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~ § 1. Modyne. Mpedern.
HenpepbieHocmb. [Ipou3eo0Has

Moaynb Yncna

Mopynb NONoOXuUTENLHOTO YACNa paBeH CamMoMy YKCTY.

7 =7
3 3
Mogaynb oTpuLaTensHOro Yucna BNAETCS YUCIOM, eMy NPOTUBOMNOSIOXHBIM.
-5l = —(=5) = 5.
Mogyne Hyns paseH 0.
[0 = 0.
a, ecnna>0,
a, ecnmaz0, a, ecnna>0, a, ecnnaz=0,
lal = {0, ecnna=0, = = =
-a,ecnma<( -a, ecnma < -a, ecnn a <0,

—-a, ecra<0

lFeomeTpuUeCcKuini CMbICTT MOAY NS

i“'-ZI - 14] " |a| — 31O paccTosiHWE OT TOYkM 0 4O TOHKM,
= o T % n3oBpaxaloLei Ycno a.
» =
a o a X M=a o [" “ a0
x| = a, a>0 v d
[
a 0 a X x|<a & -a<x<a ,a>0
x| €£a, a>0
NN\ + + ffif/—? x2d -
a 0 a xlza & - ,a>0
x]2a, a>0 r=-d

Mpenen pyHKUMM
MoHsiTne npepena

y4 Mpuwmep 1.
| Paccmotpum Tabnuuy 3HaueHud QyHKUMM y = x2 B TOuKax,
KOTOpble Ha YMCNOBOW MPAMOW PacnonoXeHbl [0CTaTOYHO
6nun3ko k uncny 2 (1 B camou Touke 2).

X 1,98 11,99 12,0012,01 |2,02
x2 3,92 13,96 (4,00 (4,04 4,08

e

————

P

da-
)

-
2.

g

x ¥

lx2—4| [0,080,04] 0 [0,04]0,08

Yem 6nvike aprymeHT x K uvcny 2 (nuwyT x — 2), Tem bnuxe
3Ha4eHue PyHKUMIA K Yncny 4 (f(x) — 4).

3anucbiBaloT TaK: lim x2 = 4.
x—2




y Mpumep 2.
2_
Paccmotpum Tabnuuy sHadeHnin yHKumm y = xv_ ; OKOIo
TOUKM x = 3.
x 2,96 12,98 3 3,02 13,04
X _x*-9 He onpe-
y =5 5,96 | 5,98 nenewqo 6,02 | 6, 04
lfix)-6] ]0,04]0,02 0,02 |0, 04
. x2-9
Ecnimx—3 (x#3), 10 f(x) > 6: lim =6,
x—>3Xx-—
B obuiem cniyyae /lim f(x) = B o3HadaeT: ecnu x = a, 70 flx) = B.

r—=a

x—dal <8

—a fix)-Bl<e
aindl hat 5>0 < >0 |

Yucno B HasbiBaeTca npenenom yHKuun f(x) npu x, CTpeMalemcs K a, ecny ans
Noboro rnonoXWTeNbHOrO YMcna € HanaeTes Takoe MONOXUTENbHOEe YUCno &, KoTopoe
MpW BCEX X # a , YAOBNETBOPSIOLLUX HEPABEHCTBY |x — a| < 8, BEINONHAETCA HEePaBEHCTBO:

|fix)-Bl<e.
Ecnv lim f(x) = B, T0 B — eguHCTBEHHaS.
X—=a
Teopemsl 0 npeaenax Npumepsi
lime =c¢ im$ = 5.
X—=ua X2
limc fix) = ¢lim f(x) lim 5x2 = S5limx? =5.22 = 20.
x—=da X—da x—2 x->2
. im (x2—4x+2) = limx2-4limx+lim2=
lim (f(x) £g(x)) = limfx)x ltm g(\) xlt_r)n}(x 4x+2) xl'_’:13" 43!1_):13\7-%!:7132
X—a X—=a 2
=3"-4.3+2=~

lim (f(x) - g(x))

Xda

Iim ((x3 +1)- (x=-2)10) =

X—a X—=da

lim fix) - lim g(x) | _ ltm (x3+1)- lzm (r D0=33+1)(3-2)!0 =

x—3
= 281 =28,
lim f(x) fim (x +2)
lim L&) = x=24d (lzmé()«);t()) Iinz"+2=x" 2+2=‘l=4'
x—mg(x) lzmg(v) x=2x—1 limx-1) 2-1 1
x—2
limx = a . ¢
; Ecru lin 0,70 lim ——
o Jim flx) = 0,70 lim 75 T
im =-=20
X—=teo X
lim x = *oo Ecnm lim fix) = o, 70 lim — =0
X — too x—a xX—a f( )
lim — = oo
¥=0 |‘7| Ecnu lim f{x) = 0 v lim g(x) = o, 70 lim )
lim sinx _ 1 xX—a x-a x=a 8(x)
im —— = .
x>0 X




Cnoco6bi BLIYUCTIGHUS Npeaenos

1. ins moboro MHorounena (x):
lim P(x) = P(xy).

X,

lim (x3-4x2+2x-1) =

x—o2

=23_4.2242.2-1 = -5.

2. Ecnm wucno x;, Bxogut B obnactb
onpeaenenna ApobHo-paLnoHansHON
yHkumM R(x), 70 fim R(x) = R(xy).

X =¥,

lim 3x2-2 _ 3 32~
i3 2x2 47 2. 32+7

Ecnne peaynsTate NOACTAHOBKU x = a NOAYYXNN BhipaXexue (

[« )

).

a) nonpobyem pasnoXuTs YMCNRUTEnNb U
3HameHaTe b Ha MHOXWTENU M COKPaTUThL
Apobb;

-2x - (x-3)x+1) _

xf-2x-3 _ fim et T 2

1)\11—’1:3 x2-5x+6 T 53 -2)
~ lin x+1 _3+1 _
=lim — = 3 =4

o3 X-— 2

xtafy _ g x|
S 100 f(r-1)
= lim f+1

x=0 ,,/)-c—-l
3) lim -2

X—=4 X

2) lim

x50 x -

im fx-2
rod -2k t2)
11

Ja+2

= lim

x4 ,\/_-1-2

6) ecnn Opobb Henb3A COKPaTUTb, TO B
3TOM Cnydae HYXHO YACNUTENb U 3Hame-
HaTenb 4pobu AOMHOXUTL Ha Bbipaxeuue,
COMPSXEHHOE CO 3HameHaTenem (unu
yucnmTenem), a NoToM cokpaTuTb Apobb;

e
= i x(f1+x+1) _

l+x-1 \’—90(,./1+\-1)(./1+\+1)
= lim

=0 I+x-1 x>0
=JT+0+1 =

lim X =

X =0

B) €Cnu nog 3Haxkom npegena CToAT Tpu-
roHomeTpuyeckue yHummn vnu obparHble
TPUrOHOMETpUYECKMe (DyHKUMM, TO NPUBO-
AUM K NePBOMY 3ameyaTensHOMy npeaeny:

Jim SinX sinx _ 1 ecnu tll_l_:lof(x) =
x=0 X ’
, ,.&'Z lim S_l_’l&_) =
lzmo > =1 x=0 flx)
X -
Jim Gresinx _
x—=( X
lim arctgx _ 1
x—0 X
lim cosx = |
=0
lim sinx = 0
x—=0

= i 3303y

. sin3x
1) lim —=
=0 3x

r—-0 X

=3 lim ——= sindx 3.

x>0 3x

1 =3;
~2sin2xcos10x _

4. sin8x—sinl2x _ .
2) lim 0 lim o

x—=0 r—0

sin2x - cos10x _

2
lim Tx

5 a——)()

sin2x

- lim cos 10x
x=0

lim
x>0 X

Wil Wb
~




HenpepbiBHOCTL hyHKUUMN
®yHKUMA f{x) Ha3bIBAETCA HENpPepbiBHOW B TOYKe x,, €CMIM OHa B HEW onpegenexa,.

npeaen yHKUMK B TOMKE x, CyLIECTBYET M DAaBEH 3HaYEHWNIO (DYHKLMM B 3TON TONKE.
Mo aToMy onpegenexHnto cTaBaATCs TPU YCNOBUA:
1) yHKLMA JomxHa BbiTe onpeaeneHa B TOYKE x = x;;

2) dhyHKUMA f(x) UMEeT npeaen B TOYKE X,
3) lim flx) = flxy).

X% U ,
- 1. 1.
Mpumep: f(x) = T y = ———; X€ (—0;3) U (3;+e0) x#3.
._." 't_
Y) : Hannas dyHkuma He ByneTt HenpepbiBHOW B TOUKe x, = 3,
] : MOCKOMbKY OHa He onpederneHa npu x = 3.Te To4ku, B KOTOPbIX
g 3TV YCNOBWSA HE BLIMONHSIOTCA, HA3LIBAIOTCA TOYKaMM pa3pbiBa.
- : _, X = 3 - TouKka paspbisa.
ol 1 2 3 X
- i - :
MpuMepbl PYyHKLUIA, KOTOPbIE UMEIOT TOYKM pa3pbiBa
y = [x] — uenas 4acTb x X y = 1
y Y 2
i , ,
1 P
3 40 1 2 x
— 1
— r.z
,0 X
Touku paspbiBa — Bce 0] X
0 — TOYKa pa3pbiBa.
LUENOYNCTIEHHBIE TOMKNA. paspsis
0 — TouKa paspbisa.
Ecnu dyHKUMA f(x) HenpepbiBHa B KaXOOW TOYKE HEKOTOPOro npomexyTka [ , To eé
HasbliBaiOT HENpPEepPbLIBHON Ha NPOMEXYTKe /.
B wKonbHOM Kypce maTtemaTuki:
Mpadhuk dyHKUMK, HENPEPLIBHOW Ha MPOMEXYTKe, — HenpepblBHasa NMHWA Ha 3TOM
NMPOMEXYTKE.




CBoicTBa

WUnnocTpauun

®opmynuposka

Npumep ncnonb3oBaHnuA

1. Ecnv HenpepbiBHas Ha
oTpeske [a,b] YyHKUMA
NpYHUMaET Ha KOHLax aTo-
ro oTpeska 3HaueHus pas-
HbiX 3MaKoB, TO B HEKOTO-
PO TO4UKe ATOro OTPEe3Ka
OHa NPUHUMaeT 3HadeHune,
pasHOe Hyso.

fix) = 4x3+x-1 — Henpepbis-
Has MYHKUMS (MHOTOMNEH),

0) = -1<0; f(1) =4>0, no-
3TOMY Ha uHTepsane (0;1) cyuiec-
TBYET TOMKA X, B KOTOPOWA (DYHK-

_ 1
uus paBHa 0 (3T0 TOYKa x = 5).

i

Yo
fe)

2. OyHkums f(x), Henpe-
puiBHas Ha orpeske [q, &],
NpuHUMaeT BCE NPOMEXY-
TOMHBI® 3Ha4eHWs Mexay
3HaYSHUAMN ITON (DYHKUMM
B KpaWHUX TOYKax, TO €CTb

mexay fla) u fb) .

f(x) = 3% — HenpepblBHast QYHkK-
uvsi. Ecam xe (2;3], To 32 =9,

33 = 27. Nockonbky 9 < 15<27,
TO CywiecTByeT TouKa x,,, B KOTO-

poit flxy) = 3% = 15 (kaK W3-
BECTHO, x, = log,15).

i

3. Ecnm Ha wHTepeane
(a,b) dyHKUMA f(x) He-
npepbiBHa ¥ He Npespalia-
eTcsl B HOMb, TO Ha 3TOM
uHTepsane @yHKuUnsa co-
XpaHAeT NOCTORHHbLINA 3HAK.

Ha atom cBOWCTBE OCHOBbIBa-
eTCs MeToAa VHTEepBarnoB peule-
HWSA HepaBeHCTB Buaa f(x)2 0 .

Pewmum HepaBeHCTBO f(x)2 0 , rae f(x) — Npon3BobHas OYHKUMA.

1. Hatnem obnacTb onpegeneHnsa pyHkumn f(x): D).

2. Onpepenum Bce HyNu hyHKUNK, TO €CTb pelunM ypasHeHue f(x) = 0.
3. Pasbusaem Ha npomexyTku 06nacTb OnpeaeneHnst Hynsamv yHKUY .
4. Onpenenum 3xak OYHKUMM HA KaXKOoM NMPOMEXYTKE.

MpumMepbl hyHKUMNA, HenpepbIBHbIX Ha BCet oBnacTu onpeaenexHus

DyHKUMA Obnacrb onpeaeneHun

y =X Xe (—oo;+oo)

2. y = x" X € (~o0;+00)
1
3. yo= — x#a
x—a
4. y = ,J;- xz20
>0

5. y=loxr(a ) >0

8a a#l a
6. y = sinx X € (—oojtoo)
7. Y = cosx X € (—ooytoo)
8. y = tgx x#%%—nn, ne Z
9. y = ctgx x#Tnk, ke Z
10. Yy = arcsinx;y = arccosx -1<x<1
11.

y = ax

X € (—o0;to0)




Mpupallexne aprymeHTa u cbyHKuu'u

v = f{x)

f(xy +Ax)

T(x,)

Ax = x;—X; — NPUPALLESHIE APTYMEHTA B TOMKE X}

x; = Xyt Ax — HadanbHoe 3Ha4yeHne aprymeHTa x,

fnony4nno npupailieHve Ax;
Ay = Aflx) = flx)-flxy) — NpupaileHne PyHKummn
B TOYKE x;

Ay = flxg+ Ax)—flxy).

MpoussogHas dyHKUKMM ¥ = f(x)

y = f(x) MpoussoaHow yHKUMM y = f(x) B TOUKE X
P \? Ha3blBaeTcs npeden  OTHOWEHUS  NpupaleHvst
YT a0 Ax OYHKLMM B TOYKE x K NPUPALLIEHNIO apryMeHTa, Koraa

Ax—0

y'=lim Six + Ax) - flx)
X

0603HaunTb ¥’ unu f ’(x)).

anddepeHuMpoBaHneM.

NpvpaLieHne aprymeHTa CTPeMUTCS K HYIHO (MOXHO

Onepauns HaxoXgeHus NpPou3BOAHON Ha3biBAETCH

KacatenbHas k rpachmKy pyHKLMM U reoMeTpUYeCKNA CMbICH NPOU3BOJHON

KacaTtenbHow K KpuBOW B AaHHOW TOYKe M Hasbl-
BaeTCs npeaensHoe NonoXexne cekywen MN, korga
TOYKa N CTPEMUTCS BAOIb KPUBOW K TOUKE M.

S (%) = 8¢

k — yrnoBoi KOIPULMEHT Kaca-  f(x, +ax)

TENbLHON.
k=189 = f "(x)).

y = flxg) +f "(xp)(x~xp) — 0

ypaBHeHve KacaTeribHon

yl

1)

K rpadhvky yHKUMK y = f(x)

B Touke ¢ abcumecon x;.

3Havenne  npoussop-
HOM B TOYKe x, pasHO
TaHreHcy yrna HaknoHa

KacaTenbHOn K rpaduky
dyHKUMK B Touke ¢ abe-

umccon x, (n pasHO

yrnosomy koapuumeH-
Ty KacaTernbHowu).

MexaHu4eckuil CMbICN NPOU3BOAHON

Mpon3BoaHas xapakTepu3yeT CKOPOCTb U3MeHeHus (PyHKUUWM NpU  U3MeHEeHWuM
apryMeHTa; B 4aCTHOCTU: NPON3BOAHARA BPEMEHW ABNAETCA MEPOiA CKOPOCTH N3MEHEHWN,
UCMOSb3YEeMOiA N0 OTHOLIEHWIO K Pa3NMYHbIM (hv3nyeckuM BennimHam. Hanpumep, MrHo-

BEHHAaA CKOPOCTb v HEepPaBHOMEPHOTO NPAMONMHERHOIO ABWXEHUS ABMSETCA NPOU3BOa-
HOW OT hyHKUMK, BbIPaxatolen 3aBUCUMOCTL NMPONAEHHOIo NyTU S OT BPEMEHW ¢.

S = §(t) — 3aBUCUMOCTb

NPORQEHHOro NYTY OT BPEMEHMU;

v = § ’(t) — CKOPOCTb NpsA-
MOJIMHENHOTO OBUXEHUS;

a =v '(t) — ycKkope-
HUEe nNPAMONUHEAHOro
OBWKEHUSA. »




Tabnuua NpousBogHbLIX HEKOTOPbLIX hyHKLNIA

MpaBuna audcepeHunpoBaHun

dnemeHTapHble

CnoxHble hyHKUUN

(c-u(x)) cuf(x)
(¢ — noctosHHas).

[MOCTOSHHLIN MHOXWUTEND MOXHO
BLIHOCWTb 33 3HaK NPOWU3BOL4HON.

MponsBoaHas CyMMbI

dyHKLUN
¢’ = 0 (¢—const)
(kx+b) = k
x' =1
(=x) = -1
X% = gx®-!
(o R) (u®) = o -u®t.y
(x2)" = 2x w? = 2u-u
- (oY = ==
2.4x 24u

(u+tv) =u' +v.
Mpown3BoaHas CyMMbl (yHKLUNA,
KoTopble anddepeHumpytoTcs,

)' - L
u?

e

paBHa CyMMe WX NPON3BOAHbIX.

(sinx)’ = cosx (sinw)’ = cosu-u’
(cosx) = —sinx (cosu) = —sinu-u’
MpoussoagHasa npousseaeHus
l . [ 4 + ’
r - - v u'v+viy
(tgx)' = — (1gu)’ = — o (u-v)
cos’x cos u
1 1
(ctgx) = —— (ctgu) = ——=-u’
sin’x sin"u
MpoussogHas 4acTHOFO
. l l 7 ’
(arcsinx)’ = (arcsinu)’ = T4 w), uwv-vu
-2 J1 -2 ST T v=0)

(arccosx)’

i

(arccosu)’

" Y — r 1 ’
(arctgx)” = T (arctgu)’ = Tk MpounssoaHas CNOXHON (byHKLN
(dbyHKUMM OT PyHKLMK)
’ - 1 , 1 ’ (u(v(x))) = w'(v(x)) - V'(x)
arcct = - ¢ = - :
{arcctgx) . (arcctgu) T2 u

10



YYEHUYECKASA CTPAHUYKA

1. Hantw. lim 1 - cosx
- x=0 x2
PetleHue.
YNpoCTUM BbipaxeHue 2y Cx L x
5 1 - cos 2sin = 2sin= - smi
l - cosx = 2sin =, lim ~=£95% = pim = [lim =
2 x—0 X x—0 x2 x->0 XX
Bocnont3yemcs Tem, YToO . ’
Cx Y sin’% . sing 2 sin’ sins
sinz =2 lim lim - lim =
lim —= = 1. x>0y X 5 X 2. 2 x50 X x-0 X
x>0 X 2 2 2 2
2 U
2 2°
OTBerT: R lim 1 — cosx _ _1, T
x>0 x2 2°
2. Hantn.
fim Nx=1-2
x—=5 x-=95
PeweHne.
OMHOXWM YUCIMTENb U 3Hame- o1 - o1 - -1
EaTenb npobu Ha BbipaxeHue, lim *—— 2 = 1”"( yx-142)
x5 X-5 oS (x-5)( <1 +2)
conpsiKeHHoe C Yyncnutenem. 2 s
B uucnuTene «CBepHEM» POp-| = Jiy —(AX 1) -2 = Jim -1-4
Myny pa3HOCTU KBaApaTos. x5(x-5) (Jx-1+2) *=5(x- 5)(,./»c— 1+ 2)
Cokpatum Ha x - 5. = lim x-5 = lim 1 _
E5(x-5)(Wx~-1+2) x5 x~1+2
-1 1
Sso1+2 4
OTBerT: : '
lim 8= 1-2 _ l
x=S5 x-35 4

3. Nccneposath yHKUMIO ¥y = f(x

) Ha HeNPepbLIBHOCTb B TOYKE x = X'

sinX ecnu x#0,

a)flx) =3¢ x ' 6) flx) = x2-4; x, = 3.
0, ecimx =0.
Pewwenrue.
1)f(0) = 1)f'(3) -
2) lim flx) = lim ";”‘ = 1. 2) lim flx) = lim (*~4) =

3) ltmoj(x) #£(0).

3) limj/(x) = f(3).

OTBeT: (PYHKUMA HE ABNAETCA

HenpepbIBHON B TOYKe x, = 0.

OTBeT: yHKUNS HenpepbiBHa B TOUKe x, = 3.

11




4. PelunTb HEpaBEHCTBO. log,(x +1)
—_——

x-1
Pewenue.
log,(x+1)
PaccmoTpum dpyHKUmIo: f(x) = T
x+1>0 jx>-1
1) D(f): x€ (-51) U (1tee).
) (/){x—-lvt() {xv&l, Ve ( ) )
log(x+1)
2) Hynwn doyHkumm f(x): — T " 0, x+1 =1;x=0,
3) Pasbusaem D(f) Ha NPOMEXYTKM 1 oNpenensiem 3Hak pyHKUMM f{x) Ha KaXOOM U3 HUX:

+ - +
-1 o 1 X
4) PelieHneM WCXOQHOro HepaBeHcTBa OyayT npomexyTku, rae f(x)>0; TO eCTb
xe (-1;0) U (1l;+e0).

Otger: (=1;0) U (1 +00) .
MpupauieHue aprymexTa npupagenue 4)ymfuuu
Ax = x-Xx, Ay = flxy+ Ax) - f(xg)
Ax > 0 yA

(x5, +Ax)
x X, > .

Ax <0 f(x,)

5‘0 X > 0 X, X, +Ax )2

BbiunMcnuTb npupalieHne pyHKuum f(x) B NPOU3BOSBHON TOYUKE.
a) flx) = 2x2+3x-5;

Peuwenwve.

dukcupyem npom3so-| , = Xg3 fxg) = 2x3 +3xy~5.
NbHOE 3HayeHwe apry-

MEHTa x, U HaXoauMm
Slxg):

3ananuM aprymeHTy x | x = x,+ Ax.
npupaiueHue Ax

¥ Handem f(x, + Ax):

flxg+Ax) = 2(xg+ Ax)2+3(xy + Ax) -5 =
2(x3 + 2xpAx + (Ax)%) + 3x, + 3Ax~ 5 =
=2x§ + 4xyAx + 2(Ax)2 + 3x,+ 3Ax - 5.

Haxoaum npupatle-
Hue yHKUMK
M) = flg + Aflxg) | ~H50BY +2(Ax)? + 3Ax=Ax(4x, + 28x +3).

Af(x) = (2x3 + 4xyAx + 2(Ax)243xy + 3Ax = 5) ~ (2x§ + 3xy - 5) =

OrtseT: Afix) = Ax(4x,+2Ax+3).
12




6) f(x) = sin2x;

PewenHne.

PUKCMPYeM NPOU3BONBHOE 3HAYE- |x = xy; flx,) = sin2x,.
HWe aprymMeHTa x,, v Haxoamum f(x,):

3apanvm aprymeHTy npupaileHve
Ax v HaxoauM f(x, + Ax):

—
fi

xg+ Ax; flxg+ Ax) = sin2(xy+ Ax).

Haxogum npupaulenme dhyHkUM | Af(x) = sin2(x, + Ax) — sin2x, =

Aflx) = flxg + Ax)-A(X)

2x0+2AX*2x0 ' ‘2x0+2Ax+2x0 _

=2 sin 3 Cos 3
=2sinAxcos(2x, + Ax).
OTseT: Af(x) = 2sinAxcos(2xy+ Ax).

Wcnonbsys onpegenexne, BuINMCANTL NPOU3BOAHYIO PYHKUMN ¥ = f(x) B TONKE X = x.

a) flx) = 3x2-5x+1;x, = 2.

PeweHue.

dukcupyem Npon3sonsLHoe X, x+ Ax
3HauYeHne apryMmeHTa x v 3gaaem
apryMenTty npupatlesue Ax:

Bbiuncnsiem npupalierne OYHKUAM | A7 = (3(x + Ax)2 - S(x + Ax) + 1) - (3x2 —5x + 1) =

Af = fix + Ax) = flx): =6xAx +3(Ax)2 - 5Ax = Ax(6x +3Ax~S).
Haxopum oTHowerne npupalleHnsi | Af _ Ax(6x +3Ax—5) _
(hYHKUMK K NPUPALLEHWIO apryMEHTa | Ay Ax = 6x+34x-5.
Af _ fix+Ax) - flx).
Ax Ax '
BbiunMcnsem nponssogHyo f'(x) = lim (6x+3Ax—5) = 6x-5.
, i Af‘. Av -0
S = aroso Ax
Boumncnsem f (x,): f'2Q)=6-2-5=17.
Orser: 2y =1,

B) flx) = J7x=5;x, = 2.

Pewenrue.

®uKCVpyeM NPOU3BONBHOE 3HAYEHMEe apry- | x; x + Ax.
MeHTa x U 3a4aeM apryMeHTy npupatieHue
Ax:

I

Bbluncnsem npupawexune dyHKuMn Af = JTE+ AR -5 - Tx=5
Af = flx+ Ax) - flx): =J7H7A\__5”ﬁ.r_5

Haxoanm oTHoleHue npupaileHus yHK- A JTxFTbx—5-f7x5

UMK K NPVPaLLEHUNIo apryMeHTa | Ax e
Af _ flx+ Ax) - f(x). '
Ax Ax )

13




Bbluncnsem nponasoaHyto

f(x) = lim é[

Av—0 AX

lim NIx+TAx =5~ ATx-5
Ax—>0 Ax
= Jim Tx+7Ax-5-Tx+35 =
A 0Ax(fTx + TAx = 5+ JfTx - 5)

fix) =

7 7
Aﬁz%ﬁv+7Ax S+ o5 247x-5
Boiuncnsem f (2): F2) = ——— = Z_
2~/7-2-5 6
OrtBer; 7
g.

PaccmoTpum paanuyHbie cnocobbl BbIMUCAEHNA NPOV3BOAHON.

MNOCTOAHHLIN MHOXWTENb BbIHE- (5x2)" = §5-(x2) = 5-2x = 10x.
CEeM 3a 3HaK NPon3BoaHON:
Wcnonbayem dopmyny (x3) = 23 . xB3-1 = 23.x22,
(x®) = o -x®- 1
3anuliem cHavana s Buae crene- | , | -9
SV = (9 = 9. x 9 = 910 = 22

HU C OoTpuuaTenbHbiM nokasate- || 75 - (1o
nem, a NOTOM wcnornb3ayeMm ¢op-
mMyny (x®) = ox®-1;
Acnonb3yem Teopemy O npous-

y y P y, ,p T (sinx + JxY = (sinx) + (Jx) = cosx+-——-.
BOAHON CyMMbl (1 +v)' = ' +v': 2%
Wcnonbsyem TEOpemy O MpOWa-| (4x . cosx)’ = (4x) - cosx + (cosx)’ - 4x =

BOOHOW NpovsBeneHus
(- v)

= ywv+vu:

= 4cosx —4x - sinx.

Wcnonbayem Teopemy o
Npou3BOAHOM YacTHOro

u'v=vu,

(Zx + 3), _ Qx+3)sinx~(sinx)’ - (2x+3) _

Yi . 2
sinx sin‘x

u), i
(;) - 7 v#(: _ 2s8inx —(2x +3)cosx
v = 3 .
sin"x
Wcnoneayem dopmyny (sinldx) = cosldx . (14x) = cosldx 14 =
(sinu) = cosu-u’: = l4cos 4x.
4 i 1
(tgu)’ = cu’ (fg;-c) - ’.") = 5= l .
cos u cos?E cos?Z 20(‘).92'-;-
1Y, l ’ ( ] ); | 2 ’ 2x +4
=|=-= = x4 +4x
(u) 112 ! x2 +4x (x2 + 4x)? ( ) (x2 +4x)?
i , Cosx
(,,/7 - L u (Jsinx) = (sinx) = ——=.
u 24 sinx 24 sinx

CHaqana BbIAENUM UEnyHo YacTb,
a 3areM Hangem npovnsBOAHYID

1 CNOXHOM hyHKUMM BUAA %:

(x+10),=(x+8+2),=(1+ 2 ),= 2
T8 Tx+8 U x+8 (x+8)2

CHavana 3anvwem B Buae cre-
neHy ¢ oTpyuaTenbHbIM Nokasa-
Tenewm, a saTem Hanaem npows-
BOAHYIO CIIOXHOW hyHKUMN:

((71?1_5?) = ((4x-5)0) = -6(4x~5)"7-4 =

24
(4x-5)7
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YpaBHeHve kacatenbHo K rpacduky  pyHKUmm

¥ = fxg) £ "(xg)(x = xo) y = flx) BTOUKE (x));y,), NPUHaANExallen rpaduky.

CocTaBuTb ypaBHeHWe kacaTenbHOn K rpadpuky pyHkumm y = f(x)
B TOYKe C abcumccon x = xy,.

PeweHne. 1) = +3 2_s. _ 1.
eHu a)fix) = x> +2x4-5; x5 = 1, 6) flx) = sin2x; x, = 7§t;

Bbluncnsem 3Ha- flxg) = f(1) = 13+42.12-5 = -2 n Co.n 2
JYeHve  OYHKUUK j(g) = S’”T = st = EX
B TOYKE Xxq flxg): © J30NOV Of TNROXAON St ‘ BERETTY 0
Haxoauwm npowus- £ (x) = 3x2+4x 7 (x) = 2cos2x.
BOAHYIO (PYHKL N puU S HBMUN
f(x):
Bbluncnsem 3Ha- frxg) =/ =3-1244-1=7 | ;) _ 2.1
YeHWe Npov3soa- S (g) = 200ST =
HOW B TOYKE X,

2
f(x): . = 2003‘%; = 2-% = 2.
3Haqu?‘e y = fxg) tf (xp)(x = x) Y = flxg) +f (xp)(x = xp)
f(x())v' f (x()); Xg y=-2+7-(x=1) = ﬁ -
noAcTasnsem = 2+47x-7=7x-9 y"7+ﬁ'("""§):ﬁ w (t
B ypasHeHue
KacaTenbHo: J2 J2n vy

= =+ (o —— = s
7 2=
2 8

Ortser: )= Tx-9.

PewnTb 3agayn.

1. MaTepuanbHas To4Ka ABUraeTcs No 3aKoHy S = 413 + 12+ 8 (S namepseTcs B meTpax,
t — B cekyHAax). HanTu CKOPOCTb 1 YCKOPEHNE B MOMEHT ¢ = 2C.

PelueHue.

T ErEe

1) v = S’(t) = 1212 + 2t — CKOPOCTb ABWXEHUSA TOUKN B NGO MOMEHT ¢.
2)v(2) = 12-22+2.2 = 48 +4 = 52 (M/C) — CKOPOCTb ABWXKEHUS TOUKN B MOMEHT ¢ = 2C.
3) a = v'(t) = 241+ 2 — yCKOpEHWEe ABWKEHWNS TOUKA B MOMEHT f. v,isaom\(
4)a(2) =24-2+2 =50 (M/c2) — YCKOpeHve OBMKEHUS TOYKN B MOMEHT ¢ = 2C.

OTteeT: 52M/c; 50 m/c2.

2. MaTepuanbHas Touka OABUraeTcs NPAMOMUHENHO MO 3aKoHy S = 10¢-5¢2. B kakon
MOMEHT BPEMEHMN CKOPOCTL TOUKM ByaeT paBHa Hyn?

PeweHue.
1) v = §'(t) = 10~ 10t — CKOPOCTb ABUKEHNUSE TOUKM B FTIOGON MOMEHT ¢,
2)v=0, 10-10t =10, 10r=10,-¢t = 1.
O71BeT: ¢ = 1C; CKOPOCTb TOYKM PaBHa HYNIO B KOHLE NEPBOI CEKYHADbI.

1 5..,




3. Teno nsuraeTcs BepTUKanNbHO NO 3aKOHY A(t) = 2 +9¢-5¢2. OnpegenuTb CKOPOCTb
Tena B MOMEHT ero NPU3eMIeHus, eCNu /1 BbIPaXaeTca B METPax, ¢ — B CEKyHaXx.

Pewexue.

1) v(t) = A’(2) = 9~ 10t (M/C) — CKOPOCTb ABWKEHUA TENA B MOMEHT BPEMEHM ¢ .
2) B MOMeHT npuaemnexus Tena

h(t) = 0; h(t) = 2+9t-5¢2; |
2+91-512 =0, 5/2-9t-2 = 0.
D= (—9)2—4-5‘(—2) = 81 +40 = 121.

3Havenve ¢, = 9—1011 = I—(z) = —% He nogxoauT MO YCHOBWUIO 3adayw, T.K. pedb naet
0 MOMEHTe BPEMEeHU NoCcne Havana ABUKeHus, 1, = 9—}61—1 = %g = 2(c)

B MOMeHT npusemnexna Tenat = 2c¢.
3)v(2) =9-10-2 = 9-20 = ~11(m/c).

OtBeTt: 11M/c.

4. CxopoCTb v Tena, ABWraioWerocs B BEPTUKANbHOM HanpaBneHun, u3MeHaeTcs no
3aKoHy v = 9 — 10¢ (M/c). OnpeaennTb CKOPOCTb TE€Na B MOMEHT NPU3EMNEHns, eCnvi OHO
B Ha4anbHbIA MOMEHT Haxo4unoch Ha BbICOTE 2 M OT 3eMINW.

PelweHue.
1) a =v() = ~10(M/02); T.K. YCKOPEHME NOCTOAHHO, TO TENO ABMXKETCA 10 KBagpaTuy-
2
HOMY 3aKOHY: h = ‘—lé— +vot+hy.
2) vy = v(0) = 9-10-0 = 9(m/c).

-1022
h= —12&+9t+2 = -52+91+2.

Otciona nerko HanWTh Bpemst NPU3EMNEHMs Tena ¢t = 2C W CKOPOCTb B MOMEHT
npusemnenus v = —11 m/c.

Orser: —11 M/c.

5. Mpu TOpMOXKEHM MaXOBWK 32 ¢ CeKyHA NoBOpaYMBaeTca Hayron ¢ = 5+ 6112 (¢ —
B paauadax). Haitu: yrnosylo CKOpPOCTb  BPAWEHWs MaxoBuKa B MOMEHT ¢ = 2C;

YrioBOE YCKOPEHWE B MOMEHT BDEMEHM ¢; MOMEHT BPEMEHW !, Korga BpalwieHue
33KOHYUTCA,

Peuienue.
1) YrnoBoit CKOPOCTbIO 0 Ha3bIBAETCA CKOPOCTb M3MEHEHMS yrna ¢ 3a BpeMa Af.
Yrnoesas ckopocTb — 37O NpoOM3BOAHAs OT yrila noBopoTa ¢ 3a Bpems !

w=9(t) = 6-2t.

2) o(2) = 6-2-2 = 6-4 = 2(pag/c) — yrnoBas CKOPOCTb B MOMEHT ¢ = 2C.

3) Yrnosoe yckopeHue — 310 NPou3BoAHas OT YINIOBOW CKOPOCTM 3@ BPEMS /!

e = @'(f); € = —2pap/c?.

4) B MOMEHT OCTaHOBKM MaxoBuKa:

w=0 0=6-2t, 6-2t=0, 2t=6, t =3¢,

B KoHLie TpeTbeit CekyHAb! YrrioBasi CKOPOCTL ByAeT paBHa HyMo, U BpalLEHWE 3aKOHYUTCS.

OteeT: ® = 2paa/c; € = -2 paa/c?; + = 3c.
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TPEHUPOBOYHbLIE YNPAXHEHUA

1. PewmTb ypaBHeHue.

a) x| +jx—1] = 1; B) [x2-4x = 4; A) |sinx|] = —sinx; x) |x2-2x] = 3 -2x.
6) |5x+2] = 3-~3x; 1) [|2x2-3]
2. PewnTb HEpaBEHCTBO.
a)2x-1{<3; B)[2x+5[27; B) I3x-5]>9x+1; X) x- 1| +}x+1]<4.

l4-3x2; e)lcosx| = cosx;

6)]5_’3-‘<6; OB +d2id; e)|2x—5|<x:

1
1

3. laHa yHkums f(x) = t: Haiitu: a) f(0); 6) fla?); B).f(‘ll); r) f(sina).

cOsSX,

4. NlaHa yHkuma f(x) = { .

Haintu: a)/(—T—E); 6)/(3); B) f(0); ) fla?).
sinx, 2 '\2
5. Cpeau yHKUWMIA, rpadnkv KOTOPbIX M30GPpaxeHbl Ha PUCYHKaX, ykasaTb Te, KOTOopble
HenpepbiBHbI B TOUKE x, = 2.
a) 6)
yh

) A)
0‘ 5 X
6. PewnTh HEpaBEHCTBO.
- _ Ig(15 —x)
N S)x-7)30: gy E=DETNAT-x_ o U5-x)
a) (x-3)(x+5)(x-7)20; B) 3 >0; A) N
lg(x? -4

x-2 2 x+3, x>0
a)y = ; Ny=——-2; X)y=
)y -2 )) x+1 )y x—1, x<£0
6) - -l By =-——+3, 3)y = hoxs0,
Yo xS YoyDit oY 1, x>0 '
x*+3x+2 x-4 (x-1)2, x>1
B = ey = —; n = ;
)) 1 )y =13 )y {2_'“ el
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8. HanTtn obnactb onpegenenns yHKUNK.

a)y = lg(x-3)+lg(5-x); Ny = arcsinz—);-t+ Jeos2x; K)y =lg 2¥_(22;i)15
; x3-27 1 2x —4
B)y = J3-x+ ,___x ; = lg—= =St 2 g)y = = ;
Yy = — n)y i3 )) 3 e
/.\-2+8x+15 x+3 - ( 2x )
B)y = [———F; = -1 ny=Ig -1}
S ERrraT: R raw R by E
9. Beiuucnutbs npegen.
2
a) lim (Jx-3x); €) lim tgx; ) lim N4+ —2’ p) lim ———
x4 x—=0 \-—)() X =0 '\-2+4_2
6) lim (7+3\+r2) X) lim xz-l; M) lim X=L . ¢) lim (x=5)(a2+5x+25);
X x-=>1x~- x =1 l,_“/"—" 15
i sinSx+sin7x, 4x Y P . x2-5x+6
DI ) IS g SE ) SR
- 3 x-16 'Jx -4 : /
r) lim sin2x; n) lim cos10x; 0) lim sin2x :
¥ 0 =0 x—0 3x
J_»c . x3-8. m lim sin7x .
ﬂ) l"n K) .‘-II_T;)_ x=2"' ).\'I—>() X ’

10. Boiumcnntb npupaileHmne QyHKLMN B NPON3BOSIbHOW TOUKE X .

2) fix) = 3x-8;6) y = x2+2;8) y = 2i1) y = A&

11. Ucnonb3ys onpedenenne, BbIMMCIUTL NPOU3BOAHYIO OYHKUMK y = f(X) B TOUKE X = X, .

a)y =2x+3; x,=3, B)y = %; Xg = -2, A)y = cosx; x5 = —;—E;
1

= x2 x. = 0" = [ v = 16" = ey =
6)y =x% x5 =0, y-,/:;,xo—l(), e)y—x+3,.\0——1.
12. BbiuvcnnTb NPOVM3BOAHYIO PYHKUMK.
a)y = xW0+x8+1lx; Ny = -1-+-1—2-|~1 K)y = sinx- (x2+4);K) y = Jx- (5x+3);

X x .
‘ 3 1 COSX

= §xd 4+ 345 _y2- = e o = 202, = (x2— 34%):
6)y = Sxt+3x7-x2; A)y = SHo5-Ti8)y = oS ny = @@2-1)3+x);

141 g 53 2 1. - : - clgx
B)y = Z,\4—§,v8+ﬁ,e),v Sx et n)y = Tx-tgx; M) y ra
13. BblMUCANTL NPOU3BOOHYIO (OYHKLUMN.

. 1

el . y = — 2 ) = N = ) + 2' M ) = ————

a)y = J2x; B) j x2; A)y 12x 0 X)y = Bx+1)2; 1)) (2x-3)5
x+4

= I = '.___.' e}y = ; )= (=2 4.
6)y = W5x=3i Ny =530 @y =g e Ay (Cakdh
14. BulumcnnTb NPOU3BOAHYIO (DYHKLMK.

)= §i - ) ) = l . = l N T M

a)y = sin(4x-1); 1)) et X)y = =55 K) » et
6)y = sin(2x2+3); p)y = cos(x2~3); 3)y = Jcos2x;
B) y = sinx?; e)y = cosx3; ny = tg§+ctg§;

18



15. Pewntb ypaBHeHue.

a)f ‘(x)-flx) = 0, ecmm f(x) =

B) f ‘(x) = g'(x),ecnmn f(x) = x2+4, g(x) = (x+1)(4x-3).

16. Haitth 3HaueHvne npoussoaHbiX PYHKUmMA f(x) = Sx4+3x3 — 15x n g(x) = %{% 8 To'qxe’

= (. MposepuTb, BepHO nn, 410 f "(0) < g’(0), ecnm f(x) = x% - 6x, g(x) = xz(%x—%).
17. Onpe,qenmb 3HaK NPOU3BOAHON PyHKLMK,
’)
a) flx) = BTque xg = -1; 6) flx) = Jx+2-(x2-4) BTOUKE X, = 0.
18. Pemmb HepaBeHCTBo/ (x)>0, ecnu: )
a) flx) = -—cos4x——'[—\ 6) f(x) = 3cos(——)
B) fix) = —Ssin(-“-;_:)+5x; N fix) = Ly “Z +30x.
19. Pewwuts ypaBHeHue f '(x) = g'(x).
a) fx) = 2cosx; B) f(x) = sin2x; B) g(x) = PBx+7; 1) glx) = 2x+3.
20. CpaBHUTb.
’ ’ n 4 n 4 TC .,
a)f’'O)ywng (5), 0) f (Z) ng ('3'), ecnun f{x) = tgx, g(x) = ctgx.
21. Haittn obnacte onpeaeneHns 1 NponsBoaHYI0 (DyHKLUN.
3x ﬁ - \
a)y = (x2-1)Jfx;6)y = 1B)y
22. CoctaBuTb ypaBHEHWE KacaTenbHowm K rpaq)m(y YHKUMM y = x2 = 2x
B TOuke ¢ abcumccon x; = 3. |
23. [laHa kpuBas y = -x2+1. HaitTu Touky eé rpadmka, B KOTOpOIi KacaresibHas

napannenbHa npsaMon y = 2x +3.

24. HanTti koopaAnHaTh! TOMKU, B KOTOPOIA KacaTenbHas K rpadmvky yRKumMn y = x2 —x — 12
obpasyet c ocbto Ox yron 5°.

25. Mop kakvMm yrnom ocb Ox rnepecekaet napabony y = x2+x?

- T
26. CocTaBuTb ypaBHeHNe KacaTenbHo K rpacuky PyHKUMM y = cosx, x, = 3
27. Hanti yrnosow ko3 MULIMEHT KacaTensHOW, NposeaeHHo Kk napabone.

a)y =-x*+xBTOuKe x) = -2; 6)p = x2-3x+2 BTOUKE ¥, = 3.

28. *CocTasuTb ypaBHeHue KacaTtenbHon Kk rpadvky dyHkumu y = x3, x>0, KoTopas

OTCEKaeT Ha OCSIX KOOPANHAT TPEYrONLHUK NNoLWanbo % .
29. MatepuanbHaa TOYKa OBUraeTcs no 3aK0Hy s(t) = t2~4t+2. B Kakol MOMEHT
BpemeHu CKopocTb pasHa: a) 0;6) 62

30. Haitn cKOpOCTb U YyCKOpeHue B ,anHbM MOMEHT BpeMmeHu Ans TOYKM, KoTopas
ABuraercs npﬂmoaneMHo Mo 3aKOHY:

a)S(r) =282-361t=1;,06)S(t) =2+2r+1; t=3; B)S(t) = 212 =3t+4; t = 2. N
31. [lBe MaTepuansHbie TOUKM ABUIa0TCA NPAMOMMHENHO NO 3aKOHaM S, =2,5/2-61+1
n Syt =0, 5¢2+ 2t -3 . B kako MOMEHT BPEMEHU nX CKOPOCTK paBHbl?

32. Teno maccon m = 5Kr ABUraeTCcst NPSMONMHERHO NO 3aKoHy S(f) = 12+ 2 (S — nyTb

B MeTpax, t — BpeMs B cekyHaax). HailTu kuHeTudeckyio 3Hepruio Tena yepes 2 ¢ nocne
Hauana ABWKEHUS.
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CAMOCTOATEINbHAA PABOTA C-1-1

Tema. O6o6UieHNe U cuCcTEMATN3aLUA 3HAHUNA

B-l 7 6annos B-il
1. PewwnTb HepaBeHCTBO.
3.\' + 1 x2 —4
3x—6>0' x+3<0.
2. Hawitn obnactb onpegeneHns GyHKUum.
' = J5-10x; B)y =
a)y=dAx-1; 6)y-= L a)y 10x; 6)y .
sin2x cosg -1
3. NoctpouTtk rpadvk yHKUNUN.
}=x2~9 y=16—x2
SEEEN T
B-ll 9 6annos B-IV
1. PewnTs HepaBeHCTBO.
S >0. Sxrl 2
6.\'2"}:—1 x2+x+l

2. Hantn obnacTe onpeaenexus yHKLMN.

a)y = ’sin2x~%; 6) v

; a)y = m;s) y =

sinx + ﬁ COSX

3+ 2cosx - sinx - ﬁ cosx
3. MoctpouTtsb rpacuk hyHKLUUA.
o x2+2x+1 _x2+x-12
v T eeeee———— T emmee————
- x+1 - x+4
B-v 12 6annoB B-Vi
1. PewwTb HepaBeHCTBO.
:J.\'+420 ‘Vs—xso.
x2-1 x2—4

2. Haintn obnacts onpegeneHust yHKUUK.

1

X

a)y= [--1; = [2+-—=—;
)y =I5 a)y = 21
6) y = logy(x?—4x-5); 6) y = log;(-3x2-Tx-2);
8)y = arcsin(2x-3)+ J3-x. B)y = arcsin-z'-r—+,,/cos2x.
T
3. MocTpouTtb rpachmk pyHKUMK.
p = x+2 V=|x—2|
T x+2I” - x-2
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CAMOCTOATENbHAA PABOTA C-1-2

Tema. Mogynb uucna.

penen. HenpepbiBHOCTL

B-l 7 6annos B-ll
1. PeuwinTb HEpaBeHCTBO.
lx+0,8/<3,2. I8+ x| =6.
2. HaiiTy obnacTb onpegeneHns yHKuuu.
y = lg(x*-9). y = lg(16 —x?).
3. Hantu npegen dyHKumu.
o) Jim 03327105 m) I S8 i (357354 6038) fn £
o) tin S5 o) fim, 35
B-lil 9 6annos B-IV
1. PewnTb HepaBeHCTBO.
|3x-2|>2x+1. [4x2- 1| <x+2.
2. Haintv obnactb onpegenenunst hyHKUUA.
y = l—xiz y = x——?:_l‘l
3. Haitn npenen dyHkUmun.
a) fim £ 6) lim A=, 2) fin 252250 6) fim 22
o) lm S o) fim =2
! Slng
B-V 12 6annos B-Vi
1. PewwnTb HepaBeHCTBO.
[4x 1] =]2x+3]. |2x - 1] <|3x + 1].
2. PewmnTb ypaBHeHve.
|x2—x-6] = x2-x-6. x2-10x+21] _ x2-10x+21
x2-12x+32]  ¥F-12x+32°

3. HanTtu obnacTtb onpegenexus yHKumu.

y = /(3—2x)10g0’ 7.

y= /(3x - 6)10g0’ §X.

4. Hantv npeaen yHKuun.

a) lim (-x3+9x2+x~1);

x—= a2
6) lim x-1 . 8) lim cos6x—cos4x-
x—=1 %[\‘——1 x>0 x2

a) lim (4x*-3x3+7x+1);

xo 2 7
6) lim i B) lim S98X — COSX 10x ~ cosx
x—0 3/'\..*.1__1 x=0 4x2
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CAMOCTOATENbHAA PABOTA C-1-3

Tewma. MpoussogHas. TexHuka andcpepeHunpoBaHUs

B-l

7 6annos B-1l

1. HaitTn 3HaveHne NnpousBofHON PYHKUMKM ¥ = f(x) B TOUKE X = X;.

] :x2+5’

xXg = 3.

flx) = 5x3+2,

xy = ~1.

2. Haitv npoun3sogHyto yHKLUN.

a)y = 2x3+ - % + 2cosx;

a)y = 4x6+7x2~6x+—13;
) X

6) y = x2sinx; 6) y = Jxcosx;
- 6x sinx
8)y cosx B)y = _\T
B-lll 9 6annoe B-1V
1. HainTn sHaveHne npon3BogHoN PYHKUMKM y = f(x) B TOUKE X = X,.
302
flxy =% -L _ox+3, fix) = -§-+5x—2,\/._x+4,
3 2 x2
X, = 3. x, = L.
2. Ha#tn npounssoaHyto yHKUMN.
4 1 2 1 1
- .2 o = L —_—
a)y = dxit5-o ) ¥ = G-
6) y = (3x+ 1)sinx; 6) y = sinx(x?-2x-3);
_x2+1 X+ 2x
B)y"xz_l- B)y=[T'.
B-V 12 6annos B-Vi

1. HainTu 3HaqeHne Npon3BOAHOM YHKUMK y = f(x) B TOUKE x = X,.

2 . x3 T
flx)y = —gsm.\'+7§—3, Xy = =

3

12x3
fix) = crgx+—7-t--, Xg =

A

2. Haitn npovnssogHyio hyHKUMK.

3 1 2 2 3
Ay =5-3%F 23 .
»?..NJ.,...N x? 5x3 ,J_;- a)y ) x3 +~’€'w/-;i
6)y = (x3~5x~1)(x?+2x+8); 6)y = (¥S—x+2)(x3=3x2+1);
_ 1 —sinx . | - sinx
B)y I+ cosx’ B)) T sine”
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CAMOCTOATENIbHAA PABOTA C-1-4

Tema. MpoussBogHasn cnoxHon PyHKUUN

B-l

7 6annos

B-ll

1. Hantv npon3BoaHY0 OyHKUMHA.

a)y = (8x+35)3; B)y = sinlx.

6)y = J3x-5;

a)y = ("\—1.-7)4; B)y = cos(fi).
6)y = J-Sx+4;

2. PewunTb ypasHenue f '(x) = 0;

HepaBeHcTBo [ “(x) >0, ecnu:

6) y = JfsinTx-5x;

flx) = —g.\'+sinx. filx) = cosx—"/jg-x.
B-li 9 6annoB B-IV
1. Hanty nponasoaHyio hyHKLNN,
: 2 1 3 2
a)y = (x2-3x)%; B)y = . =257} P
)y = (x2-3x)°; B)) o3y a) y (Sx 7) , B)) a5

Nx2+ cos3x;

6) }) =

2. Pewuntb ypaBHeHue f '(x) = 0

; HepaseHCTBO f '(x) > 0, ecnu:

. 1 2
flx) = cos2x - =x, = gn= 42
3 fx) smz L
B-V 12 6annos B-Vi
1. Haintv nponssogHyto yHKUWK.

-4 oy = i’ = =10 ay = sinds
a)y = e 1)5'8) y = sin 3x. a)y = pEpyet B) v = sin 5x2.
0y = a7 o) - Jout

2. HanTty nanbonbliee Lenoe pelleHne HepaBeHCTBa.
Z’(x) <0 f '(x) _<0
(x+5)(x-6)" ' (x-4)(x+5)" '
ecnv f(x) = x3-3x2-9x+5, ecnm flx) = x3-12x+7.
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CAMOCTOATENbHAA PABOTA C-1-5

Tema. Mexaru4eckuit u reoMeTPUUECKUI CMbICI NPOU3BOAHON

7 6annos

B-ll

1. 3aBMCMMOCTb fyT¥ OT BpPEMEHM nNpw
NPSIMONMHEHOM ABWXEHUW TOYKM 3agaHa

ypaBHeHuem S = %ﬂ +2¢2 - 3. BoluucnuTb

€& CKOpOCTb B MOMEHT BpeMeHH ¢t = 4c,

1. 3aBMCUMOCTbL NyTM OT BpPEMeHu Mnpw
NPAMOSIMHENHOM [OBVWXEHUW TOYKM 3afdaHa

ypaBHeHueM § = -31-t3— %12 + 2. Beluncnuntb

eé CKOPOCTb B MOMEHT BpEMEHN t = 5C.

2. Cocrasutb ypaBHEHWE KacaTerbHOM
Kngpabone y = x2 - 6x +5 B TOuKE C abcumc-
conx = 4,

2. CocTaBuTb YypaBHeHWe KacaTenbHow
Knapabone y = 2x2 - 5x—3 BTOuKe cabeumc-
conx = 2.

3. BbluucnuTtb OCTPLIA Yrosn, nog KOTOpPbim

3. BblumcnnTb OCTPLIR yron, noa KoTopbiM

napabona y = x2-4 nepecekaeT ocb|napabona y = x2-9 nepecekaer OCb
abcuucec. abcuucc.

Bl 9 6annos B-lvV
1. CKOpOCTb TOYKM, KOTOpas gOswkeTcs|1. 3aBUCMMOCTb MYTU OT BPEMEeHW npu
NPAMONMHENHO,  33flaHa  ypaBHEHWEM | MPAMONMHENHOM ABUXEHUU TOYKW 3aaaHa

y = 212 -5¢+ 6. B Kakoih MOMEHT BPEMEHM
YCKOpEHUe TOuKM ByaeT paBHo 2 M/c2?

ypaBHeHneM S = %t3 —-212+ 3. BbluMcnutb

€& ycKOpeHne B MOMEHT BPEMEeHU | = 3 C.

2. CocrtaBuTb YypaBHEHME KacaTenbHOoN

2. CocTaBuTb YpaBHEHME KacaTenbHOW

knapabone y = x% + 6x + 8 B TOuKe C abcuwc- | Kk napabone y = x2 + 2x ~ 8 B Touke ¢ abeumc-
conx = =2, conx = 2.

3. Haittu ocTpbiin yron mexay napaGonamu | 3. Haintu ocTpelit yron mexagy napabonamu
v=x u p=2-x2 B TowKe wmx|y=x2 ®n y=8-x2 B TOUKE UX

nepeceyeHns, UMeIoLWen nonoxuTesbHyIo
abcuumccy.

riepeceyveHnsl, NMEIOWEN NONOXNTENbLHYIO
abcuumccey.

B-v

12 6annoB

B-vI

1. 3aBucUMOCTb NyTW OT BPEMEHW npwn
NPAMONMUHENHOM  OBMXEHWW ABYX Ten
3ajaHa ypaBHEHUaMM:

S

%t3+2t2—-45; S, = %t2+4t+115.

B Kkako#h MOMEHT BpemeHu
AsvxeHusa 6yayT paBHbIMU?

CKOPOCTU UX

1. 3aBMCMMOCTb MyTU OT BPEeMeHu npwu
NPAMONMHENHOM [OBWXKEHUM [BYX Ten
3afaHa ypaBHEHUAMM:

3+f2“t+ 14;52=§f3~—%f2+ llf—g

B kakoh MOMEHT BpeMeHu CKOpOCTU WX
AwxeHusa 6ynyT paBHbIMU?

2. CocraBuTb YypaBHEHVE KacaTenbHoM
K napabone y = 2x2-12x+20 B TOuYKe
c abcunccont x = 4.

2. CocrtaBuTb YypaBHeHWe KacaTeribHOM
K napabone y = 2x2-12x+16 B TOuke
¢ abcuwnccort x = 5.

3. Hantu ocTpeinn yron mexgy napabonamu
y=-3x2 N y=x2-4 B TOYKE WUX

nepeceveHnsn, nMelowen NONOXUTENbHYIO
abcuuccy.

3. Hantn ocTpbiin yron mexay napabonamu

y=x2=2 M y=-x2+6 B TOYKE WX
nepeceveHns, UMelowWwen nonoXuUTeNbHYK0
abcumccey.

24




KOHTPOJIbHAA PABOTA K-1-1

Tema. Mpeaen. MpounssoaHan. TexHuka andcepeHUMPOBAHUA

B-l | 7 6annoB | B-li
1. Boiumcnutb nipenen dyHKUUK.
-2 ) 2
a) lim (x3-3x2-2); 6) lim % Ly a) lim (2x*+5x-1); 6) lim ¥ L
x> xoox—1 x =2 ro0 X
2. Haittn nponssogHyo (byHKUUN.
= +Jx: 6 )=x2+3 a)v=l~—cr x; 0) =x2—3
a)y = tgx+Jx,; 6)) Pt y = Lmegys 0y = T
3. Hawtu npon3sogryto yHKUmKM y = f(x)

¥ BbIYUCANTD €8 3HAUEHVE B TOUKE X = X,,.

y = sinxcos2x + cosxsinx2x, x, = K.

n

3

y = cosxcos3x+ sinxsin3x, x;, =

4. CocTaBuTb ypaBHEHWE KacaTernbHON K rpadpuky dyHKumun y = f(x)
B TOUKe C abCumMcCon x,.

y =x2+4,x,=2.

y=x2-2x-3, x,=-1.
B-lli | 9 6annoB | B-lV
1. Boiuenuts npeaen dyHKuun.
3+x 2x-1
) 2y : . :
a) lim ¥ +9; 6) lim X=X 6 a) ‘lz_i)n} 1o 6) lzml 1
x—5-3X— r—3 X— : xeTo xog x2-g
2. Hantu npounssoaHyo yHKUUAK.
2 | +x
) = C — 2. ):x +3 a ) = 4—3.\‘2,6 = .
a)y = (x-3)%6)y = 5—. )y = ( )% 6) y 1.2
3. Haitn npounsBogHyto byHKLUMK y = f(x)

W BBIYUCTIUTL €€ 3HaYeHMe B TOUKE x = Xx,,.
. n X X T
y = sindxcosdx, xy = 3 - y = tgz-—ctg-z-,xo =3

4. CocTaBuTb ypaBHeHWe kacaTenbHom K rpacdunky yHKUmMM y = f{(x)
B TOUKe C abcunccoit x;,.

y = .\'3—,\‘2,x0 -1. l y=x3+xi xy=1.
B-V [ 12 6annos | B-VI
1. Boiuncnnte npeaen dyHKumn.
i 21
. xt+4 . x2-x—2 .
a) lim % i 0) lim e ; ;
)xl—>2 x+2 )x-—)--~l x+1 a)in?lZ 2+4’ 6) ‘lmfl +3x
2. Hantu npon3sogHyio oyHKUMN.
2 2
a)y = (Fm3+276)y = T3, a)y = -5 6)y = T22
X —yl
3. HanTtv npon3soanyio yHkumm y = f(x)

1 BblYNCNNTL €€ 3HaYeHue B TOYKe x

= -YO.
y = sinxcos3x, x, = R. = __127_9"_. o = L
1+cos6x’ "% 12
4. CocraBuTb aBHeHWe KacaTernbHOW x+2
. 2yp 4. K rpacuky yHkumm yp = coc-
K KpMBOW y = x*<—6x + 2, KOTOpas nNpoxo- x-2
[T NapannensHo NpsMol y = — 2x + 8. TaBUTb ypaBHEeHWe KacaTenbHOW, KoTopas

napannenbHa NpaMol y = ~x+2.
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CTPAHUYKA ABUTYPUEHTA

) xe O, PelwmnTs ypasHeHue., |sx2-3] = 2.
e <0, fix) =0, Petuenne.
[fx) = b=>4b =0, fix) = b [laHHoe ypaBHeHWe PaBHOCUNBLHO COBOKYMHOCTM
b>0; o * | BBYX ypaBHeHwit:
flx) = -b. 523 - 2 ¥2 =1; [x ==z
[5x2—3 =-2; ¥ = %; x = i%?.
OTtBeT: %1; ié.
o)l = g(x)
| cnoco® il cnoco6
'{f(x) 20, [ {g(x) 20,
Sx) = glx), Sx) = g(x),
{f(x) <0, {g(x) >0,
| [ = g(x). | ) = —g(x).

PewuTh ypaBHeHue.

x2+x=1] = 2x-1.

Pellexne.

YpaBHeHwe pPaBHOCUITbHO COBOKYNHOCTH CUCTEM ypaBHEHMﬁI

1
S -
| [
2x-120; , x = 0;
x2+x-1=2x-1; xs-x = 0 [’c= I
=
2x-120; q r>-l-'
X2 = -2
+x-1=-Q2x-1) 2
i x2+3x-2 =0 =:-———3i"/ﬁ
] ; ) 5 )

3+ .17
==

OTserT: 1;

-3+ 17
— .
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PelLnTb ypaBHeHue. |3x-4| = 4x2+3x-2.

PeweHue.
r,
- xZﬂ,
3x-420, {773 ve D
3x—4 = 4x2+3x-2; 4x% = -2; 4
= : = x<§ i
3X"‘4<0, x<§’ 5
+3x-3 =
4-3x = 4x2+3x_2; < 2v*+3x-3 =9
L 4x2+6x-6 = 0;
<t '
3 ~3+,/33
= =y = ===
_ =333 4
4
-3+
OTBeT. x = —3;4'@3
PeluuTb ypaBHeHMe. x| =2jx+1] = 5.
Pelsexue,
M- =
H . [X = 0; x = 0; | I M
yNvi NOAMOAYNbHbBIX BbIPAXEHWIA: i1 =0 B 1 Y >
= 0; = _ - >
petl— "+ T+
Mx<~1; . Fx<—l;
-x+2x+2 = 5; x =3 .
L <x<0 | <x<0: x € J;
TiErE TRV e @ =xed.
-x—-2x-2 = 5; -3x = 7;
e I,
x>0, x>0;
_x-2x-—2=5; _-—x=7.
OTBeT: ypaBHEHVE HEe MEET peLUeHWUN.
[0l = lg()
| cnoco6 il cnocob

Bossectv nesylo ¥ npaByio | rf(x) = g(x);
YacTM B KBagpaT M pelwuTb [
DaBHEHNS fix) = —g(x).

NonyyeHHoe ypaBHeHwe.,
PelwunTb ypasHeHue. [2x -3 = [2x+7].

Pewenue.

Bossenem 06e yacTvt B KBagpaT v peLuMM Nony4YeHHoe ypaBHeHWe:
4x2 - 12x+9 = 4x2+28x + 49,

~12x—-28x = 49 -9,
-40x = 40,
x = -1.

OtBeT: x = ~1|.
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PewnTb ypaBHeHue.

Pewenwve.
[2x2—3 = 4-3x2; [sz =7; |x?= %; x = iA/Z;
" = . .2 = .
202-3 =3xi-40 L= Loy |-
OreeT: Ji
3 x1; + /-
5
, SIx),  ecnn flx)20
ol = s
—f(x), ecnu flx)<0
PewuTb ypaBHeHue. 2 +x~12] = x2+x-12.
Peuwenne.
Hcnonosyem 2+x—-1220 z
. . N -
onpeaenexune Moayns: (x+4)(x=3)20 ) 3 >
OtBer: X € (—oo;~4] U [3ite0).
PewwuTb ypaBHeHMe. |cosx|] = —cosx.
Pewenne.
HUcnonb3yem cosx<0
onpepenexne mogynsa: | o 3n
=+2an<x<—+27nn, ne Z.
2 2
OtBeT:
[E + 27m;git + 21cn], ne Z.
2 2
fix)i< ae® -a<fi<a
Slx) < g(x)
)l <glx) {
Sf(x) > -g(x)
PewnTb HepaBeHCTBO. , [3x-5|<2.
Pewenue.
3amMeHuM ABOMHbLIM 2<3x-5<2,
HepaBeHCTBOM: 3<3x<T,
7
I<x< 3
OtserT: 7
(1)
PewuTb HepaBeHCTBO. |x2 - 4| <3x.
Peluerve.
-l<x<4;, 1 1
x2-4<3x, [x2-3x-4<0; [(x-4)(x+1)<0; o1 ‘ I A
2-4>3x [R43x-450; |[GHHE-D>0; || 7 ; xe (1:4)
OtseT:

(1;4).
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Aol >gx) o [ﬂx)>g(x) |

fx) <—g(x)
PewwnTb HEPaBEHCTBO. Ix2~x-13]>9.
Pewenue.
x2-x-3>9, [xz—x—12>0 (x-4)(x+3)>0 x> 4
= = = [x
L:Z—x—3<—9; x2-x+6<0 xe & <-3
Otser: (=0;=3) U (4;+e0).
PewwuTb ypaBHeHue. [4 -x| +{2x~2] = 5-2x.
Peuwenwe.
Toukn x;, = 1  x, = 4 pasbnsaloT UNCNOBYIO OCb Ha TPU UHTEpBana.
y=4-x y=2x-2
+ + - ‘ - + +
> >
1 4 X 1 4 X
<1 x<1
a) * ={" =xe J,
4-x-2x+2 =5-2x x=1
1<x<4 I<x<4
6y = T =,
4-x+2x-2 = 5-2x x =1 ,
oa
x24 x24
= 11 =>xe .
x—-4+2x~-2 =5-2x x=€-
34eCb NYHKT B) MOXHO Bbi10 HE BbINOMHATL, T.K. NO YCNOBHIO 5 — 2x 2 (), cnegoBaTensHo,
5
<=,
*232
OrtserT: 1.
PewwuTsb ypaBHeHue. lx—a| = 3x-1, rae « — napameTp.
PeweHue.
PaBHOCUNbHaA COBOKYMHOCTL CUCTEM:
x-a =3x-1 " -x+ta=3x-1
3x-120 Ix-1290
- _1~a a+1 -
KopHyu ypaBHeHu# x, = 5 nx, = T W3 ycnosus 3x- 120 Hanaém a.
l-a 1 a+t 1
=4 > <= s <=
a)3 3 1_0=>a_3,6)3 y l_0=>a..3.
OTtmeTum, YTo Npn ¢ = % X =Xy = -31-
Orser: -l—:ﬁ ecnu a<l atl ecnu a>l
2 ) - 3 ’ 4 H g 3 .
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PelwnTb ypaBHeHve. l |x+a| = |2x-a|, roe a — napamerp.

PeuteHne.
O6e vacTn ypaBHeHusi HeOTpULATENbHbLI, NO3TOMY 06€ YacTh ypaBHEHNst BO3BEAEM

B kBagpaT. MIMeem (x +a)? = (2x—a)?, otcioga 3x2 - 6ax = 0. Haxognm
x, =0, x; = 2a.

OtBeT: 0; 24a.
PewnTb HepaseHCTBO. lx—d| <2x -1, rae ¢ — napamertp.
Pewlenve.
x—a = 0npnx = «.[aHHOE HEPABEHCTBO PAaBHOCKIBLHO COBOKYMHOCTU CUCTEM HEPABEHCTB
_ Frx 24,
xz2a; ) x>1-ua;
Ix—a<2x-1; 1
x>z,
2x-1>0, c 2
) =|[x<a;
x<a, a+1 .
{-x+a<2x-1; ’ 3°
2x-1>0. S 1
L X>=.
U2
PaccMoTpuM kaxayio CUCTEMY OTAENBHO.
x2a;
x>1-a;
1) ¢*
r>i
x>3.
= , ] 1 1 .
a=1l-anpnag= 3 Echna < 5 TO pasmeuleHne Todek ¢, 1 -a, > Ha YMCNoOBOW OCU
cnegywuwee; a 1 —a
2
PetlieHnem cucTeMbl ABASETCH MHOXECTBO x> | —a.
1
Ecnu a > j.Tomonyumm oy 1 a
2
CrnienoBaTtensHo, peieHnem CUCTeMb! SBMSETCS MHOXECTBO x 2 d .
x<da,
o ¥
2) ¢ 37
>3
x>
a+tl 1 1 - '
a = 3 npua = 3 Ecrma< 5 TO PeLLeHW HeT, TaK KaK Nepeoe U TpeThe HepaseHcTsa
1
He cosnagalrT. Ecnm a > 5 TO pa3MellieHve ToYeK cregyioulee: 1 a+l a
2 3
a+
Mony4mum —?-l- <x<a. S
Ob6veanHAeM pelLeHns ABYX CUCTEM HEPABEHCTB.

OtBer: a+ 1

(1 -a;+e), ecnn aS%; ( ;+°°),eCnM a>%.
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PelnTb HepaBeHCTBO. [3x — 1| < |4x~d|, rae a — napameTp.

Pewenue.
Bossenem obe 4acTu HepaBeHCTBa B KBagparT:

9x2—6x+1<16x2-8ax+a? um 7x2-2(4a-3)x+a?-1>0.
Hanpém anckpuMmnHaHT Nesor YacTu.
Wmeem: D, = (4a-3)2-T(a?-1) = 9a>~24a+16 = (3a-4)2.
Cne.qosaTeano, KOPHU KBAAPaTHOro TpexdneHa:
_ (4a-3)x|3a—4 o _a+tl
Xy 5 = 7 ,Toectb x; = a~1, x, = 7
PaccmoTpum pasmetleHne KOpHEN x; 1 X, Ha YMCNOBON OCK B 3aBUCUMOCTY OT 3HAYEHUS

_ _a+l 4
napamerpa a.a-1 = = npyua = 3
4 + — T x<a-—1;
1)a<§ a-1  a+l x>l
7 L7
4 + — + a+ 1
2)a>3 a+tl  a-1 A
7 jx>a-1.
3) a= %’ B atom cnyvyae 3agaHHOE HepaseHCTBO umeeT Bua [3x—1| < 4,\'—% nnm
4 1
Bx-1}< §|3x— 1|. OHo BbINONHAETCA, NPK X#3.
OrgeT:
(reoia =) U (i), .
. 7 s
4 a+1 4
" & = | —o0® . — 1400 >_.
ecnu a 3,( " )u(a 1; ),ecnwa_3
Beluncnnte nponssoaHyto , -
dyHKUMN. y = (1+sin‘x) % .
3
2

1
Umeewm: y’' = ((l + sinzx) 2 )' = —%(l + sinzx) (1+ sinzx)' =

[ S XAV
STV

——%(1 + sinzx)w - 2sinx - (sinx)’ = ~%(1 +sinx2?) 2 - 2sinxcosx =

[ S 2RV

i

—é( 1+ sinzx) 2 sin2x.
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Belunenuts nnowaap TPEYyronbHUKa, orpaHU4eHHoOro OcsiMu koopauHart u KacaTtenbHON

K rpacomky pyHKUMM y =

B TOYKE x; = 1.

2x-1
Peluenue.
CocraBuM ypaBHeHUe KacaTenbHOW:
,_1-(2x-1)-2-x 1 ,
)= s ). = —— V] 1 = __l‘
‘ (2x— 1)2 -z 7
YpasHeHue kacatenbHo# umeet Bug y-1 = -1(x-1)ey = —x+2. [lonyyeHHas

npsiMan nepecekaeT KOOpAWHaTHbIE OCKM B TouKax x; = 0, y, = 2, y, =0, x, = 2.
MockonbKy KOOpAMHATHLIE OCK B3aUMHO MNeprneHANKYNSiPHbl, TO TPEYroNbHUK ABMAeTCs

npaMoyronbHbiM. O6a kaTterta pasHbl 2. imeem SA = %-2 22 =2,

OTtBeT: SA = 2,

Knapabone y = 3x? - 5x+ 8 BHEKOTOPO TOUKE NpoBeAeHa KacartenbHas rnog yrnom 5°
K ocu abcumce. Haittn Touky kacaHus.

Peuienve.
Mycte  M(xp y,) ABNSAETCA TOuKOW KacaHus. Touka M NPUHAANEXWT KPUBOW

y = 3x2-5x+ 8, creposatensHo, uMeeM y, = 3xZ - Sx, + 8 (1). Mo ycnosuto y'(x,) = 1
(tg45° = 1).Ho " = 6x-5.CnepoBatensHo, y'(x,) = 6x,—5, 6x5—5 = 1 (2).
Pewas cucremy ypasHeHuit (1) n (2), Haxognm: x, = 1, y, = 6.

OreeTt: M(1,6).

N x3+1
Cocrasutb ypaBHeHVWE KacaTenbHOM K rpaduky yHkumm y = - B TO4KE
repecey4eHns ero ¢ ocbto abecuuce.
Pewenue.
x3+1
Haxoaum Touky nepeceuenus rpaduka ¢ ocbto Ox . Jonyctum, y = 0, Toraa = (.

Otcioga x3+1 = 0, ToecTb x = —1. CnegosarensHo, M(-1, 0).

1

3
'.l_-f—l.)' = (x2+_)l = 2x—'1—2ﬁ y'(“‘l) = ~2_1 - -3'
X

X

E

Haxogum k: ' = (

CneposaTtencHo, k = -3. OTcloaa BbITEKAET, YTO YPaBHEHWE KacaTenbHOn —
310 y = 0 = -3(x—(-1)) = =3(x+1).

OteeT. y = -3(x+1).

Teno, BbinyweHHoOe BEPTUKANbHO BBEPX, ABUraeTCst NO 3aKOHy h(t) = 81— 512, Hantw
CKOPOCTb Tesla B MOMEHT CTONIKHOBEHNS C 3eMIent.

Pewenwe.

To ecTb Teno

wnioo

Ha semne h =0, 10 ectb 0 = 8/-5/2. OTciopa #; =0, ¢, =

CTOMKHETCA C 3eMned udepes gc. Haxoamm ckopocTe Tena: v = h’, TO €CTb,
v = (8t-512) = 8-10¢.

_ 8 10-8
CnepoBatensHo, Npu ¢ = -5-0 nveeMm v = 8—? = -8 (m/c).

O1BeT: -8 M/C.
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MatepuansHas TouKa ABUraeTcst NPAMONMHENHO No 3akoHy S = 607—5¢3 . Yepes kakoe

BpeMs nocne Havana ABMXEHNA To4Ka OCTaHOBUTCA? HainTu paccrosiHue, npoWaeHHoe
TOYKOW 10 OCTAHOBKMW.

Pewenne.
K MOMEHTY OCTaHOBKW CKOPOCTb TOHKM pasHa Hyfto. Haxoamm v v = (60t~ 5£3) = 60— 152
Pewmm ypasHene 60 - 152 = 0, To ectb, 2 = 4 =31, , = +2. [Nocne Hadana ABwKeHus,
KaK BbISICHANOCh, TOUKA OCTAHOBUTCA Yepes f, = 2c. PaccTosHme, NpoiAneHHoe TOuKo 4o
OCTaHOBKM, COCTaBUT S = 60-2-5-23 = 120~40 = 80Mm.
OtBeT: 2¢, 80 M.

1 1)? 1%
Hantu cymmy: 1+2-§+3-(§) +,_,+100.(§) .

PetweHne.
PaccMoTpuM dyHKUMM g(x) = 1+2x+3x2+ ... +100x% u flx) = x +x2+ .., +x!100
fx) = gx).
f(x) — cyMma reoMeTpU4ecKon Nporpeccuiu.
_x- (1 _xl()()) _ x_x]()l
Sf(x) T« T

Corryoy o (X=X, (1 -101x100) (1 —x) + (x - x101) 11024100+ 015101
g = f ' = () =y S

100 101
NS 102(%—) 101 G) Ly e
3) - (1_1)2 =072,
3
TPEHUPOBOYHBbIE YMNPAXHEHUA BNA ABUTYPUEHTA
1. PewwTb ypasHeHve.
a) 2x-35| = 3x+2; n) 2x2+x = 4—x; w) x—1|+lx-2| = |x-3|+4;
6) [4x-5[-12-x = 0; e) |2x2—3x| =3x+4; K) |1 —x2| = 3;
B) x+3]+[5-2x = 2-3x; ®)[2x- 1l +|x+3] = 0; n)[|3x2—x] = 8+x;
Nx2+|6-x = 4; 3) k-3l +2lx+ 1} = 4; wm)|x2-6)x|+4] = 1.

2. Pelunts ypaBHeHue ¢ napameTpom: a) 2x +al = 4a-x; 6) |[4x - 24| = |x+34].
3. PewnTe HEPABEHCTBO.

L o
) Bx-si>9x+ s A k- 1-2>15 wEE=oo0 W ller 1|45 <4
6) BXrll>1; e e 1, o« _x+3 >2; 2_6lxll - 4] >
) x_s )lx—‘ll‘“l< H )x2+5x+6 ] O)HX 6|x|| 4|_.4.
,
B) [\ —3x* 21 <, X) ||x2-xfl-4{<2; n)|2x-1|-|x-4|>4;
Co3 21 g o ol - <23 ) e 144
N 3-121-x; 3)2x-5<x; M) Jx~1|+|x=2]=x+3;

3*. PewuTs HepaBeHCTBO (¢ — napameTp)
a) jx—2a|l <4x-2;6) |5x-3| <{2x - 4.
4. HaiiT npon3BoaHYIO (PYHKLMN.
a)y = 3sin2x-1gJx;6) y = x3x3+1.
3
5. PewmTh HEPABEHCTBO f “(x) < g’(x), ecrm f(x) = = : L

. g() = Sr+ .
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6. Haittn cymmy x +x2 + ... +x", @ 3aTeM cymmy | +2x+3x2+ ... +nx" 1.

7. CocTaBuTb ypaBHEHWS KacaTenbHbiX K KPUBOW y = xZ-—4x+3, KOTOpble NpoxoasT
yepes Touky M(2,-5). Caenatb pUCYHOK. .
8. S(1) = 8-2¢+24£2-0,3/°. B Kako MOMEHT BPEMEHW Teno umeeT Haubonbluy
CKOPOCTb? HanTn 3Ty CKOpOCTb.

9. Pagnyc wapa R paBHOMEPHO BO3pacTaeT co CKOpoCThio 2cm/c. C Kakon CKOPOCTbLIO
Bo3pacTtaeT o6bém wapa? HanWTu 3Ty CKOpPOCTb B MOMEHT, Korga R pocturHet 10cm
(R=0npnt=20).

10. MNMpwn kakux x npownssogHas MyHKUMM y = 3(sinx + J3cosx) pasHa 07?

11. KacaTenbHasi NnpoBeAeHa B HEKOTOPOI TOUKE K KpMBOW y = x* —4x napannensHo ocu
abcuucc. Hantn Touky KacaHus.

12. HaliTu KacaTtenbHyto, NPOBEAEHHYIO K KpMBOIA y = 2x° — 5x2 B TOuKe, abcumcca KoTopon
pasHa 1.

13. Mpn Kakux 3HayveHusix « wu b npsimasi y = 7x -2 Kacaetca rpaduka yHKUun
v = ax2+bx+c BTOUKe A(1;5)7?

14. lNop kakum yrnom nepecexkarTes rpadmkm QyHKUMn v = 8~x Ny = 4.x+47?

15. HanTu yrnoBom ko3MULIMEHT KacaTeribHOM K KpMBOW y = x? —4x +3 B Touke M(0;3).
16. Touka ABuraeTcs no 3akoHy S = 3¢4— 413, HaliTu ckopoCTb ¥ yCKOpeHue TOUKK Yepes
2 ¢ nocne Havyana asxeHus. T

17. Yron ¢ (pan) obopoTa Tena BOKPYr OCU WM3MEHSIETCA OT BPEMEHW ¢ MO 3aKOHY
@(t) = 312~ 2t~ 4. BoMUCTIMTb YFNOBYIO CKOPOCTb B MPOU3BOMNbHLIA MOMEHT BPEMEHU ¢

# yCTaHOBWTb, NPY KAKOM 3Ha4YeHun (c) oHa byaet paBHa 40 paa/c.

18. Konm4ectBo anekTpu4ecKkoro Toka, KOTopbIA NPOXOAUT Yepe3 NPOBOOHUK, HaquuHasd ¢ Mo-
meHTa ¢ = 0, 3apaértes dopmynon Q = 243 + 37+ 1 (kyn). Haintu cuny Toka 8 KoHue 5-i
CeKyHab!.

19. Teno maccow m, ABAraeTCs NPSIMOSIMHERHO MO 3aKOHYy S = art +bt+c ( ,b,¢c —
nocTosHHbIe). [lokasaTb, 4TO cuna, koTopas AeNCTBYET Ha TEenNo, NOCTOAHHA.

20. Yenosek, pocT KOTOPOro , 8M, yaansieTcs OT UCTOYHMKA CBETA, HAXOAAWErocs Ha Bbi-

cote 12m, co ckopocTblo S0M/MHH. C Kakoil CKOPOCTbIO NepeaBuraeTca TeHb OT ero
ronosbl?
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§2. lMpuMeHeHue npPou3eo0HOU

BospacTanve v yGbiBanue (hyHKLUN Ha NTPOMEXyTKe

¥ = fix)

¥4

y

WYHKUWNA f(x?ﬂ( .......... )

y = flx) PN Xy <xy = flx)) < flxy) Vo

fix}r---- P

Bo3pacTaeTt Ha [ BCeX X, X, € (a, b) (x,) : P
npomexyTke (a, b) i P ,
0 a x, X, b X

T - ot

Ecnu

Ecnn

f'(x)>0
ans scex x € (a, b),

S '(x)<0
anaecex xe€ (a, b),

=
—

JocTaTouHbI NpU3HaK BO3pacTaHus, yObiBaHUA hyHKLUKN

cpyHKUMS y = f(x)
BO3pacTaeT Ha npomexyTke (a, b).

dyHKUMS y = flx)
yObiBaeT Ha npomexyTke (a, b).

OyHKLNAA
. BMVMNT. .2
y = flx) - X <X; :f(ll) > flx,) fix,) ---.:_| VMN
ybbiBaeT Ha [N9 BCEX X, X, € (a, b) b i v =flx)
npomexyTke (a, b) i RN
0 a x, X, b X

Ecnu cyHKUMA HENpepbiBHA B KOHLE NPOMEXYTKA, TO ero MOXHO NpUCoeauHUTL K npome-
KYTKY BO3pacTaHus (yobiBaHusA) pyHKUMN.

Ecnn

Ecnn

HdocraTtoyHoe u Heobxoanmoe ycnosue rOCTORHCTBA hyHKUNK

S'x) =20
anaeecex xe (a, b),

y y = flx)
yHKUMA y = f(x) | |
MOCTOSHHAs i :,
Ha NPOMexXyTke (a, b). |——= 1

Kputuuyeckmne Toukn chyHKUNMK
y = flx) — HenpepbiBHaA PYHKUNS.
X, — BHYTPEHHAn TouKa e& obnacTu onpepenexus.

f "(xg) = 0
nwm f '(x,) He cyulecTsyer,
YA Sixg) =0

]
]
1
{
)
]
]
]

H >

0 Xo X

—

Xy — KpuUTuUeckas TouKa.

f '(x,) HE CYylLLECTBYET

S
g - —
xV
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Toukn akcTpemyma

v fxg) > fix)

]
1
X, — TO4Ka B6nman Touku x, flx,) — i
1
Makcumyma Hanbonbliee 3HaveHue. :
t
0 Xo X
Y4
Xy — TOuKa B65man Toukm x; f(x,) —
MUHUMYMa HauMeHbLLIee 3HajueHme. i) </1%)
0 o X

Xy — TOuKa

X — TOYKa MUHUMYMa
Makcumyma

TOYKH 1

JKCTpEMyMa

S(xy) — Makcumym

f(Xg) — MUHUMYM DYHKLUN

\
byHKUMUM
SKCTPEMYMBI

PyHKUMA
f(xy) HE
. y4 cyliecTByeT
HeobxoguMbIn NpM3HaK IKCTpemymMa

()

.y _ 1

f'xg) =0 !

E x, — TouKa ) :
¢ W f '(x,) He >
3KCTPEMYMA, VA : X

cyulectsyer. E [ ) = 0

l R
0 Xo X

Touky SKCTpEMYMa HYXXHO UCKaTb TOMBKO CPean KPUTUHECKVX TOUEK, HO He Kaxaas
TO4Ka, B KOTOPOA f '(x)) = 0 MK He CYyLLeCTBYeT, ABNAETCA TOUKON IKCTPeMyma.

YA
f'(x,) HE cywecTsyer
i
! y =)
' >
ol X x 0 X x
S '(xg) = 0, HO X, — f '(xy) He CylwecTByeT, HO x;, —
He ABMSAETCS TOHKOW IKCTPEMyMa. He SIBNAETCA TOYKOW IKCTpemyma.
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[ocraTouHbli NPU3HAK IKCTpemyMma PyHKUun
MepBLIN NpusHak o
Ecnmn x, — kputnueckan Touka, f '(xy) = 0 wmm f '(x,) — He cywiecTsyerT.

! '(,\‘0) He
Ecrnu npun nepexoae yp S xp) =0 Yy cyuiectByeT
yepes x, NPON3BOAHAS :
! i
[ '(x) n3MmeHsieT 3HaK Xo — TO4Ka E i
C «+» Ha «-», . @ MaKcumyma. E i
o r L
+ - 0 X X __...__'l_____..
X, X 0 Xg X
Ecriv npu nepexone yT Ya
4epes x, NPonN3BOAHas
f '(x) naMeHsieT 3Hak X — TOuYKa
C «-» Ha «+», ) @ MUHUMYyMa. : r '(x(,)‘= 0
- + 0 Xy 'X f '(}"())
X, : 0 % X
He cyllecTByeT
Bropo# npusHak
y
S '(xg) =0 Xy — TOuKa /;\
"(xn) <0 . e
S "(xg) j MaKkcumyma s
, y
S(xg) =0 Xo — TOuKa \r/
S (x>0 ) MUHVMYMa. _ .
0 Xy X

Haubonbluee 1 HauMeHbluee 3Ha4YeHUsT hyHKUMN,
HenpepbIBHON Ha OTpe3ke
CBOUCTBO

Ecnun dyHKums f(x) HenpepbiBHa Ha OTPe3Ke U UMeeT Ha HEM KOHEYHOE YUCINO KPUTUHECKUX
TOYEK, TO OHa NPUHMMAET CBOM HanborblLiee ¥ HaMMeHbLIee 3HAYEHVS Ha 3TOM OTPE3KE UNn
B KPUTMHECKUX TOYKaX, KOTOPbIE NPpUHAANEeXar 9TOMYy OTPEe3Ky, UM Ha KOHLaxX oTpeska.

MNMpumepsbl

. Y y Y f(;l

(1;,;;’::::::::::':1_‘ o — . o) - oy

a) =1 ¥ fte) /\ o) b2\ ] )

P00 UL /Z0 T N S ) [P I N «w

Oa)z...,‘ x,',_,,b X 03’ Xnm b x o$| X..'...I; X X

’ﬂ,‘flﬁ Jx) = f (xmax) ’(},fﬂ fx)=f ‘(xmax) ’ﬂf%‘f fx) = f (a) ’{Zzaﬁﬁ f(x) = fla)
T J&) = [ | i fx) = f(D) min Jx) = f i) | IR, S(x) = f(b)

Ecrim doyHKUMst y = f(x') Ha NPOMEXYTKE X UMEET TOIBKO OAIHY TOHKY 3KCTPEMyMa x = a U ecriv
3TO TOYKA MaKCUMyMa, TO f{a) — Hanbonbluee 3HaueHne hyHKUUN Ha [aHHOM MPOMEXYTKE.

A ecnn x = @ — TOMKa MUHUMYMa, Toraa f(a) — HauMmeHbluee 3Ha4eHne yHKUUN
Ha 3TOM MPOMEXYTKe.
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BbInyknocTb u BOrHYTOCTb KPYBOM

y
Kpusas, KpuBas pasmelleHa
Boinyknas | > HUKE NoBoiA !
Ha (a, b). CBOEW KacaTenbHON. ! i,
0a b x
y
Kpusas, Kpusas pa3amelLeHa E
BOrHyTas Bbile no6o : 7
Ha (a, b). CBOEN KacaTenbHOMN. ! N
|0 a b x
DocTaTouHbIe NPU3HAKKU BbINYKNOCTN U BOFHYTOCTH
Kpusas Kpueas
7Yy ’ (x) < y
f7(x)>0 BOrHyTas f7(x)<0 :j BbifyKNas
Ha (a, b). \ Ha (a, b). Ha (a, b). Ha (a, b).
/

[ns noctpoexusa rpatuka uenecoobpasHo npoaHanuanpoBaTb, Kakon Bu4 Umeet
rpadomk yHKUUMM Ha wHTepBane (a, b) B 3aBMCMMOCTU OT 3HAKOB MEPBOVW WU BTOPOWU

NPOVU3BOAHBLIX.
Pesynbrat yaobHo ceectu B Tabnuuy:

y'>0 y'>0 y'<0 y'<0
y' <0 y'>0 Y’ <0 y'>0
y4 vA y4 yA
i { ;
4 ] 1 t
§ ] 1 !
1 ] i |
! ] [} 1
1 1 | ]
1 1 ] t
1 I 1 !
i ] 1 I
i ! o f 1 _ ! L o ! 1,
0a b X 0a b X 0a b X 0a b x
BO3pacTaer, BO3pacTaer, ybbiBaer, yGbiBaer,
BbiNyKnas, BOTHyTas. BbINyKNas. BOrHyTas.
Touku nepernda rpachuka cpyHKUun
B Touke (x,;/(xy) 4
cywecTeyeT
. T?r,;aﬁa kacaTenbHas, npu fixg)|-----=
ep nepexope 4epes aty
(x93/(xp)) - TOUKY BbINYKNOCTb
MEHSIeTCS Ha BOTHYTOCTb 5
(vnu HaoBopoT).

HocraTouHblii NpU3HaK TO4KK nepernda

B Touke (x,:f{xy)) cywecrtsyer
KacatenbHas, y”(x,) = 0 (nnnHe

CYWECTBYET) 1 NPW nepexoge
4epes TOUKY X, ¥” N3MEHRAET 3HaK.

(x95f(x()) — TO4Ka :
nepervba.

—
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[ins nocTpoeHusi Touku nepernba HeobxoauMOo yCTaHOBUTL CBSI3b MEXAY CyWecTBO-
BaHWeM MPOU3BOAHOW B TOUKE x, W CYLLECTBOBaAHWEM KacaTenbHOW K rpaguky yHKuum

B TOUKE (x;f(x())-

[TpoussogHas cyujecreyer MpoussoaHas He cywecrayeT
y yh () >0 YA vi(xg) <0 yp ¥xg) = oo Y4 v(x,) HE
Vi) = 0 cywecTByeT
— || ; PN
! ! C A i
: ! | : L :
o X X |0 % X |0 X, X lo X X |0 Xg X
KacartenbHas KacaTenbHas HaKknoHHas. KacaTtenbHast KacatenbHas
rOpu3oHTarbHas. ' BepTUKanbHas. | He cyllecTByer.
Pa3sHbie TMNbI TOYeEK nepernba
Yixg) =0 V'(xg)>0 V(xg) <0 Y(xg) = o
y“ yll y Y4
] 1 h
: i :
: | !
: , : > : i .
0 X, X 0 X, X 0 Xo X 0 Xo X
YA Y4 Y4 Y4
] i )
[} ] 1
) 1 ]
[ ] ]
[} 1 )
I [} )
1 > L —— 1. > —T »
0 Xo X 0 Xo X 0 Xy X 0 Xy X

Touku paspbiBa PYHKLUM U UX XapaKTep

[ns anemeHTapHbix YHKUMIA TOuKa paspbiBa — 3TO TaKas TOYKa, B KOTOpOW

(byHKUMA He onpefeneHa, HoO onpeaeneHa B6NU3n 3TON TOYKM.
Buabl TouyeK paspbiBa

Xy —TOMKa paspblBa,

X, — TOuKa

Xy — TOuKa BeckoHeuHoro paspbiBa.

KOTOprl7| YCTPaHAETCA. | KOHEYHOro paspblsa.
Ya Yi YA y i
j ) S— : :
Afemmn-s | l
i 1 '
S N N S 4 B Al feo '
1 i :
‘ \ '.
i i i
] 1 1 >
1 - 1 > 1 »
0 %o X 0 Xq X 0 0 XO: I X
$

flxy)— He cywiecTByerT,
lim f(x;) =

x> x,—~0

] x) = A.
hmH)/(\')

XX,

lim f(x) = 4;

x—=x,—0

lim f(x) = B;A#B.

xox,+0

it

lim flx) = +oo;

x> xy~0

lim  f(x)

X —x,t+0

il

i

lim  f(x) + co;

x—=x5-0

lim flx) =

x—-x+0




AcumnTOoTb! rpacdpuka pyHKUMN

Mpamas / HasbiBaeTCs acumnToTon rpacm-{ Y1
Ka GyHKUMKM y = f(x), ecnn paccTosHue

OT TOMKN M rpaduka A0 NPSIMOWA CTpemMuTcs d—0
K HYMIO Npyu yaanexsnn Todku M No KpUson ] M — oo
B 6€CKOHEYHOCTD.
Buabl acumnrtor
BeprukanpHas ["opusoHTanpHas Haknonsasn
X = X, Y =Y y =kx+b(k=0)
Y4 \ Ya Y4
i
1]
1
)
1
: Yofp=mmmommmmmm e
I -
1
]
]
! /
07 X X o7/ X
lim f(x) = oo, lim f(x) = y,. i, JIX).
x—)xof( ) .\"")"‘.’f( ) Yo k= .\‘I-,—’-)noo_,’C—-,
b = lim [f(x) - kx].
X 00

Ecrm f(x) moxHo npeacrasute B BUAE f(x) = kx + b+ o(x), roe ox) — 0, Korga x — e, T0
npsMas y = kx + b ABNSETCH acuMNTOTOM: Npu k& = (0 — FOPU3OHTaNLHoN, a npu k20 —

HaKNOHHOM.

Mpathuk yHKUMM MOXET UMeTb BEepTUKanbHble acMMNTOTbl B TOUYKaxX paspbiBa
(6eckoHevHOro) unu Ha rpanvuax obnactu onpegeneHns yHKUNN.
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YYEHUYECKASA CTPAHUYKA

1. Haintv npomMexyT-

2 -
KM BO3pacTaHua W|a)y = 3x_x . 6)y =X +ox
y6bIBaHWs DYHKUMMN: x-2
Hangem  obnactb | D(y) = R. D(y) = (—0;2) U (2; +o0).
onpegeneHus

dyHKuuu: D(y):

Hangem npowussosd-

¥ =323 = 3(1-x) =

Vo= QRx+6)(x=2)—(x2+6x) 1 _

HY1O (DYHKLMKM U pas- 3

noxum eé Ha mHoxu-| = 3(1—x)(1+x). (x-2)

Tenu, ecnu aTo BO3- oax-12 (x +2)(x—6)

MOXHO: = 7 2
(x-2) (x-2)

Haipem 3Hak npous- _ + Y + ®

BOAHOW MeToaoM > — i )

WHTEPBAnoB: -1 1 -2 2 6

Bibepem f(x)>0, xe (-1;1) / (x)>0, ecriv

NPOMEXyTKM, rae
f(x)>0, f'(x)<0:

f(x)<0, ecnu
X € (—oo;—1) U (1;+00).

X € (-o0;=2) U (65te0),
f'(x)<0, ecnn
xe (-2;2)yu (2;6).

3anvweM npomexyT-
K Bo3pacTtaHus (ybbl-
BaHWs1) PyHKLIMK C yue-
TOM  HEnpepbiBHOCTH
OyHKUMM HA  KOHUAX

BospacTaet Ha [-1;1];
ybbiBaer Ha (—eo;-1], ¥
[1Fee).

dyHKUMS BO3pacTaeT Ha KaXaom u3
NPOMEXYTKOB (—o0;—~2] ¥ [6; +o0);
ybbiBaeT Ha Kaxgom w3 npome-
WKYTKOB [-2;2) 1 (2:6].

MPOMEXYTKa:

2. Hantn kputhdeckue N3 a2 _3x-2

TOUKY PYHKLIWIA: ) flx) = X" =3 +35.16) flx) = 55

Hangem obnacte onpe-| D(y) = (—oo;+oo), 3 3

Aenenust yHKLum D(y) = ( °°,—-5)U(-§;+°°)

y = flx) D(y):

HapemM  npouwasBoaHyio [ = 35— 6x = o) = 6x+9-6x+4 _ 13
yHKumm £ (x): = 3x(x-2). C (2c+3)  (Qx+3)Y
Haipem Toukuy, roe: f(x) =0, , 3
a) NPOUIBOAHOA HE CY-| . — o. 1 = 2 S ’(x) He cywecTByeT, €CIM X = -3

uiecTayer; ., £(x) = 0:xe @.
6) nponssogHas pasHa 0 S @) cyLueCT;yeT ' -
- ) npu Bcex xe R.
f@=0: P
MposepuM, 6yayT nu faH-| 0 € D(y) —§e D
HbIe TOUKM BHYTDEHHUMM | 5 o p)y. 2 0.
Toykamu obnactu onpe-
JenexHvs v caenaeM Bbl-
BoA:
OrBeT: x=0;x=2— DYHKUMST  KPUTUYECKMX TOYEK He

KPUTUYECKUE TOUKU,

nMeer.
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3. HanTh TOuKM 3KC-

TpeMyMa u 3KCTpe-|a) fix) = 2x - x*. 6) flx) = n2x” +9x7.
MYMb! (DYHKUNN:
Haxogum  obnacts | p(f) = 20 +9x2 >0 _ _ )
onpe,qen(.eHm 5 pYa Lty
PyHKUMK: X (2x+9)=20
D(fy = [-4, 5:+00).
?:gy??:o“g“y}o_ = ax-dxt=ax(-xh) = |, 6418y
' = 4x(1 -x)(1 +x). : 2 + 0x2
s _ _b6x(x+3) _ 3x(x+3)
22(2x+9)  xi(2x+9)

Haxoanum KpuTtuuec-
KMe TOYKM:

a) B KOTOPLIX Npous-
BOAHAas He CyulecTsy-

xe R
[’

[ ’(x) cywectByetr ans Bcex|/[

=0 x=0,x=1;x=~-1l.{x=

‘(x) He cyLwjecTByeT, €cnu
0;

-4, § — He asnaeTca
BHYTPEeHHeW obnacTbto

X =

er;
onpeaeneHus

6) f(x) =

) f (%) f/7=20;x==-3
Onpegennm 3Hak npo- . .
V3BOAHON HA KAXKOOM +N-VY + V- f’(-‘) M
13 UHTEPBaros, Ha KO- 1 0 1 r 45 -3 0 I
Topele Kkputwuecke| D ¥ g -~ -
Toukn pasbusaior 06- -
NacTb ONpeneneHns:
Hanpem Ttoukm ake-|y = -1 — Touka Makcumyma, X = -3 — TOYKa Makcumyma.
TPEMYMA,  Y4UTBIBAR | . — ( __ touka MUHUMYM3, x = 0 — TOUYKA MUHUMYMA.,

Xapakrep v3mMeHeHws
3Haka npou3sogHO:

= | — TO4Ka MaKCUMyMa.

Haﬁgem aKcTpemy- | £ .= f(0) = 0, fonax = J(=3) = J27 = 343.
Mbl PYHKUMM: B ' _ ‘
fma.\' =f-1) = f;nin = fl0) =
-/;nax = f () =
4. NccnepoBatb PYHKUMIO C NOMOLLbIO - 3y
NpoOn3BOAHOM M NOCTPOUTL eé rpadmnk: ‘ -
Hanpem obnactb onpeaeneHvs dyHk- D(f) =
umu f(x):
Havpgem npounseoaHyto PyHKUUK: ) = 3- 3,2 = 301 _xz) = 301 +x)(1 -x).
HaitneM KpuTudeckue ToukM PYHKUMN. |a) f “(x) CywecTByeT BO BCEX TOYKAX
Ans avoro: a) onpenenum, B KaKWX | yucnosoit npsiMoii;
TO4KaX NPOMIBOAHAS HE CYWECTBYET, |6y 3( 4 x)(1-x) = 0, 1+x = 0,1-x =0,

6) pewmm ypaBHeHue [ '(x) = 0:

x, = ~l,x, = | — KpuTH4eckme To4Ku.

OnpeaenvM 3Hak NPOU3BOAHON HA Kax-
AOM W3 MHTEPBANOB, Ha KOTOPbIE KPUTH-
Yyeckue TOukM pasbusaoT obnactb
onpedeneHvs, HangeM nPOMEXYTKU

BO3pacTaHus, yobiBaHWUst QYHKUMM f(x):

S x)

)

I (x)

+
\;1/'1\




Hanaem Toukun akcTpemyma yHKUWK. x = —] — TOYKa MUHUMYMA,
X = | — TO4YKa MakcuMyma (PyHKUMM.

HarngeMm aKkcTpeMyMb! (PyHKUMN: fl-1) = 3(_1)_(_1)3 = _2 — MUHAMYM,

fC+1) = 3(+1) = (+1)* = 2 — makcumym.

[nsa yTouHeHus cbopmbl rpacuka Haw- f0)y =0, f2) =-2, f(-2) =2.
AeM 3Havennst PYHKUMN B HECKONBbKUX ok
AONOAHWUTENbLHBIX TOYKaX:

Haueptum rpaduk yHKumnn: 1x)

A 4
2
1
[=}
)
-
N
x

5. HaitTn Hanbonbiuee u HauMeHbllee 3HaYeHns PYHKUMKN y = x> —3x% —45x + 225 Ha
otpeske [0;6]. - v

Haxogum D(y): D(y) = R.
Haxoaum nponssoaHyto y: y = 3x% - 6x-45 = 3(x2—2x— 15) =
= 3(x-5)(x+3).
Haxogum Kputuueckve Toukn (B KOTOPbIX ¥’ CYLUECTBYeT ANs BCEX x € R
¥ (x) = 0 nnu He CyLecTBYeT): y = 03(x~5)(x+3)=0; x = 5;x = -3.

Bb|6V|paeM Te, KOTOpre anlHa.L'.U'Ie>KaT x = 5 anHa,qne)KMT OTpe3Ky [0’6] R
AaHHOMY OTPEe3Ky:

Beiuncnsem 3HaveHune dyHkumm y = f(x) y(0) = 225,

B 3TUX KPUTUYECKMX TOYKax W Ha KOHUax y(5) = 50, )
OTpe3KaC y(6) - 63. LIRS I
CpaBHvBaeM NOJflyYeHHble pe3ynbTaTbl max  y(x) = y(0) = 225,

W BbiBMpaeM cpean HUX HanbombLuMil ,[';’li‘;l] y(x) = y(5) = 50

¥ HaUMEHbBLUNIA 1 3anucbiBaem oTBeT. e 7 Y '

6. HaitTn MHOXecTBO 3HavYeHun pyHKUuMn f(x) = P o3 +3 ,ecnmxe [-1;1].

PeweHue.
[aHHas dyHKUUS onpeaenexsa n HenpepbiBHa Ha MHoOXecTee R.

f(x) = 3t -6x = 3x(x=2). f(x) =0, ecnn x =0 wm x = 2. OTpesky [-1;1]
NPUHAANEXUT OaHa KpuTUYeckan Touka x = 0.
max fx) = 3; min ,If(x) =-1.

f0) = 3; fi-1) = -1; A1) = 1. [-1;1
YuuteiBas HenpepbiBHOCTL PyHKUMK f, nonyyuum [-1;3].

Otser: [-1:3].
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7. Yucno 64 3anncaTb B BUAE CYMMbI ABYX MONOXWTENbHBIX Criaraemblx, 4Tobbl cymma
“X KBaapaToB Obina HanMeHbLe.

Pewenue.
MycTb oaHo cnaraemoe 6ynet x, Torga apyroe — 64 —x. 0 <x < 64.

PaccMoTpum dyHkumio f(x) = x4 (64—x)2 Ha [0;64].

f(x) = 2% — 128x + 4096 — kBagpaTtuyHas dyHkumsa. OHa UMeeT 0HY TOYKY 3KCTPEeMy-
~b

ma:x = e - 32 — TOYKY MUHUMYMa. DTa TOUKA NPUHAANEXUT OTpe3ky [0;64].

f(32) < f(0) < f(64) . BHauuT, DYHKUNA NPYHUMAET HaumeHbliee 3HavYeHue npu x = 32.
Wckombie cnaraemble 32 u 32.

OtseT: 32 n 32.

8. B npaBunbHOM YeTbIPEXYTONbHON NpU3Me anvHa aguaroHany GOKOBOW rpaHn paBHa
643 cm. lMpw kakoit AnuHe BbICOTb 06BLEM Npuambt SyaeT HanbonbLwnm?

Pewehne,
B, c, V=DbDC-cCC,
A, : D, 4 Nycte CC| = x,x>0
| o ADC,C: £C,CD = 90°.
|
/B} ==—=-f7C Wateopembl Mudaropa DC = 4108 ~x.
A D Paccmotpum doyHKkunio: V(x) = (108—x2)x = 108x-x"

108—x*>0; 0<x<643.
Wcecnepyem AaHHyto PyHKLUMIO Ha SKCTPEMYM Ha NPOMEXYTKe (();6,,/3 ):
V'(x) = 108 ~3x" = 3(6-x)(6+x).
V'(x) = 0;ecnmx = 6,
ecn 0<x<6,7T0 V'(x)>0,

ecnm 6 <x <643, 10 V(x)<0.
3HauuT, x = 6 — TOuYKa Makcumyma.

V(6) — Haunbonbuiee 3HaYeHne PyHKUMN Ha NPOMEXYTKe (0;6J§).

OtBeT: 06bem npuambl OyaeT Hanbonblunm, ecnu eé BbICoTa 6 CM.

MocTtpoenue rpachukoB pyHKUKN

Mpexpe Yem NPUCTYNUTL K PELUEHNO 3aaHNii, OTMETUM, YTO NpKU NOCTPOEHWUW rpaduka
He o0s3aTenbHO aHanM3npoBaTb BCE JNeMeHTbl noBepenus yHkuun. [MocTpoeHune
rpacdvkoB pyHKUMI LenecoobpasHo HauuHaTh C UCCNeAOoBaHNA NOBEAEHUA HENPEpPbIBHON
DYHKUMK, UCMOMb3YR MepBYI0 MPOU3BOLHYIO.

OtMeTM, 4yTO OOGNAacTblo M3MEHEeHWsA MHOroYfieHa He4YeTHOW CTeneHn SABAAEeTCH
MHOXECTBO BCeX AelCTBUTENbHbIX uucen. [ns MHOrouneHoB YeTHOM CTeneHn n apyrux
paccmatpusaembix pyHKUMIA E(f), Kak npaBwuno, ornpeaensietcs nocne nposeneHns
nccnenoBanus. MosTomy cHavana He cnegyeT yaenaTb 0coboe BHUMaHWe HaxoXAeHUHo
E(f). E(f) — MHOXeCTBO 3Ha4YeHnn pyHKUNM,
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AnroputMm nocTpoeHus rpacpuka pyHKUNM
1. Hantu obnacTb onpeaenexns yHKUMKN, TOUKN NepeceveHns ¢ 0CEMU KOOpAMHaT.
2. UccnepnoBath (byHKUMIO HA YETHOCTb UM HEYETHOCTb ¥ Ha NEPUOANYHOCTD.
3. Haittu nHTepBansl Bo3pactaHus v yobiBaHus (DyHKUMM U TOYKM SKCTPEMYyMa.
4. MocTtpouTb rpachmk byHKLUMK.

9. MocTpounTs rpaduky OYHKLKUA.

= 9x2(1 ~x) (cnoxHocTb 1). v = 3x°-5xt+4 (cnoxHocTh 2).
1) ObnacTtb onpeaenexus D(y): 1) D(p) (=00, +oo);x= 0y = 4;
(moojtee). y = 0=3x -5x'+4 = 0. ‘

=0=y=0; y=0=x = 0;x, = 1.|2) dyHkuns Henepunognyeckas.

2) ¢yI:iKLWIFl Henepuoan4eckas. 3) )’ = 15x4_20x3;y, = 0=y, = 0;
3) Hanpem viHTepBansl Bo3pactaHus
1 yBbiBaHUs OYHKUMM ¥ TOUKKN SKCTPEMYMa: | , = ‘5‘ )
= 18x - 27x"; .
) ’ + - + -
= ) — 3 ; ': X 1 0; XA = =, . 0 4 ol
9x(2-3x);y'= 0= x, Xy 3 3 - ~_ ;. o Y
max min
V — o+ — -
Ny 2 X YTOYHUM TOUKY nepeceyeHnsi ¢ Ox:
3
~ (0) = 450; y(-1) = ~4<0; x=-0,8.
3(0) = 'y(g) = ‘1 4)
¥\3 3 , v
4)
‘;1 = 9,\'2(1 ¥)
3

L

0 2 ™ x

2
y = sin"x - cosx (CNOXHOCTb 3).

1) D(y): (w0, too)sx = 0=y = -1, y = 0 = sin’x - cosx = 0; cosx + cosx— 1 = 0;

—1+45. 1450 _=1-45
2 — -0

SCOSX | = COSXy = )

cosx = 0,7=x, = 40°+360°-n = 0,2n+ 2nn; x, = 320°+360°-n = 1,8+ 2nn.
2) OyHKUNA YeTHas.

cosx = <~1 (He nogxoguT);

i
<

3) y" = 2sinx - cosx +sinx; y = 0= sin.\'(Z cosx + %)
Bynem wckaTb peweHve Ha oTpeske (0, 2x].

. 1 2
Haxogum sinx = 0 =>x; = 0; x, = W, x3 = 2W; cosx = 5 VXT3N T T

4) y

e e e S AN AN
’ ~2n | 1 ' H ! !
\mn /ma\\nm/,,,av\lm,n/ V -% \P %ﬁ X 1} \téx

B L%

4
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TPEHUPOBOYHBIE YNPAXHEHUS

1. HanTtut npOMEXyTkM MOHOTOHHOCTM (PYHKLMA.

a)fix) = X +3x°-9x+1; n)y= (x-2) (x+4)%;

5 2

: X +3 - x=2)

6)y = —=; M ANNCE
x— 1 )3 (x+ 1)

B)y = -3 +4r’ -6+ 55 3 M) = WiP-3x.

Ny = (@x-1)°.

2. [lokasatb, YTO PyHKUUS y = J2x = cosx BO3pacTaeT Ha BCEW YNCIIOBOW NPSAMON.

. (T
3. HaiTt npoMeXyTkn MOHOTOHHOCTU YHKUMK v = 2, 1x + 2sznxsm(§ —x).

3 2
x +x + 10x.

4. HanTn NpoMeXyTKU MOHOTOHHOCTU (OYHKUUN y
5. Hantv kputuyeckne Toukn yHKUUA.

2

) _ X +3x 5 _ o
a)y = x+4 "’ ﬂ)y=»J4—-x : M)y = x+cos2x;
6))’ = (x+2)2(x~6)2; e)y = 3x2_ 1 K)y = x— sin2x;

It

, 4
a4+ D K)y = 2x2—x4; my szn3x+§cos3x—x+2

il

B) y

oA XX
Ny = 4‘"”2"()52—"77 3)y = xJJ_c—J;c;

L
[

6. MNpu KaKknx 3HaYeHNAX a PyHKUMA y = x~ + 3x° +ax~1 He uMeeT KPUTUYECKNX TOYEK?
7. Hainti TOUKM 3KCTpEMYMa PYHKLNN.

2
X

a)flx) = 3x-x"; B flx) = 3" -4y’ AV T 5T
x +3
2
6) fix) = x'=3x"+4; 1)flx) = Jx-1; ) y=*= ;Ex1+—3.

8. MNpu Kaknx 3HaqeHnsx b OOMH N3 IKCTPEMYMOB PYHKUUMN y = X —6x+h paseH 27

9. Mpy KaKNX 3RaYEHUAX p YHKUMA y = px + cos3x HE UMEEeT TOYEeK akcTpemyma?
10. HanT NpOMEeXyTKU MOHOTOHHOCTW U 3KCTPEMYMbI (DYHKUUY.

2 \
x +4
a)y = r B) y = sin 2x—cosx; A)y = 3x+igx.
x3
6)y = = Ny = sinx+cosx;
X +3

11. NpU KaKNUX 3HAYEHNSX a PABEHCTBO X°—3x = g UMeeT TOMbKO ABA Pa3HbIX KOPHS?

12. MNpu Kaknx 3HavYeHUsX a PaBeHCTBO ¥ ~12x = a vmeer TPW pasHbIX KOPHA?
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13. MNocTponTs rpaduk dyHKUNN.

a)y=-1-x3—4x; 6)y=2\4\~x, B)1'=x2—%; Ny =

o

3 b ._u.".i,- X X +1

14. HaitT HaubonbLUee 1t HAMMEHBLLEE 3HAYEHUS dyHKLMM Ha oTpeske {a;b].

|

a)y = 22 +3x2 - 12x+7 Ha [0;2]; €)y = 4sin2x~2sindx Ha [O;n];

2
6)y = L2 wa [04]; %) v = J5—4x Ha [-131];
2
B)y = (1-x")(x~-1) Ha [0;2]; 3) y = /100 - Ha [6:8];
Ny = x+§' Ha [1:3]; M)y = 2sin2x + cosdx Ha [O g],
ﬂ).v=—2—-x Ha [-4;1]; K)y = 2cos 2% + cos2x Ha[ EE].
- X 4’4

15. HanTy MHOXECTBO 3Ha4YEHN DyHKUUN.

flx) = 12x—4x3, ecnn xe [-1:3].

16. MpepactaBnTb UMCno 48 B BUAE CYMMbI ABYX HEOTPUUATENbHBIX CraraemblX Tak, YTobbl
ux npounsBeaeHue 6bINo0 HanGonbLUKM.

17. i3 BCex NpAMOYronbHWKOB C OWaroHanbi 4a4M HaTU TOT, NNOWaAb KOTOPOro
Hanbonbllasn. ;
18. B TpPeyronbHWK ¢ OCHOBaAHMEM 4 CM W BbICOTOW 3 CM BAWUCAH NpAMOYTrONnbHUK Tak, yto
0[Ha M3 ero CTOPOH JIEXUT Ha OCHOBaHWKM TpeyronbHuka. KakoBa Hanbonblias nnowags

3TOro NpPAMOYronbHMKa?
19. HaliT CTOpPOHbI NPAMOYIOnbHMKA C HanBOoMbLLMM NEPUMETPOM, BRIMCAHHOO B MOMNYOKPYX-

HOCTb C pagMycoMm R.

20. OnpepenuTe pasMepbl LIMIMHAPUYECKON KOHCEPBHOW GaHkn, o6beM koTopon Voms,
ytobbl €€ nonHas NOBEPXHOCTb OblNa HauMeHbluer (TO eCTb Pacxod XecTn Ha eé
n3rotoBneHve B HanMeHbLWNM).

21. OnpegenuTtb HanBonbLumn 06 bEM NPaBUILHON TPEYronbHON NUpaMUAbI, Y KOTOPOWK AnvHa

anocbemsl pasHa 2.4/3 cM.

22. bokoBoe pebpo NpaBusbHON YeTbIPEXYronbHOM Nupamuabt 9 CM. HaiTh BbICOTY U CTOPOHY
OCHOBaHUs Nupamubl, 4Tobbl eé 06beM Bbit HanbonbLumM.

23. Kakor HanMeHbLInin 00 bem MOXET MMETb KOHYC ¢ 0Bpa3yioLLieit, paBHoOM 2.3 0m?
24. Myctb flx) = ¥ -Tx+a. MpK KaKKuxX 3Ha4YeHUsX {131_1;{1[/‘(x)=2 ?

25. Nyctb flx) = X2 [pn Kakmx 3Ha4eHnax b (b >--3) ;{;;z_c}zﬂ‘(x)=9?

26. HasgaTb no gaHHbiM Tabnuubl NPOMEXYTKWA BO3pacTaHusl, yObiBaHUst DYHKUMM, TOUKM
KCTpEMyMa:

x 130010 [0 ] 4 [4:8) ]8](8ie0)
|+ 0] - J0) + j01 -
J(x) -3 -5

27. Ha pucyHke n3obpaxkeHb! rpacnkn QYHKUMA f(x) w g(\) 3apaHHbIX Ha oTpeske [a;h].
Lns xaxaon v HUX HanauTe:
a) TOYKM MaKCumMyma U MUHUMYMa,; A

6) Touku, B KOTOprX dyHKUmMs npuobpeTaeT Hanbonblee N HaMMEHbLEE 3HaYEeHUA Ha [a;b].

SNV NN
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CAMOCTOHATENbHASA PABOTA C-2-1

B-i

7 6annos

B-li

1. HaitTu npoMexyTku, Ha KOTOpbIX DYHKUMS Bo3pacTaer, ybbiBaeT.

y = -3 o ox+3.

2 3
y=3+%-3x" -x".

2. Hantu kpuTndeckmue Toukn yHKLUN.

3
COSZX.

y= 3

= —s‘ing\:
y sinzx.

B-HI

9 6annos

B-lV

1. Hait npomexyTkW, Ha KOTOpbIX (DyHKLUMS Bo3pacTaeT, ybbisaeT.

y = ;l;-(xz—Z)xZ—S.

y = %r(x2 - 8).\:2 +3.

2. HaiTu kpuTtudeckue Touku yHKUUN.

y = 2x+ cosdx. y = sindx - 2x.
B-V 12 6annos B-VI
1. HanTtn npomexyTku, Ha KOTOpbIx PyHKUMR BO3pacTaeT, ybbiBaerT.

) x+1° ) x+3

2. HanTu KpuTyeckne TOUKN OYHKUNK.

. 2
y = 2sin"x— cos2x.

2
y = 2cos"x + cos2x.

CAMOCTOATENbHAA PABOTA C-2-2

HanTh NPOMEXYTKU MOHOTOHHOCTU, IKCTPEMYMbI (PYHKUNN
1 NOCTPOUTb 3CKMU3 rpaduKka yHKLuM.

B-I | 76annos | B-il B-Hi [ 9 6annos
y=x2—7x+6. y=—%x2+2x—3, y=.\'3—3x.
B-IV | 9 6annos B-V 12 6annoB | B-VI
y = 2+, A . = Q%LQ
1+x x'+3
CAMOCTOATENIbHAA PABOTA C-2-3
B-l | 7 6annos | B-1l

MpepcraBuTe uncno 12 B Buae CyMMb
ABYX MONOXWTENbHLIX ChnaraeMsix Tak,

ytobbl MX npousseneHne ObINO Hanborb-
WinMm,

Mpeacrasuts uncno 10 B Bnae CyMmbl
OBYX MONOXWUTENbHLIX criaraemblix, 4TOObI
cymma ux ksagpartos Gbina HaumeHbLUen.

9 6annos | Bl

B-lV | 10 6annos

MNpeacrasuTtb 4Mcno 8 B BUOE CyMMbl OBYX
NONOXUTENbHbLIX CnaraembiX TaK, 4ToGb
cymma ux KyboB BGbina HaMMEHbLEN.

B paBHObegpeHHbi TpeyrofnbHUK ¢ OCHO-
BaHnem 20cM wn BblcOTOW 8CM BrnuUcaH
NPAMOYFOfibHWK, OAHa CTOPOHa KOTOPOro
NEXMT HA OCHOBAHUW TPeyronbHuKa. Kakon
AonxHa ObiTb  BbICOTAa 3TOrO  NPSIMO-
yronbHuka, 4Tobbt OH MMesnt HanbonbLuylo
nnowann?
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B-V l

12 6annos - l

B-VI

B npsamoyronbHbii TPEYronbHUK C KaTeToM
12 cm 1 npoTtuBonexawnm yrnom 30° Bnn-

CaH NPAMOYronbHWK, OCHOBaHWe KOTOPOro
NEexnT Ha rnoTteHy3e. Hantn pasmeps!

B NpsiMOYronbHbIA TPEYronbHWK C runoTe-
Hy30M l6cm u yrnom 60° BnucaH NpsMo-
YronbHuK, OCHOBaHWE KOTOPOro NeXuT Ha
rMnoTeHyse. Haitu pasmepsb! NPSMoOyronb-

npsiIMOyronbHvka, u4TObbl nnowanb ero | Huka, Ytobbl ero nnowans Guina Hanbonb-
6uina Hanbonolue. Wwen.
KOHTPOJIbHAA PABOTA K-2-1
B-I | 7 6annos ] B-Il
1. HanTu kpuTHYECKine TOUKN DYyHKUUW.
a)y =3x+5; 6)y = ¥ oSx-1. a)y =3x+5,06)y = P o5x—1.
2. HaiTv npoMexyTkn BO3pacTaHus 1 yObiBaHUS YHKUMM U TOYKK SKCTPEMYMA.
3 3
=X 52 =X 52
y=3 2x". y =73 2x".

3. Hantu Hanbonbluee n HarMeHbliee 3HavYeHNs PYHKUUN Ha NPOMEXYTKE.

y = %x3~4x Ha [0;3]. y= x—%x3 Ha [-2:0].

B-Hl | 9 6annos | B-lV
1. Hautu kputuueckmne Touky hyHKumu.

a)y = x-2sinx; 6)y = x3(x—4). a)y = x+2cosx; 6)y = .\‘3(x—2).
2. HanTn npomexyTku Bo3pacTaHus u ybbiBaHns hyHKLMK ¥ TOUKK IKCTpEMYMA.
y= P y = 48x—x°.

3. HanTtu Hanbonbluee N HauMeHblLee 3HaYeHNs (PYHKUUKM Ha NPOMEXYTKE.,

X 2 ..
= 2 24, b = X233 wa [032].
x +1 - x+1
B-V { 12 6annoe | B-VI
1. Hantv kpytudeckne ToUku yHKLUN.
y=x+‘1. y=——2~x.
X X

2. HanTh NnpoMexyTKku BO3pacTaHWs W yObIBaHUA (DYHKLUM U TOHKM 3KCTPEMYMA.

_ -1
p =

) (x—~3)2' (-1‘~1)2.

3. HanTu Hanbonbluee n HauMeHbluee 3Ha4YeHns PYyHKLUMN Ha NPOMEXYTKE.

y = 2cosx+ cos2x Ha [0;xm]. y = 2sinx + sin2x Ha [0,223:]

4. Mpwt Kaknx 3Ha4YeHUsX b 0auH 13 akcTpe- | 4. INpu Kakmnx 3Ha4eHUaX b OOUH U3 SKCTPEMY-

MOB DyHKUMN y = 20~ 3%+ b paBeH —1 7

MYMOB (PyHKUMK v = C-3x+b paseH 77
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CTPAHUYKA ABUTYPUEHTA

Ucnonb3oBaHue ﬂpOM3BOﬂHOI7I ANA qoKasarenbCTBa TOXAEeCTBa

. 4 n |
1. dokasats TOXOEeCTBO: sin 2+ cos(x - -3-)6()s(x + —) =1

3
Petierue.
P aCCMOTpMM yHKUMIO fx) = sinxe + co.s'(x— ;—t)co.s'(x+ g) =
o2 1 2n) 2 1 1
= sin“x + | cos2x + cos=E | = sin“x + zcos2x - ~.
sin“x 2((0s21+ws 3) sin"x zcos2r 2

f(x) = 2sinxcosx — sin2x = sin2x - sin2x = 0.

J(x) = 0 pnsi Bcex x € R, 3HauuT, f{x) — nocTosHHas; f(x) = C.

Bbiuncnum 3Havenune dyHkumv f(x) npun nobom sHaveHun x, Hanpumep, x = 0.
1 1

.2 Tt Tt 1
= g + 08 —— 8 — = +_,_ .
§{()] sin”0 cos( 3)cos3 0 35 a
1 2 n AR
Z; TO €CTb, BEPHO TOXAECTBO sin x + cosfx— = Jeosfx+ =] = =,

€= 3 3) 74

-

f0) =

Ucnonb3oBaHue npon3BOAHON ANst fOKa3aTeNbCTBa HEPABEHCTB

Yrobbi AoKa3aTh HepaBeHCTBO f(x) =0 npu x 2 0, AocTaTouHO, 4Tobbi f(0)20 u f(x)20
npy x20.

1. Jokasatb, YTo sinx <x AnNA BCeX x> 0.

Pewenue.
PaccmoTpuM thyHKumio f(x) = x — sinx.
f(x) = I —cosx20 ana Bcex xe€ R. 3HauuT, f(x) BO3pacTaeT Ha R. Ecnn x>0, 10
S(x)>f(0), TO ecTb x — sinx > 0; NNW sinx <x.

1
2. floxkasaTtb, 4to npn 0 <x < % cnpasennnso HepaBeHCTBOo: 2x + > 5.
X

Pewenune.

'| PaccMoOTpuM hyHKumio f(x) = 2x+ —13
X

+ - +  fx)
7 =2 2 _2(°-1) _2-D@H+x+1) v
’ 3 3 3 0 1
* o X S(x)<0: xe (0:1)

Ha npomexyTtke (0;1] naHHana yHKkuus yboisaet, noatomy npn 0 <x <% cnpaseanueo

HepaBeHCTBO f(x) > f (%) Ho f (%) =2 % P T 5.

1 2
3)
3HauuT, f(x)>5, TO eCTb 2x + —15 >5.
X
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3. [lokasaTtb, 4TO X + ! 22 npnx20.
X

Peluenue.

2

Il _x -1 _ (-D+1)

+ + 11

flx) = x"‘:-c; f(x)y =1~ =

<

2
X X

X

Ha npomexyTke (0;+eo)

dyHKUMK  f(x) = .\‘+%, Ay =1+1=2, 3Ha'~{lr1ATE, 1',/'(x)22, TO €CTb ApYIUX TOYeK

1
3KCTpeMyma HeT. To ecTb x + N 22, ecimx20.

2
X

RN s A 9

x = 1 — TOUKa Makcumyma, f(1) — HanmeHbllee 3Ha4veHne

T

iqr)

N B

4. Uccneposath (hyHKUNIO M NOCTPOUTL €& rpaduk.

a)y = 34—,

6) y 335 -,

1) D(p) : (—oos+eo);
x=0=>y=0;y

M- = 0 v,

’3
x2‘3 = :t4.\' =i2,3.

2) OyHKUMA YeTHas.
I

=3. %x 3—2.\'; y = 2(1 = x+x) ;x%).

3x
B aTOoM npumepe vuweM He TONbKO Takue
Touku, rae y’ = 0, HO W Takue, rae y’ He
cyliecTtByer.

0= 335 - 12

0;

0;

3)y

Umeem ' = 0= 1 -xdx = 0=>x) , % 1;
y’ He cywectByeT =x = 0.Ecnmx—0,

TO 3y >, TO €ecTb B Touke (0:0)
KacatenbHas K  rpacuky  hyHKUmn
BEpTMKanbHas.
‘,/

>

v -1 0 1
/ max \min / mu.x\ ¥

y(xl) = 2; y(0)= 0;
E,: (-;2].
4)

o SR | TS TR

2 2
2 ,V=33X -X

T

.
[ SRR
PR R,

1) D(p): (—eost+e0);
x=0=>y =0,

y=0=>x =0 x," +J27.
2) OyHKUMA HeveTHas.

.2
3)y = 3'§x 3--l;

yl = 1_3’/;_2
»y' He cywiecteyeT = x = 0;
NN
y -1 0 1

min

y=0= Xy 2= %I

»
X

y(1) = £2; y(0)= 0,

E(p): (-ooste0).
4)

Vo= 3 -x

\x

( '
SRR ¥
M (=]

-

91



TPEHUPOBOYHbBIE YNPAXHEHUS ans ABMTYPMEHTA

NpumeHeHne NPoU3BOJHON

. 2
1. Hanncatb ypaBHeHWe KkacaTenbHblX K KpMBOA y = x" —4x+3, ecnu kacarenbHble
NPOXOAAT Yepes3 ToUKy M(2;-5).

2. Mpy kaknMX 3HaYeHUAX a hyHKUuRA x(7) = af’ +at BOo3pactaeT Ha R?

1
3. [lokasaTb, YTo NpY x 2 | CNpaBeannBO HepPaBEHCTBO 24/x 2 3 — o

4. Ha#itn BCe 3HavueHna napameTpa «, Npy KOTOPbIX HYHKUNUS

2
fix) = & 3- 13+ (a-1)x> +2x+5 Bospacraet Ha R.

5. Mpw Kakux 3Ha4eHuax p PYHKUMS y = px + cos3x HE UMeeT ToueK aKkcTpemyma?

52



§3. Unmeepan u e20 npumMeHeHue

Nepeoo6pasHoit ans yHKUMK f(x) Ha 3a4aHHOM NPOMEXYTKEe Ha3blBACTCA (PyHK-
umsa F(x), ecnu Ansa BCeX x 13 3TOr0 NPOMEXYTKa BbINONHASTCH PaBEHCTBO

F'(x) = flx)
fx) Fx) Dokaszatb, 4T0 F(x) sfeBnsetca nepsoobpasHon ang f(x) Ha
Y X 3afaHHOM NPOMEXYTKE.
2x x2, xe R|F'(x) = (x2)" = 2x = f(x), xe R.
{ 1 1
— F'(x) = 2x) = 2-—= = = = f(x), x& (0;+o0) .
s 2./ (x) s x f(x)
1 L = () = (-4) = 4 < s, e oo v
x2 —; F(-X) ( X 2 xz j(’\)v X € ( »O)U(Ov )'
sinx —cosx | F'(x) = (-cosx)’ = —(-sinx) = sinx = f(x), xe R.
cosx sinx f(x) = (sinx)" = cosx = f(x), xe R.
1 tgx F'(x) = (t1gx)’ = 5~ AnS BCEX x, Kpome x = 12-t+1tn, ne Z.
[44A) 2X CcoS X
1 F'(x) = (-ctgx) = —(—-——1-3-) = ——1—2— = f(x) Ans scex x,
2 —ctgx sin"x sin"x
sin"x .
Kpome x = mn, ne Z.
k k F'(x) = (kx) = k = fix), xe R
x)=(kx) =k = , .
k —vucno :
x? , x), 1
x - Fix)=l=l=z--2x=x = f{x), xe R.
2 2
3 x3 1
2 X ey = [ = L.342 = 42 = _
. = Fw=(5) =33 =2 = A, xe R
X xotl xo+1 , 1 .
(yv) = TE ee— o + = O = . —
ot P F'(x) (a+l) o (ao+1)-x X fix), xe R, az-1

Onepauwn HaxXoxXaeHusa

POV3BOLHOW (PYHRLAN — / \nepeoobpaaﬂommyHKumm -
AnddepeHuMpoBaHme. , WHTErpMpoBaHue.

UuTerpupoBanmne — onepauus, obpatHas anddepeHuMpoBaHuio.

OcHOBHOE CBOMCTBO nepBoobpasHon

Ecnn F(x)
nepsoobpasxas

Ans f(x),

F(x)+c¢ —

P — on
nepeooGpasHas ¢ — NPOMU3BONbHAN
NOCTORAHHAA.

ansa f(x).




y Kaxgas wa dyHkumin y = 2x2; y = 2x2+2; y = 2x2-2 saBnsercs
nepsoobpasHoi ans pyHKumK y = 4x.
FeomeTrpuyeckas nHrepnpetaumsa
OCHOBHOIO CBOMCTBA NepBoo6pa3Hon
"padhvkn BCEX NEpBOOOpPA3HBLIX AAHHOW PYHKLMA MOXHO NMOSy4UTb
n3 noboro nytem napannenbHOro nepeHroca Baons ocu Oy,

F(x) + ¢ — obwwnn Bua nepsoobpasHon ans f(x).

s 2x2 + ¢ — obwwit B nepsoobpasHon ans 4x.
Tpu npaBuna HaxoXAeHUA nepBooGpasHon

=i T3

Ecnn
F(x) — nepsoobpasHas ansa f(x),
H — nepBoobpasHas gna i,

F(x)+ H(x) — nepBoobpasHas
0 anst f{x)+ h(x).

o >
Ecnun :—>
TO

kF(x) — nepsoobpasHas
F(x) — nepeooBpasHas Ans f(x), ana k- fix);
k = const.
Ecrv ;—cF(kx + b) — nepBoobpasHas

F(x) — nepsoobpasH
) P pasnas E ana flkx + b);

nsa f(x),
AnA fix) k n b — nocTosHHbIE; k£ 0.

DyHKLUA O6wuni BMA nepBoOOpPa3HbIX
x4l T ¥y x5 1
A 4 37 —t ==t —t = = —+
A 17+ T 5T 6T T T Tt
. 10 coxctewr L - .
12 T 12 ~x 12,\~_10+l+c~ 12x~:6+c—- 12:‘+6—x—9+c.
3
L X 2 2
Yo iinvte = S 3 ginv+e = = Sx e+ siny + ¢
J;c+ cosx = x2+ cosx 3 +sinx tc 344/;fsm.\+c, 3x»./;+‘sm,\+c.
2
*5
— " S.(~ctgx)+c = =Sctgx +c.
sip“x :
] 1 1gx
Stgxte= R4, e
dcos’x ,4 g 4"
16+ 1 10 - 17
10 - x16 =
¥ 061" 17
22 12 a2 o2,
E ‘22 X 22 Y C TRT C oI c.
1l n 1y 1
4.x11 4 4 -10 40 - x10




10 .
s 10-2)x+¢ = 20k +e, 3o
1
=l 2
10 , 3 ‘ 3
=108 10- 5 =105 34c=15324c
'\/-—\: ’ _l+1 \2\
3
1.
cosdx Zsm 4x+c.
r
sinZ —3 cosE + c.
3 3
— Lig(7x+6)+
=[o{/X C.
cos2(7x+6) 7'®
1 .
: ~5crglz-2+c.
sinz('l—Z) o ‘ °(5 ) ¥
5
1 1 2
—— - < 2J3x+d+c = ZfI5x+4+c.
Jlsx+4 , . |15 YRATe T g iTaTe
[ | 1 1
—_— - t¢ = —————— .
(7-3x)2 3( 7—3x) “T 3730 ¢
1 (8x+2)10 (8x+2)10
9 A S SRR S b ST SN
(8x+2) 3 10 c 20 ¢

COBOKYNHOCTL BCex nepBoob-
pasHbiX YHKUMKM f(x) HaA npo-
MEXyTKe HasbiBaeTcst Heonpe-
AenéHHbIM WHTerpanom OT
yHKUMKM [ Ha 3TOM npome-
XKyTKe.

O6o3Hauaetcs: [f(x)dx, uuTaercs:

. WHTerpanag ot
MKC NO A3 WUKC.

j — 3HaK uHTerpana, f(x) — noauvHTerpansHas dyyHKUus,

f(x)dx — nopuHTerpanbHoe BbipaXeHue, x — NepeMeHHas UHTErpUpOBaHus.

Ecnn F(x) — ogHa

u3 nepsooBpasHeix | muwyt:  [f(x)dx = F(x)+ec.
ana f,
X)tg v = {f(x)e(x ;
[kftx)dx = K[f(x)dx, k = const; JUx) £ gy = [fx) + [g(x)dx;

. WHTErpan oT CyMmbl (DYHKUWIA paBeH
NOCTORHHLIA  MHOXMTEMb MOXHO CyMME MHTETpAnoB  OT  Kaxaoi
BbIHOCUTb 3@ 3HaK UHTErpana.

DYHKLNU.
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Tabnuua HeonpeaeneHHbIX

Mpumep

MHTerpanos
1. J0dx = ¢, ¢ — nocTosHHas.
2. fkdx = kx+c¢
o+ |
3. Ixadx =% +e; o0# -1
o+ 1

4, jfj/—: = 2J;c+c

x
dx 1

5. J;E - ‘-; + ¢

6. J sinxdx = —cosx+c¢

7. f cosxdx = sinx+c¢

8. j- a’xz = rgxte

cOos X
Ix
9. [£X = —crgx+
j = ctgxt¢
sSin x
10.

_[sin(kx +b)dxy = - icos(kx +h)+c

11. Jcas(kx + b)dx

it

R -

sin(kx+b)+ ¢

i
12, (ke + byods = 1. UEEOTT

99
98 1. = X .
xdxy = — +¢
'[ 99

J(3x2 +x+ 1)dx = J3X2£1.¥ + ).xd\' + j ldx =

3 52 2
X X X

=3 .t it x+e =3+ =+x+c.
3 2 2

. X X k
sinl — = + x = —17 - —~cos| — — + o =
Jsm( 5 Z)dvc 17 ( cos( 7 2)) ¢

= 17cos(— li7 +2)+ C.

Jcoszdx = .f--—-———-l ki c20s2xdx = %j(l + cos2x)dx =
1 1. X  sin2x
T e ~+ -y b + 3 T —— + ..
2(» 2str) c > + 7 C

x2+1 1 1
_[ 2 dx = I(l +x—2)dx = x—;+c.

S‘in2Y 1- cos'zx'
2y = j——-——4—-'-a’x =

2
cos X cos X

[tg2xdx = |

c, \
k o+ 1 :__J-( 12 —l)dx = tgx—x+c.
oz—1 cos’x ’

13. Il ix - = arelgx+c

x
14. I—il-’i— = aresinx+c¢

1-x2
Y4 f(x) — HenpepbIBHAA Ha NPOMEXYTKe /;
y =0 F(x) — nepBooGpasHas Ans f Ha NpoMexyTke /;

F(b) - F(a) — npuwpalyenne nepsoobpasHon.

A

o

m o
k-~
Xy

Yucno F(b) - F(a) HasbiBaeTcs onpenerieHHbiM HTErpanom

OT ¢ A0 b OT PyHKUMM f(x)
ael, bel.
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b .
a) [f(x)dx; YMTAETCHA: MHTErpan oT « A0 b 3 OT UKC 43 KKC;
O6osHavaerca:

F(b) - F(a) = F(x)|"
b b
[fix)dx = F(x)| dopmyna HbiloToHa-fleitGHuua

a a

f(x) — noAuHTErpanbHas PyHKUUS;
f(x)dx — noAnHTErpanbHoe BhipaXeHue;
a — HWKXHUIA Npeaen UHTErpUupPoOBaHUS;
b — BepXHWIA Npeaen UHTErpUpoOBaHUSRA;
X — NepemMeHHasi UHTEerPUPOBaHUS.

Boiuncnntb nHterpansi.

UT0o6bi BoMUCINTL Of1pe- | 3! 3 a3

" . 5 g _ X 1° 00 1 1
penéuHbin  wHterpan| fx2dx = =| = —-— = --0= -,
b | 3, 3 3 3 3
[fix)dx, Hy)HO HalTH | =
a Jcosxdx = sinxlg = sint—ysinQ0 = 0-0 = 0.
OAHY u3 nepsoob-|
pasHbiX ANA yHKUWK | 4 ‘ . !
flx), B nonyvexHHoe j(x2+ dx = (33_+ Y) =

" -1

BblpaXXEHUE BMECTO x |
CHayana noACTaBUTb 1 1 L 5
BEPXHUA, a NOTOM (-+1)—(—§—1)=3+1+§+1 = 2=
HWKHWA npeaen uHre-
rPMpOBaHUs, a NOTOM

OT nepBoOro pesynb-
Tata BbIMEeCTL BTOPOM.

4sinxdx = (~4cosx) Ii = (—4 cos g-) - (—4 cos g)
3

WA = IR

[

OcHoBHble CBOWCTBA ornpeaeneHHbLIX UHTErpanoB

b b b

1) (o) £g())dx = [flxydn & [glx)dy;

b b

2) fkf(x)dx = k‘[f(x)(bc;
;i Iy b

3) [fx)dx = [flx)dx + [f(x)dx;
b a

4) [fixydx = ~[fix)dx.
a b

5) [flx)dx = 0

a
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I'eomeTquecme CMbICH onpegeneHHOro HTerpana

Tpaneuuven

byHKUMY f Ha oTpeske [a;b], OCbi0 Ox

Ha3blBaeTcA curypa,
KOM HEeOTpULIaTeNnbHON HenpepbIBHON

(y = 0), npsambimu

ya KpuBonuxenHon
y =10 orpaHuyeHHas rpacu
o B x=a, x=>b.
1A D
0 a b x

b

S18cD = J‘f (x)dx

a

b
jf(x)dx pasBeH nNnowann KpUBONMHEWHOW Tpane

a

Ecnu dyHkums f(x) HenpepbiBHA 1 HeoTpuuartenbHa Ha otpeske [a;b}, TO vHTerpan

UnY, OrpaHlnyeHHon rpacpmukom OaHHON

DyHKUMM, o1
Mnowank burypsbl, 3aWITPUXOBaAHHOM Ha PUCYHKE, paBHa:
N ,
y=x
w  NTH
: 33 13 8 17 _ .1
S=f(x2dx =X =<_L =8 _2 =192
1 Jdx 373737373
1
of 1 2 X
y
A y = sinx r
S = j'sinxdx = —-cosxg = —cosT—(—cos0) = 1 +1 = 2.
5 n\/ % 0 =
-1
Y4 1y = x
R 1 ]
y=x 5
S = [xdx~{x"dx =
0 0
R ' A1 1y (0 0y _1
! = [ oDy = (X =(___)_(___):_.
3 J o= athdx ( 3) 273)71273) T 6
i 0 0
0 ; X
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BcnomHuu rpadomku.

Y4 Y a

Y a
0 X 0 X / 0 X
y = ax, (a<0) y = ax, (a>0) y=hkx+b, k>0
-a\Pa X
TP x P x
24+ p2 = g2
x=a,a>0 y=5b,b>0 NEEY a
MocTponTb rpaduk hyHkummn y = 2x2~12x +19.
Peluenue.
b y
Nxy, = — = 3.
) ¥o 2u
2) yy = y(xg) = y(3) = 1.
3) Ctpoum napabony Buga y = 2x? (BeTBU BBEPX, MOCKOMbLKY o\
a = 2>0)cBeplmHoit B Touke (3;1) (nepeceyenue c ocblo Oy g 5 %
B TOuKe ¢ = 19).
y = x2 y=x3 y =x4 y =x¥ ne N
A Y N A
y y y
0 . X
0 " 0 % 0 X
N 1 ~(2n-1) 1 1 ) 1
=x3 == = = = = y2 = 4
Y * x3 Y ¥ x2n- ¢’ y = va Y ! x2
Y ne N Y, y,
y ;
0 X
L 0 x 0 X 0 x
I¥FTY
L
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1 I ) = SINX
y=xt== y=x2=— neN y = s
X x..ll y
0 X 0 X
Y = cosx y = tgx y = clgx

A

/1N

.

U

0

(S

3n
2

Xy

.
H
H
H
H
i
)
H
i
0 \:" X
1
1
:
H
'
H
!

Bbiuucnenue nnowaan Tpaneiinm ¢ NOMOUILID UHTEerpana

b

f1x)20; 8 = [flx)dx.

b
S = 2_[/’(.\7)a'x.

y

¥y = -f(x)

b

f)0; 8 = [flx)dx =

u

Y4

b
[Ifce)ldx.

b ¢

§ = = [fix)dx + [flx)dx.

a b
¥ = fx)

N
7.

0 b Cix

b

HO)>£x); S = [(f(x) -/, (x))dx.

b

S = [fi(x)dy = [f(x)dx ~ [fy(x)dx.

|

.. L)
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b
S = [fi(x)dx+

[£o(x)dx

a
1 1 2 1
2_ 2 = = = = g
I,J(cz x%)dx 2Skp ZnR 21ta .
—Q

0

S = 2[ftx)dx
0

O6bembi Ten

B obwem cnyuyae

OnAa Ten BpaweHus

Ecnn Teno pacnonoxeHo Mexay ABYMS
nepneHauKynApHLIMK K ocu Ox NIIOCKOCTS-

MW, KOTOpPblE NPOXOAST Yepesa TOUKN ¥ = a
1]

V= [S(x)dx|, tae S(x) —

[/
nnowagbk ceyeHuA Tena TMJTIOCKOCTLIO,

KoTopasi NpoxoauT Yepes TOouKy x e [a;b]
v nepneHankynsipHa ocn Ox .

M x=25b, 10

iR

X

&----_

Ecnu Teno nonyvyeHo B peaynbrare no-
BOpOTa BOKPYr ocM Ox KPUBOSTUHEWHOW
Tpaneuun, orpaHuYeHHOW rpachrukom He-
NPEepLIBHOR U HeoTpuuaTensHon yHKLMN

y = f(x) Ha otpeske [a;b] n npsMbIMK

T
V= n[f 2(x)dx|

a

x=awnwx=>,,T0

YM

.

MexaHu4eCcKuit CMbICN UHTerpana

Ecnu dyHKkUMA v = f(¢) onpepenseT MIHOBEHHYIO CKOPOCTb ABWXKEHUA Tena B KaXALIN

b

MOMEHT BpemeHu ! Ha [a;b], TO onpeaeneHHbiid WHTerpan [f(r)dt paseH nyTw,

a

NpovWaeHHOMY 32 OTPE30K BpeEMeHn t = b—a.
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YYEHWYECKASA CTPAHUYKA

N

1

Ons dyHkmm f(x) = > HalTv nepsoobpasHyto, rpadivk KOTOPOMN NPOXOOUT Yepes TOMKY M(Z—:;O .
cos'x ’
Pewenwve.
Haihpem o6wwii BUA nepsooGpasHoi: F(x) = tgx+c.
KoopauHatbl TOukn M nopcTasMm B paBEHCTBO Nepso- 0 = th te
o6pasHoii: 4
Hanaem nocTosnHyio ¢: 0=1+¢c; ¢ =-1.
OtserT: F(x) = tgx-1.
BeiumcnvTte nHTerpan. [ R
T s
X
Peuwenne.

MNpeacrasum noguHTerpansHoe BbIpaxXe- | 3 + x2 4+ | ]
HMEe B BMOE CyMMbl apoGew, pasgenvs f"_"’_\,z —dy = J(-"+ ! +—)dx =

2
X
NOYNEHHO YUCTIUTEND Ha x2 . Ucnonb3yem

1 X2
thopmyny UHTErpana CyMmbil: = [xdx + [dx + [=dx = 7ty i +c.
x v
Hantu unterpan. 2k,
[===dx; 1 SIQOTON NM
Nt 3"/';
PelleHue.

Mpeacrasum noguHTerpansHoe )i 1o
BbipaxeHne B BuAE CTenenu jzx xdx = j2x-x2 -x3 dx =
€ ApobHbIM NOKasaTenem: 3

. K}
- 6
X 12 12
= IZX()dx =2—+c¢ = =8B+ = =x2 OYx+ec.

13 13" 13
6
Hantu j(x —-3)dx, ecnv npyn x = 2 nepsoobpasHasn yHKUMK pasHa 9.

PeweHne.

BbiuucnuM nHterpan: ¥2
[(x=3)dx = 3 ~3x+c.

- L. 2
Hangem nocTosHHYyI ¢: 22__3_2+c=9; 2-6+¢c=9; ¢=13 .

OtBerT: 32
J(x=3)dx = = =3+ 13.

Bbramcnuts nno- - - = 2 =7_ =
a)y(x) = Jx, y=2,x=9. [0)yx)=x%y=2-x,y=0

waas urypel, orpa- ) () oy

HUMEHHOW [IMHUAMU,

1. CTpoum 32aaHHbIE A
NVHAA ¥ WTPUXOBa y A

v=Jx C
HUEeM oTMeuaem cu-
rypy, nrolyaas KoToH 2 B 77
po Hano Havm. Yei
TaHOBUM, SBNAETCA NV A
oTa q)@rypa KpVBOS 0 a b
HEWHOW TpaneLumen:

m Jjoi

><V
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2. 3anucoiBaem ‘ _
bOpMyry Ans Bbi- S = Sipcpe=SaspE = S = Soqct Sacs =
YMCNEHNA NNOo- b b B b
Laan MCKOMOW N . e [v2v f(n _
DUrypbI: J',\/.;dx chba. JA dx f(2 x)dx.
a a 0 a
3. Haxogum o _ o = e
npeaens {y = Jx, =2, 0= 4, {"V 2-x; 2_x=0; x = 2.
WHTerpupoBaHus: | LV = 2; y =0
a=xy=4 b=x5=9. y=2x2 x2+x-2 =0,
y=2-x;nx=1,x = -2
a=x,=1,b=x5=2,
4. Beluncnum 9 9 ! 2
nckoMmyio nnowans S = [Jvdy - [2dy = S = [x2dx+ [(2-x)dx =
no cpopmyne (1): 4 4 0 I
9 i 2
3 3 2
3 x x2
2 = = +(2x——) =
= &)~ - 3 72,
ST L 1 4) ( 1) 5
= =+[{4-2)-[2-2] = 2,
=§(27-8)—2(9«4)=§, 3 ( 2 2) " 6
=2
S = g(KB.e/:l.) § = §ka-en)
5. OtBeT: 8 5
g(Ka.en.) E(Ka.eq )

Wcnonb3yst reoMeTprieckuin CMbICT MHTErpana, BuMUCIUTL | /25 ~ x2dx .
-5

PelueHune.

PaccMoTpuM  dyHKUMKD  y = J25-x2. Haitgem e& o6nactb onpeaeneHus:

25-x220, -5<x<5. 3HauuT, Ha oTpeske [-5;0] dyHKUUs onpeaeneHa u NpuHUMaeT
0

HeoTpuuaTtenbHble 3HaveHus. [loaTomy 3HadeHwe uHTerpana j 25 - x2dx paBHo
- F -5 -

nnowann urypbl, OrPaHUYEHHON NIMHNAMN y = JJ25-x2, y = 0, x = =5, x = 0.

Ecnn y 20,10 y? = 25— x2 — ypaBHEHWE NONYOKPYXXHOCTU C LieHTpom B O(0:0) 1 pagu-

ycom 5.
0

3HaueHvie BbipaXeHus jhlzs — xZdx paBHO i nnowianw kpyra (CM. puc.), . y
B|S
A%j\

-5

0
TOECTb 5 = | N25-x2dx = isk],_ = inrz = %ﬂ:- 25 = 6,25m. -5
-5




TPEHUPOBOUHLIE YNPAXHEHUS

1. YcranoButh cooTBeTCTBUE MEXAY PYHKLMEN, 3anncaHHoW B cTonbuke A, eé cxema-
Tu4eckum rpacmkom B ctonbuke b, nepsoobpasHon — B ctonbuke B v eé rpacpmkom —

cronbuke . Hanpumep, 1A —» 6b — 4B — 2
A >) B r

Yy = cosx vt y = 2x

2. 2.
y =2 p=1
b
3. 3.
y = —sinx y y = —x2
!
jﬂrx

4 4, 4
y = -2x 4 y = sinx

2

0 X
5 5 5. 5
y =% y y =¥ "

~

y = 3x2 /V]\ Y = cosx k
. 1 .
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2. Havtn o6wmin Bug nepeoobpasHbix ANA QyHKUMK ¥ = f(x).

4
x4+3x2; y = 3x243; p =1+

1 1
- C oy = 1S 8. o= o _ L
va)y 7Ty =ty S5
6) y = d4cosx—2sinx; y = 1 +1g%x; y = sin’x + coszx;
I 3 x3-1 2x2 -1
By =Ty =—Fmiy=Giy="—5y= ;
27 X Jx
2y 2% 2 :
Ny = cos 2—5‘1}1 3y = sin 6x; y = sin2x- cos2x;
2x
A) sinx - sin3x; y = sin2x - cosdx;y = 1 +ctg 7;
1 I 1

y =

ey = —=; ) ;
YT x-2)2 B ax

3. [Nt oyHKUMK v = f(x) HaWiTV nepBooBpasHyIo, rpacvk KOTOPOIt MPOXOAWT Yepes3 TOUKY

A(xyy).
a)y = 3x2-2x-3; A(3;9);

6) y = 2cos2x —3sin3x; A(g;'ﬁ);f(x) = 2cos2'-;-‘~ 1, M(E;IG)

2
4, Boiuncnutb uHTErpans;

v=Qx+ 1%y

T (1-0,5x)10°

3

a) fxdx; Ide; IA‘Z"cir; j',\‘z,/)—cdv; j-\r-—fdx,
WX

6) [(Bx~x)dx; [x2(1+2x)dx; [(3x+1)3dx;

B) J2sinxcosxdx; I(Z cos’4x - 1)dx; j(l + ctg?10x)dx;

dy dy dx dx
" I'/x~ 1 '[A/4—5x’ ‘[(x~2)2’ 'f(./_.w_r)z'
3

5. Hantu [(sinx + cosx)dx, ecnv npu x =

6. BulumenuTe UHTErpansl.

2 3 5
a) .[ dx; I5dx; J,de;
- 0 5
4 0 .
\6) I(3—2x)dx; j(x2+2.’()dx; : jf\l—;,
1 y ‘ )

1
sz3+3x—~2dv_ j2x2+./,§+1

- 10 :i‘/;C_z

dx;

B)

X3

n n

2 4 1
r) Jsin Sxdx; Jsin%cosé—cdx; JJI —xdx;
0 0 0
"6

[ fix)dx, toe fix) = {

-3

T

5 nepsoobpasHan yHKUNK paBHa 2.

4

dx

s J2fxdx;
I

8
f dx

Jx+1 ,

3

x3,ecmn-3<x<2
6—x,ecnmx>2



7. BojuenvTs nnowagb hurypoi, M306paxxeHHON Ha pUCYHKE.

1) 2) 3)
y4

1+

(15

4)

8) y o= P4+ 9)

)

ZAlE

o 2 40 «x

8. HauepTutb ourypy, nnowanb KOTOPOY paBHa Cnegyiowmnm nHTerpanam:
n

2 2 2 2 :
a) [x2dx; 6)]-1—2dx; B) | cosxdy; )[4 —x2dx.
X
0 1 0 0
9. Boiumenutb nnowagb ourypbl, OrpaHudeHHON IMHUSIMK:
a)y = -%;y =0x=-l;x=-3; 6)y=x3+2;p=0x =0x =2
X

B)y =2+x-x% y = x+2;0)y =dr-x} y =0, x = 5;
ﬂ))’ = l_x; y = 3“2x*x2;e)y =x2—4x+6; y = 2‘ X = 4;

)K)y=x2;y=-l—,;y=0;x=2;x>0;y= l+lcosx,y=0;x=-—7—t;x=g.
x2

2 2
o T
3)3y = sin2x; y = X-5ix = 0.
W)y = sinx; y = 2sinx; x = %—:—t; x = 0;
Ky =W y=|x-2; 3)y = cos2x; y = 0; (—g)s,\:sg.

a
10. Haittvt BCe Takue a, 41066l | 2xdx < 8.
._l -
11. Haintv nyTe, KOTOpLIA NporaeT ceoboaHonagawowee Teno OT MOMeHTa ¢, = 2¢ Ao
t, = 10c.
2

12. Hantv o6beM Tena, MONy4YEHHOrO NpW NOBOPOTE BOKPYr ocu Ox KPUBOTMHENHOWM
Tpaneuny, OfPaHNYEHHON NIMHUSIMKN y = 2x +1; x = 0; v = 2; y = 0.
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CAMOCTOATENIbHAA PABOTA C-3-1

B-l

7 6annos

1. MocrponTb rpadunk pyHkumn y = f(x). Hantn obwmn sug eé nepsoobpasHoOn.

flx) = 2x-3

= 4-~2x.

2. Hantu nepeoobpasHyto ansa dyHKunn y
TOUKY M(x;p).

= f(x), rpaduk KOTOPOH NPOXOOUT Hepe3s

~3x242x—1; A(1~1).

y = 1-2x+3x2-4x3; B(-1;-3).

3. BorucnuTe uHTerpansl.

jsin 20xdx ; jcosgdx. '

jsin ’Sxdx ; f cosbxdx .

B-il

9 6annos

B-V

1. NocTponTs rpaduk dbyHkumum v = f(x). Hantun obwmii Bup eé nepsoobpasHoit.

y=-x2+5.

y=x2-4.

2. Hantu nepsoobpashyio 4ns pyHKuMK y = f(x), rpauk KOTOPON NpoxoanT Yepes
TOuky M (x;v).

y = 2sin2x - ScosSx; A(—g;O). y = cos’zE +4sin2x; B(g;O).

3. BbiuncnuTb vHTErparno.

5
i J(1 - 2x)4d. e (1-3)

2\2,«/);. ‘[( 2

B-V 12 6annos B-vi

1. NMoctpouTk rpaduk pyHKUMK y = f(x). HanTtn obwmnin sug eé nepsoobpasHon.

y = xX+4x. = 6x=x2,

2. Hantv nepsoobpa3sHyto ans yHKUMK y = f(x), rpadmk KOTOPOI NPOXOAUT Yepes
TOUKY M (x;y).

PR

y = sin22xcos22x; A(g;O). y = (cosZZx—sinZZx)z; A(%;O). .y

3. Boluncnute uHrerpanbi.

J & ;J{‘[{d\. dx xzf_
1+E ‘1/3_3- jm f%\/;l_ S W.“{
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CAMOCTOATENbHAA PABOTA C-3-2

Tema. NpumeHeHne uHTerpana Ans BblYUCIIeHUA nnowaaen nnockux duryp

B-l

7 6annos

B-li

1. Boamnenute nnowanb hurypebl, 3aliTPUXOBAHHOW Ha PUCYHKE.

y l}%—f\s[nx
/
/‘/ %

<

7 x
3:% \_/

2. Hantu.
I
3 3 4 4
a) J'(,\-2—2x)dx, 6) J(I—; a) J'i{, 6) J’ dx2
0 ) l'ﬁ L CO8°X
"3
B-1ll 9 6annoB [ B-IV

1. Beluncnute nnowanb urypbl, 3aliTPUXOBaHHOW HA PUCYHKE.

Y
fx) = Jx

0 1 4

2. Hantw.
n n
5 3 3 p 3 sy
dx 7dx x x
a) , 0) a) ; 0)
{./Zx-—l Jcos23x J«/10—3x J 2( 1_5)
T 1 Osinc|x +
1 _ 3 3
3. PelunTb HepaBeHCTBO.
a a
[2xdx <5 [2xdx>3.
2 1
B-V 12 6annogB B-VI

1. Beiuncnnte nnowagb urypsl, orpaHuueHHON NMHNAMK (CAenaB PUCYHOK):

y=0,y=2x2+1; x=-1; x = 1. y = 2x% y =8,
2. Hantn.,
3 1
2_ 2 2V (v2 -
,f(x 4)(x ”dx. J(9 x?){x 16)dx
) x2+x-2 | x2-T7x+12
3. Pewmntb HepaseHCTBO.
a 7]
I2xdx>8. I2xdx>5

-1

2
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KOHTPOJIbHAAA PABOTA

Tema. UHTerpan un ero npyvmeHeHune

K-3-1

B-l

7 6annos

B-il

1. Haitu obwmnin Bug nepsoobpasHeix Ans yHkumm y = f(x).

y = Tx=3;y = x4=2sinx;y

. r = 3x-1;
3 Y Y

1
xS+6cosx;y = =5

X

2. BeluncnuTb nHTerpanst.

. : 0 3
| (x2+ 2x)dx; [ cosxdx: J (2 +dx—)dx; [ sinxdx.
5 0 - 1
3. Haintv nnowaas dourypst, orpasnyeHHon NUHASMA,
y = 2x-x2; y=0. y = 4x ~ x2; y=0.
B-ll 9 6annos B-lvV

1. Haitu obwmin Bua nepsoobpasHbtx 4ns yHKUMK y = f(x).

. 2 s X
=2-x;y=x8-sin2x;y = =. r=l+x;y = 2% —cosTiy = —.
¥y X,y = x°—sin2x;y 3 h! X, ¥ X u)s4 y 5110
2. Boluncnutb uHTErpans..
T b3
2 | 2 | I | 2
_[ (3x2 - )dx ;I +2cosx |dx. f ( - 3x2)dx' _[ 2sinx - dx.
5 2 (e ’ 2
-1 2x+2 x| 2sin = 2 2Jx+3 n 2cos =
3 2 "3 2
3. Haitv nnowags urypbl, orpaHu4eHHOR NMHUAMN,
y =x2+2; y=x+4. y=-x2+4; y=x-2.
B-V 12 6annosB B-Vi
1. Haitn o6wuin Bua nepsoobpasHoix Ans PyHKUMK y = f(x).
1 . X 1
= 2x+5)3;y = — sin=. y=(7-9x)%;y = +2cosTx.
4 N2x+ 1 4 J1=3x
2. BbluncnuTe nHTerpansl.
3 I
4 6 . 4 12
j(ﬁ —3x2)dx; j.s'in4xcostc1x. _[(4x3 - 3x,,/3—c)abc; J cos4xcos2xdx.
1 0 | 0
3. Haittv nnowaas durypsl, orpalnyeHHoNn NUHUSIMA,
y=-xt+4; y=x2-2x. y=-x2+2x; y=x2-4,
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CTPAHNYKA ABUTYPUEHTA

1. Haiitn o6wmi Bug nepeooGpasHoin ans dyHkumm f(x) = |x— 1.

PeweHue.

1 -x,
f(x)={ ecrmx<l1,
x-1, ecnmx21.

. - 2
Ha npomexyTke (—e;1) nepsoobpasHas nmeet sug F,(x) = x_% +c.

2
Ha npomexyTtke [1;+e): Fy(x) = '%—x+ ;.

Fy(1) = Fy(1); l~%+c,=%—l+cz; ¢y = +1.

~ x—%x2+c, ecnnx<1,

F(x) =
ixz—x+c+1, ecmx=1.

x—%xz-i-c, ecrm x<1,
OtBeT: F(x) =
Exz—x+c+1, ecimx21.

)
2. Buiumenuts nHTerpan [ 4f2x — x2dsx.
!

2

Pewenue.

2
[W2x—x2dx = [Nl =(x- l)zdx.

5 PP ———

Wckomblid iHTerpan paBeH NonoBuHe Nnowann

PN e b

4
cermeHTa oyrv B — paguva.

2 2
x e = I AEL L )
1 212 3 2 3 8
:

n 3

SN
OTBeT3 g -




3. Hantu nnowaab ¢urypbl, OFPaHU4EHHON NNHWEn y—1 = c()s(z,\‘— g) KacarenbHom

(RPN

K HERA B To4Ke C abcumnccon x = g N NPAMON y =

ald
|
W

Pewenwve.

x € (—o0;1).
YpaBHeHue KacaTensHoun umeeT Bua;

, ) . _ T _ , T X .

Y = yo Ty (xp)x—xp); xp = I3 o= 1+ "05(2 ‘ '6'“‘3') = 2;
y = —23in(2.r~E); y'{x,) = 0; Yy
3 o ]

y—2 = 0 — ypaBHeHue KacaTenbHON.

et b
v}
o

[

-

Touka A MeeT KoopavHaTH! A(g;z).

Haipem koopanHaThl TOUKK D

N A
nf~-==-2

X
y =2, y =2, 0 Sn Zn -
V=42 3,2,
A N A
D(%n;Z).

HaipeM xoopauHaTh Toukn C:

5
3HauuT, B(lzn,z).

Wckomas nnowage S = S, +5,,1ae S| — nnowaas KPUMBOMUHERHOro TpeyronsHuka ABC,
S, —nnowaae ABCD .

3. 5
g ) 7" 5 ] )]
= e L] = ; n _ . T _=R
Sy = I(Z—l—cos(2x-—§))dx = (x-—i‘sm(Zx-g))n = Hro3sins - =573
n
6 I3
= lac. =2 S \_.*&
§, = 2.BC BD 2(3n lzn) 3"
T 1. n 3 |
. TE wm o om o owm oz o -
Oteser: S 2757 % . 3




4. Haintu nepBooGpasHylo ana dyHkumm f(x) = 3x2—x+ cosmx, rpacuk KOTOpOW

MPOXOAUT YEPE3 TOUKY M (1 %)

Pewenue.

MepeooGpasHoin ana dyHkuun 3x2 SBNaeTCA x3, ans MYHKUMM X — PYHKUMA %xl , aans

2 1
X N
PYHKUMK cosTtx — (PYHKUMS }tsinnx. MoaToMy hyHKUums x3 — ) + 7—tsm1t.\‘ — nepsoob-

i 2
, N S
pasHas 4na @yHKuun f(x), cnefosaTenbHo, j(3x2 —x+ cosnx)dx = x° - -5 + R"mmx +c.

Cpean 3Tux nepBooGpasHbiX YCNOBUIO 3adauyn yAOBMETBOPSET Ta, Ans KOTOPOW
1 2

P S O 1 . 3 x4 1
+e == ]1—-==o=y + =~ - = Y) = x’ - —+~—5 X .
F(l)+c X 1 > n.smn+c > ¢c=0, TO€ECTb F(x) = x > nsmnx

bid
5. BuMUCNTL uHTErpan [cos “xdx.
0

Pewenwve.

4
3anuwem noguHTerpansHyo yHKUMIO cos x B BUAE

4 1+ cos2x\? 1 2 1 1 + cos4x
08 X = | —————=2 = ~ 082x + cos 2x) = = OS2 F —m—— | =
cos X ( ) ) 4(l+2c()52x‘ ¢os " 2x) 4(1+2cos2\ > )
3.1 I
= - - S 20 + - sdx.
3 26()s2v 8ws4r

MepBoobpasHon Anst hyHKLUUK cos’x sBnsetcs pyHKUUA F(x) = %x + isirﬁx + 3%”” 4x.

n
Npumenus copmyny Hototona-NeitbHuua, nmeem [cos 4xdx = F(r)-F(0) = gﬂ-
, 0

a
6. Hantu sce nonoxmurenbHble Yucna a, ANs KaXaoro U3 KoTopbix j(z -4x+3xN)dx<a.
0

Pewenne.

MepsoobpasHon ana yHKUMK f(x) = 2 —4x + 3x2 sBnaeTcs pyHkuma

a
F(x) = 2x-2x%+x3 . Moatomy [(2~4x +3x2)dx = F(a)-F(0) = 2a-2a+ a3

0
U HEpaBeHCTBO M3 YCMOBMS 330a44 MOXHO 3amucatb Tak: 2a-2a?+a3<a,
a*-2a2+a<0, a(a-1)2<0. MNockonbky no ycrioBuio 3agadm a >0, TO cpeam
MONOXWUTENbHbIX YNCen HepaBeHCTBO a(u~1)2<0 yaoBNETBOPAET TOMbKO OAHOMY
ymeny: a = 1.

OmBeT: a = 1.




7. BoiuncnuTb 06bem Tena, o6paszoBaHHOro NOBOPOTOM NNOCKOW (OUrypbl, OrpaHnYeHHOn

TR
rpamkoM pyHKUMKM ¥y = cosx Ha NPOMEXYTKe [~— —] 1 ocblo abcuucce, BOKpYr ocu

272
abcuucc.
Pewenwve.
Mo dopmMyne BuMUCIEHNS 0Obema Tena BpalleHusa Haxoaum:
i3 L n
: 1 2 in2x\|’ 2
— COS LX SINZX T e
V=rnf{cos xdc = 21 —————-—dx=n(x+ ) == = ==
j J 2 _ 2 o 2 2
0

s

2

8. Boiuncnum o6bem Tena, 06pa3oBaHHOro BCNEACTBNE NOBOPOTA OKOMO NPSMON y =
nrnockon urypol, KOTOpaa orpaHuyeHa rpadukoM QyHkuum y = 1+ sinx W Kaca-
TenbHbIMK K 3TOMY rpachuky, NpoBeAEHHbIMY B TOUKax ¢ abcuuccamm x = 0 ux = 1.

Peuwenwve.

WUckombin obbem paseH obbemy Tena, 06pa3oBaHHOrO NOBOPOTOM OKOMO OCK abcuwce
MA0CKOM OUrypbt, KOTOPas orpaHuyeHa rpadkomM YHKUMK y = sinx K KacaTerbHbIMK,
NPOBEAEHHLIMM K 3TOMY rpachuky B Toukax ¢ abcunccamm x = 0 U x = 1.

PaBeHCTBO KacaTtefbHbiX ¥ = x U y = T~ x. [TOCKONbKY (hurypa nosopoTa CUMMETPHY-

Ha-OTHOCUTENbHO NPAMON X = =, TO NCKOMbi 06beM:

N A

iR
[SYE

- CUS Zx) sin Zx)
2

;
dy = 2n{ = -2+ =n—(n' )
n(a 2774 )|, " 2\ 1

z
3
= f ~—sin2x)dx = 21:f(x2—
0

TPEHVIPOBO‘-IHblE YNPAXHEHUA ANA ABUTYPUEHTA

1. Belumcnutb nnowiaab urypst, OrpaHu4eHHon NnHWAMN.

vy=%+smx, x=0;, x=mn y=0.

2. PewwTs ypasHeHue.

X
.f cos2tdt = —?casx.

0

3. Haiity BCe 3Ha4eHns a, AN KOTOPbIX BbINOSIHAETCS HEPABEHCTBO.

1

[(a% +4ax +4x3)dx > 25.

0

4. Boiuncnute nnowans urypsl, orpaHnHeHHon rpacdukamu yHKUUMA.

—y2
y = .4_L|.Tay= 7__lx'.

5. Bbiuncnuts MHTerpansi.
i
2 4 n
X .2
f ISC()SZX(I - sin"x)dx.
_l—sm( _T 0
i 4
6. Boluncnute nnowaas urypel, Kotopas orpaHnyeHa rpadmkom gyHkumMm y = x2 u ka-
caTenbLHON K HeMy, NpoBeAeHHON B To4Ke ¢ abcuuccom x = 1 1 ockio abeumcce.
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§4. lNpou3zesodHas u nepsoobpa3Has
rnokasameJsibHoOU, cmerneHHou
u noz2apuchmuyeckol yHkyuu

dopmynbt auddepeHUNpoBaHUs

(e.x), - ex

(@) = da'lna

(0,3 =0,3"10,3.

(Inx) =

= 1—

(fog )" = x-lIna

! ' = .
(log ) xind

Ecnn u = y(x), TO

(e"y = &' v

Joood e'ﬁ‘

'.;—,/;.:_

B e _
(") =" (Jx) =e W

(@) = a"lna- v’ Yy =7 oy =207
(Inu) = l-u' (In(cosx)) = € (cosx) = _sinx _ ~tgx
u cosx cosx
(logu) = —-u’ | (log;(3x+ 1)) = -—l—--3 -3 . :
o ulna 3 (Bx+1)- In5 (3x+1)In5
™y = o™ 1 1y 2
A2x+1)y = e+ 1)’ = l(2,\'-1-1)3 2= g(2.1;-*1)3 =
3 3 qaai
3¥(2x+1)?
TaGnuua vHTerpanos
[edx = ¢ +e J‘e4x“12dx = i—el‘x” ]2+c.
x '
Jaxdx=a—+c §+5 _82'5
Ina (8% dx = 8 +c¢
a>0a#1 "
dx dx 1
= = Inlx+c = +3|+
Jx Inlx] + ¢ J-2x+3 2[n|2’c 3| +¢
j'ad =x0”l+'~ 1 15 3 2 % 2 5 2.2
x o+l ¢ o#- Jr’dx -2—-5-+c=§-x +c=§-A/;+c=§xA/3—€+c.
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YUYEHUYECKAA CTPAHUYKA

1. Mop kakum yrnom kpueast y = Inx nepecekaet ocb Ox ?

PeweHue.

Haiigem Touky nepecedennss ocn Ox C rpaddukom QyHKumMn y = Inx: Inx = 0; x = 1.
Bbiuncnum  yrnoBon  KOIPMULMEHT KacaTenbHOM B Touke x, = 1; k = y'(x,).
i

o -':l-’ = 1 - : ES
Y = (inx) x,y(l) 1 1.

Haiinem yron, koTopbint 06pasyet kacatensHasa ¢ Ox . tgo = y’(xy); fga = y'(1) =

—] —

b

o = 45° — NCKOMBIN yros.

OTBeT: 45°.

S R

2. AccnenoBsatb Ha MOHOTOHHOCTb (PYHKUMIO v = — —3/n(x - 2).

Peuwenve.

N DY) x=2>0; x>2; xe€ (2;+00).

2
e g oo 3 ¥ =23 (x-3)(x+l)

2)y 2 2x-3 x-2 . x-2 x—-2 x=2 )

3) y’ cywecTByeT ans Bcex x € D(y);

y =0; ecniux = 3;x = -1.

4) 3HaK NPOM3BOLAHON HA KAXKAOM W3 MHTEPBAnoB m . y'

o6nacTv onpeaenexns NOKaXxeM Ha PUCYHKe. 1 2 3 v
5)y'>0, xe (3;+0); y'<0; xe (2;3). \ / L ig

PyHKLMA BO3pACTaET Ha NPOMEXYTKE [3;+e0), a yObiBaeT Ha (2:3].

Ortsert: {3;+) — NPOMEKYTOK BO3pacTaHus,
(2;3] — npomexxyToK ybbiBaHus. AN

3. UiccneposaTh yHKUMIO ¥ = x - ¢' Ha 3KCTPEMYM.

Peliexve.

D(y) = R;y" = (xe') = x'ex+xv(ex)' =¢ +xe' = e'(1+x), 1

- + ‘y'

y' = 0;x = -1,y cywecrByeTansascex x € R. ~ -1 P Ty

x = -1 — TOUYKa MUHKMYyMa.

Vin = ¥(=1) = ~1 el = -%) (rpadouk hyHKLUMM Ha pycyHKe). A 0 X

. o
Orset. y,,;n = -3

4. Haiitv Hanbonbluee 3HaveHne hyHKUum y = 27" ha oTpeske [4;6].

PeiueHne.
3
, 3~ -2’
Y= Gy = 2 =
2.\
Mockonbky y" <0 gnaBcex x € R, 10 cpyHKuMﬂ He VUMEeeT KPUTUYECKUX TOHEK.

3-6 -3 | |
= = - ma (X)) = 4) = =
2 g Imv y(x) = y(4) 3

; a1
y(4) = 2° 4=2'=§;y(6)=2

o —

Ortget; max y(x) = y(4) =
14:6]
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5. MNocTpounTb rpacukv hyHKUMNA.

a)y =x-1-lInx

1) D(»): (05 +e0).
Mockonbky x>0, TO ¢ 0Ckto Oy rpatuk He NepecexkaeTcs.
y=0=>x-1-Inx = 0.
2)y = 1-1+

x X
y=0=x=1. ’ \ —

y(1) = 0.

3)Hynb doyHkummn: x = 1.
E(y): [05teo).

y

y=x-1-lnx

6)y = In(4—x2)

1) D(y): (-2;2);x = 0=y = In4d;

y=0=x= +.3.
2) OyHKUMS YETHaSA.,

3)y = -2

3 y’ m
4-x
YV =0=>x=0. 7 T~

y -2 o 2
E(y): (—oo;ind).

4)

x = X2

— BepTUKanbHble
acumMnToThl

B)y = ln(xz—— I+x

1) D(y): (—eo5=1) U (1; + 0);

- x2+2x—1_

x2~1

2) yf

.V,=0=>x|=“l“~/§3 y'm /’:
‘ A
xzz"l"'«/éED]- y/n):ax\. 1/

Haxoqmm HYNb OYHKUNN:
Y1) ==0,4,12)=3,1;(x;= 1,2).

3)

>
prpeyupnugR
)
1
- ¢
= t
A !
[
-
'S

-
S
o
-
P s G LT T

In(x*-1)+x

6. Bulumcnuts nnowaab urypbt, orpaHUYeHHON NVHKAMU y

8 My = T-x:

NocTpouM 3agaHHbIe NUHKK 1 3aWTPUXyEM urypy, Nnowaab KOTOPO HYXKHO HaNTH.

S=S8pcn~ AB,CD"

6 -,\‘?‘-'0, x] =
Mpenenbt MHTErpupoBaHns. = = 7 —x; 3
X xX'=Ix+6 = 0.|X, =
6 6 5 16 6
_ 6 X
= [(T-x)dx—[=dx = (7.\'————) -6ix| =
X 2 |

1 ! 1

(42~-3—6)—(7—-;—)—-(61n6—61n1) = 24-65-6In6 = 17,5 6In6.

2
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TPEHUPOBOUYHbLIE YINPAXXHEHUA

1. Haittn npoussoaHbie GyHKUMK, 06nacTb onpegenexnns QyHKUUN.

a)y = ™"y =10% y= 12"
6)y = In(x* - 2x); y = log,5x; y = 10g4(x2—-2x_3);
1
B)y = e"/‘_—', y = 2;?2-;
Ny = xﬁ; y=x" y= Pt
3 X
A fx) = e flx) = :—x fx) = 7=

e) flx) = e—zxc:os3x; FO0) =2 flx) = ¢ “sin2x; f(0)=?
2. Hantn MHOXeCTBO nepBoobpasHbix hyHKUNNA.

p= e = 0L 2 . -5 . .1 .

: ’ T 4x -1 (5_\,_7)3, i 3x-2
2

e 2x¥3 o (-2

Jx) s Jx) —

3. Bomenuts uHTErpan.
1

2 3 4 + 2 4
a) J’ ds_. 6) fez’rdx; B) f@}ﬁ-a’x; r) f—d—\—
] 1 2

2-3x xn7'

.
4. HanTn KpuTUYECKMe TOUKKN, NPOMEXYTKN MOHOTOHHOCTU, TOUKK DKCTpemMyMa
N SKCTPEMYMbI (DYHKUNN.

a) y = ex-xe; B) y = z_ex+xe;
6)y = x-2Inx; 1)y =05 —Inx; A)y = 3xe’ "

5. Hantv nnowanb urypbl, OrpaHnYeHHON NAHNSMU.

a)y=J-lc;x=l;x=2; B) xy = 6; x+y = §; :

6)y=ex;x=2;x=4; Dxy =3; x+y =4,

-3

6. Hanucatb ypasHeHue kacaTensHOW K rpadmky yHkumm flx) = 27 7, x,= 4.

7. HaiiTy yron HakrnoHa KkacaTenbHO K rpachuky pyHKUmMm vy = f(x) 1 KoK abeumee B TOUKE X

a) flx) = ¢ xy = 0:6) fix) = 3" +5;x, = 1.
8. Hantu nponssoaHbie QyHKUnN.
a)y = In(cos2x);6) v = Iog3(3x+x2).

9. UccnenoBath Ha MOHOTOHHOCTb ¥ BKCTPEMYMbI (DYHKUMIO y = x-¢ ' 1 NOCTPOUTL €€
rpagumx.

77



CAMOCTOATENBbHAA PABOTA

C-4-1

B-l B-l B-li B-IV
1. HaiTv npomMexyTkn BospacTanms U yBuisaHus yHKUMN.
2x , 3y _ 2__[_11_\
fix) = x-¢e” fix) = x-e7, y = Inx-x. T Ty
2. HanTtu nnowagb ¢urypbl, OrpaHUHeHHON NMMHUAMK.
2
1 1 4 =-N
=0;y=- =0,y == == ’

y y T y y s y s n X ,
x=1; x =3, X =2 x = 4. v=1; p=1 X l;y=§.
B-V B-Vi
1. HaiTvi npoMexyTky Bo3pacTanus ¥ yObiBanust (byHKLUMM.
y= x>+ In(1-2x). y = 1,5~ 1)~ 2x.
2. Hantu nnowags durypbl, OrpaHudeHHON NMUHUAMM,
y=2VIy=3-—x, y=.3.V|v:4_x

X

X
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KOHTPONbHAA PABOTA

K-4-1

B-i | 7 6annos | B-ll
1. HanTtv npon3soaHyo yHKUMK.
aly =e -6 ;6)y = In(x- 1)+xﬁ. a)y = 2e’r--§ -7 6)y = In(1-x) +x! +./§.

2. Hantv obwmn sug neps

006pasHbIX 4N DYHKUMK.

NG

1
—_t(x
o (x+7)

a)y = ¢ - 3x;6)y

Jo

a)y _ 62.x+2x; 6),\/ -

1
+(x -
3x-1 (x=3)

3. CocTaButb ypaBHeHue KacaTternb

HOW K rpadmky pyHKUmMK y = f(x)

B TOuKe C abcumuccont x = x;.
y = &>, xg = 1. y = 0,5¢" ", Xy = 2.
B-ill 9 6annos | B-lvV
1. Haitv npovn3BogHyto pyHKUuK,
X 2x -1 ~-0,3x 1-2x,
Jo

NG

)y = n(Bx-1)+(2x+7)

)y = m(2x~1)—(2x-3)

2. Hawtn obwmn B neps

006pasHbIX ANS PYHKUUW.

Y

] - 3.\'+ 43

a)y = e :
5

2x -1

Ji

+ (0, 5x~3)

6)y

Tx+2  L-05x+1,
)

3

ay = 7.3

_ 10
6l 5~0,5x

+(0, 25x + 4)

3. CocTasuTb ypaBHeHWe KacaTenbHOW K rpatvky yHKUUn y

8 TOuKe c abcy,

f(x)

Mccon x = xg.

y = log ,(x+3), xg = 1.

y=log ;(2x+1), x5 = 1.

B-V | 12 bannos | B-VI
1. Hatn nponasoaHyio yHKuny.
1 0,5 +1
a)y = ex ]+42 3x; a)y - e.r + ] +(%) ¥ ;

6)y = In(3x+1)+log ,(3x~1).

6)y = In(3x+1)+log,(3x+1).
2

2. Hantv nepsoobpasHylo ans yHkuum
y=2"+¢™, rpadmk KoTOpOW npoXoanT
yepes TouKy M(1:2).

2. Hantv nepsoobpasHyio Ans QyHKuum
fix) =37 +¢", rpadmK KoTOpOI NPOXOAMT
yepes Touky M(-1;3). T

3. Mpu Kakux 3Ha4veHusx a rpadvik yHK-
umm y = ax Bynet kacaTenbHon K rpaduky

DYHKUMKN ¥ = €' ?

3. Mpu Kaknx 3HadeHmnsIX a rpadmk hyHKUMA
y = ax+1 ByneT kacatenbHOW K rpacuxy
y = Inx?

4, BblMucNUTb.

4

a)f

2

1
2x

dx
3x+4

dx.

3
; 6)
-1

+3

3 6
dx dx
Wy s

|
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CTPAHNYKA ABUTYPUEHTA

1. Haitt nponssogHyio dpyHkuMM 3 = x° .

PewweHue.
[ponorapugmupyem nNeByto 1 NPasylo YacTh NO OCHOBAHWIO ¢ .
Iny = In(x"),
Iny = xinx.

Hainaem npou3sogHyio NeBow 1 NpaBoi YacTeil paBeHCTBa.

1 1
-y =x'Inx+x- == Inx+1,
¥ x

v = (l+ix)-y = (1+x)x".

2. Buuucnuts nrowant urypol, OrPaHUyEHHON rpadunkom PyHKUMN 1 y = 2.Jx v kaca-
TENbHOW, NPOBEAEHHON K rpacunKy hyHKuMKM y = 1 + Inx B TOMKe € abcunccon x = 1,

Pewenue.

YpaBHeHue kacatenbHon y = 1 +1(x-1) = x.
4

WUckomas nnowanb pagHa S = j (ZJ;C—.Y)ch = '38
0

8
OTserT: 3

243

3. Haitn HaumenbLuee n Hanbonbluee 3HaueHua gyHkumn y = ¢ ¥ - sin2x

Ha NPoMeXyTKe [Og]

PeuweHue.

y o= e:—z'ﬁ"r (=2.3) - sin2x +2cos2x - e'z'ﬁ F o=

= e ”2‘/§x(~ 2./3.91’)12.\‘ +2c0s2x) = —4e"2‘/§"'(3/—-§sin 2x - lcos Zx) =

2 2
= ~4e_2'/§'xsin(2x—7—c).
6
vy =0 sin(?.x-g) =0, x=—

n ,
+ — :
TR ne Z;

NPOMEXKYTKY [Ogg] NPUHAANEXUT TOUKA X = l—nz
»(0) = ewz,/i‘()‘ sinQ = 0;
S fiE

v(z-[) =g fzsinn = 0;
A2

n 3
v(i) e .2J§‘Es‘in7—t = -l-eﬂ7n>0
“\12 ' 6 2 '

_AfB3n

max ‘)’(.\') = y(lc—) = _l_e 2 , min y(x) = y(o) = ))(E) o 0'
L . 2 )

3 4 |

2 2

&




4. Haiiti HanBonbluee 3HayeHne dyHKumn y = 9-3°.37"

PeLweHne.
. 2 2
y = 32.3".3“" =137 *“2; D(y) = R;
2,<
y = 37" ”+2~ln3‘(——2x+1);
1
}’:0; .——--—,
¥ X 3
1 ,
x>i, y'<0;
1 ,
,\‘<§, y >0.

) 1
Cne.qoeaTeano, X = 5 — TOMKa Makcumyma,

L, 9
, =3 A1 _ 4
)”lﬂ.\' *

9
. 24
OrseT: 3.

2
5. Mpwn KaKk1x 3HaYeHUAX a ypaBHeHne ax” = Inx UMEET OANH KOPEeHbL?

PeweHune.

NocTpoum rpachux oyHKumm flx) = Inx .

1) D(f) = (0;+) .

2) fix) = L2,
X
i
1 3
3)f(x) = 0; Inx=§; x = e .
4)
N '
X [O;ez) 2 [el; + oo)
e
S ) + 0 —
fx) v |max T~
1
ymax y ‘ze

YpaBHeHue MmeeT OAMH KOpeHb Npu ¢ <0 nnpn a = L
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| TPEHUPOBOUYHbIE YMPAXHEHUA ONA ABUTYPUEHTA

1. HaiT npounssogyto yHKummn y = (1 + 4x)“"%:

4

- o 2 -
2. Hainti nnowane wrypbi, orpaHMyeHHoN rpacukom yHKUMKM v = X~ K KacaTenbHow,

NPOBEEHHO K rpadnKy yHKUMM y = 2+¢ B Touke ¢ aboumnccont x = 0.

3. TTpv KaKyX 3HAYEHWAX a YPaBHEHWE x = ae’ HE UMEET KOPHEeWH?

] xld

2

4. Mpun Kakom a rpadukn QyHKUMA y = a mys= 2 orpaHu4uBaloT burypy

|
nnowagbio 5’?
!
! ) 1
5. HaiiTn HavbGonblee U HaumeHbluee 3HauveHus MyHKuMn f(x) = 3
otpeske [1;31]

xlnx - %xln‘) Ha

6. Haittn npomexyTkn Bo3pacTaHus n ybbisaHua yHKUUK f(x) = ¢ —x—1 1 gokasaTb

HEepaBeHCTBO: ¢ >x + 1 npu x> 0.
7. Haiitv npoussogaHyio dyHkumn f(x) = sinx“", (sinx™™" = " sinx > 0).
; 3
8. TPV KaKitX 3HaUEHNSIX a > 0 BLINOMHAETCA HEPABEHCTBO | ¢'dx > 57
~

9. Uccnepnosatb hyHKLUMIO 1 NOCTPOUTL €€ rpaduk.
s )
X

~X - 2 -x
y=xe ;y=xe ;y=xe

10. HaitTv HanBonbLuee 1 HaUMeHbLLEE 3HaueHns hyHKUMM f(x) = 3 +2-3°
Ha oTpeske [-1;2].

1. fokasats, 4to A3HHBIE YPABHEHNA UMEIOT TOMLKO OAIHO PeLLeHne 1 HalTu ero:

i

X X
¢ =x-e, ¢ -1=x;, x=1+Inx.

12. MNMocTponTs rpacuk byHKUMM vy = xin .
13. Boiuncnute nnowans urypbl, OrpaHnHeHHOR NMHUAMK:

X, —~x
y=ée,v=e ;x =1,

14. Hantn npomexyTku Bo3pacTaHusa yHKUun y = - 9x? +33x - 18Inx-1.

15. HaitTt HammeHbLUee 3HaveHne QYHKUM y = 2¢' + 5¢ ~ ~3x - 6.
16. MocTponTb rpacvkn hyHKUKIA:

=2nx-x’:y = x’ln’x;y = 2.
y Xy =x"ln"x,y e
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§5. KomnnekcHbie yucna
u delicmeusi ¢ HUMU

KomMmnnekcHbie uicna

Uuncno, KOTopoe yAOBNETBOPSET PABEHCTBY X2
MHUMOI eavHuyein. Taxum obpasom, i2 = -1,

~1, 06o3KauaoT ByKBOW i U Ha3bIBaKOT

Uucna Bupa a+bi, rne a v b — nobble
aencrsuTenbHeie  uucna, i MHUMas
eAnHMLA, HA3bIBAOTCA KOMMNEKCHLIMW.

a — AencTBUTENbHAan HacTb KOMNEKCHOO Yiena,
bi — MHMMas 4acTb KOMNNEKCHOro yucna,

b — k03(pHUUMEHT NPy MHUMON HacTu.

S+ 2i — KOMMAEeKCHOe Yncno.

5 — pencrBuTeNbLHAN 4YacTb.

2i — MHMUMa#A vacTb.

2 — k03thULNEHT NP MHUMON YacTy.

Uncna Bupga O0+bi Has3piBalOT HYKCTO
MHUMbIMU uncnamm.
0+ bi = bi.

~12i — 4KUCTO MHMUMOE YUCno.
-12i = 0+ (=12i).

Yucna suga a +0i OTOXOECTBNAT C BEUCT-
BUTENbHbLIMU YMCNaMM
a+0i =a;0=0+0i.
0 €aNHCTBEHHOE KOMMMEKCHOE 4WCho,

KOTOpPOE ABNASTCA N DEencTBuTEsNbHbIM, Y1 YACTO
MHUMbIM.

7 — DEeNncTBNTENBHOE YMcno.
7 =T7+0i.

KoMnnekcHbie uucna Buaa a+bi v a-bi

Ha3biBalOT CONPAXKEHHbLIMM.

-2+3in-2-3i,6i n-6i,3 n-3.

KoMnnekcHbie uucna Buaa a+bi u —a-bi
Ha3blBalOT NPOTUBOMONOXHbLIMMU.

~2-Bin 2+ 0.

[Ba koMnnekcHbix uncna a+bi wn c+di

HasbIBalOT pPaBHbIMW, ECnu  paBHbl  UX
AENCTBUTENbLHBIE YacTn 1 KOIPULUMEHTb! Py
MHUMBbIX HacTaX

a
b

c

g

a+ bi

Il

c+di & {

MousaTuin «BonbLue», «MEHbte»
KOMIMNEKCHBIX Yucen He CyuwecTsyer.

ans

HawTu pencrasurencHbie YACna x U y
13 ypaBHeHUs ‘
(x-y)+(2x+y)i = -3+3i.

Pelwexue.

Ha ocHoBaHun paBeHCTBa KOMNIIEKCHLIX
qucen nmeem:. '

’x-y = -3; 3x =0, x =0
2x+y =3, 2x+y =3. |y = 3.
OtBeTx = 0; y = 3.

[eicTBusA Han KOMNMIEKCHbIMK Yncnamm

B anrebpanyeckon copme (a + bi)

CnoxeH

ue

(a+biy+(c+di) = (atc)+(b+d)i,
(a+bi)+ (a—bi) = 2a — cymma ABYX B3aVMHO
COMPSHKEHHBIX  KOMIMIEKCHLIX  YMCen  SBMeTcA
OENCTBUTENBHBIM YUCIOM.

il

(5+2i)+(2-3i) =
= (5+2)+(2+(=3))i=T~i
(1=2i)+(1+2i) = 2.

BoiyntaHue
(ucxops U3 onpeaenexus, BblMUTaHWE PaccMaTpUBaETCA Kak AeNCTBUE, 0BpaTHOE CNOXEHMIO).

(a+bi)—(ct+di) = (a-c)+(b-d)i.

(10 +2i) - (3 - 4i) =
= (10=3) + (2~ (-4))i = 7+ 6i.
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YMHOXeHue

(a+bi)-(c+di) = ac+adi+ bci+bdi’ = (5+2i)(3~4i) = 15-20i +6i—8i2 =
= (ac—bd)+ (ad + be)i. = 15+8-14i=23-14i
YMHOXeHME KOMAMEKCHBIX YMCeN BLINOMHACTCA| (5 — 3i)(5 + 3i) = 25+9 = 34,
KaK YMHOXEHVWE MHOrOYIIEHOB C Yy4yeTOM, YTO
2 =-1.
(a+bi)-(a-bi) = a®—(bi)? = a®+ b2 __| PasnoxwTb Ha KOMNNEKCHBbIE MHOXUTENN
Npou3BedeHNe ABYX B3aWMHO conpskeHkbix| at+b? = (a?+ bi)(a? - bi).
BbIPAXEHNA SABNAETCA YNCNOM OEeWCTBUTENb-
HbIM.
a’?+ b2 = (a+bi)a- bi).
HeneHne
(ne#cTBue, 0BpaTHOE YMHOXEHWMIO)
a+ —~ 1 (7-0(3-1) _
+ - = =
c+d (c di #0). YMHOXUM Yncnnutenb 1 3Ha 371 GFN0Go0)
MEHaTesflb Ha YUCNO, CONPSIKEHHOE CO 3HaMe-| 9] -7/ -3j+i2 21-10i-1
HaTenem = 9+ 1 N 10 -
atbi _ (atbi)c-di) C20-10i _ 20 10i _ . .
erdi v "1 "0 2Th
_ lactbd)+(~ad+bc)i _ac+bd bC*adl.
2+ d? 2+d? 2+ d?
CTtenexHun MHUMOW eANHULbI
O=1;"=i; 2=-1; B=-i; *=1;|;17 =441 =;' =
= kel = gkt 2 = ) AR = =139 = 9443 = 3 = _;
k=012 iT.80.
BoaBeoeHue B cTeneHb
(a+bi)yt = (a+bi)-(a+bi)-...-(a+bi),neN|(1+i)? = 12+2i+i2 = 2i.
n pas (102 = 1-2i+i% = =2i.
(a+biy" = L —.
(a+bi)"
W3BneyeHune KopHs
VAT J=4 = 220 25 = 25, J23 = 130,
J-a = tfa-i;  Ja — apudmernueckuit J5+12i =
kopene (4 >0). +( 25+ 144+ 5, [N25 144 5
- 2
[i2+ 12 [,2+ 2
* k= o [Nalrbita,  [Naftbi-a
arbi ‘[J 2 2| A/13+5 . ( (£ §
' 2 2 2
3HaK «+» B ckoOkax, ecrm b >0, (/9 +iA3) = (3 +2,)
3HaK «-» B ckobkax, ecnn b<0.




FeomeTpuyeckoe nsobpaxxeHne KOMNIEKCHbIX Yncen.
Moaynb # apryMeHT KOMNNEKCHOro Yyicna

MepBLIK cnocob.
KomnnexkcHoe 4ucno a+bi  reomMeTpuyecku
n3obpaxaT Todkorn M(x;y) B NPAMOYronbHON
2 --------------
cucrteme koopauHaT x = a; y = b.
y A C

M(a, b) -2 0
bf--1

y b

kX ¥/1

) R

: -2¢ D
:b M(azh) &> a -+ bi
1
L > A (42) > 4+2i;

0f1a X : . .

B (0:3) > 0+3i = 3i;

Ocb abcymce, Ha KOTOpO pasmeLLeHbl TOYKN, CO-| 5 5 ¢ (=2;0); e
OTBETCTBYIOWINE ABNCTBUATESbHBIM Yncnam (a +0i), | _5; D (0:-2):
Ha3blBaeTcs ReUCTBUTENBLHON OCbLKO. N (5:0) = 5 +0i
Ocb opawHaT, Ha KOTOPOW pasMeLLalnTcsl Bce ’ ‘
MHMMbIE YMcna, HasbiBaeTCA MHUMOM OCLIO.
0 = 0+ 0/ — n3obpaxaeTrcs Ha4anoM KoopanHaT.

Bropo# cnocob. MocTpouts  BekTOpbl,  KOTOpPbIE
KomnnekcHoe uucno a + bi nsobpaxaeTcs B cuc- | MsobpaxaloT cnaraemblie u Cymmy

) KOMNIieKcHoro uncrna (~ 5+ 4i)+ 5.
TEME KOOPANHAT pagunyc-BeKkTopom OM

0(0;0); M(ab).

y 1‘
M(a,
bl_. (a,b)
/!
o ! CnaraembIM COOTBETCTBYIOT
1 » - -
0 a X paavycol-BekTOopbt 04 1 OM,

a cymMme — pagunyc-BeKTop 5_C>
AnuHa BekTopa, U30bparkalowero KOMMNNeKCHoe YWCno, HasbliBaeTcsl MOgyneM 3TOro
KOMMMeKCHOro unucna v o6o3Havaetcs 6ykBow r. M3 pucyHka BuaHo, 4to r = a2+ b2.
Mogynb 4eACTBMTENbHOMO YMcna coBnagaeT ¢ ero abcontoTHbIM 3HadYeHnem.
ConpsKeHHble KOMMAeKCHbIe Ynucna a + bi N a — bi AMEIOT OauH U TOT Xe MOAYIb.
Mopaynb 41CTO MHUMOro Yncna paseH abconioTHOMY 3Ha4YeHNI0 KO3 MULIMEHTA.
KomrinekcHble uncna Z, KoTopble UMEIOT OAWH W TOT Xe Moaynb |Z] = r, cooTseT-
CTBYIOT TOYKaAM KOMMIIEKCHOM MNIIOCKOCTK, KOTOPLIE pacronoXeHbl Ha OKPYXHOCTH
C pagvycoMm r 1 C LEHTPOM B Havarne KoopavHar.

Hait Mogynu KOMMNeKCHbIX uncen 2 —i; —i; 2i.
PetweHue.

2-il = 22+ (-1)2 = JA+1 = .5,

I = =10 = 1024 = 2] = 2.
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Yron ¢ Mexay nonoxuTenbHbIM HanmpasneHnem ocu abcumcc u Bektopom OM,
1306paxaloliMmM KOMMNNEKCHOE YUCNO « + bi, HA3bLIBAETCA apryMEeHTOM KOMMEKCHOro

yucna (0 < @ < 360°).

. b
ADryMeHT ¢ KOMNMeKCHOro Yncna a + bi ceasaH c a - h opmynon tg ¢ = =;

a

apryMeHTOM AenCcTBUTEeNbHOro NONOXUTENLHOrO Yucna apnsetes 0°; 4erUCTBUTENbHOro
oTpuuatenbHoro uucna — 180°; aprymeHTOM MHUMbIX uucen bi asnserca 90°,

apryMeHToM 1ncen —bi asnaetcs 270°.
[ns Hyns aprymeHT He onpeaeneHx.

Haintu apryMeHT komnnekcHoro uncna — 3 + 3i.

PeweHue.
y a=-3;, b=73;
¢ — yron ll yeTBepTh.
B T 1.
_, e~z =-Le=%

0|1 X

Ha#it aprymenTol uicen a)l; 6)-2; B)3i; r)-2i.

6)y

3i(P=§

a

B)

TpuroHomeTpuyeckas popma KOMNIEKCHOro Yncna

Z =a+bi — anrebpaunyeckas opma
3anucK KOMMNEKCHOro Yncna.

Ya
M(a:b)

r

(1
0] a

b

SRS

x VY

Q
I

a
recos® (COS([)= -),
r

i

b = rsing (sinq)= [3),
p

Z=ua+bi=

= r(cos@+ising) 3TO BbipaxeHue
Ha3blBaeTCA TPUroHomeTpu4veckon cop-
MOW KOMMNNEKCHOIro Yynucna z.

b
l/2+[;2- y Q= =,
a s 180 a

reosQ +irsin@Q =

r =

3anucartb yicna

Zy=—-1+iy Zy,=-2; Z;=i
B TPUroHomeTpuyeckon opme.
PettieHne.
a)|z)| = J1+1 = 42;
a=-1; b= +1;, @ —Ill4versepTb;
t —_1.=_.1‘ :n_T_E=3-_Z.t~
S T A B
3N, ... 3n).
Z, = J2| cos=+isin= |,
1 ,./_(c()s 4 18in 4

6) |Zz‘ =2; @ =mn;Z, = 2(cosn +isinm);

B)|Zy) =1, @ = ;—t; Zy = co.s'72-5+isin72-t.

3anucaTtb uncno B anrebpanyeckon opme.

4(cos’§‘+isin7§‘) = 4(1+i- [é) = 2+2.3i.

2 2
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HencTBua Haa KOMNSIEKCHbIMW YUCNaMu
B TPUroHomeTtpuueckon cpopme

CrnoxeHue 1 BblYMTAHME KOMMMEKCHLIX Yucen yaobHee BbINOMHATL B anrebpanyeckon

dopme. [insa ocTanbHbix onepauvin 6onee yaobHa TpuroHomeTpudeckas opma.

YMmHOXeHue
ri(cos@, tisinQ,) - ry(cos@Q, +isinQ,) =

=1 ry(cos(Q + @y) tisin(@ +@,)).

2(cos36° +isin36°) - 3(cos54° +isin54°) =
= 2-3(cos(36° + 54°) + isin(36° + 54°)) =
= 6(cos90° +isin90°) = 6i.

HdeneHue
" (cos@; +isin@,) _
ry(cos@, +isin®;)

.
= =(cos(@) = @y) +isin(@) - 9y)).
2

3(cosm+isinm) _
S(C()ST—t + isinE)
3 3

= "y _E [ of .._E =
= (), 6(6()3(75 3)+t.sm(1t 3))

1, .3 _
0,6(—2+12)—

0, 6(00‘9-2—?5 + isin g—E) =
3 3

(- 0,3 +0,34/30).

Bo3BeneHue B cTeneHb
(r(cos@ +isin@))" = r"(cosn@ + isinnQ)
— c¢hopmyna Myaspa.

(2(cos20° +isin20°))3 =

i

23(c‘()s60°+isin60°) = 8-(-21-+i- —A{;) = -

= 4 +4.3i.
M3BneyeHne KOpHA n -0N CTENEHU Haiiu 3.
#r(cos@ +isinQ) = PeweHue.
= c0s0° 4 ixi
_ '1/;-‘(cos9+2kn+isin(p+2kn). 1 = cos0°+1isin0.
n
J' " m = Jcos0° +isin0 =
Wr — apumeT4eCcKNi KOpeHb
k=0; 152 .on-1. = i/T-(cos‘liaz—"l‘+isin‘li’32—’”-°).
KopeHb CTeneHn n B MHOXECTBE KOM- k=0 1 2:
NNEKCHbIX YuCen MMeeT n pasmuuHbix| . <
k=0;u;=1:(cos0+isin0) = 1,
sHauyeHwit. Bce 3Hauenvs /0 pasHbl
mexay coboit v pasHbl 0. k=1.u =1 -(c:os%E+ising§-) =
Bce n 3HAYEHWA KOPHR n-OW CTENEHW 5
n306paxaloTCa TOMKaMU Ha OKPYXXHOCTM = 1 .(_ 1, i-—-3-) -_1, _«/_3 .
C LIeHTPOM B Ha4ane KoopauHart, pagnyc : 2 2 2 2
KoTopon paseH r. Ot TOuKM — |k = 2. uy = l.(c,,s‘llh,,-s,-nﬁl‘ =
BEPLUMHbI NPaBUNLHOIO 1 -yronbHUKA. 33
| _1(_1_,-[2);1__@.,-
2 2 2 2 7
1,43,
TBET: 1;— =& =i,
OTserT: | zfc 5!
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YYEHUYECKAA CTPAHUYKA

1. PewwmnTb ypaBHEHNE B MHOXECTBE KOMMIIEKCHbIX Yncern: x* +16 = 0.

PeweHne.

Mpu6asum 1 oTHUMEM 8x2.
x4 +8x2+16 = (x?+4)?
Pa3noxum Ha MHOXWUTENW pas-
HOCTU KBAApaToB:

3ameHnM paBHOCWIbHON COBO-
KYNHOCTbIO KBaapaTHbIX ypas-
HEHWIA:

- 0,

x3+8x2+16- 8x2
(x2+4)2-8x2 = 0.
(x2+4 - f8x)(x2 + 4+ fBx) = 0;

o _ 242+ .8-16
(x2-22x+4 = 0; 1.2 2 ’
L x2+2.2x+4 =0 . _—22+.8-16.
43,4 7 2 ’
22202
YT Ty [x1,2=./§:t2ﬁi;
- 2252420 Ly = - 222420
43,4 7 2 ’ ’

OTBerT:

2220 - 21220,

2. PewnTb ypaBHeHue: 73 = %4— {éi.
PetieHue.
MpasByio  YacTb  3anuwem
. _lﬁ._ Y
B TpUroHoMeTpuyeckon dopme | Z = 3 §+71— 3 c().s§+1sm§ =
n ucnonbayem ¢opmyny uns-
BIIEYEHURA KOPHS 1 -0 CTeNeHM: T onk T onk
.. 3 a
= cos +isin 3 ;o k=012,
Zy = cosT—r+isinT—C; Z, = cos7—n+isin7—n;
9 9 9
Z, = cosﬁlt+isin—l-§-—7§.
9 9
Ortser: T .
cosj—t-i-isinE; cos7—n+i.s'in—; cosﬁc +1sinm.
9 9 9 9 9 9

3. PewnTb ypaBHeHue: x3 + 1000 = 0.

Pewenue.

NeByio 4acTb pasnoxum
Ha MHOXUTENW Kak CymMmy Ky-
6o8:

(x +10)(x2 = 10x+100) = 0;

-10;
X
X

2 Al

[x+1o =0 X

x2 - 10x+ 100 = 0;

i

X

-10;

5+5.03i.

OtBer:

~10; 5./3i.
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4. Kakoe MHOXXECTBO TOYEK KOMIMEKCHOWN NIOCKOCTY 33Aal0T YCNoBUS:
a)|z+id =1;6)1<|Zz+2|<2;8) |Z~-1~i] = |Z+1+4]7?
PeweHne.
a) ycnosuio |Z+il = 1 ynoBneTBOPSIOT T€ U TOMbKO T€ TOYKM MNOCKOCTU, KOTOpble
paBHoOyAaneHbl OT TOMKM Z, = —i Ha paccTosHue, paBHoe 1. Takume TOYKM nexat

Ha OKPYXXHOCTYU C UEHTPOM B ToMKe Z, = —i R = 1 (pwuc. 1),

Puc. 1. - Pwuc. 2.
6) KONbLO MEXAY KOHLEHTPUYECKUMN OKPYXHOCTAMU paanycoB 1 1 2 C UEHTPOM B TOUKE
Z, = -2, BKNiO4as 3Th OKPYXHOCTK (puc. 2);
MeomeTtpuyeckoe peliexue.
B) |[Z-(1+1i)| = |Z~(~1-1i)| — 3To ycnoBue 3a4aioT Te 1 TOMbKO TE TOUKM NIIOCKOCTH,
KOTOpble paBHOyZaneHsl OT TodeK Z; = 1+i u Z, = — 1 —i. MHOXeCTBO TO4eK nnoc-
KOCT#, paBHOyAaneHHbIX OT ABYX AaHHbIX TOYEK, — 3TO npsiMasi, neprneHanKynsapHas

OTpe3Ky, KOTOPbIA COeAUHAET AaHHbIE TOUYKU K NPOXOAUT Yepes ero cepeanHy.
AHannTudeckoe pelueHue.

Mycte Z = x+yi, Torpa |x +yi—1-i| = [x+yi+1+i;

[(x=1)+ (-1l = {(x+ 1)+ (y+1)i|, npupasuusas moaynu, nony4aem:
(x-D2+(-1)2 = (x+1)2+(+1)2;

x2 = 2x+14+y2-2y+1 = x2+2x+1+y2+2v+1; —4x =4y; y=x.

TPEHAPOBOYHbIE YI'IPA)KHEHVIFI

1. MoCcTpOnTb CyMMBbI CreayrLmnX Yncen.

a)i+(=5i);6) (2+3i)+(1+4i);B) (2+5i)+(=3+1i).
2. BbInonHuTe YMHOXEHWE.
a) 2i-3i;6) (2-3i)- (2+3i);B) (W3 +5i)- (J3-50).
3. Pasnoxuts Ha MHOXUTEN.
a)a?+4b2;6)a+b;B)4+3.
3. BbinonHuTb genexvie KOMNNEKCHbIX Ynucen B anrebpavdeckon gopme.
a)_ 6)2+1 8) 2. gy 1 +idf3. 2) N Loy 2221
=" B a+2ida’ 7 3+5i
5. Bo3secTy B CTENEHbL.

a)( ‘/-) )(:—l—%i—@)a;a)(l+i)4+(l~i)4.

6. HanucaTtb ABa MHUMBIX YMCNa, KOTOPLIE MMEIOT Takue CBOMCTBA, YTO:

a) ux cymma; 6) ux npomaseneHue; B) ux CymMma W npoussefeHne — OeNCTBUTENbHbIe
yucna.

7. Npeactasutb B anrebpanyeckoi cpopme KOMMNEKCHbIE Ynucna:

a) (1+2)(2 - i)+ (1 = 2i)(2 + ) 6) 2

1+2 i
V=i, 1+,
B)1+1 1-i' - 2+

) a +l)(2+1) (1—1)(2—1)
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8. HanTtu gencrentenbHble YueHa x U y U3 ypaBHEHWUS.
a)(x+y)+t(x—y)i = 2+4i;6) (y+2x)+(2y+4x)i = 0;
yx-1l. y-1_ . .

+ ir) (x+ +2x+3y)i = .
’B)3+l 37 iir)(x+1,5p)+2x+3y)i = 13i
9. BuinonHntb gencTens. .

' 4 2

7= 2' 6)1 2.3 .i“’“;a)l+l+ ! +l;r)(-——————1+‘ﬁ’) +(—-—1—“ﬁ’) .

)35 T TINT

23oey [ B2 VL (LD
A (3 +20) ’e)( I ) SANTIREY
“10. PewuTb ypaBHeHue.
a)x2-4x+5 =0;6)9x2~18x+13 = 0;8) 3x-8)2+5(3x-8)-150 = 0;
8x3+1 =0;a)x2+36 =0;e)x*+16 =0..
11. [lokasaTb, YTO KOPHM KBAAPATHOrO YPaBHEHUS C AENCTBUTENbHbIMU KO3 rUUEeHTaMK

1 OTpUUaTenbHbIM AUCKPUMWHAHTOM SIBMNSIIOTCS B3aVMHO CONPSXEHHbLIMU.
12. CocTtaBuTb KBagpaTHOE YpaBHEHUE MO r0 KOPHAM.

a)x, = 3-—%1‘; X, = 3+-§-i;6)xl = 3i; x, = =31,

o o +i
B) OAWH 13 KopHen paseH (5 +i)(i—3); r) OANH U3 KOpPHEl paseH 15—_—3'
13. Pewntb ypaBHeHue.
a)xt = 4;6)x% = —7,;B) 5x*+x2 -4 = 0;r) HaiTX CyMMY BCEX KOPHEN YPaBHEHUS x4 = 4
0) HaWTW NpousBeeHne BCEX KOPHEN ypaBHeHus x4 = -7,
14. BemcnuTs KBaapaTHbie KOPHN.

a)W=T—24i; 6)424 5701, B)W1+i3; fW2+id2 mN-25: e)J 7.

15. BbipaauTb B TpUroHomMeTpryeckon popme.

a)i;6)~i;B)-3;r)7; A) +'“/- e)‘%‘lf K) 4+3i;3) 1=idf3; ) =3 +1;

K) 5+ 12i;n) 2(cos20° - t.s'1n2()°).
16. 3anucaTtb B anrebpanyeckoit hopme.

a) 4(cosg+zsm ) 6) 6{cos0° +isin0°); B) (cos%-i-i.s'in%t).

17. BbINONHUTL AENCTBUS HaZ YMCnaMm, AaHHbIMK B TPUrOHOMETPUYECKOH dopme.

a) 4(cos§ + isin%t)- 3(00.976I + ising); r) 6(cos45° +isin45°):2(cos15° +isin15°);
,,/3 . [} L) o [} ot oy . . [} f i 0\9.
6) —2—(c1)‘s150 +7s5in150°) - Jf3(cos120° + isin 120 ), A) (cos30° +isin30°)?;

6
B) (cos75° +isin75°):(cos30° + isin30°); e) (3(“""2 *isin :‘:)) '

18. Boiuncnutb.

90 90

a) (% + 1-‘{2) ; 6) (—-%-— z%) ; B) Ycos120° + isin120°; 1) ¥ cos225° +isin225°.
19. Haitu BCce 3HaueHns KOpHS.

a) 3¥-1:6) 41;8)4-16; 1) 32 +2i.

20. Kakoe MHOXeCTBO TO4EK NNOCKOCTN 3a4aeTcs yCroBuamMn?

a)lZl<1; 6)1|4 =2; s)|z-1| =
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CAMOCTOSATESNIbHARA PABOTA C-5-1

Tema. [leificTBYA HaQ KOMNIEKCHLIMU Yncnamu B anrebpanyeckoit hopme

B-l 7 6annoB B-ll B-lHl 9 6annos B-IV
1. Boinonxuutb gencreuns.
a)(5-4i)+(3+71);a)2 440+ (=5-0); 5 L L. aylti,1-d,
6)(4+3i)—(2+0); |6)(-3+4i)-(2~i);| L*Hi 1-7 =i it
B)(3+5i)- (5+3i); [B)(2+30)- (=4 +i); |6)(3+iN2) (J2-10);|B)(5+iN3)(3 +idf5);
N et B3 81t
A)(5 +3i)?; A)(2-3i)?; N2 -1)2; (2i(3-4i))?%;
e)i%s7; e)ild2; B)(=)29: a)-il9;
XK) =025 %) ~=0,36. e) 7~ 24i. e)f5 - 12i.
2. Pasnoxuntb Ha MHOXUTENN,
5a2+b. a+2b2, 4m? +25n2, 16a2+1.
3. PewwTb ypaBHeHMe.
4x2+4x+5 = 0. x2-14x+74 = 0. x¥3+1=0. 3-8 =0.
B-V 12 6annos B-VI
1. BotnonHuTh gencreus.
TR A X
a)z4+5il_%:zfg; )32——-_51-1-'+T_i-_i'
6)(wa + infb) - (Ja—iNb); 6)(k +iafn) - (k~infn);
g)=3+ 06, gy=2e2+ 1,
—1+iJf3 1+3i42
NG -id3)?; NR2-is3)*; .
[)i% + {16 + j26 4 {36 4 46 4. ;56 [)i3 4§13 42 4 33 4 43 4 53, ?
ey~ 5-12i. e) -3 +4i.
2. PaznoxvTtb HA MHOXUTENMW.
3a+l. 20+
3. PewmnTb ypasHeHue.
27x3+1 = 0. 27x3-125 = 0.
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CAMOCTOATENNbHAA PABOTA C-5-2

Tema. TpuroHomeTpuyeckas popma KOMNNEKCHOro Yyucna

B-I | 7 6annos | B-li
1. [aHHble KomnnekcHble Y1cna 3anucaTb B TPUroHoOMeTprHeckon opme.
a) 3i; 6) —4. ] a) 25; 6) —2i.

2. Npeacrasutb B anrebpanyeckon hopme KOMNNEKCHbIE Yncna,
3anUcaHHble B TPUTCHOMETPUYECKoHn hopme.

2(0()SE+isinE). 2(0().9Z6E+ising).

3. BbInonHuts AencTBnA Ha KOMINEKCHbIMWY YuCamu,
3anncaHHbIMU B TPUTOHOMETPUYECKON hopMe.

@)2(cos60° + isin60°) X 3(cos45° + isin45°) ; a)W2(cos30° + isin30°) x 242(cos60° + isin60°) ;
6) 4(cos75° +isin75°) | 3(cos45° + isind5°)
0, 4(cos30° +isin30°)’ )l, 5(cos135° +isin135°)’
B)(3(cos45° + isind5°))0; B)(2(cos 15° +isin15°))%;
r)acos120° +isin120°. r)w4(cos300° +isin300°).
B-lli | 9 6annos | B-lV
1. [laHHbIe KOMNMEKCHbIE YuCna 3anMcaTte B TPUrOHOMETPU4ECKon dhopme.

2+2.3i. J3+i

2. MNpeactasutb B anrebpawnyeckoin hopme KOMNNEeKCHbIE Yncna,
3anucaHHble B TpUroHoMeTpudeckon opme.

ﬁ(u)s% + nm%—t). ,ﬁ(cos%z-E +tsm43n)

3. BuIinonHuTh AeRCTBUA Ha KOMMMNEKCHBIMY YUCnamMm,
3anucaHHbIMU B TPUroHOMeTpUYecKkon hopme.

a)3(c05 5 +isin— 6) XZ((,()S‘L; + 1sin 7::) a),\ﬁ(cos 120° + j5in120°) x@(ms 150° + isin150°) ;
4(cos240° + isin240°) . 01 e ° 10
) - AL : cos130° + isin 130 ( T, 7_;) .
2(cos60° + [5in60°) 6) c0s40° + 15ind0° :) ‘094 ’*""4 '
B)(cos30° + isin30°)8;
) I')‘i/16(c()5240° +isin240°).
r)3cos 120° + isin120°.
B-V 1 12 6annos | B-Vi
1. [laHHblE KOMNNEKCHbIE YMCNa 3annucaTb B TPUIOHOMETPUYECKoN hopme.
-2+ 20 ~-1+.3i.

2. MNpeacTasutb B anrebpanyeckon opme KOMMMEKCHble Ynucna,
3anycaHHble B TPUrOHOMETPUYECKoH hopMe.

2(cos0 + isinQ). l T(cosT+ Isinm).

3. BbINnonHuTL 4eNCcTBUSA Ha KOMNEKCHBIMKY YACHaMM,
3anvcaHHbiMy B TPUrOHOMETPUYECKOM chopme.

a)4(cos§ +i smg) X 6((0«;—5 +i sm%t) a)7(cm?—5 +i sm%) X 3((()52?1'c + isin 23-“),

6) <= 130° - isin130° 6)=Cc0s100° + isin100°,
cos40° +isin40° ' ' ) cos40° — isin40°
B)(ﬁcos;_t_,-sm g)s ; B)(2(cos60° + i sin60°))8;
r)8/cos60° + isin60°.

r)a/cos250° + isin250° .
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KOHTPOJIbHAA PABOTA K-5-1

9 cannos B-ll

B-l

1. HaiiTn gencrautensHbie Yucna x n y n3 ypasHeHun.

(x-=y)+Q@Bx+y)i = 3-3i. (x=5y)+Q2x~y)i = 6t 3i.

2. Hantu mogynb M apryMeHT KOMMEeKCHOro Yuena.

(2-3i)+ (4 +5i). (2-3i)— (4 +5i).

yPaBHEHME MO ero KOPHAM.

3. CoctaBuTb KkBagpaTHoOE
x, = 2~1i, x, = 4+2i,
Xy = 2+i. Xy = 4-2i.
4. YnpocTuThb.
(1+0)2+(1-i)2. (1+0)3+(1-1)3.
5. PewnTb ypasHeHue.
x4-16 = 0. x4-81 =0.

6. [laHo KOMNNEKCHOE Yneno Z = x + yi.
OnpenenuTs MHOXECTBO TOYEK NNOCKOCTH, €CMNN:

|2l <1. 1z >1.
B-lll 12 6annos B-lV
1. HaliTn aerictBuTENDBHbBIC YUCNA x U ¥ U3 YPaBHEHNA.
(I-Dx+(1+D)y =1-3i. yE+iyi+6+i = 2x+ix.
2. Haittu Mmogynb 1t apryMeHT KOMINIIeKCHOTo Yncna.
N (445 2-3i
(2-3i)- (4 +5i0). , 4-——-‘+51..
3. CocTaBuTb KBaAPaTHOE YPaBHEHWE NO €ro KOPHAM.
1 +ifB . 1-i3 _—1+4i3  _ -1-4i3
Xy /5, X T —— Xy 5 =g, X, T /.
2 2 3 3
4. YnpocTnts.

(—l;iﬁ)5+(— .1—21;/3)5'

2 2

(8 (254

5. PewnTb ypaBHeHue.

y6-2y3+1 = 0.

x0-9x3+8 = 0.

6. [laHo KOMMNMNEKCHOEe Yueno Z = x +iy.
Onpenenutb MHOXECTBO TOYEK NNOCKOCTH, €CNN:

1<iZ<2. 3<|Z1<4.
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CTPAHUYKA ABUTYPUEHTA

1. 3anncatb YUCNO B TPUrOHOMETPUHECKOW hopMe.

a) cosT - isinZ; 6) - cosT +isin ™.
3 3 2 3

Pelwenuve.
T o ..T Y,..( ™ n, .. Tn
a) cos=—isin= = cos| -~ +1sm(——) = cos—=+isin—=
) 4 4 ( 4) 4 4 4
. . 8 . . T 3n, .. 3n
6) - cosE +isinZ = cos(n——)+1sm(n~—) = cos==+isin=.
) 3 4 4 4 3 4

2. PewwnTb ypaBHehue |Z| +Z = 13 - 6i.

Pelwenue.

MNycte Z = x+yi, Torga |2} = Jx2+y?;

[v2 +12 = 13-
Nx2+y2+x+yi = 13-6i <::>{ XAyt lB’ﬁ X = 52-

}; = _.6, 26'

e Y
OTBeT: Z 526 6i.

TPEHWUPOBOUYHbLIE YMPAXHEHWA ONA ABUTYPUEHTA

1. PewwnTb ypaBHeHve |Z] -Z = 1+ 2i.
2. HaiiTu MHOXECTBO TOYEK KOOPAMHATHON NAOCKOCTU, KOTOPbIe U306paxaloT KOMNneKkc-

Hble Yucna, yaosneTsopsiowme ycrnosuio |Z—i = |Z+2] .
3. HaiiTn 3HaueHua Z, ynoBneTBOPSIOLLME CUCTEME:
Z-12] - 3.
'z_:EI 3
| ’4;4 = 1.
Z-8

60 230
4. BoiumenuTb (Ltzié) +(l——'?“/—§) i

5. lpu kaknx AENCTBUTENBHLIX 3HAYEHWUAX a KOPHW KBaapaTHOrO ypaBHEHWS
(a+5)x2+2ax+(a-1) = 0 ByayT KOMANEKCHBIMU?
6. Mpu Kaknx 3HaYeHUsIX & KOpHWU KBaApaTHOro ypaBHewust x2+2(3+i)x+k = 0 ByayT:

paBHbIMU? z
7. PewuTb KBaApaTHOE ypaBHEHME.

a)Z2—(2+DZ+2i = 0; 6)Z2—(5+2))Z+5+5i = 0.



§6. SnemeHmbl KOM6UHaMoOpPUKuU

MHoOXecTBO

MHOXECTBO — OfIHO 3 OCHOBHbIX MOHATUA MATEMATUKK,
KOTOPOE HEe NOANEXUT hOPManbHOMY ONpeaesieHuto.

B maTematuke NOHATHE MHOXEeCTBO WCMONb-
3yeTcst AnNs ONMCaHUA COBOKYMHOCTU NPeamMeToB
nnn obbekTos. [pn aTomM NpeanonaraeTcs, YTo
npeameTbl (00BHEKTHI) AAHHON COBOKYMHOCTU MOX-
HO OTNNYUTL APYr OT Apyra v OT NpeameToB, KOTo-
pble He BXOAAT B 3Ty COBOKYNHOCTb. Hanpumep,
MOHO FOBOPUTb O MHOXECTBE BCEeX KHUI AaHHON
bubnunortekn, MHOXeCTBE BCEX BEPLUMH AAaHHOro
MHOFOYronbHUKa, MHOXXECTBE BCEX HaTyparnbHbiX
yYnCcern, MHOXECTBE BCEX TOYEK JaHHOW NpsSMONn.
KHurv pnaHHon 6mubnuoTtexn, BeplunHbl AaHHOro
MHOTOYrONbHUKA, HaTtypanbHble 4uCna, TOUKK
OaHHOW NPSMOM ABNKIOTCA aNeMeHTamu COOTBET-
CTBYIOUMX MHOXecTB. MHOXecTBa 06biMHO 060-
3HavaloTcs Bonbwmmu Bykeamu 4, B, X... . Tot
haKT, YTO OBLEKT ¢ SBNSETCA 3NEMEHTOM MHO-
ecTBa A4, 3anvcbiBaeTcs Tak. a € 4 U YUTaeTCs
«a NPUHAONEXNT MHOXECTBY A », «u BXOOWT B
MHOXECTBO 4 ». 3anucb a ¢ 4 03HAYaEeT, YTO «

He SBNAETCA aneMeHTOM MHoxecTsa 4. MHo-
XECTBO HaTypanbHbIX YWCES!, PaCrONOXEHHbIX
MexXxay umucnamu 21 v 22, He COaepXuT Ht e0UHOro
yucna. Takoe MHOXECTBO HasbiBaeTCa fyCTbiM
MHOXeCTBOM. [lycTtoe MHOXeCTBO 0003HaYaeTcs

3Hakom . MHoxectBa 4 M B HasbiBawTCH
PaBHbLIMK, €CINIU OHW CKNaAbIBAKTCS U3 OOHWUX U
TeX Xe 3MeMeHToB. B aTom cnyyae nuwyTt 4 = B.
B WKONLHOM Kypce MatemMaTvikun NpuHaTbl CTaH-
AapTHble 0603HaYEHNA YACNOBbLIX MHOXECTB: N —
MHOXECTBO HaTypanbHbIX Y1Cen, Z — MHOXECTBO
uenbix uncen, Q0 — MHOXECTBO pauMOHanbHbIX
yucen, R — MHOXECTBO AeACTBUTENbHBIX YUCEN.

3apgaya 1. 3anucatb C fOMOLUBIO
hUTrypHbIX CkOBOK MHOXECTBO
HaTypanbHbiX YACEN, PacnONOXeHHbIX

Ha nydye mexagy ducnamm 10 v 15.
Kakve n3 ymucen 0;10;11;12:15 n 50
npuHaanexar 9TOMy MHOXeCTBY?

MMycTb A — MHOXECTBO HaTypanbHbIX
yucen, pacrofioXeHHbiX Ha fyde
mexay uncnamm 10 n 15, i
0eg 4,10¢ 4,11 € 4,
12e 4,15¢ 4,50 ¢ A.

4 = {11;12;13;14};

3apavya 2. CpaBHWTE MHOXeCTBO

peleHnin ypaBHenua x2-5x+6 = 0
M MHOXECTBO NpOCTbIX  uucen,
MEHbLLIKX NATK.

x2~5x+6 = 0. X =2Wxy, =3

(no Teopeme Buerta).

MHOXeCTBO MPOCTbIX uncen x<5 —
310 {2;3}.

OtBeT: 3T ABa MHOXECTBA PaBHbl.

3apava 3.

3anucaTtb MHOXECTBO ABY3HaUHbIX Y-
cen, pacnonoXeHHbIX Ha nyye nesee
DEBATU.

OrBet: &.

MoaMHOXeCcTBO

Ecnu niobon anemeHT MHOXECTBA A NPUHAANEXUT TakKe MHOXECTBY B, TO MHOXECTBO
A HasblBaeTcs NOOMHOXECTBOM MHOXecTBa B. 3ToO 3anuckiBaloT Tak; A € B nnu. D A.

B aToM cniyyqae rosopsT, YTO MHOXECTBO A
COLEPXUTCS B MHOXECTBE B WM MHOXECTBO B
COIEPXUT MHOXECTBO A. Ecnu B MHOXeCTBe A
HanpeTtca XoTsa Obl OAWMH 3NEeMEHT, He nNpu-
Hagnexauwnin MHOXecCTBY B, TO A He fABMAETCA
NOAMHOXECTBOM MHOXeCcTBa B. A & B.

Ncz
(a;b) < [a;b]
lusb] @ (a;b], noTOMY UTO a € [a;b].

- 8

M3 onpenenexdns nNOAMHOXECTBA crieayer,

NOAMHOXECTBOM camoro cebs, To ecTb CNpaBeanmBo  c 4.

yTo nboe MHOXecTBO fBNAETCH

l'lepeceqerme MHOXecCTB

MHOXeCTBO, COCTOsILEE N3 BCEX DIEMEHTOB, NPpU-
Haanexawmnx n MHOXeCTBY A, U MHOXecTBY B,
HasbiBaeTcs nepecevyeHneM MHoOXeCcTB A U B n
obosHavaeTcs N B.

lasbl N (a;b], TakKaK a € [a;b].
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ObbeanHeHMe MHOXeCTB
MHOXecCTBO, COCTOfillEE W3 BCEX JMIEMEHTOB, |a) x = {0;1;3:5}; v =1{1;2;3:4}
npuHagneXxaumx UM MHoXectBy A, w xny = {13}
MHOXecCTBy B, HasbiBaeTcsi obbeguHenuem |0)4AND = O]
MHOXecCTB 4 U B v 06o3HavaeTcs 4 U B. {0;1;3;5} L {152:3;4} = {0;1;2;3;4:5}.

Ons koHe4YHoro MHoxkectTsa A4 uepe3 (A4) 0603HAYMM UUCNO €ro anemeHTos. Yucro
3NEeMEHTOB NYCTOr0 MHOXECTBa, OuYeBMAHO, paBHO Hymo. [ns nobbix KOHEeYHbIX
MHOXECTB 4 U B cnpaBeanuso paBeHcTBO: m(A U B) = m(4)+m(B)—-m(4 N B) (1)

Jk3aMeH NO matematuke caasanu 250 abwuty- | MycTb A — MHOXeECTBO abUTYPUEHTOB,
PUEHTOB, OUEHKY HWXe nsTh 6annos Nnony4yunu | poigepasLUnx ak3ameH, B — MHOXeC-
180 4enoBsek, a BbiAepXanu 3ToT 3k3ameH 210 | TBO abUTYpUEHTOB, NOMYyYNBLUNX OLEH-
abUTYPUEHTOB (TO €CTb HE MONYHANN «2 »). Ky Hixe nsiTv 6annos, no ycnosmio
CKOMbKO YenoBeK NONyYnnu oueHkn «3 » n «4»? | m(4) = 210, m(B) = 180,

m(4 Lw B) = 250. ABUTYpUEHTHI, NOAY-
YMBLUKE OLEHKM «3 » 1 «4 », obpasytoT
mMHOxXecTBOo N B.[lo chopmyne (1) Ha-
Xoaum

m(AnB) = m(A)+m(B)-m(4 o B) = 140.

TPEHMPOBOYHbIE YITPAXHEHUA

1. TMycte 4 — MHOXecTBO pgenutenen umcna 15, B — MHOXECTBO NPOCTbIX 4ucen,
MeHblwKX 10, C — MHOXECTBO UYETHbIX YnCer!, MeHbLINX 9. NepeuncnnTb 3neMeHTbl ATUX
MHOXeCTB U HARTN: AU B, AUCBNC, (AuCYNB,ANBNC. _
2.4 = [-1;1], B = (—;0), C = {0;2) . Hantu MHOXeCTBO, n306pa3nTb ero Ha KoopAnHaT-
Hou npaMon, ecnn: AUC, ANB,AUBUC, (AUBYNC BNC.

3. Hattn obnactb onpeaenetmns gyHKunu.

a) flx) = J3-5x-3x;6) flx) = J3+x+.3-x.

4. W306pasuTe Ha KOOPAMHATHOM MNIOCKOCTM MHOXECTBO, KOOpAMHAThl (x;y) TOYeK
KOTOPOro yaoBNeTBOPSIOT YCNOBUIO.

a)y-x220;6) [y -|x20.

5. Ha npumepe mHoxectB 4 = {a,b,¢,d}, B = {b,¢,d,q},C = {c,p,z,t} NpoBepuUTb
cnpaseanuBocTb paBeHeTBa (A UB)NC = (AN C)V (BN ().

6. 4 = {npoctble umcna<20}, B = {4éTHble uucna<20}. Hanty nepeceveHve
3afaHHbLIX MHOXECTB.

7.Korm@aANB = A?

8. Kakoe 13 aByx faHHbIX MHOXECTB SIBASIETCH NMOAMHOXECTBOM [PYroro:
a)AVNANB;6)ANAUB;B)ANB,AUB?

9. Cpeav abuTypueHTOB, BbIAEPXKABLUMX BCTYNUTENbHLIE 3K3aMEHbI B BY3, OUEHKY 10
6annos nonyunnu: no Marematuke — 48 aBUTypuEeHTOB, No hu3nke — 37, NO YKPauHc-
KOMY A13blKy — 42, no MaTemaTuke unu usmnke — 75, N0 MatemMaTtuke unm ykpamHCKoMy
A3bIKY — 76, N0 hM3NKe UNKN YKPANHCKOMY 53blky — 66, o BCEM TPEM npeaMetTam — 4.
Ckonbko abwrypneHTos nonyunnm xoTa Gbi OQHY OueHKy 10 6annos, CKONbLKO Cpeay HUX
TeX, KTO fony4mn Tonsko 10 6annos?

10. U3 35 yyeHwkoB ogHOro knacca no utoram yyebHoro roga ouexky 10 6annos no ma-
TemaTtuke nmenn 14 y4yeHuKoB, no usmnke — 15, no xumnu — 18, no matemartuke u u-
3uke — 7, N0 MatemaTtuke U XuMMm — 9, No (PU3NKE N XMMUU — 6, NO BCEM Tpem

npeametam — 4. OnpesenuTb, CKOMbKO YYEHUKOB MMeIoT oueHky [0 6annos He MeHblue
YeM 110 ABYM 3TUM npeaMeTam.
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PasmelleHus

MycTb UMeeTCst MHOXECTBO, coaepatlee
n-aneMeHToB. Kaxgoe ero ynopsaoveHHoe
NOAMHOXECTBO, COCTOsiLEee U3 k-3N1EeMEHTOsB,
Ha3bLIBAETCA pa3MelleHneM U3 # -351eMeHTOB
no k-anemMeHToB.

A% = 4(4-1)(4-2) = 4.3.2 = 24;
Ay = 10(10-1)(10-2) =
=10-9-8 = 720;

4% = 6.5 = 30.

B koMbuHaTOpHbLIX 3agadax Heobxoaumo YMeTb
NOACHUTaTL  YWCNO BCEX pasMelleHvn un3n-

Wcnonbays sHak hakTopuan, 3anucartb:
It =1

3NEMEHTOB Mo k-anemeHToB. [Ana obo3HaveHus | 2! = 1.2 = 2

3TOroO “KCna NpPUMEHRETCH CneunasibHbii CUM-| 31 = 3.2.1 = 6

BON % (UMTAETCH: «HYMCNO PA3MEWEHWA U3 71 | 41 = 4.3.7.] = 24

no k» wnn «4 w3 n no k». A% =1. 4 —{s51=5.4.3.2.1 = 120.

nepsas bykBa hpaHuUy3CKOro crosa «arrange-

ment», 4TO O3Ha4aeT «pa3melieHune, npuseae-

HWe B NMOPSAOK».

B obwem cnyvae Ha Bonpoc o uicne pasmelle- | Boanennto:

HWA "3 n-3NMEeMEHTOB No A-3N1EeMEHTOB AaeT 201 | 20!

oTBeT Takas (popmyna: ab +ad _ 14 151 _ 16! Ll _
(1) 4% = n(n-1)(n-2)...cn=k+1), k>0, A0 % 14! 15!

TO €CTb YACNO pasMeLleHUn U3 1 -3N1eMeHTOB
no k-aneMeHToB pasHO NPOU3BEAEeHuI0 k
noCNeaoBaTesnbHLIX HaTypanbHbIX YMCen OT n
00 n—k+ 1 BKNIOUMTENBHO.

®opmyny (1) ynaobHO 3anucelBatb B OpPYrom
Buae. bynem gns kpatkoct npousBeneHve
n(n-1)(n-2)...3-2-1, T0 ecTb NponaBegeHne
BCEX HaTypanbHbIX YuCen OT n A0 eOuHWUB,
060o3Ha4atL CMMBOSIOM (umTaeTca «3H
thakTopuan»).

YMHOXUM U pasaenvm npousseaeHune, croslee
B Npasow YacTu copmynel (1) Ha (n - k)!. Toraa
NONy4uM:

_nn-D(n=-2)...(n—k+ )(n-k)
- (n—k)!

n!

Ak unm (2)

0!

0!

n!
(n-kV
yCnoBUTbCH, 410 (! =

Ak =

A% =1,49 1, ecnu

I.

16-15+16 = 1616 = 256.

B ceabmoMm knacce naydaetcs

14 npeaometos. Ckonbknmu cnocoba-
MU MOXHO COCTaBWUTb pacnucaHme 3a-
HATUIA Ha cyG6oTy, ecnn B 3TOT A€Hb
Hegenu [OmMKHO OblTb 5  pasHbIX
ypokos?

PeweHue.

A34 = 14-13-12- 1110 = 240240.
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MepecTaHOBKMU

PasmelleHus U3 n-3nemeHTOB NO n-3MIeMEHTOB
Ha3bIBAIOTCA NepecTaHoOBKaMu N3 11 -3N1eMEHTOB.
MepecTaHoBKM SABNAIOTCA YaCTHLIM  Criyvyaem
pa3melieHun. Tak kak kaxaas nepecTaHoBka
COAEPXWUT BCE n-3MEMEHTbI MHOXEecCTBa, TO
pasHble NepecTaHoBKM OTAMHAKTCS APYr OT Apyra
TONBLKO NOPSAKOM 3IEMEHTOB. YNCno nepecraHo-
BOK M3 n-aneMeHToB 0603HavaioT Yepes P,. P —

nepsan 6yxkBa dpaHLy3ckoro crnoea «permuta-
tion» — «nepecrtaHoska». B obweM cnyvae 4icno
nepecTtaHoBOK #3  n-3neMeHToB P, = 47,
cneposatentHo, ero MOXHO HawTu no dopMmyne
(1) vnn no dopmyne (2), NPEANONOXUB B KaXAO0W
M3 HUX = n.
HenctsutenbHo, popmyna (2) aaer:

n! n!
Po=A4% =520 " o
W3 dopmynbl (1) Haxoaum:
P,=4% = n(n-1)n-2)...(n-n+1) = nl
UTak, 4ucno nepecrtaHoOBOK U3
pasHo n!.

= p!

n-9NeMeHToB

N

\

yro B8 uucne uudpsl

CKONbKO  LLIECTU3HAYHLIX uducen,
KpaTHbIX MSATH, MOXHO COCTaBUTb
usunogp 1, 2, 3, 4, 5, 6 npu ycnosum,
He nos-
TOPAIOTCA?

Pewenne:
51=5.4-3-2-1=120.

Hantu n, ecnun

P,
L3 = 2404443, k<n.
Pn-t

MpumeHsa copmyny aAns  4yucna
nepectaHoBok M chopmyny (2) ans
yucna pasmelleHv, nepenuiiem
AaHHOe YpaBHEHWe CcneayrLwmm
obpasom:

(n+5) _ (n+3)!

(n-k)! T (n+3-k-3)
MonyyeHHoe ypaBHeHWe pasHo-
CUNbHO KBagpaTHOMY yPaBHEHMIO
(n+t5)(nt4) =240, rge n = 11;
n=-20. Npn n=-20 nesas wn
npaeasi 4acTy ypaBHEHUst He UMeloT
cMbicna, Torga n = 11.

OtBeT: n = 11.

240

Taknm obBpa3om, B MHOXECTBe, COLEPXKalem
n-3anemMeHToB, YCTaHOBWTb OMNpeaeneHHbIn nopsa-
AOK NOCNeaoBaTeNbHOCTY 3MIEMEHTOB UMK, Kak ro-

BOPAT, YNOPAAOUYUTE TAKOE MHOXECTBO MOXHO !
cnocobamu.

Hanpumep, cnncok y4eHukos Knac-
ca, B koTopom 20 4enoBek un HeTt
ogHodbamunbuesB, MOXHO cocTa-
BUTb 20! = 2432902008176640000
cnocobamu.
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CouyeTaHus

MycTb MMEETCR MHOXECTBO, COCTOsILLEe U3 n -ane-
MEeHTOB. Kaxkaoe ero nogMHOXEecTBO, copepxatiee
k -3NemMeHTOoB, Ha3blBaeTCa cCovYeTaHueM U3 1 -ane-
MEHTOB MO k -3NeMeHTOB. Yucrno Bcex coueTaHui

CKOMbKO 3K3aMeHaUUOHHbBIX KOMWUC-
CWI, COCTORWNX 13 7 YMIEHOB, MOXHO

obpasoBaTe u3 14 npenoaasaTe-
nen?

Pewenne. O4eBNZHO CTOMBLKO,
CKOMNbKO CYLLECTBYeT CEMUINEMEHT-
HbIX NMOAMHOXECTB Y YeThipHaaLaTy-
3fIeMEeHTHOro noaMHoxectBa. [lo
thopmyne (4) HaxoguMm: ‘
14-13-12-11-
Cla = 71
_14-13-12-11-10-9-8
7-6-5-4.3-2-1

U3 n-3NEMEHTOB MO k-3nemeHToB 0603HajaeTcs
CUMBOMNOM ¥ (UnTaeTca: «4MCrO coYeTaHUi 13 12 No

k» vim «ud w3 n no k ». C — nepsas Byksa
dhpaHuyackoro crioea «combinasion» — «co4eTa-
Hve». C3 = 4; C2 =

B obLem cnyyae 4ncno codeTaHni 13 11 -dBNneMeHToB
onpeaensieTcs crieqyowen opmynoi:

) n!

"= G AN )
®opmyny (3) MOXHO 3anucatb B apyroMm, Gonee
yooBHom ans  Bomuwucnenwdn  eupe.  Cokpatus
YucnuTENb W 3HameHatens Apobu Ha. (n-k)!,
nn—-1D(n-2)..(n-k+1)

!
YUCIIO COMETaHUN U3 11 -3NEMEHTOB MO A -3NeMeHToB
paBHO NPOWM3BEAEHMI0 BCEX HAaTypanbHbIX YACer oT
n A0 n—k+ 1 BKNIOYUTENLHO, AENEHHCMY Ha A! .

10.9.8 _

= 3432,

nonyunm Ck = (4), 1e.

VAL = m@m-1)(m=-2)...(m-n+1);
2) P, = Al =mm=1)(m=2)..3-2-1=1-2.3..(m=1)m = m! WCNO BCEBUIMOX-
HbiX NEPECTaHOBOK 13 17 -3NEMEHTOR NABHO NPOU3BEAEHUIO HATYPANbHBIX \IMCEN OT | A0 m;
A5 mnm—1)(m=2).. (m —n+ 1)
3)/1” = (Cm‘un)"' Clllll - -]—:11 = 1-2-3.. n
)

Ch = p) P (o= CromCktl = cht 4 Chy

- 1

100 - 99 - 98
Co = Cloo = —y 55 = 161700,

TPEHUPOBOYHbIE YIMPAXXHEHWUA

11. B knacce 10 yyebHbIx NpeaMeTcB U 5 pasHbiX YPOKOB B AeHb. Ckonbkumu criocobarmm
t10ryT GbiTh pacnpeneneHs! ypoku B eHb?

12. CxonbKO MOXHO 06pasosaTth pasiiblX YWCer, U3 KOTOPbIX KaKA0e BkiPaanoch bwi
TPpeMsi pasHbIMU 3Ha4awmmm uudpann?

13. CKONbKO AEeBSITU3HAUYHBLIX YMCEN MOXHO HanucaTtb AEBATbIO pu3HbIN‘A 3Haqams»r4m'
undpamn?

14, U3 10 ©aHanaaToB N3 OAHY U TY e QOSDKROCTb AOMKHbI BbiTh abt6paHu Tpoe mop,eu

Croribko MoXeT BbiTb pasHbIX-criyyaes BbiGopos? ,
15. B yemnuoHarte crpaHst no yTéony (BbICWaA nura) NpuHnMaloT yyactue 18 komau,:x,
NpU4YEM Kaxrle pBe KOMaHnbl BCTPEYaOTCA Mexay coboin 2 rasa. Ckonbko martyeit
nrpaeTcs B Te4eHve cesoHa?

16. Ckonbkumn cnocobamm MOXHO pazaTb 28 KOCTeln QOMUHO HeTLIPEM MIPOKAM, YTOBb!
K2OKALIA NONy4Mn no 7 KOCTeN?

17. CKONbKO pasnuuHbIX NEPEeCTaHOBOK MOXHO NPOU3BECTH 3 ByKB Cnoza «3aaayan?
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CAMOCTOATENbHAA PABOTA C-6-1

B-l 7 6annos B-ll

1. HainTn n n3o6pasmtb MHOXECTBO Ha KOOPAUHATHON NPAMOMN, ecrun: (CroXHOCTb 1)

A4 = {0;3], B = (1;5),C = (-2;0].
AUB, ANB,ANC BN C,
ANBNC,(4uB)NnC.

A = (=8;1], B = [l;+ee), C = (0:1).

AUB,ANB,ANC,
BNC,AnBNC,(4AuB)YnC.

2. Boiumenun.

A2, Py, CL A3; P, C.
3. Ckonbko pa3Hbix NepecTaHoBOK MOXHO obpasosaTb M3 Byks cnosa?
«Hocopor». «3ebpar.
B-Hi 9 6annos B-IV

1. 3anucatb MHOXeCTBa 4, B, C nepeyncneHmnemM nx aNeMeHTos
MHaTM AN B, BN C,AUBNC, AN BN C,ecnu: (CNOXHOCTb 2)

A — MHOXecTBO penutenen yncna 12, B —

MHOXECTBO KOPHEW YpasHEHUs] x2 —6x+5 = 0;
C -~ MHOXECTBO HEYETHbIX YNCEN TaKuX, 4YTo
3<x<12.

A — MHOXECTBO YeTHbIX 4ucen

x. 3<x<10; B — MHOXeCTBO aenurenew
uyucna 21; € — MHOXECTBO NPOCTLIX Un-

cern, MeHblwux 12.

2. Bemunenntb.

‘3. Pewntb

3apauvy.

CKOMbKO pasHbiX YeTbipexaHayHbIX 4ucen
MOXHO Hanmucatb [AEBATbIO  3Havawmmu
undpamm, K3 KOTOpbIX HU OAHa uudpa He
rosTOpAETCA?

CKOnMbKo  pasHbiXx  generayui

MOXHO

BbiGpaTh U3 Tpynnbl B 12 4Yenosek, ecnu
B Aenerauuio BXOAST Tpy Yenoseka?

B-V | 12 6annos [ B-VI

1. Pewunts

3agavy.

HanTtu nepeceyenne YMCNOBLIX MHOXECTB 4
U B, eclin Kaxablil SNIEMEHT MHOXecTBa A
nMveet BUA 4n + 2, n € N, a Kaxasvi 3neMeHT
MHOXecTBa B umeet BUa 3n,ne N.

B otpsipe u3 40 pebsTt 30 ymeloT nna-
BaTb, 27 YyMEIOT wurpatb B LWaxmarbl

M TOMLKO NATEPO HE YMET HU TOro,
Hu gpyroro. Ckonbko pebat ymeioT nna-

BaATb U UrpaThb B waxmarbl?

2. BbiumMcnuTs.

8! 743

Pray
(k—n)Ap-}

3. Pewntb

3anady.

CKONbKO pa3sHbIX 4BY3HAYHBLIX YNCEN MOXHO
cocrasuTb 13 undp 1,2, 3,4 npu ycnoeun,

YTO B K&)XXOOM YUCre HeT 0anHaKoBbix undp?

CKONbKO pasHbIX AOBY3HaYHbIX 4ucen
MOXHO COCTaBUTb U3 Undp 1,2,3,47
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YUYEHUYECKAA CTPAHUYKA

KombuHaTtopHble 3apaaumn

3apada 1. B knacce 30 y4veHukoB. CKOMbLKAMMU
cnocoBamu MoryT 6biTh BbiGpaHbl cTapocTa # ero
3aMeCcTUTENb, €CNV KaXObi yvaluncs MOXeT
6biTb M36paH Ha OAHY K3 ATUX [OIMKHOCTEN?

Pewenue. Tak Kak No ycrnosumio 3agaun Kaxabli
yyauuiics moxeT ObiTb BblibpaH cTapocTon, To,
oueBuaHo, cyulecteyetT 30 crnocoboB Bbibopa
CTapocTbl. 3aMecTuTeneM MoxeT ObiTb KaXabiv
U3 octaswwuxcsa 29 yenosek. Jlio6on us 30 cno-
co60B BbIOOPa CTAPOCTHI MOXET OCYLWECTBNATLCS
BMecte ¢ nwobbim u3 29 cnocoboB BbIGOpa
3amectutens crapoctbl. [loatomy cyuwecTtsyer
30-29 = 870 crnocoboB BbibOpa CTapocTbi U €ro

3amectutens. 3HaumnT, 43, = 30-29 = 870.

3apava 2. [Ana gexypctBa B KAcce B TeYeHue
Hepgenu (KpOMe BOCKpECeHbsl) Bbidensinn 6 yya-
wmxca. Ckonbknmm cnocobamut MOXHO YCTaHOBUTb
ouepenHOCTb AEKYPCTBA, ECMU KaXabin ydYawmics
AeXypwUT 0avH pas?

PeweHue. B nNoHeOenbHUK MOXET AEKYypUTb
noboit 13 BLIAENEHHLIX LIECTU YerioBeK, BO
BTOPHUK MOXET OeXypuUTb MIoBOW u3 5 venosexk.
CnepoBsaTtenbHo, pacnucaHue AeXypcTB  Ha
nepeble ABa AHA HeAENW MOXHO COCTaBWTb
6-5 = 30 cnocobamu. K cpege ocratotcs 4 4e-
noBseka, KOTOpbIE elle HEe AeXypunu, u no3Tomy
Ha cpegy AeXypHOoro MOXHO BbibpaTth 4 croco-
Bamu. Kaxpobii 3 atux cnocoboB MoOXeT KoMbu-
HupoBaTbcsl ¢ nobbiM 13 30 cnocobos BuiGOpa
OEeXYPHbIX Ha NOHeAenbHUK U BTOPHUK. Moatomy
cywectByeT 6-5-4 = 120 cnocoboB u T.4.
FAcHO, YTO 4Mcno cnocoboB, KOTOPLIMU MOXHO
YCTaHOBUTb AEXYyPCTBO, PaBHO

P6 =1.2-3-4-5.6 =1720.

3apava 3.
Ona nposegeHuns ak3ameHa cosga-
€TCA KOMUCCUSA N3 ABYX nperoja-
BaTenei. CKonbKO pa3HbiX KOMUCCUIA
MOXXHO COCTaBWTL M3 NATU npenoa-
BaTenen?

w
N

10.

| :

Pewwenue. C? = i

OteeT: 10 KOMUCCHA.

3apava 4.

Ha nnockoct¥ gaHo n TOMEK, Tpyu U3
KOTOPbIX HE NeXaT Ha 04HOW NPsiMON
3@ VCKMIOMEHMEM m TOMEK, KoTopble
nexaTt Ha ofgHou npaMon. CKonbko
CYLLIECTBYeT TPEYroNnbHUKOB C BEp-
LIMHAMM B 3TUX TOYKaxX?

Pewwenue. C3 - C}, — TpeyronsHukos.

m
3apaua 5.
HyxHo pacnpegenuTs paboTy B wec-
TU Knaccax mexgy TpeMms yuutens-
MM, 4TODbI Kaabi U3 HUX pabotan
B ABYX Knaccax. CKOnbKMMMU Cnoco-
6amn MOXHO 9TO caenaTb?

Pelwenve.

6-5 4-3

2. =9"2.22 _6.5.
Cs- Cy 5 15 6:-5-3

OrseT: 90 cnocobamu.

N

90.

it

Pewas CroxHble KOM6MHaTOprIe 3apavu, 4acTto MnpuxoguTcsa nonbL3oBaTbCA

cnefyllmMMmY ABYMS NpaBunamu.

1. Ecnmn HeKoTopbiil BbIGOP MOXHO BbIMONHWTL m pa3HbIMU crnocobamu, a Ans

KaXAaoro u3 3Tux crnocoboB HEKOTOPbLIN BbIGOP MOXHO BbINOMHATL n PasHbLIMK
cnocob6amu, TO YMCNO CNOCOGOB ANA BbLINONHEHUA NOCHEeAOBaTENbLHOCTU 3TUX

BbIOOPOB paBHO NPOU3BEOEHUIO mn .

2. Ecnu HEKOTOPLIN BLIGOP MOXHO BbINONMHUTL /1 pa3HbIMU cniocobamu, a fApyroi

BbIGOp n pasHbiMK criocobamu (OTNUYHBLIMKU OT NpeAbIAYIWMX), TO obwee Yucno
€noco60B, KOTOPbLIMY MOXHO BbINOMIHUTL NGO U3 3TUX BLIGOPOB, paBeH cymme

mtn.
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BbunHom HbloToHa

XopoLLo U3BeCTHble HopMyrbl
(a+b)? = a2+ 2ab + b2
(a+b) = a3 +3a2b+3ab2+b3
MOXHO 3anucaThb Tak:

i

i

(a+b)?* = cfa+clab+c3b2,
(a+b) = cfad +cla?b+ c3b? + b3,
noaTomy

= ¢0 dgn-1 kgt kpk
(a+b)yt = cla"+cla" " 'b+ .. +crha"FbF+
+...t C,’,,'b”—- 9TO paBeHCTBO U3BECTHO Kak

dopmyna 6uHoma HoroToHa.
MoxHo ero 3anucars Tak:

(x+a)" = x"+maxm-" + Mazvm -2 4
b ) ;
mm-—1)(m=2) 5 ._
+ (m-34
2.3 7
EICETNCEITED

Wx+a)! = x7+Taxb+21a®5 + 35q40x%4 +
+35a%x3 + 21a3x2 + 7abx + a’.

2) Hantu npubnwxkeHHoe 3Ha4eHwe cre-

nexu 0, 975.
PeweHne.

0,975 = (1-0,03)% = (1 +(~0,03)%)=
=1-5-0,03 =10-0,032-10-0,033 +
+5-0,034-0,03%. Haihgem cymmy nep-
BbiX Tpex uneHos, nony4um 0, 659
¢ norpetwHocTbo 0, 001 .

3) Ons ocBeweHus 3ana MOXeT OblTb
BKMoveHa kagas M3 10 namn. CkonbKo
CyllecTByeT pasHbix cnocobos ocseuje-
HWs 3ana”?

Pewiedne. OyeBuAHO CTOMBKO, CKONLKO
CYLLECTBYET NOOMHOXECTB Y AecATuane-

MEHTHOrO MHOXecTsa, T.e. 210 = 1024,

OcCHOBHbIe npasuna KOMGMHaTOpMKM

1. Mpasuno cymmeil.

Ecnu 06bekT 4 moxeT BbiTb BoibpaH m cno-
cobamu, a obbekt B MoxeT ObiTb BbibpaH
apyrmmu n cnocobamu, TO BbIGOP OAHOrO
anemeHtTa — Unn A, unu B— MOXeT ObITb
ocyuwecTener m +n cnocobamu.

3apaya 1. B ogHol Base nexart 5 si6nok,

a B gpyron — 8 margapuHoB. CKONbKUMU
cnocobamy MOXHO BblIGpaTb S6NOKO MNn
MaHgapuH?

PeweHue. OgHo 86n10k0 MOXHO BblGpaTh
naTbio cnocobamu, a oguH MaHaapuH —
apyrymu  BOCbMbIO  crnocobamu. Torga
A0MNOKO MMM MaHOapvH MOXHO BbIbpaTb

N = 5+8 = 13 cnocobamu.

2. NpaBuno npousBeaeHns.

Ecnv obvekt 4 moxer ObiTb BblOpaH m
cnoco6amu M nocne Kaxxaoro Takoro sbibopa
obbekt B moxeT ObiTb BbIOpaH n cnoco-
6amun, TO BLIOOP nNapui 0b6bekToB A U B
B YKa3aHHOM nopsaxke MoXeT ObiTb OCyLecT-
BNEeH n cnocobamy.

3T npasuna moryT 6biTe pacnpocTpaHeHbl

Ha cnyyan Boibopa w3 Tpex u Oonee
MHOXeCTB.

3apava 2. B maraaunHe nmeetcst Tpy Buaa
py4ek u asa Buaa kapangawein. CKONbKO
pasHbIX KOMMAEKTOB, coAepKallmX PyuKy
¥ KapaHgaw, MOXHO nNpuobpecT B 3TOM
mMarasuHe?

Pewenne. N = 3.2 = 6 pasHbIX KOMM-
NEeKTOoB.

3apa4a Ha COBMECTHOe npumMmeHeHne CyMmb! ¥ NPpOU3BeOEHUSA.
3apaua 3. Ckonbko uucen, nmetownx He bonblue TpexX 3HaKoB, MOXHO COCTaBUTL

n3 undp 1, 2, 3,4, 5 T1ak, 4Tobbi UNdPLI B YNCNAX HE NOBTOPSANUCH?
Pewenwve. Ham Hago y3HaTtb, CKOMbKO MOXHO COCTaBWTb OQHO3HAUYHbIX, BBY3HAUHbIX UK
TpexaHauHbix vucen. Mo npasuny cymmbl nx 6ygeT:N = N+ N, +N;.

N, = 5Ny =5-4=20N,=5-4-3 = 60.

CneposatensHo, N = S+20+ 60 = 85. OtBerT: 85.

102




TPEHUPOBOYHbIE YINIPAXXHEHWUA

18. B Ba3e 10 kpacHbix 1 4 6enbix po3bi. Ckonbkumy cnocobamut MOXHO BbIGpaTs 3 useT-
Ka 13 Ba3bi?

19. Ha coBpaHum npucytcTaoBanu 7 XeHWmH 1 8 myxuunH. Ckonbkumn cnocobamm MoXHO
nabpartb Npe3nanym ma NpUcyTCTBYIOWNX?

20. CronbkvumMu cnocobamu 12 0AMHAKOBLIX MOHET MOXHO PasnoXuTb NO NATU PasHbIM
KapMaHam?

21. Cxonbknmy cnocobamm MOXHO yNakoBaTb 9 pasHblx KHUF B 5 BaHaeponewn, ecnv

B 4 GaHaeponsax AOMKHO ObiTe MO 2 KHKUIM?

22. CkONLKO ABY3HAYHBIX YNCEN MOXHO 3anucaTh B AECATUMHON CUCTEME NCUNCTIEHUS?
23. B knacce 12 y4eBHbIx npeaMeToB U 6 pasHbix YPOKOB B AeHb. Ckonbkumn cnocobamm
MOryT BbiTb pacnpegeneHst YPokv Ha feHb?

24 . HanTy 3HayeHue BbipaxeHus:

a)Cj,+C4:6) C} +C3;8) Cli-Clg;r)

J C6
18
25. HailTn 3HaueHne BbipaxeHus:
At -4Y At A - T
a) =5 i6) i85
Ay Ajs +Agy 47

26. CKONMbKO pasHbIX YeTbiPEX3HAYHbIX YUCEN MOXHO HanucaTb BOCHMbIO 3HavaluMu
undpamu, U3 KOTOPLIX HY OAHA HE noBTOpseTCA?

27. PewunTb ypasHeHue:

a) A2 = 42;6) 42 = 56x;B) A2+ C} =256;1)42 | -C! = 79.

28. Ckonbko TenedoHHbIX HOMEPOB MOXHO COCTaBWTb U3 NATY LMdp Tak, YToObl B KoM
OTAENbHO B3ATOM HOMepe Bce umcbpbt Bbinv pasHbiMn?

29. Ha TpeHunposkax 3aHumatorca 12 backet6onmctoB. CKONbKO MOXET BbiTh COCTABMEHO
TPEeHepOM pasHbiX CNOPTUBHBIX NATEPOK?
30. Bbiunenuts no popmyne 6uHoma HeloToHa:

a) (1+x)%;6) (x+3)%;8) (x~ 1)7;1) Bu+4b)%; 1) (2-x)%; &) (Ju+ JB)*.
31. HaitTk TpeTtuit unex pasnoxeHus: (x+3)3.
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CAMOCTOATENbHAAPABOTA C-6-2

B-l ]

9 6annos |

B-ll

1. B knacce 30 yyeHukoB. Ckonbkvmu crnocobamu MOXHO BblgenvTb
OBYX YYEHUKOB ANA AEXYpPCTBa B Knacce, ecnu:

OVH AOMXKEH OblTb CTapLLNM.

| cTapLlero He J0MKHO BbITb.

2. Hantu no popmyne 6uHoma HbioToHa.

(2-a)s.

(1+x)5.

B (12

6anno.)

1. Homepa TpamBaiiHbix MapLpyToB nHoraa 06o3HavanTca ABYMSA LBETHbIMU (hoHaps-
Mu. Kakoe konM4ecTBo pasHbiX MapLLPYTOB MOXHO 0603HaunTh, €Cnv ucnonsb3osaTh ¢o-

Hapu BOCbMM LIBETOB?

2. BeiuucnnuTe no opmyne 6uHoma HbtoToHa: (x —2)°.

KOHTPOJIbHAA PABOTA K-6-1

Bl |

9 6annoB

| B-ll

1. B ogHon kopobke nexar 5 kapaHgalwlen,
a B Apyroi kopobke — 8 py4ek. Ckonbkumm
cnocobamyu MOXHO BbibpaTb OOWH Kapax-
Aall v ofHy pydky?

1. B ogHOM MarasvHe ecTb 3 copTa KoHeT

n 2 copta neyeHbsi. CKONbKO pasHbIX NOKY-
MoK, COAEpXailunx OAWH COpPT KOHMET U
OOWH COPT NEeYeHbsd, MOXHO caenaTth B 3TOM
mMarasvHe?

2. Cxonbko cyulectsyeT cnocobos, 4TOGbI
pasMmecTuTb 12 roctei 3a CTOMoM, Ha KoTo-
pom nocrasneHo 12 npubopos?

2. B copeBHOBaHWsIX NpUHUMalOT y4actue
8 komaHa. CKOMbKO cyllecTByeT BapuaH-

TOB pacrnpefeneHma MecT mexay aTumwu
KomaHaamu?

3. CKONbKG MOXHO NPOBECTY PasHbIX Noc-
KOCTEW Yepes 8 ToueK NPoCTPaHCTBa, ecnu

HUKaKue YeTbipe n3 HUX He nexar B 0aQHON
NIocKoCcTN?

3. B TypHupe npuHumManu y4actue 12 wax-
MaTUCTOB; KaXObl U3 HUX Cbirparsn C Kax-
AblM M3 OCTanbHbiX NO OQHOW NapTuw.
Ckonbko Bcero 6bino CcbirpaHo napTuin?

BN (12

6annos)

1. B ogHow Ba3e nexat 8 rpytw, a B gpyron — 5 a6nok. Ckonskumm cnocobamm MoXHO

BblGpaTh rpywy v a6noko?

2. CKONbKO pa3sHbiX NepecTaHoBOK MOXHO COCTaBUTb U3 BYKB CroBa «TouvKa»?

3. Ckonbkumu cnocobamm 13 kopobku, cogepxailen 12 UBeTHbIX KapaHgatlen, MOXHO
BbiBparth 3 kapaHgawa Tak, 4Tobbl HM OAUH U3 HUX HE Bbit YepPHLIM?

104




- §7. Ha4yana meopuu eeposimHocmu

OCHOBHbIe NOHATUA TEOPUN BEPOATHOCTH

Pasnen maTeMaTvku, KOTOpbii M3yyaeT 3aKOHOMEPHOCTM MaccoBbiX CryqanHbiX
cOBbITUN, Ha3bIBAETCA TeOPUENn BEPOSTHOCTH.

McxonHbIM noHATUEM TEOPUK BEPOSITHOCTY SIBNSIETCS NOHATNE COBLITUA.

CobbiTne — 3TO ABMEHNE, O KOTOPOM MOXHO CKa3aTb, YTO OHO [POUCXOOWUT UMK HE
[IROMCXQZUT, B 3aBUCMMOCTH OT NPUPOAbLI CaMOF0 coBbITUS.

CobbiTus obos3HavaTcs GonbwimMn GykBamu natuHcKoro andasurta 4, B, C,...
fMo6oe cobuiTue NPOUCXOANT BCreacTBMe UCNbITaHuUS.

Hanpumep, noabpacbiBaem mMoHeTy — ucnbiTaHue, nosisnexune repba — cobbiTue,
[oCTaeM namny “3 Kopobkn — wvcnbiTaHune, oHa 6pakoBaHHan — cobblTve; BbliHUMaeM
Hayraj WapuK 13 AlMKa — VCTbiTaHve, WapyK OKasarncs YepHoro useta — cobbitue.

CnyvaitHbIM cobbiTem HasbiBaeTcs cobbiTue, KOTOPOe MOXET NPOU3OWTU WNu He
NPOWU3ONTY BO BPEMS AaHHOIO UCTbITAHUS.

Hanpumep, BbIHUMas Hayrag OfHy KapTy U3 KOnoabl, Bbl B3sNW Ty3; CTpenss, CTPenoK
nonagaert B Lenb.

Teopua BEPOATHOCTN U3y4aeT TOMbKO MaCCOBLIE CNyYanHbie cobbITHSA.

[ocTtoBepHbIM Ha3biBaeTcs cobblTve, KOTOpoE BCMEeACTBUE AaHHOrO WCMbITaHUA

obasarenbHo npousonaeT; (obosHadvaetcs £).
HeBO3MOXHbBIM Ha3biBaeTcs Takoe cobbiTve, KOTOPOe BCReAcTsne A4aHHOro nenbitTa-

HMSI He MOXeT NpPon3onTy; (o6osHavaeTcs U).
Hanpumep, nossnexne 04HOMO U3 WeCTH OYKOB BO BpeMsa ofHoro 6pocka urpansHoro
Kybuka — goctoBepHoe cobbiTve, a NosiBNeHve 8 0UKOB — HEBO3MOXHOE.
PaBHOBO3MOXHble cOObITUSE — 3TO TakMe COBbLITVA, KaXXaoe N3 KOTOPbIX HE UMEeT

HUKaKMxX _npevMmyllecTs B MNOABNEHWU dalle [LPpyroro BO BpemMsa MHOMoYuUcCrieHHbiX
ncnbITaHui, KOTOpbl€ NPOBOAATCA C OANHAKOBbLIMY YCIOBUAMW. i

MonapHo HecoBMecCTUMbLe cobblTnsi — 310 CObLITHSA, ABa U3 KOTOPbIX He_MOryTt

NDOU3OUTU BMECTE.
' BepOATHOCTb CRy4anHOro co6biTUA — 3TO OTHOWEHKE Yncna cobbiTUI, KOTOpbIe

GnaronpuaTCTBYIOT 3TOMY COBbITMIO, K ObBLleMy 4MCNy BCEX PABHOBO3MOXHbIX
HECOBMECTUMbIX CODLITHIA:

Py = M),

rae A — cobbiTue;

P(4) — BEpORTHOCTbL COBLITUR;

N — ofuiee 4MCno paBHOBO3MOXHbLIX M HECOBMECTUMbIX COOLITUIA;
N(4) — uncno cobbiThi, KoTopbie BNaronpUsTCTBYIOT COBLITUIO A .

JTO — Knaccuyeckoe onpeaenesne BepoATHOCTU CNYYaNHOoro cobbiTus.

Knaccuyeckoe onpegeneHne BeposiTHOCTY MMeeT MECTO AN UCTIbITaHni C KOHEYHbIM
4YMCNOM PaBHOBO3MOXHbIX PE€3yNbTaTOB UCTBITAHWUSA.

MMycTb caenaHo #n BLICTPENOB MO MULLIEHM, U3 KOTOPbIX OKA3anock m nonagaHui. OTHowwe-

m - - «
HMe W(A4) = — Ha3bIBaeTCA OTHOCUTENBHON CTAaTUCTUHECKON YacTOTON HaCTYREHN CoBbITUs A .
n

CneposaTtenbHo, (4)— cTaTUCTUYECKas YacToTa nonagaHus.
Tabnvua 1

KonuyectBo BoicTpenos, n | 10 | 20 30 | 40 50 | 60 70 80 90 00
KonuuecTtBo nonagaunia, m | 8 17 26 | 33 41 49 56 65 72 81

W(A)-'=m ,810,85/0,86(0,83({0,8210,82{0,8 [0,81{0,8 0,81
n
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Mpwn nposenexnn cepun BoicTpenos (Tabn.1) cratuctudeckas vactota byaer kone-
6aTbCa OKONO ONPEAENEHHOro NOCTOSHHONO YMcna. JTo YMcno uenecoobpasHo NPUHKATL
3a OLeHKY BEPOATHOCTM nNonagaxus.

BepoaTHOCTLIO COOLITUS A Ha3bIBAETCH TO HEU3BECTHOE YUCNO P, OKONO KOTOPOro

cobupaloTCca  3HAYEeHUS CTaTUCTUYECKMX YacTOT. HactynneHus cobbitua A4 npu
BO3pacTaHUM YMCNa UCTIbITaHWA.
310 — cTaTUCTHYECKoe 0603HaYeHNe BEpPOSITHOCTU CNyYanHoro cobbITus.
Onepauuu Hap coBbITUAMMN
MNon aneMeHTapHbIMKM COBLITUAMK, CBA3aHHLIMU C ONPEAEneHHbIM UChbiTaHneMm,
NOHMMAIOT BCE HePa3NOXUMbIE Pe3ynbTaTbi 3TOro UcnbiTanwus. Kaxgoe cobbiTie, KotTopoe
MOXeT HaCTyNuTb B pe3ynbTaTe 3TOro UCNbITaHUsA, MOXHO paccMmaTpueaTh Kak HEKOTopoe

.. MHOXECTBO 3NeMeHTapHbIX cobbITUiA.

MpocTpaHCTBOM 3NneMeHTapHbIX COObITUIM Ha3bIBAaETCS MPON3BONbHOE MHOXECTBO
(koHeuHoe unn BeckoxeyHoe).

Bce 13BeCTHbIe OTHOLLEHWUS U Onepauuy Hagd MHOXECTBaMMW NEPEHOCATCS Ha CO6bITVlF|

[oBOPSAT, YTO CODLITME A SBNSIETCS YacCTHbIM crnydaem cobbitust B (unu B siBNAeTCs
_ pesynbTaToM A ), ecrniv MHOXECTBO A SBNSETCS nogmHoxecTsoM B. OB603Ha4aoT 3TO OTHO-
. LEHMWE TaK Xe, Kak 4ns MHOXeCTB: 4 < B i B D A . Takum 0bpa3om, oTHouleHne 4 < B o3Ha-
Yaer, YTO BCe anemMeHTapHble cobbITVA, BXOASALWWE B 4 , BXOOAT Takke B B, TO eCTb NpU HacTyn-
- neHwn cobbiTust A HacTynaer Tawke cobbitve B. Mpuatom,ecrmAcBnBc 4,704 = B.

CobbiTe 4, KOTOpoe NpOWCXOAWUT TOrAa W TOMbKO TOrAa, Koraa cobbitue A He
- MPOWCXOAWT, Ha3bIBAETCH NPOTMBONONOXKHLIM CcOBbITUIO 4. [lockonbky B KaxaoM

VCMbLITAHWN NPOMCXOAWT OOHO M TOMbKO OAHO M3 cobbiTi — A wnn A, TO

P(A)+P(A) = 1,unn P(4) = 1 - P(4).

O6veauHeHueM nnm cymmon cobbITiit 4 U B HasbiBaeTcsi cobuitne C, KOTOpOe npo-
MCXOOMT TOrAa W TONBLKO TOrAA, KOrAa Ui NPOUCXoANUT cobbitue A4 , v npoucxoaut cobeitve B,
WIn Npouexoast A U B opgHoBpeMeHHO. 310 06o3HadaeTes C = AuB UM C = A+B.

O6beauHeHnem cobbITUi 4, A,, ..., 4, Ha3biBaeTcst cobbiThe, KOTOPOE npomcxoauT
TOrAa ¥ TONLKO TOrda, Koraa NPoVUCXoanT XOTs Gbl 0AHO M3 AaHHbIX cobbITM. OBo3HavaeTcs

n
- obbeauHeHue coBbITUN A| U A, U ... U4, , uin (U 4, Wn 4, + 4, + ... + 4

k=1

; MepeceyeHnem vnu npoussegeHnem cobbiTuit 4 1 B HasbiBaeTcs cobbitne D,
© KOTOpOE NPOUCXOAUT TOrAa W TONbKO Toraa, korpa cobbitsi 4 v B npoucxodsT
oaQHOBPEMEHHO, N obo3HavaeTca D = ANB v D = A-B.

CoemeljeHvnem nnv nponsseaeHnem cobuiTii 4,, 4,, ..., 4, HasbiBaeTcs cobeiTue,
koTOpoe NPOMCXOAMT TOTAa ¥ TONLKO TOrAa, KOrAa NPOUCXoANT 1 cobbiTie 4, n cobbiTue
A4y, n 1.4. , v cobbitne 4,. O6o3HaqvaeTca coBMelweHne Tak: 4, N4, N...NA4, wn

nt

r"\ Ay v 4, -4, ...- 4

k=1

Ecnu cobbltus 4 v B He MOryT npovsonTu OAHOBPEMEHHO, TO Takue cobbiTua
Ha3bIBalOT HECOBMECTUMBLIMU.

3HauuT, AN HECOBMECTUMbIX COBLITUI, 1 TONBKO ANA HUX, AN B = U.

Takke ANE = A4, AU = A4, AnU = U, TO ecTb HeBO3MOXHoe cobbitne U ur-
paeT ponb HynA, a 4OCToBepHOE CobbiTe £ nrpaeT ponb eavHulbt, Toects, =, £=1.

Pa3HocTblo A\B cobbiTUIA 4 1 B HasbiBaeTcs cobbiTve £, KOTOPOEe NPOUCXOAUT Toraa v
TOMbKO TOrAa, Koraa NpoMcxoauT cobbiTne 4 1 He NpoucxoamT cobbiTve B, To eCTb F = A\B.

n*
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Onpegenexve onepauuii obbeanHeHUs, nepeceyexns, pasHOCTU COBLITUIA MOXHO
NPOWNMIIOCTPMPOBATL C NOMOLLbLIO Koney Junepa: e

B
ANB =0

AcB

M3 cratucTudeckoro onpedenedns BEPOATHOCTM COGLITMA  BblTEKaeT, uTO
BEPOATHOCTb CODOLITUA BCErga eCTb HYNCAO MOMNOXUTENbHOE Mnn Hynb. CnepoBarenbHo,

NMeeM Takne CBOWCTBA BEPOATHOCTHU: ‘ 54
1) P(E) = 1; ’ LACT HEN
2) P(U) = 0; '

L

3) 0 < P(4) <1 gns noboro cobbitus.
BepoATHOCTL CYyMMbI COOLITUNA

BeposiTHOCTL CyMMbi BYX CODbITUIA paBHa CyMMme
BEPOSATHOCTU 3TNX COBbLITWIT 683 BEPOSTHOCTU X NPON3BEAEHNS.

Ecnu 4 n B — HexoTopble cobuttust, TO |P(A + B) = P(4) + P(B) - P(4 - B)}.

[laHHasa Teopema Ha3bIBAETCH TEOPEMON CIIOXEHUSA BEPOSTHOCTEMN.

N3 atoit Teopembl BbITEKAeT pesynbTaT Ans HecoBMECTMMbIX cobbitini A u B: ecnm
ANB = U,T0P(4-B) = 0.o3romy Ana HECOBMECTUMBIX COBLITUAIP (4 + B) = P(A4) + P(B],
TO €CTb BEPOSITHOCTb CyMMbl [IBYX HECOBMECTUMbIX CODLITUM paBHa CyMME BEPOSITHOCTEN ITUX
cOObITWA.

Ecrm 4, 4,, ..., 4,, — nonapHO HECOBMECTVMbIe COBbLITHSA, TO
PA +A,+ ... +4,) = P(4))+P(4,)+...+P(4,).

m

Ota Teopema cnpaseanusa Anst cobbiTi, CBA3AHHbIX C OQHMM U TEM Xe UCNbITaHKEM.
YcnoBHas BepOATHOCTb U HE3aBUCUMOCTbL COBbITUN

Myctb meeM cobeiTna A n B, u P(B) # 0. YCNOBHON BEPOSTHOCTHIO COOLITUA A npu

ycrnoBuu, 4TO Hactynuno cobbite B, HasbiBaetcsi uucno |P(A4/B) = P—;%—é—? unm
[P(A-B) = P(A/B) - P(B)]
‘EcnwA B, 10 P(B/B) P(B)

CobbiTna 4 1 B HasbiBAKTCH HE3aBUCUMbIMY, eCrmn |P(4 - B) = P(4) - P(B)}.

BeposaTHOCTL NPOM3BEASHUS ABYX HE3aBUCKMbIX COBLITUN
paBHa NPON3BEAEHUIO BEPOSITHOCTEN 3TUX COBLITUN.

Ecrnm coBbiTns A n B He3aBNCUMbI, TO HE3ABUCUMBI Takke cobbITvA AnB.

CnyyaiHbie cobbitns A, B, C He3aBWCuMbl B COBOKYMHOCTM, E€CMU OHW MONapHo
HesaBucumbl U |P(4 - 8- C) = P(4) - P(B) - P(C)}.

Cnyvaitbie coboitus 4, B, C, D He3aBWCHMbl B COBOKYNHOCTW, €CNU HEe3aBUCUMb!
B COBOKYNHOCTY niobbie Tpu n3 Hux nlP(4 - 8- C- D) = P(4) - P(B) - P(C)- P(D)].
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HeazaBucumbie ucnoitaHua. Cxema bepHynnu
MycTb nNpy OCYLLECTBNEHWM n HE3aBUCUMbLIX WUCNbITAHWK cobBbiTME A HacTynuno
m pa3. O6o3HauMmM BEPOATHOCTb HACTynneHus cobbiTns Yepes P (m). Torga

P (m) = C, - p" - ¢g" | — dopmyna BepHynnm.

n

m=20,1,2,...,n.

3nechb C:' — KONWYECTBO Cny4aes OCyLUecTBNeHns cobbitua 4,
i nt -

= ———— p = P4), ¢g=PA) =1-p.

Co = ity P = PO 4= P = 1-p )
CnyuainHan sennymHa. 3aKoH eé pacnpeaeneHus

CnyvyaiHOW BenMuMHOM HasbiBaeTCs (DyHKUMs, 3ajaHHas Ha MHOXecTBe
pe3ynbTaToB AAaHHOIC IKCNEPUMEHTA UMK B NPOCTPaAHCTBE 3M1EMEHTapPHbIX COObLITUNA.

Hanpumep, konn4yecTBoO aBapuii asToTpaHCNOpTa B TEHYEHUE CYTOK B fHOBOM ropoae
3aBWCUT OT Cny4as.

CoBOKYNHOCTb pesynbTaToB OnbiTa Ha3biBAETCA NPOCTPAHCTBOM 3MIEMEHTapHbIX
CcO6bITUM 3KCNEepUMeHTa.

3akoHOM pacnpeneneHus cnyvyamMHoW BenWUuUMHbLI X Ha3biBAeTCs (pyHKUMS,
KOTOpas KaxaoMy 3Ha4YeHulo x CNyyanHoOM BenuuYuHbel X CTaBuT B COOTBETCTBUE
BEpPOATHOCTb P(X = x).
~ B obleM cnyyae 3akoH pacnpeeneHus cnyvyanHon BenuuuHbl 3anuncbiBaeTcs Tak,
KaK nokasaHo B Tabnuue 2.

Tabnwuua 2
xk .\'] X2 .\‘n
Py Py 1) Py
3pecb x|, X,,...,X, — BCE pa3fMyHble 3Ha4YeHUs Cry4alHOW BENWUMHLI X,
a p,=PX=ux), k=1,2,..,n — BEPOATHOCTW, C KOTOPbIMW X NpUHUMAET ITU

3Ha4YeHus. :
CobbiTua {X=xl},...,{X=xn} rnornapHo HECOBMECTUMbI, MX CyMMa ABNAETCA

pocTtoBepHbiM  cobbiTem.  MoaToMy cymma  BeposiTHOCTEN  3TUX  COBbITWI
pytpyt...+p, = 1. [laHHoe paBeHCTBO MOXHO MCMONb30BaTb ANS NPOBEPKN 3aKoHa
pacnpegeneHns Cny4YaitHoin BenuymnHb.
Maremartuueckoe oxuagaHue
IycTb cnyyaiHan BenuunHa UMeeT 3aKoH pacnpefenenus, o6o3HaveHHbIn B Tabnuue 2.
CyMMa npousBedeHWr 3HaveHuit CnyvyaHon BenuuMHbl Ha COOTBETCTBYIOWME
BEPOATHOCTU Ha3blBAETCA MATEMaTUYECKUM OXMAAHUEM (M CPEAHNM 3HAYEeHNEM)

Cry4qanHon Benu4uHb! X 1 0603HauaeTcs cumBonoMm  X:
Mx = X\Pr1Xpyt.tx,p, = zxkpk )
k

CBoncrea

1. [inA Npou3BOMbHON CNy4anHOW BENUYMHBLI X ¥ NPOM3BONBHOMO YUCNA ¢ UMeeT MECTO
paBeHCTBO: M(cX) = cMX.

2. MaremaTtnyeckoe oxuaaHne nocTOsHHOM paBHO CamMOW NOCTOAHHOW: Mc = c.

3. MaTtematuyeckoe oxmaaHme CyMMbl ABYX CriydaiHblX BEMMHMH PaBHO CyMMEe MaTteMaTU4ecknx
OMARRHAR TTWA BRI, MIX + Y1) = MX+ MY . Ananommne M(X - Y) = MX~MY.

4. MatemaTnyeckoe OXwaaHne Npon3BeaeHUst ABYX HE3aBUCUMbIX CIYYaNHbIX BEMUYUH
paBHO NPOU3BEOEHMIO UX MATEMATNYECKNX OXnAaHui: M(X - Y) = MX - MY.

Aucnepcusa cnyyanHon BennYvHbI
Oucnepcveit cnyyaiHoM BENMYKHKBE HA3bIBAETCHA MaTtemMaTuieckoe oxXugaHwe Kkeagparta

OTKITOHEHUSA CNYYaHOR BENNUMHBL OT €8 MaTEMaTNUEcKoro oxmaanus: DX = M(X - MX)?.
CpefiHuM KBaApaTU4HLIM OTKIIOHEHUEM CIy4alHOW BENVUUHbI HasblBaeTCs KOPEHb

KBaapaTHbIV U3 eé aucnepcun: 6(X) = JDX.
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CBoMcTBa gucnepcmn CNy4yanHom BennyuHbl

1. DX = MX? - (MX)*.
2. Ecnu ¢ — nocTosiHHas, To D(X+c¢) = DX; D(cX) = ¢2DX; Dc = 0.

3. Qvcnepcysi CyMMbl ABYX He3aBWUCUMbIX CllyYaiHbiX BenuuuH paBHa CymMme uX
aucnepeuin: D(X+Y) = DX+ DY.

m

n, i
BLiGOpOUHOIt AMCTepcuen HasbiBaeTCa BoblpaxeHne S = Y (xi——i)zz', rae

i=1

X Xgy o0 X, — HAOMIORAEMBIE PA3NNUHBIE 3HAYEHUS CNYYAAHON BENWUNHBL, 1y, ..., 1, —

WX 4acToTbl, 1 = ny +n, + ... +n, — ObLiEE KONNYECTBO HabNoAEHUA, ¥ — BbIGopoyHOe
cpenee.
n ny n,,

+xy—+ .. Ftx, —
Zn m

Bbi60pOU1HbLIM CPEAHUM Ha3bIBAETCH BEMUUMHA ¥ = X "

Vi
1 m
wm ¥ = ~ T X,

k=1
BuiGopodHan auCnepcust ABMSEeTC  CPefHUM BCeX KBaapaTOB  OTKNOHEHWI

pe3ynbTaToB HabnaeHuid OT nx CPeaHEro 3HaveHns .
BenuunHa S, KOTOpas paBHa KOPHIO KBaapaTHOMy w3 BbIDOPOYHON Aucnepcuw,
Ha3bIBaEeTCS BbIGOPOUHBIM CPEAHNM KBAgPaTUYHLIM UMY CTAHAAPTHLIM OTKITIOHEHUEM.
CnyuaiiHble BENUYMHLI HA3bLIBAIOTCS He3aBUCUMbIMK, ecrv ana Jnobbix x u y
BbINONHAETCA PaBEHCTBO:
PX=x)- (Y =y)) = PX=x) - P(Y=y)]
CnyvaiiHbie BENWYMHbL X|, X,, ..., X, H@3biBAOTCA HE3ABUCHMbIMK B COBOKYMHOCTH,

ecnm cobuitna (X, =x), ..., (X, = x,) HE3aBUCUMblI B COBOKYNHOCTM AN 1tobbiX

X[y e X,
3aKoH 6onbluux uUncen

Ecrm cnyuaiiible BENUYMHBL X, ..., X, HE3ABUCVMBI 1 UIMEIOT OfIHO U TO JKe MaTeMaTUieckoe

OXMOAHUE M OfHY M TY Xe AUCTepCH o, TO UX CpedHee apudMeTUHecKoe NpU AOCTaToOuHO
GONbLLIOM 11 € BEPOSITHOCTBIO, KaK YroAHO 6rM3KOW K eIuHULIE, KaK YroHO Maro OTKNOHAETCA

OoT a.

OTO NpOCTERWWA YacTHLIN criyyav Teopemst (1. J1. Yebbiwesa.
Pesynbrart (treopema BepHynnu)

MycTb k — KONMMUECTBO HACTYNNeHUsi CoBbITUS 4 B n HE3ABMCUMBIX MCMLITAHMSIX,
p ~— BEPOSITHOCTb HACTYMfEHNUsI 3TOr0 CODBLITUS B KAXAOM vcribiTaHuy. Toraa ans noboro

£>0:

P(",—;—p Ss)—al,Kor.qa n—> o0,
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YUYEHUYECKAA CTPAHUYKA

Knaccuueckoe onpegeneHue BepOATHOCTH
Ucnonb3oBaHue hopmyn KOMGMHATOPUKM ANA BbIYMCNEHUS BEPOATHOCTEN

1. B Kop3nHke HaxoaaTtes 4 Genbix U 7 YepHbix Wapukos. KakoBa BEPOATHOCTL TOTO, YTO
Hayrag BbiHYTbI LWAPUK OkaxeTca Genoro yseTta?

Pewenue.

Ucnonbayem copmyny P(4) = 1—\% Myctb 4 — cobblTne, KOTOpOe O3HaYaeT, YTo

Hayraj B3siTblM Wapuk 6enoro UBeTa; Takux Wapukos 4, no3tomy N(A4) = 4 — umucno
BCEX PABHOBO3MOXHbIX COObITUI, KOTOPbIE BNaronpUATCTBYIOT COBLITUIO 4 ; YNCNO BCEX
4

pPaBHOBO3MOXHbIX 3NIEMeHTapHbIX cobuituin - = 11. Noatomy P(4) = T

2. U3 nonHoro Habopa kocTem OOMWHO Hayrag BblOupaeTca ogHa KoCTb. Kakosa
BEPOATHOCTb MNOSIBMEHUR KOCTWU, CYMMa OYKOB Ha KOTOPOW paBHa LecTn?

Pewetne.

WcnbiTanve COCTOUT B TOM, YTO BbIHUMAETCS O4HA KOCTb M3 NONHOTO Habopa AOMMHO.

Mockoneky oHa BbibpaHa Hayrag, TO BCe pesynbTaThl UCMbITAHUA PaBHOBO3MOXHbI,

npu4emM OHW HECOBMeCTuMbl. B nonHom Habope AOMMHO 28 KocTew, crneposartenbHo,

N = 28.Tlyctb 4 — cobbiTue, KOTOPOE O3HAYaET, YTO CyMMa O4YKOB Ha BbiBpaHHOM KOCTU

paBHa wecth. CobbiTio 4 GnaronpusiTCTBYIOT 4 peaynbTata WUCMLITAHWS, @ VMEHHO:

NOSBMNEHWE KOCTEW, Ha KOTOPbIX HaHeCeHbl O4Ykm 0-6, 1-5, 2-4, 3-3.
4

CnepoBsartenbHo, P(4) = T 0, 143,

3. KakoBa BEpOATHOCTb TOro, 4TO Npu BpocaHn urpanbHOro Kybuka BoinageT YéTHoe
YMCIIO OYKOB?

Pewenue.

MNyctb 4 — cobuiTne, koTopoe 03HaYaeT, YTo nNpy GpocaHumn Kybvka BbinageT 4YE€THOe
yncno o4kos. B 3TOM 3kcnepuMeHTe Mbl UMeeM 6 PaBHOBO3MOXHbIX Pe3ynbTaToB:
coBbITHS Ay, Ay, Ay, Ay A, A, Hac vHTepecyeT BepoAaTHOCTb CoObiTua A. JToMy

cobbITUO  BnaronpuAaTCTBYIOT TpU pesynbTata  aKcnepumenTta: A, A4, W Ag.
3 _1

CneposatenbHo, N = 6, N(4) = 3, N03TOMYy UCKOMas BEPOSATHOCTb P(A4) = = 3

4. MNoabpocunn ase MOHeTLI. KakoBa BEPOATHOCTL TOTO, YTO Ha Ka)XgoM MOHETe BbinaaeT
repb?

PelueHue.

Bosbmem ogHy MoHeTy megHylo, oaHy cepebpsHyio u obosHauim: | — cobbiTue,
KOTOpO€e o3HayaeT, YTo Ha o6enx MoHeTax Bbinan rep6; L| — Ha o6enx MoHeTax Bbinana

undpa; 4, — cobbiTne, KOTOpoe 03HaYaeT, 4To Ha cepebpsiHOi MoHeTe Bbinan repd, Ha

MenHou MoHeTe Bhinana ungpa; 4, — Ha MeaHoH MoreTe Brinan repb, Ha cepebpsiHoi

MOHETE — undpa. ITh yeTblpe COBLITUA PaBHOBO3MOXHbI. CnefoBaTenbHO, paBHO-

BO3MOXHOCTb PE3ynbTatoB aKcnepumeHnta — 4, 70 ectb = 4. Hac uHTepecyet

BEPOATHOCTE CoObiTHA . EMy 6GnaronpusTcTBYeT TONbKO OAWH Pe3ynsTaTr, TO eCTb
1

N(4) = 1. 3HaunT, uckomasi BeposiTHocTs P () = 3
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5. Tlopbpocunu fABa urpanbHbix Kybrka v nogcdutany CymMmy BbiNasLUMX O4KOB. YTO
BepOsiTHEE Nony4nTb B CymMme: 7 unn 87

Pewenwue.

MycTb 4 — coBbITHE, KOTOPOE O3HA4AET, YTO CyMMa BbiNaBLLMX OYKOB paBHa Cemn. 3ToMy
cobbiTVIo BRaronpysTCTBYIOT cneayrowne 6 pesynotatos: 1 -6, 2-5, 3-4, 4-3, 5-2
u 6-1, cneposatensHo, N(4) = 6. Yncno BCex paBHOBO3MOXHbIX COBbITuMiA N = 36, no-

CKONbKY KaXKO0e U3 6 OUKOB, KOTOPLIE MOFYT BbINACTb Ha NEpBOM Kybuke, MoxeT GbiTb B Nape
6 1

¢ NOBLIM 13 6 OYKOB, KOTOPLIE MOTYT BbINACTL Ha BTOpoM Kybuke. Moatomy P(4) = %6

MycTe B — cobbiTve, KOTOpoe 03HA4aeT, YTO CYMMA BbiNABLUMX O4KOB paBHa BOCbMM.
3ToMy cobbiTnio GNaronpuATCTBYIOT Crieayiouine 5 pesynbTaTos:

2-6, 3-5, 4—-4, 5-3, 6-2.To ectb N(B) = 5. [Moatomy P(B) = 553 Cnepoga-

TeNbHO, CyMMa 04KOB 7 siBnsieTcst Gonee BEPOATHLIM COBLITUEM, YEM CyMMa O4KOB § .

6. B sawuke nexart 20 0QMHaKOBbIX Ha OWyNb WapuKkoB. M3 HUX 12 Benbix N 8 YepHbIX.
Hayrag BbiHUMatOT ABa Wwapwuka. KakoBa BEPOATHOCTL TOrO, 4To 06a Wwapwka 6envie? 4To
OHY pasHoro useta?

Pewenue.

Uncno Bcex paBHOBO3MOXHbIX COBLITUA N = (3, TO eCTb 13 20 WwapyKkoB Buibupaem 2.

Myctb B — cobbiTne, KOTOpoe 03Ha4aeT, 4To oba wapuka Genble. Mockonbky Genbix
LWAPWUKOB 12 1 Cpeam HMX Ham HYXHO BbiBpaTh 2 wapwka, To N(B) = 122 — YWCHNO BCeX

pPaBHOBO3MOXHbIX PE3yNnbTaToB, KOTOPLIE GHaFOHPMﬂTCTBy}OT HacTynneHuo cobbiTna B.
CneposartenbHo, UCKOMan BEPOATHOCTL!

Ch 12208 1112 33, 35
C%o 210120! 19-20 95 777
Myctb A — cobbITHE, KOTOPOE O3HAYAET, YTO B3ATHLIE LWAPKKM Pa3HOro UBeTa. ATOMY COBbLITUIO
BnaronpysTCTBYIOT pe3ynbTaTthl, NP KOTOPbLIX NEPBLIA LIAPUK MOXHO BbIHYTE 12 crnocoGamu,
a BTOpor — 8 cnocoBamu, npu 3Tom Mobom Wwapuk 13 12 (6enbiin) MoXeT KOMGUHPOBATLCH
¢ nioBbiM YEePHbIM, TO €CTb, MCMOML3OBAB MPABUNO NPOU3BEACHUS, NOMyYMM N(4) = 12-8.
12-8 _12-8-2118! _12-8-2 _ 48
c3, 20! 19-20 95

P(B) =

MoaToMy nckomas BeposTHOCTL: P(4) =

=(,35.

7. B ogHOM siLumke Haxoasitcs 8 6enbix u 12 KpacHbIX LWaprKoB, B APYromM — 15 CUHUX U

5 YepHbIX LWapUKoB. M3 kaxaoro AlMKa Hayraa BbIHUMAIOT N0 OAHOMY Wwapuky. Kakosa
BEPOATHOCTb TOTO, YTO BbIHYMM KPACHbIA M YEPHbIA Luapukn?

PeweHune.
MpoHymepyeMm BCe WapukK: ay, a,, ..., dg — Oenble; ag, a,, ..., a5, — KpacHble (B nep-
BOM fLuKe), b, by, ..., bjs — CUHWE; b ¢, b,q, ..., byy — YePHBIE (B APYrOM situmke). B pe-
3ynbTarte aKcrnepuMeHTa nonyyaem cobuiTua (a, b;) = «BbIHYTLIR WWAPUK a; Vi BbiHYTbIN

wapuk b,». 3Tn cobbiTns 06pasyloT MHOXECTBO Pe3ynbTaToB AaHHOrO 3KCNEepUMEHTa.

MockonbKy WapuvKy BLIHUMAIOTCA Hayrag, TO 3Th cobbITUR PaBHOBO3MOXHSL. 1o npasuny

npou3seaeHns, YmMcno atux cobbitnii N = 2020 = 400. CobbITHIO, HTepecyoLlemMy

Hac, 6naronpuATCTBYIOT PeayrnbTaTsl OfbiTa, ANA KOTOPbLIX BLINONHAOTCS HePaBEeHCTBA:

9<i<20 1 16 <i<20. WUxuncno (no npasmny npousseneHns) npy cobbitun 4 , KOTOpoe

O3Ha4aeT, YTO BbIHYNMM KPaCHbIM W 4YepHbId Lapukn, paBHo N = 125 = 60.
60 3
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8. Ha copesHoBanua no 6acket6ony npvexanun 18 KoMaHa, KOTOpble NyTeM Xepebbésku
pasgeneHsl Ha ABe rpynnbi N0 9 koMaHA B Kaxaon; 5 komanz o6bl4HO 3aHMMaloT nepsbie
mecta. KakoBa BEpOATHOCTb TOro, Y4TO BCE NMAMPYIOWME KOMaHgbl nonaayT B OAHY

rpynny? KakoBa BepOSiTHOCTb TOro, YTO ABe NUAWPYIOWME KOMaHAbl nonagyT B OAHY
rpynny, a Tpu — BO BTOPYI0?

PelweHne.

Ob6o3raunm cobbiTns: 4 — «BCe 5 NUaMpyIOWMX KOMaHA NonNanu B ogHy rpynny»; B —
«2 nuaupylowme KomaHabl nonanu B ogHy rpynny, 3 — BO BTOpyto». U3 18 komaHp
Fpynnbl No 9 komaHa MoryT Gbith 06pasosaHbl Cjy cnocobamu, To ectb N = Cly.

CobbiTito 4 OnaronpuATCTBYET CTONLKO COOLITWIA, Ckonbkumu  cnocobamu 5
nuavpylowmx KomaHa MoryT obpasoBaTb AEBATKM € 4Y€TbipbMst koMaHaamu w3 13
ocTaBwmxcA koMaHg. [M0o3TOMy Kkak nepsas, Tak W BTOpas AeBsATkn MoryT ObiTb
obpasosaHbi  {; crnocoBamn. TMoatomy N(4) = 2C};. CneposatensHo, wckomas

2C% . .5.6.7.%
BEPOATHOCTL P(A4)= 13_2- 13,9191 256 1K !

Ch 48! 23 4 14-15-16-17 18 34

AHanorydHble  pacCyXAeHUst MOACKa3blBaloT, 4YTO u4UCNO  COBLITMIA,  KOTOpbIe
GnaronpusTcTBYIOT COBLITMIO B, paBHo: N(B) = C#- Cl, +C3- C$;.

C3-CL+C3-Ch 12

Moaromy nckomasn BEPOSATHOCTL: P(B) = = —=,
CYy 17

9. CnyyaiHas BenvuvHa X npuHumaet sHadenus 1, 2,3,4, npuuém P(X=1) = 0,4,
P(X=2)=10,3 P(X=3) = 0,2. Hahtn P(X = 4); P(X>2), P(X<3), P(1,5<X<3,7).

Pewenye.

MNMockoneky P(X = 1)+ P(X=2)+P(X=3)+PX=4) =1,T0
P(X=4)=1-(0,4+0,3+0,2) =0,1.

PX>2)=PX=3nmmX =4)=PX=3)+P(X=4)=0,2+0,1=0,3.
AHanorn4Ho P(X<3) = P(X=1)+P(X=2)+P(X=3) = 0,4+0,3+0,2 = 0,9.
P(1,5<X<3,7) = PX=2)+P(X=3) =0,5.

10. Konu4ecTso 04KOB, BbIbUBaEMbIX NPY OAHOM BLICTPENE KaXAbiM U3 ABYX CTPEIIKOB,
WUMEIOT COOTBETCTBEHHO 3aKOHbI pacnpeneneHus:

a) 6)
x| 819 |10 x| 8 [ 9 ]to

P¢10,410,110,5 2;10,1]10,670,3

Kakoit u3 asyx ctpenkos cTpenser nyqwe?

Peuwenue.
Ecnu X; (i = 1,2) — KONMYEeCTBO OYKOB, KOTOpPOE BbibvWBaeT nepsbit CTpenok npu
OQHOM BbICTpEne, TO MX,=8-0.4+9-0,1+10-0,5=9, 1; MX,=8-0,1+9-0,6+10-0,3=9,2.

CpeaHee Konu4ecTBoO O4KOB, KOTOPOE BbiGMBAET BTOPOIt CTPENIOK NPy OAHOM BbICTPene,
Heckonbko 6onblue, Yem y nepsoro. CnenosartensHO, BTOPOW CTPENoK CTPEnseT nyyie,
YeM nepBbIn.
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11. U3 stiymka, B KOTOPOM HaxoaaTcs 4 wapuka, NpoHymeposaHHble yucnamu 0, 1,2, 3,
Hayrag 6epyT gBa wapuka. CoCcTaBuThb 3aKOH pacrnpeerneHns CyMmbl HOMEPOB ABYX
BbIHYTbIX LUAPWKOB.

PeweHue.

B aTOM 1chbiTaHUM BO3MOXHbI Takue peaynetatsl: (0, 1); (0, 2); (0,3); (1,2); (1, 3); (2,3).
3aech (0, 1)03Ha4vaeT, YTO NEePBbIM BbIHYNM WapuK ¢ HoMepoM 0, a BTOPbLIM — C HOMEPOM | .

- 1
BeposTHOCTb  anieMeHTapHbIX COoBbITWA OaMHakosa, TO €eCTb paBHa g (nockonbKy

obpaszoBanoch 6 Nap LWApUKOB, @ JOCTaTh Mapy MOXHO TONbKO ofHUM cnocobom). Hanas
Cepyn HOMEPOB ABYX LLAPUKOB, MOXEM COCTaBUTL Tabruuy.

PesynbTatsl ucnbitanua  { 0:1 (0;2 {10;3 [ 1;2 [ ;3 (2:3

BeposatHocTH L1111
anemMeHTapHbixcobbitin | 6 | 6 | 6 | 6 | 6 | 6
CyMMbl HoMepoB 1 | 21331415

Bce pesynsTaThl UCMbITaHWst OAMHAKOBO BEPOSiTHLI. BrinuiieM Tenepb BCe pasfnuuHble
3HAYEHUs Cry4anHON BENnYMHbLI — CYMMbl HOMEPOB ABYX LWAPUKOB — M NoAcqvTaem

COOTBETCTBYIOILME BEPOATHOCTK. BEPOATHOCTb p; HAXOAUTCH CNOXEHWEM BeposT-
HOCTE BCeX 3NneMeHTapHbiX COBLITUR, KOTOPbLIE COOTBETCTBYIOT 3HAYEHUIO x; . MNonyunum
Tabnuuy:

x11{2(3(4]s

LirjryLft
Priclel3]6l6

12. lNpwn cbopke npubopa ans TOYHOW NOATOHKW OnpeaeneHHoOW aetanu HeobXoaumo
caenartb HeCKonbko nonblTok. Ipw 3Tom fetanb, 3abpakosaHHas npu cbopke OgHOro
npubopa, yxe He ucnonbayeTcs npu cbopke apyrux. [Ans yCcTaHOBNEHUS KOMUYECTBa
Aetanew, KoOTopbiMu HeobxoanMo obecneunts pabouero, Obino nposeneHo 00
Habnogenun. Okasanoch, YTo B 7 cny4asx noHagobvnack oaHa nonwitka, B 16 — aBe,
B 55 — Tpu, B 21 — veThipe ¥ B 0OQHOM cnydae — nATb NOnbiTOK. Haltn cpegHee
KonuuecTso agetanen, Heobxoammbix ans c6opkun ogHoro npubopa.

Pelwenue.

OTBeTOM Ha BONPOC 3afauu SIBNSETCS MaTemMaTM4EeCKoe OXMOAaHWEe KONuvecTsa
petanei, Heobxogumbix ans cbopku opHoro npubopa. Mo peaynbtatam 00

HabniogeHwn MOXHO noAcuMTaTb BbLIOOPOYHOE cpeaHee KONWMYECTBO AeTanei,
HeoBxoauMbIX Ans c6opku ogHoro nNpuéopa:

5= 1—(1)(—)(1~7+2-16+3-55+4-21+5-1) = 2,93,

Taxum o6pasom, pabouemy aAna c6opku ogHoro npubopa Hy>KHO NPUBIU3UTENLHO TPY AETanu.

13. Haritn MaTemaTnyeckoe oxuaaHve cny4aiHon BenuunHbl X, paBHON YUCNY OYKOB,
KOTOpbie BbiNaAaoT Ha urpansHoM Kybuke npy oaHom Gpocke.

PetueHne.
BenuuuHa X npuHMMaeT Kaxaoe M3 uenbiX 3Ha4yeHuin ot 1| A0 6 C BEPOATHOCTLIO %
noatomy MX = l-1+-1-~2+l-3+l-4+1-5+1-6 =3,5
y 666767676 ’
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14. MyweHb pasgeneHa Ha BOCEMb PaBHbIX NPOHYMEPOBAHHLIX CEKTOPOB W yCTaHOBEeHa
Tak, 4TO MOXET BpallaTbCa BOKPYr ropu3oHTanbHow ocu. [pu goctaTouHo Gonbiuoit
YIIOBO# CKOPOCTH CTPendk He MOXET PasnuuuTb LNdpbI, HanWcaHHbie Ha cekTopax. OH

BbIHYX/EH CTpensTs Hayrag. [pu nonaganwm B nepBbivi CEKTOP CTPENOK BLIUIPLIBAET 1 MpH,
BO BTOPOW CEKTOP — 2 FPH, B TPETUI CEKTOp — 3 TpH # T.4. CTOUT N eMy NpuHMMaTL
y4acTtue B 3TOW Urpe, eCnu 3a Kaxxabli BbICTPEN OH AOMKEH NNatuTb 5 rpH?

Pewenne.
Mockonbky MuleHb BpaullaeTcs, TO NonajaHne 34ecb — YUCTas Crny4anHoCTb.
CnyvainHas BenuuvHa X BblpaxaeT BO3MOXHbIe Bbmrpbilin. OHa MOXeT NpuHUMaTh
3HaueHnn 1, 2,3, ..., 8. lNockonbKy BCe CEKTOpa OAVHAKOBbIE, TO KaXaoe u3 3Tux 3Have-

" . . 1
HUK — cnyvaunHas senninHa — NpuHNMaeT C 0gQuHakoBOU BEPOATHOCTBIO g .

1 1 ] 1 1 ] 1 1
=]. =42 . =43.=4+4.=+5 . =+4+6-~+7T - =+8 . == H).
3Haunt, MX=1 g 2 3 4 5 6 7 5 8 g 4,5 (rpH)

‘CnepoBartenbHo, MaTeMaTUYeCKoe OXuaaHue Boiurpbilla — 4, 5TpH, a CTOMMOCTb
BbicTpena 5rpH. CTpensiTe MHOMO pa3 HEBbLITOAHO.

15. B uexy yCTaHOBMEHO [Ba pasHbiX CTaHKa, WU3rOTOBMAIOLIMX OANHAKOBble AeTanw.
KonnuecTBo 6pakoBaHHbIX M3Qenuil, KOTOpbie MOTyT M3roTOBUTb 3TU CTaHKM 3a CYTKM,
MMEIOT COOTBETCTBEHHO 3aKOHb! pacnpeaeneHus a) un 6):

a) 6)
il O 1 2 3 Yil O 1 2 3
P, 10,6]0,2]0,1570,05 p;10,5]0,25]0,2 0,05

1) Haiitn cpepHee konuuyecTso GpakoBaHHbIX AeTanem, KOTopbie M3roToBMsSeT Nepsbli
craHok 3a 10 aHen.

2) KakoBo cpeaHee KonnuecTBo GpakoBaHHbIX AeTanen, U3roTOBNEeHHbLIX LEXOM 3a CYTKU?

Pewenve.

Mycts X n Y — konu4yecTBo OpakoBaHHbLIX AeTanen, KOTopble M3roTOBMAOT, COOTBET-
CTBEHHO, NepBbI M BTOPOW CTaHKM 3a CyTkU, MX = 0,65; MY = 0, 8 .3a aecaTtb AHen nep-
Bbl CTaHOK u3rotoBnsietT 0.X GpakoBaHHbIx geTanen. M(10X) = 10MX = 6, 5. Llex3acyTku
n3rotoBnseT X + Y BpakoBaHHbIx aeTanenk: M(X+Y) = MX+MY = 0,65+0,8 = 1,45.

16. KonnyecTtso sy, koTopoe cdhepmMep OTNpaBnseT Ha PbIHOK KaXaytlo Heaerno, UMeeT
TakoW 3aKOH pacnpeneneHns:

x(pec)| S | 6 | 7| 8
Py 0,10,410,3]0,2

LieHa opHOro gecaTka suL, MOXET PaBHATBCH 2TPH, 2, 5TpH, 3TPH C BEPOATHOCTAMM

0,1; 0,6; 0,3 coorBeTcTBeHHO. Hantun cpeaHeHeaensHyo Bblpyyky depmepa oT pea-
nu3aumm siny.

Pewenue.
MycTb X — KONUuecTBO AWLY (B AecaTKax), KOTopble OTRpaBnseT hepmep Kaxayto Heaenio
Ha pbIHOK, Y — ueHa ogHoro gecsitka. Torga Y — HegenbHas Bbipyyka gepmepa.
HyxHo Hamtn M(XY). ChnyyaiHble BenuuuHbl X W Y He3aBUCUMbI, MNO3TOMY
M(XY) = MX-MY.Tockonbky MX = 5-0,1+6-0,1+7-0,3+8-0,2 = 6,6(rpH),
MY=2-0,1+2,5-0,6+3-0,3 = 2,6 (rpH), TO M(XY) = 6,6-2,6 =17, 2(rpH).
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TPEHUPOBOYHbIE YINTPAXHEHUA

1. Tatbaxa v ropb 4OroBOpUIMCE BeTpeuath Hoebin rof B koMnanuy ua 10 yenosek. Oxn
O4YeHb XOTENWU CUAETL PSAOOM 32 NPasgHUYHBIM CTONOM. KakoBa BEPOSITHOCTL UCNOMHEHUS UX
XenaHus, ecrnv cpeay apysen NPUHATO pacnpeaenstb MecTa nyTem xepebbeskn?

2. W13 naTv GykB pa3pesHoii a3bykun COCTaBNEHO CroBo «kHUra». Manb4uk, KOTOpbIN He
YMEET unTaThb, Nnepemewian atv OykBbl, @ NOTOM Hayrag nx crnoxun. Kakosa BepoATHOCTb
TOrO, YTO OH CHOBA CMNOXWUI CMOBO «KHUra»?

3. Ha 5 kapToykax HanucaHo no ogHon umdpe n3 Habopa 1,2,3,4 v 5. Hayrag
BbIOMpalOTCA 0AHa 3a OPYron Ase kapTouku. KakoBa BEpOATHOCTb TOro, YTO YMCNO Ha
BTOPOW kapTouke Bonblue, YeM Ha Nepeoin?

4. B npyay nnaeawot 14 okyHewn, 8 wyk n 6 kapacei. Peibak noiman 6 poib. Kakosa

BEPOATHOCTbL TOrO, YTO Cpean NONMaHHbIX puib ecTb: | Kapach, 2 LyKW U 4 OKyHA?

5. WUxtnonor xoTen oOnpefennTb, CKONbKO B npyay pbibbl, NpuroaHon Ans
BbinasnuBanua. [INs 3TOr0 OH 3aKWHYIN CeTb C 3apaHee 3a4aHHbIM Pa3MepoM sveek w,
BbiTawms eé, obHapyxun 30 pbl6. Nometus kaxayo n3 HMX, oH 6Gpocun pobiby Hasag B
npya. Ha cneayowmin AeHb UXTUOMON 3aKMHYI Ty Xe camyio ceTb U noMMan 40 puib, Ha
ABYX M3 KOTOPbiX Obinn ero nomeTku. Kakvum obpa3omM OH No 3TuM AaHHLIM OnpeaenuT
nNpubnuanTeNbHoe KoNMYEeCTBO NPUroAHLIX ANS Bblinasnusanus poib B npyay?

YcnosHasi BEpOATHOCTb U HE3aBUCUMOCTb COBLITUAA.
BepoATHOCTL CyMMbI COBbITUNA

6. B swwuke Haxogstcs 8 Oenbix M 7 KkpacHbix wapwvkoB. ocnegoBaTenbHO
BbIHMMAIOT ABa Lwapuka. KakoBa BEpOATHOCTL TOro, 4To 0ba wapwvka 6envie?

7. OnutenbHbimn HabniogeHnsMyu yctaHoBneHo, 410 npubnuamtenoHo B 90%
BbICTPENIOB OOWH CTPENoK nonajaetr B MulleHb. M3 obulero konuuyecrsa METKUX
BbICTPENOB 40% 3akaHYMBAIOTCA NonagaHneM B «4eCATKY». HalnTv BeposTHOCTL TOrO, YTO
cnegyiowui BoicTpen ByaeT MEeTKUM, Npuyem CTpenok nonageT B « AeCATKY».

8. B swmke natb 6enbix 1 TpU YEPHbIX LWapvka. Hayran oanH 3a Apyrim BbIHUMAIOT ABa
Lapvka, NpUYeM BbiHYThIY LLAPUYK B SLWKK BO3BpaLaloT. KakoBa BEPOSITHOCTL TOro, 4To 06a
wapwvka 6enbie? ,

9. N3 xonoabl u3 32 KapT Hayrag BblHUMAOT OAHY 3a Apyrow ABe KapTol. Hantu
BEPOATHOCTb TOrO, YTO: a) BbIHYNY [iBa Ty3a; 6) BuiHYNM ABE KapTbl NMKOBOW MacTy;

B) BbIHYNX Ty3 1 gamy?

10. B awwuke nexat 15 peranen, u3 KOTOpbLIX 9 CTAHOAPTHLIX U 6 GpaxoBaHHbIX.
Hayrag BbiHMMaiOT OfHy 3a ApPYron 2 pertanu, NpuYem BbIHYTYIO AeTanb B ALMK He
Bo3BpallaloT. Kakosa BEpOSITHOCTb TOrO, YTO BTOpast AeTasnb cTaHaapTHan?

11. [1sa uccneposaTens NPOBOAST U3MEPEHNS HEKOTOPON hU3U4ECKOH BerTMYMHbI.
BepoarHocTy caoenatb ownbKy BO Bpemsi CHATUS nokasaHuin ¢ npubopa Ans Hux
COOTBETCTBEHHO cocTaBnaT 0,1 1 0, 15, KakoBa BepoOATHOCTb TOro, YTO NpU pasoBoM
3amepe oba uccnegosartens caenatoT owmbkn?

12. [1Ba cTpenka He3aBUCMMO APYr OT Apyra CTPENSIOT NO OOHOM U TOM e MULLEHN ¢
NPOU3BOASAT NO OAHOMY BbICTpEnNy. BepoaTHOCTbL NnonagaHwyst B MULLEHB Y NEPBOTO CTPeska —
0,6,y BTOporo — , 7. KakoBa BepOsiTHOCTb TOro, 4TO 06a cTpernka NnonagyT B MULLEHb?

13. Hanapgunk obcnyxvsaeT Tpu cTaHka. BepoATHOCTb TOTO, Y4TO B TeYEHMe Yaca OH
Gynet perynuposaTb OAWH U3 CTAHKOB, COCTaBNSET A4S NEPBOro CTaHka , 9, Ans BTOPOro —
0, 8 u ans tpetobero 0, 85. HalnTn BEPOSTHOCTL TOTO, HTO:

a) B TEYEHWE Yaca HWU OWH CTaHOK He HYXXHO ByaeT perynmposars;

6) B TevenHvie yaca Hanaguvk ByaeT perynuposate XOTS bl OQuUH U3 TPEX CTaHKOB.

14. Ha ncnbitatenbHOM CTEHAE NPOXOASAT UCMbITAHUS B ONPEAENeHHbIX YCNOoBUSX S
npubopos. BeposTHOCTL BbIxOAa U3 CTpos kakoro-nubo npubopa B TeyeHue Yaca pasHa

0, 004 , 1 aTa BepoATHOCTL OANHaKOBa Ans BCex Npubopos. Hantu BEPOATHOCTbL TOrO, YTO
B TEYEHWE Yaca BbiaeT 13 CTpost XoTs1 6bl 0AWH U3 NPUBOPOB.

115



15. Mpwnbop, koTopbiit paboTaeT B TeUeHWe CyTOK, COCTOMT U3 TPEX Y3NOB, KaXKAbIA 13
KOTOPbIX HE3aBNCUMO OT APYrMX MOXET 3a 3TO BpeMS BbiTU U3 cTpos. Ecnu He paboTaer
xoTs 66! 0AKUH 13 y3n08, T Npubop Toxe He paboTaeT. BepoaTHOCTL 6€30TKa3HOM paboThbl
B- TeMeHue CyToK nepsoro yana pasHa 0,9, sToporo — 0,95, Tpeteero — 0, 85. Yemy
paBHa BEPOATHOCTb TOTO, YTO B TeueHue cyTok npubop Gyaet paboTatb 6e30TKa3HO?

16. MNpun MHoropasosom nogbpacbiBaHuK ABYX MOHET KaXabiA U3 YeTbIpEX pesynbTaTos

T, ry, ur, LU npoucxogut B cpeaHem B 25% wucnbitannii. O6o3Haunm: 4, — «Ha nepsow
MoHeTe Bbinan repb», 4, — «Ha BTOpPOW MOHETe Bbinan repb»; 4; — «MOHETbI Bbinany
OAVIHAKOBO». SABNSIOTCA 1M COBbITUS 4|, 4,, A5 @) NONAPHO HE3aBUCUMbIMY, ©) Hesasuck-
MbIMU B COBOKYMHOCTU?

17. [1Ba OXOTHVKa OOHOBPEMEHHO WM HEe3aBMCUMMO O4WH OT APYroro CTPENnsioT 8 3aiua.
3asu GyaeT noacTpeneH, ecnv nonan xots 6bl 0AVMH OXOTHWK. HalT BEPOSTHOCTL TOrO, YTO

3anua noacTpenvnm, ecnu BEPOATHOCTY NONaAaHNA O OXOTHWUKOB paBHbl 0,8 1 0, 75.
18. BeposTHOCTL nonagaHua nNo MULLUEHW NpW ofHOM BbicTpene pasHa 0, 5. Kakosa
BEPOATHOCTb XOTs Bbl 0AHOrO nonagaxvs npu 10 He3aBucUMO NPOM3BEEHHbIX BbICTpenax?
19. B awuke nHaxopgatcs 7 Oenbix, 5 KpacHbIX ¥ 8 CHMHUX OQMHAKOBLIX HA OLWWYNb

wapwkos. Hayraa BbiHUMaIOT 0AWH WwapvK. KakoBa BEPOATHOCTb TOrO, 4TO OH LIBETHON?
20. 3aueT no cTpenbbe cunTaETCA CAAHHBIM, ECNN KYPCaHT NONMy4YaeT OLEHKY He HUXe

«4 ». KakoBa BEpoOATHOCTb CAa@un 3aveta KypcaHTOM, eCrni U3BECTHO, YTO OH nony4aer
OUEHKY «5 » no cTpenbbe ¢ BepOATHOCTLIO 0, 3 W OLEHKY «4 » C BEPOATHOCTLIO , 5.

21. Dk3aMeHaUnoHHble paboTel abUTYpUEeHTOB 3alMPOBaHbI LienbiMy Yucnamm ot |
Ao 90 BknouMTenbHo. KakoBa BepoOSITHOCTL TOrO, YTO HOMep Hayrap B3ATOW paboTsl
KpaTHb 10 ynun 117

22. U3 uucen 1, 2, ..., 20 Hayrag BbibupatoT uicno. HaiiTn BeposaTHOCTb TOTO, YTO 3TO
Y1UCNo AenNNTCA Ha 2 nnn Ha 3.

23. BeposATHOCTL TOro, YTO YYEHWK CAAcT NepBbill 3K3aMeH, paBHa ,9, BTOPOH
akzameH — 0, 8 u TpeTuin — 0, 7. KakoBa BEpOATHOCTb TOFO, YTO YHEeHWK cAacT xoTs bbi

OAWH 3K3aMeH, eCNin CYATaTb 3K3aMeHbl HE3aBUCUMbIMY OOVIH OT APYroro?
HesaBucumbie ucnbitanusa. Cxema BepHynnu

24. Vi3BeCTHO, YTO NPV Kawaom B3BELIMBAHWMM B PaBHOM CTENeHU BO3MOXHbI Kak
no3nTuBHasg, Tak W HeratMBHana owwubkn. KakoBa BEPOATHOCTbL TOro, 4YTO Npwu NATH
B3BELLMBAHNAX BO3MOXHbl TPU NO3UTUBHbIE OLLUMOKU?

25. bpocaem MoHeTy 10 pa3. KakoBa BeposiTHOCTb ABYKPaTHOro nosiBneHus repba?
26. BeposiTHOCTb TOro, 4TO M3genue He NPOWAET KOHTpOnb, pasHa 0, 125. Kakosa

BEPOATHOCTb TOrO, 4TO cpeay 12 uanenwii He GyaeT Hu OHOTO, KOTOPOE He MPOLLIO KOHTPOb?
27. [ina panHoro 6ackeTbonncTa BEPOATHOCTL NOMaAaHUA MaYa B KOP3VHY NMPu KaOXKAOM

6pocke pasHa 0, 4. Yero BeposiTHee oxuaaTth: TPEX nonaaaHui Npu YeTbipéx 6pockax unm
YeTbIpéX NonaaaHwi Npu WwecTtn Bpockax, ecnv GPOCKK MsHa CHATATL HE3ABMCUMBIMUNY

28. MNapTtuns napenuit cogepxunt 15% Bpaka. Kakosa BEpOSTHOCTb TOro, YTO Cpeau
B3ATLIX ANA UCNbITAHWA YeTbIPEX u3genuii 0aHO nsgenve okaxeTtcst BpakoBaHHbIM?

29. B swmke Haxopstcs 20 Genbix v 5 uépHblX Wwapuvkos. [MocnegosBarensbHo
BblHMMAOT 6 WapuKos, NpU4EM nocne kaxporo otéopa wapuk BO3BpalLaeTcs B AWMK.
Kakosa BepOATHOCTbL TOrO, 4YTO Cpeau oToGpaHHbIX Wwapvkos OyaeT: a) poBHO 4 6enbix;
6) He MeHbLe 4 Genbix?

30. B pesynbTate HabniogeHui 3aMeMeHo, YTO Ha KaXaylo ThICSHY HOBOPOXAEHHbIX

B CpeAHeM NpuxoauTca 515 Marnbumkos n 485 aesodek. B ogHON ceMbe wecTepo AeTen.
Hantn BepoATHOCTb TOro, YTO cpeau HUX He Bonblue ABYX AEBOMEXK.

31. BeposaTHOCTb Nonaganns B «4eCATKY» Npy O4HOM BbicTpene paBHa 0, 2. Ckonbko

HY)XXHO NMPOK3BECTU HEe3aBMCUMbIX BLICTPENOB, YTODLI C BEPOATHOCTLIO HE MeHbLwe 0, 9
nonactb B «A€CATKY» XOTA Bbl 0auH pas? '

32. Ana HopmanbHoW paboTsl aBTo6a3bl Ha NMMHAK OOMKHO BbiTb HE MeHbLIE 8 aBTo-

MaluH, a nx 10. BepoAaTHOCTb HEBbIXOAA KaXXaoW aBToMalunHbl 0, 1 . HanTn BepoATHOCTL
HopManbHON paboTbl asTobasbl.
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CAMOCTOATENBbHAA PABOTA C-7-1

B- 9 6a

nnos B-ll

1. HainTn BEpOSTHOCTb TOTO, 4TO [IHN POX-
aeHna 12 Jeriosek npuUxoAATCH Ha pas-
Hble MecAalbl roaa.

1. B nudt 9-a1axHoro aoma Ha nepBom

aTaxe 3awnu 6 4denosek. Hantu seponaT-
HOCTb TOFO, YTO BCE BLIAAYT Ha pasHbix
aTaxax, ecrny Kaxabli C OAVMHAKoBOW Bepo-
ATHOCTLIO MOXET BbLIATU Ha MOGOM aTaxe,
HaunHas co BTOPOro?

2. Yo BeposTHEE: BbIUMPATL B Laxmarhbl
y paBHoro cebe urpoka 4eTbipe napTmm us
BOCbMMW VNK TPU U3 NATU?

2. B kaxaom 13 AByX SILLMKOB NexuT no 10
petanei. B nepsom siwmke — 2 getanu

BpakoBaHHble, BO BTOPOM fLLUuke — 3 geta-
nun GpakosaHHble. M3 kaxgoro awuka 6epyt
no ogHoi getanu. Haft BepoATHOCTL TOrO,
4yTO:

a) aTn getanu 6pakoBaHHbIE;

6) aT1 geTtanu craHgapTHble.

3. B awmke 7 cMHMX 1 3 4€pHBIX Wapuka.
Hayraa BbliHMMalOT OAWH 3a ApyrUM aBa
wapvka, nNpuYém BbIHYTHIM WApPUK He
BO3BpawaoT. Kakosa BEpOATHOCTb TOTO,
410 06a wapuka cuxaue?

3. Bbl urpaete B waxmarb! ¢ paBHbiM Mo cune
napTtHepom. Yero criepgyet 6onblue oxupaTb:
Tpéx nobeg B HeTbIPEX NapTURX UNKU NATK
nobepn B BOCbM# NApTUAX?

B-iil 126

annos B-lv

1. CrtygeHT Kynun notepenHblit 6unet
W Hayrag Bbi4epkHyn 6 Homepos w3 49.
HainTn BEpOATHOCTL TOro, HTO OH yragan
3 Homepa un3 6.

1. BeHaguate YenoBeK CannaTCa 3a Kpyr-
nbid cton. Hant BEPOATHOCTL TOrO, MTO
ABa KOHKPETHbIX YernoBeka CryyYanHo oxa-
XYTCS pRAOM.

2. [1Be namnbl BKNOYEHDI B 3NEKTPUHECKYIO
uernb nocneposartenbHo. Hantn BeposT-
HOCTb TOTO, YTO MpU NOBbLIWEHWN Hanps-
KEHUsi Npou3ohaeT paspbiB wenu, ecnu
BEPOSATHOCTb TOrO, YTO NPK 3TUX YCNOBUSAX
namna neperopur, ans obenx namn oguHa-
xoBa u pasHa 0, 4.

2. 1Ba cTpernka, ANA KOTOPbIX BEPOATHOCTU
nonagaHMs B MMUILEHb paBHbl COOTBET-
cTBeHHO 0,7 1 0, 8, NpOU3BOAAT NO OAHO-
My BbicTpeny. HainTv BeposiTHOCTb TOrO, YTO:
a) oba cTpenka nonagyT B MULLEHD;

6) xota Obl oaMH U3 CTpenkoe nonaper
B MULLEHb.

3. B suwwnke Haxopsatca a OGenbix n b
YEpHbIX Wapvkos. lMocnenosBaTenbHo Bbi-
HUMaIOT ABa Wwapwuka. KakoBa BepOATHOCTb
TOro, 4TO OHW 0ba Genble?

3. Pabouuit obcnyxneaeT 12 0AMHAKOBLIX
cTaHkoB. BepoATHOCTL TOro, YTO B TeveHue
Yaca OOMH W3 CTaHKOB HyXHO O6yger
OTperynupoBath, pasHa npubnuantensHo

S .
B TeyeHme vaca pabouvn pomxkeH Gyper
oTperynupoBartb XOTs 6bl 4 CTaHka?

KakoBa BepoOATHOCTb TOro, 4TO

™
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KOHTPOJIbHAA PABOTA K-7-1

B-l |

7 6annos

l B-li

1. V3 npyna, B koTopom Obino 40 wyk,
BbITOBUAKM S W, MOMETUB MX, BbINYCTUNN
B NpyA. Ha cneayiowmnii AeHb BbINOBAMM 9

wyk. KakoBa BEpPOSITHOCTL TOTO, UTO Cpeawn
Hux ByayT ABE NOMEYEHHbIE?

1. U3 10 noTepenHbix BunetoB 2 BbI-
WIPbIWHBLIX. HanTh BEPOATHOCTL TOrO, YTO
cpeau B3AThIX Hayrafa nath GuneTos:

a) OOVH BbIMIPbILHbIA;

6) xoTa Bbl O4MH BLINFPLILWHBLIA.

2. V13 konoapl w3 36 kapT Hayrag BbIHAMAIOT
OfiHY 3a Apyrow Ase kapTel. HaiTn Beposrt-
HOCTb TOro, YTO U3 KOMoAb! BbIHYMN;

a) ABe NeCATKK;

6) necatky v Tys.

2. B kopobke HaxoQsTCa NATb CUHUX U TpU
KpacHbIX KapaHpaiwa. Hayrag sbiHUMaloT
OOVH 32 Apyrum 2 kapargawa, npuy4ém wmx
B kopoOKy He BoO3BpalwawT. Kakosa
BEPOATHOCTbL TOro, 4to oba kKapaHpawa
cuHune?

3. UrpanbHbin kybuk 6pocvnu 8 pas. Haittu
BEPOATHOCTL TOrO, YTO YeTbipe OYKa Bbina-
AyT: a) Tpu pa3a; 6) He MeHblue TPEX pas.

3. Wspenus copgepxatr % 6paka. Hantu
BEPOATHOCTL TOF0,4TO CPeA NATU U3AENNA:
a) He 6yaeT Hu ogHoro HpakoBaHHOrO;

6) 6yneT ABa OpakoBaHHbIX u3genus.

4. CnyyainHas BenuuuHa X pacnpepneneHa
MO 3aKOHy:

X 10

Pl N
ot —]
=] ON
Ql—| o0

1
4

HawTtu gucnepcuio cnyyanHom sennumHbl.

4. [lge wBeu B LeEXy WbIOT O4WHAKOBLIE
cymkn. Konnyecrsa OGpakoBaHHbIX wn3fe-
NV, KOTOPble BEPOATHO MOTYT MOWMKUTL
wBen 3a fAeHb, MMEOT COOTBETCTBEHHO
3aKoHbl pacnpegeneHus a) u 6):

AXT o TT T2 13
P10,610.210.05]01

OxTo | 1 12 ] 3

Plo,5]0,25 0,2 0,05

Hantu BeposTHOe cpegHee KOMM4ecTso
OpakoBaHHbLIX U3genuit U3 BCeX NOLWUTbIX

BTOpO! LBEel CyMOK 3a 7 AHew.
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9 6annos |

B-lV

1. 9 naccaxwnpos cagaTcs B 3 Barowa.
HanTh BepoOsRTHOCTL TOTO, YTO:

a) B Kaabl# BaroH cagyT no 3 naccaxvpa;
6) B 04WH BaroH csAyT 4, BO BTOPON — 3,
B TPETWIA — 2 naccaxupa.

1. Ans noTtepeu BbInyL{eHO n GuneTos, U3

KOTOPbIX m — BbIAMPbILLHbIE. HatTu Bepo-
ATHOCTb BbIMIpbIWA ANA YenoBeka, KOTo-
pbIt Kynun k 6uneTos.

2. N3 xonoabl 13 32 KapT Hayran BbiHMMaOT
ABe KapTbl. HanTu BEpOATHOCTL:

a) 4To BbIHYNM ABe kapThl 6y6HOBOM MacTu;
6) 4TO BbIHYNW Aamy N KOPONSt.

2. B Awuke 5 6enbix u 3 4€pHbIX Wwapwuka.
Hayrag BbiHMMaIOT ABa LUapuKa, Mpu4ém
BbIHYTBIA LWapVK B AWK HE BO3BPALLAIOT.
KakoBa BepOATHOCTb TOro, YTO BTOPOM
Wwapuk bensin?

3. CobbiTve B HacTynaer TOrpa, Korga
cobbiTue 4 HacTynaeT He MeHble Tpéx
pa3. HaWrtn BepOATHOCTb HAaCTynNeHus
cobbiTMs B, ecnu BEpPOSTHOCTb HacTyn-
NeHns cobbITUR A rpy OQHOM UCNbITAHWN
paBHa 0, 3, 1 NPOU3OAAET CEMb HE3aBUCHU-
MbIX UCMbBITaHWUA.

3. Wrpa cocTouT B HaHU3bIBAHWM KOMey
Ha cTepXeHb. WMrpok nonyyaer 6 koney
n 6pocaer Mx OO0 MepBOro nonagaHus.
HanTv BEpPOATHOCTb TOro, 4YT0 XOTA Obl
OAHO KOMbLO OCTAHEeTCH HEHAaHW3AaHHbIM.

4. CnyvaiHas BenwuvHa X vIMeeT 3aKOH
pacnpegeneHvs:

X|-2]-11]0 1 2 3
Pi0,110,110,110,2]0,1160,2

HaiiTn cpeaHee ksappaTM4HOe OTKNOHEHWE
Cny4YanHOW BENNYMHBI.

4. ExeHepencHo depmep OTBO3UT Ha
PbIHOK ONpefdeneHHoe KONWYECTBO AWML,

310 KONWU4EeCTBO WMEET 3aKOH
pacnpeaenexus: Liay M
X(nec)| 6 | 7| 81 9
p 07 1 0, 4 0, 3 O’ 2

LieHa ogHoro aecatka svy MOXeET 6biTb
paBHa 2, SrpH, 3rpH, 3,4rpH, c BeposaT-
HocTamKM 0,2; 0,6; 0,1 COOTBETCTBEHHO.
Haiitn cpenHeHenencHylo Bobipyuky dep-
Mepa oT peanusaunm svu,.

DRSO S
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BV |

12 6annos |

B-VI

1. B onumnuage no XuMWM NpUHUMMAeET
yyactve 21 ydenuk. Wx pasgenunu Ha
3 rpynnbl. KakoBa BepOSATHOCTb TOTO, YTO:
a) B oaHy rpynny nonagyT S nydwmx
Y4EHUKOB-XMUKOB;

6) ABOE NyuWNX nonagyT B NEpBylo rpynny,
TpOe nyuLunx nonagyT BO BTOPYIO rpynny, a
8 TPETLIO He nonaaeT HU OauH?

1. CtyaeHT Kynun kapTtouky «Cynepnoto»
M Hayrag 3avepkHyn 6 Homepos u3 49.
Kakosa BEpOATHOCTb, YTO:

a) OH BepHO yrapan [iBa Homepa,

6) OH BEpPHO yragan He MeHblue YeTbipéx
HOMEpOB.

2. B awuke a 3eneHbiX # b KpacHbiX kapau-
aawen. N3 awmnka GepyT aBa kapanfalwa.
KakoBa BepOATHOCTb TOTO, 4TO:

a) kapaHaallv pasHoro useTa;

6) kapaHpaww ogHoro userta?

2. VimeeM npasunbHbA TeTpasgp, Tpu
rpaHun KOTOPOro NPOHYMEepOBaHbI Linppamu
1, 2 1 3, a Ha YETBEPTON rpaHn HanucaHb!
BCe Tpu uncpel. TeTpasap nogbpaceisaioT
N CMOTPAT, kakas Bbinana uudpa (xakoin
rpasbio oH ynan). O603HaynmB COOTBET-
CTBYIOWMM HMCNOM cOBbITURA, HaWTU, C
Kako BEpOSITHOCTbIO MOXET BbiNacTb
uncpa «1»; undpa «2»; uyudpa «3»; u
BEPOSATHOCTb BbiNageHus Bcex Tpéx undp?

3. Kakosa BEPOATHOCTL TOrO, YTO Npu ae-
cATU Bpockax wrpanbHoro Kybwka 3 ouka
BbiNagyT He MeHbluie AByX v He Bonble
nATK pas?

3. BeposiTHOCTb B35iTUS 11-MeTpoBOro
WwrpadHoro ynapa pasHa % KakoBa Bepo-

ATHOCTb TOFO, YTO: »
a) Bparapb BO3bMeT aBa Mava u3 5;
6) BpaTapb BO3bMET xoTs 6bl 0AVH MY U3 57

4. Ha ocHoBe aHanu3a BblOOpKM, COCTOS-
Wwen n3 3amepos 800 nNoYaTKOB KyKypy3bl,
nony4Yunu AaHHbie 0 ANMHE NOYaTKOB, KOTO-
pbie 3amepsiHbl ¢ TOYHOCTLIO OO O[HOro
caHTUMeTpa:

nuHa
(cm) 10 {11 [ 12 |13]14(15]16] 17
Kon-Bo j 1 |1 |2 |6]23|35(50}95
Onvua
(cm) 18 119120 421122{23]24]| 25
Kon-8o |1661162{112|67(40]22(16] 2

Bbiyucnurb cpegHee 3HaJYeHvwe ONUHbI
rio4aTka.

4. BoinyweHo 500 notepeiiHbix bunetos,
npudém Ha kaxagbh u3 40 6Gunetos
BbinagaeT Bbivrpoit 8 1 rpH, 10 Gunetos
fpyYHECYT WX Bnagensuam  BbUIPbill
no

5 rpH, 5 6unetoB — no 10 rpH. OcTanbHble
buneTtsl He BblurpaloT. COCTaBUTbL 3aKOH
pacnpefeneHuns Bomrpbiwa. Hantu cpen-
HW BbIMIPbILL, KOTOPbLIY BbiNaAaeT Ha O4uH
6uner.
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- §8. BeedeHue 8 cmamucmuky

HavyanbHble cBegeHNA 0 MaTeMaTU4YeCKON CTaTUCTUKe

Paspen npvknagHoW Matematuku, B KOTOPOM MCCMEAYylTCH KONWYECTBEHHblEe Xapak-
TEPUCTUKA MACCOBLIX ABNEHWI, HA3bIBAETCA MaTeMaTUYeCKOM CTaTMCTUKON (OT narT.
«status» — «cocTosiHue»). MaTeMaTuyeckas CTaTUCTUKa — Hayka O MaTeMaTU4eCKUX
mMeToAax cuctemarmaaumy, o6paboTkn 1 UCNOMb3OBAHUA CTATUCTMHECKUX OaHHbIX ANs
HaYYHbIX U NPaKTU4ECKMX BLIBOAOB.

1. PewnTb 3apavy.

BocbMUKNacCHMKM OQHOW LLKOSMbl HANUCANWU KOHTPONbLHYO pabo-
Ty no matematuke. UaHnxHa « 11 » — 5, Ha «10» — 8, HA «9» —
25, Ha «8» — 30, Ha «7» — 15, HAa «1 —6» — 19.

PeweHue.
Moctpoum cTonbua-
Tylo gnarpammy:

30

:

M 5 714

KonuyecrseHHble XapakTepucTUKM NPoBeOeHHOW KOHTPOMNbHOM
paboTbl MOXHO NpeACTaBuTb B Buae Tabnuubl:

OueHkun 11 10 9 8 7 1-6
Kon-so
YUEHKOB 5 8 25 30 15 19

HarnagHo w306pasutb 3TM gaHHble MOXHO C  MNOMOUWbIO
ctonbuarTon guarpamMmmel.
Cronfbuatsie AvarpaMmbl
rpammamu.

B CTaTuCcTuke Has3blBaKWOT T[UCTO-

2. PewwuTb 3agavy.

LLiBenHON MacTepcKon Haao 3HaTb, CKOMbKO MYXCKMX MansTo u
Kakux pasmepoB Hado CLMTb. Kak 3T0 BbIACHUTL?

Pewetue.

Mo yactoTHOM Tabnuue
(pasMepbl nanbTo) NOC-
TPOVIM TUCTOrpaMmMy:

OnpocvTb BCEX CAMLIKOM A0poro W gonro. lNoatomy AenawoT
BbiOOPKY: onpawwuBaloT BbIGOPOYHO HECKOMBbKO AECATKOB WMNw
coTeH mogen. [lonyctum, YTo, ONpoCcuB 50 MYXYUH, X pa3Mepbl
sanucanu B Tabnuuy: :

50 [ 42 | 48 | 50 | 46 | 48 | 52 | 44 | 50 [ 50
50 | 50 | 44 | 54 | 44 | 50 [ 50 | 46 | 50 | 48
42 | 50 [ 50 | 54 | 52 | 54 | 54 | 42 | 48 | 52
44 | 48 | 50 [ 52 | 50 | 54 [ 46 | 52 | 52 | b2
48 | 48 | 46 | 48 [ 52 | 46 | 50 | 50 | 54 | 46

310 — BHIGOpKa 50 3HauveHuit (gadHbIx). Ona ypobcrea eé
rpynnMpyoT B Knaccbl (N0 pasMepam) M OTMEYAIOT, CKOMbKO
3Ha4eHun BLIOOPKK COOEPXUT Kawablv Knacc.

Paamep nansTo 42 | 44 | 46 | 48

50 | 52 | 54

42 44 46 48 50 52 U4

Kon-Bo MyX4uH 3 4 5 9 |15 8 6
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Takve Tabnuubl Ha3bLIBAIOT 4acTOTHLIMW. B HUX YMCna BTOPOW CTPOKM — 4aCTOThl; OHU
noKa3biBalOT, Kak 4acTto BCTpevatloTca B BhIbOpKe T unu gpyre €€ 3HayeHust.
OTHOCWUTENLHOV YacTOTOR 3Ha4eHWs BbIDOPKYU HA3bLIBAIOT OTHOWEHME ero YacToTbl K Yncny
BCEX 3HaueHUI BuIOOPKU.
B paccmotpeHHOM npumepe YacToTa pa3mepa 44 pasHa 4, a oTHocuTenbHas Yactota— %.
BbiGOpKkK XapakTepmaytoT LEHTPanbHbIMU TEHOASHUMSMIA: CPeAHUM 3HaYeHneM, Moo 1
MeanaHon. CpegHUM 3Ha4YeHUeM BLIOOPKU Ha3biBalOT CpeaHee apudmMeTnyeckoe Beex eé
3HadveHni. Mopa BLICOPKU — Te e€ 3HauveHus, KOTopbie BCTPeYarTCs Yaule BCero.
MeauaHa BbIGOpKM — 23TO YUCMO, «pasgendiouwee» nonofam YnopsiaoHEHHYI0
COBOKYNHOCTb BCEX 3HA4EHWI BbIGOPKM.
3. PewnTts 3agauy. HanTn ueHTpanbHbie TeHAEeHUMN BLIOOPKK:
1,3; 1,8; 1,2; 3,0; 2,1; S; 2,4; 1,2; 3,2;
: 2,4,
,2; 1,2 1,3, 1,8, 2,15 2,4; 2,4,

8:4; 5

b *

L]

*

>

NN
A Nanl B -

1
PeleHue. 1
Yniopagosvim soiGopky: | 3
Mopaa gaHHoit Boibop-

1 , Ll b .

Ku pasHa |, 2. L2+0,2+41,2+1,3+1,8+2,1+2,4+24+3,2+3,8+4+5 |

CpepHee  3HaueHVie 12

BbibopKu: _ 29,6 _ 296 _ 35

| N 12 120 15

Mepavatxa sbiGopku: 2,1+2,4 4,5 45 _9
T2 2 20 4

4. PewwTb 3agavy. HanTu ueHTpanbHbie TEHAEHUMW BLIDOPKK:
1,4,2,5,3,6,1,3,5,4,5.

Peuienue,

Ynopsacumm eé: 1,1,2,3,3,4,4,5,5,5,6.

Mona ganHoi BbIGOpKY
paBHA 5,MOTOMYMTO S | | + 1 +2+3+3+4+4+5+5+5+6 _ 39

BCTpEvaeTcs vale 11 1"

BCero. Meguana Buibopku pasHa 4, NOCKONLKY YUCNO 4 «pasgenseT»
Cpeanee  sHauenme nopsA0HEHRYIO BLIOOPKY nononam

BLIGOPKU: y y y :

Ecnm ynopsigoueHHas Bbibopka UMEET napHoOe YMCO 3HaYEHNnH,
Torga eé wmeamaHa paBHa NONycymMme [NOBYX €& cpefHux
3HavYeHun.

| TPEHUPOBOMYHbLIE YNMPAXXHEHUA

1. QanHaa BuiGopka: 6; 9; 8; 7: 5; 4; 4; 32; 9; 8; 4, 1. Haittm eé moay, meanaHy
n cpeaHee 3Hayenue. [ToCTponTL COOTBETCTBYIOLYIO MTMCTOrpammy.

2. 3a pelueHye 3agay 6 y4aCTHUKOB OfiuMnuaabt nonydunv ot 1 go 3 6annos, 12 4enosek
— OoT 4 0o 6 6annos, 14 yenosek — o1 7 go 9 6Gannos; 23 y4acTHuka — ot 10 Ao 11
6annos,
- 4 — yvacTHuka — 12 Gannos, 15 yyactHukos — o7 13 go 18 6annos, 8 y4acTHUKOB — OT
22 po 25 Banno.. CocTaBuTh YacTOTHYIO Tabnuuy, NOCTPOUTL FTMCTOrPammy.
3. HaiTtu mogy, meanaHy v cpegHee 3HaveHue BbIBopKN:

13; 12; 12; 13; 17; 15; 18; 18; 11; 18.
4. Haitu yeHTpanbHble TEHGeHUnY BuIBopKu:

1,4; 1,6; 1,3; 1,7; 1,4; 1,4; 1,8 1,7, 1,7, 1,9; 1,4.
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CAMOCTOATENLHAA PABOTA C-84

B-l

B-ll

HainTtn moay, meauany, cpegHee 3HavyeHue BbIbopku:

0,98; 0,95; 1,02; 1,06; 0,98; 1,0; 1;

0,1; 0,98; 0,95.

1,15; 1,12; 0,94; 1,04; 1,15; 0,96;
0,94; 1,25; 1,04; 0,94; 0,95.

KOHTPONbHAA PABOTA (30 muH.)

B-li

1. Oano 50 ducen. M3 Hux uyucno |
BCTpeYaeTcs 5 pas, uicno 2 — soceMb pas,
4yucno 4 — cemb pas, uicno 8 — pBeHaa-
uatb pas, umcno 10 — naTHaguaTb pas,
uncno 11 — tpuHaguatb pas. Coctasutb
4acToTHYI0 Tabnuuy WM HaWTU OTHOCWUTESb-
HYI0 YacToTy 4ucen 8 u 10.

1. PocT 16-nEeTHMX y4eHWKOB npuHMMa-
eTCsl 3a HOpManbHO pacnpegeneHHyo
CNyvamHylo BenuumHy. B cnyvaison
BblbOpKe M3 10 YYEHWUKOB NOMNy4YnMnu Takve
AaHHble (B CM):

170; 176; 165; 171; 167; 179; 185; 175;
180; 177. HaWTtu ueHTpanbHbie TEHAEH-
i1 BLIBOPKK,

2. No Tabnuue nocTpouTtb rucTorpammy.

Poct
Yy4eHVKOB
(B c™m)

140 - 45

46 - 50

51- 55

Kon-so

10

Poct
YYEHUKOB
(B c™m)

56 - 60

61 - 64

Kon-8o

2. 3a pelieHue 3agadq  Y4aCTHUKW
LWKONbHOW onumnuaasl nony4yunu: ot 0 Ao
3 6annoB — LWECTb y4EeHNUKoB, OT 4 A0
6 — pBedaguarth, oT 7 0O 9 — BOCEM-
HaguaTtb, oT 10 go 12 — JeTbipe, OT 13
no 15 — wectb, ot 15 po 20 — pgBa
yyeHuka. CocTaBuTb YacTOTHyIO Tabnuuy,

nOCTPOWTbL FUCTOTpPaMMy W OrnpegenvTb
UEHTpanbHble TeHaeHUWN BuIBOPKHU.
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Omeemsi

TpeHnpoBOUHbIe ynpaXHeHUs
§ 1.

1.8)2:2+ JB:r) £1;% J_ 2.8) (=1:2):B) (—o0—6] U [ 1:400) ; r)[ oo ) ; g)( 1) e)[ ];
) (~2:2). 6. a) [~5;3] U [T;0); 6) D; 8) {3}u[—2;l)u{1}.8.a)l<xs2;n)l::>‘
9.a)—10;6)5;p.)-2-; n)=;c)0; T) .17.a) (- 1)””—§+nn neZ,6)nnne Z.

20.y = 4x-9.21.(=1;0).22. M(1;-12).23.45°,135° . 24.y = x+5.25.a)k =5:6)k = 3.

26.y =3x-2.27.a)t=2;6)r = 5.28.a)3;12;6) 8;2;8) 5;4.29. t = 2¢. 30. 40 Ox.
§ 2.

1. a) Bo3pacTaeT Ha (—=;-3] u [1;+o0); 6) ybbiBaeT Ha [-1;1) u (1;3]; BO3pacTaeT Ha
(=o0;~1] 1 [3;+00); B) BO3pacTaeT Ha (—oo;0] ; ybbiBaeT Ha [0;+o0) ; F) BO3pacTaeT Ha BCeH
YMCNOBOW NPAMOW; A) BO3pacTaeT Ha [—4;1] u [2;+c0) ; yOLIBaET Ha (—oo;—4] 1 [-1;2];

e) BO3pacraeT Ha (—eo;—1) U [2;+e); yObiBaeT Ha (—1;2]; X) Bo3pacTtaer Ha [3;+e0);
yOblBaeT Ha (—<;0] . 3. BospacrtaeTHa R.

5. a) -2;-6;6) —4;1;6;8) 0;1;2;r)4nn,ne Z; n) 0; e) —-1;0;1; x) ~1;0;1; 3) -13;,

4,1 21k
k.._+ = +_+ = y= + - + ==
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13. a) 6) . B) r)

14. ) 3;1;3) 10;6. 16. 24;24. 18. 3en?. 19. “=;==. 20. n = 2R.21. 16./3am3. 24. 14,25,
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§3.

5
2 e)——1-+C'—'l' 3-4x+ L(2x 3 1) +c; 2
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+c.3.a)y = x3-x2-3x;

—l-cfg10x+c;

6) y(x) = sin2x+ cos3x.4.B) —%co.v2x+ c;ésin8x+ =75
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7-%
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2 1
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f£0) = -2-¢eV-cos0 = -2, 3. a) —%- In4;6)9-¢%~e2;B)48+27In2;T) !_’i‘ll?_lfﬁ

5.a) In2~In1;6) et ~e?;B) 2,5+6- (In2— In3); 1) 4~3In3. 6. y e =2+ 2In2(x ~4).

7. maxy(x) = 8— ;,mm y(x) = 6,5 .
(1;2] 1912

§5.
9. a) (3;-1); 6) x = 1y = -2t,+ — noboe [eicTauTensHoE YUCno; B) (~1;3); r) He
NOATBEPXAAETCH HY OIS KAKMX x;y. 14.T) 5x2+ 14x + 13 = 0. 21.K) 2(cos340° + isin340°).

(1 BYY 1 B J' A3 311 B
24.2) 1’(2”2) - ((2“2)) 8 z" 2 23 T

§6.

4.a) =4,0;6) =21,48;8) =6,10.6.4nB = {3,57,11,13,17,19}.7.Koraa4 < B.
8.a)ANBcA;6)AcAUB,B)ANBcAyB.9. 94;65.10. 14. 11. A,SO = 30240.

12. 648. 13. Py = 362880. 14. Cly = 120. 15. 306 maTueit. 16. = (7,)4 17. 43 = 120.

23. 665280.. 24. B) 1245. 25. a) 7 :6) 2 -6—3 1B)3.26. 4.27.2) 7.28. 43, = 30240.29, 792.

31. 90x7.
§7.
1Py = 2.2.P4) = 3Pty = S = L4 pay=0, 142.5.n=600.6. P(4B) = &
' 9% il 20 "2 15
_ 4 _ _ 7
7.P(4-8)=0,36.8. P(4) = P(AI)P(AI) = 22.9.) P(4-B) = 52:6) P(C-D) = 10
B) P4+ E) = 5. 10. P(d;) = 3. 1. P(d,d;) = 0,015.12. P(4,4,) = 0,42.

13.a) P(4, -Az- 3) = 0,612;6) P(B) = 0,997.14. P(4) = 0,0198.15. P(4)=0,73.
16. Cobbrmua 4, 4,, A3 NONAPHO HE3ABKUCHMb! U HE ABMAIOTCS HE3aBIUCHMbIMW B COBOKYMHOCT.
17. P(4) = 0, 95 18 P(A4)=0, 999 19. P(4+B) = 0,65.20. P(A+B) =

21. P(A+B) = — 22 P(C)y = = 23 P(4) = 0,994.24. P (m) = 0,3125.

25.P,4(2) = 0, 04395.26. P,Z(O) 0, 2514. 27.MNonapaHune Tpex MsaYei Npy YeTbipex 6pockax Mava,
28. P,(1)=0,371.29. a) Py(4) = 0,246; 6) P(m24) = 0,901.

30. Pg(m<2) = 0,370. 31. HyxHo caenaTs MUHUMYM OeCATh BbicTpenos. 32. P;(8) = 0,92
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