeJIMaHy)



PC=%\/2-LC2+2-SC2—SL2 -
:% 24+72-32=4.
2‘S’LPC

Torna LH=—=@.
PC 2

TpeHI/IPOBO‘IHbIe YHIpaKHCHUSA

23. B enunnunom xkyoe ABCDA,B,C D,
HailiuTe paccTosiHME OT TOYKU A 10 IIIoc-
KocTH BD4, .

24. Pebpo kydba ABCDA,B,C,D, paBHO

\/3. Haiigute paccrosiHue oT BepmnHbl C
1o miockoctd BDC,.

25. B xybe ABCDA,B,C,D,, pebpo ko-
TOporo paBHO 4, Touku £ u F — cepeauHsl
pedep AB u B,C, COOTBETCTBEHHO, a TOUKa

P pacnonoxena Ha pebpe CD Tak, 4TO
CP =3PD . Halimute paccTOSIHUE OT TOYKH
A, 10 IIOCKOCTH TpeyrojabHuka EPF .

26. B mnpaBWIBHOW YETBIPEXYTOJIbHOMN
npusmMe ABCDA B,C,D, cTopoHa OCHOBa-
HUs paBHa 1, a GokoBoe peOpo paBHO 2.
Touka M — cepenuna pebpa A4, . Haiinure
paccTossHHE€ OT TOYKM M 110 IUIOCKOCTH
DAC,.

27. (EI'3, 2012). B npaBwiIbHOW YETHI-
pexyroapHoi npusme ABCDAB,C.D, cto-
POHBI OCHOBaHMs paBHbI 1, OOKOBBIE pedpa
paBHbl 2. Touka E — cepenuna pebpa A4, .
Haiimure paccrositHue oT BepmuHbl A 10
II0CKOCTH BED, .

28. (EI'D, 2011). B mnpaBuibHOU Tpe-
yronsHou npusme ABCABC, Touka M —
cepeanHa pebpa A4 ,, Touka K — cepenuHa
pebpa BB,. Haiinute paccrosiHue oT Bep-
muHel A4, po miaockoctn CMK, ecnn
AA,=6, AB =4.

29. (EI'D, 2012). B npaBuwibHON Tpe-
yrojapHOU mnpusme ABCA B,C; CTOPOHBI OC-
HOBaHMsI PaBHBI 2, a OOKOBBIE pedpa paBHBI
3. Touka D — cepeauna pedpa CC,. Haiinu-
T€ paccTosiHue OT BepmuHbl C /10 TUIOCKO-
ctu ABD.
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30. B rmpaBuIbHOM LIECTHYTOJBHOMN
npusmMe ABCDEFAB,C\D\EF,, Bce pébpa
KOTOpPOW paBHBI 1, HAaAUTE PACCTOSTHUE OT
TOYKU A 110 IIoCKocTH BFE, .

31. [lan npaBunbHbIN TeTpasap ABCD c¢

pebpom 6. Haiizure paccTosiHue OT BEp-
mwuHbl A 10 mwiockoctu BDC .

32. B npaBWIBHOW TpPEYrojabHOM Iupa-
musie SABC touka S — Bepmuna. Touka M —
cepeauHa pedpa SA, Touka K — cepenuHa
pebpa SB. Haitnure paccTossHEE OT BEPIIH-
el A o miaockocty CMK, eciim SC = 6,
AB =4.

33. V3BeCTHO, YTO B TPEYroJbHOW MHpa-
MUJE€ BCE€ IUIOCKHUE YIJIbl MpPH BEPLIMHE —
npsMble. Haiiaure [UiMHY €€ BBICOTHI, €CIU
JUTMHBI €€ OOKOBBIX pedep paBHBI a, b U C.

34. Pe6po AD nupamuast DABC nepnes-
JTUKYJISPHO TUIOCKOCTH oOcHOBaHus ABC.
Haitgute paccrositnue ot BepumdHbl A 110
IJIOCKOCTH, MPOXOJAIIEN Yepe3 CepeIruHbl

pebep AB, AC wu AD, ecnu AD =245,
AB = AC=10, BC =4+/5.

35. B mnpaBWIBHOW YETBIPEXYTOJIbHOMN
mupamuge PABCD cToOpoHa OCHOBaHUSA
paBHa 3, BbicoTa 2. Haligute paccrosiHue ot
BepmnHbl A 1o rpanu PCD .

36. B mnpaBWIBHOW YETBIPEXYTOJIbHOMN
nupamusie SABCD (c BepuHO# S) cTOpoHa
OCHOBaHUs paBHa 2 M BbicoTa paBHa 1. Haii-
JIUTE PAcCTOSTHUE OT TOUKHU D 710 TUIOCKOCTH
BCS.

37. Ha nponomkenuu pedpa SK 3a TOUKy
K TnpaBWIBHOW YETBIPEXYIOJIBHON NUpaMu-
el SKLMN c BepmmHON S B3aTa TOuka A
TaK, YTO PacCcTOSIHUE OT TOYKU A /0 Iioc-
koctu MNS paBHo 24. Haiigute miuHy oT-

pe3ka KA, eciu SL :2\/ﬂ, MN =16.

38. B mpaBuiIbHOM IIECTUYrOJIBHOW IH-
pamune SABCDEF ¢ ocnoBanuem ABCDEF
CTOpOHA OCHOBaHMsS paBHa 5, a OOKoOBOE
pedpo paBHo 8. Touka K — cepenuna pebpa
SB. Haiimute paccTosiHue OT TOYKH A 10
mockoctu KDF.



1.4. PaccTosinue MexKIy
CKPEeIIUBAIOMMMUCH NPAMbIMU

® Paccmosinue mexcoy 08yMs CKpewuearo-
WUMUCA NPAMbIMU PABHO JITMHE OTpe3Ka UX
00111eT0 MepIeHINKYIISPA.

JUis HaXxoXJI€HUSl PpACCTOSHUA MEXIY
CKPEILMBAIOIIUMHUCS TPSIMBIMU MOYHO BOC-
[I0JIb30BAaThCsl OJHUM U3 YEThIpEX IpHBeE-
JIEHHBIX HIKE CIIOCOOO0B.

1. (Memoo nocmpoenus obuiezo nep-
NEHOUKYNAPA UIU  NOIMANHO-GbIYUCIU-
menvHblil Memoo). B 3ToMm ciyyae cTpouTcs
o0UMil MepHneHAuKYIsIp ABYX CKpEUIUBaro-
IIUXCS TPSAMBIX (OTPE30K C KOHLIAMU Ha
ATUX TPSMBIX W TEPICHAUKYISAPHBIN Kax-
JIO¥ M3 HUX) U HaXOJIUTCS €T0 JIJIMHA.

2. (Memoo napannenvhvlx npamou u
naockocmu). B 3TOM cCilyyae cTpouTCH
IJIOCKOCTh, COAEPIKAILYI0 OJHY M3 MPSMBIX
U TapauienbHyl0 BTOpoM. Torma mckomoe
paccrosiHue OyzieT paBHO pacCcTOSIHUE OT Ka-
KOW-HUOY/b TOYKM BTOPOW MPSIMOW 10 IO-
CTPOEHHOM IIOCKOCTH.

3. (Memoo napannenvuvlx ni10CKO-
cmeii). B 3ToM cnydae JaHHBIE CKpeEIIM-
BAIOILIMECS MPSMBIE 3aKJIIOYAIOTCS B Mapali-
JIeNIbHBIE IIJIOCKOCTH, MPOXOJSALIUE 4Yepes
HUX, U HAXOJUTCSI PACCTOSIHUE MEXKIY 3THU-
MU IIJIOCKOCTSIMHU.

Puc. 25

4. (Memoo opmozonanvnozo npoexkmu-
posanusn). B 3TOM ciydae CTpOMTCS IUIOC-
KOCTb, ITEPIICHUKYIISIPHAS OJTHOW U3 JTAHHBIX
MIPSIMBIX, © CTPOUTCS HA 3TOW TIOCKOCTH Op-
TOTOHAITBHAS MPOCKIIUS IPYrOM MPSIMOM (CM.
puc. 25).

p(l; ) =p(4; BC) = AH,
rne A=I[,no, o L/, BC, — opToronaiub-
Has MpoeKuus [, Ha IIOCKOCTh o, H — oc-
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HOBAHHE ITIEPIECHANKY/IAPA, OIMYIICHHOTO M3
A Ha BC,.

[IponeMOHCTpHpYyEM NIpPUMEHEHHE BCEX
YKa3aHHBIX METOJZOB Ha CIEAYIOUIEM IIpO-
CTOM IIpUMeEpE.

Ipumep 24. B xybe, onuna pebpa komo-
PO20 pasHa a, Haumu paccmosHue Mexncoy
pebpom u ouazouanvio, He nepecekarowell
€20 epaHu.

Pewenue. B xauecTBe nmpuMmepa Hanaem
paccTrosiHMe Mexay pedpoM AA, um auaro-
Haspo D;C (cM. puc. 26). Ilpsamble A4, n
D,C — ckpemuBatoumecs. Mcnons3ysa kax-

OBl M3 OTMEUEHHBIX CIIOCO00B, IMOKAXKEM,
YTO PACCTOSTHUE P MEXy HUMH PaBHO a .

1-i cnoco6 (cm. puc. 26a). Tak xkak
AD, L A4 n AD, L D,C, 10 A4D,— obmui
NEPIEHAUKYISIP JIBYX CKPEIIUBAIOIIMXCS
npsMbiX AA, u D,C. PaccrosiHue p Mexay
AA, n D,C paBHO A,D =a.

2-u cnoco6 (cMm. puc. 266). Tak kak
miockocte DD C;, comepxamasa D,C, na-
pauienbHa AA,, TO paccTosiHHE p OT AA,
o DD,C, paBHO a .

3-1i cnoco6 (cm. puc. 266). Ilnockocth
DD,C;, conepxamas D,C, mnapamuienbHa
IUIOCKOCTU  AA B, cojepxaumeilt AA,, u
paccTosiHue p MEXKIY HUMH PaBHO d .

B] C] B] C]
A pD 4, pD
: d : d
a B» a &
Pl CA e C
A D A D
a 0
B] Cl Bl Cl
4, pD A4 D
E d : d
a B.. a Bc.
il CA e C
A D A p D
8 2
Puc. 26

4-u cnoco6 (cMm. puc. 262). Ilnockocth
ABC nepneHaukyispHa npsamoit A4,. Tou-



ka A-— mnpoexkuus AA, Ha 3Ty IIOCKOCTb.
[Ipoexnueir D,C Ha mIockocTts ABC SBISA-
ercsi DC. PaccrossHue p OT TOYKH A [0

DC. paBHO a.
Omeem: a .

Ilo3amanno-evluuciumenbHblii Memoo

HMpumep 25. B npasunvnou uemwvipex-
yeonvroti nupamuoe SABCD , ece pebpa
Komopou paeuvl 1, maumu paccmosinue
medxncoy npsamvimu BD u SA.

Pewenue. Ilyctb E — OCHOBaHHE Iiep-
NEeHAUKYISIpa (M. puc. 27), ONyLIEHHOTO U3
touku O Ha pedpo SA. Tak kak BD 1. AOS
(oOBsicaute), T0 BD | OE .

Puc. 27

Takum oOpazom, OF — oOuuii nepreH-
JUKYJISIp K CKpEIIMBAKOIIUMCS IpsIMbIM BD
u SA. Haitgem ero qiuHy Kak BeicoTy OF
OIYILICHHYIO Ha TUIIOTEHY3y AS Tpeyroib-

V2

Huka AOS . Tak kak AO:T’ AS =1,

V2

SOZT,TO OEZO,S
Omeem: 0.,5.

Memoo napannenvrnvix
npAMOIL U RAOCKOCMU

B o6mem ciiydae He 00s13aTe€IbHO CTpO-
WUTh OOIIHIA MEPIICHIUKYIISP.

Mpumep 26. B npasunvroti mpey2onbHou
npusme ABCA,B,C,, ece pébpa komopou
paenvl 1, Haiimu paccmosnue mexcoy nps-
moimu A4, u B,C.

Pewenue. Tlpsmas B C nexur B IUIOC-
koctu BCC, (cm. puc. 28). Tak Kak
AA, ||CC,, 10 AA, || BCC,. na nHaxoxnue-
HUSI HMCKOMOTO PAcCTOSHHS JI0CTaTOYHO
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HaWTH pacCTOSHHUE OT TOYKH A MpsAMOH
AA, no mnockoctn BCC,. Ilnockoctu
ABC n BCC, nepneHAMKYISpHBI U Iepe-
cekarorcs no npsasmor BC . B paBHOCTOPOH-
HEM TPEYroJIbHUKE ABC BBICOTA
AD 1 BC, nosromy AD 1 BCC,. Otrcrona

V3

clenyeT, 4To AD:? — HCKOMOE€ pac-
CTOSIHHE. B,
3 \
Omeem: — . P
2 A| — Cl
3ameuanmue. PN

OrMmeTuM, 4YTO B :
CBOIO O4Yepelb II0- -
CICIHIO  3a]a4y A D

MOXHO CBECTH K A W
3aJade O HaxokK- A &= =~ C
JICHHH PACCTOSIHHS

Puc. 28

OT TMPOU3BOJIBHOM
TOYKH MPSMOM J0 IJIOCKOCTH.

Memoo opmozonanvnozo
npoeKmuposanus
Ipumep 27. B npasunvrou yceuénnoii ye-
muipexyeonvrot nupamude ABCDA,B,C,D,

CO CMOPOHAMU OCHOBAHUL PAGHLIMU A U b
(a>b), u eeicomoti h natimu paccmosiHue
Mmedcody Ouazonanvio BD, u oOuaconanvio

bonvutezo ocnosanus AC .

Pewenue. Ilpsaveiec BD; 1 AC ckpemu-
Barorcs (cMm. puc. 29a). Touku O u O, -
TOYKH MEPECEYEHUs UaroHaieil OCHOBaHUM
mupamuael. OO0, L AC u OO, L BD , Kak 0T-
PE30K, COeMHAIONINN CepeTUHbl OCHOBaHUM
paBHOOeIpeHHbIX Tpaneuui BB DD n

AAC,C.

Puc. 29

[TocTporM IUIOCKOCTH NEPIEHAUKYIISP-
HYIO0 OJHOM M3 CKPEIIMBAIOIINXCS IPSIMBIX



BD, n AC. Ilnockocts BBD; L AC, Tak

Kak AC TepneHIuKyIspHA IBYM Iepece-
KalolUMCA TOPSAMBIM ~ 3TOM  IUIOCKOCTH:
AC 1. BD (ABCD- xBagpar) u AC L OO,

(00, — BbicoTa nupamunsl). Ilpsmas BD,
JICKUT B IUIOCKOCTU BB D, NO3TOMY HCKO-

MOC€ paCCTOAHUC PABHO JJIMHC NMCPICHANKY-
Jpa, OmyleHHoro u3 touku O Ha BD,.

OK HaiiieM u3 nojo0us MpsIMOYTOJIbHBIX
TpeyroabHukoB BDN u BKO (cM. puc.
296), umerommx oOuwMil octpeiii yroa. B
TpeyroiapHuke BD N :

DN=h, BN =BD - ND =

:aﬁ_(a—b)x/i:(aﬂa)ﬁ’

2 2

2
BD, =+/D,N* + BN? = |1’ +@ :

BD a2
-

B tpeyronsauke BKO BO = - -

BO-D,N ah
BD,  \J2h* +(a+b)’

ah
V2B +(a+b)

Omeem:

[IponeMoHCTpUpPYEM TPUMEHEHHE BCEX
YKa3aHHBIX METOJOB Ha CJICIYIOIIEM IpH-
Mepe.

Ipumep 28. Havimu paccmosnue medxcoy
HenepecekaruwumMucs OUd2OHANAMU  O08YX
CMedHCHBIX epaHell Kyba, Onuna pebpa Komo-
po2o paena a.

Pewenue. Haiinem pacCcTOsIHUE MEXIYy
mparoHanssMu - A4 C;, U AD, KyOa

ABCDA,B,C D, .

11 cnoco6. Ilyctb oTpe3ok PQ (cM. puc.
30) ectp oOmUN TEPHEHIUKYIAP CKPEIIU-
Baromuxcsa npsaMeix A4 C, u AD;, a PN u
KO-
IUIOCKOCTH 4, B,C; 1 AA4;D; COOTBETCTBEHHO
(PK LAD, nm ON L AD,). Ha ocHoBaHumn

TEOpEMBl O  TpeX  MEepHEHIUKYISIpax
PN 1A4C, m KQJL1A4D,. TpeyroapHuku

€ro OPTOrOHAJIbLHBIC IPOCKIOHUH Ha
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A PN u KQD, - 1npsMOYroiabHBIE U PaBHO-

Oenpenssle, no3toMy 4, K = KN = ND, = % .

B, C

. P
A==/

KN

. 0

B C
A D

Puc. 30

Ananornuno, NQ = ND, = 4 K = KP :%

u AP=PN=

avN?2
3 Torma u3 npsaMoOyross-

HOIO TpeyroiabHuKa PNQ IOJy4yuM pac-
crossaue Mmexay A,C, u AD:

2 2
PQ =+/PN?* + NO? =1/%+%=§.

B:l“ o C
Al ;“ D1 Bl O Dl
A h
N
5 B 01 D
A D
a o
Puc. 31

2-u cnoco6. TlocTpouM IUIOCKOCTH, CO-
nepxaiyro 4D, u napamuienbHyo A4,C; (cM.
puc. 31a). UckoMoii TIIIOCKOCTBIO SIBIISETCA
AD,C . HanneM paccTrosHuE A0 Hee OT Ka-

KoU-1mbo Touku mpsamoit 4,C,. [ns atoro

omycTuM U3 Touku O (cM. puc. 31a) Ha yka-
3aHHYIO IUIOCKOCTh neprneHaukyisp. Ilmoc-
KOoCTH BBD; m ADC mnepneHauKyIsipHbI

(AC LBD w ACLDD,u AC = AD,C).
Tak xak B;D L DO, (cm. puc. 316) (no-
KaXkuTe camocrositenbHo!), To ON L AD,C
(ON || B,D) n u3 nmonoOusi TpeyroJbHUKOB
BBD n OD/N cnenyer
ON _ODy i h=on =B2-9D1 _ a3 :
BD BD B,D 3




3ameuanue. [ HaXOXIEHUS PaCCTOs-
HuUs oT Toukd O 110 mockocTd AD,C MOKHO

BOCIOJIb30BATHCS PE3yJbTaToOM Npumepa 14.

l;:]“ ) _ C
A= il {D. B, 0 D,
. 2 A
N
»C
B 0O, D
a 0
Puc. 32

3-ti cnocob. IlocTtpouMm mnapasuieabHbIe
mwiockoctu AD,C u BAC, (cMm. puc. 32a),
coaepxamue npsiMele AD; u A4;C; COOTBET-
cTBeHHO. /lnaronans B D Kyba nepneHau-
KyJIsipHa O0€UM IUIOCKOCTSIM M (CM. pHC.
326) ToukamMu K U N JEIUTCS HA TPU paB-
Hble yacTu (omopHas 3amauya Ne 20 riasa 3
n. 3.4). PaccrosHue Mexay MJIOCKOCTSIMU
AD,C n BAC, paBHO mIuMHE OTpe3ka KN,

a3

T.C. .

B:l ) Cl
Al : ;‘\ D] Bl 0 Dl

1 h

L N N

B0,40)c

':‘______::J:: ::::: B 01 D
A D

a o
Puc. 33

4-11 cnoco6. Ilnockocts BB/D; nepreH-
mukyaspHa npsmont A4,C, (A4,C, LBD, u
A4C LDD) u IIJIOCKOCTH AD,C
(B,D L AD,C) (cMm. puc. 33a). DO, — mpo-
exuust AD;, Ha MmIocKoCTh BB,D,. Paccros-
HUe oT Touku O (mpoekuuu A4,C; Ha IUoC-
KOCTb BB\D;) 10 D,O, paBHO JUIMHE OTpe3Ka
ON (cM. puc. 330).
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Bexmopho-koopounammuuiii memoo

Tak kak 3amady [OaHHOTO THUMIA MOKHO
CBECTH K 3aJ]a4€ O BBIYMCIICHUH PACCTOSIHUS
OT TOYKH JI0 TUIOCKOCTH, TO 3/I€Ch YMECTHO
MPUMEHUTH (POPMYIY PACCTOSIHUSI OT TOUYKHU
0 TUIOCKOCTH, TPUMEHSISI KOOPAUHATHBIN
METO/I.

PaccMoTpuM BEKTOpHBIM MOAXOJ K pe-
IEHHUIO 3a7a4y JaHHoro tuna. [lycte gaHbl
npsMBbIE /, C HANPaBISIONINM BEKTOPOM (¢,

U [, ¢ HampaBJIAIOUINM BEKTOPOM ¢, . ToUkn

A, u A, nexar Ha npsAMBIX /| U [, cOOTBET-

CTBEHHO, 4,4, =m (cM. puc. 34).

z[l Pl Al ll

L

Puc. 34
UToOBI OmpenenuTh PacCTOSHUE MEXTY
OpsMBIMH /| ¥ [,, TO €CTb HANTU AJIUHY UX

obmero nepnenmukymsipa PP, (P el n

P, €l,), npencraBum Bekrop PP, B BUIE

PP, =PA+ A4+ AP, =x-q +m+y-q,.

Heuspectuble koap¢uuueHTsl x, y Ha-
XOJITCSL U3 YCJOBUS NMEPHEHAUKYISIPHOCTH

D —

BekTopa PP, BeKTopaM ¢, U ¢, :

PP, -q, =0, (x-g +m+y-q,)-q, =0,
PP, -G, = (x-g, +m+y-q,)-q, =0.

Hckomoe paccTosiHWE BBIpaXkaeTcsl —Clie-
TYIOIIMM 00pa3zoM:

AR R TR A

B GonpiminHCTBE ciyyaeB NMpU PEIIEHUU
MOJOOHBIX 3a/ad ylIoOHee BBECTHU JCKAPTO-
BY CUCTEMY KOOpPJAWHAT, BBIPA3UTHh BCKTOPHLI
4,»q,,m 4epe3 ee Oa3uUCHbIE BEKTOPHI U
IMPOBECTU BCC BBIYHCJICHUSA B KOOpI[I/IHaTHOﬁ
dbopwme.

I/ICHOJ'IB3Y$I IMPUBCACHHBIC BBIBOJbI, PC-
[IAM CJICYIOIINE 3a0a4H.



Ilpumep 29. B  edunuunom «kybe
ABCDA,B,C,D, naumu paccmosnue medic-
0y ouazonanvio Kyoa BD, u ouaconanvio
epanu AB, .

Pewenue. BBeneM npsiMOYroJIbHYIO CHC-
TeMy KoopauHat (cMm. puc. 35), Torma
A(0;0;0), B(0;1;0), B,(0;1;1), D,(1;0;1).

Ilycte EF — oOmuil mnepneHaAuKyisp
CKpelMBaroIuXcs NpsMblX BD, u AB,, To

ectb FEF 1 AB,, EF 1 BD,, upuuem

E e AB, n F € BD,. O603HauuM A = —— AE ,
BE

L = —— ¥ BOCTOJIb3yeMcs opMyJIaMu JJist

1
KOOpJIMHAT TOYKHM (OomopHas 3agadya 1), ko-
TOpasi ACTUT JTAHHBIA OTPE30K B 3aJlaHHOM
oTHoweHuH. [lomyunm

E(OaLaL]aF H s ! ) H .
I+A 1+A I+p 1+p 1+p

Z)

A,

B q, Toraa

2 7 Trn
EQO, p,p), F(q,1—q,q). Tak xak BeKTOp

IIycTs U =

EF = {9, 1—-q—p, q— p} TnoimxeH ObITH
MePIEeHIUKYIISIPHBIM BEKTOpam
A—B; ={0;;1} u B—D; ={l; -1; 1}, To umeem

CUCTEMY YpaBHEHHIA:

AB, -EF =0,
BD, -EF =0
Wi
l-g-p+q—p=0, 1 1
S p=—,q=—.
q-1+qg+p+q—-p=0 2 3
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Orcioma BF =1+, L 1 ,EF:‘ﬁ‘:
376" 6
1

I 1

1
973636 6
Omeem: L
V6
Mpumep 30. Havimu paccmosnue medxcoy
HenepecekaruwumMucs OUa2OHAIAMU — 08YX

CMedHCHBIX epaHell Kyba, Onuna pebpa Komo-
po2o pasua a.

Pewenue. Haiinem pacCcTOsiHUE MEXITYy
muaroHansmu - AC, mn  AD, ky0a

ABCDA,B,C,\D, (cM. puc. 36).

B, ;
5
Al ' . T 1{),
[ :K N
0
!B"_ L Ale
A @ D
Puc. 36

Beenem Bexroper 4,C, =¢q, u AD, =¢q,,
A4, = 7. Tockomsky |G, |=14,|=av2,
|m|=a, Z(4,,q,)=060° Z(q,,m)=90°
Z(q,, m)=45° To
g, -9 :élz =2a’,
GG, =4, =2a°, m-m=m’=a’,
9,9, =14,1"14, |'COS6OO:(12,
m=|q,|-|m|-cos90°=0,
m=|gq, | |m|-cos45°=a’.
ITycth oTpe3ok QP ecTb oOLIMiA NepIieH-
JUKYJISAP CKpEIUBAIOIUXCA NPAMBIX 4,C; U

AD, . llpencraBum Bektop QP B BUIE
OQP=x-g,+m+y-q,.
N3 ycnoBusi meprneHAUKYIIPHOCTH BEK-

R ——

Topa PP, BeKTOpam ¢, U ¢, MOIy4aeM

{(x'é] +ﬁ”l+y-(§2)-(§] :0’C>
(x'q] +ﬁ1+y"§2)'qz =0



x-(j,2+n2-(j]+y-((§2-(§,):0,
= o o o =
Lx'((]l'(b)"'m'(b"'y'(b =0
a’(2x+y) =0, {2x+y:0,
= =
a*(x+1+2y)=0 [x+1+2y=0.

2
Orcroma x =—, y = 3 Torma

1
3 9

— 1. . 2_.Y
‘QP‘Z\/(§%+”¢—§%] =

VG + 9+ 452+ 6(G,- m) —12(Gy-m) — 4G G)

3
_a2+9+48+0-12-4 a3
3 3

a3

Omeem: —— .
3

3ameuyanue. B OonbpIIMHCTBE CllydaeB
NpHU PpeHIeHuH TOMO0HBIX 3amad ymoOHee
BBCCTU ACKAPTOBY CUCTEMY KOOpPAUHAT, BbI-
pa3uTh BEKTOPHI ¢, G,, M 4Yepe3 ee Oazuc-
HBIC BCKTOPELI 1 IPOBCCTHU BCC BBIYUCIICHHUA B
KOOpAMHATHOU (opme.

Hpumep 31. B npasunvnou uemvipex-
yeonvroti nupamude MABCD c¢ ocnosanu-
em ABCD evicoma u cmopoHa OCHOBAHUS
pasHvl 4, mouku E u F — cepedunst pebep
AM u DC coomeemcmeenno. Haiimu pac-
cmosinue medxcoy npamvimu BE u FM .

Puc. 37

Pewenue. BBeneM IexkapToBYy CHCTEMY
KOOpIUHAT cienyomuM obpaszom. Ilycts
Hayajo KoopauHaTt () HaxXOAUTCA B LIEHTpE
OCHOBaHUS, OChb X IPOXOAMUT 4YEPe3 TOUKY
O mapamiensHo pedbpy 4D, ock y Tpoxo-

TUT 4Yepe3 Touky (O mapajuieIbHO pedpy
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AB, ocb z TPOXOIUT yepe3 Touky O mnep-
NEHJUKYISPHO TIOCKOCTH OCHOBAHHUS (CM.
puc. 37). Torga BepIIMHBI UPaAMHIbI UMe-
IOT KOOPAWHATHI:

A(=2;-2;0), B(-2;2;0), C(2;2;0),
D(2;-2;0), M(0;0;4).
B a0t cucreme koopaunat E(—1; —1; 2)
" F(2;0;0).
BE=G,={,-3;2}, FM =g, =1{-2;0;4}
u EM =im={;1;2}.
Torma
q,°49, =1-1+(-3)-(-3)+2-2=14,
4,4, =(-2)-(-2)+0-0+4-4=20,
m-m=1-1+1-1+2-2=6,
q,°9,=1-(-2)+(-3)-0+2-4=6,
g -m=11+(3)-1+2-2=2,
g, m=(-2)-1+0-1+4-2=6.

Beenem BEKTOPBI

ITycth oTpe3ok PQ ectb oOUIMii neprieH-
JUKYJIAp CKpPELIMBAIOIIUXCA NMpsAMBIX BE u

FM . IlpencraBuM BEKTOD ITQ B BHJIE
PO=x-g +m+y-q,.

N3 ycnoBus NepneHAUKYISIPHOCTH BEK-

_—

Topa PQ BEKTOpaM ¢, U ¢, NMOIydaeMm
{(x'ql"'ﬁ;l"'y'qz)'ql =0,
L - =
(x-g+m+y-q4,)q,=0
{14x+2+6y =0,
=

6x+6+20y=0.
1 18
Otcroga x =——, y=——"_Torna
8 61’7 61
— 1 . . 18.
PO=——¢gG +m—-—¢q, =
0 a1 a1

1 18
=——{ -3 2} +{; 2} ——1{-2;0; 4} =
ot pril L2 - }

1
=—{96; 64; 48} .
ot b

16761
o

— 1
P ‘:_ 967 + 647 + 487 =
Po|= 4 ;

Omeem:

16761
61



Ecnu ckpemuBaromuecs npsiMble Momec-
TUTh B NapajUlelbHbIE IUIOCKOCTH, TO pac-
CTOSIHUE MEXJy OSTHUMHU MpsIMbIMH Oyner
PAaBHO PACCTOSHUIO MEXJY ITOCTPOCHHBIMU
IJIOCKOCTSIMH, & OHO PAaBHO PACCTOSIHUIO OT
JH000H TOYKHU OJTHOM HPSIMOM 10 MIOCKOCTH,
coJiep Kallel BTOPYIO IPSMYIO.

B cnydae nmpuMeHEHHs KOOPAMHATHOTO
METO/1a MOXHO BOCII0JIb30BaThCs (POpMYyIOit
PacCTOSIHUS OT TOYKH JI0 TUIOCKOCTH.

Ipumep 32. (EI'I, 2011). B npasunvhoii
mpeyzonvrou npusme ABCAB,C,, sce péo-
pa Komopou pasuvl 7, Haumu paccmosuue
medncoy npamvimu AA u BC,.

Pewenue. Benem npsMOYTroOJbHYHO CHC-
TEeMY KOOpAMHAT, KaK OKa3aHo Ha puc. 38.

zZA
C, 4,
~Ll-] ”//vl
o]

Puc. 38

[Tockonbky npsmele A4, u BB, napan-
JeIbHBI, TO II0CcKoCcTh C\B,B u npsaMas A4,
CBB

COBIIAJAET C IIOCKOCThIO rpanu CC BB u B

TAaKKE TIapauICIbHBIL. IInockoctn

BBEJICHHOW CHCTeME KOOPIHMHAT 3aJ1aeTCs
ypaBHeHHeM ) =0, a e HOPMAJIbHBIA BEK-
TOp HWMEET CIIEAYIOIIHe
n=1{0;1;0}.

Tak Kak pacCTOSIHHE MEXIy MpPsIMBIMU
AA, m BB, paBHO pacCTOSHUIO OT JIOOOM

KOOpAVHATBL:

Touku npsmon AA, no mnockoctu C,B B,

TO BO3bMEM, HarpuMmep, TOYKY

A{O; %; 0] U, IOJICTaBUB B Gopmyny (4),

MIOJIYYHM:
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p(AA]; BB, ) = p(A; C]B]B) =

0-0+1-ﬂ+0-0+0
~ 2 73
V02 +12+0° 2

73

Omeem: ——.

Memoo onopuwix 3a0au

[Ipu permenun 3amad 3TOro TUIA MOXKHO
BOCIIOJIB30BAaThCSl OMOpPHOM 3amaueir Ne 9
(cm. rnaBy 3 1. 3.4).

Ecnu AB u CD — ckpewusarowuecs peo-
pa mpeyeonvHou nupamuovt ABCD, d -
paccmosinue  medxcoy  Humu, AB=a,
CD=b, ¢ — yeon medxncoy AB u CD, V —

14

absing

o0ovem nupamudvl ABCD, mo d =

Ipumep 33. B edunuunom Kybe
ABCDA,B,C,D, naumu paccmosnue medic-

0y ouazonanvio Kyoa BD, u ouaconanvio

epanu AB, .
G
B,
B
A
Puc. 39
Pewenue. Haiinem nckoMoe paccrosiHue
14
mo gopmyne d=—, 1 V —
AB, - BD, sin ¢

00béM mupamunsl ABB D, (cM. puc. 39),
AB, =2, BD, =3, =90° — yron mex-
ay npsMmeiMu BD, n AB, . Tak kak miomajip
ocHOBaHUsA ABB, nupamunsl ABB,D, pas-

1 1
Ha > a BeicoTa A, D, paBHa 1, T0 V' =%

CnenoBarenbHo, d = 1 —L
V23 V6

1

Omeem: —



Ilpumep 34. B npasunvholi wecmu-
yeonvnou npusme ABCDEFA B/, C D E F,
6ce péopa komopoul pasuvl 1, Hatimu pac-
cmosnue medxcoy npamvimu AB, n BC,.

Pewenue. Haiinem cuHyC yrina ¢ Mexnay
JTaHHBIMH pAMbIMU. Tak kak 4B, || BM , 10
MOJTyYMM KOCHUHYC YIJla (0 U3 TPEYrOJIbHUKA
MBC, (cM. puc. 40):

2+2-1 3

2.2 2 4

BM* + BC} - MC’?

CoOsp =

2-BM - BC,

M
N
Puc. 40
. 9
Tornma sin @ = l—g = % Paccrosiaue ot

3
touku C, 10 mnpsmou A,B, paBHO BN

O6bvem nmpamuasl ABB,C, ¢ OCHOBaHUEM

5B

ABB, paBeH V—— —11—=—
32 2 127

Paccrosinue mexay npsameiMu AB, un

6.3
12 :\/i

7
aa T
Omeem: \/5/7.

TpeHI/IPOBO‘IHbIe YHIpaKHCHUS

39. B exunnunom xkyoe ABCDA,B,C D,
HallIuTe paccTOsIHUE MEXAY NpsAMbIMU AB,
u AC,.

40. B enunnunom xyoe ABCDA,B,C D,

HalJUTE pacCTOSIHUE MEXJY AUaroHalbio
KyOa BD, u 1uaroHainblo rpaHu AB, .

BC, paBHO d =
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41. B npaBuIbHON TPEyroibHON MpU3Me
ABCA,B,C,, Bce pé€bpa KOTOpPOH paBHHI 1,
HalJIMTe PacCTOSTHUE MEXIYy NpSAMBIMA AB
u AC.

42. B npaBWIbHON TPEyroibHON MpU3Me
ABCAB,C, cropoHa ocHOBaHHs paBHa 1, a
6okoBoe pedpo paBHo 3. Haiioute paccros-
HHUE MeXIy npaMbiMA AB, n BC,.

43. B nmpaBWIbHOM IIECTHYTOJIbHOU
npusme ABCDEFA B,C, D E F,, Bce pebpa
KOTOpPOM paBHBI |, HalguTe paccTosiHue
Mexay npsameiMu A4, n BC,.

44. B nmpaBWIbHOM  IIECTHYTOJIbHOM
npusmMe ABCDEFA B,C, D E F,, Bce pébpa
KOTOpPOM paBHBl |, HalguTe paccTosiHue
mexay npsameivu DE, u BC|.

45. Cropona ocHoBanusi ABC mpaBuiib-
HOU TpeyroJibHOM nupamuisl ABCD paBHa
83 , BbicoTa mupamunabl DO = 6. Touku
A] > C]
BETCTBEHHO. Haiinure paccTosiHME MEXIY
npssmeiMu B4, n AC,.

— cepenunbl pédep AD u CD cooT-

46. B mupamuae DABC n3BECTHBI JJIUHBI
péoep: AB=AC=DB=DC=10, BC=
=DA=12. Haiigure paccTosHHE MEXIYy
npsmeimu DA n BC'.

47. B Terpadnupe ABCD wu3BECTHO, UTO
AC=BD=14, BC=A4AD=13, AB=
=CD=15. Hailimute paccTosHHE MEXIY
npsmbeiMu AC u BD.

48. B mnpaBunpHON 4eThIpEXyroibHOU
nupamune MABCD , Bce péOpa KOTOpOi
paBHBI 1, HaliIUTE PACCTOSTHUE MEXKIY Nps-
MbiMu MA u BC.

49. B mnpaBunbHON YeThIpEXyroibHOU
nupamune SABCD c¢ ocnoBanueM ABCD
CTOpOHAa OCHOBaHMs paBHa 3, a OokoBOE
pebpo paBHo 4. Touka M — cepenuna SB.
Haiigure paccrosnue mexay npsmMeiMu SA U
MC.

50. B nmpaBuiIbHOW IIECTUYIOJIBHOW IH-
pamue SABCDEF C  OCHOBaHUEM
ABCDEF 6oxoBoe pebpo M CTOpOHA OCHO-
BaHUA paBHBI 5 U 3 COOTBETCTBEHHO. Touka
N — cepenuna pebpa SF, a Touka M ne-
auT pebpo SD Tak, uto SM :MD=1:3.
Haiinmure paccrosinue Mexay npsmeiMu AN
u EM .



1.5. ¥Yroa mexay a1ByMs IpSAMbIMH

® Venom mexncoy 08yms nepecekarujumucs
NpAMbIMY HA3bIBAETCS HAaUMEHBIIMA U3 yTr-
J10B, 00Opa30BaHHbBIX MpPU MEPECEUECHUN Mpsi-
MBIX.

® 0°< /(a, b)<90°.

® Vonom mexcoy CKpewusaouwumucs nps-
MbIMU HA3bIBAECTCS YTOJI MEXIY IEepeceKaro-
IIUMUCS TIPSIMBIMH, COOTBETCTBEHHO TMapall-
JIeTbHBIMU JAHHBIM CKPEIUBAOIIAMCHL.

® J[Be npsiMble HA3bIBAIOTCS NEPNeHOUKVAAD-
HbIMU, €CITU YTOJI MEKIY HAMH paBeH 90° .

® Veon mexcoy napannenbHuIMu NpAMbIMU
CUHMTACTCS] PaBHBIM HYIIIO.

Ilo3amanno-evtuuciumenbHblil Memoo

[Ipy HaXOXKIEHUU 3TUM METOJIOM yIjia @
MEXAY OpSIMBIMU m U [ UCHOJIB3YIOT (hop-
MyIy

coscp:|b2 +c’—a’| ’
2bc
ri€ a U b— JJIUHBI CTOPOH TPEYroJbHUKA
ABC, cOOTBETCTBEHHO MapajuleNbHbIX 3TUM
MPSIMBIM.

Ipumep 35. B xyoe ABCDAB,C D,
Havumu Y2071 medxncoy npameimu AD u D E,
eoe E — cepeouna peopa CC,.

Pewenue. Ilycte F — cepenuna peOpa
BB,, a — pebpo kyba, @ — UCKOMBIA yroi

1°

(cm. puc. 41).

Puc. 41
Tak xak AF||D,E, T0 @ — yrom npu

BepumuHe A, B TpeyroabHuke A FD. U3
TpeyronbHuka BFD nmeem
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2 2
FD* = BD® + BF® =24° +%= 93

2

a U3 TpeyronbHuka A, B I nomydaem
2 2
AF*=AB’+BF* =d’ +%= SZ :

a5

otkyna A, F = )

Hanee B TpeyroipHuke A,FD ucnoinbsy-
€M TeOpeMY KOCHHYCOB

FD? = A,D* + AF* -2A4D- AF cosg,

9a* , 5a’
—_— +_

=2a 2 —2a\/§-¥coscp,

OTKy/a COS( = U (p = arccos

1
Jio
Omeem: arccosL.

J10

3ameuanue. J[ns ynpolieHusl BbIUKCIE-
HUM JUInHY pedpa Kyba yaoO0HO NMpUHSATH 3a
€IMHULLY.

1
V10

pumep 36. B npasunvroti mpey2onvhou
npusme ABCA,B,C,, ece pébpa komopou
pasHvl 1, Haumu yeon Mmexncoy npAMbLMU
AC, n B.C.

Pewenue. Ilposenem CM ||AC, (cm.
puc. 42). Torna

Z(AC.,BC)=Z(CM,BC)=¢.

C

Puc. 42

N3 tpeyrompauka MC, B, ¢ nomouibpro
TEOpEMBbl KOCUHYCOB HaX0JIUM

MB? =1* +12 =2-1-1-(=0,5) = 3.

Hanee u3 tpeyronsHuka MCC,, ucnons3ys
TeopeMy KOCHHYCOB, MOIy4aeM



2+2-3 1
COSp=————=—1H (p:arccosz.

1
4

1
Omeem: arccosZ .

Ipumep 37. (MHUOO, 2010). B npa-
BUNILHOU wecmuy201bHoU nupamuoe
MABCDEF , cmoponbl ocHoganusi KOmopou
pasHul 1, a 6okosvie pébpa pasnvi 2, Hatimu
Kocunyc yena medxcoy MB u AD.

Pewenue. llpsmas AD mnapamienpHa
npsimoir BC (cMm. puc. 43). CrieoBarenbHo,
uckoMelif yron MBC. B paBHOOenpeHHOM
TpeyroinbHuke MBC mipoBeaeM amodemy

ML.BL=Lpc=1
2 2

M

Puc. 43
N3  mpsMOyrospbHOro  TPEyrojbHHUKA
BML nonydaem cos ZMBL = BL = 1 .
BM 4
1
Omeem: — .
4

Bexmopho-xoopounammuwiii memoo
[Ipyn HaxoXJeHUW yriia ¢ MEXKIy Mps-
MBIMHU M ¥ [ UCTIONB3YIOT GOPMYITy
P-4
P[4

CoOsQ =

WJIU B KOOPJIMHATHOM (hopme:
|x1x2 +V)y, t2,Z, |

COoS =
¢ 2 2 2 2 2 2
\/xl +y, +z '\/xz ty, +z,

. (5)

rac p = {xl’ Vi Z]} nq= {xz’ Yas Zz} — BCK-
TOpBI, COOTBCTCTBCHHO HapaJ'[J'[eJ'[BHBIC 3TUM
pr[MBIM; B YaCTHOCTHU, AJId TOIO qTO6I)I
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npsiMble m U [/ ObUIN NEPIEHANKYIIAPHBL, He-
00X0JIMMO M JIOCTATOYHO, 4TOOBI p-q =0

W X, X, +y,y, +z,z, =0.

IIpumep 38. B  edunuunom «ybe
ABCDA,B,C,D, mnaiimu yzon medcoy npsi-
moimu AE u DF, 20e E u F — mouku, pacno-
noocennvie na péopax CD u C,D, mak, umo

DE :%DC, C,F :§C,D].

Pewenue. BeeneMm npsMOYroJIbHYIO CHC-
TeMY KOOp/AMHAT, KaK yKa3aHO Ha pUCyHKe 44.

zZh B

Puc. 44

Torma A(0;0;0), D(1;0;0), E(l;%;O],

F l;z;l ,E:{l;l;O}, ﬁ:{o;z;l}.
3 3 3

[To dopmyme (5) mosrydaem

- 2
AE - DF 9 o)
COSOl = T—=T——7 = = ,
[4E|-[DF| 10 V13 4130
3 3
0L = arcCoOS——, I’I€ 0L — UCKOMBII YTOJI.

V130

Omeem: arccos

2
Ji30

Hpumep 39. B npasurvrou wecmu-
yeonvnou npusme ABCDEFA B C D,EF,,
6ce péopa komopou pasuvl 1, Halimu yeon

medxncoy npamoimu AB, n BF,.

Pewenue. Beenem npsMOYroiabHYK CHC-
TEeMY KOOp/AMHAT, KaK yKa3aHO Ha PUCYHKe 45.

Torma A(—%;—E;O] , B, {l;—g;ll,

2 2

29



Torma

B{l;—g;O], F(-1,0,1), 4B, = {1;0;1},

2 EF =ED+DC+CF =~ ¢+ -,
ﬁ:{—é;ﬁ;l}. I -1
22 PO =PA+AB +BO=—¢c+b+_a,
ITo popmyne (5) nomyqaem OTKyIA HAXOM
_— 1 —
cos(p:‘AB].BF] 2 :Q Pe-EF =
| |3 ’ . -~ 1. 1. - 1.
‘ABl"‘BF]‘ V2.2 8 =|—C+b+—d|-——c+b-—d|=
2 2 2 2
:52—152—162:1—1—1=l,
4 4 4 4 2
‘P—Q= Leviela :\/1*2+b2+ a =
2 2
1 1 3
=,|=+1+—==,]=,
4 4 2

Puc. 45

0= arccos?, € ( — UCKOMBII yroi.

Omeem: arccos? .

Bexmopnuiit memoo

[Ipy wWCHOJIE30BaHUM JTAHHOTO METOJIa
MPUMEHSIOT (GOPMYITy

|54
cosQ =——,
| 5] g Puc. 46
¢ p W ¢ — BEKTOPEI, COOTBETCTBEHHO Ma- [MojcTaBiss IOJy4EeHHBIE 3HAYEHUS B
PAJIICIBHBIC JAaHHBIM IIPAMBIM. q)opMyJ'[y’ UMeeM:
IIpumep 40. B xybe ABCDA B,C,D o5 o
’ p P ) 151G H PQ-EF 13 1
Haumu yeon medxcoy npamvimu EF u PQ, 20e COSQP = = — 1= —,
E, F, P, Q — cepeounvi pébep DD,, BC, AA, ‘PQHEF‘ 22 3

u B,C, coomsemcmeenno. 1 .
Otcroga ¢ = arccosg, I1€ @— HCKOMBII

Pewenue. Tlycrw AD=G, AB=b, yrox
AA =¢ (cMm. puc. 46), rne |d|=|b|= ' |
=|¢|=1,a-b=a-¢c=b-¢=0. Omeem: arccos .
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Memoo onopuvix 3a0au

[Ipu pemeHuy 3aa4 3TOTO THIIA MOYXHO
BOCITIOJIb30BAThCSA ~ OTMOPHBIMH  33Jla9aMH
No 2,3 u 5 (rnaBa 3 . 3.4).

IIpuMeHEHNE TEOPEMBI «O TPEX KOCHHYCAX)

Ilycmb o — eenuuuna y2na mexicoy Ha-
K1OHHOU | u ee npoekyueli Ha HEKOMOPYIO
niockocms, P— eenuuuna yena mexncoy
npoexyueu HakioHHoUu | u npsamot, npose-
OeHHOUl Yepe3 OCHOBaHUe MOU Hce HAKIOH-
HOU 8 NIOCKOCMU NPOEeKYUU, U Y — BeIUUUHA

yena medxicoy HakioHHou | u npamoii, npoge-
OeHHOU uepe3 ee OCHOBAHUE 8 NILOCKOCHIU
npoexkyuu. Toeda cnpasediuso ciedyoujee
coomHouieHue:

COSY = COSOLCOSP .

JloKa3aTeIbCTBO TEOPEMBI NPHUBEACHO B
rinaBe 3 . 3.4, omopHas 3amayua Ne3.

Ipumep 41. Veon meocoy 6Gokosvimu
pédbpamu  npasuNbHOU  4emulpexy20abHOul
NUPAMUObL, He NeHCaAUUMU 8 OOHOU 2PaHl,
pasen 120°. Haumu niaockuii yeon npu eep-
WuHe NUPAMUObL.

Pewenue. B T1paBUIBHON  4YeTBIPEX-
yronpHo mnupamuae SABCD mnposeaem
muaroHanbHoe ceduenne ASC (cm. puc. 47);
SD — HakJIOHHAs K IJOCKOCTH ceueHus, SO
— BBICOTA IMUPAMUJIBI ¥ TIpoeKIust SD Ha 3Ty
mwiockocts, SC — mpsimasi, NPOBEACHHAs B
mockocTu ASC yepe3 OCHOBaHWE HAKIIOH-
Hoil. [To ycioBuro ZASC =120°.

Puc. 47

13 TeopeMbl 0 Tpex KOCHHYyCax MoJjIyda-
eM:

cos ZDSC =cos ZDSO - cos ZCSO .

Otcrona
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1
cos ZDSC = cos60°-cos60° = cos® 60° = 7

1
Cnenosarenbno, ZDSC = arccosz .

1
Omeem: arccosZ .

IIpuMeHeHne TEOPEMbI KOCHHYCOB JIJIS
TPEXTPAHHOT'O yIja

Bo ecaxkom mpexepannom yene, niockue
Yenvl KOmMopoz2o pasHul O, B u y, a 08y-

2paHHble Yy2lbl, Npomusoiexcawue um, co-
0MBEemcmeeHHo PasHvl © ,, O, U Q. , UMe-

om mecmo Cﬂe()yiou;ue pasencmeda:

cosy —cosacosf

COSQ. = . : )
sin a.sin 3
coso _ cosP—cosocosy
B . .
sin oLsin y
cosoL —cosPcosy
cosQ , = :

sin Bsin y
JloKa3aTeIbCTBO TEOPEMBI NPUBEACHO B
rnase 3 1. 3.4, omopHas 3amaua Ne2,
IIpumep 42. B kyoe ABCDA,B,C D,
Havumu y2on medxncoy npamvimu AD, u DM,
20e M — cepeouna peopa D,C,.
Pewenue. Ilycts pebpo kyba paBHO 1,
Touka N — cepenuHa pedpa 4, B,, Toraa uc-

KOMBII yroja y paBeH yriy Mexny AD, u
AN (cm. puc. 48).

B,
N
Al Cl
A I‘ C
D
Puc. 48

Hcnone3yeM TeOpeMy KOCHHYCOB IS
TPEXTPAaHHOT'O yIia ¢ BepIMHON 4 (omopHas
3agaya Ne 2), B kotopoM LA AD, =a,



ZA AN =B, ZNAD, =y. Tak kak B KyOe
BCE JIBYTpaHHBIC YIJIbI IIPU pedpax MmpsiMbIe,
o @=90°. Torma w3 TEOpEeMbl CIIEIYET,
9TO

COSY = COSOLCOSP .

N3  mpsAMOYrosbHOro  TPEyroJbHHKA
o N2
A AD, naxoguMm coso = cos45 = u3

TpeyrosibHuka A, AN nomnydaem

a4

cosP} = 2
AN 2 5

2

5

Ortcronma cosy =

/2
CrnenoBaTenbHO, Y = arccos 5

2
Omeem: arccos\/; .

ITpumenenue hopMVIbI

cos’ o +cos’B+cos’y=1,

20e o, B u y — yenvl, komopwvie obpazyem

HeKomopas npamas ¢ mpems nonapHo nep-
NeHOUKYIAPHBIMU NPAMBIMU.

Jloka3aTenbcTBO 3TON (QOpMysbl IpUBeE-
neHo B riaBe 3 1. 3.4, onopHast 3amava NoS.

Ipumep 43. /lan npamoyeonvuwvli na-
pannenenuned ABCDA B,C,D,. Ezo ouazo-
Hano B,D cocmasnsiem ¢ pebpom AD yzon
45°, a ¢ pebpom DC yeon 60°. Haiimu
yeon mexcoy npamvimu B,.D u DD, .

Pewenue. Taxk xkak mapauienenuIes
ABCDA,B,C,D, npsMOYrojpHbIi, TO €ro

pedpa, BBIXOAIINE U3 OJTHON BEPIIMHBI TO-
MMApHO MEepPNeHAUKYISpHBL.  PaccmoTpum
BEPIIMHY D M BOCHOJB3yEMCSl TAaHHOU BbI-
e hopMyson

cos’ au+cos’B+cos’y =1,

rae ZADB, =o., ZCDB, =B, ZD,DB, =y
(cm. puc. 49).

Tak kak mo ycioBuio o = 45°, B=60°,
TO IMOJTy4aeM
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cos’ 45°+cos” 60°+cos’ y =1,
1 1 1
cos’y=l-———=—.
4 2 4

1
[TockoabKy Yy — OCTpBI YroJ, TO COSY = 5

Orcroma v =60°.
Omeem: 60°.

C

Puc. 49

Penrenune ogHoii
3aa4 pa3sHbIMU MeTOXaMM

Ilpumep 44. B npasunvholl wecmu-
yeonvroti nupamuoe SABCDEF , cmoponsi
OCHOBaHUs Komopou pasHvl 1, a 6okosvie
pébpa pasuel 2, mouka K — cepeduna ped-
pa SD . Haiimu xocunyc yena mexicoy nps-
moimu AS u FK .

Pewenue. 1-ti cnoco6 (noamanno-
evtuucaumensvustii). Pebpo AS u touka K
Jexar B IUIOCKoCcTH ASD, torpa cpeanss
muHus KO TpeyroiapHuka ASD Oyner na-
paJuIeNbHa AS 51 yron
Z(AS, FK)=Z(KO, FK) (cm. puc. 50).
Touka O — HEHTp OCHOBAHUS MUPAMU/IBI.

g

Puc. 50

Haiinem yron FKO  TpeyrojipHHKa
FKO. na 3Toro HaljaeMm IJMHBI €r0 CTO-
poH. Tak kakK B OCHOBaHHWHM MHUPAMHIBI Jie-



KUT MPaBUIIbHBIN IIECTUYTOJIBHUK, TO OTpe-
30k FO paBeH €ro CropoHe, TO €CTb
FO =1. CootBeTcTtBeHHO OTpe30K KO —
CpedHsas JIMHUA TpeyroiapHuka ASD wu
KO = AS —=1.
2

Haiinem FK . PaccmoTrpum paBHOOEn-
PEHHBI TpPEyroiapHUK FSD, B KOTOPOM
FS=SD=2,a FD=43 (MeHbILIasg quaro-
HaJlb MPAaBWJIBHOTO IIECTUYTOJIbHUKA CO
ctoponoit 1). YuuteiBas, uro FK — menua-
Ha TpeyroyibHuKa FSD mnonyyaem

Jio
I

:%\/2FS2 +2FD*—SD?* =

Tenepb U3 TeOpeMbl KOCUHYCOB AJISI Tpe-
yroyibHuka FKQO HaxoIum:

FK*+KO*-FO* 10

cos(£ FKO) = Sk Ko~ a

VauTeIBas, 4To

cos(Z(A4S, FK)) =|cos(£L FKO)|,

MoJIydaeM, dYTO HWCKOMBIM yroJl paBeH
1
arccos——.
4
V10
Omeem: arccos——.
4
2-u cnocob (koopounammno-

6eKmopHblit). BBeneM NnpsMOYrojbHYO CHC-
TEeMy KOOpPAMHAT, KaK yKa3aHO Ha pUCyHKe S1.

Tak xak nupamMuaa rmpaBujibHas, TO TOYKa
0O - LHCHTPp OCHOBaHHWA IIHpaMHUABI U U3
IIPSIMOYT'OJIBHOTO TpeyroyibHUKa ASO 1o0-

nyqaeM SO =+/AS> — A0* =4/3.
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Torma

F(—%;—%;O] , S(0;0; \/g) . YuuTbIBad,

A(-1;0,0), D(1;0;0),

yTo Touka K — cepeauHa otpeska SD, mo-
V3 ]

1
JTyqaeM K(E;O;T OTcroma HMeeM:

AS = {1,043}, FK = {1 V3, £}

Ucnonwiys hopmyny (5), Haxoaum:

cos(£(AS, FK))=| cos(é(/TS’, FK))|=

ih/—

1-1+0-

e 21

10

4
. 1
Otcro1a KICKOMBIN YToJl paBeH arccosT :

10
Omeem: arccosT .

Tpel—ll/lpOBO‘IHble YHIpaKHCHUSA

51. B xybe ABCDA,B,C, D, touka E —
cepenuHa peOpa A4, B,. Haiinute xocunyc
yria Mexay npsmeiMu AE u BD, .

52. B kxybe ABCDAB,C D, Haiinure
yros Mexnay npsameimu AD, u DM, rne
M — cepenuna pedpa D,C, .

53. (EI'9, 2012). Touka E — cepeauHa
pebpa DD, kydba ABCDA B,C,D,. Haiinute
yrost Mmexay npsmeivu CE u AC, .

54. (EI'J, 2012). Ha pebpe CC, kyba
ABCDAB,C\D, oTtMmedyeHa ToYka FE Tak,
yro CE:EC, =1:2. Haligure yron mexmy
npssmeiMu BE u AC,.

55. B xyoe ABCDAB,C\D, toukn E,
F — cepenunsbl pedep COOTBETCTBEHHO A, B,
u B,C,. Haiizute KOoCHMHYC yria Mexny
npssmMeiMu AE u BF .



56. B xyoe ABCDA,B,C,D, Touku E, I —
cepeiuHbl pEOEp COOTBETCTBEHHO A, B, Hu
C,D, . Haiinute KOCHHYC yrila Mexay nps-
MbiMU AE u BF.

57. B xybe ABCDA,B,C,D, k nuaroHanu
A,C npoBeny NeprneHAUKyIApbl U3 BEPIINH
A n B. Haijgure yros Mexay 3TUMU Iep-
MEHAUKYISIPAMH.

58. K nuaronanu ky0a mpoBenu NepreH-
TUKYJSpbl U3 OCTalbHBIX BeplIMH Kyba. Ha
CKOJIBKO 4YacTeil M1 B KAKOM OTHOILIEHUU OC-
HOBAHUS TUX MEPIEHIUKYIISIPOB Pa3AeIUIN
IMaroHann?

59. B xybe ABCDA,B,C,D, k nuaroHanu
A,C npoBenu NepneHauKyspbl U3 cepeuH
pedep AB u AD. Haiigute yron Mexnay
STUMHU NEPIEHIUKYISIPaMU.

60. /laH mpsAMOYTOJIBHBIN MHapauieenu-
nen ABCDA,B,C,D,. Ero nuaronans B,D
cocTaBisieT ¢ peobpom AD yrom 45° a c
pedbpom DC yron 60°. Haitnure yron me-
XAy npsameiMu B,.D u DD, .

61. Henepecekaromuecs auaroHaiu
IBYX CMEXHBIX OOKOBBIX TIpaHeill NnpsMo-

YrOJIBHOTO Tapajuliefienuena o0pa3yrT ¢
TUIOCKOCTBIO €r0 OCHOBAHUS YIJIBI @ H .

Haiinute yron Mexay 3TUMHU JUaroHaISIMU.
62. B mnpaBWIBHON YETHIPEXYrOJIBHOU
npusmMe ABCDA,B,C\D, cTopoHa OCHOBa-

HUs paBHa 12, a GokoBoe pedbpo paBHO 5.
Haiinnre yroJl MEXIY NPSMBIMU
ACwu BC,.

63. B npaBHIBHOI TPEyroiabHOM IpU3MeE
ABCA,B,C,, Bce pébpa KOTOpOoil paBHBI 1,
HaWUTe KOCUHYC yrila MKy IPSIMBIMU:

a) AB u A C;0) AB, u BC,.

64. (MUOOQO). CtopoHna oCHOBaHHs TIpa-
BUJIBHOM TpeyroyibHoM npusMel ABCA, B, C,
paBHa 8. BpicoTa 3TO¥ TIpu3MBl paBHa 6.
Haiinute yronm mexny npsmeimu CA, u
AB, .

65. B nmpaBHIBHOI TPEyroiabHOM IIpU3MeE
ABCA,B,C,, Bce pébpa KoTOpoil paBHBI 1,
Touka D — cepenuHa pebpa A, B,. Haiinure
KOCHHYC yria Mexay npsimeimu AD u BC,.
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66. B npaBHIIbHOI TPEyroiabHOM IpU3MeE
ABCA,B,C,, Bce pébpa KoTOpoil paBHBI 1,
Touku D, E — cepenuHsl péOep COOTBETCT-
BeHHO A,B, n B,C,. Haligute xocunyc yria
Mexay npssmseiMu AD u BE.

67. (MUOQO). B ocHOoBaHMHM HpPSIMOH
npusmel  ABCA,B,C, nexut paBHOOEIpEH-
HBIM TpsIMOYroJibHBIN TpeyronbHUk ABC ¢
TUIIOTEHY30U AB, paBHOU 82 . Bercota
9TO# mpu3MbI paBHa 6. Haliqute yrom mex-
ay npsmeiMu AC, u CB,.

68. B 1npaBuiIbHOM IIECTUYTOJIBHOU
npusme ABCDEFA B,C, D E F,, Bce pébpa
KOTOpPOM paBHBI |, HaliIuTEe KOCHUHYC yrjia
Mexay npsaMmeivu AB, n BC,.

69. B npaBWIBHON IIECTUYTOJBLHOMN MPU3-
me ABCDEFA B,C\D,E F,, Bce pédpa Ko-
TOPOM paBHBI 1, HAWIUTE KOCHHYC yIja Me-
Ky IpsIMbIMU AB, u BD, .

70. B 1npaBuWiIBHOM IIECTUYTOJIBHOU
npusme ABCDEFA B, C, D E F,, Bce pébpa
KOTOpO#l paBHbI 1, HallIuTE Yroa MexIy
npsMbeIMu AB, u BE, .

71. B 1npaBWIBHOM IIECTUYTOJIBHOU
npusme ABCDEFA B,C, D E F,, Bce pébpa
KOTOpoOil paBHbI 1, Touka G — cepennHa ped-
pa A,B,. Haiigure kocuHyc yria Mexay
npsmbeiMu AG u BC,.

72. B 1npaBWIBHOM IIECTUYTOJIBHOU
npusmMe ABCDEFA B,C, D E F,, Bce pébpa
KOTOpoil paBHbI 1, Touka G — cepennHa ped-
pa A,B,. Haiigure kocuHyc yria Mexay
npsimeiMid AG u BD, .

73. B 1npaBuiIBHOM IIECTUYTOJIBHOU
npusme ABCDEFA B,C, D E F,, Bce pébpa
KOTOpOi paBHbl 1, Touku G, H — cepeauHbl
pebep coorBercTtBeHHO A, B, m B C,. Haii-

JIUTE KOCUHYC yriia Mexay npsimeiMu AG u
BH.

74. Haiinute yroi MeXIy HEepeceKaro-
IIUMHUCS MeAMaHaMU TpaHed NpPaBUIBLHOIO
TeTpa’apa.

75. B mpaBunbHOM Terpasape ABCD
Touka K — cepenuHa BD, touka M — cepe-

muHa BC. Haitnure yron mMexmay mpsMbIMU
AK n DM.



76. B mpaBHIBHON YETBIPEXYrOJIBHOU
nupamunie SABCD (c BepumnHoii S) OokoBoe
pebpo paBHO CTOpoHE OCHOBaHMs. Touka M
— cepenuna pebpa SB. Halimute yron Mmexmay
npssmeiMa CM u SO, tine touka O — LEHTP
OCHOBAHHS TUPAMUJIBI.

77. Pebpa AD wu BC nupamunsl DABC
paBubl 24 cm u 10 cm. Paccrosinue mexmay
cepenunamu pedep BD u AC paBHo 13 cm.
Haiigure yron mexay npsmsiMmu AD u BC.

78. B Terpasape ABCD wu3BECTHO, YTO
AC=BD=14, BC=A4AD=13, AB=
= CD =15. Hailnure yroa Mexay NpsMbIMHA
ACwu BD.

79. B mnpaBWIBHON YETHIPEXYrOJIBHOU
nupamune SABCD, Bce péOpa KOTOpoil paBs-
Hbl 1, Touku E, F' — cepeaunsl pedep cooT-
BercTBeHHO SB u SC. Haiinure xocuHyc yr-
Ja Mexnay npsmeiMu AE u BF.

80. Yrom mexny OokoBbIMH pé&Opamu
IIPAaBUJIBHOM YETHIPEXYrOJbHON NMUPaMUIBL,
HE JIe)KAIIMMU B OJTHOM T'paHu, paBeH 120°.
Haiimure muockuii yroj npu BepLIMHE IH-
paMHUJIbIL.

81. B nmpaBwiIbHONM IIECTUYIOJIBHOW IH-
pamune SABCDEF, cTOpOHBI OCHOBaHHM
KOTOpOil paBHbI 1, a GOKOBbIE PEOpA paBHBI
2, HAUJUTE KOCUHYC YIUIa MEXAY IPSIMBIMU
SB u AE.

82. B nmpaBuiIbHONM IIECTUYIOJIBHOW IH-
pamune SABCDEF, cTOpOHBI OCHOBaHHM
KOTOpOil paBHbI 1, a GOKOBbIE PEOpA paBHBI
2, HAUJUTE KOCUHYC YIUIa MEXAY IPSIMBIMU
SB u AD.

83. B mpaBwiIbHOW IIECTUYrOJIBHOW IH-
pamune SABCDEF ¢ ocnoBanuem ABCDEF
CTOpOHA OCHOBaHMsS paBHa 2, a OOKOBOE
pebpo paBHo 4. Touka M — cepenuna SE.
Haiiqure yroma MEXIy  TPSIMBIMH
SBu CM.
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1.6. Yroa Mexay npsiMoil U IJIOCKOCTHIO

® Venom medxcoy niocKkocmulio u He nepnem-
OUKYNIAPHOU eli npsMOU Ha3bIBA€TCA YroJl
MEXKIy 3TOW INpAMOW M €€ IPOEKIUEHd Ha
JAHHYIO TJIOCKOCTb.

® 0°< L(a,a) <90°.

® Veon medncoy 83aumMHO nepneHOUK)IsipHbl-
MU npaAmou u nrockocmuio pager 90° .

® FEcnu npamas napannienvHa HNIOCKOCMU

(unu nexcum 6 metl), mo y2on mMexcoy HUMU
cuumaemcs pasuvim 0°.

Ilo3amanno-evtuucnumenbHulil Memoo

VYroa Mexay npsaMoi / U MIOCKOCThIO O
MO>KHO BBIYHCIIUTD, €CITH 3TOT YIOJl YIAeTCs
BKJIFOYUTh B IPSIMOYTOJIBHBIN TPEYrOJIbHUK
B KQUECTBE OJJHOTO U3 OCTPHIX YIJIOB.

IIpumep 45. B npasunvrou mpey2oibHol
npusme ABCA,B,C,, sce pébpa komopou
pasnul 1, naiimu y2on medcoy npamoi AB, u
naockocmovio AA,C,C.

Pewenue. 1lyctb D — cepenuna A,C,,
Torna B, D — NEepHneHIUKYISp K INIOCKOCTH
AA,C,C, a D — npoekuust TOUKH B, Ha 3Ty
IIJIOCKOCTH (CM. puc. 52).

. . B,.D
Ecomun @ — mckomslid yroi, To sin @ =——,
AB,

NG

rne AB, = \/5 , BD= 7 , W TO03TOMY
sin @ = —6 Otcroga @ = arcsin —
¢ 4 ¢ i

Omeem: arcsinT.




Ilpumep 46. B npasunvHoli uemvipex-
yeonvnoti nupamude MABCD , ece pébpa
komopoti pasuvl 1, mouxa E — cepeouna
peopa MC. Haumu cunyc yena medncoy
npsamou DE u nnockocmoio AMB .

Pewenue. Yepes BepminHy M 1npoBenem
MPSMYIO TapaJIICIbHYIO TIpsiMoid AD, u OT-
JIO)KMM Ha HEW €AMHWYHBIA OTpe3oKk MF
(cm. puc. 53).

Puc. 53

B terpasnpe MDCF Bce pebpa paBHBI 1
U TIIOCKOCTh DFC mapaienbHa IIIOCKOCTH
AMB . llepnenpukynssp EH, omnylieHHbIA
u3 Touku E Ha miockocte DFC, paBeH
MOJIOBUHE BBICOTHI TeTpasnpa MDFC , T.e.

paBeH (BpICOTAa JAHHOTO TETpa’apa

dBHA —— — IIOKAXUTEC CaMOCTOATCIBHO ).
3

Yron mexnay npsimoid DE HW TIOCKOCTBIO
AMB pasen yriiy EDH, cuHYC KOTOPOIO
paBeH

e _ o i 2

DE 6 2 3

Omeem: — .

Ilpumep 47. B npasunvhoti wecmu-
yeonvrou nupamude MABCDEF, cmoponbi
OCHOBaHUs KOmopou pasHvl 1, a b6okoswvie
pébpa pasHvl 4, HalIMU CUHYC Yelld MeHCOY
npamou BC u nnockocmvio EMD .

Pewenue. Taxk xak AD| BC, T0
Z(BC, EMD) = Z(AD, EMD) (cm. pwuc.
54). Haitnewm sin Z(AD, EMD) .

Beicota mnmpamuast MO = J15 (cMm.

npumep 15). ML — anodema 60koBOI Tpa-

www.abiturient ru

36

Hu EMD. Beicora OH TpeyroiabHHKa
MOL nepneHauKyiaspHa miockoctu EMD

I/IOH:\/E.
7

Puc. 54

Torna npsmas HD — opTOroHaJbHass Ipo-
ekus npsamMoid AD Ha mockocte EMD n
U3 IIPSAMOYTOJIBHOTO TpeyroiabHuka OHD

sinA(AD,EMD):O—H:\/E:IZ\/E.
oD \7 7

Omeem: \/E .
7

IIpumep 48. (EI'J, 2010). B npasunvhoii
mpeyeonvhol nupamude MABC c¢ ochosa-

Huem ABC uszsecmuvl pébpa AB=7+3 ,
MC =25. Haiumu yeon, o06paszoeanubiii
NJIOCKOCMbIO OCHOBAHUSL U NPAMOU, NPOXO-
osauwell uepes cepedurvl pebep AM u BC.

Pewenue. 1lycte D u E— cepenuHsl
pédep CB u AM cootBeTcTBeHHO. Tak Kak
nupamuga InpaswibHad, 10 AD L CB n
MD 1 CB. CnenoBarensno, CB 1 ABC u
ABC 1L AMD (no mnpu3Haky NepHeHAuKY-
JIIPHOCTH TUIOCKOCTEM).

Onyctum B mmockoctd AMD neprneHau-
Kymsippl MO n EF w3 touek M u E Ha
npsimyro AD = ABC N AMD (cM. puc. 55).
Tak xkak AD — npsiMas mepecedyeHus Iep-
MEHIUKYJSIPHBIX IUIOCKOCTEH, TO MO u
EF — nepneHAuMKyJIspHBI K INIOCKOCTU OC-
HoBaHusA. Torma Touka O — OCHOBAaHHE BBI-
coTbl MO SABIISICTCA LIEHTPOM TPEYIrOJIbHUKA



ABC w AO= AB _7. OD= A0 _ 7 a ITOJIHUTENBHBIA yroa \J JIErKO BBINTH Ha

V3 2 2 MCKOMBIii YToIl @ .
npsMass  F'D — opTroroHanapHas IPOEKLHUA
npssmoii  DE  Ha IUIOCKOCTH OCHOBAHUS. {, /
Touka F — cepemuna otpe3ka AQO
(EF ||[MO wn EF— cpemHss IMHHS Tpe- W”
yronbHuka AMO ). Torna 4 __.i

FD=FO+0OD=17. 4
M Puc. 56

Ilpumep 49. B  edunuunom Kybe
ABCDA,B,C,D, naumu yzon mexcoy nps-
mou CD, u nnockocmoio AB,D,.

Pewenue. IIpsmas AC, L B D,
(A4,B,C,D, —xBazpar), Toraa o Teopeme o
Tpex nepnenaukyisapax A,C L B D, (cm.
puc. 57). Ananornuno A4,C L AD,. Cneno-
BaTesIbHO, IpsMasi A4,C neplneHauKyispHa
mwiockoctu AB,D,. Tak xkak 4,D, L D,C,C,
Puc. 55 t0 AD, L D,C. IlooTOMy B NIpsMOYroJib-

BeIcoTy nmupamMuipl HAXOAMM U3 IPSIMO- HOM Tpeyrombhuke  A,D,C £D,CA; =y

YrOJIBHOTO TpeyrojibHuka AMO : €CTh Yrol MEXIy MaHHO#H mpsmoi CD, u

neprneHaukyisipoM A4,C K JaHHOM IUIOCKO-

_ 2 2 2 _ 72 _
MO =N AM® - 40* =\25" =7" =24. ctu, a £ZD;A,C = @, KaKk JONOJHUTEIbHBIN

Torma EF =12 yroa 10 90° misn £D,CA,, sBiseTcs ucko-
Tak xak yros mMexay npsiMOM U ILTOCKO- MBIM YIJIOM.
CTBIO — YrOJI MEXIy NpsIMOA U €€ OpTOro-
HAJIBHOM TPOEKLUMEN Ha 3Ty IIOCKOCTh, TO B,
W3 TOPSAMOYTOJIBHOTO TpeyroiabHuka FED C,
[OJIy4aeM 4, D
EF 12
tgZ(ED, ABC) = ——=—.
FD 7
. 12
3HAYHT, UICKOMBIN YTOJI paBeH arctg7 . C
12 4 D
Omeem: arctg— .
7 Puc. 57
Memoo AD 1
UCNO1b308AHUA OONOJIHUMENbHO20 Y2ia Nmeem cosp=—"——"1=— WU

A4C 3

Yron ¢ mexay npsAaMou [ U IMIOCKOCTBIO
0L ¥ YTOJ Y MEXIy OpsMOM [ U IepneHau- (p = arccos—.
KYJISIpOM K IIJIOCKOCTH O YIOBJIETBOPSIOT V3 !
cooTHomeHuto @+ y =90° (cm. puc. 56). Omeem: arccos— .
[ToaToMy B HEKOTOPBIX Cllydasix 4epe3 J0- V3
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Memoo onopuwix 3a0au

Ilycts npsimasgs [ mepecekaer IIOCKOCTh
o B TOuke A, Touka M TPUHAMIEKUT
npsimoit [ (cm. puc. 58). Torna yron ¢ me-
Ky TPSIMOU / U TUIOCKOCTBIO OL MOKHO BBI-
YUCJIUTH, UCTIONB3YS (HopMymy:

N p(M, o)
sing =sin Z(/, o) = ———=.
® (/,0) yIv;

M
{ o
i
E—7
Puc. 58

IIpumep 50. B edunuunom «ybe
ABCDA,B,C,D, naumu yzon mexcoy nps-
mou A B, u nnockocmsro BDC,.

Pewenue. Tax xak A B, ||D,C, (cm. puc.
59), to Z(A4,B,, BDC,)=Z(D,C,, BDC)).
Toukun D, m O, nexar Ha npsamoi DB,
napauiesbHol 1iockoctu BDC|, 3Hauwr,

V3

p(D,; BDC)) = p(O,; BDC,) = T (om.
npumep 14). Jlanee nocnenoBaTesbHO MOJTY-
qaeM
sin Z(A4,B,, BDC,) =sin Z(D,C,, BDC)) =
_p(Dy, BDC)) _p(0,, BDC)) _+3
D,C, D,C, 3

Otcrona Z(A4,B,, BDC)) = arcsing .

Puc. 59

Omeem: arcsinT.
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Bexmopno-koopounammuuiii memoo

VYroa Mex 1y IpsiMOi / ¥ TNIOCKOCTBIO O
MOYHO BBIUYHUCIUTH IO opMyJie

7P|

- (6)
7] ]

sin @ =

WU B KOOPJAUHATHOU (hopme
|x1x2 TVt lez|

2 2 2 2 2 2
\/x] +y; +2z -\/x2 +y, +2;

sing =

2

rne 7 =1{x,, y,, z,} — BEKTOp HOPMAaJIH IIJIOC-
KOCTH O, P ={X,,V,, Z,} — HAaIIPABIISIONIIIH
BEKTOp NpsAMOH /;

npsiMasi / ¥ TUIOCKOCTh O TapajuIeTbHbI
TOTJa U TOJBKO TOT/1a, KOT/1a

XX, +y,y, +z,z,=0.

B 3amauax Ha BbIYMCIIEHUE YIila MEXIY
MPSIMON M TUIOCKOCTBIO WJIM YIJla MEXKIy Ie-
peceKarIMMUCs TUIOCKOCTsIMU (OyaeT pac-
CMOTPEHO I03Xe) B 00IIEM CiIydyae ypaBHe-
HUE TUIOCKOCTH HaXOUTh He TpeOyeTcs.

Koopaunatel BekTOpa HOpPMaIM MOXKHO
BBIBECTH, €CJIM M3BECTHBI KOOPAUHATHI TPEX
TOYEK IIockocTu M, N, P, He nexamux Ha
OJHON mpsMOM. [[ns 3TOro0 HaxoguM KOOp-
JUHATHI IBYX BEKTOPOB TUIOCKOCTH

a=MN ={a,,a,,a,} n b=MP=1{b,b,,b,}.

[TpenmonaoxumM, 9T0 BEKTOP C KOOP/IHHA-
tamMmu n={p,q,r} (3mecv p,q,r — HEU3-
BECTHBIC YHUCIIA, KOTOPHIE HYXHO HAWNTH)
MEPIIEHANKYISIPEH JIF00OMY BEKTOpPY ILIOC-
KOCTH 0., B TOM YHCJIE BEKTOpaM d | b.
Ero koopawHAaThl WIIyTCS W3 YCIOBHH pa-
BEHCTBA HYJIO CKAJISIPHBIX MPOU3BENCHUH 71

C BEKTOPAaMU d U b U3 CIENyIOLIEH CHUCTe-
MBI YPaBHEHHI:

|

n- ap+a,q+a;r=0,

-0,
b=0; bp+b,q+byr=0.

S

OTa cucrtemMa UMeeT OSCKOHEYHOE MHO-
JKECTBO PELICHUM, TaK KaK BEKTOPOB, Iep-
MEHAUKYISPHBIX TUIOCKOCTH O, OECKOHEYHO
MHOrO. BbIpa3uB, Hampumep, U3 CHCTEMBI
KOOpJIMHATBl p U ¢ 4epe3 r, BbIOEpeM He-

HYJIEBOM BEKTOP n= {p(r);q(r);r}, B34B B
KayecTBe » Kakoe-HHOyJb 4Huciio (0OBIUHO



OepyT Takoe 4Hciio, 4ToObl B KOOpIMHATAX
He ObUTO APOOEH WM PaUKAIIOB).

Ilpumep 51. B  edunuunom  «kybe
ABCDA,B,C,D, mnaiimu yzon medcoy npsi-
moti AD, u nnockocmuio ., npoxoosaueu
yepez mouku A, E u F, 20e mouxka E — ce-
peouna peopa C D,, a mouka F nexcum na
pebpe DD, , max, umo D F =2DF .

Pewenue. BeneM npsMOYroJbHYK) CHC-
TeMy KOOPAMHAT, KaK yKa3aHO Ha pUCyHKe 60.

Puc. 60

Torma A(0;0;0), A4,(0;0;1), D,(1;0;1),

E 1;1;1 ., F 1;0;l . AD ={1;0;1},
2 3

ﬂ?z{l;l;O}, ﬁ :{1;0;—%}.
2 3

[Tycts 1 ={x, y, z} — BEeKTOp, NEpIECHIU-
KYJSPHBIA TUIOCKOCTH O, (@ — HCKOMBIN
yroi. Torga mo gopmyme (6):

i
SMmQ =7—7———-
4 |-

BekTop 7 Haiinem U3 ycloBU TMEpIieH-
TUKYJISIPHOCTH 3TOTO BEKTOpPAa BEKTOpaM

AE n AF ,T.e. u3ycnosun

ﬁ'?zo’
AF =0

N

Sy
N

HIJIIN
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X +X =0,
2 y=-2x,
=
2 z=15x.
x——z=0
3

Ilyctb x=2, torna y=—4, z=3 nu
n={2;-4;3}, |n|=+429. Tak kak
‘A—D]‘:\/E u AD ii =1-2+0-(-4) +1-3 =5,

TO
5

5
229 38

. 5
Otcroga ¢ = arcsin ——.

V58

.5
Omeem: arcsin —— .

/58
Ilpumep 52. B npasunvhou wecmu-
yeonvnou npusme ABCDEFA B C D, EF,,
6ce péopa komopou pasuvl 1, Halimu yeon
medncoy npsamoti AB, u niockocmovio ACE,.

sin @ =

Pewenue. Benem npsMOYroiabHYK CHC-
TeMY KOOp/MHAT, KaK yKa3aHO Ha puUcyHKe 61.

Tornma
A(I;O;O), B, (%;?;1], A—B; = {—

CocTaBuM ypaBHEHHE IJIOCKOCTH, MPO-
XOJIAIIEN Yepe3 TOUKU

A(l;O;O), C(—%;E;O], E, (—l;—ﬁ;ll .

2 2 2

HOHCTaBJ'ISIfI KOOPpAWHATBI 3TUX TOYCK B
oO111ee ypaBHEHHE TUIOCKOCTH



ax+by+cz+d =0, DE = DA+ AF + FE =

HOJTy4aeM CHCTEMY - +l;; +l(5 _15]
2 2

a+d =0, ) !
13 ——G+—b+—C,
—5(1+7b+d:0, 4 2
143 DE-0D=|-a+tp+1c|ta_Ltp]-
1., 1+ 1. . 1+ _. 1 1 3
Orciora  mweem  a=—d, b=-3d, =—g@—gbirpdiobi=o-0=g,
¢ =-3d . IloacTaBuM B ypaBHEHHUE ILIOCKO-
CTU U cOkpaTuM Ha —d # 0 : — 1. 1Y
‘DE =|l—-a+-b+—-c| =
x+\/§y+3z—1:0. 4 2
Bekrop HOpMaiM IOJy9eHHOW IUIOCKOCTH :\/aﬁ.i[;ﬁ-léz—z%-a E+2-l-l-l; ¢ =
n={l V3; 3} . Toraa mo gopmye (6)
.1
Sin(PZ_.—,
4B, ||

rA€ (¢ — UCKOMBIN yroi. Mmeem

4 226
V2413 13

2426
13

sin @ =

Otcroma ¢ = arcsin———

2726

Omeem: arcsin——.
13 Puc. 62

Bexmopnuiit memoo : R T .
Hpumep 53. B npasunvnou uemvipex- ‘OD‘ = 1/(55 —Eb] = W,Z +Z = \/;
yeonvroti nupamude SABCD , ece pébpa

Komopou pagnel 1, naumu y2on mevxucoy [loncraBnss MONy4YeHHBIE 3HAYCHUS B
npamou DE, 20e E — cepedouna anogemot SF

epanu ASB, u nnockocmoio ASC. bopmyny (6) sin ¢ = i L 2 iveen
Pewenue. Tak xak npsmas OD nieprieH iu- ‘ DE ‘ ‘ OD

KyJsipHa TUI0cKocT ASC, TO BEKTOP OD sB- . 3 4 3

JsieTcst BEKTOpoM HopMaiu 1tockoctu ASC. sinQ@=—:——- J2=—2.
Mycts AD=d, AB=b, AS=¢ (cm. 8 J1s V30

puc. 62), rae |d|=|b|=|¢|=1, a-b=0,

Otcroma ¢ = arcsini, r7ie (@ — UCKOMBII
a-¢=b-¢=|al cos60°=0,5. Torna V30

L yTOJL
OD=0A4A+ AD = .3
Omeem: arcsin —— .

_ Yaimyea=Yta-i 30
= 2(a+b)+a 2(a b),

40
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TpeHI/IPOBO‘IHbIe YHpaKHCHUA

84. B equnnunom kyoe ABCDA B,C,D,
HailauTe yroj Mexay npsmMoil 4 B, u mioc-
kocTbto BDC,.

85. B kxybe ABCDAB,C D, Haiinure
yrosl Mexnay HpsMoil AB, M INIOCKOCTbIO
ABC,.

86. B xybe ABCDAB,C D, naiinure
TAQHT€HC yIyla MeXAy npsAMoil AA, u mioc-
koctbto BC D .

87. B xybe ABCDAB,C D, Haiinure
TaHTe€HC yria Mexnay npsamoi AC, u mioc-
kocTtbto BCC, .

88. B xybe ABCDA B,C,D, Touka E —
cepequHa pebpa A4,B,. Haiinure cunyc yr-
Ja Mexay npsaiMod AE W TUIIOCKOCTBIO
BDD, .

89. B xybe ABCDA,B,C,D, Touka E —
cepequHa pebpa A,B,. Haiinute cunyc yr-
Ja Mexay npamMon AE W IUIOCKOCTBIO
BDC,.

90. (EI'J, 2012). B npssmoyroibHOM ma-
pamnenenunene ABCDABCD,, AB=2,
AD = A4, =1. Haiigure yron mexny mnps-
Mo AB, nmnockocteio ABC, .

91. B npsaMOyroJIbHOM napajijieenunesne
ABCDA,B,C,D, Haiimure yroil Mex1y
wiockocTel0 A4, C u npamoir A B, ecnn
A4, =3, AB=4, BC =4.

92. B npsMOYroJIbHOM Napajljieenunese
ABCDA,B,C,D, Haiimure yroil Mex1y
mwiockoctelo 4, BC wn mpsamonn BC,, ecnn
AA, =8, AB=6, BC=15.

93. B npsiMOyroiasHOM TapajuiesienuIe/e
ABCDA,B,C,D,, y xotoporo AA =4,
A D, =6, C,D, =6 HaliguTe TaHT€HC yIJa
MEXIY INIOCKOCTBI0 ADD, u npsamoit EF,
MPOXOJAIICH Yepe3 cepenuHbl pedep AB u
B,C,.

94. B npsMOYTroJIbHOM HapaijieIeune/ie
ABCDA,B,C,D,, y xoroporo AB=4,
BC=6, CC, =4 mnailiute TaHreHC yria
MeXay IIocKocThio ABC u npsmoit EF,
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IpoXosIel uepe3 cepeunsl pedep A4, u
C/D,.

95. (EI'D, 2011). B npaBuibHON ueThI-
pexyroapHoi npusme ABCDAB,C\D,, cTo-
POHBI OCHOBAHUS KOTOPOH paBHBI 5, a OOKO-
Bble pEOpa 7, HAlAUTE YroJl MEXIy MpsMOM
AB, n mnockocteio BDD, .

96. B npaBHIIBHOI TPEYroabHOM IPU3ME
ABCA,B,C,, Bce CTOpPOHBI KOTOPOH paBHBI,
HailauTe yron Mexnay npsamMon A4, u mioc-
KocTbto ABC,.

97. B npaBWIBHON TPEYroiabHOM IIPU3ME
ABCA,B,C,, Bce pébpa KoTOpoil paBHBI 1,
Touka D— cepenuHa peOpa A, B,. Haiinure
CHUHYC yIja MexAay npssMod AD W IIIOCKO-
crero BCC, .

98. B ocHOBaHMM TNpAMON NPU3MBI
MNKM N K, nexuT npsMOyroibHbIA Tpe-
yroibHUK MNK, y xotoporo yroin N paBeH
90°, yron M pasen 60°, NK =18. [lua-
roHasb OOkoBOH rpanu M N cocraBisger
yroa 30° ¢ mnockoctero MM K, . Haiigure
BBICOTY ITPU3MBI.

99. B ocCHOBaHHMM MpAMON NPU3MBI
ABCA,B,C, nexuT NpsSMOYroJbHBIA Tpe-
yroinbHUK ABC, B xotopom yron C paBeH
90°, yron A pasen 30°, AC =10+/3 . Jlua-
roHasib OokoBoil rpanu B ,C cocTaBiseT
yroa 30° ¢ miockocteio AA B, . Haiinure
BBICOTY ITPU3MBI.

100. B nmnpaBwIBHOW HIECTUYTOJBHOU
npusmMe ABCDEFABC D,E\F, cropoHa oc-
HOBaHUS paBHa 3, a BbIcoTa paBHa 1. Haii-
IUTE YroJl MexAy NnpsMon FB, M IIIOCKO-
ctero AFC,.

101. B nmnpaBwIbHOW HIECTUYTOJBHOU
npusmMe ABCDEFA B,C, D E F,, Bce pébpa
KOTOpPOW paBHBI |, HalIWTE yroa MeExay
npssmoii AB, n mnockocteio ACE),.

102. B npaBwIbHOW IIECTUYTOJBHOU
npusmMe ABCDEFA B,C D E F,, Bce pébpa
KOoTopou paBHbl 1, Touka G — cepeauHa
peOpa A, B,. Haiigure cunyc yria Mexay
npsasmMoil AG u miockocteio BCC, .



103. B nmnpaBwIbHOW HIECTUYTOJBHOU
npusmMe ABCDEFA B,C, D E F,, Bce pébpa
KOTOpoil paBHbI 1, Touka G — cepennHa ped-
pa C,D,. Hailiute cuHyc yria Mexay nps-
Mol AG m mnockocteio BCC, .

104. B nmnpaBuibHOW IIECTUYTOJILHOM
npusmMe ABCDEFA B,C, D E F,, Bce pébpa
KOTOpoil paBHbI 1, Touka G — cepennHa ped-
pa A,B,. Haiinute cunyc yria Mexnay nps-
Mol AG wm mockocTeio BDD, .

105. (MHUOO). B npaBuibHOU MIECTH-
yrosusHo mnpusme ABCDEFA B,C\D E F,
CTOpPOHA OCHOBAHMs PaBHa 7, a BBICOTA paB-
Ha 1. Haiinure yrom mexnay npsamon F)B, u
mwiockocteio AF,C, .

106. (EI'D, 2010). B mpaBuibHOM Tpe-
yroigpHoM mupamuae SABC ¢ oCHOBaHHEM

ABC wu3BectHbl  peOpa: AB= 2043,
SC =29. Haiigute yroy, 00pa30BaHHBII
TUIOCKOCTBI0O OCHOBAHMS U TIPSIMOH, IPOXO-
nsen yepes cepenunbl pedep AS u BC.

107. (EI'J, 2010). B mpaBuibHOM Tpe-
yroyibHOM nupamune SABC ¢ OCHOBAaHUEM

ABC  wmsBectHsl pébpa: AB =123,
SC =13. Haiigute yron, oOpa3oBaHHbBIN
IJIOCKOCTBIO OCHOBAHMS M mpsmMon AM ,
rae M — Todka nepecedyeHusl MeIMaH TPaHu

SBC.

108. B npaBunpHON TpeyroJIbHOM Iupa-
mune SABC ¢ ocunoBanneM ABC cTtopoHa
OCHOBaHMsI paBHa 2, a OokoBoe pebdpo paB-
HO 3. HaiiguTte yron mMexay IUIOCKOCTBIO
BSC u npsamoit MN, rae Touka N — cepeau-
Ha pebpa AC, a Touka M nexut Ha pedpe
SB Tak, uto BM =1.

109. /lana npaBuibHas TpeyrojiabHas MH-
pamune ABCD, cropoHa OCHOBaHUS U BbI-
COTa KOTOpPOH paBHbI 673 u 4 cootsercr-
BeHHO. Haiinure yron mexnay npsamon EF u
INIOCKOCThIO ocHoBanusd ABC, ecnmm F —
cepenuna pebpa DB, a E nexut Ha AD Tax,
yto AE:ED=3:1.

110. (MUOOQO). B mnpaBunbHOU Tpe-
yroigpHOM mupamuae SABC ¢ oCHOBaHHEM
ABC cropoHa OCHOBaHHUS paBHa 63, a 60-
KoBoe pebpo paBuo 10. Haiimgure yrom mex-
ny miockocteto ABC u mpsimoit MN, tre
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touka N — cepeauna pebpa AC, a Touka M
nenut pebpo BS tak, uto BM : MS =2:1.

111. B mpaBHUIbHON 4YETBIPEXYrOJIBHOU
nupamune SABCD, Bce péOpa KOTOpOi
paBHbI 1, HalWIUTE KOCHHYC YIjla MEXKIY
npsAMON AB ¥ IIIOCKOCThI0 SAD .

112. (EI'D, 2011). B npaBUIbHON YeThI-
pexyronbHoi nupamuae SABCD, B koTopoii
AB=3, SA=7, Touka E — cepenuna peod-
pa SB. Haitgute yron mexny npsamoit CE
U IUIOCKOCTBIO SBD .

113. B mpaBHIBbHON 4YETBIPEXYrOJIBHOU
nupamune MABCD , Bce pelOpa KOTOpoOi
paBHbI 1, Touka E — cepenuna pebpa MC.
Haiimure cunyc yrna mexnay npsmoi DE u
IJIOCKOCTBIO AMB .

114. B npaBuiabHON MIECTUYTOJIBHON IU-
pamune MABCDEF, cTOpOHBI OCHOBaHHS

KOTOpoil paBHbI 1, a G0KOBbIE PEOpa paBHBI
4, HaliauTe CUHYC yria Mexay npsmoi BC
U IJIOCKOCTBI0 EMD .

115. B npaBWJIBHON MIECTUYTOJBHOU MH-
pamuae SABCDEF, OoxoBble pEéOpa KOTO-
pol paBHBI 2, a CTOPOHBI OCHOBaHus — 1,
HalJUTe KOCUHYC yria Mexay npsimoit AC u
IUIOCKOCTBIO SAF.



1.7. ¥Yroa Mexay mjI0CKOCTAMH

e Jlgyepanmuslii y2on, 0Opa3z08aHHbuIl NOJY-
NJIOCKOCMAMU USMEPAEMCS BENUYUHOU €20
JIUHEUHO020 Yyela, Noiyuaemo20 npu nepece-
YeHUuu 08Y2paHHO20 Y2la NI0CKOCMbIO, Nep-
NEeHOUKYIAPHOU e20 peop).

® Benuuuna 08yepanHHo20 yena npuxaoie-
arcum npomexcymxy (0°, 180°).

® Benuuuna yena mesxncoy nepecekanoujumu-
¢ NIOCKOCMAMU NPUHAOTIEHCUM  NpOMe-
acymxky (0°, 90°].

o Veon wmexcoy o06ymsa napannenbHuIMu
NAOCKOCMAMU CUATAETCS paBHBIM (°.

Ilocmpoenue nuneiinozo y2na
08Y2PAHHO20 Y2/la WU NOIMANHO-
GLIYUCIUM ENIbHBLIL MEM OO

PaccmarpuBaemsblli METOJ TO3BOJIAET Ha-
XOJUTh MO3TAITHO UCKOMBIN YroJjl MpH pelie-
HUM U3BECTHBIX 3a7a4, K KOTOPbIM CBOJUTCS
naHHas 3a1ava. [lepeuncnum THIBI ATHUX 3a-
7lay, CBSI3aHHBIX C HAX0XKIEHUEM yrJia:

® MEXK]y NepeceKaloUMUcI IPSIMbIMU a

u b, nexauuMu B paccMaTpUBAEMbIX

IUIOCKOCTSAX M MEPHEeHIUKYISIPHBIMU HX

JIMHUHU TiepecedeHus (cMm. puc. 63);

Puc. 63

® MEXIy MpSMBIMH, [apaJlIeIbHBIMU
NpsIMBIM @ U b wiu Mexay b u npsamoi,
MapajiebHOM a;

® MEXJy IUIOCKOCTSIMH, MapajielbHbIMU
TaHHBIM TUIOCKOCTSIM OL U [} HJIH MEXIY

O ¥ TUIOCKOCTBIO, MapajuIebHOM 3 ;

® MEXKIy NEpPHEHIAUKYISIPAMU K JIAHHBIM
IJIOCKOCTSIM.

Pemenune 3amaum 3TUM METOZOM CBOIHT-
Csl HETIOCPEJICTBEHHO K MOCTPOCHHIO JTMHEH-
HOTO yrila IBYTPaHHOTO yria, 00pa3oBaHHO-
ro IEpPEeCceKaloONIMMHCA TUIOCKOCTSIMH O |
[, u Beraucienuto ero 3HayeHus. CooTBeT-
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CTBYIOLIMI JIMHEWHBIN YroJ CTPOUTCA C MO-
MOIIIbIO JBYX MEPHEHIUKYISPOB a U b, mpo-
BEJICHHBIX B YKa3aHHBIX IJIOCKOCTAX K Ipsi-
MOl MX mIepeceyeHus, a ero BelMYhMHa B
JTATbHEHIIIEM HaXOAUTCS TM00 U3 HEKOTOPO-
ro NPSMOYIOJILHOTO TPEYroibHHUKA, 00 U3
HEKOTOPOTO TPEYrOJbHUKA C NMPUMEHEHHEM
TEOPEMbI KOCUHYCOB.

Ilpumep 54. B npasunvroli uemvipex-
yeonvroti nupamude SABCD , ece pébpa
KOmopoti paeuvl 1, Halimu 08Y2paHHblLL Y20l
MedHcoy 0CHO8aHuem u OOK0BOI ePaHbIO.

Pewenue. Ilycte £ n K — cepenuHsl
pedep AD u BC cootBeTcTBEeHHO, O — IIEHTP
ocHoBaHuss ABCD (cm. puc. 64). Tornma
SE 1 AD, EK 1 AD u [I02TOMY
ZSEK = @ — nuHENHbIN yroy 1aHHOTO JBY-
IPaHHOTO YTJa.

Tak xkak AD =1, OE:%, SD =1, T10

1 3

SE =+/SD?* — ED?* = 1_227’
coscp——E—L (p—arccosL
SE 3’ V3
S
C
4 E
D
Puc. 64

1
Omeem: arccos—— .

NG

Hpumep 55. B npasunvrou wecmu-
V2OnbHOU nupamuoe, CMOPOHbL OCHOBAHUSL
Komopoti paguel 1, a bokosvie pébpa pasrvl
2, Hatmu KOCUHYCbl 08Y2PAHHBIX Y2108 NpU
OCHOBaHUU U NPpU DOKOBOM pebpe.

Pewenue. Paccmotpum  nmpamuny
MABCDEF. TlockonpKy mnHpaMuaa Iipa-
BUJIbHAS, TO PaBHBI BCE €€ JBYrpaHHbIE Y-
JIbl TIPY OCHOBAHUM U PaBHBI BCE YIJIbI MEXK-
Ny JOOBIMH €€ CMEXHBIMU OOKOBBIMM Tpa-
HaAMu. Haiinem, Hampumep, yroix Mexuay



IJIOCKOCTBIO OCHOBAaHUSI U OOKOBOW I'PaHbIO
MAF wn yron Mexay OOKOBBIMH TpaHSIMHU
FME w MDE (cwm. puc. 65).

M

N

B ) E
A L F
Puc. 65

[Ipsimass AF — pebpo IBYrpaHHOro yria
MAFE. ITycte O — LeHTp OCHOBAHMS, TOIAA
MO — BwicoTa mupamunsl. Ilycte L — cepe-
nuHa otpeska AF, torma ML — anodema
rpaau AMF,

ML=~ AM? — AI* =

[To Teopeme 0 Tpex mepHEHANKYISAPAX MPsi-
Masg LO mnepnenaukynsipua AF. Cnegosa-
T€IbHO, /MLO — JIHWHEWHBIM Yroyl NBY-

4 L_A15
4 2

rpanHoro yrina MAFB. LOz?, TaK Kak

SIBJISIETCS. BBICOTOM PaBHOCTOPOHHETO Tpe-
yroibHuka AOF co croponoit 1. 13 npsmo-
YTOJILHOTO TpeyroybHuka LMO Haxoamm

LO 3 2 1
cos/MLO=="2=N>._2 _ 2
2 J15 45

ML

[Ipsimass ME — peOpo ABYrpaHHOTO yria
FMED. B tpeyronsnukax FME n MDE
MPOBEAEM BBICOTBI K CTOpOHE ME U3 ToYek
F u D coorBerctBeHHO. Ilockosbky
AFME = ADME , TO 3TH BBICOTBI «COMIYT-
ca» B omHoM Touke N. ClemoBaTelbHO,
/DNF — NWHENHBIA yroa IBYTPaHHOIO yI-
na FMED.

N3 paBeHcTtBa TpeyronbHukoB FME u
MDE cnenyer paBeHCTBO BbICOT FFN u DN.
Haitnem FN. [lng 3TOro BBIYUCIUM IUIOIIAAb
tpeyronpHuka FME. Ilockonbky amodema
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rpaan FME paBHa ML =——,

NERNE

1
—+——-1=——, 10 BBICOTA F'N, Ommy1ieH-
2 2 4

Has Ha ME, paBHa:

SFME

I\)S‘
()]

PN =2 _ Jis .

ME 4

Jlanee, paccMOTpUM paBHOOEIPEHHBIN

tpeyroibHuk FDN. B uem FD =210 = V3.
Kocunyc yrma DNF MOXKHO HaWTH, BOC-
[10JIb30BABIINCH TEOPEMON KOCHUHYCOB IS
cTOpoHbl DF:
FN’?+ DN’ — FD?
cos £FND =2+ DN -3
2-FN-DN 5
TakuMm o00Opa3oM, HCKOMBbIE KOCHHYCBHI
NBYTPaHHBIX YIJIOB IPU OCHOBAaHUHM U IpH

OOKOBOM peOpe paBHBI R " 23 COOTBET
J50s

CTBCHHO.

1
Omeem: — u —é.

N

Tak kak B MOJOOHBIX TeJlaX COOTBETCT-
BYIOIIME YIJIbl PaBHbI, a JUHEHHbIE 3JIE€MEH-
Tbl (CTOPOHBI, BBICOTHI, MEIWAHbl U T.II.)
MPOMOPLUOHANBHBI, TO MpPHU BbIYUCICHUU
YIJI0B B Kakoi-mm60 koHpurypauuu (00by-
HO B TpPEYroJIbHUKE) BaXXHO YYUTHIBATH
JUIIb OTHOLIEHUE JJIMH COOTBETCTBYIOIIMX
oTpe3koB. [loatoMmy, eciu Bce JMHEHHBIE
3JIEMEHTHI KOH(UTYpallMK 3aBUCST OT OJIHO-
ro mapamerpa, T0 MOKHO NPUHUMATH 3Ha-
YeHHE 3TOr0 IapameTpa paBHbIM KaKOMY-
HUOyabp uuciy. B uactHocTH, B KyOe mpu
HAXO0XJCHUU YIJIOBBIX BEJIMYMH 4YacTO IIO-
JIaraoT JUIMHY €ro pedpa paBHbIM €UHHUIIE.

ABCDA,BC,D,

Hatmu Y201 Mex#coy NIOCKOCMAMU CeYyeHUl
ABCD u CBAD.

IIpumep 56. B kybe

Pewenue. Ilycts peOpo kyba paBHO 1.
IIpamas B|D — nuHMA nepecedeHus Ioc-

kocredl ceuennit AB,CD u CBAD, Ttak
Kak B, u D — ux o0uiye Touku (cM. puc. 66).
B npsAMOyroJyIbHBIX TpeyroiapHukax B,4D n

B,C,D mnpoBeneM BBICOTBI K TUIIOTEHY3€



B.D wu3 touek A, m C, COOTBETCTBEHHO.
ITockonbky Tpeyronsuuku B, 4D u B,C.D

PaBHBI, TO 3TH BBICOTBI «COMIYTCA» B OJHOM
touke N. CnenoparensHo, ZA NC, — nu-

HElHbIN yrou aByrpansoro yria A4,B8,DC; .

B] C]
1
A I
1 L : A «/’/
N \ [
7'~~J_m/ (N
/ Iy AN
/ 1 \
|
II IB“ \\
1 \ N
/4 §=-Y-f-—-= >
/ -7 N C
/ Pie \
[oe
Puc. 66

ITockosbKy IPSMOYIOJIbHBIE TPEYTOJIbHHU-
ku B AD n BC,D paBHBI, TO paBHBI U BbI-

cotel AN n C|N, omyleHHBIE HA THIIOTE-
Hy3y B,D . JInuHbl yKa3aHHBIX BBICOT MOKHO

HaliTu, HalnpuMep, yepe3 IJIOoMaib JII000ro
U3 3TUX TPEYTOJIbHUKOB!

Jlanee, paccMOTpUM paBHOOEIPEHHBIN
tpeyroabHuk A C/N. B Hem A,CIZ\/E.
Haiiném yron A NC,, BOCHOIb30BaBIIUChH
TEOpeMON KOCUHYCOB Julsl cTOpoHbl A4,C, :

AN’ +CN* - A4C}
2-AN-CN

(g oo
:( ’ \E =-0,5.

sz
3 V3
27

Otcrona £A4,NC, =3

cos ZANC, =

CnenoBarenbHO, MCKOMBIM Yrojl Mexay
IUIOCKOCTAMU cedenuit 48, D u BCD pa-

T
BEH — .
3

Omeem: r .
3
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pumep 57. B npasunvroti mpeyzonvhou
npusme ABCA B,C, bokosoe pebpo pasno b,
a cmopoHa ocHosauus a. Haumu xocumyc
yena mexcoy nnockocmamu ABC, u A B,C.

Pewenue. IlocTponm ITMHUIO NIEPECEUEHUS
wiockoctet ABC, nu A B,C (cM. puc. 67).

Huaronamu  AC,
u AC B 60K0OBOI
A4,c,c A
IpU3Mbl  Iepece-
KarOTCs B TOUKe D
U JIeTATCS  ITOU

TOYKOM IIOIIOJIaM.
Ananormyso,

maaronamu BC,u A

IPpaHA

Puc. 67

B,C B 06o0koBOH
rpanu  BB,C,C 1npu3Mbl IEpeceKarTcs B
TOYKE E M TakKe JIEATCS 3TOW TOYKOH IOo-
nonaM. Touku D u E — oOmmue To4ku IUIoc-
kocreh ABC, n A B,C, nosromy npsamast DE
ABIISIETCSl JIMHMEH uXx nepecedeHus. Kpome
TOTO, OTpe30K DE sSBNSETCS CpeHEeN TUHUEN
paBHOOEAPEHHBIX TpeyroibHUKOB ABC, n
A B,C,a3Hauut, DE || ABu DE || A4,B,.
PaccmoTpuM  paBHOOEIpEHHBIE  Tpe-
yroasaukrn C,DE u CDE. OHu paBHBI IO
TpeM crtopoHaM. IIpoBenem B 3THX Tpe-
yrosibHuKax Meauanel C;N u CN k oOuiemy
ocHoBanuto DE. Torma CN LDE n
CN 1 DE . CaenosarensHo, ZC,NC — nu-
HeiHbIN yrou asyrpanHoro yria C,DEC .
Haiinem Tteneps xocunyc yrnma C,NC. C
3TOM LENbI0 PACCMOTPUM PaBHOOEAPEHHBIN

tpeyronbiuk C,NC. B nHem CN =
oy M VCB' —MB}  \3a® +4b’
2 2 4

CC, =b. Bocnonb30BaBIINCh TEOPEMON KO-

cUHYCOB Ui CTOpoHbl CC, , NOIY4YHM:

CN*+CN*=CC?  3d*-A4b*

cos ZC,NC = = .
2-C,N-CN 3a” +4b

B paccmarpuBaeMom npumepe tpedyercs
HaWTH KOCHUHYC yIjla ¢ MEX]y IIOCKOCTS-

mu ABC, n A B/C. BcraeT 3aKkOHOMEPHBIN
Bonpoc. Hamum M MBI KOCHHYC TOTO yria,




KOTOPBIN TpeOyeTcs B YCIOBUH, WM KE HaM
HEOO0XOIMM KOCHHYC CMEXKHOTO C HUM YTia
C,NM (xcratu, Ha puc. 67 uepe3 @ o000-
3HaueHa BEJIMYMHA UMEHHO 3Toro yria)? Ha
3TOT BOMPOC MOXKHO OTBETHTH CJETYIOIUM
obpazom. CormacHo OmIpeneNeHUuI0 yria
MCXKAY IINIOCKOCTAMHU, €0 BCIMYHMHA MOXKCT

i
ObITh B mpenenax ot 0 110 > T.€. KOCUHYC

TaKoTO yIJia JOJDKEH OBITh TOJIOKHUTEb-
2
HeiM. [loaTomMy, eciu 3a> -4b* >0, TO

2 2
-4
coscp:coséClNC:%, eclii  Ke
3a” +4b
3a® -4b* <0, 10
4b* —3a*
cos@ =cos LC\NM = ———
? ‘ 3a° +4b>

(HOCKOHBKy KOCHMHYCBI CMCKHBIX YIJIOB
paBHBI TI0 a0COJIFOTHOM BEIMYMHE W MPOTH-
BOIIOJIOKHBI MO 3HaKy). Takum o00pazom,

OKOHYATEJIBHO: COS( = M
' 3a’ +4b>
2 2
—4
Omeem: 3az—bz|
3a“ +4b

Memoo napannenvHvix nPAMbIX

B HekoTOphIX 3ajadax MOCTPOCHUE JIU-
HEWHOIO yrija 3aTpyaHuTensHo. M Torna
BMECTO JIMHEHHOI'O YIjla MOXHO pPaccMOT-
PETH YroJl C COOTBETCTBEHHO NapajllesIbHbI-
MU CTOpOHaMu 110 OTHOLICHHIO K JIMHEHHO-

My yriy.
IIpumep 58. B xyoe ABCDAB,CD, c
pebpom, pasuvim a, yepez mouxku M na peo-

pe BB, u N na DD, makue, umo BM :%

u DN :%, napannenvno AC npogedena ce-

Kyuas naockocmos. Onpedenums 2o medxc-

()y cekymeﬁ NJ1OCKOCMbIO U NJTOCKOCMbIO
ABC.

Pewenue. Iloctpoum ceueHue KyoOa
IIJIOCKOCTBIO, MMPOXOJAIIEH Yepe3 TOUuku M u
N napamensHo AC (cm. puc. 68).

C aT0i1 11eN1bI0 PacCMOTPUM JUArOHaNb-
Hyto mockocts AA,C, . Coequnum Touku M

u N, torna A4,C, "MN =0, rae Touka O —
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cepeauHa otpeska MN. I1ockolibKy, coriac-
HO YCJIOBHIO, CEKyIas IUIOCKOCThH I1apall-
nenbHa AC, TO npsiMast / ee mepeceueHus
mwiockoctelo  A4,C, Taxxke Oyner mnapai-

nenbHa AC. TloaTOMy npoBezeM uepes3 Tou-
Ky O mnpsamyio QP (QP || AC). Coenunus
MOCJIEI0BATENLHO OTpe3KaMu ToUku O, M, P
u N, nonyuum ceuenue QMPN. Tak kak ce-
Kylllas IUIOCKOCTh IIepeceKaeT Mapaieib-
Hble IpaHd Ky0a MO mNapayuleIbHBIM Mps-
MBbIM, TO 4YeThlpexyroibHuk QMPN sBiser-
Csl IapajieIorpaMMOM.

B kBagpate ABCD nuaroHanu InepreH-
mukyasipasl ( BD L AC), 3nauut, BD 1 /.
IIposenem B mockoctu BDD, npsamyro KN,
napawiensuyio BD. Torna KN 1 [ . lpsmas
BD sBnsercs npoekuuen HaKIoHHONM MN Ha
mI0CKOCTh ABC, mosTOMy 1O TEopeMe O
Tpex mnepneHaukyisapax MN L1 [. Ilpsamas
MN nexur B miockoctu MPNQ, a npsimast

KN mnapannensna miockoctu ABC . Cneno-
BaTeNIbHO, Yrost KNM paBeH JTMHEHHOMY yIIIy
HCKOMOI'0 JBYIPaHHOTO yIJia (Kak yIibl ¢ CO-
OTBCTCTBCHHO ITapaJlJICIbHBIMU CTOpOHaMI/I).

[Iycte ZMNK = ¢, TOraa

MB—-ND 2
gD a5

BD 2

Omeem: arcth.

Memoo napannenvuvix niockocmeii

B HexoTophix 3amauax sBisieTcs 3¢ dek-
THUBHBIM ITOJIXO/I, IPH KOTOPOM BMECTO yIJia
MEX]Ty TIEPECEKAIOIIUMUCS TIIOCKOCTSIMHU O
U 3 UIIETCs yroJl MeXy TUIOCKOCTSIMH, Tia-



paJIeNIbHBIMU paccMaTpUBaeMbIM (WK Me-
Iy OJTHOW M3 JAHHBIX IUIOCKOCTEN M IIIOC-
KOCTBI0, TApaJuIeIbHON JPYroi U3 HUX).

Ipumep 59. B xyoe ABCDAB,C\D,
Haumu  y2on Mexcoy NI0CKOCHbIO 2PaHu
AA,B,B u nnockocmvio BC\D.

B, C
A] l DI ,'//
|
AL
| 2-"/¢
el |-
,’/” \\\ C
A D
Puc. 69

Pewenue. Tax Kak 110CKoCcTh AA B, ma-
pamenpHa 1maockoctd DD,C;, TO HCKOMBIH

Yol paBeH YOy MEXKIY IJIOCKOCTAMH
BC,D n DD/, (cMm. puc. 69). luaronanu
rpaHd Ky0a MNEepHeHIUKYISIPHBI M TOYKOM
nepecedeHus Jensarcsa nononam. I[lostomy
EC 1 DC,, rne touka E — cepenuHa OT-

peska DC,. Taxxe BE | DC,, Kak BbICOTa
BC\D.
CnenoBarenbHo, yro1 BEC ecTb TUHEHHBIN
yroist ¢ asyrpanHoro yria BDC,C.

PaBHOCTOPOHHETO  TPEYroJbHHUKA

Tpeyronenuk  BEC — npsAMOYyroJjbHBIA
(BCLDDC,) n ZBCE — npsamoii. Ilycte
pebpo kyba paBHO 1, BC =1,

D, 1
EC= ‘—C =—". CnegoBarebHO,
2 2

TOTAa

Ortcronma ¢ = arctg V2.

Omeem: arctg\/z .

Memoo ucnonvzoeanusn
nepneHOUKyIAPo8 K N10CKOCHAM

Ha puc. 70 npsmeie [, u [; nexar B

IJIOCKOCTH Y ¥ MEepPHEHAUKYISPHBI TIOCKO-
cTAaM o ¥ [ cooTBeTcTBeHHO. Torma yrou
MEXAY HUMH PaBEH Iy MEXJy IUIOCKO-
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cramu o u 3. B obuiem cirydae npsimeie /,

 [; MOTYT OBITH CKPELINBAIOIIMMHCSL.

Puc. 70

Ipumep 60. B xyoe ABCDAB,C D,
Havumu y2o1 mexcoy naockocmamu AB,C u
BCD.

Pewenue. Jlnaronans xyb6a A ,C nep-
HNeHAUKYIspHa miockocty BC, D (cM. puc.
71), tak xak A4,C L BC, n 4,C 1L DC, (no

TEeOopeMe O TpeX NMepIeHAUKYIpax). AHano-
TMYHO JMAaroHayip Kyoa BD, neprneHauky-

nspHa 1wiockoctu AB,C. Takum o0pasoM,

3a/laya CBOJUTCS K HAXOXJAECHHUIO OCTPOro
yrna Mmexnay auaroHamsimu A,C u  BD,

npsMoyroisHuka BCD, 4, .

B, Ci
’
N 7 1y
N 7
N ps I
AL D,
N
\)\(\ 1 \\’,”
1 _.~
N
Vi 8 \0,1" S
V2 N DT AY
K \
’ A LY 1 \
- Ay NN
- Ay ANY 1 AY
/" \ =, \
~= =\ -a-—=%G \
—~— RS \
- ~ \
e - \\ AY
ad \‘~~::
Puc. 71

[Iycte O — TOYKa mepecedyeHus: AUaro-
Haimel u pebpo kyba paBHo 1. Torma

N

A C=BD, = 3, OC:0B:7. N3 tpe-
yroigbanka OBC Haxoaum

OB’ +0C*-BC* 1
2-0B-0C 3

cos ZBOC =

2

T1.6. ZBOC = arccos%.



1
Omeem: arccosg .

Ipumep 61. Jan xy6 ABCDA,B,C,D,.
Hauimu y2on meaxcoy niockocmamu AB,C, u
A B,C.

Pewenue. Kaxnas u3 npsaMmeix AD, un
CD, (cM. puc. 72) nepneHAuKyIsIpHa IJI0C-
koctiMm A B/C u AB/C, COOTBETCTBEHHO
(TOKaXXUTE CAaMOCTOSATEIHHO).

C,

By D

Puc. 72

[TosToMy BenM4YMHA UCKOMOTO yIJjia paB-
Ha BEJIMYMHE yrja Mexay npsMbeiMu AD, u

CD, . Tak kak tpeyroibHuk AD,C — paBHO-

o T
CTOPOHHHH, TO IIOJTy4aeM OTBCT: g .

T
Omeem: —.

Ipumep 62. MHUOO, 2010). /lana nps-
mast Yembvlpexy20/lbHasl npusma
ABCDA,B,C,D,, 6 ocHosanuu Komopoi

nescum npsamoyeonrvhux ABCD, 6 komopom

AB=5, AD=4/33. Yepes cepeduny pebpa
CD nposedena niockocms nepneHoOuKyiap-
Ho npamou B/D. Hatmu maneenc yena me-
HCOY IMOU  NIAOCKOCMbIO U  NIOCKOCMbIO
epanu AAD,D, eciu paccmosinue medcoy

npamoimu AC, u BD pasno V3.

Pewenue. Tax xak npsimas B.D neprieH-
IUKYJIpHA IPOBEICHHOHN IUIOCKOCTH (Ha
puc. 73 3Ta IIOCKOCTh U300pa’keHa yCJIOB-
HO), a npsimasgs CD L AA D, (CD L D,D Tax
Kak npusma u CD 1 AD tak xak ABCD —
MPSIMOYTOJIBHUK), TO YIOJl MEXAY paccMar-
PUBAaEMbIMH IIJIOCKOCTSIMU PaBEH YTy MEX-
oy npsamseiMa B.D n CD.
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TaHresc 3Toro yria HaiJem W3 MpPSIMO-
YTOJILHOTO TpEyroJibHUKa CB.D
(CD L AAD,, cnenosarensuo CD L B,C).
Tak kak ckpemuBatomuecs npsameie 4,C, u
BD nexat B mapaJiieIbHbIX IJIOCKOCTSX, TO
pacCTOSTHUE MEXKJIYy HUMH DPAaBHO pPacCTOs-

HUIO MEXIY ATHUMH IUIOCKOCTSIMH. 3HA4YUT
BbICOTa U OOKOBOE pedpo NpPU3MBbI pPaBHBI

V3. Torma BC=+BC*+BB’> =6 u uc-

. B, 6
KOMBI/ TAaHI'€HC PaBeH — — = — =1,
CD 5

Puc. 73
Omeem: 1,2.
Memoo onopuwix 3a0au

[Ipu pemienun 3agad 3TOro TUIIA MOYKHO
BOCITIOJIb30BAThCSA ~ OTMOPHBIMH  33Jla9aMH
No 2,4, 6 (rnasa 3 . 3.4).

IIpuMeHeHNe «Te0PEMbl KOCUHYCOB
I TPEXTPAHHOTO yIjia»

Hpumep 63. B npasunvroti mpeyzonvhou
npusme ABCABC, sce pébpa pasnovr 1.
Haitimu xocumyc yena mesrcoy niockocmamu
ABC u ABC.

Pewenue. Pac-
CMOTPHUM TpeXrpaH-
HBIA yroJl TIpu Bep-
HIMHE B, nmupamMubl

AACB,. Obo3HaynM

yepes (¢ IUIOCKUH
Yrojl  ABYTPaHHOTO
yrnma  ABCA,  (cm. Puc. 74

puc. 74). Haiinem 3Ha4eHHs] CHHYCOB U KO-
CHHYCOB IUIOCKHX YIJIOB IIPH BepIIuHE B,.



I'pans  ABB A, KBaJpar, I[03TOMY

2
cos ZAB, 4, :g. B Ttpeyronbnuke AB,C

AC =1, AB, =B,C=+/2. Torna

AB’+BC*-AC* _

cos ZAB,C =
2-A4B,-BC
_2+2-1_3
2.2 47

J7
R

3 2
sin ZAB,C = 1—(Zj =

B  tpeyronbHuke
AC=BC=+2.Torma
cosZCB 4, =
_BC+BA’-AC* 2+1-2 1
"~ 2.BC-BA, 221 22’

1 T 7
22 ) 22
[Ipumensis TeopeMy KOCHHYCOB JUISL TPEX-

IPaHHOIO yria (omopHas 3ajaya 2) mpu Bep-
HIMHE B, MOIy4uM

BAC B4 =1,

sin ZCB 4, = 1—(

CoSQ =
_ C08ZLAB A4 —cos LABC-cos LCB 4, _ 5
sin AB,C -sin ZCB, 4, 7

Omeem: 5/7.

IIpuMeHEHNE TEOPEMBI «O TPEX CHHYCAX)»

Ilycmo 6 00HOU U3 epameti 08YePAHHO20
yena, 8eniuduHa KOmopoeo pagHa o., npose-
OeHa npsamas, COCMAasIAWaAs ¢ pebpom
osyepannozo yena yeon B (0<B<m/2), y

— BeIUYUHA Yena Medcoy IMOU NpsaAMou U
opyeou epamvto. Toeoa cnpasednuso cie-
oyloujee cCoomuouieHue:

siny =sinasinf}.
JlokazaTenbcTBO 3TON (QOpMysbl IpUBeE-
neHo B riase 3 1. 3.4, onopHast 3agada Ne4.
Ilpumep 64. B xyoe ABCDAB,C D,
Havoume Y201 medxcoy niockocmamu AB,C
u ABC.

Pewenue. 1lycte o.— HCKOMBIN YrOJL
Tak kak B=4BAC=60°, y=/LBAB=
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=45° (cm. puc. 75), TO IO TEOPEME «O TpeX
CHHYCaX» UMeeM:

sin45° =sin a.sin 60°,

2
Otcroga o = arcsin \/; .
Omeem: arcsin g .

B, C,
(4 \\
A] I/II \\
2 N
Il ID] \\\
Il I \\
’ N
/ B N
/ ,/L“ ''''''''''' C
/ - "
4 ::_—*’
A D
Puc. 75
Ipumep 65. [uaconans AC «kyba

ABCDA,B,C,D, cnysicum pebpom 08y2pan-
HO20 y2na, epanu KOmopo2o Npoxoosm ue-
pe3 B, u D,. Haiimu éeauuumny 3mozo yaia.

Pewenue. bynem cumnrath Ky0 e€IuHHY-
HeIM. [lycte E — cepemunHa otpe3ka A,D,

TOrAa U3 TpeyroiabHuka 4,D, E nonydaem
. . T 2
siny =sin—=—
4 2

(y — yron mexny npsmoil 4, D, u miocko-
cteio 4, B,C) (cM. puc. 76).
W3 tpeyronpnnka 4, D,C Haxoaum

rae 3 — yrox Mexnay npsamoi A4,D, m peb-
pom A C nByrpanHoro yria. Jlanee umeem

V2o \F A, B,
— =sina-,|—,
2 3 Dl .II:\\‘ Cl
N/ : \
sina,=—. NN
2 Ely 1 \\\
Tak kak Touka LN B
I, \
E (npoexuus tou- 1,+°A 3
ki D, Ha minoc- D C
KOCTh A B,C) Puc. 76


Константин
Машинописный текст
1


PpacriojIo’)K€Ha BHC HMCKOMOI'0 ABYI'pPaHHOI'O

271
yria, T0 o =—.
3
2
Omeem: ?n

Hcnoap3oBaHue pacCTOSHUN OT TOYKU
JI0 INIOCKOCTH U JI0 IIPSIMOH

Pemenne 3aa4 3TOT0 IIYHKTa OCHOBAaHO
Ha NODPHUMCHCHUU TaKHUX HOHSITI/II71, KakK pac-
CTOSHHE OT TOYKH IO priMOﬁ " paCCTOAHUC
OT TOYKH OO0 IINIOCKOCTH.

Puc. 77

[TycTh naHbl ABE IUIOCKOCTH oL U 3 (CM.

puc. 77), mepecekaromuecss Mo MpsMon /.
Ecnu wm3BecTHBI paccTOsAHMS OT TOYKU M,
JIeKaIIel B MIIOCKOCTH 3, A0 TIOCKOCTH O

U JI0 TIPSIMOM [, TO YrOJ MEXIYy IIIOCKOCTS-
MH O ¥ [3 MOYHO BBIYHCIIUTH, HCITOJIB3Ys

bopmymy

in Z(c., :p(M,oc)’
sin Z(a., B) —p(M,l)

rae p(M,o) — paccrostHue OT TOuku M 10

(7

mockoctd o, p(M ,l) — paccTosiHUE OT
TOuku M 110 mpsiMoii /.

IIpumep 66. B xyoe ABCDAB,C D,
Havumu y2o1 mexcoy naockocmamu AB,C u
A B,C.

B, C
\§\ Al :“ D]
NN Y
DN Y /
N
RN 1 /!
NS ’
NN ! ’
NS I
AN "
\\\ 1 2\
AY SN \\
EOINA \
—= =N =AU
B /=7 "C "\
A D
Puc. 78
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Pewenue. 1lyctb cropona xyba paBHa 1.
ITnockoctn AB,C u A B,C nepecekarorcs
no npsamoit B,C (cMm. puc. 78). PaccrossHue

OT TOYKH A, TPUHAIEKAIIEH IUIOCKOCTH
AB,C, no npsimoii B,C paBHO JUIMHE BBICO-

Thl PaBHOCTOPOHHETO TpeyroyibHuka AB,C

CO CTOPOHOU \/5, T.€. ﬁgzg Pac-

CTOsSIHUE OT TOYKH A 10 miockoctu A B,C
PaBHO TOJIOBMHE JMAroOHaJIM KBajapaTa, T.C.

2
%. ITo dhopmymne (7) umeem

sin Z(AB,C, 4,B,C) :%:@ = % .

. .1
Orcrona HCKOMBIN yroJ paB€H arcsm . [—.

Omeem: arcsin+/1/3 .

3ameuanue. B 3aBucuMOCTH OT criocoba pe-
IIEHUSI OTBET MOYKET OBITH 3allMCaH B paBHOI\/II

.1 2 1
dopme: arcsin 3’ arccos 3 WK arctg 5

Hcmonp30BaHue TEOPEMBI O IIOIIAAN
OPTOTOHAJBHOM MPOEKIINY MHOTOYTOJIbHUKA

[Ipy mpuMeHEeHHnH 3TOr0 METoJa Yroyl @
MEX]ly TUIOCKOCTSMH O U [} MOXHO BBI-
YUCJIUTH, HCTIONB3Ys hopmMyy

S
cosQ=—F, (®)
S

rae S — IUIOIaAh MHOTOYTOJIBHHAKA, JIEXKa-
IIEro B IUIOCKOCTH O, S, = — IUIOWIA/Ab €ro

OpPTOTOHAILHOM IMPOCKITUHU HA TIIOCKOCTH [3 .

Ipumep 67. B xyoe ABCDAB,C\D,
Haumu y2oi Medxncoy NI0CKOCHbIO 2PaHu
AAB,B u naiockocmvio BC\D.

Pewenue. Ilycts pedpo kyba paBHO 1.

OpTorOHaJvn,Hon B, C,
npoekuueil  Tpe- 7 7
Al /O l)1 P
yrosibHuka BC\D A e
/ 4
Ha IJIOCKOCTD ya I /
/ | -
AAB,  saBnsercs VA vl A B
7N
TPEYTOJIbHUK /:’// .
ABB (cm. puc. 4 D
79), momanb Ko- Puc. 79



0,5.

(xak

B

rpaHei Kyda), 1o Sy, = - N3 dhopmyibt

TOPOTo ITockonbky

BD=BC,=C,D=+2

paBHa

MaroHajan

(8) momyumm:

S
cos Z(AAB,, BC,D) =22 _¥3

BC,D

Otcrona Z(AA,B,, BC,D) = arccos

L'J|§I w

3
Omeem: arccosT .

Ilpumep 68. B xyoe ABCDA B,C D,
Havumu y2o1 mexcoy naockocmamu AB,C u
ABC.

Pewenue. Ilycte o — uckomsiil yroa. HMc-
HI0JIb3YEM COOTHOLLECHUE

S e = SAB]C -cosa.,

| :(ﬁ)zﬁzﬁﬁe
4 , P

Tae Sz :E’ AB,C

yroibHUK AB,C  paBHOCTOPOHHHH) (CM.
puc. 80). Otcrona numeeM

cosa =

o | S
I

1
2

CnemoBaTeabHO, OL = arccos

Omeem: arccosT .

OObIYHO paccMaTpUBaeMblii B ITOM
MyHKTE€ METOJ{ NPUMEHSIOT TPU BBIYUCIIE-
HUHU yrila MEXIy IUIOCKOCTBIO CEYCHUS M
IUIOCKOCTBIO  KaKOW-JIMOO TpaHH MHOIO-
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rpaHHUKA (4acTO B KayecTBE TaKOM IpaHU
BBICTYIIA€T OCHOBAHUC TIIHPAMHJbI WK
npu3Msl). Tak MOCTyNmaloT B ciaydasx, Korjaa
Haxoxaenue S, u S ABJIsieTCs OoJiee

CCUYCHUA
IIPOCTOM 3aJa4eil, 4eM HENOCPEICTBEHHOE
BBIYHCIICHUE ABYIPAaHHOIO yIjia ¢, COmps-

KEHHOE C IIOCTPOCHUEM Ha 4epTexkKe ero Ju-
HEWHOTO yria.

IIpumep 69. B npasunvhou wecmu-
yeonvnou npusme ABCDEFABC D\EF,,

CMOPOHbL OCHOBAHUA KOMOPOU pasHvl 1, a
bokosble pébpa pasHbl 2, HAIMU Y207 MedHC-
0y naockocmamu BA D, u AAE,.

Pewenue. 3ametum, 9TO YETBIPEXYTrOJIb-
Hukn BAD,C n AAEE — cedeHus naHHOU

HPU3MBI IUIOCKOCTAMU BAD, n AAE, (cMm.
puc. 81). Tak xak BA, D.E, u CF nepneH-
IUKYISApHBL MI0cKocTH AAE, (oHM nep-
NeHAUKyIsapHbl AA, u AE), 10 Tpameuus
AAEG, tne G-—cepenunHa otpeska AL,

€CTb OPTOrOHAJIbHAs IPOEKUUS Tpanenuu
BA D,C na nnockocts ceuenust A4 EE.

C] D]
| 7
B] : I, ! E]
1 ,',
'y
CIRE LR
A
1 U Al
A
LS
’/” \:---- ;‘---\\\
Bt o4 JE
ey
A F
Puc. 81

Tpaneuuss BA D,C— paBHOOeIpeHHas, C
ocHoBaHUAMU AD, =2, BC =1 u OOKOBBI-

MU cTopoHamMu BA, =CD, =+/1+4 = J5. Ee
BBICOTA /i paBHA

2
h =\/CDf —(—A‘D‘;BC] _

-

a IIoIa b PaBHA




_AD +BC

PN

BA D, C
i 2 4

B npsamoyronsHo#l Tpanenun A4 EG

3

OCHOBaHHMA PaBHbl A E, =3, 4G = a
BoicoTa AA, =2 . E€ minomanes paBHa
AE + AG 33
AAEG — T A4, = T .

B cootBerctBUU ¢ opmynoit (8) Haxo-
M

cos Z(BAD,, AAE,) =

_SAAIEIG _3\/5.3@_\/§
2 4 19°

BAD,C

. /12
3HauUT, UICKOMBIN YTOJI paBEH arccos TS

/12
Omeem: arccos,|— .
19

Bexmopno-xoopounammuwiii memoo

[IpuMeHeHre TaHHOTO METO A TT03BOJISIET
CBECTH PCIICHUE NCXOTHOW 3a7adu K 3ajaue
0 HaXOXJCHHUH yIJIa:

a) MEXJIy BEKTOpPaMH HOpPMaJIeH JTaHHBIX
MIOCKOCTEH;

0) MeXIy HalpaBISIOMIMUMH BEKTOPAMHU
CKPCIIUBAIOIIHUXCS TIPSIMBIX @ U b, JTe)KaIHX
B PacCMaTPUBAEMBIX TUIOCKOCTSIX M IEpIICH-
JTUKYISPHBIX K UX JTHHUH [TEPECCUCHUS.

Memoo ucnonv3osanusn 6eKmopoe
HOpManell nepecekaruuxca niocKkocmei

JIx000i1 HEeHyneBOI BEKTOP, NEPIIEHIUKY-
JISIPHBIH IIIOCKOCTH — €€ BEKTOP HOPMATU.

W3BecTHO, 4TO KaxJ0e€ ypaBHEHHUE Tiep-
BOM cteneHu px+qy+rz+d =0 npu ycno-

Buu p° +q° +r> #0 3a1aeT B IPAMOYroJb-
HOM cHCTeMe KOOpJIMHAT EIUHCTBEHHYIO

IJI0CKOCT, TUIS KOTOPOM BEKTOP
n={p,q,r} SBISICTCS BEKTOPOM HOPMAJIH.

3ajadyy O HaXO0XKJACHUU YIyla MEXIy
TUTIOCKOCTSMHU O ¥ [3, 3aJaHHBIMH B TIPSIMO-
YIOJIbHOM JIEKapTOBOM CHCTEME KOOPIUHAT
ypaBHeHUsIMHU ~ p,x+¢q,y+1z+d, =0 1u

p,x+q,y+rz+d,=0  COOTBETCTBEHHO,
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ylo0Hee CBECTH K 3aJaue O HaXOXKIACHUU
yrila MEXIy BEKTOpaMHu MX HOpMallen

ﬁa :{p]a q 7']} 144 ﬁﬁ :{pZ’ q,, rz}, HUCIIOJIb-

3ys hopmyiy

| ﬁa ﬁ[3|
cosZ(a,B)=———"—=
| ng [ 7 |
)
|p1p2 +49.4, +’]r2|

- 2 2 2 2 2 2
\/pl +4q, t1h '\/pz +q, th

Ipumep 70. Hatimu yzon medxcoy nioc-
Kocmsamu 2x+3y+6z-5=0 u

4x+4y+2z-7=0.

Pewenue. Bextoper 1, ={2;3;6} wu
n, =1{4; 4; 2} — BEeKTOpHI HOpPMaJEH IIOCKO-
cTen 2x+3y+6z-5=0 "

4x+4y+2z—-7=0 COOTBETCTBEHHO.
Torna nmo gopmyne (9) kocuHyc yriaa @
MCXKAY JaHHBIMH IIJIOCKOCTAMU PABCH:
_ |
RTIIEA
_|2-4+3-4+6-2] 16
 J4+9+36 1641644 21

16
Ortcroma ¢ = arccosz .

Omeem: arccosE .
21

Ipumep 71. (EI'I, 2012). B npasunvhoii
yemuipexyzonvrot npusme ABCDA B,C/D,
cmopoHbl ocHoganusi pasuel 1, a bokogvle
pébpa pasuwvt 4. Ha pebpe AA, ommeuena
mouxka E max, umo AE:EA =3:1. Haiimu
yeon mexcoy nrockocmamu ABC u BED,.

Pewienue. BeneM npsiMOYroJIbHYIHO CHC-
TeMy KOOpPIMHAT, KaK MOKAa3aHO Ha PUCYHKE
82. HailimeM KOOpAMHATBI TOYEK B(O; 0; 0),
E(1;0;3), D,(1;1;4).

CocraBuM ypaBHeHHE ILUIOCKOCTH BED,.
JIJ1s1 TOTO TOJICTaBUM MOOYEPETHO KOOP/IU-
HaTbl ToueKk B, E, D, B oOliee ypaBHEHHE
mwiockoctu ax+by+cz+d =0. Ilonyuum
CUCTEMY YpaBHEHHI:



d=0, d=0,
a+3c+d=0,
a+b+4c+d=0 b=—c

WM < a =—3c,

OTcroma HaxXoJWM ypaBHEHHE IUIOCKOCTH
—3cx—cy+cz=0, numm (mocne cokparie-
HUs HA ¢ = 0):

-3x—-y+z=0.

N3 cocTaBieHHOrO0 ypaBHEHUs IIJIOCKO-
CTH HaxOJuM KOOPAWHATBI HOPMAJIBHOTO

BekTopa n, ={-3; —1; 1} miockoctu BED,.

Tak kak ocb Bz mnepneHAUKYIspHA
IJIOCKOCTH OCHOBaHHUS, TO HOPMAaJIbHBIN
BEKTOp IUIOCKOCTU ABC uMeeT KOOpAuHa-
Tl 1, ={0;0; 1} .

Ucnonw3ys Gpopmyny (9), BEIYHCIUM KO-
CHUHYC UCKOMOTO yrJja:

n-n
cos Z(BED,, ABC) = % =
| n | | n, |

C|=3-0-1-0+1-1] 1 411

S J9+1+1-0+0+1 AT 11

. 11
OTKyza HCKOMBIH yroJy paBeH arccos——.

N
Omeem: arccosT .

Ipumep 72. B xyoe ABCDAB,C D,
Havumu y2o1 mexcoy naockocmamu AB,C u
BCD.
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Pewenue. Ilycth AD=a, AB
AA =¢ (cm. puc. 83), rae |ad|=|b|=

=|¢|=1,a-b=a-c=b-c=0.

Puc. 83

Bekropel BD, u CA, SBIAIOTCS BEKTO-
pamu Hopmaiu iockocreit AB,C u BC,D
COOTBETCTBEHHO, Tak Kak BD, L ABC n
C4, L BC,D . Torna

BD, =i-b+¢,CA =—a-b+¢,
BD,-CA =(d—b+¢)(~d—b+¢)=

=—a’+b*+c¢° =1,

|BD}|=\(@-b+cy =\a+b’+& =13,

CA |=+/(ma—b+3) =4a*+b*+> =43,
=y I
5D, i |
cosQ = _,] _], = ! :l. OTtkyna
BD,|-|Ca| V34303

1 .
Q= arccosg , TJIe (@ — UCKOMBIN YTOJI.
1
Omeem: arccos—.

Ipumep 73. B npasunvrou nupamuode
MABCD (M — esepwuna) évicoma u cmo-
pona ocnoeanus paeusl 4. Touka F — cepe-
ouna peopa MC . [Inockocmb o npoxooum
yepes cepeouny peopa AM nepnenouxy-
qspHo npamou BF . Hatimu yeon mescoy:

a) NI0CKOCMbI0 O U NJIOCKOCHbIO OCHO-
8anus;

0) nnockocmvto o u npamor DM .

Pewenue. Tak xak npsmas BF | o, TO

_—

€€ HaIpaBJAIUNA BEKTOp BF  sABisercs
BEKTOPOM HOpPMAaJIU IUIOCKOCTH O (CM. pHUC.



84). Touka O — ocHoBaHue BbICOTHI MO,

CJIEI0BATENbHO, BEKTOp OM sBIIAE€TCS BEK-
TOpOoM HopMmaiM Iockoctu ABC. Torna
IMOJIy4UM

cosZ(a, ABC) :M. (*)
| BF|-| OM |

COOTBETCTBEHHO, ISl HAXOKICHHS YIia
MEXIy npsiMoil DM ¥ INTOCKOCTBIO L BOC-
noJbp3yeMcst GopMyIoi:

| BF - DM |

sin Z(o,, DM ) = ———=-.
| BF || DM |

(%)

Beenem cucremy koopaunat Oxyz cie-
aywomuM obpazom. Ilycts Hayano koopau-
HaT HaXOJUTCA B LIEHTPE OCHOBAHUS B TOUKE
O, 0Chb X TPOXOAUT Yepe3 TOUKy O Tapal-
JenbHO pedpy AD, och y IPOXOIUT 4Yepes
Touky O mapaieabHo pedbpy AB, och z
MIPOXOJUT 4epe3 TOUKy O MNepHeHIuKyIsp-

HO IUIOCKOCTH OCHOBaHHUs (cM. puc. 84).
Haitnem koopauHaThl TOYEK U BEKTOPOB:

0(0; 0; 0), B(-2;2;0), C(2;2;0),
M(0;0;4), F(1;1;2), D(2;-2;0).

Puc. 84

Torma

BF ={3;—1;2}, | BF |=\9+1+4 =14,

OM =1{0,0;4}, |OM | =4,

DM ={-2;2;4}, | DM |=4+4+16 =246.

Hcnonb3ys hopmyiibl () U (%), MOIyduM

13:04+(=1)-0+2-4|

J14 .4
2
V14’

cosZ(a, ABC) =
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|3-(-2)+(=1)-2+2-4| _

V14246

2
Omeem: Z(a, ABC) = arccos——,

4

Z(o,DM)=0.

0.

sin Z(o., DM ) =

Ilpumep 74. B  edunuunom Kybe
ABCDA,B,C,D, nauimu yeon medcoy nioc-

kocmamu ADE u D, FC, 20e mouku E u F
— cepeounvl pébep AB, u B,C, coomeem-
CMBEHHO.

Pewenue. Beenem NpsIMOYTOJIBHYIO CHC-
TeMy KOOpP/IMHAT, KaK yKa3aHO Ha pUCYHKe §3.
Torma A(0;0;0), C(1;1;,0), D,(1;0;1),

E 0;1;1 , F l;1;1 ,A—E:: 0;1;1 ,
2 2 2
—_ — — 1
AD, ={1;0;1}, CD, ={0;-L1}, CF :{—5;0;1}.

Z)

4,

Puc. 85

Haiinem Bextop #n,={p,q,r}, HepneH-
IUMKYISApHBIA Iockoctd AD, E. DTOT Bek-
TOP JOJDKEH ObITh MEPHEHAUKYISIPHBIM BEK-

TOpam AE u A—D; , IOATOMY

{ﬁ,-ﬁzo o %Jrr:o

J— =
n]-AD]:0 p+l”=0
=-2r
@{q
p=-r.

Ilycte r=-1, torma p=1, g=2 u
n =1{l;2;-1}.
Haiinem BexTop 7, = {a, b, c} , nepnenau-

KyJspHbIA iockoctu D FC . D10T BEKTOp



JIOJDKEH OBITh MEPHEHIUKYISPHBIM BEKTOpaM
CD, n CF , nosromy

ﬁz-C—D]:Q —bte=0, b=c,
. - a =
i, -CF =0 —§+c:0 a=12c.
I[lycts c¢=1, Torma a=2, b=1 mu
n,=1{2;1;1} . JIna HaxoXAeHHs HCKOMOTO
yrima ¢  ucnonsdyem  dopmyny  (9)
— |ﬁ1 1, |
cos@ = ———. Tak kak
|7 ||, |

Aiy=1-2421+(=1)-1=3, | i, |=+/6,
|7, |=\/E,TO cos@ =0,5, otkyma ¢ =60°.
Omeem: 60°.

Ipumep 75. Han xy6 ABCDA,B,C,D,.
Haiimu yzon meocoy naockocmamu MNP u
AKD, 20e mouxku M — yenmp epanu AA BB,
N — cepeouna pebpa B/,C,, K — cepeduna
peopa CC,, P — denum pebpo DD, ¢ om-
nowtenuu DP: PD =1:2.

Pewenue. BeneMm cucremy KOOpPIWHAT
cienyomumM oopasoM. Touky 4 mpumem 3a
Hayano koopauHat. Ocu Ax, Ay u Az Ha-
IIPaBUM BJIOJIb pebep kyba AD, AB u A4,

COOTBETCTBEHHO (cM. puc. 86). [lycts pebpo
Ky0Oa paBHO 1. Beipazum KoopauHaTHI TOYEK:

zA

A

Puc. 86

A(0;0;0), D(1;0,0), K(1;1;0,5),

M 0;1;l , M l;1;1 ,P(I;O;l).
2°2 2 3

Haiinem koopanHaTBhl BEKTOPOB:
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222 26

AD ={1;0;0}, AK ={1;1;0,5}.

Ternepp HalEM KOOPIMHATHI BEKTOPOB
n, U n,, NEPHCHIUKYIAPHBIX IUIOCKOCTIM
MNP n AKD cootBercTBeHHO. Haunem c
BeKTOpa 1, ={p,,q,,%}. Ero xoopauHaTb
WIYTCA U3 YCIOBUN PAaBEHCTBA HYJIO CKa-
JSIPHBIX TIPOM3BEICHUH 74, C BEKTOPaMH

MN u MP . [Tonyyaem cucremy

ﬁ] M—N: 0’ 0’5p] +035q1 +0,5]"] :0’
ﬁ]MPZO, p]—O,Sql—gr] :0’
2 7
@ p] :—gn’ql :—57«]

Ora cucreMa uMeeT OECKOHEYHOE MHO-
KECTBO DPELICHHUH, TaK KaK BEKTOPOB, Iep-
NeHAUKYISpHBIX IIockoctu MNP, Gecko-
HEYHO MHOro. BpiOepem U3 1aHHOrO MHO-

’KECTBAa HEHYJEBOH BEKTOp 7, IOJOXHB
r,=9. Torma n, ={-2;-7;9}.

Haiinem Ttenepp KOOpAMHATBI BEKTOpa
ny,={Py,qy, 1}, HEPIECHIUKYIAPHOTO
II0CKOCTH AKD. Ero KOOpAMHATHI MIYTCS
U3 YCJIOBMM PAaBEHCTBA HYIIO CKaJSPHBIX

Npou3BeNIeHNH 7, ¢ BekTopamu AD n AK .
[Tonygaem cucremy

n,-AD =0, {p2+0-q2+0-r2:0,

o &

n,- AK =0; p, +q,+0,5r, =0;
< p,=0,q9, =-0,57,.

Bosemem r, =2. Torma n, ={0; —1;2}.
Jns HaxoXKIEHUs yria MEXIy IJIOCKO-

ctssmu MNP u AKD Bocnionb3yemcst popmy-
no# (9):

cos Z(MNP, AKD) =|cos Z(n, n,) | =

10+7+18]

~ 125
V4+49+81-4/0+1+4 V134

/ 12
Otcrona Z(MNP, AKD) = arccos 13—2

125
Omeem: arccos.,|—.
134




Memoo ucnonv3osanus HanNPaAGIAIOUUX
6E€KMOPO8 CKPEeUUBAIOWUXCA NPAMDIX,
nepneHOUKYIAPHBIX OAHHBIM NIAOCKOCHAM

HenyneBoit BeKTOp ¢ Ha3bIBaeTCs Ha-
npasisAowuM BEKTOPOM NpsIMOM [, €ciid OH
JeXUT 00 Ha camoul mpsiMoi /[, nmubo Ha
MIPSIMOM, TApAJIJIEIBHOM €.

Hycrs p = {xl’ Yis Z]} M g= {xz’ Yas Zz}
— HAIpaBJISAIOUIME BEKTOPHI MPSMBIX a U b,
TOTJIa YTOJ (@ MEXAy dTUMU MpsSMbIMH (Iie-
PECEKAIONIMMUC UM CKPELIUBAIOLIUMUCH)
Haxo AT 1o (opmye:

|x1x2 + 0y, + lez|

2 2 2 2 2 2
\/x] +y t+2z -\/)62+y2+z2

CoOsSQP =

(10)

Ilpumep 76. B ocunosanuu nupamuovl
MABCD neoxcum npamoyeoabHUK ¢ OMHO-
wenuem cmopon AB:AD=1:2 (cMm. puc.
87). Kaowcooe 60rxosoe pebpo HAKIOHEHO K
NJIOCKOCMU OCHOB8AHUS NOO Y210M, PAGHbIM
60°. Touxa R — cepeouna peopa MC .
Haiimu yzon meoxcoy nnockocmamu MAC u
ADR.

Pewenue. Ecniu cuurtath, yto AB =a,
Torga AD = 2a, u Bce TMHENHBIE DJIEMEHTHI

B nnupamujie OyayT 3aBUCETh OT OJHOTO Ia-
pamerpa a. IloaTomy, He Tepsis OOIHOCTH, C
TOYHOCTBIO JI0 TOJAOOMS MOKHO HPHUHSTH

AB=4. Torna AD =8, OM =24/15, tne

O — TOuKa mepecedeHusl AUaroHaieu mnps-
MOYTOJIbHHKA, JISKAIETO B OCHOBAHHU.

Bepmmuaa M nwmpamunet MABCD 1npo-
exThpyercss B Touky O. BBemem cucremy
KOOpJUHAT cliefyromuM odpazoM. Touky O
npuMeM 3a Hadajo koopauHaT. Ocu Ox u
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Oy HanpaBHM MapajlieIbHO CTOPOHAM OC-

HOBaHMsA, a OCb (Oz— BJOJb BBICOTHI ITHpAa-
Muasl OM .
Bripaszum kooparHATHI TOYEK:

A4 -2,0),  B(-420), C(420),
D(4;-2;0), M(0;0;2+/15), R(2;1;+/15).
Otpe3ok AR sBisieTcs BBICOTON B paB-
HOCTOpOHHEM TpeyrojpHuke AMC, mo3to-
My mnpsmas MR meprneHIuKyaspHa pedpy
AR wuckomoro nsyrpanHoro yriua. IIpose-
neM B TpeyronbHuke ADR Boicoty DH. To-
I7Za 3ajada CBEIETCA K HaXO0XKIACHHUIO yria

MexXy npsameiMu MR v DH.
Haiinem koopanHaTBI BEKTOPOB:

MR ={2;1;—/15}, AR =1{6;3;~/15},
DA = {-8; 0; 0}.

Tak xak Bektopel AH u AR xonnuHe-
apHbIe, TO

AH =k - AR = {6k, 3k, 15k} .

Jlanee u3 paBeHcTBa DH = DA+ AH OJTy-
qaem DH = {6k —38; 3k; \/Ek}. Teneps, uc-
I10JIb3Yys YCIIOBHUE DH 1 ﬁ, HMEEM ypaB-
HEHUe

6(6k —8)+ 9k +15k =0 .

Otcrona k=08 it
DH =1{-3,2; 2,4; 0,8\/15}.

Tak kak MR wu DH — HamnpaBisiolue
BEKTOPBI NpsIMbIX MR u DH COOTBETCTBEH-
HO, TO JUISl HAXO0XACHUS yriia MEXAy 3TUMU
MPSIMBIMHU BOCTIONIB3yeMcst hopmysoit (10):

|-6,4+2,4-12] 1

J4+41+15-,/10,24+5,76 49,6 2

cos P

3HaAuuT, Yroia Mexay npsMeiMu MR u
DH, u yron Mexay HaHHBIMU IUIOCKOCTSIMU

paBeH T
4

T
Omeem: —.



Penrenune ogHoii
3a1a4M pa3sHbIMU MeTOAaMM

Hpumep 77. B ocHosanuu npamou
npusmel  ABCDA,B,C\D, nexcum pomb

ABCD co cmoponot V21 u yenom A, pas-
noiv 60°. Ha péopax AB, B,C, u DC @3s-
mul coomeemcmeenno mouku E, F u G mak,
umo AE=EB, BF=FC, u DG=3GC.
Hatimu xocumyc yena mearcoy niockocmamu

EFG u ABC, ecau ebicoma npuzmbl pasHa
4,5.

B, F
: JIIF‘\" CI
E D / 1N
VLA h
4 =T ) b
=r" h ll“1 g
¥ ! M,
s I = -
ABIEG Y JC s
RS o S P
F:F.:,d_-—f vf!; G,
A D
Puc. 88

Pemenue. 1-ii cnocob6 (nocmpoenue nu-
HellH020 yena 06yzpanno2o yana). OnycTuM
U3 TOYku [ nepnenaukymnsap FF, Ha mioc-
kocte ABC (BF, =F,C, FF, || BB,) u nep-
neHaukynsip FH Ha npsmyto EG (cM. puc.
88). Torna yron FHF, — muiockuil yron aBy-
rpasHoro ymia BEGF,
miockoctaMu EFG u ABC.

ITycte G, — TOYKa nepecedyeHus NpsiMbIX

00pa3oBaHHOTO

EG u BC. U3 nogobus TpeyroibHUKOB
EBG, n GCG, nonygaem ( EB|| GC), uro

CG, = BC, tak xak GC :%DC :%EB .

Hcnons3ys TeopeMy KOCUHYCOB JUIsl Tpe-
yrosbHuka EBG, noiaydaem

EG” =EB’+BG,” —=2-EB-BG, -cos120° =

:24_844_2.2.24[21.1:@’
4 2 4
EG =21

2

Amnaorn4Ho U3 TpeyroipHuka EBF| Ha-

37
=

xomum EF, =
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Haxonum muomans tpeyroyisHuka EF G,

1 :
:E-EF] -FG, -sin150° =

A EFG,

2 2 2 2 16
Beicota F/H TtpeyronsHuka EF,G, Ha-
XOIUTCA 10 (hopmyrie

rpy o 2Seme _63V3 21343

: EG, 8 2 4

N3  mpsaMoyrosibHOro
FFH nomydaem

TPEYyroJIbHUKA

FH®=FH’ + FF’ =f—2+§=27'13
3439

4
OKOHUaTeIBbHO HAXOAUM KOCHHYC yTiia

FHF, mexnay minockoctamu EFG n ABC
o dhopmyie

4 16

2

FH

FH 33 3439

1
cos/ZFHF, = : = .
"""FH 4 4 13
Omeem L
VTR

Pewenue. 2-ii cnoco6 (ucnonvsosanue
onopuoul 3adauu). [N HAXOXICHUS yria
Mexay miockoctamu EFG u ABC Boc-
M0JIb3yeMCSl TEOPEMOM O IJIOUIaJAU OPTOTro-
HaJIbHOU MpOoeKUMHU (CM. Harpumep, 3a1. 212
Ha cTp. 58 yueOHuka «I'eomerpus, 10-11»
(yueb. nmnst oOmeoOpa3oBar. yUpeKICHUM:
6a30BbIi 1 ipoduit. ypouu / [JI.M. Atana-
csiH, B.®. byry3os, C.B. Kagomies u ap.| —
16 w3n. — M.: Ilpocsemenue, 2007, 256
CTp.).

OnyctuM U3 TOYKH F TEPHEHIUKYISP
Ha m1ockoctb ABC (cM. puc. 89). Touka F
— OpTOTOHAJIbHASI TPOCKIHsI TOYKH F Ha
IUIOCKOCTh  OCHOBaHuss U  BF, =FC,

FF, | BB,.

ITycte G, — TOYKa nepecedyeHus NpsiMbIX
EG n BC. Tpeyronsnuk EF,G,, nexamui
B IJIOCKOCTH ABC — OpTOroHaiabHas Tpe-

yrosbHuka EFG,, nexalero B INIOCKOCTU
EFG.



B, F C
1 F S “1
1 L™
E D r‘ 1) b,
1 [ ™
| LT ™ c
;‘I] i Pi : 'l. .
}I-’ I x o
- § 3
.'ri IF l;I iy -\-.‘
g J____ __4__I_J__ -{‘:—'———————————1.-15
y A - e e e =
I ST
'Erf-‘f—""‘ G ‘GI
A D
Puc. 89

W3 nonobust tpeyronsHukoB EBG, u

GCG, noirysaeM  (EB||GC), 410

CG, = BC, tak xak GC :%DC :%EB .

W3 Teopembl KOCUHYCOB Ul TPEYIOJib-
Huka EBF, nomyyaem

EF" =EB’ + BF," —=2-EB-BF, -c0s120° =

21 21 421 V21 163

4 4 2

Torna m3 mpsMOYTOJBHBIX TPEYrOJbHU-
koB EFF, n FFG, nony4aem

63 81

EF? = EF’ + FF* ==+ 2= =36,
4 4
EF =6;
FG®=FG + FF* _189 81_270
4 4 4

N3 Teopembl KOCHHYCOB ISl TPEYTOJIb-
Huka EBG, norydaem

EG = EB*+BG,’ -2-EB-BG,-cos120° =
:2+84+2-@-2@-l=ﬂ,
4 2 4
£G =21,
2

Torpa, ucnonb3yst TeOpeMy KOCHHYCOB
U1 TpeyrojapHuka EFG, , noiy4aeM

www.abiturient ru

EF*+FG’-EG’
cos ZEFG, = +FG, G _
2-EF -FG,

364 270 _ 441

4 4 3

3430

267

32\/5
8\/_

Haxonum momans tpeyroyisHuka EFG,

sin ZEFG, =

Ser :%-EF-FG] .sin ZEFG, =
1 3\/_ \/63 9\/_ \/g
2 2 810

Haxonum muomans tpeyroyisHuka EF G,

:%-EF] .F.G, -sin150° =

SEFG

E'T'T'E 16

OKOHUATENBbHO HAXOJUM KOCHHYC YIJIa
¢ Mexnay miaockoctamu EFG u ABC mo

bopmyre

S
cos@p = —1% 2631\6/5 9\/_\/_ \/_

EFG,

Pemenue. 3-u cnoco6b (kKoopounamuo-
eéekmopuuiit). Tak Kak JIuaroHaau pomoa
NEPpHNCHAUKYIIAPHBI, TO BBCIAEM IIPAMO-
VJrOJIbHYI0 cHCTeMy KoopauHat Oxyz cie-

nyrommm odpazoM (cM. puc. 90).

IlycTe TOuYka mepecedeHUs aHUAroHaien
pomba ABCD (O — Hayano CUCTEMBI KOOP-
AWHAT, OCH HaIIPaBJICHBI TaK, KaK YKa3aHO
Ha pucyHke 90.

Wcnonb3ys To, 4TO AuaroHaiu pomoOa sB-
JSI0TCS OMCCEKTpUCaMM YIJIOB IIPHU BEpILU-

Hax, IOJy4aeM
J21. Y3 \/_ 3\/_
2
@

30°=——.
2

AO = AB -cos30° =

BO=AB-sin

58



‘:
il & @
A e
.._-’"'-i’fq'---r: 1
A, i ,'\K H‘.
B\ =%
T\ B IS 7 R @ '
e i r
- [0
4 D
X
Puc. 90

VuuteiBad, uto AE=EB, BF=FC, u

DG =3GC, nony4aeM B MOCTPOECHHOM CHC-
TeM€ KOOpJIMHAT KOOPAHMHATHI TOYeK £, ' n
G:

E( 21 3T ] ( J_I3J7 9]
;0 :

4 4’2
o Y21.997 )
8 8
Haitnem xoopauHatbl BEKTOpa HOpMAIH

n, ={a; b; ¢} miockoctu EFG U3 cucTeMbl
YPaBHEHUN:

n -FE =0, .
ﬁ . raoe FE = {0 —i —2},
n

.FG =0, 2
FGo 322137, 9|
8 8 2

HOHCTaBJ’IfIﬂ KOOpI[I/IHaTI)I BeKTOpOB, I10-
JIy4aem
3WJ7 9

a-0-b- ——c-—:0,
2 2

3J21 0 37 9
a- +b- g —c-

8
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[TockonbKy B KauecTBE ¢ MOXHO B3ATb
moboe, otauyHoe oT 0 4Yucno, TO IMyCTh

c=~21. Torxa ;,: {15;—3x/§; x/ﬁ}.

Tak kak ocep Oz NEpIEHIUKYISIPHA
II0CKOCTH ABC, TO €€ BEKTOp HOpMalU
n, =10;0;1} .

Haxonum kocuHyc yria Mexay IIOCKO-
ctsimu 1o popmyiie (9)

—_— —

n -n,

ol
115-0-3+/3-0+21-1] V21 1

T 225427121401 041 273 13

cos L(EFG, ABC) =

—

n,

Tpel—ll/lpOBO‘IHble YHIpaKHCHUSA

116. lan xy6 ABCDA,B,C D, . Haiinure
yrout Mexay miockoctsamu AB,C, nu A4,B,C.

117. B xyoe ABCDA,B,C,D, touku E,
F — cepenunbl pédep COOTBETCTBEHHO A, B,
u AD,. Haiinure TaHreHc yria MeExIy
mwiockoctamMu AEF n BCC,.

118. B xyoe ABCDA,B,C,D, touku E,
F — cepenunsl péoep COOTBETCTBEHHO A, B,
u AD,. Haiinure TaHreHc yria MeExIy
miockoctaMu AEF w BDD, .

119. B xkydbe ABCDA,B,C D, nuaronaib
A C sABnsercs peOpoM JBYTpPaHHOIO Yria,

IPaHU KOTOPOro MpOXOJAT 4depe3 B u D.
Haiinure BenmnmuuHy 3T0TO yria.

120. Juaronainb AC KyOa
ABCDA,B,C,D, cnyxutr peOpoM IByrpaH-
HOTO yIja, TpaHH KOTOPOTO MPOXOJAT Yepes3
cepenunsl pedep AB u DD,. Haiinute Be-
JUYUHY 3TOTO yria.

121. /Tan npsIMOYTOJIBHBIN NapalIeNeny-
nen ABCDA B,C\D,, umnbl pédep KOTOpo-
ro paBHbl AB =2, AD = A4 =1. Haiingure
yroa meny miockoctsimu CD, B, u CDA4, .

122. B npsAMOYroJIbHOM Tapasuiesienumne-
ne ABCDAB,C\D,, y xotoporo AB =4,
BC=6, CC, =4 mnailiute TaHreHC yria
Mexy iockoctsMu CDD, u BDA4, .



123. B npsMOyroJibHOM mapasuiesienume-
ne ABCDAB,C\D,, y xotoporo AB=6,
BC=6, CC, =4 mnailiute TaHIeHC yria
Mexy miockoctsiMu ACD, u A, B,C,.

124. B npsiMoyrojipHOM MapaJienenue-
ne ABCDA,B,C D, n3BecTHbI JUIMHBI pedep:
AA, =5, AB=12, AD =8. Haiigure Tan-
TeHC yIila MeXIy II0ocKocThio ABC u mioc-
KOCTBIO, MTPOXOJIAILIECH Yepe3 TOUKy B rmep-
MIEHUKYISpHO npsMond AK , ecnmu K — ce-
penuna pedpa C,D,.

125. (EI'D, 2010). B mpsmMoyroibHOM
napamnenenunene ABCDA B,C, D, wn3Becrt-
Hbl p€06pa AB=8, AD=6, CC, =5. Haii-
IUTE Yrojl MEeXAy IUIocKocTaMH BDD, n
AD,B,.

126. OcHoBaHue NPSIMOI YETHIPEXYTOJIb-
HoW mpusmel ABCDA B,C,.D, — mnpsamo-
yroibHUK ABCD, B KOTOPOM AB =28 ,
AD =6. Haijnure TaHreHC yria MeExXay
IUIOCKOCTBIO TpaHu AABB 1npusMel H
IUIOCKOCTBIO, TIPOXOJIAIIEN Yepe3 CepeAuHy
pedpa CD nepneHAUKyIsipHO npsimodt AC,,
€CIM paccTossHue Mexay npsameivu A,C, u
BD pasHO 8.

127. OcHoBaHuE NPSIMOI YETHIPEXYTOJIb-
HoW mnpusmel ABCDAB,C\D, — mnpsamo-
yroiibHUK ABCD, B kotopoM AB =12,
AD = +/31 . Haiigute KOCUHYC yIJIa MEXIY
IUIOCKOCTBIO OCHOBAHMS NPU3MBbI U IIOCKO-
CTBIO, NPOXOJILIEH Yepe3 cepenuHy peldpa
AD nepneHIUMKYISpHO NpsAMOM BD,, ecnu
paccrosgaue mMexay npsmeimu AC u B\ D,
paBHO 3.

128. (EI'D, 2012). B npaBuibHON YeTbl-
pexyronsHoi npusme ABCDAB,CD, cro-
POHBI OCHOBaHUs paBHbI 2, a G0KOBBIE PEOPA
paBHbl 3. Ha peOpe A4, ormedeHa Touka E
Tak, 4to AE:EA =1:2. Haiigure yron
Mexay miockoctamMu ABC n BED, .

129. (ananor EI'J, 2012). B npaBuib-
HoOW 4-xyrossHoi npusme ABCDA B,C\D,
CTOpOHA OCHOBaHMs paBHa 3, a OOKOBOE
peopo 4. Ha pebpe 4,4 nana touka E Ta-
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Kas, uro A E =3A4E. Haiitu yron mexny
miockoctamu ABC u BED, .
130. (Penmerunmonnsiii EI'J, 2012). B

IIPAaBUJIBHOM  YETBIPEXYI'OJIBHOW  IpHU3MeE
ABCDA,B,C,D, cTtopoHa OCHOBaHHs PaBHa

3, a bokxoBoe peOpo paBHo 5. Ha pebpe A4

B3sTa Touka M Tak, uto AM =2 . Ha pebpe
BB, B3dra Touka K Ttak, yto B K =2. Haii-

IWATE yrol Mexnay miaockoctamu CC D, n
DMK .
131. (Pemerunmonnsiii EI'J, 2012). B

IIPAaBUJIBHOM  YETBIPEXYrOJIBHOW  IIpHU3MeE
ABCDA,B,C,D, co cTopoHO#l ocHOBaHus 4

U BBICOTOM 7 Ha peOpe AA, B3dra Touka M
Tak, 4t0 AM =2 . Ha peOpe BB, B3sTa T04-
ka K tak, yro B K =2 . Haligure yron me-
KAy IUIOCKOCTBIO DMK ¥ INIOCKOCTBIO
CCD,.

132. (EI'D, 2012). B npaBWIbHON YeThI-
pexyroapHOi npusme ABCDAB,C/D, cro-
POHBI OCHOBaHUs paBHbI 2, a 60KOBBIE PEOPA
paBHbl 3. Ha peOpe A4, ormedeHa Touka E

Tak, uto AE:EA =3:2. Haiinute yron
Mexay miockoctamMu ABC u BED, .

133. B ocHOBaHMM HpPSIMONW IPU3MBI
ABCDA,B,C,D, nexutr pom0 ABCD co

CTOPOHOM V21 u yriiom 4, paBHeiM 60°. Ha
pedpax AB, B,C, u DC B34Tbl COOTBETCT-

BeHHO Touku F, FF u G tak, uto AE =EB,
BF=FC, u DG=3GC. Haiigure kocu-

HYC yIjla Mexay IuockoctaMu EFG un
ABC , ecniv BbICOTA MPU3MBI paBHa 4,5.

134. B npaBuiibHOM TpEeyroibHON mpu3Me
ABCAB,C, Bce pébpa pasubl 1. Haiimure
KOCHHYC yrila MeXJy IockocTsMu AB,C u
ABC.

135. B npaBuibHOM TPEYrOJIbHOM ITPU3ME
ABCA,B,C,, Bce pébpa KOTOpOil paBHBI 1,
Haiinute yroa mexay miockoctssmu ACB, u
AC\B.

136. CropoHa OCHOBaHMS MpPaBUIBHOMN
TpeyrosbHoOi npusmel ABCA,B,C, paBHa 2,

a JauaroHaib OOKOBOW TpaHM paBHA NER



Haiinute yron mexny miockocteto 4, BC u
IUIOCKOCTBIO OCHOBAHHUS IIPU3MBI.

137. B npaBuibHOMN TPEYTrOJbHOM IIPU3ME
ABCA,B,C,, Bce pebpa KOTOpoil paBHBI 1,
Touku D, E — cepenuHbl pédep COOTBETCT-
BeHHO A, B, u A,C,. Halinure TaHreHc yria
Mexy iockoctsiMu ADE u BCC, .

138. OcHoBaHueM NpsSMOIl TPeyroybHOMI
npusmel  ABCA B,C, sABnsercs paBHOOEn-
peHHbI TpeyroibHuk ABC, B KOTOpOM
AB=BC=10, AC =16.bokoBoe pebpo
npusMel paBHO 24. Touka P — cepeauHa
peOpa BB,. Haiigure TaHreHc yriia Mexay

miockoctamMu A4, B,C, n ACP.

139. OcHoBaHueM NpsAMOIl TPeyroybHOMI
npusmel  ABCA B,C, sABnsercs paBHOOEn-
peHHbId TpeyroibHuk ABC, B KOTOpOM
AB=BC =20, AC =32. bokoBoe pedpo
npu3Mbl paBHO 24. Touka P nmpuHAIIEKUT
peOpy BB,, npuuem BP:PB =1:3. Haii-

AATC TAHI'CHC Yyrja MEXAY IIJIOCKOCTAMU

A,B,C, n ACP.

140. OcHoBaHueM NpAMOIl TPeyroybHOMN
npusmel ABCA,B,C, sBngeTcs TpeyrojibHUK
ABC, B xotopoM AB=AC =8, a oquH u3
yrioB paBeH 60°. Ha pebpe 44, ormeueHa
Touka P Tak, uto AP:PA, =2:1. Haiinute

TaHIeHC Yrila Mexay miockocTsimMu ABC u
CBP, ecnu pacCTOSIHME MEXAY INPSMbIMHU

ABwu C B, paBHO 183

141. OcHoBaHueM NPAMOIl TPEyroybHOMN
npusmel ABCA,B,C, sBngeTcs TpeyrojibHUK
ABC, B xotopom AC=BC =6, a OIUH U3
yrioB paseH 60°. Ha pedbpe CC, ormeueHa
Touka P Ttak, yto CP: PC, =2:1. Haiigure

TaHreHC Yrila Mexny miockocTsimMu ABC u
ABP, ecnu pacCTOSHAE MEXIYy IPSIMBIMHU

ACu A,B, paso 18+/3 .

142. OcHoBaHMEM NPSIMON MPU3MBI
ABCA,B,C, sBiseTcs NpsMOYIroibHbIN Tpe-
yronbHUK ABC c runorenysoit AC. Haiigure
TAHT€HC yIJla MEeXKIy II0cKocThio A, B,C, n
IUIOCKOCTBIO, TPOXOJIAIIEH Yepe3 CepefuHy
pedpa A4, u npsamyro BC, eciu AB =4,
BB, =12.
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143. B nmnpaBuiIbHOW IIECTUYTOJILHOM
npusmMe ABCDEFA B,C D EF,, CTOpOHBI

OCHOBaHHUSI KOTOpOHl paBHbI 1, a OOKOBBIE
p€Opa paBHBI 2, HAWIUTE YTOJ MEXY TII0C-
KocTaMu BA D, n AAE,.

144. Bce péOpa TpeyroapHON MUPaAMUIBI
SABC paBHbl Mexay coboit. Touku K u L —
cepenunbl pedep 4B 1 BC cOOTBETCTBEHHO.

Haiigure yron mexnay miockocTsMu ABS u
KSL.

145. OcnoBanue nupamuasl DABC —
paBHOOEIpeHHbIN TpeyroabHuk ABC, B Ko-
topoM AB =BC =13, AC =24. Pebpo DB
MEPIEeHIUKYIIIPHO TUIOCKOCTH OCHOBAHUS U
paBHOo 20. Haiinure TaHreHc IBYTPaHHOIO
yriaa npu pedpe AC.

146. B mpaBuiIbHOM YETHIPEXYrOJIbLHOMN
nupamune SABCD, Bce péOpa KOTOpoil paBs-
Hbl |, HAUUTE KOCHUHYC YIJIa MEXKIY IIOC-
koctsamMu ABC u BCS.

147. (MHUOO). B npaBunpHOl yeTbIpex-
yroseHoM ntupamune SABCD ¢ ocHOBaHHEM

ABCD cropoHa OCHOBaHMsSI paBHa 6v2, a
O6okxoBoe pedbpo paBHo 10. Haiigure yron
Mexay iockoctsimMu ABC u ACM, tae Tou-
ka M gpemur pebpo BS Tak, 4TO
BM :MS=2:1.

148. B ocnoBanuu mupamunsl SABCD ,
Bce OOKOBBIE pEOpa KOTOPOMl paBHbI 17, je-
KUT NpAMOYroyJbHUK ABCD. Touka M -
cepenuHa pedpa SA. Yepes npsmyro BM
napajmenbHo jguaroHamu  AC  mpoBencHa
IJIOCKOCTh. HaliiuTe Benu4nHy yria Mexay
9TOM IIOCKOCTBIO M MIOCKOCThI0O SAC , ec-
JIM U3BeCTHO, uTo AB=24,a BC=10.

149. Jluamerp OKPYXHOCTH OCHOBAHHS
nuuHApa paseH 20, oOpasyromas UIHHIpA
paBHa 28. Il1ockocTh mepeceKkaeTr ero OCHo-
BaHMA MO xopaam JiuHbl 12 u 16. Haiiaurte
TAHTEHC YIia MEXAy 3TOW IUIOCKOCTBIO
TUIOCKOCTBIO OCHOBAHWSI IIFITHHIPA.

150. [duamerp OKpPYXHOCTH OCHOBAHUS
IWIMHAPA paBeH 26, oOpasyroias UIHHIPA
paBHa 21. IlockocTh mepecekaeTr ero OCHo-
BaHMA 1O xopaam juuHbl 24 u 10. Haiigure
TaHTEHC yTila MEXIy 3TOW IUIOCKOCTBHIO H
MIJIOCKOCTHI0 OCHOBAHUSI IUJIMH/IPA.



I'naBa 2. [lnomany 1 00 bEMBI

B nannom pasznene tpeGyercst He TOJIBKO
3HaHue (HOPMYI I BBIYMCIICHUS TIJI0IIAIeH
MMOBEPXHOCTEH M 00BEMOB MHOTOTPAHHUKOB,
HO W 3HAaHUE CBOMCTB MPOCTPAHCTBEHHBIX
¢uryp (mpusma U NUpamMuja), TpPU3HAKH U
CBOMCTBA, KOTOPBHIE OTHOCATCS K B3AUMHOMY

PAaCIIOJIOKEHUIO MTPSAMBIX U IIOCKOCTEMN

2.1. Il1omaab NOBEPXHOCTH
MHOTOTPAHHUKA

q)OpMy.]'[BI JJIA BBIYUCIICHUS ITJI0IMIaaAu I10-
BCPXHOCTH NPU3MATHYCCKUX TECJI

boxoBas u mojiHas MOBEPXHOCTH l'lpﬂMOﬁ
MPU3MBbI

Se. =1-P,

6ok

rae [ — mimHa GokoBoro pebpa, P — mepuMerp
OCHOBaHHs, S, — IUIOIIab OCHOBaHH,

S =8 +25_.

TTOJTH 60K

boxoBasa u mojiHas MOBEPXHOCTH HAKJIOHHOM
MPU3MBbI

S. =I-P,

6ok

rae / — nnuHa 6okoBoro pebpa, P, — nepumerp
MIEPIEHANKYJIIPHOIO EMY CEUECHMS.

Soom = Soox T 28

TTOJTH 60K

Iloanas MOBEPXHOCTH MPAMOYI'O0JBbHOI'O
mapaJjiejaenuineaa

S om = 2(ab+bc+ac),

rae a,b,c — wmHbl pebep, BHIXOMIIHUX U3 O1-
HOH BEpILIUHBI.

@opMyIIbl ISl BBIYUCICHHUS ILIOIIA/IN T10-
BEPXHOCTH 1-yrOJIbBHOW MUPAMHU/IbI

boxoBan MMOBEPXHOCTH l'lpaBHJ'[LHOﬁ

NMUpaMHuIbI
1
S601< = 5 P a,

rae P — mepuMeTp OCHOBaHMS TPABHILHOMN IIH-
pamuzbl, a — anodeMa OOKOBOM IpaHu;

S

_ _Mocu
S601< - s
cosa

rae S, — IUIONIaab OCHOBaHMs, OL — Mepa ABY-
IPAaHHOIO yIJia MPH peOpe OCHOBAHUS.
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BoxoBasi 4 mosTHAsA NOBEPXHOCTH NMPABUJIb-
HOM yceueHHO MupaMu/bI

1
S601< :E.(P]+P2).a’

rne P, u P

), — HEPUMETPbI BEDXHEr0 M HIDKHETO
OCHOBaHMH, @ — anodeMa GOKOBOM Ipanu;
S = S] _Sz
6ok b
CcCoSa
rae S, u S, — mIomanu BEPXHEro M HUKHETrO

OCHOBAaHUM, O — Mepa IBYIPAHHOIO yIJja IIpU
pedpe HIKHEr0 OCHOBAHHS,

Som =5,

TTOJTH 60K

+5,+5S,.

ITosiHas MOBEPXHOCTH MPABUJIHLHOIO
TeTpadapa

_ 2
Som =0 V3, e a - CTOpOHA.

PaccmoTpuMm crnepyromme 3agadd  JaH-
HOrO pasjena: BBIYMCIEHUE IUIOIIAAM I0-
BEPXHOCTH MHOTOTPAaHHUKA WU €ro 4YacTew,
HaXOXXJeHHEe JMHEHHBIX W HEIWHEHHBIX Be-
JIMYMH MHOTOTPaHHMKA C HM3BECTHOM ILJIO-
11a/1b}0 IOBEPXHOCTH (4aCTU MOBEPXHOCTH),
CpaBHEHUE IUIONIAACH, CPAaBHEHUE OTPE3KOB.

Ilo3amanno-evluuciumenbHulil Memoo

HMpumep 78. B npasunvnou uemwvipex-
V2ONbHOU npusme OUa2OHAlbL pasHa d u Ha-
KIOHeHa K NIocKocmu 6OKO080U 2paHu noo
yenom . Haumu naowaov 60koeoi no-
8EPXHOCMU NPUZMBL.

Pewenue. Paccmorpum MIpU3MY

ABCDAB,C/\D,, nnsa KOTOpOW JMaroHaib
AC, =d (cm. puc. 91).




Tak xaxk 4D 1 CDD,, to ZAC,D sBns-
ercd yrioM Mexay aumaroHanslo AC, u
WIoCKoCTe0 CDD,, BenW4YMHA KOTOPOTO

paBHa OL.
W3  npsAMOYronbHOro  TpeyroJibHUKa
ACD HAX0JUM AD =dsino u

DC, =dcosa. Jlanee u3 npsAMoyrojabHOro
tpeyrosubHuka DCC| nonydaem

CC, =./C,D* —CD? =
— d+Jcos? o —sin? o, = d+/cos 20t .

[Tnomanas OOKOBOM MOBEPXHOCTH MPU3MBI
paBHa

S

=4.CD-CC, = 4d” sin a/cos2a. .

[YUS

Omeem: 4d” sin o/cos2a. .

Hpumep 79. B npasunvnou uemwvipex-
V2ONbHOU YCEeYeHHOU Nnupamuoe CmopoHbsl
OCHOBAHUI PABHbL 4 U d,, A OUAOHALbL NU-
pamuost — d. Onpedenumsv 00K08YIO no-
8EPXHOCMb NUPAMUODL.

Pewenue. 11yctb B yceUeHHOU MUpaMHUJIe
ABCDAB;C;D; CTOpPOHBI HIKHEr0 OCHOBa-
HUS PaBHBl g, BEPXHErO — q;, a AUAroHalb
nupamuabl — BD =d (cM. puc. 92).

Puc. 92
W3 Bepmmnbl B, nposenem BN L AB n
BM L BD. Tak kak BN — anodema JaH-
HOM mupaMujpl, TO OOKOBas IMOBEPXHOCTh

nmupaMuabl MOXKCET ObITh BBIYHCIIEHA IIO

bopmyre
1
Sax=5(P+R)-BN.
rne P=44B=4a,a F=44B, =4aq,.
Otpe3ok B/N HaiiieM U3 HPSIMOYroJib-
HOTO TpeyroiabHukKa B, NM (£LBMN =90°).
Juaronamu xBanpatoB ABCD wu A,;B,C,D,,
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JISKaIMuX B OCHOBAaHUAX, paBHBI: BD = a\/z R
BD, =a\2 .

JluaroHajibHOE CEYEHUE MUPAMUABI —
paBHOOOYHas Tpaneuuss BB D,D. Haiinem

ee BolcoTy BM (BM =0,0) u3 npsamo-
YTOJIBHOIO TpeyroiapHuka B MD, T.e.

BM =\BD*~MD*, a MD=BD-BM =

BD-BD, BD+BD, (a+a)2

=BD -
2 2 2
2
Orciona BM =.|d’ —@.

TpeyronbHuk BMN — paBHOOEAPEHHBIN
U TIPSIMOYTOJIBbHBIN ( L/ BNM = 90°)

(a —4q )\/5 a
—2 )

_BM a-a,
V22

Tenepp u3 TpeyronbHuka B;NM HaxoauMm:

BM = MN

2 2
BN =\ B,M* + MN? =\/d2—(“+2“1) G 4“1)

IloacraBissa HalieHHBIC 3HA4YeHUA P, F H
B,N B ¢opmyny OOKOBOW MOBEPXHOCTH IH-
pamMuzbl, IOIYYUM OTBET.

2 2
Omeem: 2(a +a,)-\/af2 _& 4 daa :
4 4 2
Memoo onopuwix 3a0au
Hmeer mecto GopMmyiaa cos@ =—-, e

S — mnomaab MHOI'OYIroJIbHHUKa, JICKAIETO
B IINIOCKOCTH O, Snp — IJiomaab €ro opTo-

TOHATBHOM MTPOEKITNH Ha TUIOCKOCTH 3 .

JlokazaTenbcTBO 3TON (QOopMysbl IpUBe-
neHo B riase 3 1. 3.4, onopHast 3amada Neb.

Ipumep 80. Haumu naowaov noanoti
NOBEPXHOCMU NPABUTLHOU Yemblpexy20/ib-
HOU nupamuowl, eciu ee gvicoma pasua H, a
naowadb OO0KOBOU 2paHu pasHa Niowaou
OCHOBAHUA.

Pewenue. Ilycte EO — BbICOTa JaHHOU
nupamuabl ABCDE (cM. puc. 93). Onyctum
u3 Touku O meprneHaukyassp OM Ha cTo-
pony BC kBagpara ABCD u touky M co-
equauM ¢ BepmuHOW E. Tak kak OM —
npoekuuss EM wnHa miockocth ABC u



OM 1 BC, to EM 1 BC. 3nauur, ZOME

SBIISICTCSl JIMHEHHBIM YTJIOM JIBYTPaHHOTO
yriia mpu peodpe

2 BC, Benuuuny
KOTOporo  0060-
3HAYMM 4Yepe3 ¢ .

Tak kak Tpe-
yroiabHuk  BOC
SBJIIETCA MPOEK-
nuenn  OGOKOBOM
rpanu  BEC Ha
miockocth ABC,
TO COIJIACHO YC-

Puc. 93
JIOBHIO UMEEM
1
CoSQ = Soc _ 1 .
BEC 4
Torna sin = l—i—E u ctg(p—L
® 16 4 NTh
N3 tpeyronsuuka EOM naxonum

2
N

[Inomane OCHOBaHUS NUPAMHIBI paBHA

H
OM =H -ctgo=——u CD =
V15

AH? 5 16H°
, OOKOBOW IOBEPXHOCTU — ,
15 1
2
ITOJTHOW ITOBEPXHOCTH —
2
Omeem:

Ipumep 81. Cmoponwvl ocnosanus mpe-
yeonvHou nupamuosl paseuvt 6 cm, 10 cm u
14 cm. Kaoxowiti 08yepanmusiii yeon npu ee
ocHosanuu paser 30°. Haiimu niowaow 60-
KOBOU NOBEPXHOCMU NUPAMUOBI.

Pewenue. JIns HaXOXIACHHUS IUIOIIAIN
CEYCHHS BOCIOJIb3yeMCsl OPMYIIOi

SO
cosQp

CH

S601< =

Haitnem mmomans OCHOBaHUSL TPEYroJib-
HOW MUpaMuipl, mpuMeHUB Gopmyny ['epo-
Ha. [lockobKy moJiynnepumeTp TpeyroiabHU-
Ka B OCHOBaHMH paBeH 15 cm, TO

Son =A15-(15-6)-(15-10)- (15~ 14) =
=15v3 (o).

Torma
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S =15J§:£= 30 (eadd).

Sk 0830° 2
Omeem: 30 cn’.

Hpumep 82. B npasunvrou yceuenuou
Yyemvlpexy20ibHOU — nUpamuoe  CMopoHbl
HUJICHE20 U 8EPXHE20 OCHOBAHUL PABHbBL CO-
omeemcmeenno a u b (a>b). Haimu
naowWaob NOAHOU NOBEPXHOCMU YCEYeHHOU
nupamuowl, eciu ee OOKO8vle 2panu HAKIO0-
HeHbl K NIOCKOCMU OCHOBAHUSL NOO Y2NIOM O .

Pewenue. 1lockoibKy  OCHOBaHUSMU
IIPAaBUJIBHOM YCEUYEHHOM YETBIPEXYTOJIbHOU
MUpaMHIbl SIBJISIOTCSL KBaApaThl CO CTOPO-
HaMu a U b, TO cyMMa UX IUIOIIa/ el paBHA

a’+b*. OueBuaHoO, uTO OpTOroHajIbHasd
MPOEKIHUsT OOKOBOM TOBEPXHOCTH YCEUEH-
HOH nmupaMuJabl Ha IJIOCKOCTb HMIKHETO OC-
HOBAaHHUS TPEICTABISET COO0I KBaapar co
CTOPOHOMW @, U3 KOTOPOTO «BBIPE3aH» KBa-
par co cropoHoil b. Ilpu 3TOM CTOPOHBI
«BBIPE3aHHOTO»  KBaJpaTa MapajuieIbHBI
CTOpOHaAM HHIXXHEIO0 OCHOBAHUA ITHPAMH/IbI
(cm. puc. 94).

Tak xak OOKOBbIE I'paHH YCEUEHHOW IH-
paMUJIbl HAKJIOHEHBI K IUIOCKOCTH OCHOBa-
HUs TI0J OJMHAKOBBIM YIVIOM O, TO ILJIO-
ma1b €€ O0KOBOM IOBEPXHOCTHU paBHa:

S a’—b’

S — mp o _
Gok -
cosa cosa

re S, — IIOIIajb TPOEKIHK OOKOBOH Mo-
BEPXHOCTH Ha OCHOBaHHUE. TakuM 00pasom,
a’ —b?

cosa

S =a +b*+

TIOJTH



2.2. Il1omaap ceyeHMs: MHOIOrPaAaHHUKA

CBOiICTBa CEUYECHMI MHUPAMUJIBI TLIOCKO-
CTBIO, ITAPAJUIEIBHON OCHOBAHUIO.

Teopema 1. Eciu nepeceuv nupamuody
NJIOCKOCMbI0, NAPALLEeNbHOU OCHO8AHUIO, MO:

a) boxoevle pebpa u 8vicoma NUPAMUObL
paszoensaiomes d9mou NI0CKOCMbl0 HA Npo-
NOPYUOHATIbHbIE OMPESKU;,

0) 6 ceuenuu noayuUmMcs MHO20Y20bHUK,
NOOOOHYILL MHO20Y20/IbHUKY, Jlexcaujemy 8
OCHOBAHUU,;

B) NIOWAOU CeYeHUs U OCHOBAHUs 6YO0ym
OmMHOCUMbCsL Opye K Opyey KAk Keaopamol
UX paccmosiHuLl Om epuLunbl NUPAMUODL.

Teopema 2. Eciu 08e nupamuovl ¢ pas-
HBLIMU 8bICOMAMU nepecedb NIOCKOCHAMU,
napanienrbHblMy OCHOBAHUAM, HA OOUHAKO-
80M pACCMOAHUU OM BEPUIUHBL, MO NAOWA-
ou ceyenuti 6yoym nponopyuoHaIbHul NJI0-
WaosIM OCHOBAHULL.

[Ipy BBIYMCICHUU TUIOIMAANA CEYCHUS
MOXKHO OIpEAETUTh BUJ (UIYpHI, MOTY4YEH-
HOM B CEUEHUH, U 3aTE€M BOCIIOJIb30BATHCS
¢dopmynoit. Ilpu 3TOM ClOXHYIO QUTYPY
MHOI/Ia pa30MBAIOT HA HECKOJIBKO IIPOCTEH-
mux (GUryp Wid JONOJHSAIOT 10 HpocTeil-
Iei.

Ilo3amanno-evtuuciumenbHulili Memoo

Ipumep 83. Haumu niowaov ceuenus
NPABUNBHOU  Yemblpexy20bHOU NUPAMUOb
ABCDE, npoxoosweu uepez AB u mouxy K
— cepeduny peopa EC, eciu 6ce pébpa nu-
pamuovl pashwl 4.

Pewenue. Ilycte ABK N ECD = KM
(cm. puc. 95). Torma uz AB||CD cnenyer

AB||ECD u KM || AB. B ceyennu nomyda-

eM paBHOOenpeHHYIO Tparneuuto ABKM c
ocHoBaHUsIMU AB =4, KM =2 u BeICOTOH
FL (F n H — cepenunbl oTpe3koB AB u CD
cooTBeTcTBeHHO, KM N EH =L).

N3 tpeyronsauka EHF Hailnem Meauany
FL, ucnonesys hopmyny

2EF* +2FH* —EH*?

; :
2(24/3)* +2-4> —(24/3)?
(23) (23) _J

FL = 11.
4

FL =
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[Imomane ceuenus: paBHa

442
S = 2T =341

E

Puc. 95

Omeem: 3\/ﬁ.

IIpumep 84. B xybe ABCDA B,C\D, c
pebpom, pasuvim a, wepe3 mouku M, P u N
Ha peopax BB,, CC, u DD, coomeemcm-

3a 2a

6éenHo, maxkue, ymo BM :T’ CP:? u

a
DN :Z, nposedeHa cexkywas NnioCKOCHb.

Havimu naowaows ceuenus.

Pewenue. Iloctpoum ceueHue KybOa
IJIOCKOCTBIO, IIPOXOJAIIEH Yepe3 TOUKH M,
P u N. Coenuaum BHadajie Touku M u P,
IIOCKOJIBKY OHHU JIeKaT B OJHOU IUIOCKOCTH

BB,C, . 3arem coenuHuM Touku P u N, Tak
KaK OHHM JiexaT B oaHoM miockoctu DD, C,
(cm. puc. 96).

A

Puc. 96

[IpoTHBOMOIOKHBIE ~ OOKOBBIE  I'DaHH
AAD, n BB,C, B Ky0e mapamienshsl. Ilo-
3TOMY CEKylIas IJIOCKOCTb, COTJIACHO CBOM-
CTBY NapaJuIC/IbHBIX IIOCKOCTEH (€CIH JBe
napaayieIbHBIC  IUIOCKOCTH  IIEPECEYEHBI



TPEeTheH, TO IJIMHUHM TIEPECEYCHUs Tapai-
JeNbHBI) OyzeT nepecekars rpanb A4, D, 1o
npsmoit NQ tak, uto NQ || MP .

Coeaunum TOouku M u (Q, Tak Kak OHHU
aexar B oJHOH miockoctH AA B,. Torga
MQ| NP 1o TOMy Xe€ CBOWCTBY Hapai-
nenpHbIX mnockocreit 44,8, n CC,D, . Ta-

KHM 00pa3oM, CEUCHHE MPEACTABIISIET COO0M
napawienorpamm MPNQ. Bpruuciaum ero
momask. Jljist 3Toro HaijieM CTOPOHBI Tpe-
yroaeHuka MNP. Ucnone3ys Tteopemy Ilu-
(daropa s TPSAMOYrOJBHBIX TPEYTOJIbHU-
koB MLP (ML L CC,), NPS (NS LCC)),

MNK (KN 1 BB,), nomy4um:

MP = |(LC - PC)* + MI* =
B £+a2 _av145
\ 144 12 7
NP =/(PC-SC)? + NS* =
25a° , 13a
= +a =—,
\ 144 12

MN =(BM - BK)} + KN* =

2
:1f62—+2cz2 :3_(1.
4 2

Haitnem momans tpeyrosibHuka MNP,
UCTIONB3YsT MOAUGPUIIMPOBAHHYIO (HOpMYyITy

Tepona S :%\/4522192 —(c*—a’-b*),

a’~y170
Synp = YRR CnenoBarenbHo,
a’~170
SMPNQ =28wp = T .
a*+/170
Omeem: .
12
Ilpumep 85. B edunuunom Kybe

ABCDA,B,C,D, mouxka M — cepeduna peo-
pa B,C,, mouka N nedxcum na ouazonanu
B,D, npuuem BN =2ND. Haumu nno-

waos ceuenus Kyoa niocKoCcmvio, npoxoosi-
weu uepez mouku M, N u napannenvrou
npsamou A,C,.

Pewenue. OnumiemM cCXeMaTHYECKH IPO-
1IeCC TIOCTPOEHHUs CEYCHHS Ky0a IIOCKO-
CThIO, MPOXOAsIIer yepe3 Touku M, N u na-
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payensHOU npaMoit 4,C, . Jlnst atoro npo-

BeleM uepe3 Touky M npsamyro ME,
ME || 4,C, (cMm. puc. 97).

B,

Puc. 97
PaccMoTpyM  MaroHanbHYyI IUIOCKOCTh
B,BD, B x0oTOpO# Ha AMaroHanu B, D nexur

touka N. Torma npuHamIexamas CEYECHUIO
To4Ka 7 — TOUKa nepecedeHus npsameix ME u
B\D,. B nnockoctn B BD mnposeneMm Ips-
myto TN. Touka O, npuHayiexanias u ceye-
HUIO, U TUIOCKOCTU HU)KHETO OCHOBaHUS Ky-
0a, — Touka nepeceueHust npsamoix TN u BD.

[IpoBenem yepe3 touky O npsmyro GF,
napamnensnytlo  A4,C,. Jlanee, wucnoub3ys
METOJl CJIEIOB, NOCTpouM TOYku H u K,
MPUHAUICKAIME CEUYCHUIO KyOa (IecTu-
yroinbHuk HEMKGF). Ilpu stom 1ectu-
yronsHuk AE,M|CGF sBasercs npoeKuu-
eil MHoroyronbHuka HEMKGF Ha mioc-
kocTh ABC.

[Tockonsky FG || A4 C, u AC, LBD, to
FG L OB . Torna OT — HakJIOHHas K IUIOC-
koctu ABC, npsamass OB — mpoekuusi Ha-
knounor OT u OB 1 FG . CnengoBaTenbHO,
[0 TEOpeMe O Tpex MEepHeHIuKyIpax,
OT 1 FG . 3nauur, ZTOB = @ — IUHENHHBIH
yrod asyrpanHoro yria TFGB.

Brruncinm teneps KOCMHYC yriia ¢ Me-
Ky CEKylleW IIOCKOCThIO M HUKHUM OC-
HOBaHHMEM Ky0Oa. O4eBUIHO, YTO

BD:BlDI:\/E,BlT:%:%.

Hanee, tpeyronsnuku B, TN u DON 1o-
n00HBI ¢ KoahumenTom nogodust k =2 .



CnengoBaTeibrHO,
BT BD, 2

oD =21 = ,
2 8 8
72
Ta
N

OT = \|(OB—B,T)* + BB} =

OB=BD-0D =

Otkyna
OB-BT 5
or 57

BeruycnuM, miomans IECTUYTOJNBHUKA
AEM|CGF . Ilnomaagu TpeyroJbHUKOB

BM|E, n DFG HaxonsaTcs IOBOJIBHO IIPO-

cosQ =

CTO (BBIUMCIIHTE CaMOCTOSITENIbHO!):
1 1
SBMIEI - g’ SDFG - 3_2 .
Torna
27
SAEIMICGF = SABCD - SBMIEI “ODFG — 3_2

Takum oOpazom,

S Ag,M,CGF _ 27457
cosQ 160

27457

Omeem: .
160

S HEMKGF —

Ilpunyun pazouenusn u 0onoHeHun

IIpumep 86. llnowaow 6Ookosou epanu
NPABUNBHOU  WECMUY20IbHOU — NUPAMUObL
pasna q. Hatimu niowaos ceuenus, nioc-
KOCMb  KOMOpO20 NapaiielbHa OO0KO8OU
2PaHUu nUpamuosvl U Npoxooum uepes cepe-
OuHy ee 8blCOMb.

Pewenue. O003HaYNM IIOCKOCTH cede-
HUS 4epe3 o, cepeauHy BbicoThl OP mupa-
munbl ABCDEFP uepe3 T, cepeiuHbI OTPE3-
koB BC, OK u EF uepe3 K, K, u L coot-

BETCTBEHHO (CM. puc. 98).

[TycTh MIOCKOCTh O MapajuiesibHa TPaHU
PBC, OPKna=PK,, ABCna=0QR.
Torma PK,||PK, OR|BC, mpu sToMm
TePK,,K €0OR, P ePL.

Tax xak QR| AD||EF, 10 mnepecede-
HUSIMH TUIOCKOCTH (L C TpPEyroJIbHUKaMHu
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ADP n PEF cityxaTt COOTBETCTBEHHO OTpPE3-
ku AD,||AD mn MN|EF (Te€AD,,
MePF,NePE, P eMN).

Nmeem 4,D, =0,54D = BC, QR =1,5BC,
3HAYUT, CEYEHUEM JIaHHOM MUpPaMUJIbI TIOC-
KOCTBIO Ol  SIBJISIETCS  IIECTHYTOJbHUK
QA MND,R, cocTaBleHHbI M3 JBYX Tpa-
neunit A, D,RQ u MND, 4, ¢ o0mum 0CHO-
BaHueM 4,D,.

[TycTp BC=a,

PK =h, TOT 1A

SPBC =

Puc. 98

Haiinem mnomane ceuenus QA MND,R.
1 1

Tak kak K K :EOK :ZKL u PK, ||PK,
TO
MN=1Er-%. pKx =2pk=2p,
4 4 4 4
1k, =Lpk =Ln, pr=Lp,
2 2 4
3 1
QRZE(I, A]DIZEAD:a'
Teneps
ceq:A]D]+MN_P]T+A]D]+RQ_K]T:
2
+— +3—a
Tan Ty h 25 25

ah=—q.
2 4 2 2 32 16

Omeem: éq.
16



HMpumep 87. B ocnosanuu npsamou npus-
mot ABCAB,C, nesxcum pasnobedpenHblil
mpeyeonvuux ABC, y komopozo ocnoganue
BC pasno 3. boxosas nogepxnocmv npusz-
Mol pasua 32. Haumu niowaov ceuenus
NpU3MblL  NIOCKOCMbIO, NPOXoosujell yepes
CB, napannenvro evicome ocrosanus AD,
ecnu U38ecmHo, 4mo paccmosuue om mouku

6
A 0o nrockocmu ceuenus pagHo re

Pewenue. IlocTpouMm cedeHHE MPU3MBI
3aJJaHHOM B YCJIOBHM IUIOCKOCTBIO. [[1s 3TO-
ro yepe3 BepmnHy C B miockoctu ABC
OCHOBAaHUS MPU3MbI IPOBEJEM MPSAMYIO, Ia-
pamnenbHylo AD 10 mepecedeHus B TOUKE
M ¢ nponomxeHueMm pedbpa AB 3a TOuky
A (cm. puc. 99). Touku M u B, nexar B

IUIOCKOCTHU I'paHu AA B, , no3TOMYy, IpOBEsL

gepe3 HUX MpsIMYylo, MoyduMm ciien £ ce-
Kymei miaockoctu Ha peOpe A4,. Torpa

TpeyrosbHUK CEB, — HCKOMOE CEeUeHHE.

A, B,

E /'x C]

H+,

H*. T

N 'B

M A \--

D
C
Puc. 99

B tpeyronsauke MBC otpe3ok AD —
CpelHss JIMHMS, IIOCKOJIBbKY BbicOTa AD B
paBHOOEpEeHHOM TpeyrojabHuke ABC sB-
nsercss u  MenuaHo.  CrenoBaTelsbHO,
MB =2A4B. AHanorn4yHo B TpPEYTrOJbHUKE
MB B otpe3ok AE — cpenHsas JIWHHUS U
MB, =2ME .

Ilycts cropoHa ocHOBaHua AB=x, a
BBICOTA IIpU3MBI paBHa /. Torga mepumerp
ocHoBaHuss P =2x+3, 0OokoBoe pedpo
MPU3MBl PaBHO / U IUIOLIAJb OOKOBOM IO-
BEPXHOCTH

S =h-P=h-(2x+3).

[YUS
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32

2x+3
Breipazum  00beM mmpamMuibl

Otcroma h =

BMB,C
JIBYMSI CITIOCOOaMMU.
1. TTo popmyne

1 1 1
VZE.BB] SMBCZEh(EMCBC]

Tyt yureno, uro tpeyrosbHuk MCB mps-
mMoyronbHblit (MC || AD).

2. Ilo popmyne
1 1 1
VZE.BH].SMBICZE.BH]. EMCCB] 5

rae BH, — neplneHauKyisp, OMyILEeHHbBIN U3
Toukn B Ha mockocts MBC. Tak kak
paccTosiHue OT TOYKH A JI0 3TOM MIOCKOCTH

[0 YCIOBHUIO PaBHO g, a MB=2AB, T0

12
BH, :?. B stom ciydae Takxke ydTeHO,

yro MC L CC\B, (MC L CB u MC L CB))
u TpeyroiabHuK MCB, — npsAMOYTroJbHBIN.

[IpupaBHUBas TOJy4EHHbIE BBIPAKEHUS
s obbema U yuuthiBas, uro (B, =

= /BB’ + CB* =\/h* +9 , umeem

l.h. l-MC-BC :l-BH]- l-MC-CB,
3 2 3 2

WIH hz%x/hz +9 . Orcrona %hz =h*+9
wh=4,aCB =5

Torna u3 paBeHcTBa h = HaXOUM
2x+3
X = %, a u3 TpeyrojibHuka ABD
ap=vap—pp* = |22 _s,
4 4

Tak kak Touka E penmur MB, momonam, TO
JUIA ACKOMOM IUIOIIAH CEYEHUS TOTyYaeM

N 1 1
Sees = M;C :Z-MC-CB, 22'4'5:5'

Omeem: 5.



2.3. O0bEéM MHOTOIpaHHHKA

dopmyibl Ui BBIYHCIEHUS 00bEMa
MIPU3MATUYECKUX Tl

O0bEéM NpsiMOii MPU3MBI
V=I5

rae | — numHa GokoBoro pebpa, S, — IIo-

OCH 2

mraab OCHOBaHUSA.

O0bEéM HAKJIOHHOM NPU3MBI
V=h-S

rae i — BBICOTA MPU3MBL, S

OCH ?
— Iiomaab oc-

OCH

HOBAHHUS,

V=I5,
rae [ — mumHa GoxoBoro pedpa, S, — IuIomanb
IIEPIICHIUKYJIIPHOIO €My CECUCHUA.

O0bEéM NpSIMOYToLHOIO Mapajliesienunena
V=ab-c,
rae a, b, c — wmHbl pebep, BHIXOMSIIHUX U3 O1-
HOH BEpILIUHBI.

®opmysbl Ui BBIYUCIEHUS 00bEMa
n-yroJIbHOW MUpaMubl

O0bEéM NpoN3BOIbHOI MUPAMHU/BI

V:l-h-S
3

OCH 2

rae A — BbICOTa NMUpaMuabl, S — IUIOMIAb

OCH

OCHOBaHUA.

O0bEéM NPON3BOJILHOI yCeUYeHHOI MUPAMHU/bI

V=%-h-(S1+1/S]S2+S2),

rae h — Beicota mupamuisl, S,, S, — IIoLAaN
BEPXHEr0 M HUKHETO OCHOBAHHUIA.

O01b€éM NpaBUJIBLHOIO TETPa3Apa

_a\2
12
— IUIOLIAAb

9

Vz%-h-SOCH wm V

rae A — BbICOTA NMUpPAMUbL, S

OCH

OCHOBAHU$, d — CTOPOHA TETpa’pa.
O01bEM Npon3BOJIBLHOI0 TETPAIAPA
1 .
V:g-a-b-d-sm(p,

rae a u b — MUIMHBI IBYX ITPOTUBOIIOJIOKHBIX
pebep Terpasmpa, d UM () — PacCTOSHUE U Yrol
MEKIY HUMH COOTBETCTBEHHO.
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Breigenum crnenyrome 3agadd  AaHHOTO
paszerna: BBIYHCICHHE OObeMa MHOTOTpaH-
HUKA ¥ €ro JacTel, HaX0KICHUE TMHEHHBIX
Y HEJIMHEWHBIX BEJIMYMH MHOTOTPAHHUKA T10
€ro U3BECTHOMY OOBEMY, CpaBHEHHE 00be-
MOB MHOTOTPaHHUKOB.

Ilo3amanno-evtuuciumenbHulili Memoo

OTmeTuM 3a7aud, B KOTOPBIX YacTo
BCTpeUaroTcs KOH(QUIYpalluu C IMpeaBapu-
TEJIbHBIM ONPEENICHUEM MOJIOKEHUS OCHO-
BaHUS BBICOTHI TUPAMU/IBI.

e Ecnu Bce O0kOoBble peOpa HMUpPaMUJIbI
paBHBI MM 00pPa3yrOT C IUIOCKOCTBEO OCHO-
BaHUS WM C BBICOTOM OJMHAKOBBIE YIJIbl, TO
OCHOBAaHUE BBICOTHl IUPaMUJIbl SBIISAETCS
LEHTPOM OKPYXXHOCTH, OIMCAaHHOM OKOJIO
OCHOBAHUS TUPAMU/IBL.

B uactHOCTH, ecnM OCHOBaHUEM IHpa-
MUJIBI SIBJSIETCSI IPSIMOYTOJIBHBIN TPEYToib-
HUK, TO BBICOTA MPUHAMIEKHUT OJTHOHN U3 0o-
KOBBIX TPaHEH, COJAepXkallel THIOTEHY3Y
MPSIMOYTOJIbHOTO TPEYrOJIbHUKA, U BEPIIMHA
MUpaMHIbl IPOELUPYETCSI B CEPEAUHY ITOU
TUIOTEHY3bI.

Ecnu ocHoBaHMEM mNUPAaMUJIBI CITYXKUT
TYNOYTOJIbHBI TPEYroJbHUK, TO BEpPLIMHA
UpaMHIbl IpOEHUpyeTcs B TOUKY, JekKa-
IIYI0 BHE 3TOT0 TPEYroJIbHUKA.

e Ecnu Bce OOKOBbIE TpaHU MUPAMMUJIBI
OJINHAKOBO HAKJIOHEHBI K IJIOCKOCTU OCHO-
BAaHUS, TO OCHOBAaHHE BBICOTHI MHUPAMMU/]IBI
SIBJIIETCS LIEGHTPOM OKPYKHOCTHU, BIIMCAHHOM
B OCHOBAHUE MTUPAMHU/IBL.

Ilpumep 88. Ocnosanue nupamuowl
ABCD — pasHobeOpenHvlli  mpey2oibHUK
ABC ¢ ocnosanuem AB =12 u 6okosoii
cmoponoti 10. Hatimu 06vém nupamuosi, ec-
Ju 6ce OOKosvle epanu 0Opazyrom ¢ NiOCKo-
CMbI0 OCHOBAHUS O8YepaHHble Yebl 8 45°.

Pewenue. Ilycte CK — BbICOTA TpeE-
yroiaeauka ABC (cm. puc. 100), Torma us
npsIMOyrosibHOro TpeyroyibHuka ACK ume-
eM

CK =~10> -6 = /64 = 8.

[Inomane ocHOBaHUA paBHA

1
Sipc =5 12:8=48.



Tak xak Bce OOKOBBIE TPaHH 00Pa3yIOT C
IJIOCKOCTBIO OCHOBAHUS JBYTPaHHbIE YIJIbI
B 45°, To ocHoBanue O BwICOTHI DO mnupa-
MUJIbl COBMAJAET C LIEHTPOM OKPYKHOCTH,
BIHUCAaHHON B TpeyroipHuk ABC, TO ecTb
OK =r,rae r — paanyc 3TOM OKPYKHOCTH.

Pagnyc Haiiném
D o ¢hopmyIe

S ABC
p

48
16
Tak KaK
/Z0OKD sBnsgercsa
JIMHEUHBIM  yT-
JIOM JTAHHOTO

JIBYIpaHHOTO yT-
na (IOKaxuTe) U
ZOKD =45°,
OKD  umeem

=

=3.

B
‘ Y
K

Puc. 100

TO W3 TPEYroJbHUKA
OD=r=3.

OO6bEM nupamMuibl paBeH

_Lag3-ss.
3

VABCD

Omeem: 48.

Ipumep 89. Ocnosanue nupamuovr —
Mpey2oIbHUK, 08€ CIMOPOHbI KOMOPO20 PAs-
uot 1 u 2, a yeon mexncoy nHumu paser 60°.

Kaoicooe 6orxosoe pebpo pasno V13 . Haii-
mu 00bEM nupamuobsl.

Pewenue. I1yctp
B nupamuae ABCD
OCHOBAaHUEM  CIIy-
KHUT  TPEYroJIbHUK
ABC, IIpU4eEM
AB=1, BC=2,
ZABC =60° (cm.
puc. 101).

Tak kak Bce 0o-
KOBBIE pelpa paB-
Hbl, TO OCHOBaHHUE
O BoeicoTHI DO 11HI-
pamubl COBMAAAET
C LEHTPOM OKpPYX-
HOCTH, OIMCAaHHOW OKOJO TpEeYyrojbHUKa
ABC, 10 ectb OB=R, tne R — paauyc
3TOM OKpyXHOCcTU. Panuyc Haiinem no op-

Puc. 101
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AC

2sin ZABC
BBIUMCIIAM TI0 TE€OpeMe KOCHHYCOB U3 Tpe-
yroibHuka ABC:

AC*=1"+2°-2-1-2-0,5=3,

AC =43.
ﬁ}l.

Pamnyc oxkpyxHocTu R = V3 (2- 2

Myine R = . Jimny ctoponst AC

W3 npsimoyronbHOTrO TpeyronbHuka BOD

HaiizieM BBICOTY HHUPAMHUIBI
DO =+/(/13) =1> =24/3 . IInowaznp ocHo-
BaHUS UPaMHUIBI paBHa
S i5c :%-1-2-£:—3 U 00béM mupamu-

Isl paseH Vzop = 1 \/_ 243 =1.

Omeem: 1.

Ipumep 90. Hatimu 06vém npasuivbHol
Mpey2oIbHOU NUPAMUObL, Y KOMopou 6OKo-
goe pebpo HAKIOHEHO K NIOCKOCMU OCHOBA-
Hus noo yenom o (o >45°) u yoaneno om
NPOMUBONOIOHCHOU CIMOPOHBI OCHOBAHUS HA
paccmosnue d .

Pewenue. Ilyctb D
DABC (cm. puc. 102)
— JaHHas TUPaMHJA.
Tak kak oHa paBUJIb-
Has, TO OCHOBaHHE O M B
BBICOTBI DO — UEHTDP ‘A v
TpeyrosibHuka ABC. A
IIycts TOuka N — ce- “ N
pennHa ctopoHsl BC.
Torma DN LBC =n C
ANJ_BC, a 3HayuT Puc. 102
BC 1 ADN . [Ilpose-
neM BbicOTy MN B TpeyronbHuke ADN .
Tak kak nupamuja npasuibHas (O € AN ) u
AO > ON , 10 ZAND > o.. CiegoBaTennHO,
TPEYroabHUK ADN OCTPOYrOJNBHBIA U TOY-
ka M € AD. CootBerctBeHHO MN — 00-
U epueHIuKyIsp K npsmeiM AD u BC,
MN =d .

N3  mpsAMOYrosbHOro  TpEyroJbHHKA
M.
AMN nonydaem AN = ,N = ,d . To-
sina.  sino



I71a CTOpOHA OCHOBAHUS JAHHOW MUPaMUJIbI
paBHa
AN 2d

sin 60° :\/gsinoc'

B npsmoyroasHOM TpeyronasHuke ADO
AO = %AN = 2,d
3 3sina

DO =A40-tga = 2d .
3cosal

Haxomaum 00bEM nupamMuisi

Vz%-DO-SABC:

1 2d ﬁ(

5.3cosoc.T
_ 2d°
- 9+/3 sin” oL cos a .

(tak kak O € AN),

2d T
\/gsin o

2d°

9+/3sin”ocosa,

Omeem:

Ipumep 91. bokosvie pébpa HaxkioHHOMU
mpeyzonvrou npusmvt ABCAB,C, pasuvr 6
cm. Ceuenue niockocmwlo, nepecexaroujel
6ce OoKogvle pebpa npusmvl U NEePneHOUKy-
JIAPHOU UM, npeocmasisem cobou mpe-
V2ONbHUK, CMOPOHbL KOMOPO2O OMHOCAMCA
kak 9:10:17. Hatimu nrowaos 60Ko0801U
NOBEPXHOCMU DMOU NPU3MbL, eClU U3BECH-
HO, umo 006vém nupamuovt A ABC pasen
288 e’

A] #B]
K 17X L
A B
C
Puc. 103

Pewenue. Taxk xax 00néM V =288

A4, ABC

3 3
em”, 10 Vypey 5o, = V4 apc = 864 cv. Ilycts

TpeyroinbHuK KLM — yka3zaHHOE B yCIOBHH
CeueHue, NMepHeHaUKyIIpHoe pedpaM Mpus3-
MbI (cM. puc. 103). Ucnons3ys Gopmysst

VABCAIBIC] =15, Sso =1 P,

(YU
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rae /[ — anuHa 6okoBoro pedpa, S, u P, —
IUIONIA/(b ¥ HEPUMETP NEPIEHANKYIIPHOTO
€My CEYEeHHUs] COOTBETCTBEHHO, S, — ILIO-
11a/1b 60KOBOM MOBEPXHOCTH, MOIYYUM

VABCAIBIC] = AA, - S, v 864 =06S,,,, .

Orcrona S,,,, =144 cn’.

Haiinem nepumerp tpeyronbauka KLM .
[Iyctp ero crtoponbsl paBHbl 9x,10x,17x.
Torma P

ay =36x, a
p =18x . Ilo popmyne I'epona, noxyunm

Sian = P(p—=9x)(p—10x)(p—17x) =36x".

U3 ypaBmenns 36x° =144 mnomyuaem
x =2 cm. CaenoparensHo, Py, =72 cwm.

=1-P, =6-72=432 cn’.
Omeem: 432 cn’.

Memoo
66€0€HUA 6CNOMO2AM ESIbHO20 OMPE3Ka

MOJIyTIEpUMET]

Torma S

[YUS

Ipumep 92. Bce 6okosvle epanu yemoi-
PEXy20NbHOU NUPAMUObL — NPABUTLHbIE Mpe-
yeonvHuku. Paccmosanue om yenmpa 6oko-
801 2paHu 00 NIOCKOCMU OCHOBAHUSL NUPA-
Muowvl pasno b. Onpederumsv 00vém nupa-
MUObL.

Puc. 104

Pewenue. IlycTp CTOpOHa OCHOBaHUSA
naHHo¥ mupamunbl ABCDE paBHa X, OCHO-

BaHHMC BbICOTHI IMMUPaMH/IbL 0003HaYUM qepes
O, ocHoBaHue anodembl K CTOpoHe AD —

yepes K (cm. puc. 104). Torna OK :g’

BbicOTa EK B paBHOCTOPOHHEM TPEYroOJib-
x+/3

HUKE paBHA B N3 mpsimoyronpHOTO Tpe-

yrosibHuka EOK HaxoIum



o [E (-2

Ecnu F — uentp 60okoBoi# rpanu, H — oc-
HOBAaHWE TEPIICHNKYIISIpA, OIYIIEHHOTO H3
TOYKH F Ha OCHOBAaHWE TIHPAMHIBI, TO
FH =b. U3 nogo6ust TpeyrobHUKOB EOK
u FHK nonydaem

EO EK 3

= =—u EO=3-FH .
FH FK 1

2
Orciona % —3b, x=3+2b. 3uaunr,
II1omaiab

18h7, BEICOTA TIMpPAMUJEI — 3b, 00BEM HaH-
HOU NIUpaMubl paBeH

V:§-18b2-3b:18b3.

OCHOBAaHHMA IIHMpaMHUJbl paBHaA

Omeem: 18D .

Memoo
66€0€HUA 6CNOMOZAM ETILHO20 YA

pumep 93. B npasunvnou uemvipex-
yeonvroti nupamude ABCDE (E — sepuiu-
Ha) uepe3 cepedunvl cmopon AB u AD npo-
8e0eHo ceuenue, NIOCKOCMb KOMOPOo20o Na-
pannenvna peopy EA. Hauimu o6vém nupa-
MUObL, eciu CMOpOHA OCHOBAHUSL PABHA d U
niowaosb ceyenus S.

Pewenue. I1n0CKOCTh cedyeHUs nepece-
Kaer miaockoctu AED nu ABE 1no npsMbIM
GH wu FJ cOOTBETCTBEHHO, MapaljielIbHbIM
AE. FG ||BD, Tak kak FG — cpeqHsis TUHUS

B TpeyronbsHuke ABD (cm. puc. 105).

Puc. 105

B xBagpare ABCD AC 1 BD. Tak kak
AQ — npoekuus AE Ha OCHOBaHHE UPAMHU-
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el 1 AQ L FG, o FGHJ — npsiMoyrosb-

Huk. [lnmockoctu FGH w BDE mnepeceka-
F0TCs O npsiMort JH .

IIyctb ACNFG=R, EQNHJ=S,

RSNCE=K, ZFAC=a. Tak Kak
1 2

RQZEAQ:a;/_, TO W3 TPEYroJbHUKA

RQ_a\/E

cosa.  4cosa
Hanee B Tpeyronpauke AEC 1o Teopeme

RQS nonyyaem RS =

EK AR 1
Qaneca —— =——=—, a B TPEYrOJIbHUKE
ED AC 4
EQC 1o Teopeme @aneca uMeeM
OT EK 1

@ = E_C :Z (T — mpoexnusa Touku K Ha

IJIOCKOCTh OCHOBAHUS MUPaMUbI), TO €CTh

1 _a\/E
0T =,0C="

. 3HAYUT,

70 a2

coso.  8cosa

SK =

[Imomane ceuenus paBHa

S= SFGHJ +SJKH =

a\/E_ a\/z +l_a\/§. a\/z _ 5a°

2 4cosa. 2 2 S8coso. 16cosa

2
Otcroga coso = a
16S

\2568* —254*

. Torma

sin o =
16S
u
tgol = \2568% —254*
5a° '

BricoTa nupamuibt
2
EQ=A4Qtgo = %tga

1 00bEM MUPaMUIBI
2.2 N2568° -25a" _
2 5a°

B a~\5128% =50a"

30

y-L.
3

av5128% —50a"

30

Omeem:



Memoo esedenusa HeckoIbKux
6CHOMOZAMEIbHBIX ITIEMEHM 06

Ipumep 94. Hatimu 06vém npsamoyeonsb-
HO20 napannenrenuneod, Oua2oHalb KOmopozo
pasna 14, nepumemp ocnosanus — 20 u nepu-
Memp MeHbuleli 60K060u epanu — 32.

Pewenue. llyctb B mnapaienenunene
ABCDA,B,C,D, D B=14, AB=a,
BC=b, BB=c c ycioBueM a>b (cae-
JaiiTe pUCYHOK CaMOCTOSITENBHO).

N3 ycnoBus 3anaun nMeem

a’+b* +c¢* =196,
=<a=10-5,
c=16-h.

a’ +b* +¢* =196,
a+b=10,
b+c=16.

[TonyuaeM kBajpaTHOE ypaBHEHUE

3b* —52b+160 =0,

40
MMeroIIee KOpHU 4 U 3 (HE YIOBIETBOPSI-

er ycmoBuio a+b=10). Torma b=4,
a=6,c=12 nuV =288.
Omeem: 288.

Memoo onopuvix 3a0au

o OOvémbl nupamud ¢ obujell 8bLCOmou
NPONOPYUOHATILHBL NIIOWAOAM UX OCHOBAHUIL.

pumep 95. B npasunvnou uemvipex-
yeonvroti nupamude SABCD mouka F Oe-
aum peobpo BC 6 omunowenuu 1:3 (cuumas
om mouxu C). Hatimu, 6 kakom omuouienuu
denum 06vém nupamuosl niockocmo DSF ?

Puc. 106

Pewenue. Tak xak JaHHasg NUpaMUIa U
4yacTH, Ha KOTOpble OHa pa3OuBaercs IMJIOC-
KOCThIO ceueHust (cM. puc. 106), umeror
OJIMHAKOBYIO BBICOTY, TO OTHOLICHHE OOBE-
MOB YacTel PaBHO OTHOLIEHUIO ILIOLIAJEH
OCHOBaHUM:
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VSABFD — SABFD

VSF CD S FCD

[Tnomamu TpeyronsuukoB ABD u BDC pas-
Hbl. J{71 TpeyroibHUKOB ¢ 0OIIEel BBICOTOM
uMeeM

SDCF _

S DBF

[TosTomy S _ % :

FCD
Omeem: 7:1.

® O0véMbl NUPAMUO C PABHOBETUKUMU
OCHOBAHUAMU NPONOPYUOHATbHB NPOBEOECH-
HbIM K HeM) 8bLCOMAM.

Hanpumep, B xyoe ABCDA B,C\D, (cMm.
puc. 107) oOwvembl mupamun A ,ABD n
MBDC otHOcsTes Kak 2:1, rne M — cepe-

nuHa pedpa C,C .

Puc. 107

® [lupamuovl ¢ pasHoGeNUKUMU OCHOBA-
HUAMU U DABHbIMU 6bICOMAMU — PABHOGEU-
KU.

Hanpumep, B xyoe ABCDA B,C\D, (cm.
108) mmpamunsl A, ABD, D,ABDn
D, ACD paBHOBEIUKHU.

puc.

Puc. 108



® OmHouieHue 06HEM08 NOOOOHBIX MHO-
202PAHHUKO8 pABHO KY0y Kod(hpuyuenma
noooous.

Ipumep 96. /1nowaoe ocnosanus nupa-
Muovl pasra 3, 00véM nupamuovl maxice
pasen 3. Ilposedenvt 0ge niockocmu, na-
painenivhvie OCHO8AHUIO nupamuovl. Illno-
waou noxydusuuxcs cevyeHuti paguol 1 u 2.
Haiimu 06vém uwacmu nupamuowl, pacno-
JIOJHCEHHOU MeHCOY NILOCKOCHIAMU.

Pewenue. O60-
3HAYUM  CEYEHHUS
yepes A BC, nu
A,B,C, (cM. puc.
109), npuuem
— S] p— 2 N
SAZBZCZ =S, =1,

S =85=3,

D

SAIBICI

00BEMBI TTUPAMU]T

VABCD =V,

VAIBICID =W,

VAZBZCZD =V.

3 3
Sl 2] 2 |8
S 3 27°

3 3
o (1S ] | 1] 2 [ L
14 S 3 27

OTcrona uCKOMBIN 00bEM paBeH

V8 -1

Omeem: ———.

N

OTHoOlIEHHE OTPE3KOB MOKHO 3aMEHUTH
OTHOIIEHHEM OOBEMOB MUpaMHJ C OOIIKUM
ocHoBaHueM (cm. puc. 110)

DH DF Ve
- - s
OH OG V,,

Puc. 109

Nmeem

rae DF u OG — BBICOTBI TUPAMUIL.
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Puc. 110

Ipumep 97. Ha pébpax AB, BD u DC
nupamudvl ABCD e3amer mouxu M, L u K

max, umo AMz%AB, BL:%BD,

DK :%DC . B xaxom ommnowenuu nnoc-

kocmo KLM oenum ompe3ok, coedunsaowuii
cepeounwvt pebep AD u BC?

Pewenue. O603HaunM cepenubl AD u
BC 4yepe3 P u Q COOTBETCTBEHHO (CM. pHC.
111). B ceyeHnH mOJIy4UTCS YETHIPEXYTOJIb-
HUK, HO JUISl pelIeHus 3a/a4d J0CTaTOYHO
paccMOTpeTh OTHOLIEHHE 00BEMOB MMUPAMUL]
PMLK w QOMLK c¢ o0OmMM OCHOBaHHEM

MLK .

Ecmu S, =a, 1o

DP DL I3 3a
= pa o ST Ty
BM BL 21 a
TR TR R
AP AM 11 a
wr=p ap Sy
Sou =(1-2-1 -1 B =22,

8 6 6 24

Vi =0V ner = 2V =2
WL P . g
24 5 60



1
AHIOrMYHO moiydaeM Vi, =—— (10-

60
KaXHUTE camocTosATenbHO!). OTHOIICHNE
PN Wy TV VT
ON  Vyyy 60 60 11

Puc. 111

Omeem: l
11

® [lycmv 6 nupamuoe MABC mna pébpax
MA, MB u MC unu na ux npooondiceHusx

83sambl coomeemcmeenno mouxku A, B, C,
mak, umo MA :MA=k, MB :MB=m
MC, :MC=n. Toc0a o00vémbl nupamuo
MAB,C, u MABC cesazanvt popmynot

VMAIBICI =k-m-n-Vypc. (*)

(Cwm. onopuyto 3aaauy 12 rnasa 3 m. 3.4).

Ipumep 98. B ocunosanuu nupamuovl
DABC nexcum mpeyeonvuux ABC, 6 xo-

Be-3

Nk

moyka T — cepeouna AC. Bokosoe pebpo

mopom /ZC =30°, AC=14,

AD pasHo 673 u NepneHOUKVIAPHO NIOC-
kocmu ABC. Ha pebpax AD, BD u ompes-
ke DT 63ambl cOOMEEMCMEEHHO MOUKU
M, N, P max, umo AM :MD=12:5,
DN:NB=2:5 u TP:PD=7:5. Haumu
00vém nupamudvt DMNP .

Pewenue. Tak xak pedpo AD nepnes-
TUKYJISPHO TUIOCKOCTH OCHOBaHHUS, TO 00b-
eM V' nmpamuael DABC paBeH
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1% :é'AD'SABC :é-AD-AC-BC-sin £C =

:l.6ﬁ.14.i.l:56_
6 3

V32

Tak xak Mmequaga B7 AeluT IUIOMAAb
TpeyroinbHuka ABC mormojam, To 00bEM

nupamuasl DATB Oyner paBeH g =28.

Puc. 112

Touku M, N, P nexar Ha pebOpax mupa-

muasl DATB (cm. puc. 112), nostomy no
dbopmyre (*) mosydaem

DM DP DN
DMNP — DA .DT.DB. DATB —
2. T2 5 10
7 12 7 3
1
Omeem:?o.

Hpumep 99. B npasunvnou uemvipex-
yeonvroti nupamudoe MABCD ece pébpa
pasHvl. Touku P u N — cepedunvl péoep
BM u DM . B xaxom ommuowenuu oenum
00béM nupamuodvl ceuenue, npoxoosuee ue-
pe3 npamyro AP napannenvno ouaconmanu
ocHosaHnus BD?

Pewenue. Taxk xak Touku P u N — ce-
penunsl pedep BM w DM, to PN — cpen-
HAsl JIMHHAS ~ TpeyroJbHUka BMD n
PN || BD . Tak kak uepe3 TOUKy P MOXHO
IIPOBECTU E€MHCTBEHHYIO MNpPSIMYI0, IMapai-
JnenbHyr0 BD wm cekynias IJIOCKOCTh TaKKe
napajuienpia BD, To PN 1€XUT B IUIOCKO-
ctu ceuenus (cm. puc. 113a).

Tak kak mnupamyaa MpaBUiIbHAsA, TO
MO — BbicoTa nupamusl (O — TOuKa Ie-
peceueHust JyaroHaieu OCHOBaHHU),
MO =BMD N CMA .

ITlycts Touka E = PN " MO, torna E —
ceperrHa MO . Torpa npsamas AE Taxxe



Puc. 113

JEKUT B IUIOCKOCTH CEYEHUS U IIyCTb
K=AENCM , 51 YETBIPEXYTOJIbBHUK
APKN — ommcaHHOE B YCIIOBHE CEUYCHHE
MTUPaMUJIBL.

Ha BwiHOCHOM weptexe (cMm. puc. 1136)
npoBeneM otpe3ok OQ || AK . Torma, wuc-
noJib3ya teopemy daineca, nonyyaem KE —
cpenHsisi JuHUSA TpeyrojibHuka OQM u
OK=KM, a OQ — cpenHss IuHus Tpe-
yromeanka CKA u CQ =(QK . CnepoBa-
TenpHO, Touka K penut pebpo CM Tak,
yto MK : MC =1:3.

[Tnockocte CMA pa3buBaeT Kaxiayro U3
nupamut MABCD n MAPKN Ha nBe paB-
Hbl€ TpeyrojbpHble Nupamuabl. Mcnonb3ys
COOTHOIIEHHE (*), OJIy4aeM

MK MP MA
MPKA:MC'MB'MA' MBCA =
I 1 1
ZE'E'I'VMBCAZE'VMBCA'
1

Ananorn4so, V, .., =% Viicoa -

CoOoTBETCTBEHHO, O00BEM  MHUPaAMUIBI
MAPKN 0Oyner cocTaBiisiTh IIECTYIO 4acTh
oO0beMa JaHHOW TIUPaMHJbBI, a CEKyIas
IUIOCKOCTh OyIeT NeIuTh 00BEM B OTHOIIE-
Huum 1:5.

Omeem: 1:5.

® [lycmb a u b — Onunel 08yx npomueo-
NON0JICHbIX pebep mempad’opa, d — pac-
cmosinue, a © — yeon mexcoy Humu. Toeoa

00vEM mempa’adpa MONCHO BbIYUCIUMb HO

dopmyne V = %abd sin Q.

(CMm. onophyro 3amauy 9 riasa 3 m. 3.4).
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Ipumep 100. Jan eounuunvii ky6
ABCDA,B,C,D,. Haiimu 06vém nupamuobsi

AB,CD,.

Pewenue. Umeem AB, =CD, = J2 (cm.
puc. 114). PaccTosiHue Mexay CKpelrBaro-
muMucs npsameiMi AB;, u CD, , nexxamumu
B IapajulebHBIX IUIOCKOCTAX, pPaBHO .
Yron mexay HUMH paBeH 90°, Tak Kak
AB, ||DC, n CD, L DC,. CnenoBatensHo,

1

Vs cp =—AB,-CD, - AD -sin Z(AB,;CD,) =
6

AB,CD,

:l.ﬁ.ﬁ.l.lzl_
6 3

B,

Puc. 114

Omeem: l
3

Mpumep 101. Ha ouazonanu epanu eou-
HUYHO20 Kyoa e3samel mouku M u N, a Ha
CKpewugarowericsi ¢ Hell OUa2OHANU COceo-
Heu epanu 83amol mouku P u Q. Uzeecmmno,

1 1
yumo MN = > PO = 3 Haiimu 06vém
mempaszopa MNPQ.

Pewienue. [TycTp JIaH KyO
ABCDA,B,C,D, (cMm. puc. 115). Otpeskn

MN u PQ nexar Ha npsambix AB, u A,C,
cooTBeTcTBeHHO. Tak kak DC, ||4B,, 10
Z(AB,, A\C))=ZA,C,D =60°.

npsimele AB, m A,C, nexxar B napajuienb-

Tax xkak

HbIX mockocTsXx AB,C u A,C,D , To

1
p(A4B;; AC) =p(4B,C; ACD)= ﬁ

[Tosmyuaem



Puc. 115
1
Omeem: — .
72

o [lycmb p u q — niowaou 08yx epauet
mempas’opa, a — O1uHa odbwe2o pebpa, o —
BENUYUHA O08Y2PAHHO20 Yeld MeHCOy dMUMU
epanamu. Toeda ob6vem mempa’opa modxcem
ObIMb BbIYUCTIEH NO hopMYTie

_ 2pgsina
3a

v

(CMm. onophyro 3amauy 11).

Ipumep 102. Haiimu o06vém nupamuosi
ABCD, 6 «komopou AB=4, BC=35,
AD=6, BD=7, CA=8, a o0syepanubvlii
yeon ¢ pebpom AB pasen 60°.

Puc. 116

Pewenue. Victions3ys hopmyny ['epona,
HaxoOJUM TIUIOMIAJAX TPEYrOJIbHUKOB (CM.
puc. 116) ABD n ABC':

_17-9-3-5 N17-9-1-7

S 480 _T S, 0= 4
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Torna uckoMbiit 00beM MUPaMHJIBI PABEH

153435

_217°.9°.3:5.7 3

14 2
16 2 64
1534/35
Omeem: .
64

Ilpunyun pazouenusn u 0onoHeHun

WNHorpa mpu BBIYMCICHHH 00beMa MHO-
rOrpaHHUKA MCIOJIB3YIOT AOTOJHEHNE STOTO
MHOTOTpaHHUKA JO0 NUPaMHUabl (IIPU3MBI)
WU pa30ueHne Ha 3TH QUTYPHI.

HMpumep 103. B mpeyeonvrot npusme
ABCABC, ¢ o6wémom 180 cv’ nposedeno
ceuenue yepes eepuuny A u cepeounvi pé-
oep BB, u B,C,. Haiimu 06vém omceuen-

HOU 4acmu npuzmvl, cooepicawei peopo
CC,.

Pewenue. O603naunm uepe3s M u N ce-
peauHbl pédep BB, u B,C, COOTBETCTBEHHO
(cm. puc. 117). Jlamee HaXOauM TOYKH
S=MNNCC, u P=SANAC,, u B cede-
HUM II0JIYYUM YEThIPEXYronbHUK APNM .

Puc. 117

[Toctpoum touky L =MN N BC. Ilyctb
H — BricoTa npusmsl, Q — miouiaab OCHOBa-
Hus. O6bémbl mupamun SALC, SPNC, n

MALB o6o3nauum uepes V,, V., V,.

Touku M u N — cepeiabl pedep, o3ToMy

BL :%BC, CL :%BC. 3HauuT, S, :%Q.

Taxxe SC, :%CC], SC :%CC] U BBICOTA

nupamuiel SALC paBHa %H .
O06BéM



13 3 3
—=H-S,.=—HQ==-180=135.
3 2 ALC 4 Q 4

£
IMTupamuna SPNC, nonoOHa nupamuie

SALC c xosddunmenTom k :é (SC,:8C =
=1:3). IlosTomy

1
4 :k3V2 :ﬁzs
27
Tak kak M — cepenuna pebpa BB, 10
BbICcOTAa mupamuasl MALB paBHa %H .
Kpome  Toro BL = %BC ,  T03TOMY
1
S s :EQ 3Hayur,
11 1 1
V,=——H-S,,=—H0O=—-180=15.
=3 S = 0=

O0BEM OTCEUCHHON YaCTH MPU3MBI, CO-
nepkauieit peopo CC, paBeH
V,-V, =V, =135-5-15=115 (ca).
Omegem: 115 e’
Ipumep 104. (EI'3, 2008). Jan npsamo-
yeonvuwii napannenenuned ABCDA B, C.D,.
Ha ezo bokosvix pébpax AA, u BB, nexcam
mouku M u P coomeemcmeenno mak, umo
AM :MA =8:11, BP:PB=2:1. Bo
CKOIbKO pa3 00béM 0aHHO20 napaiienenune-
0a bonvuie 00bEMA NUPAMUOBL C 8EPULUHOLL 8
mouxe P, ocnosanuem KOmopoul s61s1emcs

ceuenue O0aHHO20 napanienenuneoa NiocKo-
cmovio BMD,?

Pewenue. O0béM V' naHHOTO mapaije-
nenunena paseH V' =CB- BA- BB, (cM. puc.
118). Cedenne mapaienenuiena MmIoCKo-
cTei0 BMD, — mapamnenorpamm BNDM ,
KOTOPBIA JCIUT €ro OoOBEM IMOomoJIaM |

CN 8
—— =— (cM. omopHyto 3amaudy 21 B riase

NC 11
3m 3.4).
V
Tak kak VPBNDIM :5_ NC,DAMPB, > 1O

HailileM cHadaiga OOBEM MHOIOrpaHHUKA
NC\D,AMPB,. 1ns 3T0ro pa3odbeM €ro Ha
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nse nupamuasl D NC\B P u D PBAM n
HalieM 00bEM KaKJIOW M3 HHUX, YUUTHIBAS,

YTO TPOTHUBOIIOJIOXKHBIE pedpa mapasierne-
muIeaa paBHBI.

ECC, +zBB,
Syepp=12—"3 —.CB =
NC,B,P > 15
zﬂCB-BB].

57
;;AAI +§BB,
SPB,A,M :f'AlBl =
ZAAB-BB].
114
1 1 31
DINC,B,P — D,C, 'SNCIBIP = 3 EV
71
D\PBAM — 3 - Dy 4, 'SPBIAIM = 3 mV
Torma
i, 1o, v
PN 357 3 114 9’
Omeem: 9.

TpeyronbHyr0 nupamMugy MOXKHO JI0-
CTPOUTH JI0 TMapaUIelIeuIe/a JABYMS CIIO-
cobamu.

1-1i cnoco6. Tpeyronbauk ABC noctpau-
BaeM Ji0 napauienorpamma ABEC, 3aTtemM 10
napamnenenunena ABECA B E,C, (cM. puc.
119). B atom ciyuae

V :lV

ABCA, 6 ABECABEC, *

(CM. onopHyro 3anauy 7 rinaBa 3 m.3.4).



E,

B

i

C
A

Puc. 119

2-u cnoco6. llpoBomuM depe3 KaxkIoe
pedpo TeTpadipa MI0CKOCTh, HapauIeIbHYIO
MIPOTUBOTIOJIOKHOMY peOpy (cMm. puc. 120).
B stoM ciyuae pébpa ucxoHOTO TEeTpa’apa
SABJIIFOTCS AHUarOoOHaJIsIMU rpaHeﬁ IMOJIYy4YHB-
1Ierocs napajuienenurneaa u

1

VABCD = EVDECFHAGB .

H

Vi

C

E
Puc. 120

Ipumep 105. B mpeyeonvrou nupamude
OoKosble pébpa 63AUMHO NepPneHOUKVIAPHbL

U umerom OJIUHbI \/%, \@ u /126 . Haii-

mu 00bEM nUpamuobl.

Pewenue. JlanHyro nupamMuay JOCTPaH-
BaeM JI0 IPSIMOYIOJbHOIO Iapaljesenurie-
na. Torna uckomblii 00bEM paBeH

v :%.\/%.\/@-«/126 =21y55 .

Omeem: 2 lx/g .
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Hpumep 106. /[sa npomusononodxcHvix
pebpa mpey2onbHOU NUpamuobl pasHul d,
0sa opyeux paeuvl b, 06a ocmaguiuxcs — C.
Haiimu 06vém nupamuovl.

Pewenue. JloctpanBaeM JaHHBIN TeTpa-
3lp 10 Mapajielenurena, MpoBOIsS Yepes
KaXJ0€ pedpo IJIOCKOCTh, MNapajielbHYIO
MPOTUBOTIOJIOKHOMY pedpy. CormacHo yc-
JIOBUIO 33Jaud IOJYy4aeM MPSMOYIrOJIbHBIN
napajuienenunes (IMaroHajad B KaxJOH
rpaiu paBHbl). [lycTh nHHeNHbIE pa3Mepsl
napajuieJienunesa COOTBETCTBEHHO paBHBI
AB=x, AD=y, A4 =z (caenaiite pu-
CYHOK camocTosTensHo). Mcxons u3 ycno-
BHUSI, COCTAaBUM CHUCTEMY YpaBHEHUN

x2 +y2 — a2’
2 2 2
yi+z =b",
Z+xt=a’.
[Ipu cnokeHnn ypaBHEHUH MOJIy4aeM

x4+ yi 4z :%(az+b2 +c).

3aTCM, BbIUMUTAasA U3 IMOCJIICAHCTO PaBECHCT-
Ba KaXXKI0€ paBCHCTBO CUCTCMbI, HAXOJUM

x’ :l(a2 —-b*+c?),
2_1 2 2 2
vy =—(a+b"-c),

2
z’ :%(—a2 +b* +c%).

Torna nckompiii 00bEM paBeH

y =22 _
3

=%J(a2 +b =)@ —b* +cP)(=a’ +B +c).

Omeem:

1—*/25\/(612 b =)@ =B+ ) —a’ + B +cY) .



o O0vém mpeyeonvbHo2o0 npuzmamude-
ckoeo mena A B,C/A,B,C,, oepanuuennozo
mpeyzonvruxamu A B,C, u A,B,C,, modcHo
gbIMUCIUMB NO popmye

A A,+BB,+CC,

AIBICI AZBZCZ -

S

ABC >
3

20e niockocmv ABC nepnenouxynapra peo-
pam  npusmamuyeckon nosepxHocmu (CM.
puc. 121).

B uacmnocmu,

_AA,+ BB, +CC

ABCA,B,C, — 3

2
'SABc-

4>

A,

Puc. 121
(Cwm. onopuyto 3aaauy 13 rnasa 3 n.3.4).

Hpumep 107. I1nowaowv ocnosanua ABC
npsamou mpeyeonvnou npusmvl ABCAB,C,
pasna 30. Touxu F, E, D nexcam na pébpax
A4, BB, CC, coomeemcmeenno, npuiem

AF =4. Hatimu 00vém mpey2onvbHOU nu-
pamuodvl DAFE .

Pewenue. Jlannyro mupamuny DAFE
MOXXHO  TPEJCTaBUTh
KaK TpeyroyibHO€ IMpH3-
MaTH4YecKoe Teno, Or-
paHUYEHHOE CHHM3Y H
CBEpPXy TpeyroJibHUKa-
mMu ADE u FDE coot-
BETCTBEHHO,  MpPUYEM
3TH TPEYrOJIbHUKU
UMET  JBe  oOuue
BEepIIMHBI (CM. pHuC.
122).

Haxoaum nckoMblit
Puc. 122 00BEM
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Vo =#-30=40.

Omeem: 40.

Ipumep 108. (EI'3, 2007). Cmoponui
AB u AD ochoeanusi npsamoy201bHO20 na-
pannenenuneda ABCDA B,C,D, pasnot T u S
coomeemcmeenHo, 0okogoe pebpo AA
pasno 3. Touku L, K, M nexcam na peopax
AD, AB,, BC, makx, umo AL:AD=3:5,
AK:AB =47, BM:BC, =2:5. Hau-
mu 06vém nupamudwvl ¢ sepuiunoti K u oc-
nosanuem AMCL.

Pewenue. Tpeyronsuuk AKB, sBusercs
OPTOTOHAJILHOM  NPOEKIMEH  IHPaMHUJIbI
KAMC,L na mnockocts ABB, (cM. puc.

123). Haiiném HeoOX0IMMbIe BETUIMHBI:

KB =>.7=3, MC,=>.5=3,
7 5

1
AL:%S =3, S, 25-3-323.
[Mupamuny KAMC,L MoXHO mpescTa-
BUTh KaK NpPU3MATHYECKOE TEeJO0, OrpaHu-
yeHHoe TpeyronbHukamMu AKM u KLC,,

IIPUYEM ITH TPEYTrOJIbHUKH HMEKT OJHY

Puc. 123

obmryro Touky. Torma MCKOMBIA 00BEM pa-
BEH

AL+MC, +0 3+3+0 9
:—'SAKBIZ 5T
3 3 2

Omeem: 9.

V 9.




TpeHI/IPOBO‘IHbIe YHpaKHCHUS

151. (EI'D, 2012). Touka E — cepenuHa
pebpa A4, xyba ABCDAB,C\D,. Haiinute
IIomaap cedeHus Kyoa miockoctero C\DE,
eciu péOpa Kyda paBHBI 2.

152. Jlan xy0 ABCDA,B,C,D,. Yepe3
Touku A, B, u cepenuny pebpa CC, npo-
BEJICHA CEeKyllas IIockocTh. Haiiaure mio-

Iagp TOJHON IOBEPXHOCTH Ky0a, eciu
TIJIOIA/Ib CeYEHUs paBHa 36.

153. Ky6, pebpo xoTOpOTrOo paBHO a, Iie-
peceKaeTcsl INIOCKOCThIO, MPOXOJsAIIei ue-
pe3 ero auaroHanb. Kakyl0o HauMEHBIIYIO
miIomaab MOXKET UMCTb CCUCHUC U IIPU Ka-
KOM YIJle HaKJIOHa IUIOCKOCTH CEYEHMs K
TUTIOCKOCTH OCHOBAHUS 3TO JIOCTUTACTCS?

154. IlpssmoyrosibHBIA NHapaieienumne],
H3MepeHusi KOTOPOro paBHbI 4, b, ¢, iepece-
KaeTcsl MII0CKOCThIO, MPOXOAAIIEH Yepe3 ero
nuaronaigb. Kakyro HauMEHBIIYIO TUIOIIA[b
MOKET UMETh CEYEHHNE, eclid a < b < c?

155. B npsMOyronsHOM mnapasiiesienurie-
ne ABCDABCD, AB=BC=a, BB =0
(b>a). Yepe3 Bepmiuny A TNEpPICHIUKY-
JSPHO JuaroHanu BD, nposeieHa IUIOC-
KocTh. Halimure miomans ceyeHusl mapaji-
Jenenunena 3ToU MI0CKOCTBIO.

156. CeueHue MIOCKOCTHIO MPSAMOYTOJIb-
HOTO Mapajulejienuneaa ¢ KBaJpaTHBIM OC-
HOBaHUEM €CTb pOMO C OCTpPBIM YIJIOM « .
Omnpenenure, MO KaKUM YIJIOM IepeceKaeT
3Ta TUIOCKOCTh OOKOBBIE pedpa mapasuierne-
narena’?

157. Onpenennte 00BEM MPAMOYTOIBHO-
ro napajieienurnena, wiouaau rpaHe Ko-
Toporo passsl O,, O, u Q;.

158. Jlan npssMOYyronbHbIN Mapajienenu-
nen ABCDAB,C\D,. Ha ero 60koBbIX p&O-

pax AA, u BB, nexar touku M u P coor-
gyro AM : M4, =8:11,
BP:PB=2:1. Bo ckonbko pa3 00BEM

BE€TCTBCHHO Tak,

JAHHOTO Mapajiienenumnena 6oplie oobEMa
MAPaMUJIbl C BEPUIMHOM B TOuke P, OCHO-
BaHUEM KOTOPOH SIBJISIETCS CEUCHHUE JAHHOTO
napaJiesienuIesa miockocToo BMD, ?

159. Jlan npssMOYronbHbINA Mapajieienu-
nen ABCDAB,C\D,. Ha ero 60koBbIX pEO-
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pax AA, u BB, nexar touku M u P coor-
AM :MA, =17:5,
BP:PB=4:3. Bo ckoinpko pa3 00bEM

BE€TCTBEHHO TaK, 4YTO

JAHHOTO Mapajuienenuneaa 6osupiie oobEMa
IIAPaMHUJIbl C BEPUIMHON B TOYKe P, OCHO-
BaHUEM KOTOPOH SBJISIETCS CEUEHHE JAHHOTO
napajiesienuIesa miockocTeo BMD, ?

160. Pedbpa AB wu AD ocHOBaHUA
ABCD TpsSMOYrOJIBHOTO Mapajuielenne1a
ABCDA,B,C,D, paBHBI COOTBETCTBEHHO 9 U

4. Ha 6okoBbIX pebpax AA, u BB,, paBHBIX
11, nexar Touku M u P COOTBETCTBEHHO
TaK, ut0 AM : MA =3:4, BP:PB=8:3.
Haiigure 00b€M nmupamuabl ¢ BEpUIMHOW B
TOYKE P, OCHOBAHMEM KOTOPOW SABJISIETCA
CEYECHHME JAHHOTO Napajulelenunena Iuioc-
KOCTBIO BMD, .

161. Kaxnoe peOpo mnpaBuUiIbHOU Tpe-
YTOJIBHOM NPU3MBI paBHO a. Uepes cTopoHy
OCHOBAHUS U CE€peIMHYy OCH (OCh — OTPE30K,
COEJIMHSIOIIUHN LIEHTPhl OCHOBAHUM) IMpOBe-
JleHa INIOCKOocTh. Haiinure mmiomans, cede-
HUS IPU3MBI 3TOM IIOCKOCTBIO.

162. OcHoBaHue mnpsAMON  MPU3MBI
ABCA,B,C, — tpeyronpnuk ABC, B KoTO-
pom ZC=90°, BC=6, AC=8. Yrox

Mmexy miaockoctsmu ABC u ABC, paseH

45°. Haiigute muiomans OOKOBOM IMOBEpX-
HOCTU IIPU3MBI.

163. OcHoBaHMEM MNpPSIMON YeTHIpEX-
YTOJILHOW TPHU3MBI ABJISIETCS pOMO ¢ uaro-
Hansmu 6 u 8. HaiiguTe tuiomans moJTHON
MMOBEPXHOCTU TPHU3MBI, €CJIM U3BECTHO, YTO
JTMaroHalib ée OOKOBOM rpaHu paBHa 13.

164. Haknonnas npusma ABCDA,B,C,D,
UMEET CBOMMHU OCHOBAHUSIMHU Tpanenuu
ABCD n A,B,C,D,. Cymma momanei na-
pajIeNbHbIX OOKOBBIX I'paHEl IMPHU3Mbl paB-
Ha S, a pacCTOSIHME MEXIY dTUMU T'PaHsIMHU
paBHO d . Haligute 00b€M MHOrorpaHHHuKa
A BCDAC.

165. OcnoBanue nupamuiasl ABCD —
MPSIMOYTOJIBHBIN TPEYTOJILHUK C THUIOTEHY-
301 AB, paBHOI 24/30 . CD — BbIcOTa TII-

pamubl, OokoBele pedpa AD u BD nakio-
HEHbl K IUIOCKOCTH OCHOBAHUS IOJ yrilaMu



30° u 60° coorBercTBeHHO. Haiimnre 005B-
€M IMpamMubl.

166. B ocHOBaHMM IIEpBOM IHpPaMUIBI
DABC nexwut tpeyronbauk ABC, B KOTO-
poM /C=45°, BC=632, AC=18. bo-
KoBO€ pebpo AD mneprneHIuKyaspHO IUIOoC-
KOCTU OCHOBaHMsI nupamujpl. CedeHue nu-
pamMubl IUIOCKOCTBIO, MPOXOJSIIEed uepes
cepenuny pedpa DB mapaiienbHO TPsIMbIM
BC n AD, sBnsercs OCHOBAaHHWEM BTOPOM
nupamupl. Ee BepmmHa 7' — OCHOBaHuWE
BbICOTBI BT TtpeyroneHuka ABC. Bo
CKOJIbKO pa3 oO0BbEM mepBOW MHUpaMUIbI
00Jb111€ 00BEMa BTOPOM MUpamMuabI?

167. B ocHoBanuu nupamuasl DABC
JIE)KUT TPEYrolbHUK ABC, B KOTOpOM

ZC=30°, AC=20, BC:i. BoxoBoe
NE)

pedpo AD paBHO 6V3 n MEPIEeHIUKYISIPHO
mwiockoctu  ABC. CedeHue nOUpaMuJbl
IJIOCKOCTBIO, IIPOXOJAIIEH Yepe3 cepeuHy
pebpa DB mnapamienbHo mpsMbiM BC u
AD, saBnsercs OCHOBaHUEM BTOPOW MHUpA-
Mubl. Ee BepmriHa 77 — OCHOBaHUE BBICOTHI
BT tpeyronsauka ABC. Halinmute 00BbEM
BTOPOU NMUPAMUJIBI.

168. B OCHOBaHHUHU MHPAMUIBI
DABC nexur tpeyronsHuk ABC, B KOTO-
pom ZC =60°, BC=8, AC=14. boko-
Bble TpaHu DAC w DAB nepnesHaukyisp-
Hbl TUIOCKOCTH OCHOBaHHS NHPAMUIbI, a

pebpo AD paBHO 443 . Ceuenne MUpaMHU-
Jbl TUIOCKOCTBIO, IIPOXOJAIEH 4Yepe3 cepe-
nuHy pebpa DB mapamienbHo npsmMeiM BC
U AD, sBISETCS OCHOBAHHEM BTOPOW MH-
paMubl, BepuiMHa KoTopod B Touke C.
Haiinure 006EM BTOpOI TUpaMUIbI.

169. OcHoBaHMeM MNUPAMHJIbl CIYXHUT
MPSIMOYTOJIbHBIA TpeyroyibHUK. Bce Ooko-
Bble pebpa mupamuabl HAKIOHEHBI K IIOC-
KOCTH OCHOBaHMsS TOJ yrjioM 45°, a yron
MEXAY OJHUM U3 HUX U TUIIOTEHY30U OCHO-
BaHua paBeH 60°. Kakyi HauMEHBIIYIO
IJIOLIa/1b MOKET UMETh CEYEHHUE MUPaMMU/IbI
IJI0CKOCTBIO, MPOXOASIIEH yepe3 THIOTEeHY-
3y OCHOBaHUs, €CJIUM THIIOTEHY3a OCHOBAaHMUS
nupamuabl paBHa d ?

170. /laHa npaBUJIbHAS YE€THIPEXYT OJIbHAS
nupamuna SABCD. Touka F nenut pedpo
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SC B otHOwIeHUH 1:2 (cuuTasi OT TOUKHU S),
Touka E — cepenuna pedpa BC. Haitnure, B
KaKOM OTHOIICHUH JIEIUT 00BEM MUPAMUJIBI
I0CKOCTh DEF .

171. B 1npaBHUIBHON 4YETBIPEXYrOJIBHOU
npusmMe ABCDAB,C, D, cropona AB oc-
HOBaHUs paBHa 6, a OokoBoe pPebpo A4,
paBHO 12. Yepes BepmmHbl A u C, NIpU3MBbI
IIPOBE/IEHA IUIOCKOCTh, IepeceKaromas 0o-
KoBoe pebpo BB, B Touke K, a G0KOBOE

pedpo DD, B Touke L. Haiinure 00béM nu-
pamunsl 4, AKC|L .
172. OcnoBanue nupamugsl MABCD —

KBaJpaT, JUaroHajllb KOTOPOrO paBHa V6.
Pebpo MB mnepneHIuKylspHO IUIOCKOCTH
OCHOBAHMSA, a YroJd MEXAYy IUIOCKOCTIMHU
ABC n AMD pasen 60°. Haiigute 00bEM
MUpaMU/IbI.

173. B ocHoBanum nmpamuiel SABCD
JIeXKUT poMO ABCD, CTOpOHa KOTOPOTO
paBHa 12, a nuaronans DB =6. BricoTa nu-
pamuael SO TPOXOIUT Yepe3 TOUYKY IMepe-
CeueHHs AMaroHaei pomba u pasHa 313 .
Touku E u F nexar Ha pédbpax 4D u AB
COOTBETCTBEHHO, IpuueM AE =4, FB=8.
Haiimure mnnomanbs cedeHHsT DUpamMuabl
IJIOCKOCTBIO, MPOXOJIAIei uepe3 Touku E ,
F w nmapaienbHoi pedpy SC .

174. (MU OO, 2012). B npaBuibHON 4Ye-
ThIpexyrojpHoil nupamuae SABCD c ocHo-
BaHueM ABCD mnpoBeNeHO ceyeHHue 4epes
cepenubl pédep AB u BC u BepuiuHy S.
Haitnnre moomanab 3TOro CEUeHHs, €CIIH BCe
pedpa nupaMuIbsl paBHbI 8.

175. (M OO, 2012). B npaBunpHOI 4e-
TBIPEXYTOJbHON nupamuge SABCD ¢ OCHO-
BaHUEM ABCD TIPOBEICHO CEYECHUE Yepe3
cepenunbl p€dep AB u BC u Bepuiuny S .
Haiigute miolags 3TOro ceueHus:, eciu 00-
KOBO€ pedpo mupaMuJibl paBHO 6, a CTOpPOHA
OCHOBaHUs paBHa 4.

176. CropoHa OCHOBaHMS MpPaBUIBHOMN
YeThIPEXyroJIbHOM MUpaMu/bl paBHa a , 00-
KoBoe pedpo b. Uepe3 cepenumHBI IBYX
CMEXHBIX CTOPOH OCHOBaHHS MPOBEICHO
CeUeHHE IMapaUIeTbHO TEPECEeKANIEMY UX
O6okxoBomy pebpy. Haitnure mmomanp ceve-
HUAA.



I'nasa 3. /lonosiHeHUst

3.1. MeTroabl NOCTPOCHHS CeYEHUS
MHOTOTPAHHUKA IVIOCKOCTBIO

Cnedom ninockocmu o, Ha niockocmu 3

HA3bIBAIOT MPSAMYIO, TI0 KOTOPOH TUIOCKOCTh
0L TIEPEeCceKaeT MIOCKOCTh 3.

Cnedom npsmoii | na niockocmu o Ha-
3BIBAIOT TOYKY IIEPECEUYCHUsT TPSMOH C
IJIOCKOCTBIO OL.

OnopHas 3agada. Haumu mouky nepece-
yenuss OanHou npsamou AB ¢ niockocmuio
o (AB we napannenvua o).

Pewenue. 3ajaua MMeeT peLICHUE B CITy-
Yae, €clid BO3MOKHO MOCTPOUTDH Hapajuiesb-
HYIO WM LEHTPAIbHYIO NPOEKLIHI0 JaHHOU
npssMoi AB Ha mockocTh o. B mepom
(cm. puc. 124a) u Bo BTOpoM (cMm. puc. 1240)
Cllydae CTpOSITCS IPOEKIMH NPsIMOM Ha
IJIOCKOCTh. Tak Kak npsiMass AB u ee mpo-
eKIMH JIe)KaT B OJHOM IJIOCKOCTH (00paso-
BAHHOM: B MEPBOM Cllydyae HapaieIbHbIMU
npssmMeiMu A4, 1 BB, , BO BTOpoM — mepece-

KaromuMucs npsiMeiMi SA 1 SB ), TO Touka
ux nepeceueHuss M H ecTb HCKOMas.

Puc. 124

Hpumep 109. Ilocmpoums creo npsamot
BM na epanu xyoa DD,C,C (cMm. puc. 125a).

Pewenue. 1lpsmas BM — napainenbHas
npoekuus (mapawieIbHO OOKOBOMY pedpy
Ky0a) npsMoil B, M Ha IJIOCKOCTh OCHOBa-
Hus (cM. puc. 1256). Touka N — Touka me-
pecedyenus npsimbix BM u DC. Dta Touka
SABIISICTCS TIPOCKIMEH TOYKH IepecedeHust
npsamoil BM ¢ rpansto DD,C,C. Yepes
Touky N mpoBoauM mnpsmyro NP, mapai-
nenpHyI0 00okoBOMY peOpy. OHa mpuHazie-
KUT TUIockocTH rpanu DD,C, u nepeceuer
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npsMmyro BM B Touke (), NOCKOJBKY OHHU
JexaT B ofHOM 1uiockoctu BB M . Cneno-
BaTeJIbHO, TOUKAa () — HUCKOMaA.

Ceuenue MHO202PAHHUKA NAOCKOCMbIO —
MHOTOYT'OJIbHUK, MPEACTaBISIOUUN co0oi
MHOJKECTBO BCEX TOUYEK IPOCTPAHCTBA, IIPHU-
Ha/IJIEKAIIUX OJTHOBPEMEHHO JaHHOMY MHO-
TOIPaHHUKY M IUIOCKOCTH, IUIOCKOCTh IIPU
9TOM Ha3bIBACTCS CeKyuyell NI0CKOCHbIO.

B,

Puc. 125

Cexkyl1as IIIOCKOCTh MOXKET OBbITh 3a/laHa
pa3IMYHbIMU crioco0aMu, Harpumep:

a) TpeMs TOYKaMU, KOTOpbIE HE JIeKaT Ha
OJHOM MPSIMOM;

0) mpsAMOIl M TOYKOM, HE JNexalled Ha
HEH;

B) IBYM$ [E€PECEKAIOIIMMHUCS MPSIMbIMHU;

I') HEKOTOPhIMH M3 YKa3aHHBIX BBIIIE
r€OMETPUUECKUX 3JIEMEHTOB B COBOKYIITHO-
CTH C PA3JIMYHBIMU 3aBUCHUMOCTSIMH MEXIY
HUMU U 3JeMeHTamu (TpaHsmu, pedpami,
JMaroHaJsIMU U T. JI.) MHOTOT'paHHUKA.

[TocTpoeHne MIIOCKUX CEYEHUH MHOIO-
IPAaHHUKOB BBIMOJHSETCS HA OCHOBE COOT-
BETCTBYIOIIMX IPOCTPAHCTBEHHBIX AKCHOM
U TEOpEM.

Ilocmpoums  ceuenue MHO2OZPaAHHUKA
NJIOCKOCMbIO — TO 3HAYUT MOCTPOUTH MHO-
TOYTOJIbHUK BCE€ BEPILIMHBI U CTOPOHBI, KO-
TOPOr0 — COOTBETCTBEHHO CIIEbl CEKyIlel
IJIOCKOCTH Ha pedpax U TpaHsSX MHOTOTpaH-
HUKA.

Haubonee yacto nmpuMeHSEMBIMU METO-
JaMH TIOCTPOEHMSI CEUYEHUN MHOTOTpaHHU-
KOB IJIOCKOCTBIO SIBJISIFOTCSI: METOJ] CJIEZOB U
METO/1 IEPEHOCa CEKYIEeH MIOCKOCTH.



Memoo «cneooe»

[Ipy wmcrosnb30BaHUM ATOrO0 METOJA CHa-
yaJjia CTPOUTCS CJIel] CeKyIlel IUIOCKOCTH Ha
IIJIOCKOCTH OJTHOM U3 I'PaHEel MHOTOI'PaHHUKA
(ymbo Ha AMAaroHaJbHOM TIJIOCKOCTH WJIH
IJIOCKOCTU CUMMETPUHM), a TaKKe Clebl Ha
MPSIMBIX, COAEPIKALINX CTOPOHBI 3TON IPaHHU.
Jlanee mpu HaJM4uMu JIBYX CJE€IOB Ha Mps-
MBIX, COJIEpPXKAIlUX CTOPOHBI COOTBETCT-
BYIOIIEH TI'paHu, CTPOSITCA CIEAbl CEKyLIeH
IJIOCKOCTHU Ha JPYTUX IpaHsX.

Ipumep 110. [locmpoums ceuenue kyoa
ABCDA,B,C,D, naockocmvio, npoxoosiyei

yepes mpu 3a0aHHble HA e20 pedopax mouKu
M,N,P, o0se uz komopwvix Jexcam Ha

cmedicHbix pedbpax (cm. puc. 126a).

Puc. 126

Pewenue. Touxu M wu N 1nexar B
IUIOCKOCTH CE€YEHHs U B INIOCKOCTH AA B,
MO3TOMY OTpe30K MN — cien cekyueun
IUIOCKOCTH Ha rpanun AABB. Jna mo-
CTpOEHUS CIIEJIOB Ha JIPYTUX T'paHsAX MOCTY-
MaeM CIIEIYIOIHUM 00pa3oM.

[IpoBomum npsimyto MN (cm. puc. 1260)
70 TIepeceueHus ¢ npaMbeiMu AB u BB, , ne-
JKalllUMU ¢ HEW B OJHOW IUIOCKOCTH W HE IIa-
pautenbabiMu €. Toukun K, u K, — cuensl
CEKYILEeH IIOCKOCTH Ha YKa3aHHBIX IPSMBIX.

Toukn K, m P nexar B IJIOCKOCTH

Puc. 126
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ABC (cm. puc. 1266), cnegoBaTenbHO,
npamasg K, P v touku N, u K, — ciensl ce-

Kyllel INIOCKOCTH Ha Iockoctu ABC, Ha
pedpe AD u npsimoit BC COOTBETCTBEHHO.

Touku K, m K, 5exar B IIOCKOCTH
BBC, (cm. puc.
npsmas K,K, — cien cexyuen IUIOCKOCTH

1262), cnenoBaTeNbHO,

Ha mockoctd BB,C, Touku F, u M, — ee
caensl Ha pedbpax CC, m B,C, cooTBercT-
BEHHO.

TOYKH

Coenuusis B yKa3aHHOM TOPSIIKE
M,N,N,, P, B, M,, nonydaeM wuc-
KOMOE CCUCHHE - ECTUYTOJIbHUK

MNN,PPM, .

Hpumep 111. I[locmpoums ceuenue kyoa
ABCDAB,C\D, nnockocmvio, npoxooswei
yepez mpu 3a0anuvle mouku M, N, P, ne-

Jcawue Ha Henepecekarowuxcs peopax (CM.
puc. 127a) npu ycrosuu, umo Hukaxue osge
U3 HUX He JIexHcam 8 OOHOU CPpaHU.

Pewenue. HaiineM TOUKy IiepecedeHus
npsmoit MP ¢ mnockoctero ABC . Jlns 3to-
ro MpOBEIEM yepe3 Touky M mnpsmyto, ma-
pajutenbHyto pedpy AA, (cMm. puc. 127a).
Ona nepeceuer pedbpo 4B B Touke K. Tax
Kak Touka P sexut Ha pedpe CC,, TO OHa
COOTBETCTBEHHO MPOEKTUpYETCsl B TOUKy C .
Touka K, = MP N K,C npHHaAIEKHT ILIOC-
KOCTSIM CE€YEHHUSI 1 OCHOBAHMUSI.

Puc. 127
Torga mpsmas NK,

ClIell CeKyllen
IUIOCKOCTH Ha IUIOCKOCTH OCHOBaHHS (CM.
puc. 1276), a Toukn K;, N,, K, — cienpl Ha
npsmoit BC, pebpe CD u npsmoil AB co-
OTBETCTBEHHO.

Hanee nposoaum npsmeie K,M u K.,P
(cm. puc. 127g). ckomoe ceueHnue — 1ec-
tryronsHuk MM NN, PF .


Константин
Машинописный текст
1


Puc. 1276

Hpumep 112. Ilocmpoums ceuenue ue-
mulpexy2onbHou nupamudsl SABCD nnoc-
KOCmbl0, npoxoosiujeli yepe3 mpu 3a0aHHble
mouku M, N, P, nexcawue na ee pebpax

(cm. puc. 128a).

Pewenue. 1lpsmeie MN u AD nexar B
mIockocTd SAD w He mapaienbhbl, Cre-
JI0BAaTeNIbHO, OHU IEPECEKAIOTCS] B HEKOTO-
poii Touke K, (cMm. puc. 1286). Touku K, u
P npunajiexar njaocKoCcTd OCHOBaHUS M-
pamMuabl U IJIOCKOCTH CEYEHHUs, CJe/loBa-
TenbHO, mpsaAMas K P ClIell CEeKylen

S

Puc. 128

IUIOCKOCTHU HA IJIOCKOCTU OCHOBAHUSI.

Ananoruuno, npsmele K;,P u AB mnepe-
cekaroTcsa B HeKoTopod Touke K,. Toukm
N, nu B — caenpl cexymen IUIOCKOCTH Ha
pedpax DC u SB COOTBETCTBEHHO.

CoenuHsst  MOCIENOBAaTENbHO  TOYKH
M,N,N,, P, B, M, noiydaeM ce4eHUE —
nATuyroyJsHuK MNN PF, .

Hpumep 113. /lanot mouku M u N,

nexcawue Ha OOKOBbIX 2PAaHAX Yemblpex-
V2ONbHOU nupamuosl, u mouka P — na ee
boxosom pebpe (cm. puc. 129a). Ilocmpo-
umv  ceyeHue  NUPAMUObI  NIOCKOCHbIO
MNP .
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Pewenue. Haxonum Ha IIIOCKOCTH OCHO-
BaHUs IHUpaMUIbl CIE€Abl HPAMBIX MN U
MP —toukn K, m K,, KaK TOYKH IIepece-
YeHUsl yKa3aHHBIX MPSMBIX U MX IEHTPAIb-
HBIX IIpoexuun M Ny, u M,B u3 nenrpa S
Ha MJIOCKOCTh OCHOBaHMs (CM. puc. 129a).

IIpsmas K K,, ABIAIOMAACS CIEAOM Ce-
Kylled IUIOCKOCTH Ha IUIOCKOCTH OCHOBa-
Hus, nepecekaer pebpa DC u BC B TOUKax
N, n N, coorBercTBeHHO (cM. puc. 1296).

Toukn P m N, nexar B INIOCKOCTH I'PaHH
SBC, Ny u N — B miockoctu rpaaun SDC
uM =SDNNN, M, n M —BIIOCKOCTH
rpaud SAD u F,=SANM M .

COC)II/IHHH IMOCJICA0BATCIIbHO ITOJIYYCH-
HBIC TOYKH, IIOJIydaeM HCKOMOE€ CCUCHHUC
M N,N,PP,.

Puc. 129

Memoo écnomozamenbubvlx na0CKOCmeil,
Memoo nepenoca cexyuieil niocKkocmu

[Ipu mcnonp30BaHUM 3TOTO METOJIA BME-
CTO CEKYIEW TIIOCKOCTH CTPOMTCS Mapai-
JIeNbHAsA €M BCIOMOTAaTelIbHas INIOCKOCT,
KOTOpasi IEPECEKaeT BCE IPpaHu HEKOTOPOTO
TPEXIPaHHOTO (WJIM MHOTOTPAHHOTO B 00-
meM ciiydae) yria JaHHOTO MHOTOTpPaHHU-
ka. Jlajiee myreM mapajuieIbHOrO NEpeHoca
CTpOf[TCf[ HGKOTOpBIC J'II/IHCfIHBIG BJICMCHTBI
HWCKOMOTI'O CE€YEHUsI, COOTBETCTBYIOIIUE JIET-
KO CTpOSIIIII/IMCﬂ 3JICMCHTAM BCIIOMOTIaTCJIb-
HOM INTIOCKOCTH.

CpoiicTBa napauieabHbIX MIOCKOCTEH.

® Ecnu Ose napaiieilbHbvle ni1oCKocmu nepe-
ceKkaromcA mpembeﬁ, mo JUHUU ux nepece-
YEeHUA napaijejlbHbl.

L Ompesku napaiiejlbHblX npAmslx, 3AKi0-
YEHHblE Meofcdy napaiilejiibHbiMu  NnioCKo-
CMAMU, PABGHDBL.




Ipumep 114. Janwr mouku M, N u P,

Jiexcawue CoOmeemcmeeHHo HA OOKOBbIX
peopax SA, SD u SB uemvipexyeonvbHoOU nu-

pamuovl SABCD . [locmpoums ceuenue nu-
pamuowl niockocmvio MNP (cMm. puc. 130).

Pewenue. IlpoBo-
UM 4epe3 BepmuHy D
IpsMyl0,  THapajuiesb-
Hyto MN, no nepece-
yeHust ¢ pedpom S4.
UYepes MOJTYYEHHYIO
TOUKy K, mapauienbHO
MP  npoBogum 1ps-
MYIO JI0 TEpEceueHus C
pebpom AB B TOUKE
K

ITnockocts Tpeyromsnuka DK K,

5.
na-
pamnenbHa 1miockoctd MNP . IlnockocTth
ASC mepecekaeT HX IO IapajuIeIbHBIM
npsimeiM. [Ipsimasi mepeceueHus: mI0CKOCTeH
ASC v DK K, — K\K,, tne K, — Touka
nepeceueHuss auaroHam  AC  YeTeIpex-
yronsbHuka ABCD wu otpeska DK, . Uepes
TOYKy M TIPOBOAMM MNPAMYIO, IapajlIeib-
Hylo K K, , no nepecedenus ¢ peopom SC .
[Tonygaem Touky Q. Ceuenue MPQON sB-
JISI€TCSI HCKOMBIM.

Ipumep 115. B ocrosanuu nupamuovl
SABCD nexcum pomb6 ABCD, cmopona
Komopozo pasHa 12, a ouaconans BD =6.
Bvicoma nupamuovr SO npoxooum uepe3
MOYKY nepeceueHus OuazoHanen pomba u
pasHa 3J13 . Touxu E u F nexcam na peo-
pax AD u AB coomeemcmeenno, npuuem
AE =4, FB=8. Hatimu niowaov ceuenus
nUpamuodbl nNiIO0CKOCMbIo, NAPANENbHOU peo-
py SC u npoxoosweii uepes mouxu E u F .

Pewenue. Tak xak AF = AB—-FB=4 n
AE =4, 10 TpeyronbHuk AFE — paBHO-
OepeHHbIN U 000EH TPEYrobHUKy ABD

AF 1
¢ xodbhdbumueHToM momoomst — =— (CM.
(li) 153 (

puc. 131). 3nauur FE :%BD =2.

Ilycte L - Touka mepeceueHus FE c
nuaroHanbio pomba AC . Tak kak cexkymas
IJIOCKOCTH napajuiesbHa SC, TO 4epes3 Tou-
Ky L B 3TO#l miockoctu OyneT MpOXOIUTh

www.abiturient ru

86

npsMas, napauienbHas SC, Kotopas Iepe-
ceuet pedpo SA B Touke K (KL| SC, KL

nexut B miaockoctu ASC). TpeyronbHHK
KFE — ucKoMO€ ceyeHue.

BD 1 ASC, mnockoibky BD 1 SO n
BD 1 AC. CnenoBarensno, FE 1 ASC, a
sHaunt FE 1 KL, 10 ectb KL — BBICOTA
TpeyrosbHuka KFE . Torna, 3vas KL , Haii-
JIEM TUJIOIIA/b CEYCHUSI.

Tpeyronsuuku AKL u ASC monoOGHbI ¢

AL AL 1
ko3 urnmentom nogodus — = =

AC 240 6
N3 npAMOyronapHbeIX TpeyroyJibHUKOB BOC
u SOC mno teopeme [Iudaropa nomydgaem

OC =+ BC?—BO* =122 -3* =34/15,

SC =~S0* +0C* =117+135 =647 .

Puc. 131
Tak xak ﬁzﬂzl, TO KL:\ﬁ.
SC AC 6

1
CnenoBaTenbHo, S, :E-KL FE =+7.

Omeem: \/7 .

Memoo oonoanenus n-y201bH0I RPU3IMbL
(nupamuowr) 00 mpeyzonvHol npusmol
(nupamuowr)

Ecnu nannyro npusmy (mupamuny) Jo-
CTPOUTH 10 TPEYroJIbHON MPU3MBI (ITUPAMHU-
IIbl), 3aT€M [IOCTPOUTH CEUEHUE MOJTyYCHHON
TPEYroJbHOM HpU3Mbl (IIUpPaMHJIbI), TO HC-
KOMO€ CEYEHHUE I0JTy4aeTCsl KaK 4acTh ceue-
HUS TPEYTroJIbHON MPU3MBbI (TUPaMUIbI).

Ipumep 116. /locmpoums ceuenue nu-
pamuovt DAEGHF nnockocmwio AMN, 20e
mouxku M u N nexcam na peopax DE u DF
COOMBEmMCmeeHHo.

Pewenue. 1. JlocTpanBaeM INaHHYIO IIsI-
THYTOJIBHYIO IINPAMHUJTY 10 TPEYTOJIbHOM.



Hns aroro nonyuum Touku AE NHG =C u
AF N"GH = B, n 3aTeM IIPOBEIEM OTPE3KU
DC wu DB (cwm. puc. 132).

2. CTpouM cedeHHE TMOJIYyYeHHOH Tpe-
yrojapHOM nupamuabsl ABCD TI0CKOCTBIO
AMN . JIns 3TOro mocieAaoBaTeIbHO MOIY-

Puc. 132

yaeMm TOYKH AM " DC =P "
AN NDB =Q, u coenunsieM Touku P u Q.

Tpeyronbuuk APQ — ecTh ceyeHue nupamu-
el ABCD 1utockoctero AMN .

3. Ocrainock MOJIyYUTh TOYKHU
PONDG=R uw PONDH =S . Torna ns-
THYTONbHUK AMRSN — HCKOMOE CEYEHHE
JAHHOW IIATUYTOJIbHON MIUPAMUJIBI.

Memoo pazouenusn n-y2onvHoiul npuml
(nupamuowvl) na mpeyzonvHbvle npuIMbL
(nupamuowr)

[Ipy ucnosib30BaHUM JAHHOTO METOAA
MOPSAAOK IEUCTBUM CIIETYFOLIUI:

— U3 JJaHHOW n-yroJIbHOM MpU3MBbI (MUpa-
MU/IbI) BBIIEISIOT OCHOBHYIO TPEYTOJIbHYIO
npusMy (mupamuay), Ha OOKOBBIX pedpax
KOTOpOIl JIe)KAaT TOYKH, OIPEIENISIOININE UC-
KOMOE CEUEHHUE;

— CTpPOSIT CEYEHHE OTOW TPEYroJIbHON
MPU3MBbI (TUPAMHU/IBI);

— CTpOSAT CEYEHHUS] TeX TPEYroJIbHbIX
npu3M (mupamui), KOTOpble UMEIOT OOLIHe
4aCTH ¢ OCHOBHOM.

Hpumep 117. Ilocmpoums ceuenue ue-
muipexyeonvroi npusmvr  ABCDA,B,C,D,
niaockocmoto POR, 20e mouku P u Q nexcam
Ha pebpax AA, u DD, coomseemcmeenno,
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mouka R
AA B ,B.

npuHa()Jzeofcum njiockocmu

Pewenue. 1. Touka R 1eXUT HA OTpE3Ke
EE,, tne Ee€ AB, E, € AB,, EE, € A4,
(cm. puc. 133). Tpeyronsuuk POR siBnsieTcs
CEUYCHUEM TPEYroJbHOMN MIPUA3MBI
ADEA D E,. Tlpmsmelr ADCADC, n
ABCA,B,C, nmeroTr oO0IIyl0 4acTh C IpU3-
Mot ADEA D,E, .

E 2
A, M, ¢
N K
H- g 14
RiLM DN
-‘-'-‘J..:’-‘:-. i
Py o B
.=§:.L:~I'.M-.-.-._. ..... Q.::::::: .C
A
D
Puc. 133
2. llomyunm Ttouku ACNDE=M,

AC NDE =M,. Ilnockoctu ACC, nu
EDD, mnepecexarorcs mno mpsmou MM, .
ITpsmele MM, n QR nepecekaroTcsi B TOUKE
M

L
3. Touku P u M, npuHaaiexar IUIOCKO-
ctu ACC,, nostomy mnpsimeie PM, u CC,
IIEPECEKAIOTCA B TOUKE 1, NMpUHALISKAIIEH
cekyuieil miockoctu POR.

4. Nmeem Touky PR N BB, = K . Ilpsimble
PR n PQ nexatr B oaHoil miockoctu POR,
M03TOMY TOUKa K HPUHAUIEKUT IIOCKOCTH
POR.

5. Touku Q u T nexaT B IJIOCKOCTU cede-
HUSl, 3HA4uT, npsmast Q7 NPUHAUIEKUT ce-
Kyiel miockoctu. Yersipexyronbuuk PKTQ
— UCKOMOE CEUCHHE.

Cpenu MeETOJIOB TOCTPOEHHUS CEUYEHUM
MHOTOTPAaHHUKOB BBIJCNIAIOT TaKXKe METO]
BHYTPEHHETO0 IPOEKTUPOBAHMS, KOTOPHIH
HCIOJIb3YETCSI Ha MTPaKTUKE KpailHe peaKo.



3.2. BekTOopHbIil MeTO

BexTopHBIif MeTOA MOXKET ObITh MCHOJIb-
30BaH IPH PEILEHUHU IIHUPOKOro Kilacca reo-
MeTpUuYecKux 3aaay. Jlns pemeHus 3anad,
KacalolUXCsl: B3aMMHOTO  PACIOJIOKEHUS
IBYX MPSIMBIX, IPUHAJIEAKHOCTU TPEX TOUEK
OJIHOM TPSAMOW, BBIYMCIEHUS OTHOIICHUS
OTPE3KOB MapajuielbHBIX MPSIMBIX, TpeOy-
I0TCS JIUIIb ONEpaly CI0KEHHS U BhIUUTA-
HUS BEKTOPOB, YMHOXEHHS BEKTOpa Ha 4HC-
0. Omepanus CKaJSIpHOTO  YMHOYEHHUS
JBYX BEKTOPOB (B COYETAaHUM C IPEIBITY-
IIUMH OIEpalusIMHi) MO3BOJISET BBIUUCISTH
JUIMHBI OTPE3KOB U BEJINYMHBI YIJIOB, a 3Ha-
YUT, HAXOAMUTh PACCTOSIHUS, IUIOIIATU H
00BEMBI FTEOMETPHUUECKUX PUTYD.

Ecnu HeoOxoaumMo HAlTH ITUHY OTpE3Ka,
TO B KadyecTBe 0a3uMCHBIX BEKTOPOB BHIOU-
paroT Takue BEKTOPHI, Ui KOTOPHIX U3BECT-
Hbl UX JUIMHBI U yIiibl MeX1y HUMHU. Eciu B
3ajaue TpeOyeTrcs HAWTH BEIUWYHUHY YIia
MEXAY NpsIMBIMH, TO B KauecTBE Oa3MCHBIX
BBIOMPAIOT BEKTOPbl C M3BECTHBIMU OTHO-
HIEHUSIMU UX JUIMH M U3BECTHBIMH YIJIaMu
MEXAY HUMHU.

ba3zuc u koopounamur éekmopa

YropsaodeHHas TpoOWKa HEKOMIUIAHAp-
HBIX, BEKTOPOB d, b, ¢ Ha3bIBaeTCs Oazu-
com.

Beskuit Bektop d MoxeT ObITh mpen-
CTaBJICH €JMHCTBEHHBIM 00pa30M B BUJIE

c?:x-ﬁ+y-l;+z-5

(D
/I YMClIa X, V, Z Ha3bIBAIOTCS KOOPIMHA-
TaMHU BEKTOpa d B Gasuce BEKTOPOB a, b ,
C.

@opmyny (1) Ha3BIBAIOT pasnodceHuem
seKkmopa d no basucy a, b, ¢ W WcIOMb-
3YIOT TaKKe CIEIyINylo (GopMy 3aruch
d={x,y,z}.

Basuc d, b, ¢ HasbIBaOT NPSAMOY20ib-
Holv (WA OpMO2OHANIbHbIM), €CITU CKAJISAp-
HbIe TIPOM3BeCHUs G-b, d-C, u b-¢ pas-

HbI HYJIIO, T.€. BEKTOPbI MIONAPHO nepneHou-
KVISAPHUL.

basuc a, b, ¢ Ha3BIBAIOT Oekapmosvim
(wa opmonopmuposarHviMm), €CIIA BEKTOPHI
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MOTIAPHO NepneHOUKyIsapHbl U | d |=| b | =
=|c|=1.

Jly1st BEKTOpOB JieKapToBa 6a3nca 0ObIYHO

HCIIOB3YIOT 0003HAYCHUS i, ], k.

Ecnu nBa Bektopa 7 ¥ 3amaHbl CBOMMU
KOOpAMHATAMU B HEKOTOPOW JI€KapTOBOM
cUcCTEME KOOpJAMHAT n=1{x,, ¥,z },
m={x,,¥,,2,}, TO UX CKaJIPHOE INPOU3-
BEJICHUE B ITOM CHUCTEME KOOPIHMHAT BBIpa-
YKAETCS CISAYIOIUM 00pa3oMm:

)

OOBIYHO TIPHU PEIICHUU 33/1a4, B KOTOPBIX
paccMaTpuBaOTCs MpU3Ma Wi MUpaMuaa, B
KayecTBe OAa3UCHBIX BEKTOPOB BbIOMPAIOT
KaKyl0 J1M00 TPONKY BEKTOPOB, BBIXOSILINX
13 OJTHOM BEPILIMHBI U HAIIPABJIEHHBIX BJIOJIb
pebep MHOrOrpaHHHUKA.

Ilpumep 118. B  napannenenuneoe
ABCDA,B,C,D, mouka M — yenmp 2panu
CC,D,D. Haiimu koopounamer eexmopa

B M ¢ bazuce TA;,E u AD.

n-m=xx,+wy,+2z2z,.

Pewenue. Jlna tpeyronsHuka B,CM
3anuileM paBeHcTBO (cM. puc. 134)

BM =BC,+CM.

Bocnonesyemcs tem, uto B,C, = 4D, a

Taxk KakK

1
CM :E(C]D] +C,0).
C.D, ——A4B, @: —ﬂ, TO OTCIOJa IIO-
- 1 — —
ayqaem CM :_E(AA] + AB). Cnenona-

TEJNBHO,

— 1

BM =-~ 44 -1 4B+ 4D,
2 2

Puc. 134

—_— 1 1
Omeem: BM = {—5; - 1} .



Ipumep 119. B ocnoganuu uemvipex-
yeonvroti nupamuoel MABCD nesxcum na-
pannenocpamm ABCD. Touxu Nu P — ce-
peounwvl pebep BM u DC coomeemcmeen-

—_

Ho. Haiimu xoopounamwvr eexmopa NP 6
oazuce AD, AB u AM .

Pewenue. 3ameruM u3 TPEYroJbHUKA

ANP , ato NP = AP— AN (cm. puc. 135).
Tak kak Touka N — cepeauHa pedpa

BM 10 AN =~ AB+- M .
2 2
CootBerctBeHHo, AP =AD+ DP wmm

EZE%E.

CremoBareiibHO
NP = AP — AN =
_(ap+ B |- (Lap+ L
2 2 2
_AD- L
2

Puc. 135

Omeem: ﬁ = {l; 0; —%} .

Ipumep 120. Jlan napannenrenuneo
ABCDA,B,C,D, Touku M,N,P— yenmpu

epaneu A BC,D,, CCDD, BBCC coom-
gemcmeenno. Ilycmo G=AM, b=AN,

¢=AP. Haiimu KOOpOUHAmMbl  BeKMOpa

AC, 6 basuce d, b, ¢.

Pewenue. D= A—A; ,

u7=AD (cm. puc. 136). Torna

BBenem BeKTOpBI

—

G=AB

a=AM = A4, +A]M:ﬁ+%(j+%F

&9
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AHaTOTUYHO HAXOIUM:
b= l D+ l g+r
5 p ) q ,

Puc. 136

Omeem.'TQ: l;l;l .
222



3.3. KoopanHaTHbIH MeTO]

KoopanHaTHelil MeTOJ SIBJISIETCS €CTECT-
BEHHBIM TPOJIOJDKEHUEM BEKTOPHOTO METO-
J1a, TO €CThb BEKTOP IIPOCTPAHCTBA €CTh YIIO-
psAI0OYECHHAs TPOMKA JIEHCTBUTENIBHBIX YUCEI
(1eKapTOBBIX MPSMOYIOJBHBIX KOOPIHHAT
BEKTOpa B OPTOHOPMUPOBAHHOM 0a3uce).

PannonanbHoe pacnosnoxeHue (Gurypsl
OTHOCHUTEJIbHO CHUCTEMBbl KOOpAMHAT (HEKO-
TOpbIE BEPLIMHBI MHOTOTPAaHHUKA HAXOSTCS
Ha KOOPJIMHATHBIX OCSX), MO3BOJIET IpU
pELIeHNH 3a]1a4 YIPOCTUTH BHIYUCIICHUSI.

Koopounamut eéepuiun mno2o2pannuxos
6 0exapmoeoil cucmeme KOOpOuHam

B nanHOM myHKTE mpejicTaBlieHbl B 00-
1M BHJIE KOOPAWHATHI BEPIINH HEKOTOPBIX
BUJIOB MHOIOI'PDaHHHMKOB, Hauboyiee 4acro
UCIOJb3yEMBIX B 33/1a4aX.

1. Ky6 ABCDABCD, c¢ pebpom a.
[lycTh Hauano KOOPAMHAT HAXOJIUTCS B TOY-
K€ A, HampaBlICHHE KOOPAWHATHBIX OCEH
nokasaHo Ha puc. 137. Torna BepmuHbl Ky-
0a UMEIOT KOOPIUHATHI:

A(0;0;0), B(0;a;0), C(a; a;0),
D(a; 0;0), 4,0;0;a), B,(0;a;a),
CI (a; a, a) 5 DI (a; 0; a) .

zA yA
B, C,
AL D aB C
B; _____ e
|4 D
A D x 0 a x
Puc. 137

Taxoe ke pacroyio’)keHHe CHCTEMBI KOOp-
IMHAT YHOOHO HCIONB30BATh ISl MPSMO-
YrOJIGHOTO Tapajuienenumena. Eme oauH
BApHAHT PACIOJOKCHUS MNPSIMOYTOJIHHOTO
napajuienenumnenaa (Kyoa) OTHOCUTEIBHO Jie-
KapTOBO CHCTEMBI KOOPIMHAT CBSI3aH C
pa3MeIeHueM Havajga KOOpPAWHAT B TOYKE
nepecedeHus TuaroHaineii OCHOBaHUSI.

2. IlpaBujbHasi TpeyroJbHasi Mpu3Ma
ABCABC,, cTopoHa OCHOBaHHs KOTOPOM

paBHa a, a 6okoBoe pedpo b . IlycTs Hava-
JIO KOOpAWHAT HAXOJUTCA B TOUKE A , OCh X
HarpaBJieHa B0k pebpa AC, ocb y TIpo-
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XOJIUT 4Yepe3 TOYKy A NepHeHIUKYISPHO
AC, ocb z HampaBjeHa BJI0JIb OOKOBOTO
pedpa A4, (cm. puc. 138). Torga BepiuHbI
IMPHU3MbI UMCIOT KOOPAWHATHI:

a.a\/g
)

A(0;0;0), Bl —
( ) 5

a a\/;

A4,(0;0;0), B, 5; 5 ;0 |, Ci(a;0;D).

01, C(a;0,0),

zZA B, YA
A, G B
: 3
5 2¢
B!
e c_
A C x 0 4 ax

Puc. 138

Jpyroii BapuaHT pacHOJIOKEHUS IIpa-
BWIBHOW TpPEYrOJIBHOW IIPU3MBI OTHOCH-
TEJIBHO MPSMOYIOJIBHOW JAEKapTOBOW CHUCTE-
MbI KOOpPJIMHAT MOKa3aH Ha pucyHke 139.

B,

A,
l zA

Puc. 139

3. IlpaBuibHasi IECTHYIOJIbHAsI NPH3-
ma ABCDEFABC,D,E F,, cTopoHa OCHOBa-

HUSI KOTOpOW paBHa a, a GokoBoe pedpo b .
[IycTh Hauano KOOPAMHAT HAXOJIUTCS B TOY-
Ke A, och x HampaBieHa BAOJb pebpa AF
OChb ) IPOXOIUT 4epe3 TOUKy A IepneH-

TMKYISpHO AF, OChb z HampaBlIeHa BJOJb
6okoBoro pedpa A4, (cMm. puc. 140). Torga
BCPIIMWHBI ITPU3MbI UMCIOT KOOPAWHATHI:

4(0;0;0), B —g;g;O . ¢l0:av3;0),



D(a; a\/3;0), E@a a3, ] F(a;0,0),

4,(0;0;b), B(—% i

] C,(0;a+/3; b),

D,(a;av/3; b), E@a a3, ] F(a;0;b).

YA
ZA C D,
. ' BalC D
B A] i Fl : EI
y BE ga 0 E
ci¥. |Di|
A Fox 504 «a 3
Puc. 140

Ha BeiHOCHOM uepreke ocHOBaHus AD =
= BE=CF =2a, AC =CF? - AF* = a3.

Jlpyroil BapuaHT pacIoJIOKEHUS TPABUIIb-
HOM IIECTUYTOJILHOM MPU3MBbI OTHOCUTEIBHO
MIPSIMOYTOJIbHOM JIEKaPTOBOM CHCTEMBI KOOP-
JTUHAT TIpE/ICTaBJIeH Ha pucyHke 141.

E,

Puc. 141

4. llpaBuibHas TpeyroJibHasi NMPaMu-

aa MABC, cTOpoHa OCHOBaHHsS KOTOPOU
paBHa a, a BeICOTA /.
OOBIYHO HCIIOJIB3YIOT OJIMH U3 JIBYX Bapu-
aHTOB PACIHOJIOKEHUSI CUCTEMbI KOOP/MHAT.
4.1. ITycTh Hauan0 KOOPAMHAT HAXOAUTCS
B TOUYKEe A, OCb X HallpaBJleHa BAOJb pedpa
AC, och y NPOXOIUT uepe3 TOUKy A Iep-

NEHIUKYISIPHO AC, OChb z NPOXOJUT Yepe3
TOYKy A TEpPHEeHIUKYISIPHO IUIOCKOCTH
ABC (cm. puc. 142). Torna BepuIMHBI MMH-
paMuJIbl UMEOT KOOPAWHATBHI:
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A(0;0;0), B(g a3, 0] C(a; 0;0),
ula. a3,
2’ 6
z\ vA
M
: B, B
y, 2
B
N 4 c_
A Cx 0 4 ax
Puc. 142

4.2. IlycTh Haua10 KOOPAMHAT HAXOAUTCS
B LieHTpe TpeyronbHuka ABC B Touke O,
OCb X TPOXOIUT uepe3 Touky (O mnapai-
nenbHo pebpy AC, ocb y TPOXOIUT Yepes3
Touky O mnepneHgukyisspHo AC, ocb z
MIPOXOJUT Yepe3 TOUKy O MNepHeHIuKyIsp-
HO Miockoctu ABC (cm. puc. 143). Torna
BEPIIMHBI THPAMU/Ibl UMEIOT KOOPIAUHATHI:

é; 0], B(O;g; 0],

3;0],M(0;0;h).
6
YA
B \I%a
_a a
2 2 -
> /O N\ ¥
X A _\J_ga C
Puc. 143

Eme onmH BapuaHT paclosoKeHHUs Ipa-
BWJIBHOW TPEYrOJBbHONW NUPAMUABI OTHOCH-
TEJIBHO MPSMOYIOJIBHOW JAEKapTOBOW CHUCTE-

MBI KOOpAMHAT IIPEACTABIEH Ha PHUCYHKE
144.

5. llpaBuJbHas YeTbIPEXyroJbHAasl MHU-
pamuga MABC, cTOpoHAa OCHOBaHHUS KOTO-
po¥i paBHa a, a BbICOTA /1.

OOBIYHO HCIIOJNIB3YIOT OJIMH U3 JIBYX BapHu-
AHTOB PACIHOJIOKEHUSI CUCTEMbI KOOP/MHAT.



Puc. 144

5.1. IlycTh Ha4ano KOOPAMHAT HAXOANUTCSA
B TOUYKEe A, OChb X HalpaBlieHa BIOJb pedpa
AD, ocs y — Baonb pebpa AB, och z
MPOXOANT Yepe3 TOUKy A TepreHANKYIsIp-
HO Miockoctu ABC (cm. puc. 145). Torna
BEPIIMHBI THPAMHJIBI UMEIOT KOOPMHATHI:

4(0,0,0), B(0;a;0), C(a; a; 0),

a a.

D(a; 0;0), M(—;—, h]
2°2

ZA YA
M
B C
a
oAt W C
B |4 D
A D X 0 a x
Puc. 145

5.2. IlycTh Ha4ano KOOPAMHAT HAXOIUTCSA
B IICHTPE OCHOBaHHS B TO4uke (O, OChb X
IPOXOAUT dYepe3 Touky (O mapaiesIbHO
pedpy AD, ock y NpPOXOAUT Yepe3 TOUKY

O mnapamnenbHo pedpy AB, ock z Tpoxo-

YA
a
2 C
a
b2 o
0 X
~a D
2

Puc. 146

JUT 4Yepe3 Touky (O NEepHeHAMKYISIPHO
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IJIOCKOCTH OCHOBaHUA (cM. puc. 146). Toraa
BCPIIMWHBI ITUpaMUAbl UMCIOT KOOPAWHATLI:

A —g;—ﬁ;O , B —E;E;O , C g;2;0 ,
27 2 2’2 2’2

D(ﬁ; _4 0], M(0;0; 7).
272

6. IlpaBuiibHas LIECTHYIO/IbHAS NHUPa-
muna MABCDEF , cTOpoOHa OCHOBaHUS KO-
TOpOM paBHA a, a BeicoTa /. IlycTe Havano
KOOpJMHAT HAaXOJIUTCS B TOYKE A, OCb X
HarpaBjieHa BI0Jb pedpa AC, ock y mpo-
XOAUT 4Yepe3 TOuKy A TepHeHIUKYISIPHO
AC, ocb z TPOXOIUT yepe3 TOUKy A mep-
NEHIUKYISIpHO Tutockoctd ABC  (cM. pwuc.
147). Torna BepUIMHBI TUPAMUIBI UMEIOT KO-

a.a\/g. ]

: A(0,0,0), Bl ——;——;
opauHatel: A( ) ( XY
C(0:av3;0), D(a: av3;0),
E 3—‘Z;&;O , F(a;0;0), M E;&; :
272 27 2
)

z)
cC_»
0\,
B A \fF o x
_\F
A 0 ¢ ¢ 3

Puc. 147

Eme oguH BapuaHT pacmnoJIOKEHHUs IMpa-
BWIBHOM IIECTUYTOJBHOW MUPaMUIbl OTHO-
CUTENBHO NPAMOYTOJIBHOM JIEKapTOBOU CHC-
TeMbI KOOPJAMHAT MOKa3aH Ha PUCYHKE 148.

Puc. 148



3.4. OnopHble 3a1a4n
1. Koopounamvr mouxu M(x, y, z), Oe-
el ompesox M M, medxcdy mouxamu
M, (x,y,z,) u M,(x,,y,,2z,) 6 omno-

wenuu M M MM, =L, onpedensiomcs
Gdopmynamu
X, +Ax, Y, +Ay, zZ, +Ahz,
= . = z =
I+A I+A I+A

JHokazamensvcmeo. PaccMOTPUM BEKTOPBI

M]M:{x_x]’y_yl’z_zl}’
MM, :{xz_x’yz_y’zz_z}-

W3 pasenctBa M M =AMM,
CUCTEMY IJI1 KOOPAWHAT BEKTOPOB

MoJIy4yaeM

xX=x, =Mx—-x,),
Y= =My=y)
z—z,=Mz-2z,)

WITH
_ X A,
T 1+
:y1+7“y2
I+A
_z t+Az,
T

2

2

2. Tpexepannwvim yznom Ha3zpBaeTcs Gu-
rypa, COCTOSIAs W3 HECKOJbKHUX JIydei
OA, OB, OC, BLIXOIAIIUX U3 OJHOM TOUKHU
O wm He JeXaluX B OJHOM INIOCKOCTH, B U3
mnockux yrioB AOB, BOC, AOC wmexny
3TUMHU J1ydaMu (cM. puc. 149). Touka O Ha-
3BIBACTCSl GEPWIUHOU TPEXTPAHHOTO YIIIa,
ayau OA, OB, OC — pebpamu, dactu
IJIOCKOCTEH, 3aKIIOYEHHBIE MEXIy peoOpa-
MM, Ha3bIBAIOTCA  2paHsAMU, A  YTJIBI
AOB, BOC, AOC, oGpa3oBaHHbIe pebpa-
MU, JISKAIIUMH B OJTHOM TPaHU, Ha3bIBAIOTCS
NJIOCKUMU YelamMu TPEXTPAHHOTO YT,

Teopema. Bo scakom mpexepannom yene,
NIOCKUe Yelbl KOMOopo2o paehsl O, B u vy, a

08yepaHmble Yelvl, NPOMuUBoeHcaujue UM,
COOMBEMCMBEHHO paHbl @, Oy U @,

umerom mecmo Cﬂedylou;ue paserncmea:
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cosy —cosa cosf

COSQ. = . : )
sin a.sin 3
cosf3 —cosa.cosy
COSQy, = . : )
sin oLsin y
cosoL —cosPcosy
cosQ , = :

sin Bsin y
Jokazamensvcmeo. JJoxaxeM, Hapumep,
nepBoe paBeHCTBO. IlycTb B TpexrpaHHOM

yriie OABC 1UIOCKHE YIUIBI IIPU BEPIIUHE
O paBeel ZBOC=oa, JZAOC=§8,

ZAOB =7y (cm. puc. 149). Yepes mpous-
BOoJIbHYIO TOouky C, pebpa OC mnpoenem

Puc. 149

IJIOCKOCTh MEPHEHAUKYIIPHYIO 3TOMY ped-
py. llycte B, u A, — TOYKH IepecedyeHus
3TON IUIOCKOCThIO pedep OB u OA, cooT-
BETCTBEHHO. [l0 yCIIOBHIO JIMHEWHBINA YroJ
B,C,A, nByrpanHoro yriaa ¢ pebpom OC
paBeH ¢.. Ilycte OC, = x. B TpeyronbHu-

X

ke OB/C, C,B,=x-tga, OB, = . B
cosa
TPEYrOJIbHUKE 04,C, C\A, =x-tgp,
04, = . U3 TeopeMbl KOCHMHYCOB aJisi
cosf

tpeyronbHukoB OB,C, u B,C, 4, nony4yaem:
B,A’ = 0B’ + 04 —2-0B, - O4, cosy ;
B/ A’ =CB’+CA>~2-CB, -C A4 cosp,.

[IpupaBHsieM TIpaBble 4YacTH PABEHCTB H
nojacrasuMm Beipaxkenus OB, O4,, C|B,,

CA4:

2 2
X X X X
+ -2 . COSY =
cosal cosf3 cosa cosf

=(xtga)’+ (xtgB)’—2-x*- tga. - tgB-cosq,. .
[Tocne mpeobpazoBaHmil MOTydaeM JOKa3bI-
BaeMyro GopMyiy:




cosy —cosacosf

CoOsSQP. = , :
sin a.sin 3

AHAQJIOTMYHO JTOKa3bIBAKOTCA JIBA JPYTUX pa-
BEHCTBA. [laHHYIO TEOpeMy Ha3bIBAIOT «meo-
PeMOtl KOCUMYCO8 OJisl MPexespaHHo20 yeaa.

3. Teopema («o mpex KoOCUHYCAXY).
Ilycms o.— genuyuna yena mexicoy HAKIOH-
Houl | u ee npoexyueti Ha HEKOMOPYIO NIOC-
Kocmo, B— eenuuuna yena medxncoy npoek-
yueti HaKIOHHOU | u npsamotl, npoeeoeHHol
yepe3 OCHOBaHUe MOl dHce HAKIOHHOU 6
NIOCKOCMU NPOeKyul, U Y — BeIUUUHA Yeld
MexHcOy HaKIOHHOU | u npsamou, npogeoew-
HOUL Yepe3 ee OCHOBAHUE 8 NIOCKOCMIU NPO-
exyuu. Toeoa cnpasednugo ciedyrouee co-
omuoutenue:

COSY = COSOLCOSP .

/lokazamenscmeo. Bribepem TOuky A
Ha TIPSMOM /, TIepeceKaroiel MmIoCKOCTb O
B Touke B (cMm. puc. 150), u cnpoektupyem
ee Ha IockocTb & (AO L J). Ilycts Touka
D — ocHOBaHuE NEpPHEHAUKYIIIpa, ONMYIIEH-
Horo u3 Touku O Ha npsamyro BC. Torna B
COOTBETCTBUU C yciaoBueM LABO=aq,
ZOBC =B, ZABC=y. TpeyroabHUKa
AOB, BOD, ABD — npsmoyroibhbsie. To-
raa us tpeyroybHuka AOB BO = ABcosa.,
u3 TpEyroJibHUKa BOD
BD = BOcosf3 = ABcosa.cosf3, wu3 Tpe-
yronbHuka ABD BD = ABcosy. U3 mo-
CJIETHUX JBYX PABEHCTB CIIEAYET:

COSY = cosa. Cosf.

A
[
(o} 30
/B ﬁ'! c
Puc. 150

3ameuyanue. Teopema «0 Tpex KOCHHY-
cax» SIBJIAETCS CJIEICTBHEM «TE€OPEMBI KO-
CHHYCOB JUISl TPEXIPaHHOIO YIJIa» B CIIydae,
ecan @, =90°.
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4. Teopema («o mpex cunycaxy). Ilycmo
8 OOHOU U3 2panell 08YePaHHO20 Y2d, 6elu-
YuHa KOMopo20 pasHa Oo., NpogedeHa npsi-
Mas, cocmaesnaowas ¢ pedpom 08y2paHHo20
yvena yeon B (0<B<m/2), vy — seruuuna
yena mexncoy dmoti npamou u Opy2oti 2panbio
(cm. puc. 151). Toeoa cnpaseonuso cie-
oyloujee cCOomHouleHue:

siny =sinasinf.

Hoxkazamenvcmeo. Ilycte  AD ct1-—
JaHHAs] B yCJIOBHH mpsimMasi; Touka C — oc-
HOBaHUE MEPICHINUKYIISAPA, OMYIICHHOTO U3
TOYKH A Ha IJIOCKOCTh O, u LABC — mm-
HEHHBIN yroj ABYrpaHHOTO yriia tBDJS (cm.
puc. 151). Torna B COOTBETCTBUU C YCIOBH-
eM

ZABC =0, ZADB =0 u LADC =Y.

ITycte AD = x. Torma mist npsIMOYTOJIBHBIX
TPEYrOJIbHUKOB CIPAaBEMINBO: I Tpe-
yroinpHuka ADB AB = xsin3, mns Ttpe-

yronmbauka ABC AC =xsinfsina u s
TpeyrojibpHuka ADC

siny=AC: AD =sinasin 3.

CrnenoBarenbHO, Siny = sin asin 3.

Puc. 151

5. Ecau npsamas obpasyem ¢ mpems no-
NAPHO NEPNeHOUKVIAPHLIMU NPAMBIMU VIibl
o, B u y, mo evinonnaemcs pageHcmso

cos’ o +cos’B+cos’y=1.
Hoxkazamenvcmeo.  JlocratouHo  pac-

CMOTPETh MIPAMOYTOJIbHBIN Napaieenue]
ABCDA,B,C,D, ¢ nnaronansio DB, =1.

[Tycts ZCDB, =, ZADB, =8,
ZB DD, =y (cM. puc. 152). Torma B coot-

BETCTBYIOLUX IPSIMOYIOJIBHBIX TPEYIOJIbHU-
kax CD =cosa, AD =cosB, DD, =cosy.



Tak xak DB} = CD* + AD* + DD}, 10 uwme-
eM
2 2 2.
cos“ a+cos”B+cos y=1.

Puc. 152

B kadectBe CJICACTBHA IMOJIYIYUM

sin® o +sin’B+sin’y=2.

6. Ilnowaob opmoeconanvHol npoexyuu
MHO20Y20/IbHUKA HA NIOCKOCMb PABHA NPO-
U38€0EHUI0 €20 NIoWadUu HA KOCUMYC YVeld
MedHcoy  NIOCKOCMbIO  MHO20Y20JIbHUKA U
NIIOCKOCMbIO NPOEKYUU:

S, =5-cosoQ,

20e S — nuowadb MHO20Y20IbHUKA, NedHCa-
we20 6 niockocmu o, S, — NIOWAdL €20

OPMOCOHANLHOU NPOEKYUU HA NIOCKOCHD 3.

JMokazamenvcmeo. Tak Kak MHOroO-
VTOJIBHUK MOXHO pa3OUTh HAa KOHEYHOE
YHCII0O TPEYrOJIbHUKOB, W (DUTYpPy MOXKHO
napajulesIbHO TEPEHECTH B paBHYIO ei (u-
Typy, TO JOCTaTOYHO pPACCMOTPETh Tpe-
YTOJIbHUK, 4Yepe3 OJHY CTOPOH KOTOPOTO
MPOXOJIUT TUIOCKOCTh 3 (Hampumep, depes

ctopony AB) (cm. puc. 153).

Puc. 153

Ecmu D — npoekunsa toukun C Ha ILIOC-
KOCTh 3, TO ABD — mpoekiusi TpeyroiabHu-

www.abiturient ru

ka ABC na sty mockocts. [lycte CM — BbI-
coTa B Tpeyrojibauke ABC, Toraa mo Teope-
Me 0 Tpex nepnenaukyiasipax DM 1 AB.

O6o3nauum ZCMD = ¢ . Umeem mocie-
JOBAaTebHO  IUIOUIAJAM  TPEYroJIbHUKOB

1 1

SABCZEAB-CM, SABD:EAB-DM,
DM =CM -cos@, S 5, =S 50 -COSO.

7. Ecau éepwunvt A, B, D u A, napanne-
nenuneda ABCDA,B,C,D, sasnaiomca eep-

wuHamu mempaadpa, mo umeem mecmo pa-
6E€HCMEB0
1
Vs ==V,

ABDA, 6 ABCDA,B,C\ D, *

D,

B
Puc. 154

Hoxkazamenvcmeo. Tetpadap v napasie-
JeTHIIE] UMEIOT OJIHY BBICOTY A M =h (cm.
puc. 154). [lng miomaneit ocHoBaHUN nMe-

1
€M COOTHOLIeHue S ,,, = ESABCD' Torna

I, 1 1
e

L he—S.  ——y
ABDA ABCD ABCDA,B\C\D; *
1 3 2 6 121%1+1

8. Eciu eepuunvt A, B, C u D napanne-
nenuneoa AKBMQCLD senaiomcs eepuiu-
Hamu mempasaopa, mo umeen Mecmo paeeH-
cmeo

1

Vipen = gVAKBMQCLD .

/Jlokazamensvcmeo. Tak xak 0OBbEMBI yr-
JIOBBIX TETPa’ApOB paBHbI U COCTABIISIIOT
LIECTYIO YacTh OT 00bEMa Mapajuiesenunea
V, To mmeeMm

1 1
VABCD :V—4EV:§V



9. Ilycmv a u b — Onunsl 08X NPOMuo-
NON0JICHbIX pebep mempad’opa, d — pac-
cmosinue, © — yeon mexcoy Humu. Toeoa
00véM mempasopa modxicem ObIMb BLIYUCTIEH
no gopmyne

V :%abdsin(p.

Puc. 155

Hoxkazamenvcmeo. [JJocTpouM JaHHBIA
tetpadap ABCD no mnapauienenunena
AKBMQCLD (cwm. puc. 155), npoBoast uepes
KaXJ0€ pedpo IJIOCKOCTh, MNapajlieibHYIO
MIPOTUBOTIOJIOKHOMY pebpy. Ilycts AB=a,
CD =b, torma mionaau rpaned AKBM n

1 .
LCQOD paBHbl Eab SIn (9, PACCTOSIHUE MEX-
ny HumH d. Torna o0beM napajuienenunesna

1 .
paBeH Eabd singe. OObeM mHpPaMUIBI
1
ABCD cocraBisiet 3 oT o0BEMa mapaie-

1 .
JIETUTIE 1A, TO €CTh PABEH gabd sin @ .

10. Ilycmov g — nnowaov 00HOU U3 OOKO-
8bIX epaHell mpeyeonbHoU npusmel, d — pac-
cmosiHue om NPOMUBONOI0NCHO20 pedbpa 00
amotl epanu. Toeoa 06véM 5motl npuzmvl
Modicem Oblmb HAllOeH no hopmyne

1
V=—qd.
54

Hoxkazamenvcmeo. 1lycts nomans rpa-
HU AA,D,D paBHa g, a paccTOsHUE OT Ips-
Mot CC, 10 3ToH rpaHu paBHO d (CM. puc.

156). Ob6bem napajuiesenuneaa
ABCDA,B,C,D, paBeH qd . Tak xak 00beM
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3TOTO MapaJuleNIenuneaa B ABa pa3a OobIe
oobema mnpusmel ACDAC,D;, 10O 00BEM

3TOU MPU3MBI paBeH %qd .

C,

D,
B,
A
Cil...
s I D
BL\<
A
Puc. 156

11. Ilycmv p u g — naowaou 08yx epa-
Hel mempal’opa, a — OIuHa obwe2o peobpa,
O — GeIUYUHA OBY2PAHHO2O YVeld MeHCOY
smumu epauamu. Toeoa oo6vém mempasopa
Modicem Oblmb 8bIYUCTIEH NO (hopmYTie

- 2 pgsin o .
3a
D
B A
H
C
Puc. 157

Hoxkazamenvcmeo. 1lycthb miomanm rpa-
Heit ABCu ACD terpadapa ABCD paBHBI
P U ¢ COOTBETCTBEHHO, O — YroJl MEXIy
sTuMu rpanamu, AC=a (cMm. puc. 157).
Beicotra DH tpeyronsHuka ACD paBHa

2
4 JI1st BBICOTBI IMPAMHUJIBI UMEEM
a

DO = DH sin o, = 2450.%
a
Torna o6bem mupamusiel ABCD paBen
V:lp-DO: 2pgsin o .
3 3a



12. Ilycmob 6 nupamuoe MABC na pebpax
MA, MB u MC uiu Ha ux npooonxiceHusx

e3samuvl coomeemcmeenno mouku A,, B, C,
max, umo MA :MA=k, MB, :MB=m,
MC, :MC=n. Tocoa 06vémbi nupamuo
MAB,C, u MABC ceazanvt popmynot

VMAIBICI =k-m-n-Vy,pc.

M

Puc. 158

Hoxkaszamenscmeo. U3 touek C, u C
IIPOBEAEM K IUIOCKOCTH ABM mnepreHnuky-
aspel C,H u CF COOTBETCTBEHHO (CM. pHC.
158). Torma C,H |CF u u3 nomobus tpe-
yronsaukoB C/HM wn CFM mnonydaeM
C]H:M—C‘-CF =n-CF. W3 cpaBHeHUs

MC
IUIOINAJEH TPEYrOJIbHUKOB C OOLIUM YIJIOM
umeeM Sy, =k-m-S,,,. JUst Tetpasapos
MABC, u MABC c ocHoBanusmu MA, B,
u MAB nonydaem

3

MA,B,C, MA,B,

:%n-CF-k-m-SMAB =k-m-n-V, ;.

13. O6vém mpeyeorvrnoco npuzmamuue-
ckoco mena ABCA,B,C,, ozpanuuennozo
mpeyeonvruxamu ABC u A B,C,, moxcHo
BbIYUCTUMD NO POopMYTIe

A4, + BB, + CC, .S

VABCAI BC ~ 3 ABC >
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20e nnockocmb ABC nepnenoukynapua peo-
pam  npuzMamu4eckou — NOBEPXHOCMU,
AA, < BB, < CC,.

JHokazamensvcmeo. 1. Paznenum npusma-
tuyeckoe teno ABCA,B,C, Ha Tpu 4YacTu
wiockoctamu  A4,B,C, u A B,C, (mapan-
ABC):  TpeyroiabHyr0 HpHU3MY
ABCA,B,C,, nBe TpeyroibHble MHPAMHUJIBI
A B,C,C, n 4B,B,C, (cMm. puc. 159).

2. Hycte S, ;- =S, AA =a, BB =D,
CC,=c. Torma o0bEM mnpPAMOIN NPHU3MBI
ABCA,B,C, paseH asS .

JICJIBHO

(&

Bl ",¢"¢_—_ C2

B N o
A,

;] PR e C
A
A,

B; G

Puc. 159

3. Jlia mupamunel 4, B,C,C,, npuHuMas

TpeyroabHuk A4 B,C, 3a ocHOBaHUE, 00BEM
1
paBeH E(C -a)s.

4. ITycrs C,C, = B,B,. Torna i nupa-
mun AB,B,C, n AB,C,C, ¢ obmei Bep-
IMIMHOW A, ¥ PaBHOBEIMKMMHU OCHOBAHUSIMHU
B,B,C, u B,C,C, 00bEMBI paBHBL

3HaunT, 006€éM nupamunsl 4 B B,C, pa-

1
BEH E(b -a)sS.

5. OxkonHYaTenbHO O00BEM
ckoro Tena ABCA,B,C, paBeH

Ipu3MaTH4e-

aS+§(c—a)S+%(b—a)S =

_a+b+c.
3

S



14. O6vém mpeyeonrbrnoco npuzmamuue-
ckoeo mena A B,C A,B,C;, ocpanuuennozo

mpeyeonvruxamu A B,C, u A,B;C,, moicHo
guIHUCIUMb NO hopMmyne

A A, + BB, +CC,

ABCA4BC T 3

S ABC >
20e nnockocmb ABC nepnenoukynapua peo-
pam npusmamuyeckol nogsepxnocmu (JI10Ka-
KUTE CAMOCTOSITEIIBHO!).

15. Ecnu 6 08yx nupamuoax, umerowux no
PAasHOMY O08YZPAHHOMY Y2y HpU OCHOBAHUU,
PasHvl makodice u pebpa dmux y2nos, mo om-
HOWleHue 00bEMO8 dIMUX NUPAMUO PABHO O~
HOWleHUI0 Npou3eedeHull niowaoe epauell,
00pazylouux paguvie 08yepanHble yenol.

S
A N
M
C
Puc. 160
JHokazamenvcmeo. Ilycte nupamuabl
SABC u SA4,B,C,D, (cm. puc. 160), umeror
paBHble AByrpaHHble yriiel  SACB u

8$,4,D,C,, takxke AC = 4,D,. Iloctpoum u-
HEeHHbIe yribl SMO u S;M,0, IaHHBIX paB-
HBIX JBYrpaHHbIX yrnoB. Ilo ycinosuro
ZSMO = £S5 M0, . Torna npssMoyrojbHble

tpeyroabHuku MSO u M S, 0, nogo6HsI n

SM SO
S]M] SIOI .
ITnomanu G6okoBbIX rpaneit SAC u S,4,D,
OTHOCATCA KaK HMX BBICOTbhI, IIOCKOJIBKY
AC=A4D,, 1.e.
S SM SO
SAISIDI S]M] S]O]

Hatinem oTHOIIEHME OOBEMOB JAaHHBIX
MAPaAMU/T
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1
—-S0O-S
ABC .
Ve __3 _ Ssac S apc
1 .
VSIAIBICIDI ~S 0. -S SAISIDI SAIBICIDI
3 1¥1 "R 48,00,
Takum oOpazom,
VSABC SSAC 'SABC
b
VSIAIBICIDI SAISIDI' A4,B,C\D,

YTO U TpeOOBaJIOCh JOKA3aTh.

3ameuanue. [IpuBeneHHoe nokazarenb-
CTBO HE 3aBHCHUT OT TOTO, Kakhe€ MHOTO-
YIrOJIbHUKU JIeKAT B OCHOBAHWU THPAMUI.
Ecnu xe peOpa paBHbBIX JBYrpaHHBIX YIJIOB
B paccMaTpUBAEMbIX MUPAMUIAX HE PABHBI
MEXy cOO0M, TO OTHOIIIEHHE 00BEMOB ITHX
MUPaMU IPSIMO MPOMOPIIHOHAIEHO MTPOU3-
BEJICHUSIM TUIONIAICH TpaHei, 00pa3yromumx
3TH YIIbl, ¥ OOPaTHO TPOTOPIIUOHATBEHO
JUTMHAM uX peoep, T. €.

SASB 'SABC . AD, .
AC

VSABC

VS,A,C,D, SA,S,D, "D 4BCD,

Kpome Ttoro, crnpaBemuBbl ClenyOlINe
TEOPEMBI.

16. Eciu 6 nupamuode nposecmu cekyuyyro
NJIOCKOCMb  NAPANNENIbHO OCHOBAHUIO, MO
OHa omceuem om Hee OpYeyI0 NUPAMUOY,
no0ooOHY0  OanHOU (JOKAXKUTE CaMOCTOsI-
TEJBHO).

17. Ilosepxnocmu noo0oOHBIX MHO2O2PAH-
HUKO8 OMHOCAMCA KAK K8AOpamul CX00CHI-
BEHHBIX JIUHEUHbIX 2]eMEHMO8 MHO202PAH-
HUKO8 (JIOKQ)KUTE CAMOCTOSTEIBHO).

18. O6vémbl N0V0OHBIX MHO20CPAHHUKOS
OMHOCAMCA KAK KyObl CXOOCMBEHHbIX -
HEHbIX DJIeMEeHMO8 IMUX MHO20CPAHHUKOS
(TOKaXXUTE CAaMOCTOSTEIHHO).

19. Keaopamul 06vemo6 nooodbHbIX MHO-
202PAHHUKO8 OMHOCAMCS KAK KYyObl niowa-
oell cx00cmeeHuvlx epanell (TOKAKUTE ca-
MOCTOSITEJIHHO).

20. IInockocmu BDC, u B/D,A nepnen-
AC
ABCDA,B,C,D, u oenam ee na mpu pagnuvle

OUKYVIAPHBL ouazonau Kyba

yacmu.



Hokazamenscmeo. 1. Tax xak AB, || DC,
u AD, ||BC,, to mnockoctu BDC, n B,D,A
(cm. puc. 161).

2. JlocTaTo4yHO JOKa3aTh MEpPIEHIUKY-
aspHOCTh npsaMoil 4,C, coaeprkamiei qua-

roHaJsb Ky0a, kK ofjHoH mockoctu BDC, .

Puc. 161

Tak xak quaronaim BD u AC B xkBagpare
ABCD B3auMHO mnepneHIuKyinspHel U AC
apisercs npoekuued A4 C Ha IUIOCKOCTb
ABC, 10 IO TEOpEME O TPEX MEPIICHIUKYIIS-
pax A,C L BD. Ananornuno A4,C 1 DC,.
Cnenosarensno, 4,C L BDC,.

3. na kyba ¢ pebpoM a auaroHaib

AC = a+/3, a paccrosmue ot Touku C 10

wiockoctu BDC, paBHO % (cMm. mpumep

16). AHaNOrMYHO PacCcTOSHUE OT TOUYKU 4,

a3
1o miockoctd B/ D, A paBHO 3 3Hauur,

JuaroHajib KY6a ACIIUTCA  YKa3aHHBIMU
IIJIOCKOCTSAMM Ha TPH PAaBHBIC YAaCTH.

21. Ceuenue, npoxoosawee uepez ouazo-
HAlb napaiienrenunedd, Oeium e2o npomu-
gononodicHvle pebpa, nepecekaemvle NIOC-
KOCMbIO ceueHus, 8 00PAmHOM OMHOUEHUU,
cuumas om a000U epanu, U3 KOmopou 6bvi-
Xo0am amu pebpa, a cam napaiieienuned —
Ha 084 pABHOBENUKUX MHO20SPAHHUKA.

/Jlokazamensvcmeo. Paccmorpum oO1uit
cllyyail ~ HaKJIOHHOIO  Hapajeienunena
ABCDA,B,C, D, (cMm. puc. 162). Ilycts ce-

YeHUEe MPOXOJUT uepe3 auaroHanb AC, u
nepecekaet pebpa BB, u CC, B Toukax N u
M cootBetcTBeHHO. CeueHue, conaepkaliee
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AC,, Bcerma OyzneT SBIATHCS Mapajuleio-

rpaMMOM, TIOCKOJIbKY B CEUEHHUU TOJTydaeT-
CA YCTBIPEXYI'OJbHUK, IIPOTHUBOIIOJIOKHBIC
napbsl CTOPOH KOTOPOro mapajieiabHbl (IO
CBOMCTBY MapaJUIeJbHBIX IIJIOCKOCTEH, Iie-
pecekaeMbIX IIOCKOCThIO). [Ipu aTOM TOUKa
[epeceyeHusl uMaroHajieil napaienorpam-
Ma COBIIJIaeT C LIEHTPOM Mapaliesenuneaa.

Puc. 162

Ecmm Touka N coBnamaer ¢ OHON U3 TO-
yek B wm B, (ciaenoBartenbHo, Touka M ¢
OJHOW M3 TO4YeK D, mnu D COOTBETCTBEH-
HO), TO NOJYy4aeTcs IUaroHalbHOE CEYCHUE,
pasOuBarollee mapajulesIeuIe]] Ha IBE PaB-
HBIE IIPU3MBI.

IIycts, TOuka N He COBIANAET HU C OJ-
HOM m3 Touek B wmmm B;. Tak kak
C,M || AN , To 13 paBEeHCTBA TPEYrOJIbHUKOB
CDM wn ABN cnenyer, utro DM = BN .

DM BN
Orcroma MD = NB,. Torma —— =——.
MD, NB

3amMeTuM, 4TO CeKyIas IJIOCKOCTh pas-
OWBaeT mMmapajuleNieluIel Ha JBa MHOTO-
rpanHuka CMDCNAB wn ANBAMCD,,
KOTOPBIE CAMMETPUYHBI OTHOCUTEIHHO II€H-
Tpa napamienenunena. 13 cienyromero co-
OTBETCTBUSI BEPIIMH TIEPBOTO U BTOPOTO
MHOTOT'PAHHUKOB D — B, M —> N,

A->C, C—>4, B->D, N->M,
C, > A cnenyer, uro onu pasHbl. CienoBa-
TEJIbHO, OHU UMEIOT PaBHbIE OOBEMBI.

B cirywyae nepecedenus cekymien miocko-
CTbIO pebep A D, nmu B, A, 10Ka3aTenbCTBO
IMPOBOAUTCA aHAJIOTUYHO.



OTBeThbI H YKazanusl

1.3.2.1£08.3.5.4.a)4;6) 245 B) V14 .
5.2.6. Y7 4, a) ~— */_ */_ */_
3 3 3

8. g 9, % 10. £ .11.2) +/3;6) 2;
V7 25 N V39

B) —, ) —; A) —; € —;
2 5 4 4

K) \/2—0; 3) \/431_0 12. 14. 13. 31.

14. 21. 15. @. 16. 8. 17. @.

18. E. 19. /=, 20. /3. 21. @.
4 3 4

22. @. 23. ﬁ 24. 1. 25. 12*@.
4 3 31

2. L. 27, ﬁ 28. @. 29, ENE]
3 3 7 13

30. Q 31, 2. 32 @.
4 2

abc
33. Vkazanue. Hc-

\/bzc2 +a’c? +a’h’?
II0JIB30BaTh ypaBHCHI/IC IIJIOCKOCTH B OTpe?:-
Kax. 34. 2. 35. 2.4. 36. 2. 37. 3/41.

38. i 39. £. 40. L. 41. @
J139° 3 J6 7

42. i . 43. £ . 44. 3 45. 36”259.
J5° 259

46. 2\/7. 47. 3\/ﬁ. Vxazanue. Paccmort-
pPEeTh OTPE30K, KOHIIAMU KOTOPOTO SIBJISTFOTCSI

cepenunsl pédep AC u BD. 48. ﬁ
., 26 g 60 g IS
V239 V4963 15

52. arccos\/z . 53. arccosﬁ.
5 15

54. arccos 2\1/53—0. 55. 0,8. 56. g 57. 60°.

58. Ha Tpum wactu B otHOmenuu 1:1:1.
59. 60°. 60. 60°. 61. arccos(sin ¢-siny).
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62.

64.

66.

68.

72.

75.

78.

81.

84.

88.

97.

arcsin

103.

106.

108.

110.

113.

117.

121.

arccos2 . 63. a) Q ;0 0) 1 .
13 4 4
. 24/3 3410
2arcsin —— WK arccos—. 65. ——
5 25 20

0,7. 67. 2arcsin£ AN arccosi.
5 25

0,75. 69. g 70. 90°. T71. @
ﬁ. 73. 0,9. 74. arccosl; arccos%.
5 6 3
1 6
arccos—. 76. arccos—. 77. 90°.
6 6
arcsin—5 . 79. l . 80. arccosl )
7 4
ﬁ. 82. l 83. arccos@.
4 4 4
arcsin—3. 85. 30°. 86. Q . 87. Q
3 2 2
J10 J15 . 10
—\. 8. —. 90. arcsin—.
10 15 10
arcsin—z. 92. arcsinﬁ. 93. é
5 85 5
L. 95. arcsin5 37 . 96. arcsm\F.
10 74 7
15
o % 66 . 1042
@. 101. arcsinﬂ. 102. E
31 13 10
@. 104. ﬁ 105. arcsinL.
34 V151
21 5
arctg—. 107. arctg— .
g40 g48
. A69 . 2467
arcsm——. 109. arcsm .
16 67
arcth. 111. ﬁ 112. arctgﬂ.
15 3 7
Q. 114. \E 115. ﬁ 116. =,
3 7 3
%. 118. g 119. 120°. 120. 120°.
arccos?. 122. ﬂ 123. &



V2
&

124. 2. 125. arctgi—:. 126. 1. 127.

128. arctg%. 129. arccos3\/;_9. 130.

arccos \/E 131. *. 132 arctgﬁ.
4 2

133. L 134. é 135. arccosl.
V13 7 7

NG

136. 30°. 137.7. 138. 2. 139. 0,5. 140. 3.

141. 4. 142. 1,5. 143. arccos /%
3 3

144. arccos,/—. 145. 4. 146. —.
11 3

147. arctg%. 148. arctg 4\1@—0. 149. 2 umm

14. 150. 3 wm 12—71 151. 4,5. 152. 192. 153.
az\/g arccosﬁ abVa®> +b* +¢*
2’ 3 Na® +b’ .

2
155. “\2a? +b* . 156. arccos| tg > |.
2b 2

JO,-0,-0,. 158. 9. 159. 7. 160. 36. 161.

2
4a9\/§. 162. 115,2. 163. 288. 164. S3d.
165. 36. 166. 12. 167. 12. 168. 28. 169.

d\3

154.

157.

CE170. 51 171, 144, 172.3. 173. 47
174. 845 . 175. 2415 . 176. 51*/65 ab .
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