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IIpeaucaosue

Hacrosmiee nmocobue mpeaHazHaueHO AMIsl CIylIaTeneld MOATOTOBUTEIb-
HBIX KypCOB, @ TaKXe JUIf IIKOJIBHUKOB, TOTOBAIIMXCSA K MOCTYIUICHUIO B
BBICIIIHE YYeOHBIC 3aBE/ICHHS, U MPU3BAHO B MHTCHCUBHOMN (hopMe OpraHu30-
BaTb MOBTOPEHUE CTEPEOMETPUN, COCPCAOTOUNUTD INTABHBIC YCUJINA YUalllUXCA
Ha Y3JIOBBIX BOIIpOCax MporpamMmbl, MO3HAKOMUTL C XapaKTCPOM U YPOBHEM
TpeOOBaHUi, NPEABIBISEMBIX K TOCTYNAONIMM B By3bI.

[Tocobue HamMcaHO B COOTBETCTBHM C ITPOTPAMMOM IO T€OMETPHUH JUIS
nocrynaromux B Bysel. B Teopernueckoil yacTd onpenesstoTcs IMOHATHSA,
(hopMyIUpyIOTCSI OCHOBHBIE (DAKTBI M TEOPEMBI, KOTOPHIC BBITYCKHHUK JOJ-
JKEH 3HATh 110 3TOMY pPa3zeiy, a TAaKXKe JAl0TCS IPUMEPhl OCHOBHBIX TPHEMOB
pemnienust 3aga4d. Bo BTOpoil 4acTu conepKUTCs OOIBIIOE KOJIUIECTBO 3a/1a4
JUIA ayTUTOPHOM M CaMOCTOSITENbHON paboTel. BTopas wacte mocobust co-
nepxut 10 maparpadoB. BHyTpn kaxmoro maparpada 3amadu OiM3KHe IO
TeMe 00bEANHIIOTCSI OOLIMM 3arojIOBKOM, a 331a4M OJIM3KHE 110 COJCPIKAHHIO
WM METOJY pelleHHs OObeJANHEHbI OJHMM HOMEpOM. 3aliaud, coOpaHHbIC
MOJI OJIHUM 3arojIOBKOM, KakK IIPaBUIIO, PACIIOJIOXKEHbI B MOPSJIKE BO3pac-
TaIOIIEH TPYAHOCTH, IPUYEM OCHOBHBIE THIIOBBIE M ONOPHBIE 3a]a4ll PacIio-
JIO)KEHBI B HaYaJle Ka)10ro ITyHKTa.

Uurareno peKOMEHAYIOTCS YCIUTh BHUMAHUE 3a/ladyaM Ha IIOCTPOCHHE,
MOCKOJIbKY 3a/ladél 3TOTO THIA B OOJBIIEH Mepe CIOCOOCTBYIOT Pa3BUTHIO
MPOCTPAHCTBEHHOTO BOOOPA)KEHHS M YCBOCHUIO OOJBIIMHCTBA HUACH M METO-
JIOB TEOMETPHUH B IPOCTPAHCTBE. 3a/1ad Ha JJOKA3aTEIbCTBO B IOCOOMH CyIIle-
CTBEHHO MCHBIIE, YEM 33734 Ha BBIYHMCICHHE, HO MX BBINOJHEHHE TaKXe
OYEHB I0JIE3HO, TIOCKOJIBKY OHHM OTPaXKaloT T€ MIIM WHBIE OCHOBHBIE CBOICTBA
¢uryp, 3HaHHE KOTOPBIX OyJeT MOJIE3HO MPHU PEIICHUM 3a7ad Ha BbIUUCIC-
HUEC.

Ko BceM 3a7auam mocoOust 1aHbl OTBETHI, @ K HEKOTOPBIM CIIE U yKa3a-
Hus. B TeopeTuueckod 4acTu IpU PELIEHUH 3a4ad U MPOBEACHUU J0Ka3a-
TEJILCTB UCTIOJIB30BAHBI 3HAYKH:

O — yKa3bIBaeT Ha HAYAJIO PELICHUS WM I0KAa3aTeNbCTBA,;

94— yKa3bIBaeT Ha 3aBEPILICHNE PEIICHUS WIN JI0Ka3aTelIbCTBA.

AsTtop Belpaxkaet OnaronapHocth KoxxyxoBy U.b. u ®anenvenoii T.I1. 3a
TO, YTO OHH B3sUTH Ha ce0s TPY/I 110 IIPOYTEHUIO PYKOIIMCH, U MOJy4YEeHHbIE OT
HUX [IEHHBIE COBETHI.

ABTOp HaJieeTcs, YTO JIAHHOE I10COONE OKaXXET CYIIECTBEHHYIO IIOMOIIb
abuTypueHTaM PH MOATOTOBKE K BCTYIHUTEILHBIM 9K3aMEHAM.

Kenaio ycnexa!



IJTABA 1. BBeneHne B cTepeoMeTPHIO

§1.1. OcHOBHBIC IOHATHS

Cmepeomempus — pasjiell TEOMETPUH, U3YJarOIINi CBOMCTBA TeNl U (H-
I'yp, B3aWMHOE TMOJIOKEHHWE JIMHUM, TUIOCKOCTEHM, MOBEPXHOCTEH W TeN B
TPEXMEPHOM TIPOCTPAHCTBE.

OCHOBHBIMH HEOIPENEIIEMbIMU IIOHATUSIMH B CTEPEOMETPHH SBIISIOTCA:
mouka, npamaa i naockocms. ToYkn 0003HAYAIOT NPONUCHBIME OyKBaMU
natunckoro andasuta A, B, C,...; npamele — 1160 ABYMS NPONHUCHBIMH

OykBamu narmHckoro andasura AB, MN,... mu6o crpounsiMH OyKBaMu
a,b,c,...; mnockoctn — nMGO TpeMs TMPOMKCHBIMH OYKBaMH JIATHHCKOTO
andasura ABC, MNP, ... mubo OykBamu TIpedeckoro aindasura

a,fB,7,... .

[TiockocTn Ha pUCYHKaX W300pa)kaloT B BUJAEC MapajulesiorpaMMa WM B
BU/IE TIPON3BOJILHOM 00macT (cM. puc. la u 10), npsiMble n300paxaroTcs TaK
ke, KaK B IUIAHUMETPHH.

C ° o
A\Ea

Puc. la Puc. 16

@Duzypoii Ha3bIBACTCS BCSIKOE MHOXKECTBO TOUEK, MPSIMBIX U INIOCKOCTEH
B IIpocTpaHCcTBe. B cBOIO ouepens, MpsiMasi, MIOCKOCTh — MHOXECTBA TOYEK.
Ilpocmpancmeo — MHOKECTBO BCEX TOYEK.

I'eomeTpuueckas (urypa Ha3bIBaeTCS HPOCMPAHCHIGEHHOI, €CTA HE BCE
TOYKH €€ Jie’KaT B OHOM tutockocTH. [Ipumepom npocTpaHcTBeHHOH (Guryps
MOXET CIIy>)KUTb T€OMETPHIECKOE /€10 — YacTh IPOCTPAHCTBA, 3aHUMaeMast
npeaMeToM. 'eoMeTpruecKoe TENo OTASNSETCS OT OKPYKAIOIIEro IPOCTPaH-
CTBA HOGEPXHOCHIBIO.

JlBe reomerpuueckue (QUIypbl HA3bIBAIOTCS PAGHBIMU, SCIA X MOXKHO
COBMECTHUTH TaK, 4YTOOBI OHM COBIAJIM BCEMHU CBOMMH 4acTsmu. [Ipexnmnoara-
€TCsl, 4TO INpPH NEPEMEUICHUH B IPOCTPAHCTBE reOMETpUYECKUe (UTypbl HE
U3MEHSIOTCSL.



B reomerpuuecKMX MpPEIIOKEHUSIX TaKWe CII0BA, KaK (WIeHCamby,
«HPUHAONENCAMBY, (COBNAOAMDbY, (NPOXOOUMDbY, (NEPECEKAMDb), KNAPAl-
NeIbHBLY, «NEPREHOUKYIAPHBL) BBIPAXKAIOT OTHOLICHHUS MEXIY TOUYKaMH,
NPSIMBIMH U TDIOCKOCTSAMHU. OOBIYHO MCIIONB3YIOT 0003HAUCHHS:

€ — 3Hax npunaonexcnocmu. Tak, 3amice A€a (wmm A€ a) 03-

HAYaeT, 4To TOUKa A TPHHAICKUT MPAMO @ (WM IIOCKOCTH ¢ ).

C — 3HaK éKntouenus. Tak, 3aUCh d C (! 03HAYAET, 4YTO MHOXKECT-

BO TOYEK MPSIMOI 4 BKIIFOYAETCSI BO MHOXECTBO TOUYEK INIOCKOCTH X .

M — 3nax nepeceuenus. Hanpumep, 3anuck & M [ 03Haydaer nepe-

CeueHue TIOCKOCTel @ U 5. OHO MOKET PABHSATHCS IyCTOMY MHOXKECT-
BY, €CIIH IUIOCKOCTH & ¥ [} He MEepeceKaroTcs.

=— 3nax coenadenus (Toxaecrsa). Hanpumep, 3amiucy a =b o3Ha-
Yaer, YTo NpsAMble d W b coBmamawr, a 3anuck d Nb= A o3Hauaer,
4TO MpsAMblE @ U b TiepecekaroTcs B Touke A .

§1.2. Akcuombl crepeomeTpuu. CiieACTBUSA U3 AKCHOM

B crepeomerpum, Tak ke, Kak U B IUDTAHUMETPHH, CBOICTBAa TeOMETpUYIe-
CKUX (pUTYp yCTaHABIHMBAIOTCS IyTeM JOKa3aTElIbCTBA COOTBETCTBYIOIIHX
TeopeM. HekoToprie CBONCTBa QUTYp HE MOIIEkKAT TOKA3aTeIbCTBY M MPH-
HUMAIOTCS B KaueCTBE MCXOTHBIX. JTOr0 TpeOyeT BBEJAEHHE HOBOTO TeOMeT-
pHUYECKOro 00BEKTa — MIOCKOCTH. Tak Kak B Pa3HBIX MIKOJAX MPH W3yUEHHH
reOMETPUHM B OCHOBHOM HCIONb3yIoTCa yueOHuku A. B. TToropenosa «I'eo-
Mmetpust 7 - 11» wim JI. C. Aranacsaa «'eometpus 10 - 11», mpuBenem ¢op-
MYJIUPOBKY aKCHOM, HCIIOJIb3yEMbIX Ha3BaHHBIMH aBTOPaMH.

Axcuomamuxa A. B. Ilozopenosa

OCHOBHBIE CBOICTBA INIOCKOCTEH BBIPAKAIOTCSl aKCHOMAaMHM:

1. Kakoea 0v1 Hu Ovlna nIOCKOCMb, CyUeCmeylom mouKu,
npunaonexycaujue MO NIA0CKOCMU, U MOYKU, He NPUHAONecauue eil.

2. Ecnu 06e paznuuHble RAOCKOCMU UMEIOM 0O0W(YI0 MOUKY, MO OHU
nepecekawomca no npAMOIL, nPOXooAweil uepes Ny MmouKy.

3. Ecnu 06e pazniuunble npamble uMeiom 00u{yio mouKy, mo uepes Hux
MOICHO RPOGeCMU NIIOCKOCHb, U RPUMOM MOALKO 00H).

3ameyanne. B npuBeeHHBIX aKCHOMaX, BBIPAXKAIOIIUX CBOICTBA IIOC-
KOCTEel, HUYEero He TOBOPUTCA O CyLIecTBOBaHMHM Iutockoctell. IIpeanonara-
eTcsl, YTO B MPOCTPAHCTBE OECKOHEYHO MHOTO Pa3JIMUHBIX IUIOCKOCTEH, U B
J000H MJIOCKOCTH BBITIOJIHEHBI BCE aKCHOMBI IanuMerpuu. OnHako, ma-



HuMeTprdeckue akcioMbl (1 1 2') 0 IpSMBIX B CTEPEOMETPHU UMEIOT 00-
Jiee I_HI/IpOKI/Iﬁ CMBICJI — B HUX I'OBOPHUTCA O MPAMBIX U TOYKaX IMPOCTPAHCTBA.

1'. Kaxoea 6b1 nu Ovina npamas, cywecmeyiom mouku, npunaoie-
Jrcaugue IMoIl nPAMOIL, U MOUKU, He NPUHAadIeHcaujue eil.

2'. Yepes nioOble 06e MOUKU MOMNCHO NPOGECHIU RPAMYIO, U MOALKO
00HY.

W3 5THX aKCHMOM BBITEKAIOT CJICACTBHUA:

1. Yepe3 npamyto u He nedcawiylo HA Hell MOYKY MOICHO npogecmu
RI0CKOCHb, U RPUMOM MOTBKO OOHY.

2. Ecnu 06e mouku npamoii npunadnexicam naoCKOCmu, mo 6csa nps-
Masa RPUHAaOdeddcum IMoi NI0CKOCHmU.

B 3TOM ciydae roBOpST, UTO npAMan aeHcum 6 niA0CKOCHU VN nioc-
Kocmb npoxooum uepe3 npamylo. 13 3Toll aKCHOMBI ClIEAyET, YTO IIJIOC-
KOCTh M HE JIe)KaIas Ha Hell mpsMas 1100 HE MepeceKaroTcs], b0 mepece-
KaloTCsl B OJHOM TOUKE.

3. Uepe3s niobvle mpu mouKku npOCMpancmea, He Jedcaujue Ha 0OHOU
RPAMOIL, MOICHO NPOGECHIU NJIOCKOCHIL U RPUMOM HOJLKO 00HY.

4. ITnockocmy pazdusaem npocmpancmeo Ha 06a NOTYRPOCMPAHCHI-
6a. Ecnu mouxu X u Y npunaonesxcam 00nomy noaynpocmpancmay, mo
ompezok XY He nepecexaem nnockocmo. Ecnu sowce mouku X u Y npu-
Haonexcam pasnvim HoOynpocmpancmeam, mo ompesox XY nepecexaem
naocKocmo.

3agaua 1. [laHsl Tpu pa3nuyHbIe MONAPHO MEPECceKaroIINecs MI0CKOCTH
a, B,y . Jlokaxure, eciii [Be M3 MPSIMBIX IIEPECEUYCHHS 3THX IUIOCKOCTEH

IIEPECEKAIOTCS, TO TPEThA NPSMask MPOXOJUT YEPE3 TOUKY MX MEPECEUEHHS.
Joxazamenvcmeo. O Ilycts (cm. puc. 2) an f=a, fny=b,
any=c u anb=A4. Jlo-

KaxeMm, uto A€ .

}/' ______ IMockoneky A€a u

' @ Aeb, to touka A upunan-

E N I JIEKHAT BCEM TPEM IUIOCKOCTAM
//__,%:::\ B a, B,y . Toraa no akcuome 2
a A INIOCKOCTH @ W ) HMEKT
0OIIYI0 TOUKY, CJIC0BATEILHO,

OHHU TICPECCKAIOTCA 11O HpHMOfI,

MPOXOJAIIEH Yepe3 ATY TOUKY.
Puc. 2



Ho no ycnosuto @ Ny =c . 3Haunt, A€c. @

Axkcuomamuxa JI. C. Amanacana

OCHOBHBIC CBOMCTBA IJIOCKOCTEH BBIPAXKAIOTCS CICAYIOIUMU aKCHOMa-
MH:

1. Uepes nobvle mpu mouku npocmpancmea, ne iexicauiue Ha 00HOU
RPAMOIL, MONCHO RPOGECMU HIIOCKOCHb U RPUMOM MOJIbKO 0OHY.

2. Ecu 06e paznuunvle niocKoCmu umeiom ooOuiyro mouky, mo onu
nepecekaomcs o NPAMOIl, RPOXOOAUEL Yepe3 INY MOUKY.

B aTOM cityyae roBOpST, YTO NIOCKOCHU NEPECeKaromest O NPsSMOLL.

3. Ecnu 06e mouku npamoit npunadnexcam niocKocmu, mo 6cs nps-
Mas RPUHAOeHcUm IMOoil NIOCKOCHU.

W3 3TX aKCcHMOM BBITEKAIOT CIICICTBHS:

1. Yepes npamyio u mouxy, jaexicawyio e IMOU RPAMOIL, MOICHO
nposecmu NAOCKOCHb U HPUMOM HMOALKO O0HY.

2. Uepes 06e nepecexarouwuecs nPamovle MOICHO RPOGECMU RIOCKOCHD
U RPUMOM MOSILKO 00HY.

3. Uepes 0se napanienvhvlie NPAMbLE MOHCHO RPOBECU NIAOCKOCHIb U
RPUMOM MOIBKO 00HY.

4. Yepes n100y10 npAMYIO 8 RPOCMPAHCIEE MOICHO NPOGeCMU Decuuc-
JIEHHOE MHOMICECHE0 NIIOCKOCHEIl.

Kak BHIHO M3 IBYX NPUBEIECHHBIX aKCHOMAaTHK M CJICJCTBUI 13 aKCHOM,
TUTOCKOCTB 33JIa€TCS OIHO3HAYHO CJIETYIOLIMM Ha0OPOM 3JIEMEHTOB!

a) TaHBI TP TOYKH, HE JIeXKAITUE HA OJHOM MpsMoi (cM. puc. 3a);

0) maHa mpsMas U He TIPHHAIISKAIIas i Touka (cM. puc. 30);

B) JIaHBI JBE IIEPECEKAIONINecs IpsMBIC (CM. puC. 3B).

Kpome 3toro, kak OyJeT BHIHO W3 JAIbHEWIIEro, JBe MapajieibHbIC
MpsSIMBIE B IPOCTPAHCTBE OJHO3HAYHO 33/1aI0T TNIOCKOCTH (CM. pHC. 3T).

[ L LT

Puc. 3a Puc. 36 Puc. 38 Puc. 3r



I'JIABA 2. BzauMHoe pacnoJio:xkeHne NpsiMbIX U

IUIOCKOCTE! B IPOCTPAHCTBE
§2.1. B3aumHoOe pacnoJio;keHne IByX NPSAMbIX B
MPOCTPAHCTBE

JIBe npsiMble B IPOCTPAHCTBE MO0 JISKAT B OJHOM TIIOCKOCTH, JINOO HET.
[psimMblie, Jiexaiiue B OJHOM MIIOCKOCTH W UMEIOIINE OOIIYI0 TOYKY, Ha3bl-
BAaIOTCSL HEPECEKAIOUUMUCA.

JlBe mpsiMbie B MPOCTPAHCTBE HA3BIBAIOTCS HAPALIEAbHBIMU, €CIIA OHU
JIe)KaT B O/IHOU IJIOCKOCTH U HE MEPECceKatoTCsl.

Teopema 1. (TIpocTpaHCTBEeHHasT TeOpeMa O MAPAIUICITBHBIX MPSIMBIX).
Yepes mouky eHe OAHHOU NPAMOIL MOINCHO RPOBECHU NPAMYIO, RAPAIl-
J1EIbHYI0 OAHHOIL, U RPUMOM MOJILKO OOHY.

Teopema 2. (Ilpu3Hak MapauieIbHOCTH NPAMBIX). Jée npsamole, na-
pannensHble mpemoeil, NApainenbibl Opyz Opy2y uiu conaoaiom.

Hokazamenscmeo. O Tlycts npsmsle b u ¢ Takue, aro bl|a, clla

(cMm. puc. 1). Hokaxewm, uto b || c.

o Crnyyaii, Koraa npsMele

b M a, b u ¢ nexar B ogHOMN
IUIOCKOCTH, paccMaTpHBall-
¢ B manumerpuu. Iloaro-
My PpacCMOTpUM ciyu4ai,
KOTrJla OHH HE JIekKAaT B OJI-
HOM  mmockoctu. bByaem
CUMTATh TaKKe, YTO Mps-

MbIe @, b ¥ C pa3THYHBL
Prc. 1 ITycTh mIoCKOCTH & |
f TakoBbl, ut0 bC

aca,accf, acf. llnockoctn @ u [ pasnuusel. Beibepem Ha
npsiMoit b Touky B W mpoBeneM IUIOCKOCTb ¥ depe3 HPsMYI0 ¢ H TOYKY
B . Ona niepeceuer miockocts @ 10 npsiMoii by . lomycrum, yto b; nepe-
cekaer mpsimyto a B Touke A. B otom ciaysae a Ny =b, an f=a,
PNy=cuanb =A,cienosarensio A € c (cM. 3anauy 1 rmass 1), T.

€. mpsAMas ¢ He mapauielibHa IPAMOU @ , 9TO MPOTUBOPEUHT YCIOBUIO TEO-
pemsl. 3HaunT, b; He mepecekaer a, HO Toraa b ||a@ u, ciaemoBaTenbHO,



b, =b (no npensiayieit Teopeme). [lomydaem, 4To npsimast b JIeXUT B 01-
HOI IUIOCKOCTH ¥ € NPAMOM C U He IepeceKaer ee, 3Hauut b||c. &

ITycts toukun A, B,C,D (cm.
pucC. 2) He JexaT B OJHOM IIOCKO-
cru. durypa, o6pasoBaHHas OTpeE3-
kamu AB, BC, DC u AD, na-
3bl6AEMCA  HPOCIMPAHCHIGEHHBIM
UembIPexy20NbHUKOM.

3ameuanne. Touku A, B,C u

C

D, B obmem cinydae, 3a1ai0T He-
CKOJIBKO pa3IM4YHBIX MPOCTPAHCT-
BEHHBIX YETHIPEXYyTONBbHUKOB. [lo-
ATOMY KpOME BEpUIMH HEOOXOJANMO yKa3bIBaTh M OTPE3KH, SBJISIOLIMECS CTO-
pOHaMI/I HpOCTpaHCTBeHHOFO '-leTI)IpeXyFOJ'H)HI/IKa.

CripaBe/IUBBI CIEIYIONINE YTBEP)KACHUS (JIOKQKUTE X CAMOCTOSATEIIBHO):

1. Cepedunvt cmopon npocmMpancmeeHHO20 Uemblpexy20ibHUKA A6-
JAIOMCA 6EPUUHAMU NAPATNEN0ZDAMMA.

2. [lea ompeska, coedunaiouue cepeounvt RPOMUEONOI0NHCHBIX CHIO-
POH HPOCMPAHCMEEHHO20 YembIPEXY20bHUKA, U OMPE3OK, COCOUHAIOW UL
cepeounsl e2o OuazoHaneil, nepeceKaromcs 6 00HOI moyuke u mouKoll ne-
peceuenus 0enamca RONONam.

JIBe mpsiMBIE B MPOCTPAHCTBE, HE JICXKAIINE B OAHON IIOCKOCTH, Ha3bI-
BAIOTCSl CKpeujugaromumuca (CM.
puc. 3).

Teopema 3 (nmpusHak CKpemiu-

\ B 2 Baromuxcs npsameix). Ecau oona u3

Puc. 2

08YX RPAMBIX JIEHCUM 6 HEKOMOPOIL
naockocmu, a opy2aa npamas ne-
a pecexkaem 3my nA0CKOCHb 6 MOUKe,
He Jnexcauieli HA Nepeoll NpPAMOI,
Puc. 3 Mo Imu npamvie CKPeuwueaomces.
JlBe ckpemmBaromuecs MpsMbie
He 00pa3yloT yros B OOBIYHOM CMBICIE, TaK KaK Y HUX HET OOIIeH TOYKH.
Yenom mesrwcdy ckpewqusarowgumuca npameimu Ha3pIBa€TCS Yrol MEXITY
MEPECCKAOIMMUCA TTPAMBIMU, NNApaJUICJIbHBIMA JTaHHBIM CKPCIIHUBAIOMINMCH
HPSMBIM. DTOT YToJl He 3aBUCUT OT BBIOOpa TOUKH, Yepe3 KOTOPYIO IPOXOAST
nepeceKaroIurecs NpsmMble (JIOKaKUTE CAaMOCTOSITEINEHO 3TO YTBEPXKICHHE).




§2.2. B3aumHoOe pacnoJio;KeHne NpsiMoil ¥ IMJIOCKOCTH

Bo3MoHBI caeqyonue caydad paciooKeHNs B IPOCTPAHCTBE MPSIMOM
JIMHUU U IIJIOCKOCTU:
a) IpsAMast JIEXKHT B INIOCKOCTH (MJIM TIIIOCKOCTh MPOXOMT Yepe3 MPSIMYIO);
6) mpsMast ¥ IIOCKOCTh MMEIOT OAHY OOIIYIO TOUKY, T. €. IpsiMasi nepece-
Kaem TUIOCKOCTb. TOUKY WX TIEpECCUCHHs] Ha3bIBAIOT C1e00M RPAMON Ha
OaHHOI NI0CKOCMU;
B) IpsAiMas HE UMEET OOLIMX TOYEK C IUIOCKOCTBIO, T. €. NpAMAs napain-
J1eIbHA NOCKOCHU.
Ilapannensnocme npamoil u na10CKOCmu

Teopema 4. (IIpusHak napajiebHO- a

ctv mpsAMol M mockoctu.) Ecau npamas —
a He nexcum € MAOCKOCMU O U NAPAT-

leIbHa NPAMOIL Ay , exHcameli 6 ni0CKo- %

cmu o (cM. puc. 4), mo ona napannenvna
naockocmu o .

Teopema 5. Eciu 0se nnockocmu o Puc. 4
u [, npoxodawue coomeéemcmeenno ye-

pe3 napanneavhle npamvle a u b, nepe-

CEeKalomces, mo npAmMasn ux nepecevyenus C

napannenbHa odeum OAHHBIM HPAMBIM O

u b (ecnu, koneuno, npamasn ¢ me coena- I
oaem nu ¢ a, huc b) (cm. puc. 5).

Teopema 6. Ecau naockocmo npoxo-
oum uepes npamyio, napanieaIbHy Opy2oi Puc. 5
naoCKOCmMu, U nepecekaemt 3mMy NIOC-

KOCHb, MO NPAMAA nepeceyenus ni0cKocmeil napanienbHa OaHHOU npa-
Mot (cM. puc. 5).

CaeacrBue: eciau mnpsMas napaieibHa KaXIOH M3 JBYX Iepecekaro-
MIMXCS TUIOCKOCTEW, TO OHA MapajieSibHa JIMHUU UX NIepeCceUeHHs.

Teopema 7. Eciu 00na u3z 06yx napanieibHuIxX RPAMbIX RAPAIIEAbHA
HEKOmMOopoul na0CcKoCmu, mo u Opy2as NPAMAas NAapaiieabHa Mmoil Hce
RI0CKOCMU UMW 1eXCUm 6 Hell.

Teopema 8. Uepes kascoyio usz 08yx cKpewuearoumuxcs npamsix npo-

X00um naAOCKOCMb U RPUMOM MOALKO 00HA, napanieavHas Opy20il nps-
MOIL.
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Ilepnenouxynap u HaK1OHHAA K RAOCKOCHU

[Ipsamas Ha3BIBaCTCS nEpneHOUKyAApHOU niaockocmu (UIH nHepnenou-
Kyapom K RA0CKOCmU), €CIU OHA MEPHEHAMKYISApHA JII000H HpsMoii, ie-
JKalel B 3TOH IIOCKOCTH (MEPHIEHANKYIISIPHOCTD B IAHHOM CIIy4ae TOHUMa-
€TCS B CMBICIIE «)20l Mexcoy ckpewjusaiougumucs npamoimu paser 90° »).
IIpsmas, nepecekaromas MIOCKOCTb, HO HE MEPICHANKYISPHAs ei, Ha3bIBa-
€TCsl HAKIOHHOU K DTOH IIJIOCKOCTH.

Teopema 9. (Ilpu3Hak NEPHCHAMKYISIPHOCTH HPSIMOM M IUIOCKOCTH.)
Ecnu npamaa nepneHOUKynApHa OGYM RepeceKalouiuMcs RpAMbIM, Jie-
Heauwum 6 OAHHOIL RIOCKOCIMU, MO OHA NEPREHOUKYNIAPHA 110001 RPAMOIL,
aexcauieli 6 IMoll NAIOCKOCmU, M. e. OHA NEPNEHOUKYNAPHA NAOCKOCIIU.

IIpamoyzonvHnoit (0pmozoHanIbHOI) npoeKyUuell MoOYKU HA NI0CKOCHLb
Ha3bIBACTCs CIIe]l NEPIEHANKYJIIsIpa, TPOBEICHHOTO Yepe3 3Ty TOUYKY K JlaH-
HOH mockocTr. Criex MepHneHANKyIIspa Ha INIOCKOCTH HA3bIBACTCS OCHOGA-
HUeM nepneHOuUKynApa, a Clejl HaKIIOHHON — OCHO6aHUeM HAKIOHHOW.

Ilpamoyzonvnoii (0pmozonanvHoll) npoekyuell HAKI0OHHONU HA NAOC-
KOCmpb Ha3bIBaCTCsl OTPE30K INPSIMOM, COSAMHSIOIIEH OCHOBAHUE HAKIOHHON
C OCHOBaHMEM NEPHEHAUKYISApa, OMYLIEHHOIO U3 KOHIA HAKJIOHHOHN Ha 3Ty
TIOCKOCTb.

Teopema 10. Ecru u3 00noit u moii sce mouku éne njiockocmu npo-
6ecmu K nJ10CKOCHU NEPREHOUKYIAP U HAK/IOHHbLE, MO:
a) nepneHOuUKyIAp KOpoue 6CAKOI HAKIOHHOUL,
0) HaknoHHble, uMeEIOWUe PAGHbIE NPOEKYUU, PAGHBL MeMHCOY COOOI;
B) U3 06YX HAKJIOHHBIX, UMEIOWUX PA3HblE NPOEKyul, 60abuie ma,
npoekyua Komopoiu bovute. 4
Ha puc. 7 AB, AC u AD — nakion-

Hble K iockocta & , AO — meprneHmuKy-
asp Kk « . Torma, u3 pasencrea OB = OC

cienyer AB = AC ; u3 uepaBeHCTBa IS

npoekuuii OD < OC cnenyer HepaBeHCTBO OAD_\ C

s HakJoHHbIX AD < AC . B .
Teopema 11 (o6parnas Teopeme 10). A

Ecnu uz oonoii u mou rce mouxku, nesxca-
wieil 6He NJ0CKocmu, nposecmu K Imoi
ROCKOCHMU REPREHOUKYIAD U HAKIOHHbLE,
mo: a) pagHvle HAKIIOHHblE UMEIOmM PAGHble NpoeKyuu; 0) Uz 08yx npoex-
yuii 6onvuwe ma, KOMopas cooOmeemcmayem 60abuieii HaKNoOHHOI.

Puc. 7
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Teopema 12. (Teopema o Tpex
neprneHaukynapax). Ilpamasa, npoge-
OCHHAA HA NIOCKOCHU NEPNEeHOUKY-
JIAPHO HAKIOHHOU, NEPNEHOUKYIAPHA
npoexkyuu 3moil HaKIOHHOU HA OaH-
HYI0 RJIOCKOCHLb.

N Teopema 13 (o6paruas Teopeme

“ C M B 12). Ilpamas, nposedennasa na nioc-

Kocmu nepneHouKynapHo RpoeKuuu

Puc. 8 HAaKIOHHOU K MOl na0CcKocmu, nep-
NEHOUKYNAPHA camoil HAKIOHHOI.

Ha puc. 8 AB — naknonnas, AC — nepueHauKyyisap K IJIOCKOCTH « ,
npsmass MN — « . Torma, ecmu MN 1 AB, to MN 1 BC, u nao6opor,
eciiu MN L CB, 10 MN 1 AB.

Yeon mesrcoy npamoii u nnockocmuiro

Yenom mesrncoy npamoit u nnockocmoro Ha3pIBa€TCS OCTPBIM YTod MEX-
Jly OTOM MPSAMOM M MPOEKIMEN Ha JaHHYIO IIockocTh. Ha puc. 8 AB — Ha-
wionHas, a CB ee mpoekuys Ha MIIOCKOCTh & , TOTAa yroi mexay AB wu
wiockocTeio @ pasen LABC .

Teopema 14. Yzon mercoy npamoii u niocKkocmvio ecmbv HAUMEHD-
WUl u3 6cex y2n0e, 00paA306AHHBIX IMOU NPAMOIU ¢ 10008 NPAMOIlL, J1e-
Jcaweil 6 OAHHOIL NJIOCKOCHU.

JokaxeM (akT, 3HaHHE KOTOPOTO OKA3bIBACTCS TOJIE3HBIM IIPH PEIICHUN
3ajad.

3agaua 1. Jlokasars, 9TO €CIM U3 BEPIIMHBI yTJIa, JIEKAIIETO HA TUIOCKO-
CTH, IPOBECTH HAKJIIOHHYIO K IJIOCKOCTH TaK, 4YTOOBI OHA COCTAaBIISIA CO CTO-

D poHamMu yrija paBHBIC YIJIBI, TO
MMPOCKIHUA 3TOM HAKJIOHHOW Ha
IUIOCKOCTh OyneT OuccekTpu-
COM JaHHOTO yTia.

M A Hoxkazamenvcmeo. 0O Ilo

yeaoButo 3amaun LABC ne-

o KUT B INIOCKOCTH & (CM. HC.

% B N C 9) u maxmonnass DB o6pasyer
C €r0 CTOPOHAMHU PaBHBIE YTIIBI

Puic. 9 ZABD = Z/DBC . U3 Touku

12



D onycrum nepnenaukyassp DO Ha mIOCKocTh & , 1 U3 Touku O mpoBe-
aem OM 1L AB u ON L BC . Torma mo Teopeme 0 Tpex MeprIeHAnKyYIIpax
Haionusle DM u DN Oyayrt nepreHauKyIsipHbl cTopoHaMm yria AB u
BC cootBercteenHo. Ilpsmoyronsubie Tpeyroibhuku DBM wu DBN
paBHbl 1o oOme#l runorenyse DB W paBHBIM OCTPBIM  yriiaM
ZMBD = ZNBD . Torna nakinonnas DM = DN , a 3HauuT, paBHbI U MX
npoekiun OM = ON , no toraa pasust AMOB = ANOB , a BMecTe ¢ HUME
u yrael ZMBO = ZNBO, 1. e. OB — 6uccekrpuca yrna ABC , uto u Tpe-

00BaJIOCh JOKa3aTh. ¥

Céa3b napannenvHocmu u nepReHOUKYIAPHOCIU RPAMOU U
naockocmu

Teopema 15. Ecau nnockocmov nepnenouxynsapha o0HOU u3 napa-
JIEJIbHBIX NPAMBIX, MO OHA NEPHEHOUKYIAPHA U OPY20ii.

Teopema 16 (oOpartnas teopeme 15). Ecau 0ee paznuunvie npsamole
REPREHOUKYIAPHBL 0OHOLL U MOTL JHee NOCKOCHU, IO OHU RAPALIEIbHDL.

1 1
o o
| |

4

Puc. 10 Puc. 11

Taxum o6pasom, ecu al|b u a L a (cm. puc. 10), rou b L a, u, Ha-
obopor,eci ¢ L u b La,10 al|b.

Teopema 17. (IlpusHak napajuieibHOCTH MPAMO U MOcKocTH). Ecau
naockocms @ u npaman b (cm. puc. 11), ne nesxcawan ¢ nnockocmu o ,
nepnenouKyIAPHbL 0OHOU U MO Jice NPAMOU ( , MO OHU NAPANJIETbHYL.
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Paccmoanun medxncoy o6vekmamu é npocmpancmee

Paccmosnue mexncoy moukamu A u B pasuo mmune otpeska AB.
PaccrosiHue ecTh HEOTPHULIATENBHOE YHUCIIO.

Paccmosanue medxncoy 0syma guzypamu (MHOICECMBAMU MOYEK) PABHO
HYJIIO, €M (PUI'YPhl UMEIOT OOLIYIO TOYKY, U PACCTOSIHHIO MEXIY OJvbKaii-
MIMMH TOYKaMH 3THX (QUTYp, €CIIN TaKue TOYKH CYIIECTBYIOT.

Paccmosnue om mouxu M 0o npamoit [, ve conepxaiein M , paBHo
IUIMHE OTpe3Ka MePIEeHIUKYIIIpa, Oy IeHHOro 13 Toukn M Ha npsmyio /.

Paccmosanue om mouku M 0o nnockocmu o , we comepxamein M |
PaBHO JUTHHE OTpe3Ka MepreHINKYJIIpa, OMyIeHHOTo W3 M Ha MI0CKOCTh
a.

Paccmonnuem mexncoy 06ymMa napaiiebHblMu RPAMbIMYU PABHO JUINHE
3aKIF0YEHHOI'O MEXy HUMH OTPE3Ka MPSIMON, EPIEHIMKYIISIPHON K KaX 101
U3 3TUX NPSIMBIX U TIEPECEKAIONIEH UX.

Paccmosanue mexcdy npamoil u napanienvHoll eil n10CKOCHbI0 PaBHO
PacCTOSHUIO OT JIF000 TOYKH 3TOH IPSMOIt IO TNIOCKOCTH.

Paccmoanue mesncdy napannenvHsimu na0CKOCMAMU PABHO PACCTOS-
HHIO OT JIt000 TOYKH OJTHOM INIOCKOCTH JI0 APYTOi IUIOCKOCTH.

3apaua 2. Jlokazarb, 4TO JUIsl JIFOOBIX JIByX CKPELIMBAIOMINXCS MPSMBIX
CYIIECTBYET U IPUTOM E€IMHCTBEHHAs ITpsMasi, epeceKaromas 0oe npsmble 1
NEePHEeHANKYISpHAst KaX/I0H U3 HUX.

Hokaszamenvcmeo. O Ilycte a u b — CKpeIMBArOIIKECS TPSIMbIE (CM.

puc. 12). ITposenem uepe3 a miockocts & || b . Iycts by — npsiMoyronbHas
npoekuust b Ha @ u A=b, Na (b u a ne napamnenshsr). Touka 4 —
TPSMOYTOJIbHAS TIPOCKIUST Ha ¢ HEKOTOpoi Touku B mpsimoit b . Tak kak
ABla, 10 ABla

MB ‘C "Tal 4 u AB 1 b,. Cnenosa-

' | TEJBHO, AB 1b
(b ||b). llpsamass AB,

a b] A Da IepeceKaromas npsi-
MBIE @ W b, nepren-
Puc. 12 JUKYJIIpHA WM.

Jokaxkem emuHCT-
BEHHOCTh. JIOMyCTHM, YTO CyliecTByeT aApyroi nepnenaukyisip CD . Tlpo-

BezeM uepe3 Touky C npsamyio q ||a. Torma CD L a;. CnenosateinsHo,

14



CD mnepneHAMKYIApHA IUIOCKOCTH » , 0Opa30BaHHOW IepeceKarolMMUCs

npsameiva b u a; (¥ ||a). B atom ciyuae CD n AB napamnenshsl (1Ba

MEPIICHANKYIISIpa K OAHOM IJIOCKOCTH) | JIeKaT B OJHOM IutockocTH. [loiry-
YaeMm, 4To ckpernuBaronecs npsimeie BC u AD 7exaT B OIHOM TUIOCKO-

CTH, — IPOTHBOpeune. ¢

Paccmonnue meincoy 06yma CKpewjusaoujUMuca npambimMu eCTb Hau-
MEHbIIIEe PACCTOSHHE MEXIY TOYKaMHM, JIEKAIUMH Ha 3THX NPAMBIX, U U3-
MepsieTcsl JUIMHOM OTpe3ka ux oduieco nepnenoukynapa (Takodl OTpe3ok
eZiMHCTBeHHBIN). OHO TaKke PaBHO PACCTOSIHUIO OT JIFOOOW TOYKH OJTHOH U3
CKPEIINBAIOIIUXCS MPSIMBIX JI0 TUIOCKOCTH, MapaJuIelbHON 3TOW NpsSMOi 1
coJiepxalleil Ipyryro npsaMyr, WUiIH a
pacCTOSHUIO MEXIy ABYMs Iapai-

JETbHBIMU TUIOCKOCTSMH, COZEpIKa- A

oMM 3T npsMele. Ha puc. 13 uzo-
Opa’keHbl ~ CKPEIIMBAIOIIMECST Ips-
Mble: b, nexarast B INIOCKOCTH < , B B
a , nepecekaromas « . [psimass AB
HepHeHIUKyIspHa a u b ; Torma

JuHa oTpe3ka AB ecth paccrosHue Puc. 13

MEXKTy CKPEIIUBAIOIINMUCS MPAMBIMEA @ U b .

[one3nsie paxTol.

1. Kastcoas mouka npamoii, npoeedeHnoil yepe3 yeHmp nUCAnHnoil
mpey2oabHUK OKPYICHOCIU NEPREHOUKYIAPHO NIIOCKOCHU MPEY20IbHUKA,
Pasnoyoanena om cmopoH mpey2oibHUKA.

2. Kasxcoan mouka npamoii, npoge-
O0eHHOIl uepe3 yeHmp ONUCAHHOU 0KONO
mpeyzonNbHUKa OKPYHCHOCU NepheH-
OUKYIAPHO NJIOCKOCHMU MPEYZoNbHUKA,
pasnoyoanena om 6epuiuH mpeyo/ib-
HuKa.

JokaxeMm 1epBoe  yTBEpXKJIECHUE
(BTOpOE MOKA3BIBACTCS AaHAJIOTHYHO).

Jokazamenvcmeo. a Ilycts

A,B,C — Touku KacaHus CTOPOH Tpe-

YrONBHHUKA ¢ OKPY)KHOCThIO, O — IIEHTp

Puc. 14

OKpYXHOCTH (cM. puc. 14), S — mpous-
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BOJIbHAA TOuYKa Ha nepnengukyispe. Torma SA,SB,SC — nakinoHssle, a
OA,0B,0OC - ux npoekuuu Ha mwiockocts tpeyronshuuka (OA4,0B, OC
ABIIAIOTCA PaJMyCaMH OKPYXKHOCTH, COCAUHSIONIMMHU €€ LEHTP C TOYKAMU
KA4CaHWs, MO3TOMY OHH IIEPIEHIAMKYISAPHLI CTOPOHAM TpeyroibHuka). Cie-
JoBaTeNbHO, (1Mo TeopeMe o Tpex nepnengukynsapax) SA,SB,SC mnepnen-
JMKYJISPHBL COOTBETCTBYIOIIMM CTOPOHAM M MX JJIMHBI — PACCTOSHHUS OT TOY-
Kd S [0 CTOPOH TpeyrojbHuKa. M3 paBeHCTBAa NPSAMOYIOJIbHBIX TPEYIOJIb-
uukoB ASO, BSO,CSO mnony4saem SA =SB = SC, 1. e. Bce paccTostHus OT

TOYKH S 10 CTOPOH TPEYTONIbHUKA PABHEI. €

3agaua 3. Uepes omgHy U3 CTOpOH pomOa MpOBeAeHA IIIOCKOCTh Ha pac-
CTOSIHUM d OT TpOTHBOJIeXameil cToponsl. [Ipoekunu auaronaneii pomba
Ha 3Ty IUIOCKOCTh paBHbl b u ¢ . Haiitu mpoekiuu cTopon pomba Ha 3Ty
IJIOCKOCTb. c

Pewenue. | IlycTh
ABCD — pom6, cropona
AD x0TOpOro JISKHUT B ILIOC-
KoctH & (cM. puc. 15).

IIo ycnoBuro 3agauu mep-
HEHAUKYJSPBI K TUIOCKOCTH

BB1:CC1=(1; AC]ZC,
B D=b. Tpebyercst Haiitn

Puc. 15

DC; =A4B; n B;C,. U3 teopems! ITndaropa mis npsiMOyroibHBIX Tpe-

yromsuukoe  ACC; u DBBy: AC=\/AC12+CC12=\/Cz+a2 u

BD = «/BBlz + BID2 = =va>+b*. Juaronanu pomba nepreHuKyIIsIp-

HBI U JEISITCS TOYKOM IMEPeCCUCHUs 110I10JIaM, ITO3TOMY:

BC =%\/AC2 +BD? = %\/02 +b% 4247 .

Yersipexyronsauk BCC B — npsimoyrosbHEK, modTomy npoekuust BC)
cropousl BC pasua BC . Ilpumensist reopemy Iludaropa uist psMOyroib-
HOro TpeyronsHuka ABB;, Haxonum
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[2 2 A2
AB, =\[aB* —pp2 =N b 2,

2
§2.3. B3aumHoe pacnoJioxkeHue ABYyX IJI0CKOCTel B
NPOCTPAHCTBE

Hapwmeﬂbnbte njiockocmu

JIBe IUIOCKOCTH Ha3bIBAIOTCA HAPANIEbHbIMU, €CIIT OHU HE UMEIOT 00-
IIUX TOYEK.

[Ipu3Haky napaienbHOCTH INIOCKOCTEH:

Teopema 18. Ecau 0¢e pazauunvie naockocmu nepnenoOuxyispHol
O00HOIL U MO dHce NPAMOIL, mo oHu hapaniensvhst (cM. puc. 16).

a

e S
e e

Puc. 16 Puc. 17

Teopema 19. Eciu 0se nepecexalouwjuecs npamoie 00HOU RI0CKOCHU
COOMEENCMEEHHO NAPALNEIbHBL 08YM REPECEKAIOWUMCA NPAMBIM OPY2OlL
naockocmu, mo maxkue 06e niockocmu napanineasust. (Ilycts, Hanpumep,

IIepeceKaroIrecs npsMble @ , b miockoctn & u ay, by miockoctn f (cm.
puc. 17) rtakoBel, uto a|la;, a
b|| b, orma || B).

Teopema 20. Ecau ose na-
pannenvusle niockocmu & 1 f

nepecekaromcs mpembeﬁ niuoc-
Kocmbilo Y, mo npamosle uUx ne-

peceuenus napanienvHsl  (CM.
puc. 18). Jpyrumu cinoBammu, ec-
m || f ¥ IWIOCKOCTh ¥ Tako-

Puc. 18



Ba,uto aNy=au fNy=b,10 al|b (cm. puc. 13).

Teopema 21. /[Jee nnockocmu, napanienvHvie 00HOI U MO dice
mpemuell NIOCKOCMU, RAPANNETbHBL MEACOY COBOLL UL cOsnadarom.

Teopema 22. IInockocms, nepecexaroujas 00Hy u3 RAPALIENAbHBIX
naocKocmeii, nepeceuem u Opyzyio ni0CKOCHb.

Teopema 23. Eciu npamas nepneHOUKyniapHa 00Hol U3 06yx napaJ-
JIETIbHBIX NIIOCKOCMEll, MO OHA NEPNEHOUKYAPHA U OPY20ii RIOCKOCHU.

Teopema 24. Ompesku napannensHvIx RPAMbIX, 3AKIIOUEHHBIE MEHC-
0y napaLIebHBIMU RIIOCKOCHAMU, PAGHBL MEHCOY COBOIL.

Teopema 25. ea yena ¢ coomeemcmeenno napaniensuoimu u oou-
HAK080 HANPAGIEHHBIMU CHOPOHAMU PAGHBL MEHCOY CODOIL.

/Jleyzpannule yenvl u nepneHOUKyIApHble NIOCKOCHU

YacTh IUIOCKOCTH, JieXKamas I0 OJHY CTOPOHY KakKOH-JIMOO MpsIMOM,
MIPUHAAJIEKAIIEH 3TOH IIIOCKOCTH, HAa3bIBAETCS HOIYNAOCKOCHBIO.

Jleyzpannbim yenom Ha3bIBacTCs

reomeTpuyeckas (urypa, odpa3oBaH-

Has JIByMs IOJIYIUIOCKOCTSIMU, HUMEIO-

IIMMH OOIIYI0 OTPaHUYHMBAIOIIYIO TIPSi-

Mmyto. Ota mpsimast ( AB Ha puc. 19)

Ha3bIBACTCS] PeOPOM, a TIOITYIIIOCKOCTH

a a v [}— CTOpOHaMU WIH 2panAmMu

B

Puc. 19 ogyzpannozo yzna. JIByrpaHHbIM yroi
0003HAYAIOT WIH JABYMS OYKBaMH,

MH, IIOCTaBICHHBIMH y pebpa, Hampumep, AB, wnm 4ersippMmsi OykBamu

0ABf , u3 KOTOPBIX JiBE CpeHie 0003HAYAIOT Pebpo, a KpailHHe — TPaHH.

Juneiinvim yenom 08yzpannozo
yena HasbIBaeTCs yroi, obpasoBaH-
HBI  JBYyMS TIEPICHIUKYJISPaMH,
BOCCTaBIJICHHBIMHU K peOpy W3 IPOU3-
BOJIBHOM €r0 TOYKH U JICKAIIMMH Ha
rpausx yraa (cMm. puc. 20). Ha pu-
cyuke MN JeXuT B INIOCKOCTH & ,
a MK - B mwiockoctu 3, mpudem

MN 1 AB u MK 1 AB, nostomy

yron KMN — nuHeiHBIH yron aBy-

Puc. 20

rpanHoro yrina ¢ABf .
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JlBa NBYrpaHHBIX yTJla Ha3bl-
BAlOTCS PAGHbBIMU, €CIIH OHU TIPU
BJIOXKECHUU COBMEIIAOTCS.

Ecin coBMecTuTh 1O OZHOU
TpaHH J[Ba HEPaBHBIX JBYTPAaHHBIX
yria, To OOJBIIMM CUHUTAIOT TOT M3
HUX, MEXAy TpaHIMU KOTOPOTro
3aKJIFOYEHa BTOpasi IpaHb BTOPOIO
nByrpanHoro yria. Ha puc. 21
IByrparubiii yron aABf Gombiue

Puc. 21

IByrpaHHOro yria aABy .

Teopema 26. Eciiu 0sa 08yzpannsix y2ina pagnsl, Mo u ux juHeiHble
yenwul pasuwvl. Ecnu 0ea ogyzpannvix yzna ne pasnuvl, mo 0601vuiemy 0g6y-
ZPAHHOMY Y2ily COOMGEMCMEYem U 00Nb WU TUHEIHbLI Y2O0Il.

Teopema 27 (obparnas 26). Pagnblm TUHETHBIM Y2laM COOMEEMC-
eylom pagHble ogyzpauuvle yenwvl. Ecnu nuneiinvie yenvi He paenvi, mo
Oonvuemy TUHENHOMY Y2y cOOmEemcmeyem 601buil 06YZPAHHbLIL Y20Il.

JIByrpaHHbIE yTJIBI Ha3BIBAIOTCS CMEMCHBIMU, €CIM Y HHAX OJHAa TpaHb
o01mas, a Be IpyTrue COCTABIAIOT OHY MJIOCKOCTD; 6EPMUKAIbHBIMU, CCITN
UX TPAHU COCTABIISIOT JBE INIOCKOCTH.

HN3mepenne ABYrpaHHbIX YIJI0B. J[BYIpaHHBIM yroy usmepsercs €ro
JVHEHHBIM YIJIOM, T. €. 332 CIUHUILy U3MEPEHUs JIBYIPaHHBIX YTJIOB IPHHU-
MaeTCsl TAKOM [ByTPaHHBIN YIroJl, JIMHEHHBIA Yyrojl KOTOPOro COACPKUT €1u-
HUIY UBMCPCHUSA JIMHEHHBIX YTJIOB.

3agaua 4. Karersl mpsSMOyroibHOTO TPEYroibHUKA paBHbl a u b . On-
PEACIUTL paCCTOAHUEC OT BEPUIMHBI NPAMOTO yIjla A0 IJIOCKOCTHU, KOTOpas
MIPOXOAUT Yepe3 TUIOTeHy3y M cocTaBisgeT yroia B 30° ¢ MIOCKOCTBIO Tpe-
YIOJIBHHKA.

Pewenue. O U3 Bep-
munel C TpeyrosibHUKA
ABC onycrum neprieH-
aukyispe: CD wa rumno-
tenysy AB u CO mHa
IUIOCKOCT ¢ (CM. pHC.
22). Tlo Teopeme o Tpex
nepnenpukyispax ~ OD Puc. 22
KaK MPOCKIMs HAKIOHHOW
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CD wua mnockocts @ nepnenmukyispia AB. Tormza ZCDO =30° — nu-
HEMHBIN YroJ IBYTPaHHOTO yrila, 00pa30BaHHOTO [IOCKOCTHIO TPEYTOJIbHUKA
ABC u mockoctsio & . B mpsimoyronsaoMm tpeyronsauke ABC Haxoaum

ab
Va? +b?
npsiMoyrojibHoro tpeyroibhuka DCO , nexanmii npotus yria B 30°, T. e.

co-— P 4

wa? +b2

Ilepnenouxynapusle niockocmu

1
Beicotry CD = . Torga orpezok CO pasen ECD, Kak KareT

JByrpaHHBIN yroyi Ha3blBacTCs NPAMBIM, €CIU €r0 JUHEUHBIN yroJl psi-
moi. Ilmockoctu, oOpasyromue NpsSMON JBYTpaHHBIA Yrol, Ha3bIBAIOTCS
63AUMHO NEPNEHOUKYTIAPHBIMU.

Teopema 28. (Ilpusnak mnep-
MEHIUKYIAPHOCTH TIIOCKocTel). Ec-
au naockocms [f npoxooum uepes

nepnenduxyaap | k naockocmu o,
mo naockocmu o u 5 é3aumno

nepnenouxynapust (cM. puc. 23).

Teopema 29. Ecau ose nnoc-
KOoCmu 63aUMHO REPREHOUKYIAAPHbL,
mo n100aa npamas, aexcauwian é 00-
HOII U3 HUX U NEPREHOUKYIAPHAA UX Puc. 23
JUHUU nepeceyenus, HEePReHOUKY-

JIAPHA OpY20ll NAOCKOCHU.

Teopema 30. Eciu dse niockocmu 63aumno nepneHOUKYIsApHbL U U3
KaKou-Huoyos mouku 0OHOU U3 HUX ONYUIEH HEPREHOUKYIAP Ha Opyzyio,
Mo IMOm nEPReHOUKYIAP J1eIHCUM 8 NEPEOT NAOCKOCHIU.

Teopema 31. ITnockocms, nepnenoukynapuas 08ym nepecekaroujum-
cs NJI0CKOCMAM, NEPREHOUKYIAPHA Pedpy 00pa306aHHO20 UMU O8YZPAHHO-
20 yana.

Teopema 32. ITnockocms, nepnenduxynapnas peopy 08yzpantnozo ye-
14, REPREHOUKYTAPHA U €20 ZPAHAM.
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§ 2.3. [TapanenbHOe NPOEKTHPOBAHHE

st n300pakeHUs TPOCTPAHCTBEHHBIX (DUTYp Ha INIOCKOCTH HOJIB3YIOT-

CA MapaJiiC/IbHbIM ITPOCKTUPOBAHNUEM.

alA

Puc. 24

IlycTh naHbl INIOCKOCTh ¢ U IIE-
pecekaromasi ee npsimMasi @ (CM. puc.
24). Bo3pMeM B MPOCTPAHCTBE IPO-
u3BOIbHYIO TouKy A. Ecniu A¢a,
TO depe3 A TPOBOAUM MPAMYIO
ay|la. Tlpsmas a; mnepecekaer
IUIOCKOCTh (¢ B HEKOTOPOM TOYKE
Aj. Dra TOUKa HA3BIBACTCS MPOEK-
yueii (na naockocme ) Touku A

RpU RPOEKMUPOBAHUU NAPANIENb-
HO BpAMOII a WIH, KOpOde, mapai-

nensHol npoexyuei mouku A. Ecnim touka A€ a, To ee mapaienbHOM

npoekuueil A; HasbIBaeTcs TOYKa, B KOTOpoH a mnepecekaer « . Ecim ke

Aea ,touxka A cosmaznaer ¢ Toukoit A4.

[T1ockocTh & HaspIBaeTcs naockocmoto npoekyui. O IPIMOH @ TOBO-
pSIT, UTO OHA 33JaCT HANPAGIEHUE NPOEKMUPOBAHUsA, TIOTOMY YTO MU 3a-
MEHe NpsIMOi a 000l Npyroi napanieabHONW e mpsSMOM pe3ysbTar Ipo-
EKTHPOBAHMS HE N3MEHHUTCA (IIOCKOJIBKY JBE TPSMBIC, apaJUIeIbHBIC TPETh-
el, mapaysienbHbl). Bee npsiMble, napauienbHble IPSIMON @ , 337a10T OJHO U

TO K€ HalpaBJICHUE IPOEKTHPOBAHUS U
Ha3bIBAIOTCSL  MPOEKMUPYIOWUMU  NP:A-
Molm.

Ilpoexyuein guzypor ' HaswiBaetes
MHOXKECTBO [| TIPOEKIHil BceX ee TOUeK.
OroOpakeHue, COIOCTAaBIAIOIIEE Kax-
Ioii Touke Gurypsl F ee mapamienbHyo
MIPOEKIHNIO, HA3bIBACTCS HAPAIENbHbIM
npoexmuposanuem o¢urypsr F (cMm.
puc. 25). Ecnu npoektupyromas mpsmast
HEePIEHINKYJISIpHA UIOCKOCTH MPOEKIIHH,
TO Ipoekuio [ ¢urypsl F' Ha3eIBalOT

OpMOZOHANIbHOU NpoeKyuell.
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OcHosnbwle ceolicmea napaiiejibHo20 RPOeKmupoeanus

Teopema 34. (O napaurensHoMm npoexTupoBanun). Ilpu napaniens-
HOM RpOeKmMuposanuu 011 RPAMBIX, He NAPAIEAbHbIX HANPAGIEHUIO
HPOEKMUPOBAHUA, U TIEHCAWUX HA HUX OMPE3KO08 BbINOIHAIOMCA CledyIo-
wue ceoiicmea:

(1) Hpoexuus npamoii ecmov npamas, a nPOeKyus OMpe3Ka — OMPe3oK.

(2) Hpoexuyuu napannenpHblx RPAMBIX RAPALIETbHbL UIAH COGRAOAIOM.

(3) Omnowenue onun npoexyuii ompe3Ko8, 1eicawux Ha 00HOU npsa-
MOIl Unu HA NAPANIENbHBIX NPAMBIX, PAGHO OMHOUWEHUIO OJIUH CAMUX OM-
Ppe3Koe.

CaencrBue. [Ipu mapannensHOM MPOSKTUPOBAHWU CEpeAWHA OTpe3Ka
MIPOEKTHPYETCS B CEPEAUHY €TO MPOCSKITHIH.

(4) Hycmy F — nnockas ¢puzypa. Ecnu nnockocms guzypor ' napan-
J1e/1bHA NAOCKOCMU RPOeKUUU, Mo napanienbHas npoeKyus Guzypsl pas-
Ha camoii guzype.

B kauecTBe mpuMepa pacCMOTPUM 3371a49y.

3agava 5. TpeyroinsHUK, HE UMEIOIINI OOIINX TOYEK C IUIOCKOCTRIO ¢ ,
CIPOCKTHPOBAH HA 3Ty IJIOCKOCTh. PAacCTOsIHME OT BEPIUH TPEYTOJIbHUKA 10
9TOU IUIOCKOCTH paBHO @, b u ¢ . HallTu paccTosHME OT TOUKH Iepeceye-
HUS MEJIaH TPEYTOJbHHUKA JIO TUIOCKOCTH X .

Pewenue. O Ilycts Touku A4y, Bj, C; (cM. puc. 26) — IpsMOyrobHble

npoekiuu Bepuma A, B, C npannoro tpeyronphuka ABC Ha IOCKOCTH
a . Ilo ycnosuto A4, =a, BB =b, CC, =c.

IMycte O— Touka
repecevYeHus MeJIHaH
AABC . Menuana AD
toukoii O genurcst B
ornomennn A0 :0D =
=2:1. U3 Ttoukm D
OIlyCTMM Ha IUIOCKOCTh
a HEPIEHANKYJIAP

DD, , xotopslit pasnenur

cropony B|C| nomonam:

ClDl :DIBI’ T. c.

Prc. 26 A D, —  MejauaHa

22



a+b

— KaK CpE€AHsAd JIMHUA Tpancuuu

1

CCBB. B mmockoctu tpameuun A ADD; nposeneM mpsMyio
AD, || 4/D,. A4, =D,D, =a, tak xax A;AD, D, — mnapamienorpamm.
N3 mopobuss aA00, u aADD, naxomum OO, : DD, = AO: AD wmu

DD, = DD, — DD, =b%—a, 00, :(ZHCT_MJ=2:3. Otkyna 1o-

b+c-2a
nydaeM OO0, = ————— . YuaursBas, uto 0,0, = A4, = a, Haxomum

3

00, =00, +0,0,=2F2¥¢ o

Teopema 35. ITnowads opmozonanvhoii npoeKyuu NAOCKO20 MHOZ20-
Y2ONbHUKA PAGHA NAOWAOU INO20 MHO20Y2ONbHUKA, YMHONCEHHOU HA KO-
CUHYC y2Na MexHcOy NIOCKOCHbI0 MHO2OY2ONbHUKA U NJIOCKOCHbIO NPOEK-
yuu.

3ameuanne. Dta Teopema B 00-
IIEM ciydae CIpaBeAIuBa Ul IIPOU3-
BOJIbHO# 1IocKol durypsl. Tak, mycTb
Yrojl MeXIy IUIOCKOCTSIMH (HUIYpbl U
NpoeKIuy paBeH « . Torma nmeer me- L
cTo hopmyna: ' a

Se =S¢ -cosa, :

rae Sg — mwiomans Gurypsl, Sg —
TUTOIIA/b €€ OPTOTOHANBHOM MPOEKIMH Puc. 27
(cm. puc. 27).

H3oo0pascenue paznuunvix uzyp 6 napanienbHoii RPoeKyuu

PucyHku ¢uryp B MpocTpaHCTBE JIENIAl0T O0BIYHO B MapauiesIbHOM Ipo-
SKIIUH. 3a uzodpaxcenue guzypol npuHUMacTcs Gurypa, mogoOHas Kakoii-
00 ee mapayiesIbHOW MPOEKIHU. BBITONMHATE PUCYHKH (YEPTEXKH) CIEAyeT
B COOTBETCTBHH C 3aKOHAMH NapaJuIeIbHOTO ITPOSKTUPOBAHUS, T. €. COXPaHss
aghpunnvie ceoiicmeamu opuzunana.

ITycTh ecTh JBE IJIOCKOCTH & U [f, U Q mnpoektupyercs Ha [ . A¢-

Qunnvle ceoitcmea puzypsl — CBOWCTBA, COXPAHAIOUINECS NPH MapaIeib-
HOM IIPOEKTHPOBaHNU. HamOMHUM HEKOTOpPHIE U3 HUX.
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Acpgunnuie ceoitcmea dpuryp:

a) CBOMCTBO (PUTYPHI OBITH TOYKOH, IPSIMOM, TNTIOCKOCTBIO;

0) cBOICTBO (DUTyp UMETH IIEPECEUCHUE;

B) JieTIeHUE OTPe3Ka B JAHHOM OTHOIIICHUH;

') CBOMCTBO (DUTYpBI OBITH TPEYTOJIBHUKOM, TapajlielIorpaMMOM, Tpare-
LHCH;

J) OTHOIICHHE JITHH MapajljIeJIbHbIX OTPE3KOB;

€) OTHOIIEHHE TUTomazel AByxX Gpuryp u ap.

Mempuueckue ceoiicmea GHuryp (He COXpaHSIOIIUECS MPU MapauIeb-
HOM TIPOCKTHPOBaHMH, HO COXPAHSIOIIMECS IPH IMPeoOpa30oBaHUIX I0J0-
ous):

a) CBOMCTBO MPAMBIX (TIOCKOCTEH, IPSMOM U TIOCKOCTH) 00pa30BHIBATh
MEXIy co00l OmpeneTIeHHBIA Yol (B YaCTHOCTH, OBITh EPICHIUKYIISPHBI-
MH);

0) OTHOILIEHNE JUIMH HenapaieJbHBIX OTPE3KOB;

B) OTHOIIEHHE BEJIMYHMH YIJIOB MEXIY MPSIMBIMU (B YaCTHOCTH, CBOMCTBO
HpsSMON OBITH OMCCEKTPUCOHN yIIia); MEXITy NPSMBIMU M IJIOCKOCTSIMH; OT-
HOIIIEHHE BEJIMYUH JABYTPAHHBIX YIJIOB U Jp.

PaccmoTpum n300pakeHne HEKOTOPBIX QUTYD.

TpeyrosbHuk. Kaxapii TpeyroJbHIK MOXXHO MapajjIeIbHO CIIPOESKTH-
pOBaTh Tak, YTO B MPOEKIUH II0-
JTy4nuTCsS TPEYTOJBHUK JI000TO
BUA, T. €. MOMOOHBIH I00OMY
33JJaHHOMY TPEYTOJIbHHKY.

JleicTBUTENBHO, IIyCTh JaHbI
nBa tpeyroiphuka ABC wu

A, B,C. Ilposenem uepe3 mpsi-
myto AB mrockocts @, mepe-
CEKAIOIIyl0  IUIOCKOCTh  Tpe-
yromphuka ABC . Ha meit 1o-

ctpouM TpeyronsHuk  ABC,,

0100HBIH TPEYTOJIBHUKY
A,B,C| n npuneraromuii x Tpe-
yronbhuky ABC mo cropone AB (cm. puc. 28). Toraa npu mpoeKTUpOBa-
HIHM Ha IUIOCKOCTh ¢ mapaiutensHo npsimoit CC, mpoekuuei TpeyroibHIKa

ABC cnyxut tpeyromsuuk ABC,, momobusiit tpeyronsuuky A;B;C;. B
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YaCTHOCTH, BCAKHUI TPEYTOJBHUK MOXKHO CIIPOCKTHPOBATh TaK, YTOOBI B IIPO-
eKIMH TIOJTyYHJICS PABHOCTOPOHHUH TPEYTOJIbHUK.

[Ipu nmapaniensHOM MPOEKTUPOBAHUU MEAUAHBI TPEYTOIbHUKA IPOCKTH-
PYIOTCS B METUAHbI IPOEKIINH.

MMapanaenorpamm. V3zo0paxkeHreM napaiernorpaMma MOXET CIIYKHTh
M000W TapajuiesiorpaMM, TakK Kak IPH MPOCKTUPOBAHUM COXpaHsETCs Ma-
paJutesIbHOCTD NpsIMBIX. IIpu aTOM KBajxpaT U pomMO, BoOOIIEe TOBOPS MPOEK-
TUPYIOTCSL B TIPOM3BOJIBHBIN MapajuienorpaMM. l3o0paskeHnem IpsMo-
YTOJIbHUKA MOXET CIYXXHTh JII000H MHapajuiesiorpaMM, Tak KakK yTJIbl MpH
MIPOEKTUPOBAHUH HE COXPAHSAIOTCS.

Tpanenusi. M300paxeHneM Tparenuu Mpy MapaiedIbHOM IPOSKTHPO-
BaHWU CIIy>KUT Tparenus (COXpaHseTcs MapasieIbHOCTh COOTBETCTBYOLINX
CTOPOH).

I[paBuiabHbIH MeCTHYToJbHUK. 300pakeHneM MPaBUIIBHOTO LIECTH-
YTOJIBHUKA CIIY’KUT IIECTUYTOJIBHUK, B KOTOPOM COXpPaHSETCs Mapaiieib-
HOCTh COOTBETCTBYIOILIUX CTOPOH.

Oxpy:kHOCTB. OKPY>KHOCTDb IPOEKTUPYETCS B ILIUIIC.
H3o6paxenne miaockoii purypsl. s n3o0pakeHus MI0CKOH (GUryps
MOXHO B JIaHHOH (urype BBIAEIHUTH
Kakue-HHOyb TPH TOYKH, HE JIexKa-
1IMe Ha OJHOW MPSIMOM, U MOCTPOUTH
l’ F TPEYTOJBHUK C BEpIIMHAMH B 3THX

‘ Toukax; o6osHaunm ux A, B,C

(|

(cm. puc. 29). H3o0paxkeHneM Tpe-
yronbiuka ABC wMoxer — ObITh
[POM3BOJILHBIN TPEYTOJILHUK

A, B,C;. Tlocne Toro, Kak mocrpoe-

HO OTO HW300paXKCHHE, HUKAKOTO
MPOU3BOJIA B M300PKCHUN (PHUTYPHI
6b1Th HEe MOxeT. [Tokaxem 3To.

Puc. 29 O Ilycts wu3oOpakeHHeM Tpe-
yronbuuka ABC  cinyxur Tpe-
yroineuuk A B|C; (cm. puc. 29). Ilycts Touka X JEKUT B IIIOCKOCTH

ABC wu nyu CX nepecekaer orpe3ok AB Bo BHyTpeHHeil ero touke D .
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Ipoexmus Touku D — touka D, nexamas Ha oTpe3ke A B (myHkrst 1 u 3
AD, AD
DB, DB

CJICZ[OBaTCJ'ILHO, TOYKY Dl Ha OTPE3KE AlBl MOXHO NOCTPOUTH HA pU-

TEOpEMBI O CBOIMCTBAaX MapajuIebHOM NPOEKIUH), 1

cynke. lanee nposoauM ayd C;D; u Ha HEM OTMEYaeM TaKkyl TOYKy X,
X, CX
D, CD

Opannoit Touku Gurypsl X Ha mwiockoctu ABC . @

4TO . Takum oOpa3om, Ha PUCYHKE MOCTPOEHA IPOEKIHS BbI-

H300pakenne mpocTpaHcTBeHHOH (urypsl. Paccmorpum m3obpaxe-
HHUE Ha MJIOCKOCTH HCKOTOPBIX MHOTOTPAHHUKOB IIPU YCJIOBHUU, YTO HU OJiHA
13 IIJIOCKOCTEH TpaHel He NapajuleibHa HAPABICHUIO IIPOCKTUPOBAHUS.

Terpasap. IIycts DyA4yByCy — npousBonbHblil TeTpasap, Touku 4,5,

C u D — napajuiesbHbie MPOEKIUK €ro BEPUIMH HA [UIOCKOCTh M300paxe-
aus. Orpesku AB,BC,CA,AD,BD,CD cnyxaT cTOpPOHAMH W JHAroHas-
mu dersipexyronsauka ABCD . @urypa, 06pa3oBaHHasE U3 3THX OTPE3KOB
(unu nonoGHast eif), sBisteTcs u3oopaxenueM terpasapa Dy AyB,C, .
MMapannaenenunen. ITycts
AyByCyDyAyByCyyDy — npousBosbHbIit
napayutenenumnesn. JloOsie Tpu OTpe3ka
AB, AD, A4, (cm. puc. 30) miockoctu

U300paXkeHust 77 C o0muM KoHIoM A,
HHMKaKWe JBa W3 KOTOPBIX HE JIeXkKaT Ha
OJTHOW TPSMOM, MOXHO CUHUTAaTh H300pa-

xenneM pebep AyBy, AyDy, AyA) na-

pannenenunena. Torna  M3006paskeHHs
OCTaJILHBIX TPaHeii CTPOATCS 0/IHO3HAYHO,
TaKk Kak BCE I'PaHH Tapajieenumnesa sB-
JISIOTCS MapajlelorpaMMaMy U, CJe10Ba-
TENbHO, MX HM300paXEeHMs Takke OyIyT Puc. 30
napajiesorpaMMamH.

Mupamuaa. M306paxkenre 0OCHOBAHUs THPAMUIbI CTPOST MO MPaBHIIAM
NOCTPOEHUs M300pakeHNs MHOTOYTONbHHUKA, a 33 M300paKeHHE BEPLIMHBI
MO’KHO TIPHHSATB JI00YI0 TOUKY, HE TIPHHA/JIEXKAILYI0 CTOPOHAM OCHOBAHHUSI.
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§ 2.5. Uepre:xk B cTepeoMeTpHUECKOil 3a1a4e U 3a1a4H HA
NMOCTPOEHHE B CTEPEOMETPHH

[Ipu pereHny cTepeoOMETPUYECKHX 3a/1a4l HEOOXOAUMO COOIIOATh Psit
TpeboBaHUH, MPEABIBIAEMbIX K CTEPEOMETPUIECKUM depTexaMm. Tak, BCs-
KHMH CTEPEOMETPUUECKUN YEPTEXK JOJKEH SBIISATHCS ONPEICIICHHON IPOCKIU-
eil TaHHOM MpocTpaHCTBeHHOH Gurypbl. [Ipoekunu Bcex 3JeMEHTOB TreoMeT-
pHYECKOro 00bEKTa JODKHBI OBITh TIOCTPOEHBI MPU TTOMOIIY OJHOTO U TOTO
ke criocoba mpoektupoBaHus. CieyeT OTMETHTh, YTO HapajulelbHbIEe Mpo-
SKIUH JIy4Ille JPYTHX YAOBICTBOPSIOT STUM TPeOOBaHHSM.

UepTexx moinkeH OBITh BBHINMOJHEH akKypaTHO. Bce mocTpoeHust J0IKHBI
ObITH 00BSCHEHBI B TeKCTe. HacTo OKasbIBaeTCs IeJIecCO00pa3HbIM AaTh eI
OJIMH 4YepTeX, Ha KOTOPOM BBIJETICHbl HanOoJee CyNIECTBEHHBIE JETATH Ha
JJaHHOM OTalle PeIeHUs 3a0a4u.

Ccpuiatbes IpU PELICHUN 3a/1a49H Ha KaKue-TH00 0COOEHHOCTH YepTexka
HEJIb3s, TaK KaK 4epTeK HE 3aMEHSET JIOTMYECKOrO J0KA3aTeNIbCTBA TEOMET-
puyeckoro (axTa, a SBISETCS JINIIb HIUTIOCTPALUEH K JI0Ka3aTeNIbCTBY.

OCHOBHBIMHU NTPOCTPAHCTBEHHBIMU (UI'YPaMH, C KOTOPHIMH TPUXOUTCS
CTAJIKUBAThCS MIPU PELICHUH 3a/1ad, SBIAIOTCA: KyO0, MapajuieNenunes, mpus-

Ma, nupammna, map, cdepa, KOHYC,

LIWINHIP, a TaKKe UX 4acTH M KOMOH-

/ HaluH.

IIpoctpancTBeHHBIE (GUTYpBI H30-

OpakaroTcsi Ha YepTeXKe B BUJEC PUCYH-

KOB, KOTOPBIE BBINOJIHAIOTCA IO OIpe-

JIeJIGHHBIM TIpaBUJIaM, OCHOBAaHHBIM Ha
reOMETPUYUECKHX CBOMCTBax Quryp.

Hecobmronenne npuBeneHHBIX Mpa-

BWJI MOXET TPHUBECTH K N300paKEHHIO

¢dburyp, Ha camMoM Jeje HE CYIIECT-

BYIOIIMX B mpHupone. TakoBa, Hampu-

Puc. 31 Mep, (urypa, «coctaBieHHas» U3 TpexX

OpycCKOB, IpHBEJICHHAast Ha pucyHKe 31.

Ilocmpoenusa ¢ cmepeomempuu

Pemenure 3a1a4 Ha MOCTPOEHHUE B POCTPAHCTBE CYLIECTBEHHO OTJINYACT-
Csl OT peIleHHMs 3a/1a4 Ha NOCTpPOeHUe B MmiaHuMeTpun. ComepkaHue BCIKOU
3aJayl Ha TIOCTPOCHME COCTOMT U3 TPEX YacTeil: TaHHBIX 3JIEMEHTOB, TOTO,
4T0 TpeOyeTcs MOCTPOUTh, U TEX CPEJCTB, C MOMOILIbIO KOTOPHIX 3ajayua
JIOJDKHA OBITH pelleHa.
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J1st mocTpoeHus IPOCTPaHCTBEHHBIX (PUTyp (haKTHUECKU HE CYIIECTBYET
MHCTPYMEHTOB, aHAJOTUYHBIX LUPKYIIIO, JINHEHKE U 1., IPUMEHSICMBIX NIPH
pelIeHuH 3ajad Ha MOCTPOeHHE B IUIaHuMeTpuu. Ilpu pemennu 3amau Ha
MOCTPOEHHE MTPOCTPAHCTBEHHBIX (PUTYp OOBIKHOBEHHO OIMCHIBAETCS H JIOTH-
4eCKU 00OCHOBBIBAETCSl X0 IOCTPOSHHUS, KOTOPBIH COMPOBOXKIIACTCS CXeMa-
THYECKUM depTe:koM. Takum 00pa3oM, IIpH PEelIeHUH 33124 Ha ITOCTPOEHHE B
MPOCTPAHCTBE OCHOBHBIM SIBJISIETCS JIOTHYECKOE 0OOCHOBAaHKE MTOCTPOCHHUS, a
YepTexX SIBJISIETCS JIMIIb WUTIOCTPAUeH.

CrocoObl ¥ MpaBHiIa HOCTPOCHHS YEPTEHEH MPOCTPAHCTBEHHBIX (QUTYD
U3YYAIOTCs B HAYEPTATEIIbHONW FreOMETPHU.

B omimume OT IUTAaHUMETPUH B CTEPEOMETPUH PACCMATPUBAKOTCS IIO-
CTPOCHUS ABYX BUJIOB!

1) Ilocmpoenua na npoeKyuOHHOM uepmedice, COCTOSIIE B M300pa-
JKCHUH Ha IJIOCKOCTH HEKOTOPOH MPOEKIUH peaibHON (Urypbl. ITOT BOIPOC
OyzeT paccCMOTpEH B CIIEYIOIIEH TIIiaBe.

2) Booopasicaembie nocmpoenus 6 Rpocmpancmee, COCTOSIINE B JI0Ka-
3aTeNIbCTBE CYIIECTBOBAHUS M E€IMHCTBEHHOCTH (WJIM HEEAWHCTBEHHOCTH)
MCKOMOT0 00beKTa. MHOTHE YTBEPXKICHHS B CTEpPEOMETPUH (opMyITHpyroTCs
C TIOMOIIBIO CJIOB «MOYHO ITPOBECTH» MM «MOXHO ITOCTPOUTH». Peub B 3THX
Clly4asx MIET O BOOOPa)KaeMBIX MOCTPOCHUSX B NPOCTPAHCTBE — O HEKOTO-
PBIX MBICIICHHBIX ONEPALHSX, HE MOIKPEIUIIEMbIX PealbHBIMU JICHCTBHAMH
(pa3Be 4TO WILTIOCTPHPYEMBIX Ha IUIOCKHX CXEMaTHYeCKuX deprexax). Ilo-
CTPOCHUS B NPOCTPAHCTBE IMOAYMHSIOTCS CTPOIMM IpaBHiIaM, OIpejelisie-
MBIM aKCHOMaMH M UX CJIEACTBUAMH (TeOpeMaMH WM CIICLHaIbHBIMH 3aa-
qamu).

[lepeuncnyM OCHOBHBIE, CTAHJAPTHBIE NOCTPOEHHMS, CIEIYIOIINE U3 aK-
CHOM U SIBJISIIOIINECS OHO3HAYHBIMH, JIAIOIIME OCHOBHBIE CIIOCOOBI 3a/laHus
NPSIMBIX, TJIOCKOCTEW ¥ TOYEK B IIPOCTPAHCTBE.

(1) Ecnu gasbl (OCTpPOEHBI) MBE pasiaudHbie Toukn A, B, To Moxer

OBITH TIOCTpOEHA 1 TpsiMast a = AB .
(2) Ecnu ganbl (IOCTPOEHBI) JIBE IE€peceKaronuecs npsmbie d, b, To
MOET OBITh IIOCTPOEHA M INIOCKOCTh & = (a, b), coepiKaiias 3T npsaMeIe.
(3) Ecnu manbl (TIOCTPOEHBI) ABE MEPECEKAIOIIUECS TUIOCKOCTH &, [3 , TO

CUHMTAETCS TOCTPOCHHOM MpsAMas UX MEePECEUCHUS.

(4) Ecnu nasbl (OCTPOCHBI) MEPECEKAIOIIMECS MPsiMasi U TUIOCKOCTh, TO
CUUTAETCSl MOCTPOCHHOMN TOUYKA UX [EepeceUeHusl.

(5) Ecu naHBI (TOCTPOEHBI) JBE TIEPECEKAOIUCCS IPSMBIC, TO CIUTACT-
sl IOCTPOCHHOW TOYKA UX IIEPECCUCHUS.
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(6) Eciu nanel mpsmas @ W Touka A & @, TO MOKHO MOCTPOMTH IUIOC-
kocth & =(a, A), conepxamyo A u a.
(7) Ecnm maHs! Tpu He JIeKanie Ha oxHOM mpsmoit toukn A4, B, C, to

MOKHO IIOCTPOUTH IIOCKOCTh & = ABC , mpOXOISIIyI0 Yepe3 3T TOUKH.
(8) Ecnu nanel mpsiMast @ ¥ Touka A € a, TO B MPOCTPAHCTBE MOKHO
HOCTPOUTH NPSIMYIO b , IPOXOIsNIYI0 uepe3 A U napauielbHyIo d .
(9) Ecu nanbl (MOCTPOEHBI) ABE MAapalIebHbIe IpIMble d, b , TO MOKET

OBITh TIOCTPOEHA IIOCKOCTh & = (a, b) , mpoxosiias yepes HuXx.

Kpome storo, nonaraercs, 4To B 1000 M3 MOCTPOCHHBIX ILUIOCKOCTEH
CUNTAIOTCSI OCYIIECTBUMBIMU BCE OOBIUHBIC INTAHMMETPHUUECKHE TIOCTPOCHUSI.

3ajada Ha MOCTPOEHUE B CTEPEOMETPHUM CUUTACTCA PELICHHOM, eciy OHa
CBEJICHA K PELICHHIO IPOCTEHIINX 3a/1a4d. 3ajaul, B KOTOPBIX TpeOyeTcs J10-
Ka3aTh CYIIECTBOBaHWE TOTO MM MHOTO 00BeKTa ((HUTrypbl), Kak MpaBHIIO,
peIIaroTCcsl CBEICHUEM 33a4y K KOHEYHOMY YHCITy 3JIEMEHTApHBIX IOCTpOe-
HUH, BBINOIHIEMBIX B ONPEACICHHOM MNOpsAKe. EMMHCTBEHHOCTh HY)KHOTO
00bEeKTa, €CIIM TaKOBask HMEET MECTO, 4acTO JOKAa3bIBaeTCA PacCyKACHHEM
«OT MPOTUBHOTO». He eMHCTBEHHOCTh JOKA3bIBAETCSI IOCTPOSHHUEM JIPYTOrO
00BEKTa, yJOBIETBOPSIOLIECIO YCIOBUSAM 3aJauH.

PaccMoTpuM HEKOTOpBIE U3 OCHOBHBIX 3ajjad Ha MOCTPOEHHE B CTEPEO-
METpHH.

3agauya 6. IlocTpouTh MIOCKOCTb, NEPHEHIUKYIISPHYIO JaHHON MpsIMON
U MIPOXOJAINYIO Uepe3 JaHHYI0 TOUKY.

Pewenue. O Iycts nana touka A wnpsimast [ (cm. puc. 32). Tpebyercs
HOCTPOMTH IUIOCKOCTh (X , IPOXOJISIILYIO Yepe3 TOUKY A NepreHAnuKyISPHO
npsmoit [ . PaccMoTpuM JBa citydasi.

(1) A¢l. B sToM ciyuae uepes /\
4

touky A u npsmywo [ mnpoBoaum B [
IUIOCKOCTh ¥ W dvepe3 [ mpoBoauM
pememd o] I
IPOU3BOJIBHYIO TUIOCKOCTh [f3, OTIHY- 0.
HYI0 OT 7. B mIOCKOCTH ) W3 TOUKH . B LA
1

A nposomum nepnenmukyisip AO K
npsMoii [, a B iockoctn U3 TOUKH
O BoccraBum mepresaukyisip OB « /\
npsmoit /. Tlepecekaromuecs NpsAMble

Puc. 32
AO wu OB onpepensiror HCKOMYIO
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IUIOCKOCTh (X , KOTOpasi CAMHCTBCHHA (IOKAKHUTE CAMOCTOSTEIBHO).

(2) A€l . Yepes npsamyro [ mpoBoaKUM IBE MPOU3BOJIBbHBIE INIOCKOCTU K
B HUX U3 TOYKH A BOCCTaBIsIeM MEPICHAMKYIAPBI K MpsiMoil /. Dtu mep-
NCHUKYJSPEl ONPEACNAT HCKOMYIO IUIOCKOCTB (¢, KOTOpas Takxke Oyner
CIMHCTBCHHOM (J0KaXHUTE CAMOCTOSITEIIBHO). €

Takum 00pa3zoM, M3 TOYKM BHE (WIM Ha) TPSIMOl MOXKHO TPOBECTH K
9TOU MPSIMOH MEPIECHIUKYISPHYIO TNIOCKOCTh M TIPUTOM TOJIBKO OJIHY.

3anaua 7. Uepes MaHHYIO TOYKY MPOBECTH MEPHEHAMKYJSP K JaHHON
IIOCKOCTH.

Pewenue. O Ilyctb nana tou-
ka A u wiockocth & (cM. puc.
33). TpeOyercss mpoBecTH uepes
TOUKYy A NeprneHpuKyIsp K mioc-
KocTH . Paccmorpum naBa ciy-
qasl.

(1) A¢a. B atom cimyuae B
IUIOCKOCTH (! TIPOBOJUM TIPOU3-
BosibHY0 mpsamyto CD  u yepes
CD wu pannyio TouKy A TpoBO-
JIUM TUIOCKOCTH [3, B KOTOPOU u3
A x DC nposogum AB 1 DC. Pric. 33
ITocne 3TOrO B MIOCKOCTH O BOC-
crapum neprenukyisip BK x DC . Tepecekatommecs npsimbie AB u BK
ONPEIENAIOT IIOCKOCTh ¥ , epHeHuKyJIsspHyto npsmoit CD . B miockoctu

¥ npoBoauM neprneHaukyisip AO x BK , kotopsiii OyaeT HCKOMBIM, T. €.

A0l «a.

(2) A€ . llycrb Ha puc. 33 JaHHOM B YCJIOBUM 33j1aud TOYKOM Oyjer
touka O . B 3TOM cilydae mpoBOAMM Hpou3BoibHYO npsimyto CD B muioc-
KOCTH « , He mupoxomsugyio deped touky O . N3 touku O mpoBoaum
OB L CD w uepe3 CD npoBoiuM TPOU3BOJIBHYIO [UIOCKOCTh f3 , OTIHY-

HYyIO OT IUIOCKOCTH & . B f§ BOCCTaBisieM MEpHEHIUKYISp U3 TOYKH B K
DC wu gepes nero u npsimyro OB npoBoANM IIOCKOCTB ¥ , B KOTOPOii BOC-

craisieM OA 1 BO . Jlerko nokasate, uto AO L o . @
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Taxum o0pa3oM, yepe3 TOUKY K JTaHHOH INIOCKOCTH BCET/Ia MOXKHO IPO-
BECTH MEPIICHANKYJISP U IPUTOM TOIBKO OJIUH.

3agaua 8. Uepe3 maHHYIO MPSIMYIO MPOBECTH IIOCKOCTh, MEPIEHANUKY-
JIAPHYIO JAaHHOM MJIOCKOCTH.

Pewenue. O Yepe3 HEKOTOPYIO TOUKY AAHHON MpPSIMOW MpOBEIEM Iep-
MEHIUKYISAp K JaHHOW IIOCKOCTH. JlaHHAs TpsMasi U IPOBEACHHBIN TepIIeH-

JUKYJISIP ONPEAEISIIOT HCKOMYIO INIOCKOCTb. €

3anaua 9. Yepes gaHHYIO0 TOUYKY MPOBECTH TUIOCKOCTH, MEPIECHIUKYIISIP-
HYIO K IBYM JIaHHBIM ITIJIOCKOCTAM.

Pewenue. 0O N3 ,Z[aHHOﬁ TOYKH OITyCKacM IMECPHCHAUKYJIAPBI HA TaHHBIC
IITIOCKOCTHU. DT NEPHOCHAUKYJIIAPBI U OINPCACIIAIOT HCKOMYIO IIJIOCKOCTb. L4

3anaua 10. Uepe3 naHHYIO TOUKY BHE TUIOCKOCTH MPOBECTH IMJIOCKOCTb,
napaJulelIbHYI0 IaHHOM TIOCKOCTH.

Pewenue. O Ilyctb nana
Touka A W mIocKocTh & . Tpe-
Oyercst yepe3 Touky A mpoBec-
TH IUIOCKOCTH [3, mapasiels-

HYIO IUIOCKOCTH « (CM. pHC.
34).

B miockocTH @ TIPOBOANM
JIBE POM3BOJIBHBIE  IEpece-
Karouecs npsmeie OF u OD
U Yepe3 KaKIYK M3 ITHX Ips-
MBIX M 3aJaHHYI TOYKy A
POBOJUM COOTBETCTBEHHO
IJIOCKOCTH ¥ U O , KOTOpBIE

Puc. 34 nepecekytest o mpsimoit OA .
B muockoctn y  mpoBogum
npsmyio AB || OE , a B wiockoctu 8 — mpsimyto AC || OD . lpsmeie AB u
AC onpenensror miockocTs f3 , KOTopas MPOXOAMT Yepe3 Touky A W ma-
pajsienbHa JaHHOU TJIOCKOCTH ¢f . 9

3anaua 11. Yepes Touky, He JEXKAIIYI0 HA MPSIMO, IPOBECTH MPSAMYIO,
[apajuIeIbHYI0 3TOU IPSIMOM.
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Pewenue. O Tlycts nana touka A u npsmas [. Tpebyercs npoBecTu
NpAMYIO, TTApauIeNbuyo [ ¥ IpoXoAsyto yepes Touky A . Uepes maHnyro
Touky A u npsmyio / mpOBOIAMM IUIOCKOCTH X W B HEll 4epe3 TOUKy A

[POBOAMM HCKOMYIO NpsiMyto AB , napauienbayio [ . @

3agaua 12. IToctpouts 0OmIMIA MEPHICHONKYIAP K JBYM CKpEIINBAIO-

F

MIAMCSI TIPSMBIM.

Pewenue. O Ilycth NaHbl 1BE
CKpelMBaomuecs npsmeie [ u
m (cm. puc. 35). 3agaga cBOAUT-
Cs K IOCTPOEHUIO IPSIMOM, Iepe-
cekaromieil npsmeie [ u m wu
NEPHEHIUKYISIPHON  KaXIoW U3
HUX.

st 3T0ro 4epes mpou3BOJIb-
uyto touky C mpsimoii [ mposo-
aum  npsmyro MN ||m . Yepes

npsmbie MN wu [ nposoxum

Puc. 35
wiockocts & (& ||m). W3 mpo-

W3BOJIBHOM TOUKM F TpAMON 7 OmMycKaeM Ha IUIOCKOCTh ¢ TEPIEHIUKY-
asp DF' . Yepes npsameie DF u m nposoguM 1iockocts . OdeBuHo,
uro S 1 «. Yepes Touky B= [ NI nposexem B mwiockocTu f IpaMyio,
NePIeHNKYISIPHYI0 TpsiMoii m . TlycTh OHHM mepecekarTcss B TOYKe A .
Torma orpe3ok AB, KOHIBI KOTOPOTO JIEKAT HA JAHHBIX CKPEIMBAOIIHXCS
OpsAMBIX [ B 71, IEPIECHANKYIIAPEH KaXI0M U3 HUX, M €0 JJHMHA PaBHA Pac-
CTOSIHHIO MEX]1y 33JJaHHBIMU CKPEIUBAIOLIMMUCS IPSIMBbIMH. €

3agaua 13. JlanHbrii aByrpan-
HBII YroJI pa3lieliuTh IIOCKOCTHIO
Ha JIBa PaBHBIX MEXIY cOOOMU JBY-
rpanHbix yriaa. (Ilposectn Gmccek-
TOPHYIO IIIOCKOCTb.)

Pewenue. O Ilycth nan ABy-
rpaunbiii yron oABy (cMm. puc.
36), TpeOyeTcsi MPOBECTH ILIOC-




KOCTb [3 , JIETISIYIO JIBYTPAHHBINA YrOJ [OMOJIaM.

W3 npoussonsHoi Toukn O pebpa AB HAaHHOTO ABYIPAaHHOIO yria
BoccraBisieM nepreHaukysippt OC u OD x stomy pebpy, nexamme B
IJIOCKOCTAX ¢ U ¥ cootBercTBeHHO. Yron COD 6yper MMHEHHBIM yriioM
JIAHHOTO JIBYTPAHHOTO YIJIA.

Yepes mpameie OC u OD mpoBeneM INIOCKOCTh O , KOTopas Oymer
nepueHauKysisspaa pebpy AB. B miockoctd O NOCTPOUM OHMCCEKTPUCY
OF nuueitnoro yra COD . Yepes AB u OF nposenem miockocts [3 .
OHa [enuT JaHHBIA JBYTpaHHBIA yrom Ha [Ba paBHBIX  yIUa:
0ABfS = BABy . @

TMocTpoeHHas IIOCKOCTh HA3BIBACTCSI HUCCEKMOPHOI HIIOCKOCHIbIO JIBY-
rpanHoro yriua aABYy .

3agaua 14. Yepes maHHYIO MPSIMYIO IPOBECTH INIOCKOCTH, 00Pa3yIOIIyIO
C JIAHHOH TUIOCKOCTBIO 3aJ[AHHBIA yrol « .

Pewenue. O Tlycts nana npsvas [ u miockocts O . TpeOyercs uepes
npsiMyto / MPOBECTH IUIOCKOCTh [3, 06Pa3yIolIyto ¢ IIOCKOCTBI0 O  Yroi
o . BO3MOXHBI TpU CiTyyast.

(1) I||6 (cm. puc. 37). B aToM cityyae 4epes IPOU3BOJILHYIO TOUKY A

npsmoit [ mpoBoauM miockocth ¥ L[, KoTopas mepeceder mioCKoOCTh
no npsmoit @ . B miockoctu ¥ crpoum yron ACB = . B miockoctu O

yepe3 Touky C  mpoBOIMM
npsmyto ED 1 a . Tlo Teopeme
0 Tpex  MNepIeHIHKYJIIpax
ED 1 AC. Uepes mepece-
Karomrecst upsimeie  ED  w
AC npoBoxuM MIOCKOCTh 3 .
Ieyrpaunsii  yron oEDfS
HCKOMBIM, TaK KaK €ro JIMHCH-
Hblit yron ZACB =« .

(2) lc 6. Tocrpoenne
AHAJIOTHYHO IIOCTPOCHHIO, pa-
300panHOMY B myHKTE (1).

B) Ind=A4 (cm. puc.
38). U3 mekoropoii Touku B
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npsmoit [ omyctuM Ha WIOCKOCTh O mepnenaukyisp BO . Uepes mpsimbie
AB u BO mposenem miockocts AOB u B 3TOM IIIOCKOCTH MOCTPOUM
yron BDO =« . 3arem pagnycom OD B mnockoctn 0 n3 Touku O Kak u3
[IEHTPa CTPOMM OKPY>KHOCTb. K 3TOi OKPYKHOCTH U3 TOUKH A B IIIOCKOCTH
O mposomum Kacarensubie AC u AE. OC L AC n OE 1 AE , xax pa-
JINYCBI OKPY>KHOCTH, TIPOBE/ICHHBIE B TOUKH KACAHHSL.

[Toctpoum Tteneps Hakinonusie BC w BE , nepnengukynspHble Kaca-
teipabiM AC u AE 1o TeopeMe o Tpex nepreHauKysspax. epes npsambie
AB u BC nposenem miockocts [, a uepes AB u BE miockocts ¥ .
Ilnockoctu S u ¥ uckomble (cM. puc. 38), Tak kak Z/BCO=/BEO =« ,
ayruisl BCO u BEO ectb MHelHbIE YIIIBI JABYIPAHHBIX YIJIOB, 0Opaso-

BaHHBIX IINIOCKOCTBIO 5 C INIOCKOCTAMHU ﬂ U } , COOTBETCTBEHHO. L4

Puc. 38
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§2.6. IlpnMeps! pemieHust 3a1a4 10 BbIYHUCICHUIO YIJIOB
MEKIY CKPelMBAKIIUMHUCS NPAMBbIMH, IPSAMOM H
INIOCKOCTBIO, MEKAY IJIOCKOCTSAIMHU

OTMeTHM, YTO HE BCE TEOPEMBI, CIIPABEUTHBbIC HA IIIOCKOCTH, BEPHBI U B
npoctpaHcTBe. Tak, Ha IJIOCKOCTH JIBa YIJia ¢ B3aUMHO MEPICHANKYISIPHBIMUA
CTOpPOHAMH PaBHBI MEXIy co60M mwin cocrapisior B cymme 180°. B mpo-
CTPAaHCTBE 3TO YyTBEepKAcHHWE HeBepHO. Hampumep, Ha pucyHke 39 yriisl
ZADD=90°,a ZCD,C =45°.

Ha mockoctr 1Be mpsMble, NEpIEeHIUKYISPHBIE TPETheH, apaJlIesIbHbI
MeXIy co0oi. B mpocTpaHCTBE 3TO yTBEP)KIACHNE HE CIPABEIIINBO.

Buviuucnenue yeaa M&m*dy CKpeuiuearouumMuca npambvimMu

Brruncienne yriia MEXKAYy CKpCHIUBAIOIUMUCA IMPAMBIMU OCHOBAHO Ha
MMPUMCHCHUUN TCOPEMBI, CHpaBeI[HHBOﬁ Ha MJIOCKOCTU U B IPOCTPAHCTBE.
TeOpeMa. Ecnu npamosle a4 u b napaiiejlbHbl COOmMeEemCcmeeHHo ne-

pecexaiowgumcs npamvin a; u by, mo yzon mescdy npamoimu a u b pa-
8eH yery mexcoy npamuim a; u by.

Vros Mex1y mapajuielibHBIMU MPSMBIMU cuuTaeTcst pasabiM (°.

[lpy HaXOXISHWH YIVIa MEXIY CKpPEIIMBAIOIIMMUCS NPSMBIMH JIOCTa-
TOYHO YacTO 3aJada CBOAUTCS K HAXOXKACHHIO B IIOCTPOSHHOM BCIIOMOTa-
TENIBHOM TPEYTOJBHUKE yIJla MEXIy IBYMsS CTOPOHAMH, NapauIeIbHBIMH
JaHHBIM TPAMBIM. OOBIYHO TPEYTOJIBHHUK CTPOUTCS TAKUM OOpa3oM, 4TOOBI
MOJKHO OBLJIO BBIYHCIIMTH JUIMHBI €r0 CTOPOH, a Jajee, UCIONb3Ys TCOPeMy
KOCUHYCOB, ONIPEACIUTh UCKOMBIN YTOJL.

3anaua 15. Haiitu yron mMexay Hemepece- B, C
KaIOIIMMHUCS TUAarOHAJSIMU JIBYX CMEXKHBIX Tpa- :

Hel Ky0a. A,

Pewenue. O Haiinem, Hanpumep, yroi me-
xny gmaronamsimu A C, u  AD; «kyb6a

ABCDA,B,C\ D, (cwm. puc. 39). IIpoBenem nua- "/ _:_:,::‘-‘:_ C
romams AC rpamn ABCD. AC, || AC, mo- A
CKOJIBKY A4, CC —  TOpSIMOYTOJNBHHK

(A4 |CCy, A4, =CCy, A4, L ABC). Toraa

yrisl mexay npsimeimu 4 C; u AD;,u AC n AD; Gyznyt paBHbL

Puc. 39
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Pacemotpum tpeyronsruk AD;C . Bee ero cTopoHbI paBHBI, KaK JHaro-
HaIIM PABHBIX KBAJPATOB, I0OITOMY BCE €ro Yruibl paBubl 60°, T. e. yron me-
xay npsmeimu AC u AD,pasern 60°. CrenoBarenbHO, MCKOMBIH yroi

mexay npsimeimu 4 C; u AD; Taxoke pasen 60°. @

3agaua 16. Haiiti yron MexIy HelepeceKaronMUCs THarOHAJIbIo Ky0a
¥ JUArOHAJIBIO TPaHH KyOa.

Pewenue. Dp Haﬂ;,eM, HarpuMep, yrod B G
mexnay auaroHamsimu AC) m CD; kybGa A,
ABCDA,B\C\D; (cm. puc. 40). Ilycrts

pebpo kyba paBHO a . B miockoctn rpanm

D|C,CD 1epe3 Bepumny C; mupoBemem B

npsMyto, Hapauienshyio auaronamn DC o

JI0 TepecedeHHsi C MpPOAOKeHHeM pebpa A D
DC B touke K . PaccMOTpUM TPEYrojbHUK

AC|K . Tak kak CD, || G;K (mo noctpoe-

unio), To yron AC|K Gyner paBeH HCKOMOMY YIuIy. Beraucium miuHe! cTo-

pou tpeyromsunka AC\K : AC, =a3 (nnaronans ky6a), C\K =a\2
(G K =D,C,a D|C— puaronans kBaapara), u3 npsMoyronsaoro a AKD

Puc. 40

AK = \/AD2 +DK? = \/a2 + (Za)2 =a\J5. U3 TEOpEMBI KOCUHYCOB JIJIst
tpeyronsrnka AC; K momydaem:

ACE +CK* — 4K*  3a* +24° —54°
cosa = = =0.
2-AC,-CK 26 -

CrnenosarensHo, yroa mexay npameimu AC, u CD; pasen 90°. @

Jpyroii crioco0 BBIYUCICHUS YIiIa MKy CKPELIMBAIOIINMHUCS TIPSIMBIMA
OCHOBaH Ha MPUMEHEHHH CJIeIyIomero Qakra.

3agaua 17 (Teopema «o Tpex kocuHycax»). [lycTb & —BennuuHa yria
Mexy HakioHHOW [ (cMm. puc. 41) u ee mpoekiued Ha IUIOCKOCTH O ,
[/ — BenuuMHA yria MEKIy TPOEKIHUEH HAKIOHHOM [ U MPSIMOH, MPOBEIEH-
HOH uepe3 OCHOBAHME TOM € HAKIOHHOW B IUIOCKOCTH MPOEKLMH, U } —

BEMYMHA YIJIa MEXKIY HAKIOHHOW [ W MpsAMOiA, MPOBEAECHHON Yepes ee oc-
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HOBAHUE B IIJIOCKOCTU IPOCKIINHU. HOKaBaTB CIIPaBEUIMBOCTH CICAYIOLIETO
COOTHOIIEHUS: COS Y =COS COS [3.

JMoxazamenvcmeo. O Bribe-

A peM Touky A Ha mpsamon [,
HepeceKarolel MIOCKOCTh O

B Touke B (cMm. puc. 41), u

] CIIPOCKTHPYEM €€ Ha IUIOC-
koctb 0 (AO L o). Tycrs
Touka D — OCHOBaHHE Tep-
0 NEHAUKYJIAPa,  OMYIIEHHOTO
u3 toukn O Ha OPAMYIO

BC . Torga B COOTBETCTBUU C

5 yCIIOBHEM ZABO=«,
JOBC=pB, /ABC=y.
Puc. 41 TpeyronbHUKH AOB,

BOD, ABD - upsmo-
yrombhbie. Torma w3  aAOB BO=ABcosax, w3 aBOD
BD =BOcos = ABcosacos #, us3 aABD BD = ABcosy. U3 mo-
CIICIHUX JABYX PaBEHCTB CIEIYeT:

cosy =cosacos . @
3ameuanue. ToayueHnas HopMylia OPUMEHSETCS TAKXKE IS BBIYHCIIE-
HHS yriida MEXKAY CKPCIIMBAIOMIMMUCS MPSIMBIME. BakHO yoadHO BBIOpATh
IUIOCKOCTh O , 9TOOBI YIIIbI MKy OMHON W3 MPSMBIX W e HPOeKIuei Ha
3Ty IUIOCKOCTh M MEXKIY NOCTPOCHHOM MPOEKIKEH 1 IPYToi IPsMOii, JiexKa-
el B 3TOW TUIOCKOCTH (MJIH MPSIMOH TUTOCKOCTH TapauIeIbHOM eif), ompene-
JSUTUCH JOCTATOYHO JIETKO. B, C,
Bocmosne3yemcst, HampuMmep, TOKa3aHHBIM
(haktom Jutst perreHus 3aadu 16 (cm. puc. 42). E
PaccmoTpum  minockocts  rpann  CiDDC. 4, ; 4
|
:

CD— mpoexuuss guaronamn  AC| Ha o1y

mwiockocts, DC; L CD; xak auarosand Ksaj- B .
pata. IlycTe ¥ — MCKOMBIN yroi, Toraa ‘v

cosy =cos LAC|D-cos LD KC| =
=c0s LZAC|D-c0s90°=0,1.e. y=90°. ¢ Puc. 42
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3agaua 18. B npaBunsHOM TeTpadape HAUTH yToJl MeXTy OOKOBBIM ped-
POM U He MepeceKaroliell ero MeJMaHoi OCHOBaHHSI.
S Pewenue. O Haiinem yron mexmy peOpom
AS w mennanoii BM  ocHoBanus TeTpasapa
SABC (cMm. puc. 43). Tlycts pebpo TeTpasapa
PaBHO 4, & ¥ — HCKOMBIH yroi. TpeyroisHuK
ABC — pasHocTopoHHuid. OmycTuM MepIeH-
aukyisp SO Ha wIocKocTh ocHOBanus. Touka
O — uenrp onucaunoit okoio AABC okpyx-
HOCTH U COBIMAJaeT C TOYKOM IepeceueHus ero
meanan. AO — npoekuus pedbpa AS Ha muioc-
KocTh ocHoBaHudA. [lo cBoilcTBY Menuan

AO = —AK =—. Tpeyroapuuk ASO —

Puc. 43 3 [

40_1

= . Yroa Mexay npsMbIMU

A4S 3

HPSIMOYTOJIbHBIN, 03TOMYy COS £SAO =

AO wu BM pasen 60°. Toraa

! " }/zarccosL. L 2

\/_27 23

EIIIG OJIMH CII0CO0 BBIYHCIICHUS yriia MEXKAy CKpPCHIUBAOMIUMUCH M-
MbIMHU OCHOBAH Ha NPUMCHCHUU BEKTOPHO-KOOPJAUHATHOI'O ME€TO4, KOTOpI;Iﬁ
HO,HpO6HO OIIHCaH B IriaBe 6.

cosy =cos £LSAO -cos60° =

Butuucnenue yzna mexncoy npamoii u njiocKoCmuio

Yron Mexny NepHeHIUKYJISPHBIMU MPSAMON U IUIOCKOCTBIO CUMTAETCS
paBubiM 90° , a MexTy IapauiebHBIME IIPSIMOI 1 TI0CKOCThI0 — 0°.

Brrancnenue yria MexmIy npsiMoil (HaKIIOHHOH) U TNTIOCKOCTBIO CBOAMTCS
K ITOCTPOEHHIO IPOEKIIUU NPSAMON Ha IIIOCKOCTh U HAXOXKACHHUIO YTJIa MEKIY
JIByMsI CTOPOHAMH BCIIOMOTaTEIIbHOIO TPEYTOJIbHUKA, OIHA M3 KOTOPBIX —
OTPE30K HAKJIOHHOM, a ipyras — ee npoekuus. [Ipi 3ToM BO3MOXKHBI /1Ba CITy-
qas:

1) U3 xaxkoH-TO TOYKH MpSMON yJaeTcs OMyCTUTh MEPHEHIUKYISP Ha
IUIOCKOCTh M OTMETUTh HAa HEH ero ocHoBaHue. Torga KOCHHYC MCKOMOTO
yIila paBeH OTHOIICHHUIO TNPHJIEKALIEro KareTa (IIPOeKIMH HAKJIIOHHON) K
TUIIOTEeHY3¢e (CaMOl HAKIIOHHOI).
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2) YpmaeTcst MpOBECTH Yepe3 pacCMaTpHUBAaEMYIO MPSIMYI0 (HAKIOHHYIO)
IUIOCKOCTh, MEPHEHAMKYIPHYIO NaHHOW IuockocTH. lIpsimas mepeceueHns
IJIOCKOCTEN — OpPTOTOHajbHAas MPOEKIUs HAKJIOHHOM Ha IUIOCKOCTh. Toraa
KOCHHYC UCKOMOT'0 yTIJia T0JIy4aeTcsi U3 TEOPEMbl KOCUHYCOB JJIsl HEKOTOPO-
rO TPEYTrOJIbHUKA, B KOTOPOM OJIHA M3 CTOPOH — OTPE30K HAKIOHHOM, Apyras
— OTPE30K MPOCKINH.

3apaua 19. B npaBuisHOM TeTpasipe HAUTH yroi MeXay OOKOBBIM ped-
POM M TUIOCKOCTBIO OCHOBAHHUSI. S

Pewenue. O Haiinem, HanpuMep, yroi me-
x1y peopom AS u mrockoctero ABC .

1-b1it cnoco6. Tockonbky AO — npoekims
AS wHa miockocth ocHoBaHUA (CM. 3amady 15

1
—, TO
NG}

Z(AO,AS) = a.rccOSL . CnieoBaTensHo,

NG

Z(AS,ABC) = arccos% .o Puc. 44
2-o0ui cnoco6. O Tlposenem meanansl AK u SK paBHOCTOPOHHHX Tpe-
yronbaukoB ABC u CSB (cm. puc. 45). AK L BC u SK | BC (Menuanbt
SBIIIOTCS BbicoTamu). B atom ciiyuae npsmas BC nieprieHIuKyIispHa Iioc-
koctn ASK . TInockocte ABC Taxxke mep-
S neHauKyispHa 1ockoctn ASK, tak kak
cogepxkut mpsmyto  BC . CrenoBareibHo,
uckombiii yron — ZSAK (npsmas AK —
npoekiust  npsmoir A4S Ha  IUIOCKOCTH
ABC). Tlyctb cTopoHa TeTpasjpa paBHa d ,

sroro maparpapa) u cos £(A0, AS) =

B 3
a
A 4 torna meauansl AK u SK paBHBI . U3
K
TeopeMbl KOCHHYCOB it AASK monydyaem
C AHAJIOTMYHBINA PE3yJIbTAT:
AS? + AK* - SK*
Pc. 45 cos ZSAK = =
2-AK - AS
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2
-2 - ,T.e. ZL(AS,ABC)= arccosL .o

B 1
SPCRC 5
2

Jpyroii croco0® BBIYMCIICHHUS yIila MEXAY NpsMON (HaKJIOHHOM) U ILIoC-
KOCTBIO OCHOBAH Ha IPUMEHEHUH CIIEAYIONIEro (aKTa.

3anaua 20 (Teopema «o Tpex cunycax»). Jlokazate (cM. puc. 46), uro
CHHYCHI YTJIOB &, [} ¥ ¥ CBSI3aHBI COOTHOIICHHEM:

siny =sina sin g,

rAe o — JIMHEHHBIA YroJl JBYTPaHHOIO YIVIa; ¥ — YIroJd MEXAy NpsIMOM, Jie-
J)Kalllell B MIOCKOCTH OAHOM U3 IpaHEil 3TOro ABYIPaHHOTO yIia, ¢ Apyrou
€ro rpanblo, [ — yron MexIy 9TOH NpsIMOi U peGpOM JBYTPAHHOIO yIiIa.

Jokazamenvcmeo. O Tlycte AD C T — jgaHHas B yCJIOBUM IpsMasi; TOYKa
C — ocHoBanue mep-
MEHANKYJIApa,  OIy-
[ICHHOTO M3 TOYKH A
Ha IUIOCKOCTb O , U
ZABC — nuHehHbIH
yroa  JBYIPaHHOIO
yraa 7BDS (cm. puc.
46). Torna B COOTBET-
CTBHH C YCIIOBUEM
ZABC=a,
ZADB= [ u
LADC =y .
Puc. 46 ITycte AD=x.
Torga nans  nOpsiMo-
YIOJNBHBIX ~TPEYrOJbHMKOB CIPABEMIMBO: Ui TpeyroibHuka ADB
AB =xsin f, nns tpeyromsuuka ABC AC =xsin fsina u aus tpe-

yromshuka ADC siny = AC: AD =sinasin f.

CrnenosarensHo, Siny =sinasin . ¢

Eie ouH ¢rmoco6 HaXOXICHUS yIila MEXKIY MPSIMON U IIOCKOCTHIO OC-
HOBaH Ha NPUMCHCHHWU KOOPAMHATHO-BEKTOPHOT'O METOJA, KOTOp]:Iﬁ noa-
poOHO omucaH B riase 6.
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Botuucnenue yena MeJl(’oy njiocKkocmamu

JlBe mepecekaromuecs: IOCKOCTH 00pa3yroT YeThIPE ABYTPAaHHBIX YIJa.
Ecmu oTH yrisl paBHBI, TO INIOCKOCTH Ha3bIBAIOTCS HEPHEHOUKYIAPHIMU,
yron mMexay Humu paser 90° . Eciu e IUIOCKOCTH HE MEePIeHANKYISPHBI,
TO YIJIOM MEXJIy HMMH Ha3bIBAE€TCS MEHbIIAs U3 BEIHYMH JByTPAHHBIX YI-
JI0B, 0Opa30BaHHbBIX UMM, T. €. YTOJ MEXK/IY IUIOCKOCTAMH JISKHUT B TIpeJienax
or 0° no 90°.

Briunciienre yria Mexay IUIOCKOCTSMA ¢ U [3 CBOIHUTCA K ONpPEee-
HUIO JIMHCHHON MEpbI ABYTPAaHHOT'O yIiia, 00pa30BaHHOTO 3TUMH ILIOCKOCTSI-
MH. {151 3TOro HEOOXOAMMO C MOMOIIBIO JIBYX IEPHEHUKYJISIPOB, MPOBE-
JIEHHBIX B YKa3aHHBIX IUIOCKOCTAX K NPAMOM HX IIepecedyeHus d
(a=an f), nocTpouTh COOTBETCTBYIONINM JTMHENHHBIA YroN U HAUTH €ro
BesinanHy. OOBIYHO MCHOJIB3YETCS O/IMH U3 CIIETYIONIUX CIOCO0O0B!

1) Beibupaercst 0Tpe30K, OAUH U3 KOHIIOB KOTOPOTO JISKUT B & , Ipyroit
B [}, ¥ U3 €r0 KOHIIOB OITyCKAIOTCS TEPIICHIUKYIIAPI K JIMHUH [EPECeUCHHS

wiockoctel @ . OTpe30K BBIOMpACTCS TAaKO, YTOOBI, BO-IIEPBBIX, OCHOBAHHUS

NEePHEeHANKYIISIPOB COBIAIH, BO-BTOPHIX, B MOJIYYEHHOM TPEYTOJIbHUKE MOXK-

HO OBIJIO HAWTH HEOOXOAMMBIE ISl OIPEICIICHHS] ICKOMOTO yTJIa 3JIEMEHTHI.
2) B miockocTaX & U [ 13 HEKOTOPOW TOYKHU MPAMOU MX HEPECEUeH s

a BOCCTaHABIMBAIOTCS MEPIEHIUKYIISPHI K @ . Ha nepnenankynspax BeIOH-
paroTcsl TOYKH, COCIUHIEMbIC OTPE3KOM, TaKHe, YTOOBI B ITOJ[yYEHHOM Tpe-
YTOJIBHUKE MOXKHO OBUIO HAaiTH HEOOXOMMMBIE Ul ONPEACICHUS] HCKOMOTO
yTJ1a 3JIEMEHTHI.

BennunHy nuHEHHOrO yria W3 IMOCTPOSHHOTO TPEyrojbHUKA (JIydile —
HPSIMOYTOJIBHOT0) OOBIYHO OMPENEIAIOT, IPUMEHSISI TEOPEMY KOCHHYCOB.

3anava 21. B xy6e ABCDA,B,C\D; on- B, C,
PEEIINTh yroil MEX/Y IUIOCKOCTSIMH CEYeHHIt A\ 7
AB,C,D w CBAD . A, fiX

Pewenue. O Ilyctb pedbpo kyba paBHO a . ?1\N s !

By D — nunus nepeceyeHust IIOCKOCTE rpa-
et AB|C\D n CB; A D, rak xak Touku B, 'B"_ N1 C
7

u D— obmue (cMm. puc. 47). Paccmorpum i

IUIOCKOCTh, HPOXOMSIIYI0 HYepe3 AHaroHajb

A,C; nepnenmukymspao B D . Ilycts N — A D
Puc. 47
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TOYka IepecedeHus odTod miockoctu ¢ ByD. Torma BDLCN,
BD1 AN n ZANC| — nuHeliHbI# yroi AByrpaHHOro yriia (MM comps-
’KEHHOTO C HUM), 06pa3zoBanHoro miockoctasmu A 8D u B,C\D .

Ipsimoyronbusle Tpeyronshuku By A D u BC|D pasubl, BD — ux
runoreny3a. CJe10BarelibHO, BBICOTHI, OMYIIEHHBIE Ha THIIOTEHY3Y B PABHBIX

a2

Tpeyronbuukax, paBusl 4N =C/N = i [anee, U3 paBHOOEAPEHHOTO

tpeyronernka 4 C\N (A4,C, = a2 ) Haxomum yron ZA; NC,, nanpumep,

10 TeopeMe KocuHycoB 11t cToponsl A C:

2 2
(a2)* = “g + % —2-%-%-COS(LA1NC1),

orkyga cos(LA4NC)=-0,5 u LA NC, =120°. CnenoBarensHo, HCKO-
MBI yroa Mexay miockoctsmu 4 8D u B,C|D pasen 60°. @

I[pyFOI)‘I METO/I BBIYUCJICHHUA YyIjla MEXKIY IINIOCKOCTAMU O H ﬂ UMECT

YCIIOBHOE Ha3BAHHUE «BCMABKA NPAMOY2ONbHO20 MPEY2OibHUKA» U CYTh €TO
3aKJII0YaeTCsl B ClieyromeM. 13 kakol-HUOY/Ib TOUKH OJHOM IUIOCKOCTH &

OIyCKAEeTCsl MEPIEHANKYJISAP Ha IUIOCKOCTh [3; 3aT€M W3 ero OCHOBAHHS
MPOBOJIUTCS €IIIE OJIMH TEPIEHIUKYIAP B IIIOCKOCTH [ K IMHUM Tepeceye-

HUSl TJIOCKOCTEH M TOJy4YeHHas: TOYKAa COCIUHSIETCS OTPE3KOM C HavyajloM
MePBOTO MepreHAnKysipa. [locaenHuil 0TPEe30K MPHUHAUICKUT TIOCKOCTH O
W TEPHCHOUKYJSPEH JIMHUM TepeceueHus
MJI0CKOCTEH (10 TeopeMe O TpeX MepIeHANKY- B J C;
nsipax). YTOJI MEXIy HUM U BTOPBIM IEpIeH- (AN |
JIUKYJSIPOM  SIBJISIETCSI MCKOMBIM; @ TOJyYeH- A '
HBIM TPEYTOJIbHUK — MPSMOYTOJIBHBIM. 1 :
Permm M ciocoboMm 3anaqy 21. \ Sa
1
I
-

Pewenue. O Touka C (cm. puc. 48)
npunamnexur miockocru CBj4; nu CK nep- ST T C

4

IeHANKYISIpeH Iutockoctn rpann  ABCiD 17

(CD; LC\D xak anaroHanu KBajgpaTa, H A D

Puc. 48
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CK 1 B|C, tak kak pebpo B;C| mnepneHmuKyIspHO IUIOCKOCTH TIPaHH
CC,D\D —wu3 uero cienyer B;C; L CK).

3arem nposomum KN L B|D u nonysaem B|D L CN (mo teopeme o
Tpex nepnenaukysipax: CN mo otHomrenuto k miockoctu ABC\D sBmus-

ercst Haknonno#, CK — meprnenaukymsipom 1 KN — npoekieii HaKIOHHO#
CN ; torma, ecnu mpuHaIexamas miockoctu rpanu ABC|D mnpsmas

B\ D nepnenaukynsipua npoekimn KN HaknonHoit CN, to BjD L CN).

Vron ZCNK — vcKoMblil IMHENHBINA Yol IBYTPAHHOTO YIJIa.
PaccMOTpUM  TIPSIMOYTOJIBHBIA  TpeyrojbHuk-«BcTaBky»  CNK :

_aﬁ a2

(CD, — nunaronans kBagpara); CN =

2 NG

BBICOTOH mpsiMoyrosHOro aBCD , omymiennoit Ha runorerysy). IToryda-
CK av2 a2 B V3
CN 2 3

3ameuanue. TpyaHOCTh NPMMEHEHHs OIMMCAHHOIO METOAAa COCTOMT B
[IEPBOM 1IIare: JKeJIaTeNIbHO BHIOPAaTh TAKOE MECTO MOCTPOEHHs NIEPBOTO TIEp-
HEHIMKYJIAPA, YTOOBI JIETKO BBIYMCIIAIACH €0 JUIMHA U UMENACh BO3MOX-
HOCTb JUIS ONPEIENIEHNs OHOU U3 JBYX CTOPOH «8CMAGIEHHO20» TPEYTOJIb-
HUKA.

3agaua 22. B mpaBuibHOW ueTHIpeX-
YroJIbHOW mupamwuje, OOKoBas CTOpOHA KO-
TOpOM paBHa b, a CTOPOHA OCHOBaHUs d ,
HalTH yroJl MEKIY CMEXHBIMU GOKOBBIMU
IPaHsMU.

Pewenue. O Haiinem yrom mexmy 0o-
koBeiMu Tparsima SBC u SDC (cm. puc.
49). SC— nmpsamas mepeceueHus 3TUX
I0CcKOCTeM. PacCMOTPUM ILIOCKOCTB, IIPO-
XOJIAIIYIO Yepe3 qUaroHaib ocHoBaHus BD
nepuesukyssipao pebpy SC . [lycts M —
Touka nepeceyenns ook tiockocth ¢ SC. Torma BM L SC n
DM 1 SC . Cnenosarensno, /BMD - nuHelHBIH yron ABYrpaHHOro
yria, obpazosannoro mwiockoctamu SBC u SDC .

CK

(CN sBnsercs

em, uto Sin ZCNK = wm ZCNK =% .9
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U3 pasencrsa tpeyronsaukoB SBC u SDC crnenyer paBeHCTBO BBICOT
BM = DM . Haiinem DM . Jlyst storo, ucnons3ys hopmyiy I'epona, Haii-

nem mwiomans ASDC : SSDC=\/p(p—b)2(p—a)=%-\]4b2—a2

2
(SD=SC=b, DC=a; p =% ). Torma Beicota DM , omymiennas

> Jar2_ 2
Ha SC, pasaa DM = i:sgc - 4;)[) a_ Manee u3 paBHOOEAPEHHO-

ro tpeyroieuuka BMD (BD = a\/z Kak JMaroHajgb KBajpara) HaXOIUM
yron ZBMD , nanpumep, o Teopeme KOCHHYCOB Juist cTOpoHbl BD :

2 2 pn2 2
cosABMDzBM +DM* —-BD _ a '
2-BM -DM 4b* - a?
2
VckoMBli yron MeXay INIOCKOCTSIMU (9 = arccos# .o
—-a

Vroa @ MexIy IIIOCKOCTAMH & U f3 MOMHO BBIYUCIIATH, HUCTIONB3YS
bopmyny Snp_ =S-C0S@ IS BHIUKMCIICHHS TUIONIAJM OPTOrOHAILHOU Mpo-

CKIIUHM MHOTOYrOJBHHUKA. 31eCh S — ILIOINIAJb MHOTOYTOIBHHUKA, JIEKAIIETO
B IUVIOCKOCTH &, S, — IUIOWIA/lb €r0 OPTOrOHAILHOH NPOSKLMK Ha MIIoC-

S
np.
kocte . Ecin S u Snp. U3BECTHBI, TO COS (0 :Tp'

3agaua 23. B kyoe ABCDA,B,C\D; c pebpom, paBHBIM @ , 4epe3 TOU-

ku M wna pebpe BBy u N na DD, rakue, 4o BMz?jTa u DN=%,

napawiensio AC mpoBeneHa cekymias mioCKoCTh. ONpPeNenuTh WIomalb
CEUEHUsSI ¥ YrOJl MEXKJy CEKYIIEH IIOCKOCThIO M II0CKOCThi0 ABC .

Pewenue. O Ceuenne Ky0a NpeicTaBiIseT coBOMl MapamiesorpamMmm
MPNQ (cm. puc. 50). Iockonbky npsimast AC mapaienbHa IUIOCKOCTH

MNP, 10 QP|| AC (oHu nexxar B OAHOM IUIOCKOCTH), CJEIOBATEIBHO,

npsimast iepecedenns iockocreii MNP u ABC raxxe napawtensia AC .
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Ilycts S — Touka mepeceuenus npsmoil MN ¢ IUIOCKOCTBIO OCHOBa-
uus. Pacemorpum rrockocte MBS : AC L MBS (AC L BN, xak nuaro-
wamn kBagpatra, 1 AC L BM, tak xak pebpo xy6a BD; L ABC).

B, D,

A, M D,

4 DA g

Puc. 50
CrienoBarenbHo, U npsimas nepecederns mwiockocreit MNP u ABC mep-
neHuKyssipHa wiockoctu MBS . Torma, MS wu BS — nBa nepresaukyisi-
pa, BOCCTaBJICHHBIC M3 OJHOW TOYKH NPSIMOU IEPEceueHHs IUIOCKOCTEH, M
nosromy ZMSB — nuHeHHbIA yron ¢ IBYTPaHHOro yria, 00pa3oBaHHOIO

MB - ND 1
3aJJaHHBIMU TIOCKOCTsIMU. Torma tgo = =

BD 22
1 22
94epTexk), OTKyZa COS@Q = = u Q= arccosT .

\/1+tg2¢ 3

Tak kak kBajgpar ABCD — oproronanbhas mnpoekuust pomba MPNQ,

(cM. BBIHOCHOIA

Sapcp _ 3a’
cos @ 22
3anaua 24. B xyoe ABCDA,B,C,D; c peGpom, paBHBIM @ , 4epe3 TOY-

TO SMPNQ =

ku M, P u N napebpax BB, CC; u DD coOTBETCTBEHHO, TAKHE UTO

3 2
BM ZTa’ CP =?a u DN =%, IpoBeJieHa ceKymast IockocTs. Ompe-

JACJIUTDb YIroJl MEXKAY INIOCKOCTBhIO CEYCHUS U INIOCKOCThHO OCHOBAHUA Ky6a
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Pewenue. O CeveHue IpenCTaBIseT B, C,
coboit mapauienorpamm  MPNQ  (cwm.
puc. 51). Haiizem ero mromanp u mO-
ckonbky kBagpar ABCD — oproro-
HanbHas npoekuus MPNQ , Beraucinm

KOCHHYC YIJla (0 MEXKAY IUIOCKOCTHIO

ceuenust u 1wiockocteio ABC . Haiinem
croponsl Tpeyroapauka MNP . Ucnomns-
3ys Teopemy Iludaropa, momydum: us3
NPSAMOYTOJIBHOTO Tpeyroibuuka MLP

(ML 1.CCy)

2
MP = (LC—CN)? + MC? = &_4%2:%{124—5’

u3 npsmoyroisHoro Tpeyronsauka NPS (NS L CCy)

25¢> 5, 13a
= ta =,

144 12
u3 npsamoyroisHoro Tpeyronsauka MNK (KN L BBy)

2
MN =\JKN? + (BM — BK)? = [24% + % =32
42

V145 +31

NP =(CN - SC)* + N§* =

IMonymepumerp aAMNP paBen p = a . Vicionms3ys popmy-

24
V170 - a?
ny T'epoHa, HaXOOUM €ro IIomamb: Syyp YR CreoBarensHo,
J170 - a? y
Swynpo =2Syunp = 17 W3 ¢opMyIms! I III0MAaaN OPTOTOHAIBHOI

SBcp 12 12
MPOEKLUH MOTy4aeM COS (P = ————=——— WIN (P = arccos .o
170

Supng  N170

EIIIG OJIMH croco6 HaXOXACHU yriia MEXAY IJIOCKOCTAMU X U ﬂ oC-

HOBAaH Ha NPHUMEHEHHHM KOOPAMHATHO-BEKTOPHOIO METOJA, KOTOPBIA TOA-
poOHO ommcaH B Ti1aBe 6.
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§2.7. IllpuMeHeHMe pa3IMYHbIX METOA0B /IJIsl pellieHUsI 3a1a4
10 BHIYMCJICHUIO PACCTOSTHUS MEKAY CKPeIMBAKIIUMUCS
NPSAMBIMH, NAPAJJIeJIbHBIMU NPSAMOM H II0CKOCTHIO,
napauieJbHbIMH IJIOCKOCTAMU

Paccmosanue Meofcéy napauiéilbHblmu npﬂmoﬁ U nj10CKocmboio

Haxoxxnenust paccTosiHusl MEKIY NPSMOM U NapajljiesIbHOM € II0CKO-
CTbIO, MCKAY MapaUICIbHBIMU IJIOCKOCTAMU CBOJAUTCA K HAXOXKICHUIO pac-
CTOSAAHHSA OT TOYKHU 0 MIIOCKOCTHU, ITOCKOJIbKY

a) PaccTOSTHUE MEXAY MPSMON M MapajuiebHOM €il TUNIOCKOCThIO PaBHO
PacCTOSHUIO OT NMPOW3BOJBHOW TOYKM NPSIMOM 10 JTAaHHOW IIJIOCKOCTH (CM.
puc. 52a);

0) paccTosiHHE MEXy NapajieIbHBIMU IUIOCKOCTSIMH PaBHO paccTosi-
HUIO OT NMPOU3BOJIBHONW TOUKH OJHOW IIOCKOCTH 10 APYTOH INTOCKOCTH (CM.
puc. 526).

Y
a [4j;,,//’/ZiR&(j

Puc. 52a Puc. 526

B cooTBeTcTBHUM € 3THUM, KaK IPaBUIIO, UL ONPENICIICHNS] PACCTOSHUS OT
TOukH A 10 TUIOCKOCTH (¢ CTPOMTCS BCIIOMOTATENbHAs TUIOCKOCTh [3 , Ipo-

XOJsIasi 4yepe3 TOuKy A ¥ TepleHANKYIspHas IUIOCKOCTH « . Mckomoe
PACCTOSIHUE PABHO JUTMHE TEPICHIUKYIIAPA, OMYLUICHHOTO U3 TAHHOU TOUKH
Ha [PSIMYIO TIEPECEUEHHS MIIOCKOCTe & u [ .

3agaua 25. B npaBuiibHO# ueThipexyronsaoil mupamuae SABCD (S —
BEPIIKHA), CTOPOHA OCHOBAHHWs KOTOPOM paBHa « , a 00KoBoe pebpo [, Hail-
TH PacCTOsTHUE MEXIy Ipsamoii AB u mwiockoctero SCD .

Pewenue. O Tlpamas AB napamwiensha miockoctu SCD (AB|| CD).
IpoBeneM WIOCKOCTE Yepe3 Bepiuuny S u cepenunbl K u M pebep AB
u CD (cm. puc. 53a). Dra miockocTh nepresaukysspaa miockoctu SCD .
Iepnenmukyasp KN & npsamoil SM  sBisercs NEPHEHIMKYJIAPOM H K
wiockoctd SCD . Ero jivHa paBHA HCKOMOMY PacCTOSHHIO. AMo(eMsl TH-
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pamuner pasuer: SK =SM = SA* —4k? =12 -2

, Beicota SO =

S —SK? - KO? =

N
Beipakas ILI0-
maap  paBHOOE-
0] M pEHHOrO Tpe-

yronbuuka SKN
(em.  puc.  530)
Puc. 53a Puc. 536 JIByMsI CIIOCOOaMU

%SO KM = %SM - KN , u3 nocienHero paBeHCTBa MoTydaeM

_SO-KM _ 41° - 2a°

KN
SM 417 - q?

.o

Paccmosanue Meofcdy CKpeuuearnuumuca npambvimu

PaccrosiHue Mexay CKpeNIMBaIOIINMHUCS IPSIMBIMHU, KaK U3BECTHO, PABHO
JUIMHE MX 0O0Iero nmepneHAuKyispa. st HaXoXICHUS PACCTOSHUS MEXIY
CKPEIUBAIOIIUMUCS MPSIMBIMH MOXKHO BOCIIONB30BaThCS OAHUM M3 INpHUBE-
JIEHHBIX HIKE YETHIPEX CIOCOOOB.

1. ITocTpouTh OOLIMI MEPIEHIUKYIIAP ABYX CKPEIIUBAIOLIIMXCS MPSMbIX
(OTpe30K ¢ KOHIIAMH HA 3THX MPSIMBIX Y TIEPIEHIUKYIISIPHBIH 00eUM) 1 HallTn
€ro JUIMHY.

2. IlocTpouTh MIOCKOCTh, COAEPHKALLYIO OJHY U3 MPSIMBIX U MapajlleNb-
Hyto BTOopoil. Torma nckomoe paccTossHHE OyZET paBHO pacCTOSHHE OT Ka-
KOH-HUOYb TOYKU BTOPOH MPSIMOH IO TIOCTPOCHHOHN TTOCKOCTH.

3. 3aKI0unTh aHHBIC MIPSAMBIC B MApaJUIEIbHBIC TUIOCKOCTH, MPOXO.s-
IMKe Yepe3 JIaHHbIE CKPEIIMBAIOIIUECS IPSIMBbIC, U HAUTH PACCTOSHUE MEXIY
STHMH IIIOCKOCTSIMU.

4. ITocTpouTh IIOCKOCTb, NEPIEHANKYISIPHYIO OJHOM U3 JAHHBIX NpPS-
MBIX, ¥ IIOCTPOUTh Ha 3TOW MJIOCKOCTU OPTOTOHANBHYIO MPOEKIHI0 BTOPOH
npsiMoil. Torma uckomoe paccrostHue OyAeT paBHO JJIMHE MEPIEHANKYIApa,
OIYILIEHHOTO B IOCTPOEHHON IJIOCKOCTH U3 TOUKH, SBJISIIOIIEICS IpoeKuen
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NEPIECHUKYJISIDHOM €l NMpsIMOM, Ha IPOEKLHUI0 Ha 3Ty IUIOCKOCTh APYroi
IIPSIMOM.

[IponemMoHCTpHpYEeM NPUMEHEHHE BCEX UYETHIPEX YKa3aHHBIX CHOCOOOB
IIPYU PELICHUN CIIEAYIOIMX ABYX 3aady.

3agaua 26. B xyGe, mmHa pebpa KOTOPOTO paBHA d , HAWTH PacCTOSTHUE
MeXy peOpOM U IHaroHaNIbI0 HE epeceKalolel ero rpaHu.

Pewenue. 0 B xauecTBe mmpumepa HailjeM paccTosiHUE MeXIy pedpoM
A4, n muaronansto D;C (cm. puc. 54). Hpsamete A4, u D,C — ckpeum-

Baomuecs. Mcnonp3yst Kaxaplii U3 OTMEUYEHHBIX CIOCOOOB, MOKaXKEM, UTO
paccTosHuE MEXITY HUMH PAaBHO d .

B, c, B c, B B, C,

A, D A, D D, A,/ D
Ly A ALy
a )‘l_;_ _____ :__Bi_ _____ a .E- _____ a :B

c - C C C
A D A D A D A h D

a) 0) B) r)
Puc. 54

1-ti cnoco6 (cM. puc. 54a). Scuo, uto A Dy L A4 u 4D, L DC.
CrnemoBarensno, A D; — oOmuMii MEPICHAVKYISAP OBYX CKPEIIMBAIOIINXCS
npsimbix A4, u D|C . Paccrosinue mexay AA; u D|C pasuo 4D =a.

2-1i cnoco6 (cM. puc. 546). Scuo, uro mnockocts DD Cy, conepikamiast

D,C, mapamnensua A4, u paccrosuue ot A4; no DD,C; pasHo a .

3-i1 cnoco6 (em. puc. 54B). Ilnockocts DD, C|, conepxamas D;C, na-
pamnenbHa miockoctd AA B;, comepxameit AA;, u pacctosHue MEXIy
HUMH PaBHO @ .

4-i1 cnocob (cm. puc. 54r). Inockocts ABC neprieHauKysipHa IpsMoi
A4, . Touka A— mpoexuus AA; nHa sty miockocts. Ipoekuueit DjC Ha

mnockocte ABC ssasercs DC . Paccrosuue ot Toukn 4 no DC pasHo
a.e
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3agaua 27. HaiiTu paccTosiHMe MEXAy HelepeceKaroUMMHCs JuaroHa-
JSIMH ZIBYX CMEXHBIX TpaHell Ky0a, JuinHa pebpa KOTOpOro paBHa @ .

Pewenue. O Haiinem paccrosHue mexay aumaroHamsimu A C) u AD,
kyoa ABCDA B,C\D; .

1-it cnoco6. Tlycts otpesok PO (cM. puc. B, C
55) ecThb OOMMI NEPHNEHAMKYISAP CKpEIu- p
Batonuxcst npsimix 4C; u AD;, a PN u A, SN

KQ— ero oproronajbHble IPOEKIUU Ha KN\
mnockocty A B|C) u AA;D; coorBercTBeH- Bi- 0
Ho (PK 1L 4D, u ON 1 4 D,). Ha ocHosa- )y

HHM TEOPEMBI O TpeX MePHEHIUKYJIIpax
PN 1 A4C, n KQ.1 AD,. TpeyrombHuku Puc. 55

A PN n KQD, — npsMoyrojbpHble 1 PaBHO-

a
GenpeHHbIe, MTO3TOMY AK =KN =ND, = 3 AHAJOTHYHO,

a2
3

yroisHoro TpeyronbHuka PNQ nonydnm paccrosaue mexay A4 C, u
25 a° 3
AD,: PO=+/PN?* + NQ* =,|22 1% = ay3.
9 9 3
2-11  cnocob. Ilo-

B, C B 0 D, crpoum  mmockocts,

NO=ND,=AK=KP=% u AP=PN=
3

. Torma u3 mnpsmo-

0 h cogepxamyro AD;, wu

4 L ) N napajuiensaylo 4G

1

1

1

Y (cm. pue. 56a). Ucko-

¢ ~

N MOl IIOCKOCTBIO SIBJIS-

s B 0, D ercsi AD,C . Haitnem

/ (OJREN paccTosiHie 10 Hee OT

A D KaKo#-J1In00 TOYKH
Puc. 56a Puc. 566 npamoit A/ Cy.  Jlna

3TOTO OIYCTHM M3 TOY-
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ku O (cM. puc. 56a) Ha yKa3aHHYIO IIOCKOCTD IEePHEHIUKYJIsIp. [ltockocTH
BBD;, nu AD/C muepnenguxymsipust (AC LBD u ACLDD, u

AC c AD,C). Tak xak B|D L DO, (cMm. puc. 566) (HOKaXHTE CaMOCTOS-
tenmsHO!), To ON L AD|C (ON||B|D) u n3 nomobusi TpeyroibHUKOB

ON OD BD-0OD, 3
BB,D u OD|N cnenyer —— = Ly h=ON = L= a\/7 .
BD BD B,D 3

3-u cnocob. Ilo-
CTPOMM  Mapauieib- B, ¢, B ) D,
HBIC MJIIOCKOCTH N 0
AD,C u BAC, (em. A1 KR |p

KA {

puc. 57a), comepxa- VX 0
mye npamsie AD| u B:,_’ ———\Alj—v— Ne N
A C, coorBercTBeH- AT s B 0, D
Ho. Jlnaronans B,D 4 it D
Ky0a  TeprneHIuKy-
Y P Y Puc. 57a Puc. 576

JsipHa 00EUM IUIOCKO-
cTsiM U (cM. puc. 570)
toukamu K wu N nenurcst Ha TpH paBHBIC 9acTH. PaccTosHIE MEXY ILIOC-

xoctamu AD;C u BA,C paBro mmune otpeska KN .

4-11 cnocob. c
ITnockocts BB\ D, B, 1 B, (0] D,
TEPIeHANKYIIPHA y f) h
pAMON A,C, ! = ) N
N I
miockoctn  AD,C / 0,
(BD1ADC) (em. 4 D
puc. 58a). D0, — Puc. 58a Puc. 586.

npoexiust AD; Ha mnockocts BB D . Paccrosnue ot Toukun O (mpoekuun
A,C; na mnockocts BB D) no DO, pasuo mmue orpeska ON (cM. puc.
586). @
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3agaua 28. B mpaBmibHONW yCEueHHOI 4YeTBIPEXyrojbHOM HHpamMuie
ABCDA,B,C\D; co cropoHamu OCHOBaHHH, paBHbIME d U b (a>b), u
BBICOTOM /1 HalfTW pacCTOsIHWE MEXIy AMAroHampio BD; u muaroHaibio
6ompiuero ocHoBauust AC .

Pewenue. O Ilpsimbie BD; u AC ckpemusatotes (cM. puc. 59a). Tou-
ki O n O — TOYKH TepecedeHHs] AUaroHajieldl OCHOBAHMI MHPaMHUIbL.
00, L AC n OO, L BD, xak 0Tpe30K, COCAMHSIOINI CEPeINHBI OCHOBA-
Huil paBHOGeapennsix tpaneuuit BBD\D u AAC,C. Iloctpoum mioc-

KOCTb, TEpPIEeH/H-
B, C, KyJISpHYl0O  OJHOHU

u3 CKpeIINBato-
B, D,

IUXCS MPSIMBIX
C BD, u AC.

Inockocth
B [0 rN D BBD; L AC, tax

kak AC nepnen-
Puc. 59a Puc. 596 IUKYJSpHA ~ JIBYM
[EPECEKAIOITUMCST

npsameim otoit wiockoctn: AC L BD (ABCD — xBagpar) u AC L OO,

(OO, — BoIcoTa MHpamunsl). Ipsmas BD; nexur B mwiockoctn BB D,

HO3TOMY HCKOMOE PAacCTOsIHHE paBHO JumHe nepreHmukyisspa OK , ormy-
menHoro u3 Toukn O Ha BD;. OK wnaiinem u3 momo0us IpsMOYroabHBIX

ABDIN u aBKO (cm. puc. 596), umeronmx oOwuil octpblii yron. B

o3t b)\f (a+b)f

ABDIN: DIN=h, BN=BD—ND=

BD, =[DIN?> + BN = i + (‘”b) . B aBKO Bo—@ “‘/_.

o OK _BO BO DN ah .

DN BD, BDy \/2h2 +(a+b)?
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I'naBa 3. IlocTpoeHusi B NpoCTpaHCTBE

§3.1. [locTpoeHne MIOCKHUX CeYeHHil MHOTOrPAHHUKOB

Cnedom niockocmu O ha niockocmu [3 Ha3bIBAIOT MPAMYIO, 110 KO-
TOPOM MIOCKOCTh (¢ TEPECEKaeT IWIOCKoCcTs [ . Crnedom npamoii | na
naO0CKOCmMU (¢ HA3BIBAIOT TOUYKY MEPECEUCHUS MPSAMOU C MIIOCKOCTBIO ¢ .

Llenmpanvnoii npoexyuii TPOU3BONBLHON mouku A TPOCTpaHCTBA Ha
IJIOCKOCTh ¢ W3 IeHTpa S Ha3bIBaeTCs TOUKa A mepecedeHust MIOCKOCTH
a v npsamoit SA (cMm. puc. 16). AHAIOIUYHO, YEHMPANbHOI NPOEKUUeNl
NPOM3BOJIbHOM npamoit AB TpocTpaHCTBa Ha IUIOCKOCTh @ W3 LEHTpa S
HasbiBaeTcs npsimasi A By, rae A u B; — ueHTpaibHbIe NPOCKIUH TOYEK

A n B Ha mnockocts .

s
b A b <A
B B

Puc. la Puc. 16

PaccMoTpuM onopHyo 3amady, MPUMEHSEMYIO MPHU PEIICHUH MHOTHX
3ajja4y Ha MOCTPOCHUE CEUCHUII.

3agaua 1. Haiitu TouKy mepecedeHus HaHHOM mpsmoir 4B ¢ miocko-
cteio & ( AB we mapannensHa o ).

Pewenue. O 3anada MMeeT pelIeHHE B Clydae, €CIM BO3MOXHO IIO-
CTPOUTH MapaUICIBHYIO WM HEHTPAIBHYIO IPOSKIIMIO JaHHOW mpsimoit A5
Ha IUIOCKOCTh ¢ . B mepBom (cMm. puc. 1a) n Bo BTopoM (cM. puc. 16) ciaydae
CTPOSITCS IIPOSKIMH MPSIMOM HA IUIOCKOCTh. Tak Kak mpsivast AB u ee mpo-
eKIUH JIeXKAaT B OJHOH IIIOCKOCTH (00pa30BaHHOM: B IEPBOM Cllydae mapail-

nenbHbIME TpsMbiMH A4, v BB|, BO BTOPOM — IepeceKaroliMHCs Tpsi-

MbIMU SA 1 SB ), To TOuKa MX [EpPECeUeHrs U eCTh UCKOMasl. ¢
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PaccMoTprM KOHKpETHBIE IPIMEHEHHS Pa300paHHON 3aaa4H.
3anaua 2. Haiiti Touky mepecedenus npsmoit MN , rae touku M wu
N nexar coorBerctBeHHO Ha TpanHix AA BB u DD CC xyba

ABCDA,B,C,D, , ¢ nnockoctbto ocHoBanust ABC ( MN M ABC).

B, C, Pewenue. 0 B cooTBETCTBHH C

M/ IpeabIAyIIed 3ajayell CTpouM Ia-
TV:\ D, pPAUIETIPHYIO  MPOCKIHIO  IPSIMOM

A 0 MN wua nnockocte ABC (cm. puc.
:: ~.|]X 2). JIast 3TOrO MPOBOIMM Yepe3 TOd-

:Kl? _______ .:.-C j ki M u N npsMeie, mapauieib-
M, o 0 uele pebpy AA;, no mepecedeHus B

A DNO JZ toukax Mg u Ny c pebpamu AB u

DC  coorBerctBenHo.  IlIpsimast
MyNy— napamienbHasi NIpOSKIHs
MN na mnockocts ABC . Bee ee TOUKM MPUHAAJIEKAT IIOCKOCTH, CIEI0-
BarenbHo, U Touka O =M Ny N MN npunamnexur miockoctu ABC u

SIBJISIETCS UCKOMOH. @

3agaua 3. B rerpasape SABC touku N u M nexar Ha rpamsx
SBC u SAC cootsercrBenno. Haiitu Touky nepeceuenus npsmoit MN ¢
tockocThio ocHoBanust ABC ( MN M ABC).

Pewenue. O [Ins peuie-
HUS 3aJa4d  CTPOMM  IIE€H-
TPATBHYIO TPOEKIUIO C ICH-
TpOM B TOYKe S mnpsAMoi
MN wa unockocts ABC
(cm. puc. 3). Ins atoro mpo-
BoguM uepe3 Toukd N u M
opsimeie SN u SM no mepe-
ceuenus B Toukax Ny u M,

¢ peopamu CB u AC coort-
BETCTBEHHO. IIpsamas
MyN, — ueHrpanpHas mpo-
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exuus MN na miockocts ABC . Bee touku npsmoit MgN, npunamie-
xkat miockoctu ABC, cnenosarensuo u touka Q =MoNy N MN npu-

Hamiexut miaockoctu ABC u aBnsercs uckoMoil. €

PaccmoTpum nanee 3aiadu Ha IMOCTPOCHUE JIMHHH TEPECEUSHUsT JIBYX
mwiockocteil. OOBIMHO I pemieHnus MOMOOHBIX 33/4ad OCTaTOYHO HAWTH
JIBE OOII[MEe TOYKU TUIOCKOCTEH — mpsMasi, MPOXOISIas uepes3 3TH TOYKH, U
OyZeT UCKOMOIA.

B, C, 3anaua 4. B xy6e ABCDA B,C\D, naiitu
JMHUIO mepecedeHus mockocreit BBD; wu
4 |  apc.

Pewenue. O Touka Dl — ofmasa s
Bi /AL -3 mockocreit BBiD; n AD\C (cm. puc. 4). Tax

4 0 kak npsimeie BD u AC nexar B IUIOCKOCTH
4 D OCHOBaHUsI Ky0a U B YKa3aHHBIX [IOCKOCTSIX, TO
touka (O uX TepecedyeHHs sBISIETCA OOmIEH

Puc. 4 . o
He toukoil wiockocreit BB D, u AD,C . Cneno-

BarenbHO, npamas D0 — uckomasi. @

B oOmiem ciydae ciemyromas 3a1a4a sBJISICTCS OMOPHOH BO MHOTHX 3a-
Jlayax Ha MOCTPOCHUE JIMHUK MEPECEUCHHS ABYX TIOCKOCTEH.
3agaua 5. OnpenenuTs JUHAIO IEPECEUEHHUS 3aaHHOM mIockocTd 3 ¢

IDIOCKOCTBIO ¢ (CM. pHC. 5).

A

Puc. 5
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Pewenue. O Kax u B ciydae 3aiaun 1 aroro naparpada, s perieHus
9TOM 3a/[a4d JOCTATOYHO MOCTPOMTH TOUYKH MEPECEUCHHUs KaKHX-ITH0O0 ABYX
OpsIMBIX TUIOCKOCTH [ ¢ WIocKocThio « . Ilycth B [/ MaHbl TPH TOYKH
A,B u C . Haxomgum, Hampumep Toukd P u R mepecedeHus: mpsmbix
AC u AB COOTBETCTBEHHO C IUIOCKOCTBIO ¢ . JIJisl 3TOrO CTPOUM HX Iia-
pajuteNibHbIe (CM. PHC. 5a) WK HEHTPAIbHBIE IPOSKIUH C IIEHTPOM B TOYKE
S, me nexameit B miockoctu f (cM. puc. 56). [psamas PR — wuckomasi.
OueBupHo, uto Touka () mepeceueHust mpsimoit CB ¢ IMIIOCKOCTBIO
TaKKe JIOKUT Ha npsmoit PR . &

Bocronb3yeMcst MOy9IeHHBIM PE3yJIbTaTOM ISl PEIICHHS CIEYOIIHIX
3a1a4.

3agaua 6. B terpasape SABC touku N u M nexar Ha rpansx
SBC u SAC coorsercrBenHo. Haiitn
JMHUIO TepecedeHus muockocreit SAN u
SBM .

Pewenue. O Tax xak Touka S — 00-
mast Uil YKa3aHHBIX IUIOCKOCTEH, TO JUIs
pElICHHs JAHHOM 3a/a4d JOCTATOYHO II0-
CTPOUTH ellle OJHY MX OOIIyio TouKy. Jlu-
HUSIMU TIEPECCUYEHHUS TUIOCKOCTU OCHOBAHHUS
u miockoctei SMB u SAN (cm. puc. 6)
SBISIIOTCSL COOTBETCTBEHHO mnpsimbie M (B

u AN, mepecekarommecss B Touke O .
CrieroBatensHo, npsimast SO — uckoMasi. €
3anaua 7. B kyoe ABCDA,B|C|D,; HaiiTy IMHUIO TIepecedeH s IIoc-
kocreit MNP n B EF , tne touku M ,N,P,E,F nexar na pebpax CC),
DD, AB,CC; u A4, coorsercTBeHHO (CM. pHC. 7).

Pewenue. O Jlist peteHust MOCTaBICHHOM 3a1a4 CTPOMM CHAvaa Jiv-
HuHM nepecedenus miockocred MNP u B{EF ¢ MI0CKOCTbIO OCHOBaHUS —

npsamele PNy u FyE(. nd 5Toro HaxoJuM TOYKU MEPECceYEHHUs IPMBIX
MN , BIE u B/F ¢ mnockoctsto ocHOBaHUs. ITOCTpOEHHBIC MpPSMBIE

PNy u FyE, umeror obuyto Touky (), SBISIOILYIOCS COOTBETCTBEHHO
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o0mieii TOYKOW  IUIOCKOCTEHN
MNP u B\EF . Ilpamas PN,
[epeceKaeT MpoJIoDKeHne pel-
pa BC B Ttouke F,. Ilpsimsbie

BiE wu MEF, npencraBusior

co0oil JMHMM  TepecedeHHs
mwiockocreit MNP n BEF ¢

mwiockocteio BB C| u mepece-

KaloTcd B TOuyke R — o06umei
Touke Iockocred. Ilomyunnu
IBe OOIIME TOYKU INIOCKOCTEH

MNP w B\EF, cnenosarens-

Ho mipsimast OR — uckomast. ¢

K 3amagam 1 m 7 oOBIYHO CBOASTCSA 3aJadd Ha MOCTPOCHHE CEUCHHMA
MHOTOTPaHHUKOB.

Ilocmpoums ceuenue MHO20ZPAHHUKA NJIOCKOCHIBIO — OTO 3HAYUT TI0-
CTPOUTH TPsIMbIE, SIBISIONIUECS ClelaMy TIepeceueHus] TpaHeil MHOTOrpaH-
HUKa JaHHOM IJIOCKOCTHIO. J{JIsl MOCTPOEHUS KaXKI0M Takoi mpsiMOM J1ocTa-
TOYHO HAWTH JIBE TOYKH, MPHHAIIC)KAIINE OJTHOBPEMCHHO U CEKYIIEH TToC-
KOCTH U TUTOCKOCTH T'paHu (IpUYeM He 00s13aTeIbHO CaMOU IpaHH).

Ceky1as II0CKOCTh MOKET OBITh 3aJlaHa Pa3IMIHBIMH CTIOCOO0aMU, Ha-
TpuMep:

a) TpeMs TOYKaMH, KOTOPBIE HE JIeXKAaT Ha OJHOH MPsIMOH;

0) mpAMOI U TOYKOM, HE JIeKAIIeH Ha HEel;

B) IByMS TI€PECEKAIONIIMHUCS IPSIMBIMU;

I') HEKOTOPBIMH U3 YKa3aHHBIX BBIIIE T€OMETPUIECKUX HIIEMEHTOB B CO-
BOKYIMHOCTH C Pa3jIMYHBIMH 3aBUCUMOCTSIMH MEXIY HAMH U 3JIEMCHTaMHU
(rpansMu, pebpamu, TUArOHAISIMA U T. J.) MHOTOrpaHHuKa. [Ipu 3TOM MOryT
OBITH MCIIONB30BAHBI MAPAIIIEILHOCTD, MEPIIEHANKYIIPHOCTD, 3a/1aHUE BEIU-
YUH JBYTPaHHBIX YTJIOB U YIJIOB MEXIY CEKYIIEH IUIOCKOCThIO W pedpammu
MHOTOTpaHHHKA U T. 1.

[MocTpoeHue TUIOCKUX CEYCHHH MHOTOTPAHHUKOB BBITIONHSETCS Ha OC-
HOBE COOTBETCTBYIOIIUX MTPOCTPAHCTBEHHBIX aKCHOM U TEOPEM.

Hauboiee yacTo mpuMeHIEMBIMH METOJAMH MTOCTPOSHHS CEUCHUH MHO-
TOTPAaHHUKOB IUIOCKOCTBIO SBJISIOTCS: METOJ CIENOB, METOI BHYTPEHHETO
MIPOEKTHPOBAHUS M METOJ] TIEPEHOCA CEKYIIEH MIOCKOCTH.
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Memoo cneooe

IIpu umcmonb30BaHMM 3TOTO METOAA CHAayajla CTPOHUTCA CIeN CeKyluen
TUTOCKOCTH Ha IUIOCKOCTH OJHOW W3 IpaHeil MHOTOTpaHHHKA (JMaroHajIbHON
TUTOCKOCTH, IUIOCKOCTH CHMMETPHH) M CJeJ] COOTBETCTBYIOIIMX OOKOBBIX
pebep Ha cekymeil ockoctu. Jlajgee cTposiTcst ciaepl CeKyliel IIIOCKOCTH
Ha JIpyTUX TPaHsAX NMPH HAIMYUH JBYX CIEIOB pedep, MpHHAUIeKAIINX COOT-
BETCTBYIOIIEH IPaHH, WM UX MPOJAOJDKEHUH Ha CEKyIel IIOCKOCTH.

3apaua 8. IToctpouts ceuenne kyba ABCDA B,C\D; nuockocTsio,
HPOXOMSIICH Yepe3 TpH 3alaHHble Ha ero pebpax touku M ,N,P, nse u3
KOTOPBIX JIeXKAT Ha CMEXHBIX pedpax (cM. puc. §).

Pewenue. 0 Touku M u N nexaT B IUIOCKOCTH CEYEHHUS M B TIOCKO-
ctu AA B;, nostomy orpesok MN — cier cexyluell INIOCKOCTH Ha TPaHH

AA BB . Ing mocTpoeHHs CICA0B Ha APYTHX TPAHAX MOCTYIAEM CIEXyIo-

MM 00pazoMm. K

Iposens npsamyro MN 1o ne- y M
peceuenust ¢ mpsameiME  AB  u B L G
BB, nexammmu ¢ Heil B OJHOM M P,

IIJIOCKOCTU W HE MapalyiCIbHbIMU
eﬁ, IMOJYUYMM Ha HHUX CJIEAbI CCKY-

C

meit miockoct K; u K; . Touku %
2

K, m P nexar B miockocTH

ABC, cnepoBareibHO, TpsMast

K P — cnex cexymieil MmiocKocTH

Puc. 8

Ha miockoctt ABC, Touku N u
K, — ciensl cekyeit miockoct Ha pebpe AD wu npsimoit BC' coorBerct-
BeHHo. Toukn K, u K3 nexar B miockoctu BB|C|, cienoaTensHo, mps-
mast K,K3 — cien cexymieii miockoct Ha miockoctd BB,C;, Touku F u
M/ — cnenpl cexymieii miockoctu Ha pebpax CC| u B;C| cOOTBETCTBEHHO.
Coennnsis B ykazanuowm nopsiake toukun M, N, Ny, P,B,M{,M , nonyuaem

ucKoMoe cedeHne — mecruyronsiuk MNN,PEM | . @

Heckompko citoxHee 3TUM cioco00OM penraeTcsi MoA00HAas 3a/1a4a B CITy-
vae, korga Toukn M, N u P nexar Ha HemepecekaroIuxcs pedpax Kyoa.
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3agaua 9. Iloctpouts ceuenne kyba ABCDA;B,C;D; mnockoctsio,

npoxozsied yepes Tpu 3anandbie Toukn M, N, P, nexanue na Henepece-

Karomuxcs pedpax (cM. puc. 9) mpu yCcIOBHH, YTO HHKAKHE JIBE U3 HUX HE
JIeKaT B OIHOM TpaHH. K
5

Pewenue. O Haiinem Tou-
Ky mepecedeHust mpsimoit MP
C IUIOCKOCTBIO OCHOBaHUSI Ky-
6a. OmyctuMm w©3 3aJaHHOU
Toukd M TepIeHIUKyYISp Ha
pebpo AB . Jlns sToro mMpoBe-
neMm uepe3 Touky M mpsimyro,
napajuiensHyr0  pebpy A4,

KOTOpas repecedet pedbpo AB
B Touke K. AHAJOTHYHO Ha-

XOJIMM OCHOBaHHE TEPIeH -
KyJIsIpa, OIMYIIEHHOTO U3 TOUKH
P na pe6po BC . Tak kak P Puc. 9
JeXUT Ha pedpe KyOa, TO oHa
npoekrupyercst B Touky C . Toraa touka K, = MP N K;C npunamiexur
IJIOCKOCTH CEYEeHMs M IUIocKocTH ocHoBauus. IIpsimas NK, — cien cexy-
el MIOCKOCTH Ha IUIOCKOCTH OCHOBaHHSA. COOTBETCTBEHHO, Touka N —
cien cexyiei miockoctu Ha pedbpe CD . lanee 3amaya CBOAUTCS K TIPEIbI-
Iymiei. €

OmnucaHHble BBIINIE CIIOCOOBI MOCTPOCHHS CEYEHHS KyDba IIOCKOCTHIO
NPHUMEHNUMBI ¥ K aHAIOTHYIHOM 3aj1aue JUTs THPaMUJIBI.

3amaua 10. [TocTpouTh CeYeHHE YETHIPEXYTOIbHOM mupamuasl SABCD
IUTOCKOCTBIO, MTPOXOIAIIEH Yepes Tpu 3amanubie Toukn M, N, P, nexaniue
Ha ee pebpax (cm. puc. 10).

Pewenue. O Tpameie MN u AD nexar B ognoit mwockoctu SAD un
HE NapaJUIeNIbHBL, CICIOBATEIBHO, MEPECEKYTCs B HEKOTOpoH Touke K| .
Toukn K; u P npuHaiexar MIOCKOCTH OCHOBAHMS MHUPAMHU/bI U IIOCKO-
CTH Ce4eHUs, ClIefoBaTeNbHO, npamas K P — ciern cekymieil miockocTu Ha

IJIOCKOCTH OCHOBAaHMA. AHaHOFI/I‘lHO, npsAMbIC K]P u AB MEPECCKAOTCA B
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HekoTopoit Touke K, . Touku N u
B — crnenpr cekymeit miockocTH Ha
pedpax nupamuasl DC u SB coor-
BercTBeHHO. COeNuHAs TOCien0Ba-
tensHo Toukn M ,N,N,,P,B,M ,
MOJTy4aeM HCKOMOE CEUCHHE — TISATH-
yroneuuk MNN,PE . &

3agava 11. [dansl Touku M u
N, nexamue Ha GOKOBBIX TPAHSIX
YeTBIPEXYTrOJbHONH  MUPAMUABL, |
Touka P — Ha ee GOKOBOM pebpe
(em. puc. 11). Tloctpouts ceueHwme
nUpaMuIbI II0CKOCThI0 MNP .

Pewenue. O HaxoguM Ha 1ioc-
KOCTH OCHOBAHHSI TIHPAMHUIBI CIEbI
npsmeix MN u MP —
toukn K; m K,, kak
TOYKH nepeceyeHus

YKa3aHHbIX IMPSAMBIX U
X TCHTPAJIBHBIX IIPO-

exuuit MgNy u MyB
U3 HeHTpa S Ha IUIoC-
KOCTb OcHOBaHus. IIps-
mas KK, , asnsionias-
Cs  CIICHOM  CeKyIleH
IUIOCKOCTH Ha IUIOCKO-

CTHU OCHOBaHUs, MEPeCe-
KacT MMPpOAOJIKCHUC

pebpa AB B Touke Kj. Puc. 11

Touku P u K5 nexat B miockoctu rpanu SAB u npsimas PK; mepeceka-

et pebpo SA B Touke A . IIpoBoms npsmyto FAM no nepeceuenus ¢ pe6-
pom SD, momyuaem touky M. Jlanee 3ajada CBOAMTCS K MPEABIAYIICH.
Ceuenne A MNP — ucxomoe. ¢
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Memoo enympennezo npoeKmuposanus

IIpu ucmonp30BaHUM TOTO METOJA M3HAYAJIBHO HA IUIOCKOCTH OCHOBa-
HHSI MHOTOTPAaHHUKA OTMEYAIOTCSl YEThIPE TOUYKH: TPH NPOEKUUH (LIEHTPaIb-
HBIE WJIM [TApaJUIEbHBIE) TPEX TOUYEK, ONPEEIISIOMNX TUIOCKOCTh CEUCHUS, 1
OJTHA JIOJDKHBIM 00pa3oM BBIOpaHHAs BEpLIMHA OCHOBAHMS, IPUHUMaeMas 3a
MPOEKIUIO OHOW M3 BEPUIMH cedeHusl. Ha IIIoCKOCTH OCHOBAaHUS IPOBOIST-
Csl TMaroHaJ M YKa3aHHOTO YeThIpeXyrojbHUKa. Jlanee Ha OfHON M3 MPSIMBIX
TUTOCKOCTH CEUYCHHS CTPOMTCSI TOYKA, MPOCKIHEH KOTOPOH CIIyKHT TOYKa
[epeceyeHus AUaroHajel yKa3aHHOro 4eTblpexyrojapHuka. Halinennasa uer-
BEpTast TOYKa CCUCHUSI BMECTE C OHOM M3 TPEX JAHHBIX TOYEK ITOTO CCUCHHUS
OTIpEJIeTISIET MPSIMYI0, KOTOPasi B MEPECEUEHHH C COOTBETCTBYIOIIUM PeOpoM
MHOTOIPaHHHKA JIaeT TOYKY IepPEeceueHHsl CeKyIleil IIOCKOCTH C 3THM ped-
pom.

MertoJi BHYTPEHHErO NMPOCKTUPOBAHUS SBIIsETCS S(PQGEKTUBHBIM B TEX
Cllydasix, KOrja ciell CeKyled MIOCKOCTU He MOMEIIAETCs Ha 4epTexke, Tak
KaK CeKylIl[asi IJIOCKOCTb COCTaBIISIET MaJIblid Yroi ¢ INIOCKOCThI0 OCHOBAHUS.

B, 3agaua U12. Ioctpouts ceueHue 4eTol-
PEXYTOJIBHOH IPHU3MBI IIOCKOCTHIO, IIPO-
XomAme depe3 TpU 3aJaHHBIE TOYKH
M,N,P, nexamume Ha Tpex €€ pPa3HbIX
OOKOBBIX TpaHsax (cM. puc. 12).

Pewenue. O IlpoBoguM depe3 TOUKU
M,N,P npameie MM, NN,, PR,

napajulenbHele pebpaM mpusMbl. Tak Kak
CEeKyIIas INIOCKOCTh HE MapajuiesibHa peopy

CC;, T0O OHa mepecedeT ero B HEKOTOPOH

Touke R, mpoekiueil KOTOpoi Ha mioc-
KOCTh ocHOBaHus siBisiercst Touka C . Co-
OTBETCTBEHHO, MPOCKIMEH YeThIPEXyrob-
auka MNRP , nexamiero B CeKymieil MmIOCKOCTH, SIBISIETCS YETHIPEXYTOIb-
uuk M NyCEFy. Touka O, nepeceuenus auaronaneir MNRP (O, € NP)

B JTOM Cilydae mpoektupyercss B Touky () TmepecedeHust AuaroHajeit

Puc. 12

MyNyCF, . Coennnsis toukn M u O, u npojomxkas AMaroHasb 10 mepe-
ceuenns ¢ pebpom CC;, momydaeM nHckoMyro Touky R . [amee, mpoBomst

npamele RN un RP no nepeceuenus ¢ pebpamu DD, u BB;, nomyuaem
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cuenpt S W () cexyuledl MIOCKOCTH Ha 3THX pebpax. [IpoBomst mpsmyro
SM no nepecedenus ¢ pebpom A4, , nonydaem Touky M| — cien cexyueit
10ckocTH Ha 9ToM pebdpe. Ceuenne M SRQ sBisercs HCKOMBIM. €

3apaua 13. Jlaust Toukd M , N u P, nexarine Ha GOKOBBIX TPaHSIX
YeThIPEXyToabHON mupaMuabl (cM. puc. 13). IlocTpouts cedenne mupamMust
wiockocteio MNP .

Pewenue. O Ecnv nipy pellieHUH TPeAbIAYIIEH 3a/laue UCIOIb30BAIUCH
HapauiebHbIe TIPOEKIHH, TO B JAHHOM OyJeM HCIONB30BaTh [EHTPAIbHBIC
npoekiuu.  Ilpamsie  MyN,,
MyR n NyF — ueHrpaibHsie
HPOCKIMU C HEHTPOM B TOYKE S
Ha IUIOCKOCTh OCHOBAHHS IHPaMH-
el npsmeix MN , MP u NP.
Tak Kak cexymiasi IUIOCKOCTh He
napauienbHa peopy SC, 1o ona
[epPeceyeT ero B HEKOTOPOM TOYKE
R, uenrtpanpHO# mpoekimeil Ko-
TOPOMl Ha IUIOCKOCTh OCHOBAaHUS
seisiercst touka C . CoorBerct-
BEHHO, LEHTPAJIbHOW IpOEKLHEH
yerbipexyronbiuka MNRP, rne-

XKAIIEro B CEKymleHl TIOCKOCTH Puc. 13
SABJIACTCA YCTBIPEXYT'OJIbHUK

MyN,CF, . Touka O, nepeceuenus auaronaneii MNRP npoexrupyercs B
touky O nepeceuenns guaronaneit MyNyCEFy (O, =S50 N NP). Coenu-
st Toukd M u Op u npofokas AHAroHanb 0 HEPECEUCHUs ¢ peGpom

SC , nonyuaem uckomyto touky R . Janee, mpoBoas npsimeie RN u RP
1o nepecedenust ¢ pebpamu SD u SB , monyyaem cnenst F' u O cexyuieit

IUIOCKOCTH Ha 3THX pebpax. [Iposons npsamyo FM mo nepecedenus ¢ ped-
pom SA, momydyaem Touky M| — ciex cekyliel IIOCKOCTH Ha 3TOM pedpe.

Ceuenue M| FRQ sBusercs HCKOMBIM. €
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Memoo nepenoca cexyuieit niockocmu

IIpu ucnoap30BaHUU ITOTO METO/a BMECTO CEKYIIEeH MIOCKOCTH CTPOMT-
csl mapajuiesibHasi €l BCroMorareiabHasi IIOCKOCTh, KOTOpast NMEePEceKaeT Bce
TPU FPaHU HEKOTOPOTO TPEXI'PAHHOTO yria JaHHOrO0 MHOrorpaHHuka. Jlanee
MyTeM MapajIesIbHOTO MEePEHOCa CTPOSATCS HEKOTOPbIE JIMHEUHBIE JIEMEHThI
HUCKOMOTO CEYCHHUS, COOTBETCTBYIOIIUE JIETKO CTPOSIIIUMCS DIIEMEHTaM
BCIIOMOTATEIFHON TTOCKOCTH.

3agauya 14. Jlausl Toukn M , N u P, nexampe COOTBETCTBEHHO Ha
6okoBbix pebpax SA,SD u SB wuersipexyronsaoii nupamunsl SABCD .
IMoctpouts cedenue mupamuss! ockocteio MNP (cm. puc. 14).

Pewenue. O IlpoBomuMm uepes
BepmiuHy D TpAMYI0, TapaienbHyo
MN |, no nepeceuenns ¢ pedbpom SA .
Yepes nosyueHHyto Touky K| mapain-
nenbHo MP npoBOJMM MPSIMYRO 10
nepeceuenus ¢ pebpom AB B TOuke
K,. ITirockocTh TPEYTOJIbHHUKA

DK K, mnapamnensHa  IUIOCKOCTH
MNP . TInockocts ASC nepecekaer

UX 10 MapauIebHBIM TpsMbIM. [Ips-
Mast iepecedenus wiockocteit ASC u
DK K, - KK5, rne K3 — touka
nepeceuenus auaroHand AC uerhl-
pexyromsunka ABCD wu  otpeska
DK, . Yepes Touxy M mnpoBoauM npsmyro, napamiensayro K, K5, no me-
peceuenus ¢ pedbpom SC . TTonyuaem Touky O . Ceuenne MPON sBusercs

Puc. 14

HCKOMEIM. €
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§3.2. Boruucienne mionam mJioCKoro ce4eHus

[Ipn BBIYMCICHWHM IUIOMIAM CEYCHHST MHOTOTPaHHHUKA IUIOCKOCTBIO
O0BIYHO UCIIOB3YIOT OAUH U3 CJIEIYIOIUX CIOCOOOB.

1. TIpu mepeceueHnH CEKyIIeH IIOCKOCTBI0 MHOTOTPAHHHUKA B CEUYCHUH
MOJTyYaeTcs INIOCKUH MHOTOYTONBHUK. Eciy ymaeTcss BEIYMCINTD AJIHHBI €T0
CTOPOH M KaKHWe-HHOY/b YIJIbI, TO, pa30MB MHOTOYTOJIFHHK Ha 4acTu (Tpe-
YTOJIBHUKH M YETBIPEXYTOJbHUKHN), UCIONB3Ys (DOPMYJIBI ISl BBIYMCICHUS
IUIOLIAAeH COOTBETCTBYIOUIMX (UIYp, MOXKHO OINpPEIEIHTh BCIO IUIOIIANIb
CCUCHUS.

2. VHorpa 3amaya MOXKET OBITh pellleHa C MCIOJIb30BaHUEM (OPMYJIBI
iomaau OpTOFOHaﬂbHOﬁ MMPOCKIIMN MHOTOYI'OJIbHHKA. TaK, €CJIM U3BCCTCH
Yrol () MEXAY CEeKyLlel INIOCKOCTbIO U HEKOTOPOH INIOCKOCTBIO, TAKOM 4TO

IJI0IA b Snp OpPTOTrOHAIBHON IPOEKIMU (UIYDPBI, TIOJyYEeHHONW B CEUEHHMH,

Ha HEe W3BECTHA, TO IUIOMIAAb CCUCHUS S ., BBIpaXxaeTcs GopMyIIoi:

S
SC@‘{ = = °
cos @

3. KoopnHaTHO-BEKTOPHBII METO/I, TOPOOHO OMUCAHHBIN B Ii1aBe 6.

PaccMOTpHM HECKOIIBKO MPUMEPOB.

3agaua 15. B npaBuiibHON 4eThIpEXyroJbHON MHUpaMHie CTOPOHA OCHO-
BaHHWs PaBHA « , a JBYIPAHHBIA yroj NpH OCHOBaHWHM paBeH [ . Haiitu
IUIOIIAAb CEYECHUS IHPaMUABl IUIOCKOCTBIO, IPOBEACHHON MNapajienbHO
IUIOCKOCTH OCHOBAHUS Yepe3 IEHTpP BIMCAHHOTO B MUPaMUILy IIapa.

Pewenue. O Ilyctb SABCD -
NpaBUIIbHASL YETBIPEXYTOJbHAS MHPaMU-
ma, SP — ee Boicota, SH - BrIcOTa
6okosoii rpanu CSD . Torma nByrpas-
HBIif yrojx TpH OCHOBAHMU pPaBeH
Z/SHP = [3, a uenrp BIUCAHHOTO B TH-
pamuny mapa (touka O ) sBisieTcs me-
peceuerueM SP  m  OUCCEKTPHCHI
ZSHP (cm. rnaBy 5). U3 nomoGus mu-
pamuasl SABCD w nupamujsl, oTce-

KaeMOM OT Hee IJIOCKOCTBIO, IMPOBEACH-
HOU napajijyieJ;ibHO IMJIOCKOCTU OCHOBAHU
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2
ceu. SO
4Y€pe3 NCHTP BIIMCAHHOIO 1Iapa, IoJydyaeM: ———— = | —— .

ascp  \SP
Sapcp =a’, SP:%tgﬂ, SO=SP-0P, OP:%tgg.

Takum oOpazom, nmeem:

B B
E_tgﬁ—tgz smzcosﬂ_l_ cosf 1

Sp tgf cosfsin p 2cos? /2} 1+cosf

a2

(1+cos,8)2 ¢

3agaua 16. Ha GoxoBom pebpe DD NpaBWIBHOH NIECTHYIOIBHOIL

Ionygaem: S, =

npusmbl ABCDEFA|B,C\D\E\F| B3srta Touka M , He npuHaIIeKamas HA

OZHOMY M3 OCHOBaHuii. Yepe3 Hee HepneHAUKYJIApHO Iiockoctd A4 D,

IMPOBEACHBI IBE€ B3aUMHO IMNEPINECHANUKYIIAPHBIC IUIOCKOCTH, TaK YTO CECYCHUA
MPU3MBbI STUMU TUIOCKOCTSIMU UMEIOT €TUHCTBEHHYIO 001IIyI0 TOUKY. OJTHO U3
CEYCHMH, IUIOIIAJb KOTOpPOrO paBHA B
1 C]
1

9\/5 , IMEET TOJBKO OJIHY OOIIYIO TOUKY

1
A, ¢ BepxHuM ocHOBanueM. Ilnomams A, : E: D,
1
I

JPYToro cedeHus paBHa 9 u 3TO cedeHue
CONICPXHUT IEHTP CHUMMETPHH HWKHETO
ocHOBaHMA. HaliTi 00beM IPU3MBIL.
Pewenue. O IlycTh ceueHue mioua-
apt0 94/2 obpasyer yron « ¢ IUIOCKO-

CTBIO BEPXHEro OcHOBaHMA. Toraa Bropoe
ceueHue 00pas3yeT ¢ HUKHUM OCHOBAaHHEM

yron 90° — ¢ . Tlnomaas mpoeKuu mep-
BOTO CEYEHUS Ha IUIOCKOCTh OCHOBAHUS
paBHa IUIONAAX BEPXHETO OCHOBAHHS.
Wcnonb3yst GopMylly IUIOMIAAH OPTOTO- Puc. 16
HaJIBHOM MPOEKIINH, TIOJYIUM
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SAIBICIDIEIFI = Sl CoSx N
rae S; — wiowans cedeHus, T. e. S| = 9x/§ . CnieioBaTesbHo,

SA]BIC]D]EIFi = 9\/§COS(X .

Hnomam, IMMPOCKIMN BTOPOI0 CCYCHUA COCTABJIACT IMOJIOBUHY IJIOIIAAA
HMXXHCTO OCHOBAHMA:

Sascost _ s, cos(00° ) =5, sina

rae S, — miomase cedenus, T. e. S, =9 . CiesoBarensHo.

SABCDEF = lgsina .
Tak KaK IUIOIAAM BEPXHEr0 M HIDKHETO OCHOBAHMS IPU3MBI PaBHBI
S 4BcDEF =S 4B,C,D,E,F, » TO TIOIy4acM ypaBHEHHE

9\/5(:0505 =18sin .

2
Orcropa cnenyer tga =——. llpumenssn ¢opmyny 1+ tgza ==
2 cos” a
nojydaeM COSOr =—.

Haiinem ctopoHy IiecTtuyrojgpHuka. s 3TOro BBIPA3UM  ILIOILAJbL

33

_ 2
SyBcpEF AByms cnocobamu. Tak, SypcpEn —T'AIBI u

S ABCDEF = 92 cosa = 9&? = 6+/3 . Orcioma A B =2.

Haiinem BbIcOTY PU3MBI
DM =0D g (90° — &) = AB -ctg o = 2+/2 (em. puc. 16),
DM =AD, - tga=22, DD, =42.

Haiinem 00beM MpHU3MbI:

V=Supconn DD =633 -442=24J6 . @

66



§3.3. 'eomeTpryeckne MecTa B IPOCTPAHCTBE

T'eomempuueckum mecmom Ha3bIBAETCS HEKOTOPas COBOKYIHOCTh BCEX
3JIEMEHTOB MPOCTPAHCTBA (IUIOCKOCTH), TOJIOKEHHSI KOTOPBIX yJIOBJIETBOPSI-
10T OJIHOMY WJIM HECKOJBKHM YCIIOBHSAM. DJIEMEHTAMH MOTYT CIIY>KHTb TOY-
KU, IIPSMBIE, INIOCKOCTU M APYTHE MHOXECTBA TOYCK.

Yr00bI I0Ka3aTh, 4T0 Burypa P sBisercs reoMeTpuyecKUM MECTOM TO-
4eK CO CBOUCTBOM A, HY>KHO JI0Ka3aTh J(BA MPE/JIOKEHUS:

1) Bee Toukn P o6maparor coiictom A.

2) Hu oxHa Touka, He nmpuHaiexaias P, He obnagaer cBoiicteom A.

BakneimuMu npuMepaMu reoMeTpHYecKUX MeCT TOYeK (hajee Oynaem
o6o3nauath 'MT) B mpocTpaHCTBE SBISIOTCS:

(1) TMT, paBaoyaaneuusx ot AByx Touek A u B, — mmockocts, npo-
XOJIsIas yepes cepearny ortpeska AB meprieHauKkyIsIpHO 3TOMY OTpE3Ky.

(2) TMT, paBHOyaIEHHBIX OT JIByX MapaUIeJbHBIX TPAMbIX & u D, —
TUIOCKOCTh, MEPIEHANKYIISPHAs TUIOCKOCTH, COAEp Kalled 3TH MpsAMBbIE, a-
pajutesibHas MPSAMBIM MM M TIPOXO-
JIas 4epe3 CepeluHy KaKoro-
160 oTpesKa AB, rae
Aca,Beb.

(3) TMT, paBHOyIAIEHHBIX OT
JBYX IEPECeKaloIXcs HPSIMBIX, —

JBE IUIOCKOCTH, IEPIeHAUKYIAP-
HBIE IJIOCKOCTH, COJAEpIKAled 3Th
npsIMbIE, TIPUYEM OJIHA M3 HHUX IPO-
XOJIUT Yepe3 O/iHY, a Apyras — uepe3
Puc. 17 JIPYTYI0 OWCCEKTPUCY yTIiia MEXIY
JTAHHBIMH TPSIMBIMHE (cM. puc. 17).

(4) 'MT, paBHOyAaJIEHHBIX OT JABYX
MEPECEKAIOIMXCS TIOCKOCTEH & u f3,

— MJIOCKOCTH Y U é‘ , ACJAIIHUE II0IT0-

JaMm JIByTPaHHBIE YTIIBI MEXY IUIOCKO-
cravmu @ u 3 (cm. puc. 18).

OTH TIJIOCKOCTH HA3bIBAIOT OUCCEK-
mopuanvHvimu  naockocmamu (WK
OucCceKmopHvIMU NIOCKOCHMAMU, WU
ouccexkmopamu).
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(5) 'MT, paBHOy#ajeHHBIX OT JOBYX HapajUICJIbHBIX IUIOCKOCTEH & M
[, — IIIOCKOCTh ¥ , mapajuieNbHas & ¥ 3 ¥ NPOXOJsIuas 4epe3 Cepeauny

kakoro-mi6o orpeska AB,rne Aea,Be f.

(6) TMT, paBroynanennsx ot touek A, B, C (me mexammx Ha omHON
npsamoit), — npsaMas, nepnenaukyiaspras miockoctu ABC u npoxonsmas
4yepe3 LEHTP OKPYKHOCTH, OmMcaHHou okono Tpeyroabnuka ABC . Ecim
A, B, C pasnuusbl u nexar Ha OIHOM NPAMOH, TO 3TO TEOMETPUUECKOE Me-

CTO ABJIACTCA MIYCTBIM MHOXXCCTBOM.

(7) TMT, paBHoymanennsix ot 4erbipex Touek A, B, C, D, ne nexa-

MIMX B OHOM IDIOCKOCTH, — IIEHTP cephl, COMSpKAIICH STH TOUKH.

(8) TMT, paBHOyHmalEHHBIX OT TpaHEH TPEXTPAHHOTO yIia, — MpsAMas,
SBISIOIIASCS TIEPECeUCHNEeM OUCCEKTOPHAIBHBIX IUIOCKOCTEH BYTPaHHBIX
YIJIOB 3TOTO TPEXTPAHHOTO yria. DTy MpPSMYI0 MHOTZA Ha3bIBAIOT OuUCCeK-
MPUColl MPexzpannozo yend.

(9) T'eomeTpuueckoe Mecto cepenun orpeskoB AB, rae touku A u B
JEKAT Ha TApANIENbHBIX IUIOCKOCTAX & M /3 COOTBETCTBEHHO, — IUIOC-

KOCTb, MapauienbHas & u f3 .

(10) Teomerpuueckoe Mecto cepeaun orpeskos AB, rae touku A u B
JIEKAT HA NEPECEKAIOIIUXCS INIOCKOCTIX & U f3 , — BCE IPOCTPAHCTBO.

(11) Teomerpuueckoe MecTo cepeaun orpe3koB AB, rme A— duxcu-
pOBaHHas TOYKA, 8 TOUKa B JIEKUT HA IWIOCKOCTU & , — IIOCKOCTh, Napa-
JNeNbHAs TUIOCKOCTH Y .

(12) Teomerpuueckoe Mecto cepenun otpe3ko AB | rne Toukn A u B
JIEXKAT HA CKPEIMBAIONIMXCSA PAMBIX @ U D COOTBETCTBEHHO, — IIOCKOCTH,
napasuiesbHas mpsavMbiM 8 u b .

(13) T'eomeTpuyeckoe MECTO TOUYEK, HAXOMAALIMXCS Ha 3aJaHHOM pac-
CTOSIHUHM OT TOYKH, — chepa; OT MPSIMOil, — HOBEPXHOCTh MPSIMOTO KPYrOBOTO
LWIMHAPA; OT INIOCKOCTH, — JABE MapajlieibHbIC INIOCKOCTH.

OTMETHM, YTO TEOMETPUYECKOE MECTO, KK M BCAKOE MHOKECTBO, MOXKET
COJIEPKaTh «MaJioy IJIEMEHTOB, HAPUMED OJMH WM JaKe HH OJHOro (Iyc-
TOE MHOXECTBO).
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I'eomeTpuueckoe MeCTO TOYEK IUIOCKOCTH, PABHOYIAJIEHHBIX OT TpeX
BEpIIMH TPEYTOJIbHUKA, — 3TO €IUHCTBEHHAs TOUYKa (IIEHTP ONMHCAHHOH OK-
PYXKHOCTH).

I'eomeTpuueckoe MECTO TOUEK IIOCKOCTH, PABHOYNAIEHHBIX OT BCEX TO-
YeK JJaHHO NMPsIMO, — IyCTOe MHOKECTBO; TAKMX TOYEK HE CYIIECTBYET.

3apaua 17. Hailitu reoMeTpudeckoe MECTO TOYEK, PaBHOYAIEHHBIX OT
YeThIPEX JaHHBIX TOYEK (HE JISKAIIUX B OJHON IJIOCKOCTH).

Pewenue. O Tycts nanwt Toukn A,B,C u D (cm. puc. 19). Tax kak

OHM HE JIe)KAaT B OJHOM IJIOCKOCTH, TO
D a HUKaKue TPU U3 HUX HE JIS)KaT Ha OJHOM
npssMoil.  MCKOMBIM ~ TeOMETpUUYECKUM
MECTOM TOYEK SBISIETCS €IUHCTBEHHAs

‘ touka O; (ueHTp cdepsl, MpoOBeICHHON

yepes toukn A,B,C u D).
1) Uckomast Touka Ol OJIMHAKOBO

ynanena or touek A,B u C, cienosa-
TENBHO, JIEKUT HA TIPAMOW &, MEpIeH-
nukynspHoir mwiockoctu = ABC u
npoxonsiei uyepes touky O— menrp
OKDYIKHOCTH, TIPOBEIECHHON Yepe3 TOUKH
A,B u C (cm. puc. 19).
2) Uckomas touka O; ommnakoBo ynanena ot touek A u D, cnenosa-

TENBHO, JIEXKUT B IJIOCKOCTH ( , NEepIeHAUKyspaoi npsmoit AD u mpoxo-
Jsei uepes cepenuny orpeska AD .

3) [IpsiMmast @ W IUIOCKOCTh (X TEPECEKAIOTCs (IOKaKuTe!) B CIUHCTBEH-
Hoii touke O; , KOTOpast SBISETCS HCKOMOM. €

Hcnonp30BaHHBINA TIPH PEIICHUH 3TOW 3ala4d METOJ| TeOMETPHUYCCKIX
MECT SIBJSICTCS B TCOMETPHUH BAXXHEWUIIIMM METOAOM IocTpoeHus. Ero cyTs
cBoIMTCA K cuenywomeMy. Ilycts TpeOyercs nocrtpouts Touky M, oGia-
narolyro aByms coiictBamu — A u B . Haxomum reomerpuueckoe MecTo
TOUEK, 00JaJarIIMX TOJILKO CBOMCTBOM A, 3aTeM TOJNBKO CBOMcTBOM B .
Hckomas Touka M noikHa GbITh 0OIIEH it 0OOUX TEOMETPHYECKHUX MECT,
HalpuMep, 10JKHA ABJIATHCA UX TOYKOU NEPECCUCHMA.
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I'maBa 4. MHOrorpaHHMKH

§4.1. Ilpu3ma u napaJuiesenunes
Ilpusma

Ilpu3moii Ha3pIBaeTCS MHOTOTPAHHUK, y KOTOPOTO JIBE TPAaHH — PaBHbIC
MHOTOYTOJIBHAKH C COOTBETCTBEHHO ITapajjIeIbHBIMU CTOPOHAMH, & BCE OC-
TaJIbHbIE TPaHK — HapajuiesorpaMMsel. [IepBeie Be rpaHK Ha3BIBAIOTCS OCHO-
6aHUAMU NPU3MbL, A BCE OCTAIIbHbIC — OOKOGbIMU 2panamu. 1Ipu3Ma Ha3bI-
BAaCTCSl MPey2oibHOll, YembIPexXy20abHOll, NAMUY20IbHOU U T. . (B 001IIEM
cilyyae M -y20/1bHoil) B 3aBUCHMOCTH OT TOTO, KaKOH MHOTOYTOJIBHHUK JIEXKUT
B OCHOBaHUM MPHU3MbL. Y 71-yrojbHOM NpPU3MbI 27 BepuiuH, 371 pedep,
n+2 rpanu.

W3 onpeneneHus mpusMbl CleLyeT, YTO B OCHOBAHUSIX MPU3MBI JIEXKAT
paBHBIE MHOTOYTOJIBHUKH C COOTBETCTBEHHO MapauIeIbHBIMH CTOPOHAMH, a
OOKOBBIC I'PaHU MPHU3MBI — NTAPAJLIEIOTPAMMEI.

OO0me CTOpOHBI OOKOBBIX
rpaHell TPU3MBI  HA3BIBAIOTCA
00K06bIMU  pedpamu  TIPU3MBL.
Orpesox OO, (cm. puc. 1) nps-
MOH, NEPHEHIUKYJISIPHOU ILIOC-
KOCTSIM OCHOBAaHHM  NPU3MBIL,
3aKJIFOUEHHBIH  MEXIy HUMH,
Ha3bIBAETCS GbICOMIOU TIPU3MBL.
Juazonany pu3Mbel — OTPE30K,
COCIMHSIONINH JBE BEPIINHBI, HE Puc. 1
Jexaluye B OAHOM rpaHu. YV n-
yronbHoM npusmbl  n(n—3) nauaronanu. Juazonanvhoil RAOCKOCHIBIO

IPU3MBI IPUHATO Ha3bIBATh IUIOCKOCTD, MPOXOAALIYIO Yepe3 AUaroHalb OC-
HOBaHUS B OOKOBOE pedpo MpHU3MBI, a GUTypy, HOIYUECHHYIO IIPU Tepecede-
HHMU 3TOH IJIOCKOCTH C IOBEPXHOCTBIO IIPU3MBI, HAa3bIBAIOT OUAZOHAILHBIM
ceuenuem npu3Mbl. CeueHUE NMPU3MBI INIOCKOCTBIO, NMEPIEHAUKYIIAPHOII ee
OOKOBBIM peOpaM, Ha3bIBAIOT NEPHEHOUKYIAPHBIM ceyeHuem Tpu3Mbl. Ha

puc. 1 durypa A4,B,C,D,E, sBusercs NepHeHIUKYJSAPHBIM CEUCHHEM

paccMaTpuBaeMOi TPHU3MBI.
[Ipu3ma Ha3bIBacTCSl NPAMOIL, eciy ee OOKOBbIE pedpa MeprneHIUKYIIsp-
HBI TIJIOCKOCTH OCHOBAHHUSI M HAK/IOHHOI — eciii ee OOKOBBIE pedpa He rmep-

70



MNEHAUKYJISIPHBI INIOCKOCTH OCHOBAHUA. B HpHMOﬁ MMpuU3Me BbICOTA 001 na-

paiicjibHa BCCM €€ OOKOBBLIM pe6paM. HpHMaH npusMa Ha3bIBACTCA npa-
BqubHOﬁ, €CJIM €€ OCHOBAHUA — NPaBUJIbHBIC MHOT'OYT'OJIbHUKH.

IHapannenenuneo

Ilapannenenunedom Ha3bIBacTCs MPU3Ma, OCHOBAHHUSIMU KOTOPOH CITy-
AT MapaieorpaMMmal.

[Mapasnnenenumes, 60koBbie pedpa KOTOPOTro MEPICHANKYIISAPHBI K II0C-
KOCTSIM OCHOBAaHUi1, HA3BIBACTCS NPAMbIM. B IPOTHBHOM Cilydae mapasuiese-
IHIIE/ HA3BIBACTCS HAKIOHHbIM.

IpsiMo#i mapaienenunes, OCHOBaHHsI KOTOPOTO — MPSIMOYTOJIHHUKH, Ha-
3BIBACTCSL HPAMOY2071bHbIM. Bee rpaHy IpsIMOYTOJIBHOTO Mapasuiesenuieaa
— MPSIMOYTOJIBHUKH. J[ITMHA KaXA0T0 U3 Tpex pebep HpsIMOYTroJIbHOTO mapai-
JIeNeTUIe ], BBIXOSIINX W3 OFHOH BEPIUMHBI, HA3BIBACTCS UIMEPEHUAMU
HapauiesIeHIIe .

IIpssMOYroIbHBIN NapalIesIeuIe]], BCE TPU U3MEPEHUS KOTOPOT'O PaBHbI
MEX1y cOO0M, HAa3bIBAETCS KYOOM.

HexoTopsle cBoiicTBa mapaJiieenumnena.

1. B mapamienenumene NpOTHBOMOJIOXKHbBIC TPAHH PABHBI M Hapajieib-
HBI.

2. JlnaroHaiu mapaJuieienuIea epecekaroTesl B OMHOM TOUKE U JIeIISIT-
CsI €10 TIOMOJIaM.

3. CymMa KBaJpaToB BCEX NHUArOHANCH Mapajulelenuea paBHa CyMMe

KBaJIPaToB BCEX ero pedep: d12 + dzz + d32 + di = 44> +4b* + 4%
4. KBajpar juaroHalu npsMOyroJIbHOTO apajulelIelnIe/ia PaBeH CyMMe
KBaJIPaTOB TPEX €ro H3MEPCHHIL.

CuencrBue. B npsMOyroisHOM Iapaulesienuesie BCe YeThIpe IHaroHa-
JIM paBHBI MEXKAY COOOIL.

Hosepxuocmb npu3mol u napa.fmeﬂenuneda

Bbokosoit nosepxnocmuvito npusmepl (Tapajulelenunenia) Ha3bIBACTCS
CyMMa TITOIIaiel Bcex ee OOKOBBIX TpaHei.

Ilonnoii nosepxnocmoto npusmel (MapayjieNeNIIEa) HA3BIBACTCS CyM-
Ma ee OOKOBOI MOBEPXHOCTH U TIJIONIA/Ie OCHOBaHUH.

BokoBas moBepxHOCTh NMpU3MBI (Tapajuleenumnesia) paBHa MpPOU3Beae-
HUIO TIEpUMETpa MEePIeH IUKYISIPHOTO ceyeHus: Ha O0KoBoe pedpo.

BokoBast moBepXHOCTh NPSIMON MPU3MBI PaBHA MIPOU3BEACHUIO IEPUMET-
pa OCHOBaHHS Ha BBICOTY MIPU3MBI.
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Oo6vem npusmol u napannenenuneoa

Obvemom zeomempuueckozo mena Ha3bpIBAeTCAd BEIMYMHA YaCTH NPO-
CTpPaHCTBa, 3aHUMAEeMOro 3TUM TeioM. [IpuHsTO paccMarpuBaTh 00bEM Kak
BEJIMUMHY, 00JIa1aI0IIYI0 CIEAYIOIUMU CBOHCTBAMH:

a) paBHBIE TeJla UMEIOT PaBHBIE 00BEMBI;

0) 00BeM KaKOTrO-HHOYAb TeJa, COCTOSIIETO W3 YacTeil, paBeH CymMMe
00BEMOB ITUX YacTel;

B) €CIHM M3 JBYX TC€OMETPHUYECKHX TeJl IEePBOE COICPIKHTCS LEIHUKOM
BHYTPH BTOPOT0, TO 00bEM IEPBOr0 TeNa He IIPEBOCXOAUT 00beMa BTOPOTO.

Tena paBHOro o0beMa Ha3bIBAIOTCA pagHoGenukumu. B xadectBe enu-
HUIIBI 00beMa IPIHUMAaeTcs 00beM Kyba ¢ pedpoM paBHBIM €AMHUIIE JUTHHBL.

O0bem kyba. Oovem Kyba paguaemces Kyoy ezo peopa.

O6bem napaiuienenunena. Oovem npamMoyz0abHO20 nRaApaienenune-
0a pasen nPou3ee0eHUI0 Mpex e20 UsMepeHull:

V =abc xyb. eo.,

20e a,b,c — usmepenus napannenenuneoa.
Obvem npAmMoyz016HO20 U HAKIOHHOZ0 nApaniesienunedd pasen npo-
U36e0eHUI0 €20 NAoWaou OcHosanus na evicomy: V=H-S .

Oo0vem npusmsbl. Haknonnas npusma pagnoeenuxa maxou npamoil
npuszme, 0CHOGAHUE KOMOPOU PAGHO NEPREHOUKYIAPHOMY CEUeHUI) Ha-
KJIOHHOU NPU3MDbL, A 66ICOMA — €€ DOK0BOMY pedpy.

Ha puc. 2 ABCDA,B,C|D; — na-
KJIOHHasA, a A232C2D2A3B3C3D3 -
npsiMasi MpU3Ma, OCHOBaHHME KOTOPOU
A,B,C,D, nepneHaukyisipHo  GOKO-
BBIM peOpaM HAKIOHHON MPH3MEBI, a
BBICOTA (6oxoBoe pebpo)
A, Ay = A4, = H . B Takom ciydae

VABCDAIB,CIDI = VA282C2D2A3B3C3D3 :
O0vem npou3eoabHOI NPUMBL Pa-
6€H NPOU3BEOCHUIO RIOU{AOU OCHOBA-

nus na ¢vicomy: V=H-S,

rae S, — IUIOIanh OCHOBaHMA, a [

— BBICOTA.
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Hpunmnn Kasanbsepu. Eciu 06a mena mozym 0vimb pacnonoxncenst
mak, Ymo 1106an NAOCKOCMb, NAPALIEIbHAA KAKOU-HUOYOb 0AHHOI NOC-
Kocmu u nepecekarouias ooa mena, oaem é ceueHuu ¢ HUMU PAGHOGeENU-
Kue ¢uzypol, mo 06vemsl maKux mesi pagHol.

PaCCMOTpI/IM TCHEPb HECKOJIbKO TUIIUYHBLIX 3ajia4, AOIOJHAIOMINX pPe-
3yJIBTaThl, U3JI0)KEHHBIC BBILIIE.

3agaua 1. Kaxxgoe peOpo mpaBUIbsHON TPEYTONbHOW MPU3MBI PaBHO d .
Yepe3 CTOPOHY OCHOBAHHUS M CEPEIUHY OCH (OCh — OTPE30K, COCIMHSIOLTHNA
[IEHTPHI OCHOBAHMIA) MPOBECHA TNIOCKOCTh. HaliTu miomaasr cedeHus mpus-
MBI 3TO IJIOCKOCTBIO. C

1

Pewenue. O Ilyctp Bce peOpa mpaBwlIb- A, 0 N 07

noit mpusmsl ABCA B|C| pasusl a (cm.
puc. 3). Uepes pebpo ocuoBanust BC u cepe-
ouay D ocu OO mpoBemeM ILUIOCKOCTS,

KoTopasi mepeceder ocHoBanue A;B|C; mo

npsivoii, mapauiensHoit B C;. Touku nepe-

A

CedeHHUs 3TOH mpsmoil ¢ pebpamu A B; u

A,C cooTBercTBeHHO 0003HAUMM uepe3 M

u N . Coenunus touxu M u B, N n C,
nonyunM cedenue BMNC. Tak kak MN || BC, 10 4eThIpexyrojbHHUK

Puc. 3

BMNC - tpaneuus, u ee Boicoroii 6yner orpesok PQ (LP L BC, cneno-
BarenbHo, 1 QP 1 BC). Torma miomans ceuenuss BMNC pasna
S=(BC+MN)-QP/2.

ITo ycmosuto 3amaun BC=a. aADOP=aDOQ (0OD=DO;
ZPDO=/ZQD0O; wu »>mu TpeyronpHUKH HPIMOYroibHeC). Torma

a3
OP=0,0 ZT (Kak pajuyc OKPYXKHOCTH, BIIUCAHHOW B TPEYrOJbHHK

ABC). U3 npsmoyromeruka LQOO;0 nonyunm LO =QO0,. Tak kak

OL = A4, = a, to u3 teopems! ITudaropa [1uas npsiMOYTOJIIBHOTO TPEYTroiIb-

uuka QLP waxonaum F‘szlLP2 +LQ2 = 2a\/§

3
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U3 nono6us tpeyronsunkos A MN u A B;C; (MN || B,C,) cienyer

MN A
NV _AQ 1 wmv=tpc -ta
B,C, AP 3 3 3

IMoxcraisis Haiigennsie 3uayenuss BC, PO u MN B dopmyiy mio-

1) 2a3  4a*3

a1 ceyenus, nmoiaydaem S=—|a+—a |-
2 ( 3 ) 3 9

.o

Eciu u3Bects! [ — minHa GokoBOro pedpa mpusmel, S| — IUIOMAAb U
P, — mepumerp ee nepneHANKYISIPHOTO CEUCHHS, TO JUIS BEMUCICHUS ILIO-
maan O0KOBOM MOBEPXHOCTH U 00beMa IPU3MBI HCIIOJIB3YIOTCS (POPMYJIBI:

3agaua 2. B HaKIOHHOW TPEYrOJIBHOHN IpH3Me JUTMHBI OOKOBBIX pedep
paBubl 8 cym. CTOPOHBI MEPIEHAUKYISIPHOTO CEUEHHS OTHOCATCS Kak

9:10:17, a ero mwiomanp pasua 144 cu’. Onpeneauts mowaas GOKOBOIt
HOBEPXHOCTH TIPU3MBIL.

Pewenue. 0O PaccMOTpuM  NpU3MY B, C,
ABCAB,C;, A4 =BB =CC,=8 cm,
A,B,C, — ee nepneHIuKyIspHOE CEYCHUE

(cm. puc. 4). [Tnomaas OOKOBOH MOBEPXHO-
CTH MTPU3MBI paBHa:

S50K. = (A2B2 + BzCz + C2A2) . AAI .
CornacHo YCIIOBHIO 3a1a9u

S 48,0, =144 e’ u CTOPOHBI TPEYIOJib-

unka A,B,C, HaxomiTcss B OTHOLICHHH Puc. 4

A By : 4,C,y : CyB, =9:10:17. O6osnaunm A4, B, =9x, A4,C, =10x,
C,B, =17x. Ucnons3ys dopmyny ['epoHa, HaiiieM IIIOMALb TPEYTOIbHA-
ka 4,B8,C5: \/m =36x> , & TI0 YCJIOBHUIO 3TAa IUIONIAb PaBHA
144 cu?, 1. e. 36x% =144 . Orcroma nonygaeM X =2 cm. CrenoBaTens-

HO, Ay B, + B,Cy +Cy Ay =36x=72 cm,u S;, =72-8=576 cu’. @
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3agaua 3. B HakJIOHHOW TPEyroIbHON IpH3Me TUIOIAAb OJHOHN U3 O0KO-

. 2
BBIX IpaHEH paBHA M~ , a pacCTOSHHE OT MPOTHBOJIEXKAIIETO pedpa 1o Hee
paBHO 2a . Haiiti 06beM PU3MBIL.

Pewenue. O Tycte A, B,C, (cM. prc. 5) — NepieHANKYIIIPHOE CeUeHHE
npusmel ABCAB)Cy u 4,B, 1 DC,, Torna coriacHo yCIOBHIO 3a1adud
DC, =2a, a nnomans 6GokoBOi rpaHei
ABB, 4, pasHa

B,
Sappa =By - A4 = m*. B, m

C,

O6BeM npu3MBI paBeH

V=44 'SAZBZCZ \ C

2
HUJIn

yoA4 DG 4By _ 2 o B C
5 :

3apaua 4. Onpenesutb 00BEM TIps-
MOYTOJIEHOTO TapajuleNeNunesaa, Mmioma-

Iu rpaHeii kotoporo pasusl O, 0, u Q5.

Puc. 5

Pewenue. 0 O603HaYNM M3MEPEHHS NTapaJUIeIICNHIe/Ia uepe3 X,V U Z .

OO6BeM HpsIMOYTOJIBHOTO MapauleenuIeaa papeH V = Xyz , a IIolamy ero
TpaHel COOTBETCTBEHHO

xy=0y, x2=0, n yz=05.

HGPEMHO)KI/IB IMpaBbIC U JICBBIC YaCTU TPEX MOCICIHUX PaBCHCTB, MOJIYy-

quM (xyz)2 =0, -0, -0 umu v?= 0O, -0, - O5. CnenosarensHo,

V=y0-0,-0;. ¢
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§4.2. lTupamuaa

IMupamuodoit Ha3bIBAETCS MHOTOTPAHHMK, OIPAHUYEHHBINA TPAHAMU MHO-
rOTPaHHOro yIJla M IJIOCKOCTBIO, IIEPECEKAIOIIEN BCE €ro rpadu (cM. puc. 6).
Ocnosanuem THPaMHIBl HA3BIBAECTCS MHOTOIPAHHHK, HOIYYEHHBIA B CEKy-
weit miockoctn ( ABCDE ). Bokosbimu zpanamu TUpaMuibl Ha3bIBAIOTCS
tpeyronsaukn ASB, BSC, ... ¢ obmei Bep-

IUHOM S, KOTOpasi Ha3bIBaCTCA GEPULUHOIL
nupamMuzpl. BOKOBBIME pefpamu npamMuibl
Ha3bIBalOTCA pedpa, 0 KOTOPBIM NEPEeCceKaroTCs
OOKOBBIC TpaHu. Boicomoii nupamuowvt Ha3biBa-
ercs mneprneHaukysip SO, OIyLICHHBIA U3
BEPUIMHBI MMPpaAMUAbI HAa INIOCKOCTh €€ OCHOBA-
Hust. [lupamuna Ha3bIBACTCS MPABUILHOU, €CIIU
€€ OCHOBAHHC — HpaBHHbeIﬁ MHOTOYT'OJIbHUK U
BBICOTA NUPAMUABI IPOXOJUT Yepe3 LEHTP ITO-
Puc. 6 ro MHOIOYIOJbHUKA. Anogemoii NpaBUILHON
MTUpaMHUIbl HA3bIBACTCS BHICOTA OOKOBOM IpaHy.

OrmeTuM, uTo B mupamuze OykBoil S 0ObIUHO 0003HAYAIOT U €€ Bep-
IIUHY U IOBEPXHOCTH (IIOJIHYIO WM ee uacTeit). OfHAKO 3TO HE IPUBOJUT K
HEJIOPa3yMEHHIO, TaK KaK 10 CMBICIY BCErja SICHO, O YeM HJIET Pedb B Kax-
JOM KOHKpeTHOM ciy4dae. Kpome Toro, ecnm
paccMaTpuBalOT IMMOBEPXHOCTh WM IUIOLIA[b, TO
B 0003HaUeHHWE YACTO €IIe BBOAAT JOMOJHH-

TENIbHBIC WHACKCHI, Hampumep, Sg.. (O0KoBas
IOBEPXHOCTB), S pcp (IIOWANL OCHOBAHUS

ABCD)), S 4sp (wromans rpaan ASB ) uT. .

CBoiicTBa ceueHNH THPaMHIBI TUIOCKOCTBIO,
[apajuieIbHOM OCHOBaHMIO.

Teopema 1. Ecau nepeceuvr nupamudy
RI0CKOCHbIO, RAPAINEIbLHOU OCHOGANUIO, MO:

a) Ookxoevle pedpa u evicoma RUPAMUObLL
pazoenaromes Imoil niA0CKOCHbIO HA NPONOPYUOHAIbHbIE OMPE3KU,

0) 6 ceuenuu noaYUUMCA MHOZ0Y20/16HUK, HOOOOHDLIL MHOZOY20NbHUKY,
nexcauiemy 6 OCHO6AHUU,

B) N0WA0U ceueHUA U OCHOBAHUA OYOym OMHOCUMbCA OpyZ K Opyzy
KaK Keaopamul ux paccmoaHuil om 6epuiunbl NUPAMUObl.

Puc. 7
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Ha puc. 7 B mupamune SABCDE mnockoctu A4 B,C) || ABC. Torna:
a)%—&—SC] _SD;  AB,

©0) muoroyronsuuk A B)C; D, E| nono6en muoroyronsuuky ABCDE ;

>

SA SB SC SD AB

SA,B,CID,EI _ SOl2
Suscpe SO?

Teopema 2. Eciu 0se nupamuovt ¢ pagHvIMU GblCOmamMu nepecedd
RIOCKOCMAMU, NAPANIEAbHbIMU OCHOBAHUAM, HA OOUHAKOBOM PACCHIOA-
HUU OM GEPUIUHDL, MO NI0WAOU Ceuenull OyOym nPOnOPYUOHAIbHbL NI10-
wWaosam OCHOBAHUIL.

Caencreue. Ecnu y AByX nupamuj ¢ pPaBHOBEJIMKUMH OCHOBAHUSIMHU U
PaBHBIMHU BBICOTAMHM NTPOBECTH IAPaJUICIBHBIC OCHOBAHUSM CEUECHHS Ha OJIU-
HAKOBBIX PACCTOSHUAX OT BEPIIMHBI, TO CEYCHUS OYAyT PaBHOBEINKUMH.

IMoBepxHocTh NUpamMuabl. bok06oii nogepxHocmbl0 RUPAMUObL HA3HI-
BaeTCs CyMMa IUTOIaAel ee OOKOBBIX TpaHEH.

BokoBasi MOBEpXHOCTh NMPABUIBHON MUPAMUJIBI MOXKET OBITH BBIYMCIICHA
o ¢opmyie

B)

1
SﬁOK. ZEmP,

rae P — mepuMeTp MHOTOYTOJIbHHKA OCHOBAaHMS, @ 11 — anodema.

Ilonnon nosepxnocmvio nupamuodvl Ha3bIBACTCS CyMMa IUIOIIATU €€
0G0KOBOI MOBEPXHOCTHU M IIJIOIIAIN OCHOBAHMUS.

O0beM nupamMuabl. O6vem nUpamudvl pasen 0OHOI mpemu npousee-
O0eHUs oW aou ee OCHOBAHUA HA 6bICOMY:

1

V==S,,."h,
3

OCH.

rae S, — IUIOMAab OCHOBAHHS, & /I — BBICOTA IIMPAMHIEL.

3agaya 5. B mpaBuibHYIO YETHIPEXYTOJBHYIO TMHPAMUIY BIWMCAH KyO
TaK, 9TO YETHIPE €r0 BEPIIUHBI HAXOMATCSA HAa OOKOBBIX pebpax MApaMH/IBI, a
OCTaJIbHBIC YEThIPE — B IUIOCKOCTH €€ OCHOBaHUs. OnpenenuTs pedpo kyoa,
€CJIM B IMPAMUJIE CTOPOHA OCHOBAaHMS PaBHA d W BBICOTa paBHa /1.

Pewenue. O Ha puc. 8 uzobpaxena mupamuna SABCD ¢ BnucaHHbIM
B Hee kybom MNPQOM N|P,Q;, 4eTbipe BEpLIMHBI KOTOPOTO JICXKAT Ha
OOKOBBIX pebpax MUPaMUJIBI, & OCTAIbHBIE — B ILIOCKOCTH OCHOBAHUSL.
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IMycte pedpo kyba paBHO Xx. PaccMoTpuM TOAOOHBIC TPEYTOIBHHUKH

SO,B u SON (ON||O,B). U3

SO ON
UX MMOJ00us CIICAyeT =—.

SO, OB
Tak xak SO, =h, SO=h-x,
ON=—"— u OB =L 1o

V2

h—x x
=—.0Orcroma x =
h a a+h

3agauya 6. OcHOBaHHUE MHpPaMU-
Jbl — KBaJpar, €€ BbICOTA NPOXOAUT
yepe3 OJIHy U3 BEepIIUH OCHOBaHUA. ONIpeAenuTs IIomaas O0KOBOI MoBepX-
HOCTH 3TOi TUPaMHUIbl, €CJIH CTOPOHA OCHOBAHMS PaBHA d , @ BBICOTA /1.

"k

Pewenue. O Tycts mupamuga SABCD (cM. puc. 9) yaoBieTBopseT yc-
noBuIo 3anaun. Beicora SB =/, a cropona ocuoBauuss ABCD pasna a .
[Tnomans OOKOBOM MOBEPXHOCTH MHPAMHIIBI PaBHA CyMMe IUTOIMaAei 6oKo-
BBIX rpaueit: Sz, =S 5p +Spsc +Scsp +Spsy -

Tpeyronpuuku ABS u CBS — npsMoyronbHbIe U paBHBIC, H HX ILUIO-
ah
wanut S 55 =Scps = W3 TeopeMsl

[Mudaropa anst 3TUX TPEYyroJbHUKOB Ha-

XOJIUM AS=SC=\/h2 +a’.

DC 1 CB u DA 1 AB, xak cropo-
HbI KBaJ[para, TOrJa MO TEOpeMe O Tpex
HEePICHIUKYIIpax SC 1DC u
SAL AD. Tpeyronbhuuka SAD un
SCD npsAMOyrojibHble W paBHbIE, W

a\/h2 +a’

SASD = SCSD = T . Tor/:[a

[12, 2
Seor. =2 a_thrah% —ah+aNh*+ad*. @
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3agaua 7. [loka3arp, 9TO €CIU B ABYX MHPaMHIaX, MIMEIONIUX 10 PaBHO-
My IBYTpaHHOMY yTJIy IPH OCHOBAaHHH, PaBHBI TAK)Xe U pedpa 3THX YIIIOB, TO
OTHOULIEHHEe OO0BEMOB ATHX IHUPAMHJ] PABHO OTHOLICHUIO IPOW3BEICHHUI
IUIOIAICH TpaHe, 00pa3yIOIIUX PaBHBIC IBYTPAHHBIC YIIIbL.

Pewenue. O Iycts mupamunsl SABC u S 4;B,C\ D (cm. puc. 10),
uMetoT paeHele aByrpaunsie yriusl SACB u S14,D,C,, taxxe AC = A D;.
IMoctponm nuHeiiHbe yriasl SMO n S; MO, naHHBIX paBHBIX ABYIPAaHHBIX

S, yraoB. Ilo ycnosuto

S ZSMO = £Z8 M, 0.
Torga mnpsMOyrosb-

HbIE  TPEYrOJbHUKH

Dl MSO u M1S101

C
4 N, Bt 3 MO100HBI U
M M, SO _ SM .
B, A, 5,0, S M,
Puc. 10 ITnomaan  Goko-

Boix rpaeii SAC u
S1A; D, otHOcsiTCs Kak ux BbIcOTH, ockonbky AC = A4, Dy, T.e.

S, suc _ SM _ SO .
Saasp, SiMy o §10

Haiinem otHOmEeHHE 00HEMOB JTAHHBIX THPAMH

1
-SO-S
Vsapc  _ 3 a4BC

SASAC ’ SAABC

1 . )
Vs 48,0, 3 S0 S ancn, Suas,D, " S4BCD,

VSABC - SASAC 'SAABC

Takum obpazom, , UTO U TpebOBaIOCH J10-

SABGD,  SaaSD, "SA4BCD,
Ka3aTh. ¥

3ameuanmue. HpI/IBeI[eHHOC J0Ka3aTcjIbCTBO HC 3aBUCUT OT TOI'0, KaKHC
MHOTOYT'OJIbHHUKHU JIC)KAT B OCHOBAHWUM IUPAMHI. Ecmmu xe pera PaBHBIX
JABYI'PaHHBIX YIJIOB B paCCMATPUBACMBIX IMUPpaAMHJAaX HE paBHbBI MCKIY CO-
60f/'I, TO OTHOLICHUE 00BEMOB 3THX nmupamMua OpsiMoO IponoprHruOHAJIBHO PO~
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W3BE/ICHUSM IUIOLIAeH rpaHel, 00pa3yIoIuX 3TH yIJIbl, U OOPaTHO MPOIOP-
IIMOHAJBHO JJIMHAM uX pebdep, T. €.

Vsapc _ Ssase Ssapc 4D

Vosacp,  Ssasp, Sascp, 4B

Boicoma nupamuowt

[IpuBeseM HeCKONBKO (AKTOB, KOTOPBIE JIETKO JOKA3bIBAIOTCS M MOJIE3-
HBI TIPH PEIICHNH 3aJ[a4, TIOCKOJIBKY MO3BOJIIIOT YCTAaHOBHUTH PACIOI0KEHHE
BBICOTBI TMPAMUbI U TIOJIO’KEHHE OCHOBAHMUS BHICOTHI Ha TUNIOCKOCTH OCHOBa-
HUS TUPaMUIbI.

1. Ecin GokoBasi rpaHb MUpaMUIbl MEPIICHIUKYISIPHA IUIOCKOCTH OCHO-
BaHU, TO BBICOTA MUPAMHUIBI IPOXOAUT B IUIOCKOCTH 3TOH I'paHH, a OCHOBa-
HHE BBICOTHI JIOKHUT Ha TO CTOPOHE OCHOBaHHMS (WM Ha €€ MPOJOJDKESHHH ),
10 KOTOPOH 3Ta IPpaHb IIEPECceKacTCs C INIOCKOCTHI0 OCHOBAHUSL.

2. Ecnn 1Ba cMeXHBIX OOKOBBIX pedpa MUpaMUAbl PaBHBL, TO OCHOBaHUE
BBICOTHI IIMPaMHIbl HAXOMUTCS Ha IEPHEHAMKYISpE, HNPOBEICHHOM dYepe3
CepellMHy TOW CTOPOHBI OCHOBaHHs, U3 KOHIIOB KOTOPOM MCXOJST 3TH OOKO-
BbIE pedpa.

3. Ecnu 1Be cMexHbIe OOKOBbIE I'paHH MUPAMUAbI OAMHAKOBO HAKJIOHE-
HBl K IUIOCKOCTH OCHOBAHHS, TO OCHOBaHHE BBICOTHI NHPaMUBI JIEKHUT Ha
OuccekTpuce yria, oOpa3oBaHHOIO TEMH CTOPOHAMH OCHOBAHUS, Yepe3 KO-
TOpBIE MTPOXOJAT ITH OOKOBBIE TPAHH.

4. Ecan GokoBoe peOpo mHpamMuabl 00pa3yeT paBHBIC YIJIBI C IBYMs
NPUMBIKAIOIIMMHI K HEMY CTOPOHAMH OCHOBAHHS, TO OCHOBAaHHE BBICOTHI ITH-
paMHIbl JIOKUT HA OHMCCEKTpHCe yIia, oOpa30OBaHHOTO 3THMH CTOPOHAMH
OCHOBaHHSI.

5. Ecniu 60x0oBo€e pebpo mupaMupl NepIeHINKYIAPHO TepeceKaromeics
C HUM CTOPOHE OCHOBaHUA, TO OCHOBAHWE BbICOTHI IMMPAMUABI HAXOJAUTCA HA
HepIHEeHANKYJISIpe, BOCCTABIEHHOM (B IUIOCKOCTH OCHOBAHHUS MHPaMUJBI) K
ATOH CTOPOHE M3 TOUKH €€ MEePECeUCHHsI C 3TUM OOKOBBIM peOpoM.

6. Eciin 6oxoBoe pebpo mupamuibl MepHeHUKYIIPHO CKpEeIUBatoneH-
Csl C HUIM CTOpPOHE OCHOBAHUS, TO OCHOBAaHHME BBICOTHI IIMPAMHJIBI HAXOIUTCS
Ha TEpHEeHUKYJISpEe, OMYIIEHHOM Ha 3Ty CTOPOHY M3 TOYKH II€peceucHHUs
9TOro OOKOBOTO pedpa ¢ IIOCKOCThI0 ocHOBaHus. (B wactHOCTH, ecin 60Ko-
BOE pebpo TPEeyroibHOI MUpaMHUIbl MEPICHINKYIISPHO CKPEIIUBAIOIISHCS C
HHM CTOpPOHE OCHOBAHHS, TO OCHOBAaHHE BBICOTHI MUPAMUIBI HAXOAUTCS Ha
TOW BBICOTE JIEKAILETO B OCHOBAaHWHM HHPAMHIBI TPEYTOJbHUKA, KOTOpas
OIIyIIIeHa Ha 3Ty CTOPOHY).
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3ameTuM, YTO €CiH MUpamMuaa o0siagaeT KaKUMH-THOO ABYMS M3 ITHX
0COOEHHOCTEH, TO MOKHO OJIHO3HAYHO yKa3aTh TOUKY, SIBJISIOLIYIOCS OCHO-
BAHHUECM BBICOTHI HI/IpaMI/lI[I)I. HanpuMep:

1) Ecnin 6okoBoe peOpo mupamMuibl MEPHEHAMKYIISIPHO IIOCKOCTH OCHO-
BaHMs1, TO 3TO OOKOBOE pedpO M CITYXKHUT BBICOTOM MUPAMH/IBI.

2) Ecnu Bce 6okoBbIe peOpa nUpaMu/ibl paBHBI MEXIy COOOM, TO OCHO-
BAaHHMEM BBICOTHI ITUPAMHUIBI CIYXKHUT LEHTP OKPY>KHOCTH, ONHCAHHOM
OKOJIO JIeXKAaIIero B OCHOBAHUH MHPaMUIbl MHOTOYTOJIbHHKA.

3) Ecnu Bce 60KOBEIE I'paHu NMUpaMUJibl UMCIOT PABHBIC YIJIbl HAKJIOHA K
IIJIOCKOCTU OCHOBAHMS, TO OCHOBAHHMEM BBICOTBHI MHUPAMHUIABI CITYXKHUT
LHCHTP OKPYKHOCTH, BIIMCAHHOH B nexcau_[m‘/i B OCHOBAaHHWHU NHUPAMHIbL
MHOT'OYT'OJIbHUK.

§4.3. IlpaBunbHas l'lI/IpaMI/lIlal

Coomnowenus mexcoy y2namu 6 NpasuIbHoil nUpamuoe

Ha puc. 11 uzobpakeHa 4YacTh MPAaBHIBHOH 7 -yrOMBHON MHPaMUIBI
SABCD..., SH - Beicota, SK — anodema. Beenem crenyromue 0603Ha-
YEeHUs: ¢ — Yroll Mexay 0o-
KOBBIM peOpOM M TUIOCKOCTBIO
OCHOBaHus; [ — yrosi Mexuy
OOKOBOW TPaHBIO W ILIOCKO-
CTBIO OCHOBaHMS; )Y — Yroi

MECXKIY CMEKHBIMU 6OKOBI)IMI/I
pebpamm; @ — yrom MeEXIy
CMEXHBIMH OOKOBBIMH Tpa-
HSIMH.

Ecnu B mpaBunbHOW mnu-
paMuae U3BECTEH OJAWH U3
Puc. 11 9THUX YTJIOB, TO MOXHO HailTh
octanbHble Tpu. lllecTs cooT-

HOIICHUH TIPUBEICHBI B Ta0JIHIIE.

' B nannom naparpade ncronb3oBanbl Matepuansl crathu B.K. Erepes,
A.T'. Mopaxosuu «IpaBunpHas nupamuga», «Ksanm», 1975 r., Ne3, ctp 61-
65.
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Ob6nacts u3me- | CBs3HM MeX-
Yrast CooTHomIeHUs
HEHUs YIJIOB Jly yriaamu
“e sincz:ctgﬂctgE ) 0<a<Z
2 n 2
} i 2 _
ay cosazs.m(y/ ) ) 0<p<” y<m-2a
sin(7 / n) 2
; 2
@B tgozztg,ﬁ-cosZ (3) 0<7/<—” a<p
n n
B; . 2r
71 cosp=tgLletg @ | P07
2 n
V2 cos(p/2
Bip| t8B= @ )2 ) o>1-2p
\/ —cos@ — cos %
n
2r
V0 y ‘/—cosq)—cos—
. n
sin— = (6)
2 2sin(p/2)

JlokaxeM HEKOTOpbIE U3 COOTHOLIEHUM.

(1) Iycte mausl ¢ u @ . U3 ALMC u aLMD (L=CENHD cm.
¢ CL . M o .

nc. 11), monmyyaem tg—=——, sina@ =——. 3HauuT, tg—-sina =
pre. 11 moaysae 18 =71 LD 2

CL T T
=——=tg/LCDL =tg| ——— |=ct

5~ ncpi=( 7)o
(2) Iycts mavel @ u ¥ . U3 aAAHS u aAKS (cm. puc. 11), nonyyaem

AH . AK i 2) AK
cosa =——, sinZ = u sin(y / )= =

ﬁj . o
— | u sina =ctg—ctg—
n 2 n

sin ZAHK = sinE .

AS 2 AS cosa AH n
(3) (a; B). U3 tpeyronbuukos AHS u SHK (cm. puc. 11) nomyyaem
tga =S—H, tgﬂzS—H. 3Hauwur, tg—azﬁzcoséAHK —cosZ.
AH KH tgf AH n
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OTMeTHM HEKOTOPHIE CIEACTBUS U3 3TUX (HOpMYII.
U3 (1) cnenyer, uto @/2>7x/2—7x/n wwm ¢ >x—-27/n.

W3 (2) cnenyer, uro 0<y/2<m/n wm 0<y<27m/n, a takke
y/12<m/2—0 wm y<7w-20x.
W3 (3) cinenyer, uto O0<a < 3.

BBenem psaa AONOTHUTENBHBIX 0003HAYCHHUH IS MPAaBWIBHON MHpaMu-
Ibl: d — CTOPOHA OCHOBAHMS, A — BBICOTA MUPaMHIbl, V' — 00beM mupamu-

ael, S — miomans 60KOBOM OBEPXHOCTH, S, — IUIONIAAb OCHOBAaHUSI, R —
pajiyc OHMCAHHOTO IIapa,  — PaJuyc BIMCAHHOIO LIapa.
Buviuucnenue o6vema npaguinbnoii n-y20absHoU RUPAMUOBL
3anaua 8. Haiiti 06beM V mpaBUIIBHOHN #-YTOMBHON MHPaMHUIbI, €CITH
U3BECTHBI @ U O .
Pewenue. O U3 dopmynst V =S, -h/3, tne S,.,, =2n-S, 4xg =

2
2n-1AK'KH zﬂctgz, ah= AH-tga:?ti , TIOJTy4aeM
2 4 n 2sin(z/ n)

3
na T
e  ctgltga. 7

ddsin(z/n) Tn @)

3amaua 9. Haiiti 06beM V MpaBUIbHOM #-YTOMBHON THPaMHUIbI, €CITH
W3BECTHBI @ U [ .
Pewenue. O 13 popmynsl (7), ucronssys (3) cpasy MOIydIUM OTBET:

3

na 2 T

V=—-—ctg”"—-t . &
24 g n eh

3apaua 10. Haiitu 06beM V npaBUIbHON 71-yroJNbHOM MUPAMUJIBI, €CIH
U3BECTHBI d U ) .

Pewenue. O Bocnonb3yeMcsi TeM K€ IIPUEMOM, UYTO U B IIPEIbIAYILEH

s b @ ¢ \/cosy —cos(2xz/n) -
3amaue. U3 Gopmysl clemxyer, uto tga = - .
V2 sin(y /2)

on-

CTaBIISS TO BBIpaXXeHHE B popmyiy (7), TOIydnm
Vo na’® ctg(;r/n)-\/cos;/—cos(Zﬁ/n) o
24~/2 sin(rr / n)sin(y /2) '
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3apmaua 11. Haiitu 06beM V npaBUnbHON 71-yroJNbHOW MUPAMUJIBI, €CIH
W3BECTHBl d U @ .

x/Ecos((o/2) cos(z/n)
\/—cosgo cos(27/n)

V2nd? ctg (r/n)-cos(p/2) .
24\/—cos¢)—cos(27r/n) .

Buiuucnenue niouiadu 60K060ii nogepxnocmu nPaguUIbHOIL n-
Y20/16HOI NUPAMUObL

Pewenue. O Tax xak tga = (popmynsr (3) u

(5)), T0 u3 hopmyst (7), nonyunm V =

3amaua 12. Haiiti rurormaas GOKOBOM MOBEPXHOCTH S MPaBUIBLHON -
YTOJILHON MUPAMHUJIBI, €CIIM U3BECTHBl d U [3 .

2
na /4
Pewenue. O U3 dpopmynsl S =—2 rze §,., =——ctg— (cm. 3a-
cos 8 4 n
2
na”ctg(zr/n
nady 8), moyunm S = ¢ . @ ®)

4cos B

3amaua 13. Haiitu rurormaas GOKOBOM MOBEPXHOCTH S TMPaBUILHON -
YTOJIBHOW ITUpaMHUJIbl, €CIIU U3BECTHBL d H } .
2
1 na“ctg(y/2
Pewenue. 0 S=n-S, 45 :n-—AB-Ssz. o
2
3amaua 14. Haiiti rurormaas GOKOBOM MOBEPXHOCTH S MPaBUIBHON -
YTOJIbHON MTUPAMU/IBI, €CJIM U3BECTHBI d U X .
cos(z/n)

Pewenue. O U3 popmyist (3) craexyer cos ff = .
\/tg2 a +cos? (/n)

naz\/tg2 o + cos? (z/n)
4sin(rz/n)
3amaua 15. Haiitu rurormans GOKOBO# MOBEPXHOCTH S TPaBHIBHON 7-
YTOJIBHOW TUpaMUJIbl, €CJIU U3BECTHBL d U (@ .

CnenoBarensHo, S =

\/— cos@p —cos(2x/ n)
x/zsm(iz/n)

Pewenue. 0O U3 popmysl (5) cienyer cos ff =
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J2na? cos(z/n)
4\/— cos@ —cos(27/n) '

Hcnonssys popmyiy (8), monyuum S =

§4.4. Yceuennasi nupammnjaa

Yceuennou nupamudoﬁ Ha3bIBACTCAd YaCTb NHUpaMUbl, 3aKJIHOYCHHAs
MCKIY €€ OCHOBAHUECM H CeKyHIeﬁ IIJIOCKO-

S CThIO, MAPAIUIENBHON OCcHOBaHMI0. Hanpumep,

” mnpamuna ABCDA,B,C, D, (cm. puc. 12).
,/I I:E“\\C\: OcHoganusamu yCEUCHHOW ITHPAMHIbI
’ Q D, Ha3bIBAIOTCs napawtensusie rpann ABCD u

A4,B,C,D; (ABCD - nuscnee ocnopanue,

a 4;B,C\D, — eéepxnee ocnosaunue). Buico-

ma yCe4eHHOW MUpaMHIbl — OTPE3OK MPSIMOH,
HNEPHEHAUKYISIPHBI OCHOBAHMSIM M 3aKIIIO-
YEHHBIM MEXAY UX INIOCKOCTSIMH. Y CeUeHHast
MUPaMUZla BPAGUIbHAA, €CIIA €€ OCHOBaHHS
A MPaBUJIbHBIE MHOTOYTOJIBHUKH U IPAMas, CO-
Puc. 12 €IMHAIoNIas LEHTPbl OCHOBaHUM, NEpPHEHAU-
KyJIIpHA TUIOCKOCTH OCHOBaHUH. Anogemoit
MpPaBWIBHOM yCEUEHHOM MUpaMuU/Ibl Ha3bIBAIOT BBICOTY €€ OOKOBOI IpaHu.
IloBepxHOCThL yceueHHOW nmupamMuiabl. bokogoii nosepxnocmoio yce-
YEHHOHW MUpPaMU/Ibl Ha3bIBAETCS CyMMa IUIoNIaziel ee OOKOBBIX IpaHel.
[NonHas MOBEpXHOCTH YCEYEHHOM MUpaMuabl paBHa cyMMe OOKOBOH IT0-
BEPXHOCTH U IJIOLIAAECH OCHOBAHUM.
Bokogasa nosepxnocmv npasunvbHOil yceueHHON NUPAMUObL PAGHA
npou3ee0eHuI0 NOAYCYMMbl REPUMEMPOE OCHOGAHUTL HA anogdemy:
s = P+A m
ook 7 >

rae P u P, —nepumerpsl ocHOBaHHil, 1 — ee anodeMa.

O0beM yceuyeHHOI nmupaMuiabl. O0vem yceueHHoil nupamuosl vluUc-
aAemcea no popmyne

V=§(S+\/S-s +5),

rae S — WIoNaas HIKHETO, S — BEPXHETO OCHOBAHUU YCEUEHHOM MUpamMu-
IIbI PaBHBIL, @ /I — BBICOTA PaBHA.
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3agaua 16. [lokaszatp, 9TO B yceueH-
HOM nupaMuje, IUIOUIaJAd OCHOBaHU

KOTOpO#i paBHEl S| u S, , miomans S,
CEYEHHs e€ MIOCKOCTRIO, IesIel 00Ko-
BBIE pedpa TIoT0IaM, paBHa

5 -

Pewenue. O 1lycTp muomangy ocHO-
BaHUM YCEUYEHHOM IUpaMUIbI
ABCA;B|C| (peuieHne ocTaHETCs CIIpa-

BCUIMBGIM U B CIy4ac 71-YroibHOH MHPAaMHABI) PaBHBL S, ABC, =5,

S, 4pc =S, nmnockocrs A,B,C, nemut 60koBbIe pebpa MUPaMUIIBI HOIIO-

nam (cm. puc. 13). [Tnomaau napamieabHbIX CEUSHUN MUPAMUIBI OTHOCATCS,

KaK KBaJpaThl CXOJCTBEHHBIX cTOpoH. O6osHaumB B4, =a,, BA=aq,
2 2 2

A.B a a ax a a ay
LB, =a, , nonmyunM ——=—==—" i = = , OTKy/Ia
S S, S, /S, /52 S,
. . ax(ﬂSI‘FﬂSz)
II0 CBOWCTBY mpoekuuit /S, = ——— . Tak kak 4,B, — cpexn-
a; + a,
a +a
st juHE  Tpametun  BBAA u  AB, =a, =22 10

5+ 5 1 :
#z\/g wim S, =Z(\/S_1+\/§) , 9TO U TpebOoBaIOCH 10-
Ka3ath. €

3agaua 17. B mnpaBuwibHOH ueThIpex-
YTOJIbHOU YCCYCHHOU IMUPpaAMHJC CTOPOHBI
OCHOBaHMI paBHBI @ M @;, a JHAroHAlb
nupamuael — d . Onpenenutsh GOKOBYIO
HOBEPXHOCTH HPAMHIBL.

Pewenue. O IlycTh B yceueHHOW nupa-
muge ABCDA;B;C D, cTopoHbl HIXKHETO
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OCHOBaHMS PaBHBI @ , BEPXHETO — ¢, a AUaroHaub nupamunsl — B|D =d
(cMm. puc. 14). M3 Bepmmnbl B nposenem BN L AB u BiM 1 BD . Tax
Kak BN — anodema ranHOI nMupaMuibl, TO O0KOBask MOBEPXHOCTh MTUPAMU-

bl MOXKET OBITh BBIYKMCIIEHA I10 cbopMyne
1
S601<‘. :E(P+R) . BIN,

rne P=44AB=4a,a B =44B, =4a,. Orpesox BN Haiinem u3 mps-
MOYronbHOro Tpeyroisuuka BiNM (LB MN =90°).

Huaronamu kBagpatoB ABCD u A;B;C,D;, nexamux B OCHOBaHUSX,
paBubsl: BD = a2 , BID, = alﬁ . JlnaroHasibHOE CcedeHHME NHUPaMHJIBI —
paBHOOOuHas Tpanenus BB DD . Haiinem ee Bbicory BiM (oHa paBHa

BbicoTe mupamuapl O;0 ) U3 IpsAMOYroibHOTrO TpeyronsHuka BiMD , T. e.

BM =/B,D* ~MD?* , a MD=BD—-BM (BM:%) W

2
mp=BPEBD _ara ppa— [q? - @Ea)
2 2 2
TpeyronbHuk BMN  — paBHOOGAPEHHBIH ¥ HPSIMOYTOJBHBIH
(/BNM =90°): BM == 3 o yny=BY _a-a

2 2

Teneps n3 Tpeyronsauka BjNM Haxogum:

2 2
BlN=\/BlM2+MN2=\/d2—(a+2a1) NG 4a1) :

IMoncraBnss Halinenusle 3Hauenus P, B n BN B dpopmyiy OokoBoii

TMOBEPXHOCTU MUPAMUBI, TOJTYYUM

2
S :2(a+a)-\/d2—£—‘i—3““1
60K 1 4 4

.o

87



§4.5. Muororpannnku. [loqo0ue MHOrorpaHHUKOB

Muozozpannukom Ha3bIBACTCA T€OMETPUUECKOE TEJI0, IOBEPXHOCTH KO-
TOPOTO COCTOUT M3 YacCTEH MIIOCKOCTEH, OrpaHMYEHHBIX MHOTOYTOJIbHUKAMH.

I'panamu MHOTOTPaHHMKA HA3bIBAIOTCS YAaCTH IUIOCKOCTEH (MHOTO-
YTOJBHUKH), OTPaHWYMBAIOIINE MHOTOTPAaHHHWK. Pefpamu MHOTOTpaHHHKA
Ha3bIBAIOTCSl OOIIME CTOPOHBI CMEXHBIX I'paHeil (MHOTOYrojabHUKOB). Bep-
WiuHaAMu MHOTOTPAHHHMKA HAa3bIBAIOTCS BEPIIMHBI MHOTOTPAHHBIX YIJIOB,
00pa30BaHHBIX €r0 I'PaHAMH, CXOISIIUMHCS B OJHOW Touke. Juazonanvio
MHOTOTPaHHHKA HA3bIBAETCSl OTPE30K IPSMOM, COSAUHSIONIECH JIBE BEPIIMHBI
MHOT'OTpaHHUKa, HE JIeKAIllUe B OJHOW I'paHu. uazonanbroi niockocmuio
MHOTOI'paHHUKA Ha3bIBACTCA IJIOCKOCTb, MpOXoAsdllasd 4€pe3 TpU BCPIIHNHBI
MHOTOTPaHHHKa, HE JIeKalliue B OAHOW rpaHu. Ceuenuem MHOTOTPAaHHUKA
TUTOCKOCTBIO HA3bIBACTCSl YacTh ITOM IUIOCKOCTH, OTpaHWYEHHAs JIMHKEH Tie-
peceueHys MOBEPXHOCTH MHOTOTPAHHUKA C ATOM IUIOCKOCTBbIO. MHOrorpaH-
HHK Ha3bIBACTCS GbIMYK/IbIM, €CITH OH IETIMKOM JIEXHT 110 OJHY CTOPOHY OT
TUTOCKOCTH JIF000H ero rpand. I panamu BBHITyKJIOTO MHOTOTDaHHHKA MOTYT
OBITH TOJIBKO BBIITYKJIBIE MHOTOYTOJIbHHUKH.

JlBa MHOTOTrpaHHHMKa Ha3bIBAIOTCS HOOOOHBLIMU, ECIH OHU MMEIOT COOT-
BETCTBCHHO PaBHbIC MHOTOTPAHHBIE YTJIBI U COOTBETCTBEHHO MOAOOHBIE Tpa-
HH. COOTBETCTBEHHBIE 3JIEMEHTHI TTOJ00HBIX MHOTOTPAHHUKOB Ha3bIBAIOTCS
CX00CMBEHHbIMU.

YV 1momoOHBIX MHOTOTPAaHHMKOB JIByTPAHHBIE YIJIBI PaBHBI U OJIMHAKOBO
pacIosoKeHbl, a CXOACTBEHHBIE peOpa MPONOPLHUOHAIBHEI.

Kpowme Toro, cripaBeyIUBbI CIETYIOIUE TEOPEMBI.

Teopema 1. Ecnu 6 nupamude nposecmu ceKyugyro njiocKkocms napai-
J1e7IbHO OCHOGAHUIO, MO OHA Omceyem om Hee Opyzylo nUpamudy, noooo-
HY10 0aHHOU.

Teopema 2. Ilogepxnocmu nodooHbIX MHO20ZPAHHUKO8 OMHOCAMCA
KaK Keaopamaul cX00CMEEeHHbIX TUHEHHBIX IT1eMEHN08 MHO20ZPAHHUKOS.

Teopema 3. O6vemvl nOOOOHBIX MHO20ZPAHHUKO8 OMHOCAMCA KAK KY-
0bl €X00CMEEHHBIX TUHENHBIX ITEMEHMO08 IMUX MHO202PDAHHUKOS.

Teopema 4. Keadpamvr 00vemo6 noOOOOHBIX MHOZ0ZPAHHUKOS
OmHOCAMCA KAK Kyobl niouyaoeii cxo0Cmeennvlx zpameil.

3amava 18. [lnomany oCHOBaHMIA yCedeHHOM mupaMuIbl S, u S, , a ee
00nbeM pasen V . OnpenenuTs 00beM TOJHOM IIUPAaMUILL.

Pewenue. O Iycts S; > S, . Ilycts 00beM MOIHON HUPAaMHBI PABEH

V|, a o0beM mupamMuzbl, TOMONHSIOMECH JAHHYI0 YCCUCHHYIO MHPAMUAY 10
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3/2
o V22 823 V2 SZ / &
nonHoi, — V,. Torxa —5 =5 wm === . W3 mpousBoxHoit
Vo S Vi S|

ViV, _§7-s)

HPOTIOPIIHH, CIICYeT v = I C yuerom V| =V, =V Haxo-
1 1
v s¥2_g¥2 Vs 2
oM —=-—1 "2 , oTKyna V| = 1

v, 532

3amaua 19. Ilnomann ocHOBaHMIA

313/2_33/2

o 2 2
yCEUeHHO! MupaMuIbl paBHel a° u b~
Haiitu nnomans ceueHus, napamiesIbHO-
TO IUTOCKOCTSM OCHOBAaHHMH TaHHOW ITH-
paMuIbI U ISNIAIIET0 €¢ 00BeM HOIoIaM.

Pewenue. O Paccmotpum (s mpo-
CTOTBI) TPEYTOJIBHYIO YCEYEHHYIO IHpa-

mugy ABCAB,C, . Iycrs S, pgc = a’

u S, aBc, =b? (cm. puc. 15). Haiizem
wiomans ceuennss A, B,C, || ABC, ne-
JAIIETO YCEUYEHHYIO MUPAaMHIy Ha PABHOBENMKKE 9acTH. JIOMOIHUM nupa-
muny no nomnHoi. ITo teopeme 1 mupamuasr SABC , SA,B,C,, S A;B,C,
moT0OHBI (CM. TeOpeMBI Ha cTp. 88).

yers S pB,c, = x>, a obvembi mmpamnn SABC SA,B,C, wu

S A/B,C, cootsercrenro V,, V,, V. Cormacto teopeme 4 (cM. cTp.

Vi VeV V, V, V

88) _a6=_x6=_b6 Wi —2——§=—2=t, rae t — HexoTOpoe umCIO.
a X b a> x> b

Torma V, = a’t, V, = x3t, Vy = b3. Tlo ycnosmo sanaun

V, -V, =V, -V, mm a’t - x*t=x’t —b’t, orxyna 2x° =a’ +b’ u,

2 33 + b3
clenoBaTelbHO, X~ = T
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§4.6. MHOrOrpaHHbI€ YIJIbI

MHuozozpaunsim y2nom Ha3bBacTCs QUrypa, COCTOSIIAS U3 HECKOIBKUX

ayueit OA, OB, OC, ... , Beixoasmux u3 oqHoi Toukr O W He JeKaIUX
B OJIHO# IuiockocTH, U u3 mwiockux yrinos AOB, BOC, ... Mexuy 3TUME
Tydamu (cM. puc. 16). 9]

O6uias touka O mepeceueHus BCex Jydeit AN
Ha3bIBACTCSl GEPUIUHON MHOTOTPAHHOIO YIIIa, X
ayuun OA, OB, ... — ero peépamu, 4acTy mioc- D

KOCTEH, 3aKII0OYEHHBIE MEXTy peOpaMu, Ha3blBa-
foTcs ero epanamu, a yrst AOB, BOC, ...,

00pasoBaHHble peOpamu, Jekamumud B omHoi A C
TPaHH, HA3BIBAIOTCA MAOCKUMU Y2namu MHOTO- B
TPaHHOTO yTJIa. Puc. 16

MHoOTrOrpaHHblii  yrojl Ha3blBaeTCsl GbIMYK-
JIBIM, €CITU OH LIEIUKOM JISKHUT IO OJHY CTOPOHY OT INIOCKOCTH, COBIIQ/Iai0-
e ¢ Jiro0o ero rpaHepio. J[Ba MHOTOIPaHHBIX yIila CYMTAIOTCS PAGHBIMU,
€CIIM OHH IIPH HAJIOXKEHHH COBIAAI0T BCEMU CBOMMH YaCTSIMH.

Cymma naocKux y2ioe blnYK1020 MHO20ZPAHHO020 yena meHbvuie 360°.

Tpexrpansaslie yriabl. Eciu 4nciio rpaHeli MHOTOTPAaHHOTO YIJIa PaBHO
7, TO €ro Ha3bIBAKT 7 -2panibim yriaoM. I[lpu 7 =3 ero HasbIBAIOT Mpex-
2PAHHBIM YTIIOM.

Bynem o6o3Hauath OykBamu o, 3,7

IUIOCKME YIJIbI TPEXTPAHHOIO YINA, a @,

@p,@c — BHYTPCHHHE [BYTPAHHBIC YIJIBI
(MX BEJIMYHMHBI), IPOTUBOJIEKALIME YIIIaM
a,ff u y coorercTBeHHO (CM. puc. 17).

JomycTumble 3Ha4Y€HWs OCHOBHBIX JIJIEMEH-
toB Tpexrpannoro yrma SABC  pomxHBI
YAOBIIETBOPATD CICTYIOIINM YCIOBHSIM:

1. Kaxknaplif MIOCKMH yrojl TPeXI'PaHHOIO yIJIa MEHbIIE CyMMBI JABYX
IPYTHX TUIOCKHX yIIoB: < fB+y, f<a+y, y <f+a . Orciona cie-

Puc. 17

JIyeT, 9TO KaXKIIBIA TUTOCKHH yTOJ TPEXTPAHHOTO yTiia OOJIbIIIe pa3HOCTH IBYX
JPYTHX IJIOCKUX YTJIOB.

2. CyMMa IJIOCKHX YTJIOB TPEXTPAHHOTO yIJIa TMOJOKUTENFHA U MEHBIIE
27 O0<a+ f+y<2rm.
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3. Cymma BHYTPEHHHUX JBYTPaHHBIX YTJIOB TPEXT'PAaHHOTO yriia OoJbIIe
77 uMeHslte 37 : T <@, +@p+@c <37

4. B TpexrpaHHOM yTJIe NMPOTHB OOJIBIIETO TUIOCKOTO YIila JIEXHUT 0O0JIb-
WA JIBYTpaHHBIA YTroJI; IPOTUB OOJBIIETO JABYTPAHHOTO YIJIA JIEKUT OOJb-
mUH mI1ockuid yros. IIpoTHB paBHBIX IUIOCKHX YIJIOB JIEKaT PaBHBIC JIBY-
rpaHHbIE YIIIBl, 1 HAOOOPOT, MPOTUB PABHBIX JIBYIPAHHBIX YIJIOB JIXKAT PaB-
HBIC TJIOCKHE YTJIBL

5. BHyTpeHHHE JBYrpaHHbBIC YINIBI TPEXTPAaHHOIO YIila YIOBJIECTBOPSIOT
HEPaBEHCTBaM:

Py+Pp=Pc <7, Py=Pp+TPc <7, Pp+Pc—Py<7.

3agaua 1. Jloxa3aTb, 9YTO CyMMa YIJIOB NPOCTPAHCTBEHHOTO YEThIpEX-
yroJibHUKa He npesbimaer 360°.

Hokaszamenvcmeo. O Ilycte ABCD — npou3BosibHBIN NPOCTPAHCTBEH-
HBI YeTBIPEXyroibHuK, BD C
— ero quaroHaib (cm. puc. 18).
CpaBHHM CyMMy YTJIOB Y€ThI-
pexyroapuuka ABCD ¢
CYMMO# YIJIOB TPEYTOJIbHUKA
ABD wu BCD. Paccmorpum
tpexrpannbie yriisl DABC u
BACD  cootBercTBEHHO €
Bepmmaamu D u  B. Tlo 14
CBOICTBY  IUIOCKUX  YIJIOB
TPEXTPaHHOTO yria
ZADC £ ZADB+ ZBDC n
ZCDA< ZBDC+ ZADB.
Ortkyna:

ZABC + ZBCD + ZCDA+ ZDAB < ZCDB + £ZBCD + ZCBD +
cymma  yenos ACDB

+ZADB + ZABD + ZBAD =360°, uro u TpeboBaiock J0Ka3aTh. ¢
cymma  yenoe sABD

Pagnpimu mpexzpannvimu yenamu Ha3bIBAIOTCA TaKHE YTIIBI, KOTOPHIC
IIPY HAJIOKEHWH COBMEIAIOTCS BO BCEX CBOMX dacTsax. CienoBaTenbHO, y
PaBHBIX TPEXTPAHHBIX YIJIOB BCE NBYTPAHHBIC YIJIBI U INIOCKUE YIIIBI COOT-
BETCTBCHHO PaBHBI MEXJIy cO00il, HO 0OpaTHOE YTBEp)KACHHE HE CIIpaBea-
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nuBo. CyIIECTBYIOT TaKhe TPEXTPaHHBIC YIIIBI, Y KOTOPBIX [IBYIPaHHbIC U
IUIOCKHE YIIIBI COOTBETCTBCHHO PABHBI, & TPEXIPAHHbIE YIJIbI HE PABHBI Me-
%K1y coboitl. TpexrpaHHble YIJibl HEBO3MOXHO COBMECTHTH B CJIydyae HEOIIH-
HAKOBON OPHEHTALMd MX COOTBETCTBEHHBIX I'PAHEH OTHOCHTEIBHO BEPIIHU-
ubl. Taxk, rpanu oguoro yria AOB, BOC u COA opueHTHPOBaHBI OTHO-
cutensHO BepuimHbl () TPOTHB JIBWKCHHS YaCOBOM CTPEINIKH, @ COOTBETCT-
Bytoue rpanu apyroro — A;0B;, BjOC| u C{OA; opueHTHpOBaHBI 110
JBIDKCHHIO YacOBO# cTpesikd. B Takom ciydae tpexrpanusie yriasl OA4ABC
u OA,B,C, He paBHbI, XOTs B HUX PaBHBI U BCE IUIOCKHE, H BCE JIBYTPaHHbBIC

YTIIBL
Takum oOpazom, /It paBEHCTBA JABYX TPEXI'PAaHHBIX YIJIOB C COOTBETCT-
BEHHO PaBHBIMH IUIOCKHMH W JIBYTPAHHBIMHU yTIIAMH HEOOXOIUMO €IIe, UTO-
OBI X TpaHU OBLTH OJMHAKOBO OPUEHTHPOBAHBI OTHOCHUTEIIFHO WX BEPIIHUH.
I[Ipu3Haku paBeHCTBA TPEXTPAaHHBIX yriaoB. CyIIEeCTBYIOT MPHU3HAKH
paBeHCTBA TPEXTPAHHBIX YTJIOB, aHAJIOTHYHBIC MPHU3HAKaM PAaBEHCTBA Tpe-
YTOJIBHUKOB B IUTAHUMETPHH, KOTOPHIE BBIPAXKAIOTCS CIEIYIOIIUMH Teope-
MaMH.
/lea 00unaKo6o opueHmupoBaAHHBIX MPEXZPAHHBIX Y214 PAGHBL 8 Cl1Y-
yae:
(1) ecnu onu umerom no pasHomy NAOCKOMYy Y2y, npuiedxcauiemy K
08YM COOMBEMCMEEHHO PAGHBIM OGYZPAHHBIM Y21aAM;
(2) ecnu onu umerom no 06a pagHvIX NAOCKUX Y2d, HIOCKOCMU KOMO-
DuIX 00pasyiom pasnvie 08yZPAHHBLE Y2Tibl;
(3) ecnu onu umerom no mpu coomeemcmeeHHo paGHBIX NAOCKUX Y2ia;
(4) ecnu onu umerom no Mmpu cOOmMEEMCMBEEHHO PAGHBIX OBYZPAHHBIX Y-
aa.
3agaua 2. Kaxplii miockuii yroa tpexrpantoro yria pased 60°. Ha
OJTHOM W3 ero pedep OTJIOKEH OT BEPLIMHBI OTPE30K MJIMHOW @ W U3 €ro
KOHIIA OIYIIEH MEePHEeHMKYIISp Ha MPOTHUBOJIEKAIYI0 TpaHb. Haiiti ummnHy
3TOr0 NMEpHEeHANKYJIIPA.
Pewenue. O Tlycts Tpexrpannbiii yron OMNP uMeeT IIOCKUe yriibl
MON, NOP, POM pasubie 60° u orpesox 40 =a, AD nepnenmuky-

asip k wiockoctu NOP (cm. puc. 19). U3 ocnoBanust neprieHaukysipa AD
onyctuM Ha nyun OP u ON nepnenpukyaspst CD 1L ON u DB 1 OP
u coenunnM Touky D ¢ toukoit O . Ilposenem otpesku AC u AB, xoro-
pble 110 TEOpPEME O TPEeX MEePICHANKYISIpax OyIyT COOTBETCTBEHHO IEpIIEH-
nukyispasl ON u OP .
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Tpeyronsuauk ACO — npsimoyrompibeiii LOAC =90° - LA0C =30°

HO0C=Lo4=2.
2 2

B tpeyromsauke OCD (LOCD -
npsimoit) LCOD =30°, mockoibky
Touka A MPOEKTUPYETCsI HA OUCCEKTPH-
cy ymma NOP (zamauy 1 Ha ctp. 12).

CnenoBarensHo  OD = i —— .
c0s30° 3

W3 Teopemsr Iludaropa mrs upsmo-
yrosbHoro Tpeyrojbiuka ADO 1o 1o-
JTy4aem

M
A

P

Puc. 19

2
AD =~ A0? — OD? =,/a2—%=a\g.o

3agaua 3. B TpexrpaHHOM yTIie Ba IDIOCKUX yriia 1mo 45°, mByrpaHHBIH
Yroi MeXAy HuMu npsMoi. Haiitu TpeTtuii Iiockui yroi.

Pewenue. O B tpexrpannom yriie OMNP ZMON = ZNOP =45° | a

M

P
Puc. 20

nByrpanssii yron MNOP — mps-
moii. TpeGyercs uaiitu yron MOP
(em. puec. 20). U3 mpousBompHOU
toukn C pebpa ON crpoum Ju-
Heitnpiii yron ACB  nByrpanHoro
yrma MNOP, torga mo ycioBHiO
sagaun LACB =90°. Tak kak yr-
JIBI AOC = BOC =45°, TO
AC =0C =CB u npsiMoyroJibHble
tpeyroneuukn  ACO, ACB n

BCO pasuer mexny coboit, TO

AB = AO = BO wu uckomsiit ZMOP =60°. &
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§4.7. CooTHOLIEHHE MEKy OCHOBHBIMH 3JIEMEHTAMH TPeX-
TPAHHOIO yIJjia

TpexrpanHblil yron 3amaercst 0JHO3HAYHO (T. €. OCTaJbHbIE €r0 JIEMEH-
TBI MOT'YT OBITh BBIYMCIICHBI 11O JIaHHBIM) B CIICAYIOIIUX CIIy4asx:

1. JaHbl TpH €0 IUIOCKHUX YTJIA.

2. JlaHbl TpH €ro AByTpaHHbIX YIJa.

3. JlaHBI [Ba €ro INIOCKKX YIJIa M JBYTPAaHHBIN yTOJI MEXKIY HUMH.

4. laHbl 1Ba €r0 IBYIPaHHBIX yIJIA U INIOCKUI yTOJI MEXAY HUMH.

5. [laHbl 1Ba €T0 IUIOCKUX YIJIAa ¥ ABYI'PAaHHBIN yrod, JeXaluil HalpOTHUB
OJIHOTO U3 HUX.

6. Jlanbl 1Ba €T0 JABYTPAaHHBIX yrila U IJIOCKHUMA yroJ, JeKaluil HanpoTHUB
OJTHOTO U3 HUX.

3ameuanne. B o0mem ciydae 3ajaya MOCTPOCHUSI TPEXTPAHHOTO yIiia
MOJKET HE UMETh perieHus (cM. §4.6).

OCHOBHBIE COOTHOLICHHS MEXIY 3JIEMEHTaMH TPEXTPAHHOTO YIJa JArT
CIIEIYIOLINE TEOPEMBI.

«Teopema Kocunycoe» 011 mpexzpaHHozo y2ia

Teopema 1. Bo écaikom mpexzpannom yene, niockue y2ivl KOmopozo
pasuvl O, 5 u y, a 0éyzpannsie y2ivl, RPOMUBONEHCAUUE UM, COONIGEH -

CMGEeHHO pasnvl @ ,Pp U (DC y umerom wecmo cnedylomue paeencmea:

cosg zcosy—cosacosﬁ_ cos :cosﬂ—cosacosy _
¢ singsin ’ sina sin y
cosa —cos fcos
Cos@py = . ﬂ L.
C sin fFsiny
4 : Moxkazamenvcmeo. O Jlokaxem, Ha-
¥ [puUMep, MEPBOE PaBeHCTBO. IIyCTh B Tpex-
O rpantoM yrie OABC miockue yrisl IpH
&) Bepummie O  pasuel ZBOC =«
A L40C=p, ZA40B=y (cm. puc. 21).
B, B Yepes mpomsBoipHylo Touky () pebpa
OC mpoBeneM IUIOCKOCTh IIEPHCHIHUKY-
Puc. 21

IApHyto 3ToMy pebpy. Ilycts B; u A4 —

TOYKH MEPECEYEHUs ITOM MIOCKOCThIO pedep OB u OA, COOTBETCTBEHHO.
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ITo ycnosuro suHeitnslit yron BjC; A4, nmsyrpanHoro yriaa c¢ peopom OC

paBeH @c. Iycre OC|=x. B 1peyromsnuxe OB,C; C\B =x-tga,
OBI =

. B tpeyronsuuke OA4,C; C 4 =x-tgf, O4 L
cosa cos 8

TeopeMbl KocuHycoB 1 Tpeyronsaukos BiCi4; u OB, C| nony4aem:
B, A =OB> + 04 —2-OB, - O, cosy ;
B]A12 = C]B]2 + C]Alz - 2 . ClBl . C]A] COS@C .

IpupaBHsieM NpaBble YaCTH PABEHCTB M I0jACTaBUM Bbipaxenus OB,

OAI, CIBI’ ClAl:

2 2
x x X X
+ -2-—————cosy =
cosa cos 8 cosa cosf

=(x-tga)2 +(x-tgﬁ)2 —2-x-tga-x-tgf-cosec.
[Tocne npeoOpazoBaHuii MOTyYaeM JIOKA3bIBAEMYIO POPMYITY:
cosy —cosacos

Cospc = T
sinasin

AnagorugHo JAOKa3bIBAIOTCA /IBA APYIrUX PABCHCTBA. 4

3ameuanne. HOTIa «TeopeMy KOCHHYCOB» JUIS TPEXTPAHHOTO yria
(hopMyJIUpYIOT CIIEIYIOMNM 00pa3oMm:

60 6CAKOM MPEXZPAHHOM Y2ile KOCUHYC RII0CKO20 y2ila PAGeH npou3ee-

0€HUI0 KOCUHYCO8 08YX OpYyZUX NIOCKUX Y2108 NIOC HPOU3BeOeHUE

CUHYCO6 meX Jice Y2ll06 HA KOCUHYC 0BYZPAHHOZ0 Y2/ia MeXHCOY HUMU:

cosa =cos fcosy +sin fsinycose, ;
cos S =cosycosa +sinysinax cos @y ;

cosy =cosacos f+sinasin fcosg. .

«Teopema cunycoe» 013 mpexzpannozo yena

Teopema 2. Bo 6cakom mpexzpannom yzie CUHYCbl RAOCKUX Y2106
RPOROPYUOHANLHBL CUHYCAM RPOMUBONEHCAUUX UM 08YZDAHHBIX Y208:

sing sinff  siny

sing, singg  sing.

95



sina
Jokazamenvcmeo. O PaccmMoTpuM oTHomleHue —— . M3 0CHOBHOIO

sing

TPUTOHOMETPHYECKOTO TOXKICCTBA CIEAYET Sing =4/ 1 — cos? ¢, . Hanee,

UCTIONB3Ysl TEOPEMY KOCHHYCOB ISl TPEXTPAHHOTO yIJIa, MOTydUM:

2
sing, = /1—00s2¢A: - cosa —cos ffcosy _

sin #siny

sin? ﬁ’sin2 ¥y - cos® a + 2cos ffcosy cosar — cos’ }/cos2 B

sin? ﬂsin2 14

\/1—00520:—0052 ﬁ—coszy+2005acosﬁcosy

sin Ssiny

IToacTaBUM MOJYYCHHOE BEIPAXKCHUE SIN @, B PACCMATPUBACMOC OTHO-
IICHUE:

sina sina sin fsiny

=t.

SI@ 4 \/1 —cos® a—cos? B —cos” y +2cosacos fcosy
sin f# siny
. :t I/I .
sin@p sin Q.
Teopema 3. Bo écakom mpexzpannom yzie KOCUHYC 08YZPAHHO20 yena
Pasen npou36eoenuI0 KOCUHYC08 08yX Opy2ux 08yZPAHHbBIX Y2086, 63AMOMY

c 06pamel.M 3HAKOM, njiroc npousee()euue CUHYCO8 mex Jice y2jl06 Ha Ko-
CUH)C RJI0OCKOZ20 yliia Meafa)y Humu:

COS@, =—COSPp COSP, +Sin@p sin@ cosa ;

COS@p =—COSPc COSQY 4 +Sin@,sing,cos [ ;

COSQc =—COS(P 4 COSPp +Sin@  sin@p cosy .
3agaua 4. [lnockue yribl TpexrpanHoro yria pasusl 45°, 45° u 60°.
Uepes ero BepIImHy MPOBEACHA MpsMasi, IEPIICHANKYISIpHAs OAHOM U3 Tpa-

Hel, IIOCKU yroi B KoTopoii paBed 45° . Haliti yron Mex Iy 3Toii psMoit
¥ peGpPOM TPEXIPAHHOTO YIJIa, HE JIEKAIUM B YIOMSIHYTON IPAHH.

Pewenue. O Tycts B TpexrpantoM yrie SABC W3BeCTHBI IUIOCKUE YT-

ast LASB=45°, £LBSC=45°, £ ASC =60° (cm. puc. 22), a npsamas

AHaJI0rM4HO JOKa3bIBACTCA, UTO

=t. @
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DS nepreHaukynspHa IUIOCKOCTH
rpaun ASB . BbluuciauM B TpexrpaH-
Hom yriue SABC Benuuuuy nByrpas-
HOTro yria npu pedpe BS (0603Hauum
ero uepes @p ):

c0s60° — cos? 45° B

cosQpp = =0.
? sin? 45°

Orcrona @5 =90°. CruenoarensHo,

npsMas DS pacnoyiokeHa B IJIOCKO-
cru rpain CSB W meprieHAuKyIs[pHA
Puc. 22 peopy BS. OueBugno, 49ro yroia

DSC — uckowmbrii u paBen 45°. ¢

3agaua 5. B TpeyroiapHON mupamMuie 1BE TPaHU SBISIOTCS IPSIMOYTOJIb-

HBIMH paBHOOEJPEHHBIMH TPEYroJbHUKAMH, KOTOpPBIE NPUMBIKAIOT JPYT K

JpYTy THIIOTEHy3aMH M 00pa3yioT

S JIByTPaHHBIA yTOJI, pPaBHBIA .

> Onpenenuts IOBYTpaHHBIA YOl B

9TOH nmpamuzae, pedbpoM KOTOPOro

"B SBJISIETCSL  KaTeT MPSIMOYroJbHOTO
TPEyTroJbHUKA.

Pewenue. O Ilycte B Tpe-

yrombHo# tmpamune SABC (cwm.

A puc. 23) rpauu ASC u ASB-—

MIPSMOYTOJIbHBIE PaBHOOEPEHHBIC

C TPEYTOJILHUKHU C THIIOTEHY30i AS ;

Puc. 23 JBYIpaHHbIi yron mpu pedpe AS

paBeHn « . Ilmockue yriiel paBHBI

ST

NN}

LASC=ZLASB= ZSAC = £LSAB =% . JIByrpaHHble YTJBI, pedpamu

KOTOPBIX SIBISIIOTCSI KATETHI IPSIMOYTroibHBIX Tpeyronbhnkos ASC u ASB ,
BCE OJIMHAKOBBI, 0003HAYMM WX Yepe3 X . BBIUMCIHMM, HAIPUMED, IBYrpaH-
HbIH yrou npu pebpe SB .

Paccmotpum tpexrpannsiii yron SABC . O6o3HauMM [UTOCKHIT YOI IPH
ero Bepiuune S uepes [ . Torma umeem:
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T T T
cos ff — cos? = cos— — cosz cos
cosge=——mm, COSX =
.2 T . T,
sin® = sin—sin S
4 4
CrenoBareibHO,
1+ cosa 1-cos
cosff=———, cosxz_—ﬂ
2 sin f#
1-cosa 1-cosa
WM COSX =, [—— , OTKyla X = arccos,——— . &
3+ cosa 3+cosa

PaccMOTpUM HECKOIBKO CIENCTBUN AOKA3aHHBIX TEOPEM JUIS TPEXTPaH-
HOTO YIJIa, NIPUMEHSEMBIX IPU PEIICHUM DPA3IUYHBIX CTEPEOMETPUUYECKHUX
3ajad.

1. Ecin AByrpaHHblif yron ¢, OPOTHBOJIEXKAILUH IIOCKOMY yIily O
IPSAMOiA, TO

cosa =cos fcosy, *)
T. €. KOCUHYC RIIOCKO20 Y2iid, NRPOMUBOIEHCAULE20 NPAMOMY 08YZPAHHOMY
Yey mpexzpanHHo2o yena, paGeH NPOU36e0eHUI0 KOCUHYCO8 O06YX Opyzux
RIOCKUX Y27106 IM020 MPEXZPAHHOZ0 Y2a.

OTcroaa HEMOCPEACTBEHHO CIIETYET:

a) Ecim npsimast [ (em. puc. 24), pac-
D MOJIOXKEHHAs B IMJIOCKOCTH 7T , COCTaBIISET
yroin Y € INpPOEKUUEH NaHHOM HAKJIOH-

a HOHM, oOpasyromeil yron f ¢ IUIOCKO-
CTBIO 77, TO KOCHHYC yIJIla MEKIy Ha-

KJIIOHHOM U nipsiMoii [, BeIpaxaercs Qop-
mymoit (*) (cm. 3amaay 17 Ha ctp. 36).

6) Ecin npsimere /| u [, B mtocko-

CTH 77 00pa3yroT paBHBIE YITBl )| =},

C IPOEKIUEeN HAKIIOHHOM, TO ITH MpsAMbIE
Puc. 24 00pa3yioT paBHbIC YTJIbI C HAKJIIOHHOH.

B) Ecim npsimere /| u [, B mocko-

cTH 77 00pa3yIoT paBHbBIC YIIIBI C HAKJIOHHOW, TO OHH 00Pa3yIOT PaBHEIC YT-
JIBl U C €€ MPOeKIHUEH.
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r) (TeopeMa o Tpex HepreHAUKyisapax). Ecnu mpsaMas [ mepneHauky-
JISIpHA MPOCKIHNH HA IIIOCKOCTh 7T HaKHOHHOﬂ, TO 3Ta HnpsMas NnepucHIuKy-
JISIPHA TaK)Ke U CaMOM HAKJIOHHOM.

,Zloxasameﬂbcmeo: O

6) cosay =cos fcosy; =cos fCosy, =CoSa, , OTKYIa Q) =, .
CosQy _ Cosa,

B) Ecn o) =, , 10 COS Y| =—F =——=
’ cosff  cosf

=COSYy, U Y1 =Y.

T T
r) Tak kak ¥ =5, To cosa =cos fcosy =0, otkyna & :5' 14
2. [IpaBUIBHBII TpEXTPaHHBINA yTrodl.
a) Ecnm Bce 1utockue yrisl TPEeXIpaHHOTO yIila paBHBI MEXKIY COOOH
o = [f =y, TO paBHbI U BCE BHYTPCHHUE ABYTPAHHBIC YIIIbI Q4 = Pp =P ;
HIPH 3TOM:

0) Eciu Bce BHyTpeHHHE ABYTpPaHHBIE YTVl TPEXTPAHHOTO YIJia PaBHBI

MeXLy co00il @4 = @p =@ , TO PaBHBI H BCE INIOCKHE YITIbl & = B =y .
cos
cosq =— 204
I-cosgy

3agaua 7. Jloxas3arb, 4TO €ClIM BCE ABYI'PAHHBIE YIIIbI TPEYTOJbHON MH-
paMuzIBl paBHBEI MEKY COOOH, TO BCe ee pedpa TakKe PaBHBI MEXIy COOOM.

Hokazamenvcmeo: O IlycTs B TpeyroibHOW NUpaMUe BCE JBYTPAHHBIC
yIIbl paBHBL @4 . Torjga u Bce INIOCKUE YIVIBI IIPU BEPIIMHAX TAKKE PaBHBI
Mexay coboi. O603HaYMB UX Yepe3 ¢ , UMEeM: COSQ = M.
1-cosgy

CrieioBaTeNbHO, BCe TPaHH MUPAMUABI PABHBI M MPEICTABISIOT CO00i
PaBHOCTOPOHHHUE TPEYTONBHHUKH, YTO M TPEOOBAJIOCH A0Ka3aTh. ¥

3. a) Ecitir nByrpaHHEBIil yTON (4 IEXUT HPOTHUB NPSIMOTO IIIOCKOTO yT-
na @, To cos@, =—ctg fctgy.

0) Ecnu 1utockuii yroi ¢ JeXUT HallpOTHB IIPSMOTO ABYTPAHHOTO yIiia,
TO COSa =Ctg @p Ctg @, .
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I'naBa S. Kpyrubie teJia

§5.1. Hnaunap

Hununopuueckoit nosepxnocmeio Ha3bIBaCTCs TOBEPXHOCTH, IPOU3BO-

JUMasi JTBUKEHHEM TMpPSMOW JIMHUU
AB (cm. puc. 1), coxpansroreit
OJIHO M TO K€ HAIPaBIICHHE U Mepe-
cekaromei mannyo juauio CD .
Ilpssmass AB wasbiBaetcst  o6pa-
syrowen, a muaus CD — nanpas-
aAawuiell.

Ecnu B kadecTBe Hampabisito-
el LWIMHAPUYECKOW I10BEPXHO-
CTH B35Th OKPY)XHOCTb, IUIOCKOCTb
KOTOPO# NepreHanKyIIspHa K 00pa-

Puc. 1

3YIOIEH, TO Takas IIOBEPXHOCThb

),

Puc. 2

6blCOmMOI IWIINHPA.

Ha3bIBACTCS KPY2060il ININHIPUIECKOM.
Hununopom HasbiBaeTcs Teno, orpa-
HUYCHHOE IMJIMHAPUYECKOH MOBEPXHO-
CTBIO C 3aMKHYTOW HarpasJsIoliel W ABY-
Ml TTapaJIeTbHBIMHU TUIOCKOCTSIMH, TIepece-
Karommmu odpasyromntue (cM. puc. 2).
YacTh IWIMHIPUYECKON MOBEPXHOCTH,
3aKJIIOUCHHAs] MEXKAY  MapauIeIbHBIMU
IUIOCKOCTSIMH, Ha3bIBAaCTCsl HOKOGOU TIO-
BEPXHOCTHIO HUWIIMHApPA, a4 YaCTHU ILJIOCKO-
CTeH, oTcekaeMble ITON MOBEPXHOCTBIO, —
ocHosanuamu nunuHApa. PaccTosHue Me-
Ky TUIOCKOCTSIMA OCHOBAaHUH Ha3bIBaeTCA

IIpamvim Kpy206bimM YUAUHOPOM HAZBIBAETCS TEJIO, OTPAHUUEHHOE KpPY-
TOBOH IMIMHAPHYECKON MOBEPXHOCTHIO M JIBYMsSI IapaUICIbHBIMHU IIOCKO-
CTSIMH, TICPIICHANKYISIPHBIMU K oOpasyromeii (cMm. puc. 3). OcHOBaHHAMHA
IPSIMOTO KPYTOBOTO LIMJIMHAPA SBISIFOTCS Kpy2u paauyca R, a eplcoma paBHa

obpasyromeii mummaapa: h= AB =0O0,. B mKOIbHOM Kypce reoMeTpun

OOBIYHO pPAcCCMaTPHUBAIOT TOJBKO MPSIMOW KPYroBOW LWIMHIP, KOTOPBIA B
JlanbHeleM Oy1eM Ha3bIBaTh POCTO UJIHHAPOM.
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HunuHAp MOXKHO Takke MOJIyYUTh BpalleHHEM
npsimoyronsauka Oy ABO, BOKpyr oxHOii U3 ero
cropoH (cM. puc. 3). Cropona OO, npsMOyroJs-

HHUKa, BOKPYr KOTOPOW MpPOHMCXOAWT BpAIlCHHUE,
Ha3bIBACTCS OCHbI0 IIWITMHJIPA, a MEPICHANKYIIIPHAs

eit cropona OjA=0,B =R HasbBactcs paduy-
com umnMHApa. Pamvyc IMIMHApA PAaBEH TAKKeE
paauycy ero OCHOBaHMIl.

bokoBas u moJsHast MOBEPXHOCTH HMJIHHAPA

Bokogasa nosepxnocmov yununopa pasna npouseeoeHul0 ONUHbBL OK-

PyJcHocmu  0CHoO6a-
HUs HA Gblcomy WU~
JUHOPA:
27Rh,

rne R—  pamuyc
OCHOBAHHS IHJIHH/-
pa, a h— ero BbICO-
Ta.

Ilonnasn no-
6epXHOCHb UUTUHO-
pa pasna cymme
00K060Il nOGepxXHO-
cmu u niaowaoei
€20 OCHOBAHUIL:

S=27R(R+h).

f— =~ —

Puc. 4

Pa3BepTka mmiuHapa. Ecin mOBepXHOCTH LMIHHAPA pa3pes3aTsb mo 00-
pas3ymomieii 1 OKpY)KHOCTSIM OCHOBAHUM M Pa3BEPHYTH €€ TaK, YTOOBI OOKOBas
MOBEPXHOCTh BMECTE C OCHOBAHUSAMH JIXKAIH B OJHOM IIIOCKOCTH (CM. pHC.
4), To Ha 3TOH IUIOCKOCTH MOJy4HUTCs (DUrypa, KOTOpas Ha3bIBacTCsS pas-
6epmKoi WWIMHAPA, cocrosias u3 npsMoyroiabuuka ABCD , cTropoHsl
kotoporo AB=CD=h u AC=BD=27R, u 1Byx Kpyros (OCHOBaHUIi

INH/PA).

O0beM nunHApa. Od0vem YUIUHOPA PAGeH RPOU3EEOCHUI0 N0 AU
€20 0CHOGAHUS HA BbICOMY:

V=nR*h.
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3apava 1. BeicoTa nnnmHApa ¥ paanyCc OCHOBAHUS PaBHBI COOTBETCT-
BeHHO A u R. J[muHa OTpe3Ka, KOHIGI KOTOPOTO JIEXKAT HA OKPY>KHOCTH
o0onx ocHOBaHWH, paBHa @ . HaiiTi kparyaiiniee paccTosHUE OT OCH LIMJIMH-
Jpa 70 9TOro OTpe3Ka.

Pewenue. 0 B paccmarpuBaeMoM LWIMHIpPE
00,=h, AO=R uotpezox AN =a (cMm. puc.
5). HeoOxoanuMo HaiiTH paccTOsIHUE MEXIY OTpe3-
koM AN u ockro mumnapa OO0;. 4N u OQ,
— CKpeluBamompecss mpsmble. Yeped mpsamyro
AN mnapamnensio ocu OO, nposeznem Iioc-

koctb A AN ( AA, — neprnenmuKymnspHa MIOCKO-

CTH OCHOBaHMs, Kak oOpasyromast). Toryia uckomoe
paccTosiHEE Oy/leT paBHO PAacCTOSHHIO OT JIIO0OH

Puc. 5

touku oc OO, 1o mpoBeneHHoH miockocTu. Io-
crpoum npsmyto BO , neprnenaukymsipayto AN . BO Gyzper neprneHauKy-
msipra mwiockoctd A AN , nockonexy BO L A4, (A4, - obpasyromas) u

BO 1 AN 1o nocrpoennto. M3 mpsiMmoyronsHOro tpeyroibHuka A AN
Haxomum AN = A1N2 —AIA2 = =vJa*-h*. B PSAMOYTOJIBHOM Tpe-
yronbhuke ABO

2_ 242
ap =N _ B=\A0? —aB* = |R? L~

2 4

{ 2,2
B rakom ciyuae CD = BO = R? —% .o

3agava 2. B nunuHzape miomangbs OCHOBaHMS m B
paBHa (), a IUIOIIA/Ib OCEBOTO CEYEHHUs paBHA S . 4 \v/
1

OHpe,I[eJII/ITL IOJIHYHO MOBEPXHOCTh NUJIMHAPA.

Pewenue. Ilycts B wwmHape Sy, =0 u :
Supcp =S (em. puc. 6). |

O6ozHaumm AO=R u AD=H,6 rtornma 0 101\‘
D C

S

wonn = 27TR (H + R) . Tak Kak COINIaCHO yclo-
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Buto 2RH =8 ,a S;,. =27RH ,10 S;,, =78 . Torna
Spom. = Sgore. T20=n8S+20. @

3agaua 3. bokoBas MOBEPXHOCTH IITMHIPA BABOE OOJIBIIE CYMMBI IIIO-
majgei ero ocHoBaHWi. HallTh yTron MeXIy AHaroHaIbI0 OCEBOTO CEYCHUS U
IUIOCKOCTHIO OCHOBAHUS IFITHHIIPA.

A ,0 B Pewenue. 0O Ilo  ycnoBuro  3amadu
E Seox. =4Syen.- Tpebyercs maiitn LBDC=a

(cm. pmc. 7). Ussectro, uro Sj,,. =27RH , a

_____ N Soen. =7R?, torna 27RH =47R* u, cnenosa-

A :‘01\‘ tenbHo, H =2R, T. e. NIpAMOYroJbHBIN Tpe-

D C yromeauk  BDC — paBuoGenpennsiit. Crenosa-

Puc. 7 tensHo, BC=DC=2R, Torma MCKOMBIH yroiu
a=45 . &

3agaua 4. Haiitu quiaroHaib OCEBOT'O CEUYCHUS IWIMHAPA, €CIH 00beM
UMIMHIpa paBeH V|, a ero 60KoBas MOBEPXHOCTE paBHa S .

Pewenue. O JlnaroHansHOE CEUCHHE IMITUHIPA — MPSIMOYTOIBHHUK (CM.
puc. 6). O6o3znauns A0 =R u AD = h, nony4um cucTeMy ypaBHEHUI

S =27Rh,
V =7R*h.
2
Otcroga R =2—V, h =L=S—.
S 2xR  4nV

Hanee u3 teopemsl Iludaropa s NpsSMOYrONBHOTO TPEYTOJIBHHKA

ADC naxonum

2 2\ ] 2,4 . ob

S -

dnv | 47VS

[unuaap, oceBoe CedeHNe KOTOPOTO — KBAAPpAT, Ha3bIBACTCS PAGHOCHO-
POHHUM.

103



3apava 5. /[Ba OJMHAKOBBIX PAaBHOCTOPOHHMX IMJIMHIAPA Pa3MEIICHBI
TaK, YTO OCh OJHOTO M3 HUX fABJSAETCA oOpasyromel BToporo. Haiitn o0pem
MX OOIIeH YacTH, ecliv BBICOTA IIMJIMHAPOB PaBHA d .

Pewenue. O O6beM o0IIEH YacTH MIIMHAPOB PaBEH HMPOU3BEACHUIO UX
BBICOTBI HA IUIOLIA/AbL OOIIEH YaCTH UX OCHOBAHUNA:

V=MN-S,ppc-
[Inomane obmiel 4acTH OCHOBaHUM NWJIMHIpPA PaBHA CyMMeE ILTOIIAAeH
RCA_—B— M A
- ~_ —
' B
RC D M

1
All
AT s TN B
—~l_~ L

1 Bl !

rs

Puc. 8

JIBYX OIMHAKOBBIX cerMeHTOB. Tak kak AB 1 CD (cwm. puc. 8) u menwurt pa-
nuyc ocHoBanus wmaapa CD momnonam, o AB — cTOpoHa MpaBHIBHOTO

BIIMCAHHOTO B OCHOBaHue Ttpeyronbhuka ABM |, nostomy AB =RS3 u
ayra ACB comepxur 120°. Torna S.ory up = Scexr.CADB — S+ ACB -

ITo ycnosuto R =CD :% .

s L fa) _La3a_za &3
cewADE T3 2 ) 2 2 4 12 16
2| 7 \/g
Scaps =2Scerwaps =4 (E - ?J
Torna MOXXeM HaWTH UCKOMBII 00BbEM:
r 3) &
V=aa|Z-212 =" 472'—3\/§ .o
6 8 24( )
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§5.2. Konyc

Konuueckoii nogepxnocmoio Ha3bIBacTCs MOBEPXHOCTD, IPOM3BOIUMAs
nBuwkenueM npsamoit SA (cm. puc. 9),
HepeMeIarieicss B IPOCTPAHCTBE Tak,
YTO OHA IPH TOM BCE BPEMsI [IPOXOHUT
dyepe3 HEeMOABIKHYIO TOUKYy S H mepe-
cekaer nauuyto junuio /. Ilpamas SA
Ha3bIBACTCSL oOpaszyrowen, touka S —
éepwiunoii, a muuus | — nanpasnarowei
KOHUYECKOU ITOBEPXHOCTH.

OTMeTuM, 9TO KOHHYECKasl MOBEPX-
HOCTh, TaK )K€ Kak M ee obpasyroriast
SA, mupoctuparoTCss B MPOCTPAaHCTBE
6ECKOHEYHO.

Konycom HaspiBaeTcsi T€IO, OrpaHHu-
YEHHOE YaCThI0 KOHMYECKOH MIOBEPXHOCTH € 3aMKHYTOM Harpasistonei / u
IUIOCKOCTBIO (X , HE POXOJIAIICH Yepe3 BepIuirHy S W Iepecekaroleil Bce
ee obOpasytromue (cM. puc. 10). Beprm-
Ha KOHMYECKOH IOBEPXHOCTH Ha3bIBa-
eTCsl 6epuiHONl KOHYCa; YacTb KOHH-
YeCKOU IIOBEPXHOCTH, OrPAHUYEHHAS
BEPILIMHOM M CEKyIllEH IUIOCKOCTBIO —
60K060Ii TIOBEPXHOCTBIO KOHYCa, a
YaCTh CEKYIIEH IUIOCKOCTH, BBIJCIICH-
Hasi KOHMYECKOW MOBEPXHOCTBIO — OC-
HoeaHnuem XoHyca. Bovicomoii xomyca
Ha3bIBACTCS [UIMHA [EPHICHIUKYJISpA,
OIYIIIEHHOTO W3 €ro BEpIIWHBI Ha Puc. 10
IUIOCKOCTH OCHOBAHHSI.

Hpsamoim Kpy2oevim KOHycom Ha3BIBACTCsI KOHYC, OCHOBaHHEM KOTOPO-
ro ABISIETCS KPYT, U BeicoTa KoToporo SO MPOXOIUT Yepe3 LEHTP OKPYXK-
HOCTH OCHOBaHHA (cM. puc. 11). B manpHelimeM mpsamoil KpyroBoil KOHYC
OyeM Ha3bIBaTh IPOCTO KOHYCOM.

KoHyc MOXHO MOJy4YHTh BpALICHHEM MPSMOYTOJBHOIO TPESYrOIbHHKA
SOA (cm. puc. 11) Bokpyr oxsoro u3 kareroB. Karer SO , BOKpyr KOTOpO-
IO [POUCXOMT BPAILCHHE, HA3BIBACTCS OCbIO KOHYCA, A THIIOTEHY3a SIBISICT-
cst oopazyiowen xouyca SA=L. Kater OA paBeH paanycy OCHOBaHUsI

Puc. 9
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kouyca OA = R, a xarer SO pasen ero Beicote SO = . Ceuenue koHyca

IUIOCKOCTBIO, TIPOXOJISIIEH Yepes BEPIINHY, MPECTABIAET COO0M paBHOOE -

PEHHBI TPEYrONbHUK, Y KOTOPOro OOKOBBIE

S CTOPOHBI SIBJISIFOTCS  oOpasyromumu. Cedenue

KOHYyCa IUIOCKOCTBIO, MPOXOJSIIeH Yepe3 ero
0Cb, HA3BIBACTCS OCEGBIM.

BoxoBas 1 M0JIHASI IOBEPXHOCTH KOHYCA.
KBokosas nosepxnocmv Kowyca pasna npous-
6€OCHUIO OUHDL OKPYHCHOCMU OCHOBANUA HA
nonosuny oopasyroweii L :

S50K. =mRL.

Ilonnas nogepxnocmv paena cymme 00Ko-
601l NOGEPXHOCIMU U NIOULAOU OCHOBAHUA:
Som. =TRL + 7R?,
rie R=0A - paguyc OCHOBaHHS KOHYyca,
L =8A - obpasyromas konyca (cm. puc. 11).
Pa3BepTka konyca. Eciin moBepXHOCTh KOHYyCa pa3pe3aTh Mo 00pa3yro-
S S A el ¥ OKPYKHOCTH
OCHOBaHHSI U pa3-
BEpPHYTh €€ Tak,
9TOOBI 60KoBas
MIOBEPXHOCTh u
OCHOBaHHE JIeXKaJH
B OJIHOH IIJIOCKOCTH
(cMm. puc. 12), To Ha
IUIOCKOCTH ~ TIOJY-
yurcst ¢urypa, Ha-
3bIBaeMast pas-
6epmKoil  Kouyca.
PasBeptka KoHyca
COCTOUT M3 CEKTOpa
SAA', panuyc koToporo paseH obpasyrolueil KoHyca, a JUIMHA JyTd paBHA
JUIMHE OKPY)KHOCTH OCHOBaHHs KOHYCa, 277R W Kpyra OCHOBaHHSI.
O0bem koHyca. O0vem KoHyca pageH npou3eedeHuio niowaou 0CHo-
6aHUs HA MPEMb GbICOMbBL:

Puc. 12

V=L R,
3
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Kacamenwvhoii nniockocmoslo K KOHycy Ha3bIBA€TCS INIOCKOCTh, IPOXO-
JsiIast yepe3 o0pasyrollyro KOHyca U HEepIeHANKYIISIpHAs MIOCKOCTH OCEBO-
rO CeYEHHs, coJeprKallel 3Ty 00pa3yIoILyIo.

ITupamuooii, onucannoil 0K0a0 KOHyca, Ha3bIBaeTCs MUpaMHIa, y KO-
TOPOM OCHOBAaHHEM CIIy>KUT MHOTOYTOJBHUK, ONHCAHHBIA OKOJIO OCHOBaHMS
KOHYycCa, a BepIlIMHAa COBIAJAeT C BepliuHOU KoHyca. I[Tupamuodoi, enucan-
HOIl 8 KOHYyC, Ha3bIBACTCA MUPAMU/A, Y KOTOPO OCHOBAaHHEM CIIy>KUT MHO-
TOYTOJIHUK, BIUCAHHBIA B OCHOBAHUS KOHYCA, a BEPIIMHA COBIAAAET C Bep-
LIIMHON KOHYca.

3agaua 6. B TpeyronpHOIl nupamMue CTOPOHBI OCHOBaHUS paBHHI 13; 20
u 21, a Bce O0KOBEIE pebpa paBHEI IO 36. HaiiTi 60KOBYIO IIOBEPXHOCTH KO-
Hyca, OIICaHHOTO BOKPYT MTUPaMHU/IBI.

Pewenue. O BoxoBasi IOBEPXHOCTb KoHyca S, = T RL . Obpasyromas

KOHyca paBHa 6OKOBOMY peOpy BIMCAHHO# B HEro mupamusl, T. €. L =36.
[Tnomans ocHOBaHMsS THMpaMHIbl Haxomutrcs 1o Qopmyne ['epona

Soen. =V27-14-6-7 =126 . Paguyc ocHoBanus koHyca R paBeH paguycy
OKPYIKHOCTH, OMHCAHHOM OKOJIO OCHOBAHMS MUPAMUIBI, U MOXET OBITH BbI-

abc  13-20-21 65
4ncieH no popmyne R = = =— Torna

48 4-126 6

Seox. =7RL=3907. &

3apaua 7. [IpsMOyTonBbHBIN TPEYTONBbHUK, KaTETHl KOTOPOTO PaBHBl d U

b, Bpamaercs BOKpYT NpsAMOM, MPOXOJSLICH Yepe3 BEPIIUHY MPSIMOTo yriia
apajulelIbHO runoTenys3e. HailTu oBepXHOCTH Teja BpaleHUs.

Pewenue. O IlycTs npsAMOYTOJIBHBIN _—0 A
AABC (£C=90°) spamaercs BOKpYyr H

upsmoit OO, || AB (cm. puc. 13). Touka C

nexur Ha mpsamoit 00;, AC=b u
BC=a.

[ToBepXHOCTh TeJa BpalIeHHs] COCTOUT
u3 OOKOBOW NMOBEPXHOCTH IWIMHApa W 60- | Y o--o-_ - F
KOBBIX IIOBEPXHOCTEH ABYX KOHYycoB. OOpa- !
3yIOLIyI0 IWIMHApA HaliieM M3 JaHHoro | Z---- 1O -

_______ b ————_ 2
¥—
TpeyroiapHuka AB = Va? +b% | a paIHycChl D — B

OCHOBaHHM KOHYCOB W HWJIWHApPA, PABHBLIC
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MeXITy co0OM, ompenenM U3 IpssMoyroibHoro Tpeyroiabauka ABC (Bbico-

AC-CB ab

ta CF=R, CF= = ). Wckomas MOBEPXHOCTH Tella
4B \/ a’ +b°

BpaIllCHHUS MOKET OBITh BRIYKCIICHA IO (hOpMyJIe:

S=7xR(a+b+2a> +b*)= \/ﬂ (a+b+24a* +b*). @
a’ +b*

3agaua 8. Uepes BeplInHy KOHyca IPOBEAEHA CEKyIIas INIOCKOCTb, CO-

CTaBJIAIOMmAs C IUIOCKOCThIO OCHOBaHusi yron 45°. Haiftn o0beM KoHyca,
€CIIM M3BECTHO, YTO PACCTOSHUE OT IIEHTPa OCHOBAHHs KOHycCa 0 CEKylIeH
IJIOCKOCTH B TPH Pa3a MEHbIIE JUTMHbLI 06pa3yolieil KOHyca u paBHo d .
Pewenue. O Ceuenne KOHYCa IIOCKOCTBIO, POXOJISIIEH Yepe3 BepIiH-
S Hy S, eCTh paBHOOECIPECHHBIH TPEYTONBHHUK
SAB (cm. puc. 14). TlnockocTsb, comepxka-
mas ock Kouyca u cepemuny C oTpeska
AB , nieprieHANKYIISIPHA CEKyIIeH MIOCKO-
cru.  CriefioBaresipHO,  HEPIEHAUKYJISP
OD , onyuieHHBI U3 LEHTPA OCHOBAHHS
KOHYyCa Ha CEKYIIYI0 [UIOCKOCTh, SBISETCS
Beicotoil Tpeyronbhuka SCO . Tlo ycio-
_______ Buro 3agaun ZSCO =45°, no £SOC —
""""" npsMoii, cieposatenbuo, ZDSO  Ttaxke
pasen 45°. 3uaunt, Tpeyronsauk SDO —
Puc. 14 pasnoGenpennsiii (OD = DS) . U3 teope-

_——L—

Mol Iludaropa mrs Hero momydmm:

SO=~DS*+D0O* =d+2 . Paccmorpum tpeyronpauk SOE . Tlo ycio-
smio SE =3d . Torma OF =/SE* - SO* =v9d* —2d* =/7d .

1
O0beM koHyca HaiieM 1o popmyne V = Emfzh, rjie ¥ — pajnyc OCHO-
BaHus, & — BbIcoTa koHyca. Ho 7 = OF = ﬁd , h=80= \/Ed )

M

CnenosarensHo, V =
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3amaua 9. KoHyc ¥ HWIMHIP OJUHAKOBOrO 00beMa V' pacroyioKeHbI
TakuM 00pa3oM, YTO MX OCH COBIAJAIOT, a OCHOBAHMS NMPUHAIJICKAT OJHOU
tockoctd. Haiiti 00beM o01mieii 9acTi KOHyca U IFITHHIIPA, €CIIA UX BBICO-
THI PaBHEI.

Pewenue. O TlycTs 7 — paguyc uuauMuapa, R — paauyc Konyca, i — ux

2
BEICOTA. Torga mis oObeMa KOHyca MokeM 3anmcath J = — 7R h, nns

1
o0bema mumuHapa V= wh. CrnenoBaresbHo, Eﬂ'th =m’h , OTKyJa

Rzrx/g.

Iycts Tpeyromsauk FBD — oce-
BOE CceUYeHHe KoHyca (cM. puc. 15), 4 —
TOYKa IIepPecedeHHs JIeKameid B 3TOM
cedeHnn oOpasyromiei KoHyca ¢ O0Ko-
BOM IMOBEPXHOCTBIO LMWIMHIpA. Yepes
TOUKy A TPOBEIEM IUIOCKOCTb, Mapai-
JeNBbHYI0 OCHOBAaHHIO KOHyca. JTa
IUIOCKOCTh JICIUT KOHYC Ha JIBE YacTH.
BepxHsist 4acTh NpeicTaBiseT CcoOoM
KOHYC ¢ BbicoToi BE u pamuycom r. Ee

1
o0beM paseH V] =§7Z'-BE-7‘2. u-

JMHIP TaKKe pa3o0beTcss 3TOM IUIOCKOCTHIO HA JIBE YAaCTH, MPUYEM O0BEM
N 2
HIDKHeH wactu Oyner pase V, =7(h—BE)-r”. Takum oGpasoMm, 00beMm

VO 061116171 YacCTHU KOHYCa U NWJINHAPA MOKET OBITH BBIUKCIICH KaK CyMMa

VO=V1+V2=W2.(%+(h—BE)j (h—z%Ej

Bripasum BE uepes h. 3ametuM, uto ABEA u aBOD nono6us! (110

L c BE EA BE _r
JABYM TJIaM ). J€A0BAaTCIbHO, —— = —— nm —=—. TKyJda
ey BO  OD KR Y
BE=h-"="" Torma Vo=m’h- -2 |-y 1—£ @

R 3 343 9
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§5.3. YceueHnnblit Konyc

Yceuennvim KOHYCOM HA3bIBACTCA YaCTb KOHYCA, 3aKJIIOUYCHHAA MCKAY

Puc. 16

HOM ee ocHOBaHusM. CTopoHa

Ha3bIBACTCA OCbI0 YCCYCHHOI'O

€ro OCHOBaHHWEM M CEKYyIIeH IIIOCKOCTHIO,
nmapajuieIbHOW OCHOBAaHMUIO (CM. puc. 16).
Ocnoéanuamu yCEUYCHHOTO KOHyCa Ha-
3BIBAIOTCS OCHOBAHWE IIOJIHOTO KOHYycCa, U3
KOTOPOT'O TOJIydeH YCEUCHHBIH, M 4acTb ce-
Kylieil IIOCKOCTH, OrpaHMYeHHas KOHHWYe-
CKOM TOBEpPXHOCTBIO (KpyT). Obpasyrouieii
YCEUEHHOT0 KOHyca Ha3bIBaeTCa 4acTb o0pa-
3yIolled IOJIHOTO KOHyca, 3aKIIOYEHHAs Me-
KTy OCHOBAHHUSIMH YCEYEHHOTO KOHyca. Bbi-
CcOmoii yCeUeHHOTO KOHyCa Ha3bIBaeTCs pac-
CTOSIHHE MEX]y €r0 OCHOBAaHHSIMH.
VYcedeHHBIIT KOHYC MOXeT OBITh 00pa3o-
BaH BpalICHHEM IPSIMOYTOJIIBHOW Tpareluu
BOKPYT' OOKOBOW CTOpOHBI, NEPHEHIUKYIP-

OO, , BOXpYT KOTOPOH BpaIaeTCs Tpamewus,

KOHyca, a BTopast 00koBasi cropoHa A4, Ttpa-

nenuu OyieT oopasyrouieii yceueHHoro KoHyca (cMm. puc. 16). OcHoBaHuUs
Tpareiy SBISIOTCS COOTBETCTBEHHO PaNMyCaMH HIDKHETO M BEPXHErO OC-

HOBaHuii yceueHnoro konyca Oy 4, =r, OA=R.

BoxoBasi 4 MoJiHAsi MOBEPXHOCTh YCEYEHHOT0 KoHyca. Bokosas no-

Puc. 17

eéepxHocmb  yce-
YeHH020  KOHyca
pasna npouseede-
HUIO CYyMMbL OJIUH
OKpysIcHocmeil
OCHOBAHUIl Ha ho-
J06UHy  00paszyio-
weii:
Sﬁox. :ﬁL(R +I"),
rme R u r — pa-
IUYChl  OCHOBaHHU
YCEUEHHOT0 KOHYcCa,
a L — mnmua obpa-
3YIOLLEH.
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Ilnowaos nonnoii NOBEPXHOCHIU YCeUeHHO20 KOHYCd PAGHA CyMMme
naowaou 60K080Il NOGEPXHOCHU U RAOWAOEI OCHOBAHUIL:

S =7zL(R+r)+7rR2+7zr2.

NOJIH.

Pa3BepTKa yceueHHOTro KOHyca. Eciii HOBEpXHOCTh yCEUEHHOTO KOHY-
ca pas3pesars 10 00pa3yroleil 1 OKPYKHOCTSIM OCHOBaHHUH U Pa3BEPHYTH TaK,
‘1T06I)I 601(01321;1 MOBECPXHOCTb C OCHOBAHUAMMU JICIKAJIN B OJIHOﬁ IJIOCKOCTH
(cm. puc. 17), To Ha IUIOCKOCTH MOJIyYUM (UTYPY, Ha3bIBAEMYIO PA36EPMKOI
YCEYEHHOT0 KOHYCa.

O0beM yceueHHOro KoHyca. O0vem yceuennozo KOHyca pagen cymme
00beM06 mpex KOHYco8, UMEIOUUX O0OUHAKOBYIO GbICOMY C YCeueHHbIM
KOHYCOM, @ OCHOBAHUA: OOUH — HUJICHEE OCHOGAHUE IMO20 KOHYcd, Opy2oil
— 6epXHee u mpemuil — Kpy2, naouiaob KOmopozo ecmo cpeoHee 2eomen-
puuecKkoe mMexcoy niouia0AMuy 6EPXHE20 U HUIHCHEZO OCHOBAHUIL:

Vse.xon %;zh(Rz +Rr+7%),
rae /i — BBICOTA YCEUEHHOTO KOHYCa, & R ¥ ¥ — pajiiyChl ero OCHOBAHUIA.

ITono0HbIe NUJIMHAPBI U KOHYCbl. BOKOBBIE M MOJIHBIE MMOBEPXHOCTH
MOZO0OHBIX HIIMHIPOB, KOHYCOB M YCEYEHHBIX KOHYCOB OTHOCATCS KaK KBajl-
paTel X CXOJCTBEHHBIX JIMHEHHBIX 3JIEMEHTOB (PaaMyCOB OCHOBAHHM, BbI-
COT, 00pa3yoIIuX).

O6bemMBl TOJOOHBIX HMIMHAPOB, KOHYCOB M YCEUEHHBIX KOHYCOB OTHO-
CATCSI KaK KyObl MX CXOJICTBCHHBIX JIMHEHHBIX JIEMEHTOB (paJlyCcoOB OCHOBA-
HUH, BEICOT, 00Pa3YIOIIHX ).

OceBble cedeHHs MOJOOHBIX LMJIMHIPOB, KOHYCOB MJIHM YCEYEHHBIX KO-
HYCOB HOZOOHBI.

3anaua 10. [loka3aTp yTBEpXKIICHNE: ECIIU B OCEBOE CEUCHHE YCEUCHHOTO
KOHYyCa MO>KHO BIIMCAaTh OKPY>KHOCTbB, TO €r0 BBICOTAa €CTh CpeIHEE MPOIOp-
IIMOHATBHOE MEXTy IUAMETPAMHU OCHOBAHHH.

Pewenue. O Ilyctb B 0oceBoe ceue-
aue ABCD yceueHHOro KOHycCa BIH-
caHa OKpy»XHOCTb (cM. puc. 18). O6o-

3HAUUM BC=d, =2r,
AD = d2 = 2R, 0102 =h. HOKa)KeM,
aro h=./d\d, .

Tpanetus ABCD — pasuoGenpen-
Has. I3 Toukn C Ha ocHoBanue AD
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omyctuM nepuennukyisip CM = 0,0, = h . Toraa

MD:R—r:ﬂ%;ﬁ.

Ilo CBOﬁCTBy KacaTCJIbHbIX, IMPOBCACHHBIX U3 O,HHOfI TOYKH K OKPYKHO-

ct, CN=0,C=r u ND=0,D=R. Orcrona

CD=R+r=£%?ﬁ.
us3 HPAMOYTOJILHOTO TPEYTONbHUKA CMD HaXOIUM
2 2
CM = CD? - MD? =\/(d2 ;dl j —(dz ;dl ) =./d,d, , 4to u Tpe-

00BaJIOCh JOKa3aTh. ¥

3agaua 11. Ompenennuts OOKOBYIO MOBEPXHOCTH YCEYEHHOTO KOHYCa,
€CIM ero 00pasyrolas COCTaBIseT ¢ IUIOCKOCTBI0 OCHOBaHus yron 60°, a
IUIOIIa/Ib OCEBOTO ceueHus paBHa S .

Pewenue. O IlycTh 1aH yCEUEHHBIH KOHYC C IUIOIIAJBIO OCEBOIO ceye-

aus S uw LABO=60° (cm. puc. 19).

D A Haiimem ero GOKOBYIO MOBEPXHOCTE Sp,, -
B paBHo6GouHO#t Tpaneun ABCD wu3
Bepunabl A Ha ocuoBanue CB omycrum
neprnengukyasp AM 1 CB. O6osnauum
AB=L, OB=R, O A=r. B npsmo-
C B

w yroiabHoM Tpeyroibuuke AMB 1o ycio-
suto £ MAB =30°, nostomy
Puc. 19 1 \/5

MB=—L, AM =H =—1L.
2 2

ITo ycnoBuro 3agauu miom@ans ocesoro ceuenus (R+7)H =S wm

3

TL(R-i-r) =S. YMHOxkas 00e YacTh MOCIEIHEr0 PAaBEHCTBA Ha YMCIIO

7T , HOTY4YUM
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B

772'L(R+I")=7Z'S.

YIII/ITLIBaﬂ, qTo OokoBas TOBCPXHOCTDb YCEUYCHHOI'O KOHYCa

Seox. = TL(R +r) , Haxoaum
2.3

SﬁoK. :T”S .9

3agaua 12. B yceueHHOM KOHycCe paguyChl OCHOBAaHHH M 0Opa3yromas
orHocsTest kak 3:11:17, a o6wem pasen 8157 cw’. Haiitu mommyro 1o-
BEPXHOCTh YCEYEHHOTO KOHYCA.

Pewenue. O  O6osaunm O A=r=3x, OB=R=1lx u
AB=L=17x (cm. puc. 20). Toraa u3 OpPAMOYTOJBHOTO TPEYTOJIbHHKA
AMB: AM = H =\ AB* - MB* = \J(17x)> - (11x—3x)> =15x.

ITo ycioBHIO 33/1a9i 00BEM YCEUEHHO-
ro konyca 8157 cn’, cnemosarensHo,

%(R2 +rR+1%)=

((1 1x)? +33x% + (3x)2) -

V=

_157x

=8157x>.
Orcroma x=1 cm, torma R=11 cm, r=3
em, L=17 cm. TonHas noBEpXHOCTH yce-

YCHHOT'O KOHYCa

S =rl(R+r)L+r*+R*]=3687 con’. @

NOJIH.
3amaua 13. Paanycel OCHOBaHHI YCEUYEHHOTO KOHyCa paBHbl R u 7.
[TnockocT, mapainsieiabHass OCHOBAaHU-
sIM, pa3lieNuia ero Ha JiBa IMOJ00HBIX
ycedeHHbIX KoHyca. Haiiti oTHOmEeHME
00BEMOB MOJTYYCHHBIX KOHYCOB.
Pewenue. O IlycTe yceueHHbIE
KOHYCBI C OCCBbIMHU CCUYCHUSIMHN

ByA4/A,B, u By A, AB mono6HEI (cM.

113




puc. 21) u OA=R, O4,=r, a O,4, =x. U3 onpexenenHus monodus

yCEUeHHBIX KOHycoB cienyet, uro tpamemuu 40,0,4, u A4,0,04 no-

rox
IOOHBI M TOrga — = E ,T. €. X=~/FR . O0beMBI MOZOOHBIX TEI OTHOCATCSA
X

Kak Ky6BI JJINH CXOJCTBCHHBIX JIMHEHHBIX AJIEMEHTOB:

3 3
Vz 02 A2 A/ ]/'R R
3agaua 14. JTokasars yrBepskaenue: eciu tpeyroabuuk ABC Bpamaer-

QZ

cst Bokpyr croponsl BC =a, 1o 06beM moxydeHHOro Tena V, =§7z—,

a
rae () — IoMaak TPEYTroJbHHUKA.
Pewienue. O IlonyueHHoe Teno0 Bpa-
:> IICHUS COCTAaBJIIIOT J[BA KOHyca (CM. pHC.
B 22). O6osnaunm AO="h BricOoTy Tpe-

yrosnbauka ABC , ONyIIEHHYIO HA CTOPOHY
BC', xoropas OJHOBpEMEHHO SIBISIETCSI
pajiiycoM OCHOBaHHUsI KOHycoB. Toraa 06b-
€M HCKOMOTO Tea BPAIICHHS PABEH:

A V= VKOH.ABD + VKOH.CAD niu

V v =%7rh2(CO+OB)=%7mh2.

VuurteiBast, uro mo ycnosuto ah=20,
Puc. 22 HalIeM
242 2
1 1 ah 4
V=—rah®=—g—— =—7rQ— s
3 3 a 3 a
9TO U TPeOOBAIOCH JOKA3aTh. ¥

3ameuyanue. Dopmya crpaBeIBa s JI000r0 TPEYroJbHUKA, HO €C-
au, nanpumep, yron BCA Oyner Tymoi, To B X0JI€ JI0Ka3aTeIbCTBA ClIeAyeT
YUECTh, YTO B 9TOM CIIydac:
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Va = Vonanp —Vioncan -
3apaua 15. Pom6 ABCD ¢ £ A=60" u croponoii AB =a Bpamaer-

Csl BOKPYT' OCH, MPOXOJsiieii depe3 TOuKy A MepreHANuKYISPHO CTOPOHE
AD (cwm. puc. 23). Haiiti 0ObeM Tena BpalieHus.

Pewenue. O O0beM mONY-
YEHHOI'O TeNa BPAIICHHUS PaBeH
pasHOCTH 00BEMOB YCEYCHHOIO
konyca (¢ Beicotoit OA wu pa-
nrycamu ocHoBauuih AD =a u
OC) u xonyca (¢ Beicotoit OA
u paguycom ocuoBanus OB),
rne O— Touka IepeceyeHus
npsmMoit AB ¢ ochio BpalleHusI.
U3 mpsmoyronsroro tpeyroisauka OAB (LAOB =90°, ZBAO =30°)

NG

nonyuaeM OA = ABcos ZBAO = aT , OB =% .

O0beM ycedeHHOTO KOHyCca

m:%ﬁ-OA-(ADMAD-omocz):

1 aﬁ(%z 342 2] 193
T + +a =

72'03.

37 2| 4 2 24

O0wem KoHyca

V3 s

1
Vy=—n-OB* - OAd=~ra’.
3 24

CrnenoBareibHO,

33,
—7T .
4
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§5.4. Cepa n map

Llaposoii nosepxnocmeuio, NN cghepoil, Ha3bIBACTCS TEOMETPHUECKOEC
MECTO TOYEK MPOCTPAHCTBA, PABHOYJAICHHBIX OT 0JHOM Toukn O (cM. puc.
24), Ha3piBacMol yenmpom cehepul. Lllapom Ha3bIBACTCS TEIO, OrPAaHUYCH-
HOE CEepoii.

Paouycom cdepbl Ha3bIBacTCs OTPE3OK

NPSMOHN, COCIUHSIONIMN LEHTP cdepsl ¢

mo00it ee TOYKOI; Halpumep,

i AO =0C =R . Xopooii chepnl Ha3bIBAET-

4 m B ©f OTpesoK NPSIMOH, COECIMHSIOINNA IBE ee

mo0ble Touku. Juamempom chepsl Has3bl-

BAaeTCs XOP/Ia, IPOXOIas Yepes ee LeHTp,
Hanpumep AB wiu CD (cm. puc. 24).

Cdepa moxer OBITH TOTyYeHa Bpaiie-
HHEM II0JTyOKPY>KHOCTH BOKPYT AUAMETpa.

[Ipsmas, umeromas co chepuyecKon
MOBEPXHOCTBIO O/IHY OOIIYIO TOUKY, HAa3bIBACTCS KACAMEAbHOIL; 1BE 001IHe
TOYKHU — CceKyujeil.

IInockocms, npoxodawias uepes yenmp chepvl U nepnenouKynapHasn
xopoe, npoxooum uepe3 cepeouny xopovt. OOpaTHOE YTBEPKICHHE: HJIOC-
Kocmb, npoGedennasn uepes cepeouny xopovl HEPREHOUKYIAPHO IMOIl Xop-
Oe, npoxooum uepe3 yenmp cghepol.

Cexymye 1 KacaTeJbHBIE IPsIMbIE K cepe 001a1atoT TAKUMH JK€ CBOM-
CTBaMH, KaK M CEKyINe U KacaTeJIbHbIE K OKpYyXHOCTH. Hampumep,

a) KacamenbHan NEPREeHOUKYIAPHA PAOUYCY, NPOBEOCHHOMY 6 MIOUKY
Kacanus;

0) nepnenouKkynap, onyuwieHHbolil U3 yeHmpa chepovl Ha ceKyuiyo npa-
MYI0, BPOX00Um uepe3 cepeouny xXopovl;

B) (Teopema o xacaTenbHbBIX). Eciu 06e npamble nepecekawomcs 6 mou-
ke S u Kacaromcsn cepvr coomeemcmeenno ¢ moukax A u B, mo
SA=SB.

r) (Teopema o kacatenpHOU U cekymeil). Ecau oona uz 08yx npamuix,
nepecexarouguxca ¢ mouke S, Kacaemca chepvl ¢ mouke A, a opyzasn

Puc. 24

nepecexaem cpepy 6 mouxkax B u C,mo SB-SC = SA4%.

1) (Teopema o cexymux u xopaax). Ecau 0ee npamvie, nepecexaroujue-
ca ¢ mouke S, nepecexarom cgepy ¢ moukax A,B u C,D, mo
SA-SB=S8C-CD (touka S MOXET Jiex>aTh KaK BHE, TaK U BHYTPH cepbl).
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Ceuenne chepnl n mapa miockocteio. Ceyenne chepsl paguyca R
IUIOCKOCTBIO, OTCTOSIECH OT ee IIeH-

tpa Ha paccrosHue h=00,,

0<h <R, ecTb OKPYXHOCTH pajuyca

r=0,B= VR? — h? (cm. puc. 25).

Llentp cdepbl paBHOYAAJIEH OT BCEX
ee TOYEK, IM03TOMY €CIIM JIBE TOYKH
npuHayIeKar cdepe, TO €€ LEHTP
JICKUT B TUIOCKOCTH, TIEPIICHAUKYIISP-
HOH OTpe3Ky, COCAMHSIONIEMY OTH
TOYKH, ¥ MPOXOJSIIEH uepe3 ero ce-
penuny. CedeHne mapa Jr000ii mioc-
KOCTBIO ecTh Kpyr. Kpyr, oOpa3oBan-
HBI CEUCHHEM Ilapa I[UIOCKOCTHIO,
HPOXOSIel Yepe3 LEeHTp, Ha3bIBaeT-
csl Gonbuwum Kpyzom wiapa, a Kpyr, o0pa30BaHHbII ceueHHEM Iapa MI0CKO-
CTBI0, HE TIPOXO/ISALICH uepe3 LCHTP, — MAablM KPYy2om uiapa.

CeueHusi, paBHOYJaJIEHHBIE OT LIEHTpa IIapa, paBHBL. 3 nByX cedeHui,
HE OJIMHAKOBO YIAJICHHBIX OT IIEHTPA IIapa, OOJIBIINI pagruyc UMEET TO, KO-
TOpOE OIIMKE K IICHTPY.

[TnockocTh, npoxosiias Yepe3 HEHTp IIapa, Ha3bIBACTCs OUaMempanb-
HOUl naockocmulo. Beakas ouamempansHnoii niockocms oenum e2o no-
6EPXHOCHIb HA 06€ cCUMMempUUHble U pasHble yacmu (cM. puc. 25).

Llenmp wapa sensemcs 2o UeHMPOM CUMMEMPUU.

UYepes nBe Touku cdepbl, HE JIeKAIIMe HA KOHIAX OJHOTO JUaMeTpa,
MOYHO ITPOBECTH OKPYIKHOCTBH OOJIBILIONO KPYyra U MPUTOM TOJIBKO OJTHY.

OKpyscnocmu 08yx 001bMMUX KPY208 NpU nepeceyeHuu 0ensames no-
nonam (cm. puc. 24).

IlnockocThb, KacaTeIbHasl K mapy. Kacamenvnoii niockocmoio K wia-
PO60Il nosepxHOCMU HA3BIBACTCS IIOCKOCTh, UMEOLIAs C 3TOW MOBEPXHO-
CTBIO TOJILKO OJIHY OOIIYIO TOUKY (CM. pHC.25).

Ilnockocms, nepnenouKkynsaphas paouycy uwiapogoii no8epxXHOCmU 8
€20 KoHue, niexdcamiem Ha IMOi NOGEPXHOCMU, eCb KACAMENbHAA NI0C-
kocmp. OOpaTHO: KacamenbHAs NAOCKOCHL REPHEHOUKYAPHA Paouycy,
HPOBEOEHHOMY 6 MOUKY KACAHUSL.

Yepes n1100y10 MoKy wiapoeoii NOGEPXHOCHU NPOXOOUM OECKOHEUHO
MHO20 KACAMENbHBIX, RPUYEM 6Ce OHU J1eIHCAM 6 KACAMEIbHOU NI10CKOCmU
wapa.

Puc. 25
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Ilogepxnocms u 06vem wapa u ezo yacmeil

Yactp 1m1apoBOW MOBEPXHOCTH, OT-
cexaemast OT Hee KaKoi-HHOyAb IIOCKO-
CTbIO, Ha3bIBACTCS CE2MEHMHOI ho-
eéepxnocmoio (cM. puc. 26). Okpyx-
HOCTh MEepPecevyeHus IIOCKOCTU C IIapo-
BOH IIOBEPXHOCTBIO HA3bIBACTCS OCHO-
sanuem, a otpesok 0,0, =h pamnyca,
MIEPIICHANKYISAPHOTO K IIOCKOCTH Ceue-

Puc. 26 HUsl, — 6bICOMOI CE2MEHMHOI noeepx-
Hocmu.

YacTe mapoBoil MOBEPXHOCTH, 3aKIIOYEHHAS MEXAY ABYMS Iapaiieib-
HBIMH CEKYIINMH IUIOCKOCTSIMH, HA3BIBACTCSA WIAPOBBLIM NOACOM (CM. PHC.
27). OKpy>XHOCTH CEUYCHHS Ha3bIBa-
I0TCS OCHOGAHUAMU UWIAPOBO20 NOA-
ca, a paccrosune 0,0, =h wmexay
napajuieIbHBIMU TUIOCKOCTSIMH — 8bl-
comoil nosca.

Illaposbim ceemenmom Ha3bIBa-
eTCsl Telo, OTCeKaeMoe OT Iapa
MJI0CKOCTBIO.

Illaposbim cnoem Ha3BIBACTCS
TENO, OTCEKaeMoe OT Imapa JIBYyMs

CCKYIIUMU TapaJlyICJIbHBIMU TIJIOCKO-
CTAMMU.

Jlitst BBIYMCIICHUS TUTOIIAIN TIOBEPXHOCTEH miapa pamuyca R u ero gac-
TEH UCTIONB3YIOTCS CIEAYIONIHE (POPMYJIBI:

) Suapa = 47R* (nosepxnocmv wapa);
6) Siey, =27 Rh (nosepxnocms wapoeozo cezmenma Boicotst h);

B) S, puca = 27T RN (nosepxnocme waposozo nosaca Beicots h).

[ToBepxHOCTH IIapOB OTHOCATCA KaK KBaApaThl UX PajnyCOB WIH JUa-
METpPOB.

Illapoevim cekmopom Ha3bIBAETCS TEIIO, MOJYYECHHOE BpAlICHUEM KpY-

TOBOTO CEKTOpa BOKPYT OCH, JIXKAIIIEil B €ro MIOCKOCTH, MPOXOIAIICH Yepe3
€ro IEHTP U HE TIePECEKAIOIIeH CEKTopa.
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Ecnu ock BpamieHusl COBNANAET C
pamuycoM, OrpaHHYMBAIOIIAM KpPYTo-
Boii cextop AOQ |, TO mONyYCHHEI B
pe3ynbTaTe BpALCHHUS LIAPOBOH CEK-
TOp HasbiBaeTcsi mpocmuim. Ecnm ock
BpAICHUS] HE COBIAJACT C PaJIYCOM,
OTPaHUYHMBAIOIIAM KPYTOBOM CEKTOP
AOB , T0 WApOBOii CEKTOP HA3BIBAIOT
noavim (cm. puc. 28). IInomans mon-
HOM MOBEPXHOCTH MPOCTOTO IAPOBOTO CEKTOPA BBIYKCISIETCS 10 hopMyJie:

SuL cexm. — Scez.w + Sﬁok, KoH. — ”R(Zh + 2Rh— h2 ) ’

riae & — BBICOTA IAPOBOrO CEMMEHTA.
JI71st OJIOTo MIapoOBOTO CEKTOPA:

S s com = S con + S5

w. cexm. w. Cnos

Puc. 28

OK. HUIC.KOH. + Sﬁox.eepx. Kxon.

= TR(2hy + 2RIy — i +\2R(y + hy) =y + 1y )?)
rae hl — BBICOTA MIAPpOBOro0 CErMEeHTA, a hz — BBICOTA MIAPOBOTO CJIOA (CM.

puc. 28).
Oobvem mena epawjenusn

Teopema I'toabaeHa. O6vem mena, nonyueHHO20 npu epawieHuUU
RIOCKOU (huzypel 60Kpyz ocu, nexcaujeil 8 Ri10CKoCmu uzypol u e nepe-

cexaloweil ee, gvruucnsemces no gopmyne: V., o, =278d.,

roe S — mwomans Bpamawmeics Gurypsy, a d,. — paccTosHHE OT LEHTpa
TSDKECTU QHUTYPBI IO OCH BPAIICHHS.

Ilpu BblUKCIIEHUH O0BEMA Teja, MOIYYEHHOTO
BpALIIEHUEM TPEYTOJbHUKA BOKPYT OCH, MCIIOJIB3YETCs
teopema: eciu mpeyzonshux ABC epawaemcesn 6o-
Kpyz ocu a, nexcawieii 8 €20 NI0CKOCHU U NPoxXoos-
weil uepes ezo eepwuny A, He nepecekas cmopoHsl
BC, mo o6vem mena, nonyuennozo npu smom epa-
WeHUU, GLIYUCTACCA RO (opmyne:

v, _AD S
Puc. 29 mena ep _T' BC »

a
Vs

rae Spc — IUIOMAAs MOBEPXHOCTH, 00pasyeMoil mpu

119



spaiennn croporst BC', AD —Beicota aABC (cm. puc. 29).

Obvem wapo6ozo cekmopa pager NPouU38e0eHUI0 NOGEPXHOCIU COOM-
6EMCMEYIOULE20 WAP06020 NOACA (WU WAPOBO20 CeZMeHma) HA mpemsb
paouyca:

R 2
v, =2ﬂRh-§<=§ﬁR2h,

wap.cexkm

rae R — paamyc mapoBoro cekropa, a /i — BBICOTA HIAPOBOTO MOsica (cer-
MEHTA).
O6vem wapa pagen npoussedeHuI0 €20 NOBEPXHOCMU HA Mpemsy pa-
ouyca:
3
4 7D

3
Vmapa =§7Z'R 6 ,

roe R — paauyc mapa, D — auameTp miapa.

®opmyiy s o0beMa MIapa 1ojyvaeMm, IMoJIoKHUB B (opmylie sl 00be-
Ma 1apoBoro cekropa £ =2R.

O0vembl WaApo8 OMHOCAMCA KAK KYObl UX paouycos uiu Ouamempos.

O6vem waposozo cezmenma pagen 00vemy yuiunopa, y KOmopozo pa-
Ouyc 0CHOBAHUs eCMb 8bICONA CEZMEHMA, d 6bICOMA YUIUHOPA PAGHA Pa-
ouycy wmapa, ymeHbuieHHOMY Ha MPenb 6bICONbL CE2MEHma, M. e.

wap.ceem

v = h® R—%h,

rae & — BbICOTa CerMeHTa, a R — paauyc mapa.

PaccMOTpHM HECKOJIBKO 3a/1ad Ha KPYTOBBIE TeJIa.

3agauya 16. Croponsl Tpeyronbauka paBubl 15, 14 u 13 cu. Haiitu
PACCTOSIHME OT IUIOCKOCTH TPEYrOJbHHKA 10 LEHTpa IIapa, Kacarollerocs
CTOPOH TPEYroJIbHUKA, €CIIH M3BECT-
HO, YTO PajIfycC [apa paBed S5 cu .

Pewenue. O Ilnockocts Tpe-
yrompuka ABC mepecedyer miap
O 1o kpyry (cm. puc. 30), BrucaH-
HOMY B JIaHHBIA TpeyroisHUK. Oc-

HoBanue nepnenmukymwipa OO,

Puc. 30

OIyIIeHHOTO U3 meHTpa mapa O Ha
wiockocTh TpeyronpHuka ABC , monazgaer B ueHTp atoro kpyra O .
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ITycts O;D =¥ paguyc Kxpyra, IPOBEACHHBIN B TOUKY KACAHHS CTOPOHBI

CB ¢ moBepxHOCTBIO mmapa. Torma W3 MPSMOYTOJBHOTO TPEYrOJIbHHKA

ODO, naxomum 00, =AJOD* —O,D? ,tne OD=R=5cn.

Paaunyc kpyra, Bnucantuoro B tpeyroisiuk ABC , Haiinem no dgopmyie

S
r=0,D =—,rae S — miomans TpeyroiabHUKa, a p — €ro MOIynepuMeTp.

op=NPP-ap=bXp-0) 21678 _,
P 21

CM .

Torma OO, = 524 =3cu. @

3agaua 17. Jlokazats, 9T0 O0KOBast IOBEPXHOCTh KOHYCa, BIIMCAHHOTO B
HIapOBOﬁ CETMCHT, €CTb CpCAHAA MPONOPHUOHAJIbHAA MCKAY IJIOIIaJbIO
OCHOBaHHS ¥ OOKOBOM IMOBEPXHOCTBIO CETMEHTA.

Pewenue. O Ilycts B mapoBoi cer-
menr ACB (cm. puc. 31) Bomcad KOHYC
(ocHOBaHME KOHyCa W CerMEHTa ooimiee).
Tpebyercs JI0Ka3ath, 4TO

2 J—
S 6oK. KOH — S wap. ceem S()CH. . Ob6ozHaunm

OC=R - pamyc mapa, AO,=r -
pamMyc OCHOBaHHMs KOHyca (CermenTa),
CO, =h — Beicora cermenran CB =1/ —

o0pasyromias KoHyca.
W3 mpaMOYroibHOrO TPEYroJbHHKA
CAD (£ A=90°) no ceoiicTBy Karera Puc. 31

nMECM
AC*=CO,-CD wm I> =2R - h .
YMHOXUB 066 YacCTH NOCJICAHCIO paBCHCTBA Ha 72'21"2 , HOJIYyYUM
72212 =27Rh - wwm (wrl)? = 27Rh) - (m?).

2
unr-=S8,,

U3 popmyn vl =S, won» 2TRh =S,

wap. cezm
2
M S50K. Ko S wap. cezm S ocH.»

MoJy4a-

4TO U TPeOOBAJIOCH JI0Ka3aTh. €
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3agaua 18. OmnpenenuTh, KaKyro 9acTh 00beMa mapa cOCTaBIseT 00beM
cepruueckoro cekTopa, y KOToporo chepudeckas 1 KOHHYECKas IIOBEPXHO-
CTH paBHOBECJIMKH.

Pewenue. O Tlycts chepuyeckas no-
BepxHOCTh MmapoBoro cexropa OACB
(cM. puc. 32) paBHOBelIMKa KOHMYECKOM.
O6osmaunm  OA=R, O A=r =u

CO, =h, Torna u3 ycnoBus paBeHCTBA

chepruyeckoil W KOHUYCCKOW MOBEPXHO-
creii cexropa 27Rh =R, 1. e. 2h=7r. Puc. 32
M3 npsMOyroibHOTrO TpEyroibHUKA

A0 O  (L40,0=90°) ¢ yuwerom OO, =R—-h, nonyaum

R? = (2h)2 +(R- h)2 , OTKyma h =§R . O0ObeM 1IAPOBOrO CEKTOpa pa-

2 > 4 53 1(4 4 1
BCH Vmap.ceKmZE”hR :E”R Zg(gﬂ'R :ngapa'O

3agaua 19. IlnockocTs HEMHT TOBEpPX-
HOCTB IIapa Ha YacTH, OTHOLIECHUE ILIOMIAIeH
KOTOpBIX paBHO k . Onpenenuts, B KakoM
OTHOIIIEHUH OHA JICJIUT 00BEM IIapa.

Pewenue. O IlycTb MIOCKOCTb Kpyra ¢
HeHTpoM B Touke ()] OTCekaeT OT mapa pa-
auyca R cerment Beicotoit /. Ilposemem
nuamerp mwapa CD (cm. puc. 33) nepreHau-
KyJsipHoO twiockoctr kpyra. Torma CO, =h u

O,D = 2R —h. OTHoweHHEe MOBEPXHOCTEH

Puc. 33 LIAPOBBIX CErMEHTOB S 5 =S, =27Rh u
Spg =S, =27R(2R—-h) no ycnosuro

S _ 27 Rh _ h _

S, 27R(2R-h) 2R-h

3ajaud paBHO k , T. €.

Toma —_— = BLIpa3I/IM 06LGMBI CCI'MCHTOB.:
R k+1
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=7 —=h|mnu =7 - —— —h)|.
Ve =7h*| R ;h Vipg =7(2R—h)*| R ;(2R h)

Vise 3R -B
Vs AR —3RW> +I°
2 3

[Tocne nmpeobpa3zoBannii HAXOIUM

2k 2k

3(h/R? - (/R Nex1) \ewr K (k+3) o

_4—3(h/R)2+(h/R)3_4_3 ﬁ2+ ok Y 3kl
k+1 k+1

Onucannsle uwapsl

[Iap HA3BIBACTCS ORUCAHHBIM OKONO MHO20ZPAHHUKA, 3 MHOTOTPAaHHHUK
— BRUCAHHBIM 6 IMOmM wiap, eCIli BCe BEPIINHBI MHOTOTPaHHHKA JIeXKAT Ha
MOBEPXHOCTH IHapa.

IleHTp omMCaHHOTO OKOJIO MHOTOI'PAaHHHUKA IIapa eCTh TOYKA, PABHOYAa-
JICHHasi OT BCeX ero BepinuH. [10cKoIbKy ceueHue cephl MIOCKOCTHIO €CTh
OKpPY>KHOCTB, TO JJISl TOTO, YTOOBI OKOJIO MHOTOTPAHHHKA MOXHO OBLIO OITH-
cath cdepy, HEOOXOAUMO, YTOOBI Kaxkias €ro rpaHb OblUTa TaKHMM MHOTO-
YTOJIEHUKOM, OKOJIO KOTOPOTO MOKHO OBLIO OMUCATH OKPYKHOCTb.

I'eomerpudeckoe MECTO TOYEK, PaBHOYJAJICHHBIX OT BCEX BEPIINH Ka-
KO-mnbo TpaHW, eCTh MpsMas, MEePICHANKYIApHas K IUIOCKOCTH TPaHd U
MIPOXOAAIIas 9epe3 IEHTP OMUCAHHONW OKOJIO Hee OKPY)KHOCTH. I 'eomeTpuye-
CKOE MECTO TOYEK, PaBHOYIAJICHHBIX OT KOHIIOB Kakoro-HHOyIs pebpa, ecTh
TUIOCKOCTh, IEPIEHIUKYISApHAs peOpy M MPOXOAIIas 4epe3 ero CepeinHy.
CrnenoBaresibHO, IICHTP IIapa MPHHAICKUT OJHOBPEMCHHO JBYM YyKa3aH-
HBIM T€OMETPUYCCKIM MECTaM.

Jlyist Toro, 94TOOBI OKOJIO MHOTOTPaHHHWKA MOXXHO OBLIO omucaTh chepy,
JIOCTATOYHO, YTOOBI BCE IUIOCKOCTH, MPOXOMAIINE Yepe3 CepeauHbl pedep
NEPIICHANKYIIIPHO MM, UMEITH OJHY OOIIYIO TOUKY.

JUIs mupaMuIbl U IPU3MBI UMCIOT MECTO CIICAYIOIINE YTBEPKIACHUS:

a) 011 Mo20, YUMol OKOJI0 RUPAMUOBL MOHCHO ObLIO Onucams cepy,
HeoOX00UMO u 00CMamoyHo, YMoodsl 0KOA0 OCHOBAHUA NUPAMUOLL MOHC-
HO 0b1710 ORUCAMb OKPYIHCHOCHIb;

0) 0na mozo, umoobLL OKOI0 NPUSMBL MOMCHO ObLIO onucams cgepy,
Heo0X00uMo U 00Cmamouno, Ymoodsvl npuzma Ovlia NPAMON U OKOO ee
OCHOBAHUA MOMCHO OBbLI0 ONUCAME OKPYIHCHOCHD.
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[lap Ha3bIBaeTCA ORUCAHHBIM OKONO KOHYcA, €CIW MOBEPXHOCTH IIapa
MPOXOJUT Yepe3 BEPIINHY KOHYCa, a OKPY’KHOCTh OCHOBAHUS KOHYCA JIEKUT
Ha noBepxHocTH 1iapa. llap Ha3bIBaeTCS OnUCAHHBIM 0KOI0 UUAUHOPA VTN
YCeuenHo20 Konyca, eCiii OKPYKHOCTH MX OCHOBaHHH JIS)KAT HAa MOBEPXHO-

CTH LIapa.
Pangnyc cdepsl, onucaHHOW OKOJO HWIMHIAPA, BBIpaXkaeTcs (opMmylion
2
R= T +r? , TAe h — BBICOTA IMIMHIPA, ¥ — PajyC ero OCHOBAHHUSI.

3ameuyanne. OKOJIO TPEYTOIBHONW MUPAMHIBI, JTIOO0H TPaBUIBHON MPH3-
MBI, HWIMH/PA, KOHYCa M yCEYEHHOTO KOHyCa BCET1a MOKHO OIHCATh IIap.

BobrunciieHHe paauyca mapa, onucaHHOro 0KO0JI0 MPaBHJIbHOM
n-YTOJBHOI MUPAMHIBI

3amaua 20. Haiigute paguyc mapa R, OnmucaHHOTO
OKOJIO IIPaBHJILHOM n-yrojbHOM INUPaMHUIbl, €CIU
m3BecTHB @ u « (cMm. §4.3, ctp. 83).

Pewenue. 0 Oxono 000 MPaBUIFHON THPAMHUIBI
MOJKHO ortucath map. Ero nentp O coBmagaer ¢ TOYKOM
nepeceyeHus BhICOTHI SH NHpaMHIbl ¢ NEPICHIUKYJIs-
pom FO x GokoBoMy peOpy AS , mpoBeneHHBIM depes3

Puc. 34
ero cepequny F (em.  puc.  34). Torma
AH a
ZSOF = ZSAH =a . Nmeem: AS = =— ,
cosa 2sin(r/n)cosa
FS AS a

R=0S=——=——umu R=— - .
sinag 2sina 2sin(z/n)sin 2

3apgaua 21. Haiinure paauyc mapa R, OMHCAaHHOTO OKOJIO TIPABUIIBHOW n-
yrOJIbHOM [UpaMUIbI, €Clii U3BecTHBl a U [ (cm. §4.3, cp. 83).

Pewenue. 0 Bocrionezyemes popmynoit (3) (cMm. Tabnuity Ha ctp. 82).

. 2tg . 2tg fcos(m/
Tak kak sin2a = LZ , TO mony4nM Sin2a = gzﬂ (2 n) .
I+tg° 1+tg” fcos™(x/n)
Hcnonp3yst pe3yapTaT NpeAbIIyIei 3a1a4n, TOIyIuM
a(l + tg2 ,Bc052 (7[/1’1))
~ 2sinQ@z/n)tg B
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3amayva 22. Haiinute paauyc mapa R, OMHCAHHOTO OKOJIO PaBHIBHON
n-yTOJNBHON MMPaMUJIBI, €CJIM U3BECTHEL @ U ¥ (cM. §4.3, cTp. 83).

Pewenue. 0 V3 popmyiel (2) (cm. Tabnuiy §4.3 Ha ctp. 82) cienyer:

. \/cosy/ —cos(2z/n)
sina =
V2 sin(z/ n)
\/Esin(;/ /2)- \/cosy —cos(2z/n)
sin’ (7 /n)
R a B 2asin(z/n)
2sin(z/n)sin2a  4sin(y/2)-ycosy —cos(2z/n)

a sin2a =2sinacosa = . 3HauuT,

Bnucannvie wapsl

[lap Ha3bIBAETCS 6NUCAHHBIM 6 MHO20ZPAHHBLIL Y201, €CIIH OH KacaeTcs
Ka)KJ 01 ero rpanu. He Bo BCsAKMII MHOTOIPaHHBINM yTOJI MO>KHO BIIUCATh LLIAP.

[Ilap Ha3bIBacTCA 6MUCAHHBLIM 6 MHO202PAHHUK, a MHOTOTPAHHUK —
ONUCAHHBIM 6OKDPY2 Wiapa, €CIU IUIOCKOCTU BCEX IpaHEil KacalroTcs miapa.
Ecnu map HaxoauTcs BHyTPH MHOTOTpaHHMKA, TO OH HA3bIBAECTCS GHUCAH-
HblM BHYTPCHHUM 00pa30M HIIM MPOCTO BIMCAHHBIM, a €CJIM BHE MHOTOTPaH-
HHKa, — TO 6HeGnucannblm (B 3TOM Cilydae Iap KacaeTcs OJJHOH M3 rpaHeii n
MIPOIOJDKEHUN TPaHel, CMEXHBIX C HEll).

Lentp BnucaHHOW cdepbl SBISIETCS TOUKOW IepecedeHus] OUCCEKTOPOB
BCEX BHYTPEHHUX JIBYTPaHHBIX yTJIOB MHOTOTPaHHHKA.

[lap Ha3bIBaeTCAd 6MUCAHHBIM 6 KOHYC, YCEYEHHbUl KOHyC WU UuU-
JIUHOP, SCITH TIOBEPXHOCTH IIapa KacaeTcsl TUIOCKOCTEH OCHOBAHUH ATHX (u-

B TYp ¥ Bcex 00pa3ylolux uX OOKOBBIX MMOBEPX-

HocTell. LleHTp BHMCaHHOrO B KOHYC IIapa
COBMNAJAET C TOUKON MEepPecedeHUsl BbICOTHI KO-
Hyca ¢ OMCCEKTPHCOH yriia Mexay Jto0oi 00-
pasyloliei 1 III0CKOCThIO OCHOBaHUs. B xoHyc
BCETZa MOKHO Brucath Imap. Ero pammyc BbI-
paxaetcst popmyoit (cM. puc. 35):

~
[

VIR

a S
A C R =7r. tg_ = ﬂ s
2 r+l
Puc. 35 TAC 7 — paguyC OCHOBAaHHA KOHYCa, X — Yyroj

MEXIy 00pa3syroleld M IIOCKOCTBIO OCHOBa-
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uus, [ — obpasyromas KoHyca, S 4p- — IUIONIAAb OCCBOTO CEUCHMSL.

3ameuanue. B TpeyroiapHy0 M JI00YI0 MPAaBUIBHYIO /1 -yTOJBHYIO TH-
paMuy TaKKe BCEr/la MOXKHO BIIMCATH IIap.

1100 npusmoii, onucannoii 0K010 Wwapa, TOHAMAIOT TaKylO INPU3MY,
rpaHy KOTOPOH KacaroTcsl MoBepXHOCTH mapa. OTcroa Cleayer:

1) HEHTPp Hmapa JICKUT B MIIOCKOCTU HNEPIICHAUKYIISAPHOIO CCUYCHUA MPU3-
MbI, ACIUT PACCTOAHUC MCIKAY €€ OCHOBAHUAMU IIONOJIAM H SBJISICTCA LCH-
TPOM KpyTa, BIMCAHHOI'O B 3TO CCYCHUC,

2) NeprneHANKYSIPHBIM CEUYCHHEM TPHU3MBI JOJDKEH OBITh TaKOW MHOTIO-
YTOJIbHUK, B KOTOPBI MOKHO BITHCATh KPYT;

3) auameTp Kpyra, BIUCAaHHOTO B MEPIEHIUKYISIPHOE CEUEHUE MPU3MEI,
paBeH AMaMeTpy Liapa U BbICOTE IPU3MBI;

4) Toukn KacaHHs C(epHIecKOW IOBEPXHOCTH C OOKOBBIMH T'PaHIMHU
MPU3MBI €CTh TOYKH KaCaHUSI OKPYKHOCTH KPYTa, BIIMCAHHOTO B MEPHCHIH-
KyJISIPHOE CE4YEHHE, CO CTOPOHAMH 3TOTO CEUCHHUS;

5) TOYKH KaCaHHA C(I)epPI‘IeCKOﬁ MOBCPXHOCTHU C OCHOBAHUSAMU IIPU3MBI
€CTb TOYKH IICPECCUYCHUSA C HUMU BBICOTHI [IPU3MBI, HpOXOH?IH.[CfI qYepe3 HCHTP
mapa u HeﬂﬂmeﬁCﬂ UM IIOIIOJIaM;

6) Bce OMCCeKTpalIbHBIE TNIOCKOCTH JBYTPAHHBIX YIJIOB MEXIY OOKOBBI-
MU TpaHsSIMH IepeceKaroTcs 10 OJIHOM MPSAMOH, KOTOopas MmapajuienbHa OOKo-
BBIM peOpaM MPHU3MBI U SBJISETCS T€OMETPUUECKIM MECTOM LIEHTPOB KPYTOB,
BIIMCAHHBIX B TOYKM KacaHWsl CEepHUECKOi IMOBEPXHOCTH C OOKOBBIMHU T'pa-
HSIMH [IPU3MBI;

7) Bce OMCCEKTpalIbHBIE TNIOCKOCTH JBYTPAHHBIX YIJIOB MEXIY OOKOBBI-
MU TPaHSMH ¥ OCHOBaHMSIMH TIPH3MBbI IIEPECEKAIOTCSl B OHOW TOYKE, COBIIa-
JIafolell ¢ cepeIMHON OTpe3Ka, COSIUHSIONIEr0 TOUKHU IIepeceueHus PpsIMOii,
YIIOMSIHYTOH B II. 6, C IZIOCKOCTSIMUA OCHOBaHUH, T. €. B IICHTPE 11apa;

8) mpu3ma He 0053aTENBHO JODKHA OBITH IPSMOH.

Bce mpuBesieHHbIe (DAaKThl CIPABEAIMBBI U JJIsl MApAJUICICIUIEAa, TaK
KaK OH SIBJISICTCS IPU3MOH.

Jna mozo, umoodvl 6 npusmMy ModHCHO 0bL10 énucamsy cepy, Heodxo-
ouUMoO u 00CMAmoyYHO, YmMOObl 6 NEPREHOUKYNIAPHOE CeYeHUEe NPU3Mbl
MOIHCHO OBLIO BRUCAMb OKPYICHOCHb U 4MOObL 6blcOma npusmsl Ovina
pasna ouamempy IMoil OKPYyIHCHOCHIU.

B mpaBunbHy0 Nmpu3My MOXKHO BHHcaTh cepy TOTAa W TOJNBKO TOTAA,
KOTJIa €¢ BBICOTA PaBHA JUAMETPY OKPY>KHOCTH, BIIMCAHHOI B OCHOBAHHE.
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J1st Apyrux NpOCTPaHCTBEHHBIX (QUTYD YCIOBHS BO3MOXKHOCTH BIIUCAThH
B HHX IIap JIOJKHBI OBITH CIIEIHATBHO YCTAHOBIICHBI B K&KIOM CIIydae.

3anaua 23. Jlokazath, 4TO 00beM MHOTOTPAHHMKA, OTMIMCAHHOTO OKOJIO
n1apa, paBeH NPOU3BEICHUIO ITOJHOM MOBEPXHOCTH MHOTOTpaHHHUKA Ha TPETh
panuyca mapa.

Jokazamenvcmeo. O 1lycTe B MHOIOrpaHHMK, UMEKOIIMN 71 TpaHel,

ooveM V u IIom@azab MOBEPXHOCTHU S BIIMCAaH 1Iap, MOBEPXHOCTH KO-

NOJIH. ?

TOPOTO KacaeTcs rpaHell MHOTOTpaHHWKA B Toukax |, ..., H, . CoequHuM
nentp mapa (0 W BEepHIMHBI MHOTOTPAHHHKa OTpe3kaMu. Paccmorpum 7
OUPaMUJI, UMEIOIINX 0010 BepimuHy O , OCHOBAHUSAMH KOTOPBIX SBIISOT-

cs rpanu MHororpanuuka. ITycts Sj,...,S, — IIomany rpaHeil MHOrorpaH-

n
HHKa U, COOTBETCTBEHHO, OCHOBaHMH TOJIyYEHHBIX TUPAMHU], a PAIUYCHI 1I1a-
pa, TpOBEAEHHbIE B TOYKM KacaHUs, OyIyT BBICOTaMH JTUX IHPaMHUI

OH,=...=0H, =r. Torna o6bem V Oyzer paBeH cyMMe 0OBEMOB IIH-
1
pamuz V; ZE'OHi S, tne 1<i<n,wm

Vzl-()H1 -5 +...+l-OH,, -S, =l-r-(S1 +...+Sn)=lr-
3 3 3 3

Snmm. :

W3 1oKka3aHHOTO CIIEAYeT, YTO PAduyc 6HUCAHHOZ0 6 MHOZO2PAHHUK
wapa pagen YmpoeHHOMY 00vemMy MHO20ZPAHHUKA, O€IEHHOMY HaA €20

K14

ROJIHYI0 NOBEPXHOCMY: T = ? o

BorunciieHue pajauyca mapa, BIHCAHHOTO B PABUJIbHYIO H-
YTOJbHYI0 THPAMULY

Kax u3BecTHO, B MpaBUIBbHYIO MUPaMUAY BCErja MOXHO BIUCATh ILIap,

ero ueHtp O IEXUT B TOYKE mepecedeHust BrICOThl SH mupamuzsl ¢ Guc-

cexrpucoit yrima SKH (cm. puc. 36). IloaToMy MpoIie BCero BBIMUCISETCS
pajiiyc BIMCAHHOTO IApa B Cilydyae, KOTJia 3a1aH yron [ .

S C 3Toro Cciy4ast Mbl M HAYHEM.
3apaua 24. Haiinmute paguyc r 1mapa, BIUCAHHO-
ro B IPABUIBHYIO 71-YIOJbHYH MUPAaMUAY, €CIU U3-

BecTHel a u B (cm. §4.3, crp. 83).

Pewenue. o Unmeem: r=0H = KH -tg([/2).
A@
K

Puc. 36
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rzgctgztgﬁ. 1 4
2 n 2

3agaua 25. Haiinute paguyc » Imapa, BOUCAHHOTO B NPAaBUWIBHYIO 71 -
YToJIbHYIO TUpaMuUJLy, €Clii u3BecTHbl a u & (cM. §4.3, ctp. 83).

Pewenue. 0 N3 dopmyinel (3) (cM. Tabmuiy §4.3 Ha ctp. 82) cienyer,

b \/cosz(n/n)+tg2a—cos(7r/n)
2

4To tg— . CirenoBarensHoO,
tgax

u 8 actg(;z/n)(\/cosz(ﬁ/n)+tgza —COS(ﬂ/I’l))
r=—ctg—tg—= .o
2 "n 2 2tgax
3apaua 26. Haiinnte pamuyc » 1mapa, BOMCAHHOTO B MPAaBHIIBHYIO 7 -
YTOJIBHYIO TUPAaMUY, €CIIM U3BECTHBI a U J (cM. §4.3, ctp. 83).

Pewenue. 0 Vcnione3ys pesynsrar 3agadu 24 u opmyiny (4) (cMm. Tabd-
z [sin((z/n)—(y/2))
n\sin((z/n)+(/2))

3ameuanue. B Tex 3amauax, B KOTOPBIX M0 YCIOBHIO cepa KacaeTcs He-
CKOJIBKUX TIOCKOCTEH WITH HECKOJBKO cep KacaroTcs ApyT JApyra WIH Ka-
KHX-TO TUIOCKOCTEH, OOBIYHO TPYIHO C/ENATh HATJIAHBIA YepTeX, HA KOTO-
POM JIOCTATOYHO SICHO TMPOSBIUINCH ObI TPEOyeMbIC CBA3M W COOTHOIICHHSI.
Ho B aTux ciydyasx OKa3bIBAacTCs, YTO HET HEOOXOIMMOCTH PHCOBATh BCE
cdepsl, T0CTAaTOYHO W300pa3UTh MJIOCKOCTH, EHTPHI cep, MPOEKIHH IIEH-
TPOB HA IJIOCKOCTH U, BO3MOKHO, KaKHe-THOO XapaKTEepHBIE CEUEHHMS.

3agaua 27. B npaBuiIbHON YeTHIPEXyTroOJIbHOW MHUpaMHIe LEHTPH! BIH-
CAHHOTO M OMUCAHHOTO MIAPOB COBMajat0T. ONpeeuTh IOCKUN yroi mpu
BEPILWHE TUPAMUJIBL. S

Pewenue. O Tycte SABCD —
NpaBUIIbHAA YETHIPEXYTONBHAS M-
pamuza u Touyka O — ILIEHTp BIH-
CaHHOTO B HEE W OINKMCAHHOTO BO-
Kpyr Hee mapoB (cM. puc. 37). Tou-

a
muny §4.3 Ha cTp. 82), momydaem 7 :EC g

N

ka O] — HEHTP OKPYKHOCTH, OITH-
CaHHOM  BOKPYr  TPEYTOJbHUKA
SDC . TlepneHauKkyisp u3 LEHTpa A D
mapa Ha IUIOCKOCTh TPEYTOJIbHUKA Pric. 37

128



SDC mnomager B touxy O;. OO, = OO0, =r — paauychl BIHCAHHOTO B ITH-
pamuny mapa, a OD =04 =S50 =R — pamuycsl OMICAaHHOTO LIapa Iapa.
Jlerko mokasartb, 4to mnpsiMoyrosmeHbie TpeyroapHukun OO0,D, OO,D,
00,C u OO,C paBubl Mexay coboii. 113 ux paBeHCTBa CleayeT, 4TO
DO, =C0O, =D0O; =CO,; u tpeyronsunkn DO,C u DO,C pasusl. B
takoM cirydae ZDO,C = £ZDO,C =90° .

Hanee, SO, =DO; =CO, kak pagnycsl OKPY>KHOCTH, OIHCAHHON BO-

kpyr tpeyroisauka SDC. U3 paBroGempennoro aDOS mo cBoiicTBY

srenero yra £DSE = %LDOIE . Torma ZDSC = %ZDOIC =45°. @

3agaua 28. B konyc Bhucan map paguyca 7 . Haiitu o0beM KoHyca, ec-

JIM M3BECTHO, YTO IUIOCKOCTh, KACAOIIAsCS Iapa M HepIeHIUKYIpHas OJi-

HOIi M3 00pa3yIoIUX KOHYCa, OTCTOMT OT BEPUIMHBI KOHYCa HAa PAcCTOSHUE
d (d >r v yros npu BepuIvHe B OCEBOM CEYEHHH KOHYCA TYIION).

Pewenue. O OO003HAYMM TITOC-

B KOCTB, O KOTOPOH HJET Pe4b B YCIOBUH

3amaun, yepe3 « . Tpeyronsuuk ABC

(cM. puc. 38) — ceueHme KOHyca IIIOC-

E KOCTBIO, HEePICHINKYIIPHOH IOCKOCTH

0 K o u npoxomamiei yepes uentp O mia-

pa, K — Touka mepeceueHHs CTOPOHBI

y D C BC ¢ mockocteio @, OEV — panuyc

mapa, IMepIeHIUKYJSIPHBI  CTOPOHE

BC, F — Touka xacanus mapa C mioc-

Puc. 38 KOCTBIO ¢, BD — BrICOTA KOHyca. To-

rna BK =d, OF =OF =r . Tak kak

yrael OEK , EKF u KFO — npsmvsie, o OEKF — kBagpar co CTOpoHOM

r. CnenoBarensHo, BE = BK — EK =d —r. U3 teopemsl ITudaropa st

(2

tpeyronpauka BOE momydaem:

BO=vOE? + BE* =\r? +(d —r) .

Hanee, BD =BO+ 0D = w/rz +(d - r)2 +7r. 3ameruMm, dYTO Tpe-

yronbukd OBE u BDC mono6Gusl (110 a8yMm yriam). CiieioBaTesbHo,
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2 2
' (\lr +(d-r) +r)-r
E_EI/IHI/IDCZBD OE= .

BD DC BE d—r

U, nakoner, o0beM KOHyca:

2

3
v=".pc? -BD:E(WM +(d 1) +r) L e
3 3 (d

_,,)2

3amgaua 29. Bokpyr miapa onucaH yceueHHBIH KOHYC, oOpasyromasi Ko-
Toporo paBHa @ . HaiiTit GOKOBYIO MOBEPXHOCTH 3TOTO KOHYCA.
B 0, C Pewenue. O Ha puc. 39 uzobpa-
JKEHO OCEBOE CEYECHHE YCEYEHHOIO KO-
uyca. Ilo ycmosuro 3agauun AB=a.
IMycte OC=r, a O,D=R. Torna
10 CBOMCTBY KacaTeIbHBIX, BBIXOIS-
XX U3 OJHON M TOH K€ TOYKH K OK-
A D pyxuoctn, O,C=CM wu O,D =MD
0, wm OC+0,D=CM+MD=CD,

Puc. 39 T.e. R+r=a.
CrnenoBarenbpHO, UICKOMasi OOKOBast

M
O

MOBCPXHOCTb YCCYCHHOI'O KOHYCa

2

Seox =T(R+1)a=ma” . &

3agaua 30. Haiitu pagumyc mapa, BIIMCAHHOTO B IIMPaMHy, OCHOBAaHHEM
KOTOPO# CiTy»KHUT poMO ¢ auaroHagsmMu 6 u 8, a BEICOTAa MUPAMUIBI TIPOXO-
JIAT 9epe3 TOUKY [ePECEeUCHHsI ANAaroHasIeii OCHOBaHUS 1 paBHa 1.

Pewenue. O Tlo paHHBIM JUaroHaJsiM HalJeM CTOPOHY pomba

f 28
a=v4*+3% =5 u panuyc BIIMCAaHHOTO B POMO Kpyra » z? ,toe S —

6-
wiommaas pomba, a P — ero mepumerp. Torna r =——=2.4.

20

o 2 2
Bricota G0KOBOM rpanu mupamuasl m=+\h~ +r° | roe h — BbicoTa
MUpaMHJibl, @ ¥ — paJuyc BIMCAHHOTO B OCHOBaHUE Kpyra. OTcroga Haxo-
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IAM m=4/6,76 =2.6. TTonHas MOBEPXHOCTH TTHPAMHEIBI

NOJIH.

S =Ssok TSoen = %(20 -2,6+8-6) =50, a 06beM mupamusIb!

VzlS h=%-24-1=8.

och. "
3

Ucnone3ys ¢dopmyny ajis paauyca BIMCAHHOTO B BBIMYKJIBIH MHOIO-

v 3.8
TPaHHHMK Iapa, HaiieM HCKOMBIH pagnyc mapa R =—= =0 =0,48. ¢

S

Kacarowgumucsa cpepamu (wmapamu) naspiBarorcs nase chepsl (mapa),
HUMEIOIINE JIUIIH OJHY OOIIyr0 TOUKy. Touka KacaHWs M WX IEHTPHI JIeKaT Ha
OJIHOM NPSAMOH.

JIBe WM HECKOJIBKO Cep HA3BIBAIOTCS KOHUYEeHMPUUeCKUMU, SCITN MX
HEHTPHI COBMAAAIOT (HAXOIATCA B OTHOW TOUKE).

Junueit (nnockocmoio) yenmpog HazpBaeTCs TpsMas (TIOCKOCTB),
MIPOXOAAIIast yepe3 HeHTPHI ABYX cdep (mapoB).

Nk

O\ _0; O,

a) 0) B)
Puc. 40

Ecnu n1Be chepbl UMEIOT OOINYIO0 TOUKY, JIEKAILYIO HA JIMHUU [[CHTPOB,
TO OHH B 3TON TOUYKE KACarOTCs BHYTPeHHHM (cM. puc. 40a) WM BHEITHUM
(cm. puc. 40B) oOpazom.

Ecnu 06e cihepvt umerom o6uiyio mouxy, pacnoiodHceHHyIo 6He TUHUU
YEHMPOs, MO OHU NEPECEeKAIOMCA U JTUHUEH nepeceueHus ANAemca OK-
PYIHCHOCHID.

YeTpIpex OOIIUX TOYEK, HE JISKANINX B OJHON TUIOCKOCTH, JBE HEPaB-
HbIe chepsl UMETh HE MOTYT, TaK Kak, HHAdYe, 4epes 3TH YEThIPEe TOYKH OKa-
3aJIMCh OBl TIPOBEICHHBIMH JIBE pa3Hbie Chephl, ITO HEBOSMOXKHO.

JlBe Kacaroliuecsi BHyTPSHHHM 00pa3oM chepbl UMEIOT OHY OOIIyI0
KacaTeJbHYI0 IIOCKOCTh. OHa MEpHeHIUKYISIpHA MX JHMHUU IIGHTPOB (CM.
puc. 40a).
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3anaua 31. Yerhlpe OJMHAKOBBIX Iapa pajauyca \/5 PaCIONIOKEHbI
TakK, YTO KaXIbIH M3 HUX KacaeTcsi Tpex ocTalbHbIX. Haiith paanyc chepsl,
HMEIOLLEN C JaHHBIMU YETBIPbMSI 1IapaMHi BHYTPEHHEE KaCaHUe.

Pewenue. O PaccMoTpuM npaBuiibHbIi TeTpasap ABCD , sepummnamu
KOTOpPOTO  SIB-
JSIFOTCSL  LIeH-
TPbI JaHHBIX
mapoB  (cM.
puc. 41). Ero
pebpa paBHBI

2\/5. IMycts
Touka O -
HeHtp cdepsl,
Kacaromiencs
BHYTPEHHUM
Puc. 41 oOpa3oM JaH-
HBIX  IapOB,

R — ee pammyc. Ilockonbky R=0D++3=0B+~3=0C+3 =

=04++/3 (ToYka KacaHws, LEHTPHI IIapa U cepsl JeKaT Ha OTHOM Ips-
Moit), To O — Taxke LeHTp cdepsl, ormucaHHoi okoio terpasapa ABCD .
[Tycte DP — Boicora terpasapa, DH — Beicota ero 6okoBoii rpanu ADC ,

DHZAD-\/§/2:3. BH - sricora rpann ABC, BH =3 . Touka P—
nepeceuenune Menuad tpeyronsuuka ABC, BP=2BH/3=2, PH=1.

U3 teopemsr [udaropa mis aDHP DP =~ DH 2 _ HP? =22 . Tax xax

touka () cOBMAmaeT ¢ MEHTPOM Iapa, BIHCAHHOTO B TeTpasap, o OH —
ouccektpuca ZDHB. Crenosarensio, DO:0OP=DH :HP=3:1,
DOngPzﬁ. Torna R:£+\/§, &
4 2 2

3ameuanne. [Ipy pemieHun 3ajau CleAyeT YYHTHIBATH, YTO €CIH TPH
rapa UMEIOT OOIIYI0 TOYKY, HE JIEKANIYIO B IDIOCKOCTH MX LIEHTPOB, TO OHH
HUMEIOT U BTOPYIO OOIIYK TOYKY, CHMMETPUYHYIO HEPBOH OTHOCHTEIHLHO
9TOH IIOCKOCTH, HOTOMY YTO IIOCKOCTb IIEHTPOB CIY)KHMT OOILEH ILIOCKO-
CTBIO CHMMETPHH TPEX LIAPOB.

132



I'maBa 6. BekTopHBIii 1 KOOPAMHATHBIN MeTOAbI

§6.1. BekTopHBIii MeTO

B nepBoii wactu nocobus («IInanuMerpusi») ObUIM BBEAEHBI ONEpaIN
CJIOKEHUS] BEKTOPOB ¥ YMHOXKEHHS BEKTOpa Ha YHCII0. B reomeTpun BEKTOpHI
YacTO HCIOJIB3yeTCsl Ul (OPMYIIMPOBKH ¥ JI0Ka3aTelIbCTBAa TEOPEM, pellle-
HHS Pa3JINYHBIX [UIAHUMETPHUYECKUX M CTEPEOMETPHYECKUX 3agay (HanpH-
Mep, Ha JIOKa3aTeNbCTBO MAPAJUICIBHOCTH MPSMBIX WM OTPE3KOB, NMPUHAM-
JIEKHOCTH NPSAMBIX OJHOU TUIOCKOCTH, ONPEICICHHIO YIIIOB MEKIY CKPEIIn-
BAIOLIMMHUCS MIPSMBIMU U T. 11.).

Taxk ke, Kak Ha IUIOCKOCTH, B IPOCTPAHCTBE CIPaBENINBO 00uiee npa-
8UJIO CNIOMCEHUS BEKMOPOG, KOTOPOE (HOPMYIIUPYETCS CIICIYIOIUM 00pa3oM:

- > -
umoosl NOCMPOUMb CYMMY 6€KmMOpOo8 d;, Qdy,...,a,, HYICHO K KOHUY
- -

6eKmopa | NpunoICUMb HAYANI0 6eKMOpA 3, , 3ameM K KOHUY 6eKmo-
- —
pa d, npunodcums HAYAN0 6eKMOpA A; U MaAK oanee 00 mex nop, NOKa
— - o —
ne Ooiidem 0o eéexmopa a, . Cymmoit ay+a,+...+a, Oyoem eexmop,
- -
uoyuwuii u3 Hauana eéekmopa d; 6 Koney eekmopa a, (HaIpuMep, CM.

e e e e
puc. 1 AAs =a+a,+az+a,+4as).

Puc. 1

B uvacTHOCTH, eciaM Hayajio MEPBOrO BEKTOpA COBMANAET C KOHIIOM IIO-
CJIEJTHETO, TO CyMMa BEKTOPOB paBHA HYJIEBOMY BEKTODY.
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CrnenctereM OOIIETO TPABHIIA CIOXKEHHS BEKTOPOB SIBISAETCS MPAGULO
muozoyzonsnuka: ecma A, A, ..., A, — IPOU3BOIBHBIC TOUKH, TO

- - - -
ARt At + A Ay = Ak,
IIpu coBmanennu Touek A 1 A, cymMMa paBHa HYJIECBOMY BEKTODY.

PaccMOTpHM 3aady Ha IIPUMEHEHHE BEKTOPHOTO METOIA.

3agaua 1 (o cpenmeii nuamu Tetpasdapa). Ilycts B Terpasape SABC
toukn K u L — cepenunnr mpotusononoxusix pebep AB u SC cootser-
creenno. Otpesox KL wHaswBaercs cpeowneii nunueit mempasopa. Jloxa-

S i e
3ath, uto: a) KL :E(AC+ BS);

6) KL S%(AC +BS).

Jokazamenscmeo. O a) Vcnons3ys
B MIPABUIIO MHOTOYTOJIEHUKA, BBIPA3UM BEK-
9
top KL uepe3 cymmy BekTOpOB AByMs
- - - -
C cmocobamu: KL = KA+ AC+C u
A - B - o> -
KL = KB+ BS+ SL (cm. puc. 2). Cio-
Puc. 2 JKUB JIEBbIE U IIPaBble YacCTH PAaBEHCTB,
MOJTyYHM:
- — — -> > - -
2KL =(KA+KB) + (CL+SL)+ (AC+ BS).
- - -> >

- 1 > -
IMockonbky KA+ KB =0 u CL+SL=0, 10 KL :E(AC+ BS).

- 1 - - 1 =~ - 1
6) KL=|KL|=—| AC+BS|<—( AC|+|BS|)=_(AC+BS).

- - >

Bexkropn a, b,C mnaswBarorcs Komnaanaprvimy, €CIIM OHU ITapajlieib-

HBI OJHOW IUTOCKOCTH. AjreOpamueckd 3TOT ()aKT O3HAYaeT, YTO KaKoii-
HUOYIb U3 HUX BBIPAXKACTCS Yepe3 APyrue; Harpumep,

- - -
C=aa+pfb,meafecR.
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3agaua 2. Jfoxaxxute, 4TO OMCCEKTPUCH IBYX IUIOCKUX YTIIOB TPEXTPaH-
HOT'O yIja ¥ OHCCEKTpHCa yI1a, CMEKHOTO C TPETBUM IUIOCKHM YIJIOM, JIEXKAT
B OJIHOM IUIOCKOCTH.

Pewenue. 0O Otnoxum Ha pebpax Tpexrpannoro yraa SABC (cm. puc.
3) SA, SB, SC u na npomomkenuu pebpa SA 3a BEpIIMHY OT TOYKH S

- = - -
€IMHUYHEBIE BEKTOPHI €, €,, €3 W —€; COOTBETCTBEHHO. Torma BEKTOPHI

- > > e
SK=¢e+e,, SM=e,+&; u
- > -
SN =e;+(—€;) B coorBercTBUM
C TIPaBUJIOM CJIOXKEHHS BEKTOPOB
HAIMPABIIEHB BJIONb OHUCCEKTPHC
SK,SM,SN  miockux  yrios
ASB,BSC,CSD . Buccekrpuca
yrma CSD, cmexnoro ¢ yriom
ASB umeer HanpasiieHHe BEKTO-

> - -
pa SN =e;+(—¢)). Ho
- - > o - -
&3+ (=€) = (6 +6) (& +8&),
- N B

T. e. SN =SM-SK . Cnenosa-

TCIBHO, YKa3aHHbIC BCKTOPBI
KOMIUTAHAPHBI, 4 3HAYUT U NPAMBIC, BJOJIb KOTOPBIX OHU HAIIPABJICHBI, TAKIKC

Puc. 3

JIexKar B OJIHOU IJIOCKOCTH, YTO M TPeOOBAaJIOCh JOKa3aTh. €

Ckanapnoe npouszeedenue 6eKmopos

- > - -
Ckanspnoe npouseedenue (a,D) nenynesbix BekropoB @ u b on-

e T - -
penensiercs popmynoii (a,b)=|al-|b|-cosZ(a,b).
-
Ecim X0Ts Gbl 0OJIMH U3 BEKTOPOB paBeH 0, TO UX TPOU3BEIEHHE PABHO

- > - >
0, re. (a,0)=(0,a)=0.
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- -

22
3amerum, uto (a,a)=|a|".

Ceoiicmea cKanapHoz0 nPOU36E0CHUS 6€KNOPOG:

- = - - - > - - > - =
1) (a,b)=(b,a); 2) (a+b,c)=(a,c)+(b,c);

3) (12a,b)=A(a,b).

Ilpoexyua eexmopa
N
OO0o3HauuM uepe3 Pr, a mopoek-
b

i - -

1

i HUIO BeKTopa A Ha BekTop D (mpoek-
| U] — 3TO YMCIIO, PAaBHOE JUTMHE OTpe3Ka
i -
1
]
1
1
]
1
1
]
|

|

MN , ecnm Bektopsr @ u b oGpasyror

octpeiii yroin, u pasaoe —MN | ecim —

Tynoit) (cM. puc. 4).

—————— C NOMOLIBIK CKAaIAPHOIO IIPOM3BE-
M pr.a N b JICHUS] BEKTOPOB MOXKHO HaXOIUTh -

Hbl BEKTOPOB, MPOEKIMM BEKTOpAa Ha

BEKTOD, YIJIBI MEKY BEKTOPAMH.

CnpaBeuiiBbI (POPMYJIBI:

W al=y@ar @ proa=3P 5 coss(a,b)= 20
b

- > -

b [al-|b

- - - >
Bamaua 3. Iycrs |a|=2,|b| =3, Z(a,b)=120°. Haiiru:
- - - -
a)|a+2b]|; 6) pr, ,(a+b);
a-b

- > -
B) cos Z(a,(a+h)).

B - - NN
Pewenue. 0 a) (a,b)=|al-|b|-coss(a,b)=2-3-(-0,5)=-3.

136



- - — - - - - - - >
Tanee, |a+2b|=y(a+2b)?> =y (a,a)+4(a,b)+4(b,b)=2-7;

-> o o> - —>2 —>2
2 2. _(a+b,a-b) la|“—|b] 5

0) pr, (a+b)="——7— S5 55 oo 9
la—b| (a,a)-2(a,b)+(b,b)
- > B)
> o> > (a,a+b) 1
B) cosZ(a,(a+b))=————-= ¢
lal-la+Db]| 27

§6.2. Metox koopauHat

Memoo xkoopounam B IPOCTPAHCTBE COCTOUT B CienyronieM. BBogutcs
JICKapTOBa CHCTEMa KOOPAUHAT, B KOTOPOH BCE TOUKU M BEKTOPHI MTPOCTPaH-
CTBa OJIHO3HAYHO 33[AIOTCSI CBOMMH KOOPJAUHATAMU; BCE MPSIMbIC, IFIOCKOCTH
U cepbl ONPEeNIIOTCS YpaBHEHUSIMU. JIJ1s1 BEIYUCIICHUSI YTIIOB MEKIY IMpsi-
MBIMH, TUIOCKOCTSIMH, TPSIMBIMHA W TUTOCKOCTSIMH, PACCTOSIHAH MEXKIY pa3-
JUYHBIMUA TEOMETPHUYCCKIMH OOBEKTaMU (TOYKAMH, MPSIMBIMHU, TUTOCKOCTSI-
MH) BBIBOJISITCS COOTBETCTBYIoIIE (popMmynbel. B urore reomerpudeckas 3a-
Jlada CBOJIUTCS K PEIICHHUIO aNTeOpandecKuX YpPaBHEHUH HIIM CHCTEM YpaB-
HEHUH.

JIro60i1 BEKTOp IIOCKOCTH MOXXHO BBIPA3WUTh Yepe3 JBa HEKOJUTMHEeap-
HBIX BEKTOpa 3TOW IUIOCKOCTH, a JIF000M BEKTOp MPOCTPAHCTBA — 4Yepe3 TpU
HECKOMILJIaHAPHBIX BEKTOpPA, MMPUYEM 3TU BBIPAKCHUA €IUHCTBCHHBI. CI/ICTeMa
BEKTOPOB, Yepe3 KOTOPHIC OJHO3HAYHO BBIPAKAIOTCS OCTAIBHBIC BEKTOPHI
(TUI0CKOCTH, MPOCTPAHCTBA), Ha3bIBACTCS Hazucom. bazucom B MPOCTPaHCTBE
SIBIISICTCS JTF00ast TPOWKa HEKOMITJIAHAPHBIX BEKTOPOB.

- o> -
Teopema. Eciu a, b, C— nexomnnanapuvie eéexmopwl npocmpan-

9
cmea, mo caxuli gekmop N eOuHCmEeHHbIM 00PA30M NPEOCMAGIAENCA 6
> 5> o o
éude V=Xa+Yyb+zc,z0e X, Y, Z— Oeiicmeumenvuovle uucna.
[Tycts B mpocTpaHcTBe 3adUKCHpOBaHa MPAMOYTOJbHAs CHCTeMa KOOp-

nuHat ¢ HadaioM B Touke O ¥ eMHUYHBIMU HANPABJAIOMIMMYE BEKTOPAMH
T -
i, j, K xoopmunarHeix mpsMbix (cm. puc. 5) Torna kaxasii Bexkrop OM
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— - 2> >
onHo3Ha49HO mpencTaBuM B Buge OM =X 1+ Yy J+2 K. Yucna X, YV, Z —
Ha3bIBAIOT KOOPOUHAMAMU  BEKTOpa

N
OM . Coorsercrenno X, Y, Z — abc-

ZA

uucca, opbunama U annjiukama BCK-

_)
VV topa. O6osnagator OM = {X;V;z}.
— Ecii BEKTOp 3a7aH KOOPIAMHATAMH

/0 T y Hasata M (Xy;Ym3Zy) H KOHI@
N(XnsYn3Zn ), TO
X -
Puc. 5 MN = {XN = Xm:YN = Ym3ZN —2Zm }-
Boipasicenue onepauuii ¢ 6ekmopamu 6 KOOpOUHAmMHOU opme:

- -
ecin @ =1{a;8,;83}, b ={b;;b,;b;} u k— neiicreurenshoe uncno, To

- > -
a+b={a +b;a, +by;a; +b;}, ka=tka;ka,;kas}.
%
Yenosue konnumeapnocmu 1Byx BekTopoB A ={8;;8,;83} u
- a a a
b = {b;;b,:b;} nmeer Bux: —-=—2=2
b b, b

Buipajsicenue cKanapHozo npou3sedeHus 6eKnmopos 4epes ux 0eKapmo-
- -
6vl kKoopounamul. [lycts a ={a,;8,;383} u b ={b;;b,y;b;}, Torna

- >
(a,b)=ab +a,b, +a;b;.
Buipascenue onunvt éexkmopa uepes ezo 0exapmoebl KoOpOUHAMDbL

- - - > > > >
Iycts & ={a;8,;a3}. Torma | a|=1/(a,a) =+/a; +a; +a3.

3agaua 4. Iycte A(l; 2; 3), B(-1; 0; 2),C(1; 1; —5) — Touku npo-
crpanctsa. Haiitu: 1) kocunyc yrna B tpeyronsnuka ABC ;
2) IWIOMWA/b 3TOTO TPEYTOJIBHHUKA,
-

3) pro AM ,rne AM — Menuana TpeyroabHHUKA.
AB
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- -
Pewenue. 1) cos ZB =cos Z(BA,BC) = LBC) . Koopauna-

IBA|.|BC|
- -
i Bextopos BA=1{l—(=1);2—0;3-2}={2;2;1}, BC ={2;1;~7}. To-

ria (BABC)=2-2+2-1+1-(-7)=-1, |BA|=v2>+22+1? =3,

% —
|BC|=3\/€.Cnez[03aTeano, cos /B = (EA Bi) 1/_ _g.
BA]-|BC| 7
2) sin/ZB = m__“é‘g Torna
-
SAABc—l BAJ|BC|- s1nZB—— 33463485 _ 1 155
2 \/‘ 2
- 1 - -
3) AM =—(AB+AC) = ({2 21} + {0;-1;-8}) =

> (AM,AB) 243445 19

={-1,-1,5;-4,5} . Torma pr_, AM = = = ¢
{ } P |AT>B| Ja+4+1 6

ﬂeﬂenue ompe3Ka 6 OGHHOM OMHOWEHUU

Eciu touka C(X;Y;Z) nemur orpesok AB, koopauHaThl KOHILIOB
koroporo  A(X;;Y13Z;) u  B(Xy;¥,3;Z,), B 3amaHHOM OTHOIICHHH

AC:CB=k, t0 xoopaumatel Touku C(X;y;Z) onpenenstorcs mo

opmysam: (ot kay o _ Vitkys , at kz,
1+k 1+k 1+k
Ecmu touka C(X;Y;2) nemur otpesoxk AB momonam, To
Kt Nt At
2 2 2
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Ypasuenuﬂ njiockocmu

Hopmanbholit 6ekmop TUIOCKOCTH — 3TO JIIO0OH HEHYJIEBOH BEKTOP,
MEePIEeHIUKYISIPHBIN 3TOM MJIOCKOCTH.

N
A Iycte N ={A;B;C} - wnop-
n MaJIbHBI BEKTOpP IUIOCKOCTH (X ,
Mo (Xo; Yo5Z9) — ¢uxcupoBanHas

TOYKa IJIOCKOCTHU (cM. puc. 6). Tou-

j/T\‘/l ka M (X;Y;2) npumramiexur mioc-

M KOCTH B TOM U TOJIBKO TOM CJIy4dae,
0

- -

ecn (MMg,n)=0. Bepaxas
Puc. 6 CKJIIPHOE TIPOM3BEIEHHE BEKTOPOB
B KOOpJAMHATax, MOJy4YUM YypaBHe-

uue mwiockoct: (1) A(X—=Xy)+B(y—Yy)+C(z2-2))=0 mm
(2) AX+By+Cz+ D =0 (06uee ypaBHeHue mIocKOCTH).

Ilyctb @ W @, — [ABE IUIOCKOCTH, 3aJaHHBIC YPaBHCHHSAMH
AXx+By+Ciz+D;, =0 u AJX+B,y+C,z+ D, =0. Torza:
> > A B C
1 1
@ ey & nfn & —==—"=—";
A2 B2 C2

A_B_G_D

(6) oy =, (WIO0CKOCTH COBNANANOT) & —— = — =

A2 BZ CZ DZ ,
- o - -
® aoglaenln oh,n)=0s AA +BB,+CC,=0.

Ypasnenua npamoii 6 npocmpancmee

N
Hanpaenatrowuii eéexmop npamoit | — no6oii nenynesoii Bekrop ( ,
KOJUIMHEAPHBIH (T. €. MapaJuIeNbHbIN) TPSIMOH.
N
I Mo, M Mycts 0 ={0;;0,;03} — Ha-
a’ = TIPaBJISIOIINI BEKTOD,

Mo (%05 Yo3Z9) — OuKcupoBaHHas

TOYKa psiMO l, TOYKa
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M (X;y;2) — npoussonbHas Touka npsamoi (cMm. puc. 7). Ucmonssys ycio-

- -
Bue KoumHeapHoctH BekropoB MM u (, ypaBHenue mpsimoii B mpo-

CTpaHCTBe MOXHO 3arucaTtb B OIHOM U3 cneay}omnx BHUIOB:
X=Xy Y-Yg Z-
0 0
O op) 03
X= XO + qlt’

z
0 (kanonuueckoe ypaBHEHHE TIPSIMOH);

(2) Y=Yo+Ut, tme teR (napamempuuecrkue ypasnenus nps-
2=12p+0t,

Moit). Yucno t HaseiBaeTCsl napamempom ¥ YIAOBICTBOPSET YPaBHECHHIO

- -
MM, =tq,rae M — touka npsimoii.

VpaBHeHHe TnpsAMOM, mpoxomsmieil ueped Touku (X[;V3Z) H
X=X _Y=% _2-4
X=X Ya=N1 L7
Ycnosua napannenvnocmu u nepnenouxynapuocmu IByX TpPSIMBIX.

(X53Y532,) , nMeeT BUA

- -

Hycre | w |y — mBe npamsie, q ={0;;0,;03} u P ={pP;;Py;P3} — ux
HaHpaBﬂﬂIOHII/Ie BeKTOpa. TOFIla:

(@) |} u |, napannensHbl MM COBMAAAIOT TOT/A M TOIBKO TOT/A, KOTA

- -
Q|| p;wunaue || u |, nepecexarorcst B ToUKe MM CKPEIMBAIOTCS;

- - - -
©®hlhe glpe(g,p)=0.
Paccmoanusn u yenwl
Paccmonnue mencdy mouxkamu M (X ;Yy:Zy) 1 N(Xy3Yn:Zy)

BeIpaxkaercs popmysoii MN = \/(XM — Xy )2 +(Ym — Yn )2 +(Zy — 2y )2 .
Paccmonnue om mouku M (Xy1;Ym;2Zm) 00 naockocmu o, 3a1aH-
Hoii o0mum ypasHenuem AX+ By +Cz+ D =0, moxer ObITh BBIYUCIEHO

A B D
o popmyne:  p(M ,a):' Xy +Bym +Czy +D| .
JA? + B2 +C2
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Paccmosnue mesncoy napanienpHulMu RIAOCKOCHAMU O H O
(q:AX+By+Cz+D; =0 u a,:Ax+By+Cz+ D, =0) Beraucnsercs
o popmyne: p(ay,0,) = M

Yeon mesnrcoy cxpewusarowgumuca npamwvimu. Kocunyc yriaa @
(0< 9 <90°) mexy psmeiva @ 1 b onpenensercs no gpopmyie:

|( )I Pi¢

, TIe a u b— Bexrops,
|a| |b|

KOJLTMHEapHEIE npsAMbIM d u D (cM. puc. 8a u 86).

cos¢—|cosé(a b)|—

Puc. 8a Puc. 86

N
Ecnu u3BecTHBI AEKapTOBBI KOOPAMHATHI BEKTOPOB a = {al;az;a3} it

b= {b1 ;bz;b3} , TO (pOpMyIIa IPHOOPETAET BHI:

|2y +ayb, +asb; |
\/af +aj +aj -\/bl2 +b3 +b
[IpuMeHUM NOJTYYEHHYIO (OPMYITY JUIS PEIIEHHUS CIEMYIONIEN 3a/1auH.
3amava 5. B npsmoyronsrom napamtenenunene ABCDA B,C,D; tou-

ka K — uenrp rpanu AB,C,D;, AB=1, BC =2, AA =3. Haiitu yron
mexy npsmeima DB, n AK .

cosQ =

*)

Pewenue. O BeenieM 1eKapTOBY CUCTEMY KOOPAMHAT C HA4alIOM B TOUKE
A u ocamu, HanpasieHHbIMU TI0 pebpam mapawienenunena AB, AD wu
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AA; (cm. puc. 9). B aroit cucreme xoopaunar touku A, K, D, B, umeror
xkoopaunatel  (0;0;0), (3;1;0,5), (0;2;0) u (3;0;1), coorBeTcTBEHHO.

- -
Torma mns Bekropos AK = {3;1;0,5}, DB, = {3;—2;1}. Haiigem mMomyn

ZA C
2 C '
BL B,
¥ " 1K
1 ,IL(:"_: - ‘_’: _‘,_—::'_‘: —_—_ L/ -
/’:—/““‘——/‘ Dl
A 3 A1 X'
Puc. 9
- -

BextopoB AK u DB, :

— -
| AK |=4/3% +12 +(0,5)° _a u DB, |=3%+22 +1> =14 .

2

Bmpa31/1M CKaAJIAPHOC TMPOU3BEACHUEC BEKTOPOB 4Y€PE3 MX KOOPAWHATHI:

- -
(DB,,AK)=3-3-1-240,5-1=7,5.

ITo dopmyne (*) kocuryc yrima mexay mpsimeiva DB, n AK  pasen

- o
|(DB,AK)|  7,5-2 15

|DE]‘|A*}><|_\/H\/E_\/574

cos Z(DB,, AK) =

.o

15
Torma, uckomsiit yron Z(DB;, AK) = arccos
574
Yeon mesncoy npamoii u nnockocmeio. 1lycts B IpOCTpaHCTBE BBEACHA
JIeKapToBa CHCT€Ma KOOpPAMHAT, W IJIOCKOCTb (¢ 3aJjaHa YPAaBHEHUEM:

N
AX+By+Cz+ D=0, torna BeKTop HOpMaIH IUIOCKOCTH N = {A; B;C} .

N
IlycTh 3amaH HanpaBsAOLMN BEKTOp HpAMOM A : ( = {ql;qz;q3}. Torga
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CHHYC yIJla () MEXIy NpSIMOW U ITIOCKOCTBIO onpenessiercs GopmyIon (cM.

puc. 10):

[(n, )| _

|A-q,+B-q, +C-qj; |

sing =|cos Z(a,a) | = —

|n|.‘a)| \/A2+BZ+CZ-\/qf+q§+q32

Puc. 10

3agaua 6. B ocnoBanuu mupamuasl MABCD nexur npsamMoyrosbHuk ¢
ornomeruem cropod AB: AD =1:2. Kaxnoe 60koBOe peOpo HAKIOHEHO K
IUIOCKOCTU OCHOBaHus 110J] yriioM, paBubiM 60° . Touka R — cepenuna pe6-

pa MC . Haiitu yron, KoTopbIit
o6pasyer npsamas DR ¢ mioc-

kocteio MAC .

Pewenue. O Bepmna M
nupamugsl MABCD  npoexru-
pyercs B TOUKy [MEpecedeHus
nuaronanen O  mpsMOyronbHU-
Ka, JIeKaIIero B OCHOBAaHUU (CM.
puc. 11). BBegem cuctemy Koop-
JUHAT CIEAYIOINAM  00pa3oM.
Touky O mnpumem 3a Hawano
koopaunar. Ocu OX u Oy Ha-

[paBUM IAPAJUIENLHO CTOPOHAM
ocHoBaHusA, a ocb OZ — Bnosb
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BBICOTHI mupamuasl OM |

ITycts AB =a, torma AD =2a, auaronans ocHoBanus AC = a\/g ,

a15
=

BoicoTa mupamuasl OM = OA - tg60° =

Touku D u R umeror xoopaunarer: D(a;—%;Oj, R[%;%;

> { a.3a.a\/g} > \/_

Bekrop DR = |DR|=

T
2 4 4
Tax xak miockocte AMC nepneHauKynsipHa IUIOCKOCTH OCHOBAaHHS
(comepxur mpamyro OM ) u comepxur mpamyro AC , koTopas B IIOCKOCTH

X
Oxy s3anmaercs ypaBHeHuem Y —E =0, TO, COOTBETCTBCHHO, U ypaBHEHUE

X
miockoctu  AMC  umeer Bux y—5=0. Torma ee BEKTOp HOpMAIH

- -
n ={—%;I;O} uln |:£ .

2
B cootBercTBuM ¢ popmynoii (**) cuHyC HCKOMOTO yriia () paBeH:
a 3a
- —> — - —
- \(n DR)| |4 4 4

sing =|cos Z(n,DR)|= = ,
> N5 a7 B35

In\ | DR BN

.4
T.€. @ =arcsin——. @

\35

145



Yeon mesncoy nnockocmamu. 1lycts B
JIEKapTOBOM CHCTEME KOOPAMHAT ILIOCKO-
ctu @ u f (em. puc. 12) 3amaHsl

YPaBHCHUAMUA:
a: A1X+Bly+CIZ+D1=O,

Bextopa HopMasielt INIOCKOCTEH UMEOT

N
KOODAMHATHI n, = {Al ;B ;Cl} "
Puc. 12

n_; = {Az, Bz;Cz} . Torma yron ¢ mexmy

wiockoctamMu @ u f (cm. puc. 13) onpenensiercst popMynoii:
> >

|(Ng>np)| [A-A+B;-B,+C;-C, |

- -

g |y | JA? + B2 +CP A + B} +C2

sksksk

cos ZL(a, ) =

Puc. 13

3agaua 7. B ocuosanuu mupamuast MABCD snexut npsmoyronsauk ¢
ornomennem cropon AB: AD =1:2. Kaxnoe 60koBoe pedGpo HAKIOHEHO K
IUIOCKOCTH OCHOBaHMsA 110J yriioM, paBubiM 60° . Touka R — cepenuna pe6-
pa MC . Haiitu yron mexnay miuockoctamu MAC u ADR.

Pewenue. O BBeieM cucTeMy KOOPIMHAT TaK ke, Kak B 3axade 6 (cM.
puc. 14). OM = a 215

a
. BelpasuM KoopAMHATHI TOYEK: A(—a;—E;OJ,
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%
D(a;—%;oj, R(EE a\/E] u BekropoB  AD ={2a;0;0} ,

2°4° 4

N ZA
AR=.32.38. N _

2 4 4 M

Bekrop HOpMaid IUIOCKOCTH
-
MAC n = {—%;I;O} u ATV
2 -

N
[Ny | =§ . Haiinem Bextop HOp- - C

-

mamn N,  miockoctu  ADR.

N
Iycts N, = { p;0q; I’} . U3 ycnoBuit n,

- — - -

n, LAD u n, L AR mony4yaem

CHCTEMY ypaBHEHHUH

Puc. 14

(r? ;D):O p-2a+q-0+r-0=0,
jjﬁ * WM B KOOPIMHATAX p.3_a+q.3_a+r.a\/g_0
(N, AR)=0 2 4 4 '

%
Otkyna q:—g-r, p=0. Iycrs r=1, tormga n, ={O;—@;l} "

N

N[ ===
B cootBercTBuM ¢ popmynoit (***) KocHHYC HCKOMOTO yIila (0 paBeH:
_10_£1+01
- - 3 \ﬂi
cos@=|cosZ(n;,Ny)|= =—.
N> V24 2
2 3

Otkyna ¢ =7/4. @
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Ypasnenue cipepor

B nexapToBoii cucteme KoopauHat cdepa pamuyca R ¢ menrtpom B Ha-
yaJie KOOPUHAT 33JaeTCsl ypaBHEHHEM

x> +y*+22 =R%.
Vpasuenue chepsl paguyca R ¢ nerrpom B touke Mo (Xg; Yo;2Zg) ume-
eT BUJ
(x=%)” + (¥ = ¥o)* +(2-29)* =R
3agaua 8. Haiitm ypaBHeHHWe cQephl, TPOXOIAImIeld UYepe3 TOUYKU

(0;0;0), (a;0;0), (0;b;0) u (0;0;C) .

Pewenue. O Ilycts Touka M (Xy; Yo;2Z¢) — ueHTp chepsr, a R— pa-
nuyc. Toraa ypaBHeHHE Cepbl UMEET BHJL

2 2 2 2
(X=X)" +(Y—Yo)" +(z2-2p)" =R".
KOOp,HI/IHaTBI JAaHHBIX TOYCK OOJI’KHBI yﬂOBHeTBOpﬂTL BTOMy ypaBHeHI/IIO,
HO3TOMy, IIoACTaBJIsAIA UX B HETO, HOHyLH/IM CI/ICTeMy ypaBHeHI/Iﬁi

2 2 2 o2
Xo+ Yo +2) =R%,

2 2 .2 o2
(@=X)"+Yo +2," =R,

X~ +(b—Yyp)? +12,2 =R,

Xo® + Yo~ +(c—25)* =R%.

Brruuras nmoanenso NEPBOC YPAaBHCHUC U3 OCTAJIbHBIX, IOJYYUM PABCH-

cTBa: (a—xo)z—x02=0, (b—yo)z—y02=0 u (0_20)2_202=0~

o « a y b , c
TCHO4a CHCﬂyeTZ 0 =—, 0 =— " 0 =—.
2 2 2
, a’+b?+c?
Tor,ua R = T U UCKOMOC ypaBHeHHe HUMECT BU:

( ajz [ b)z ( cjz a2 +b%+c?
X=—| +|Yy—=| +|2—=| =—. @
2 2 2 4
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3agaua 9. Jloxaxxute, 4TO JHHUS HEepeceUeHHs ABYX chep eCTh OKPYX-
HOCTb.

Hokaszamenvcmeo. O BBeneMm NekapToOBY CHCTEMY KOOPIHMHAT, [IPHHSB
IPSIMYIO, COSIMHSIOIIYIO LIEHTPEI cdep pagmycoB Ry 1 R, , 3a oce X. Ilycts
touka O;(8;0;0)— wuenrp mepsoii chepsr, a Touka O,(D;0;0)— uenrp
BTOPOI1 ceprl. YpaBHeHUsIMU chep OyayT:

(x-a)’+y?*+z =R}, ()
(x-b)?*+y*+2*=R;. (2

Toukamu nepeceueHus cep SBIAKOTCA TONBKO T€ TOYKH, KOOPAWHATHI

KOTOPBIX YJOBJICTBOPSIIOT OJHOBpeMeHHO ypaBHeHusM (1) u (2). Cnenoa-

TEJIbHO, OHHU YJOBJIETBOPSIOT U YPaBHEHHUIO, KOTOPOE MOJydYaeTcs MOUICH-
HBIM BBIYMTAHUEM OJIHOTO U3 Apyroro ypasHenuit (1) u (2), T. e. ypaBHEHUIO

2(b-a)x=R}-Rj —-a’+b*>.  (3)

VpaBuenue (3) aBiseTcs ypaBHEHHUEM TUIOCKOCTH, MapajlIeIbHON MIOCKOCTH
Oyz . 3naunt, TOUKH MEPECEYEHHs TaHHBIX Cep JIEKAT B IIOCKOCTH U Ie-

pecedeHre cdep COBMALACT C MEPECceUYeHUEeM MX IUIOCKOCTBIO. A mepecede-
HHE cepbl INIOCKOCTBIO — 3TO OKPY>KHOCTh. 9

3agaua 10. Chepa (X— a)2 +(y —b)2 +(z- C)2 =R? HPOXOJUT Ye-
pe3 Ha4yajo KOOpauHAT. JJoKakuTe, 4TO ypaBHEHHE KAacaTEbHOW INIOCKOCTH
K cepe B Havalle KOOPIUHAT UMEeT BUI aX + by +cz=0.

Joxazamenvcmeo. O KacatenbHas MI0CKOCTh K chepe MPOXOIUT Yepes
_)
HA4aNo KoopAuHaT U nepnenaukyspaa sekropy OO, = {a;b;C}, rue Touka

O,(a;b;c) — uentp cdepsr. CrenoBarenbHO, ypaBHEHHE KAaCATENBHOM ILIOC-

xocTH uMmeet Bua aXx+by+cz=0. @
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I'naBa 7. 3apa4u no onpeaejeHNI0 HANOOJIbIINX H
HAUMEHbIIHNX 3HAYEeHUH

B pemennn crepeoMeTpryecKrX 3a/ladax Ha OINpPEAEICHHE SKCTPeMaib-
HBIX 3HAYCHUI MCKOMBIX BEJIMYHH, TAKX€ KaK U B IJIAHUMETPUYECKHX 3aja-
Yyax, MO>KHO BBIJICITUTH J[Ba M1OJIX0/1a — FEOMETPUYECKHH U aHAJTUTHUYECKUI (C
HCTIONB30BaHUEM CpelcTB An((depeHnaTIbHOT0 UCUUCIeHHsT). B mpakTuke
BCTYIHTEJBHBIX SK3aMEHOB HanOoJiee 4acTo UCIOJb3yeTcs TocieHuid. Pac-
CMOTPHUM HECKOJILKO IPUMEPOB Ha €ro NPUMEHEHHE.

3apgaua 1. U3 Bcex MpaBMWIIBHBIX TPEYTOJBHBIX MPU3M, BIMCAHHBIX B IO-
aycoepy pammyca R Tak, 9TO IUIOCKOCTh OCHOBAHHUSI HPH3M COBIIANACT C
TUTOCKOCTBI0, OTPaHNYMBAIONIEH MoIycdepy, BHIOpaHa MpU3Ma HanOOIBIIETO
o0pema. Haiitu mmoniane MOMHOM MOBEPXHOCTH ITOH MPH3MBEI.

Pewenue. O Tlycre ABCA B/C, -

npaBwibHas npu3Ma. HuxHee ocHOBaHHe
ABC nexur Ha TUIOCKOCTH, OTPaHHWYH-
Baromeil nomycdepy. BepxHee ocHoBanme
A B|C| BmHCaHO B OKPYXHOCTb, MOIy-
YEeHHYIO IepecedeHreM MHoirycdepsl Ioc-
KOCTBbIO,  NPOXOAAIIEHl  4epe3  TOYKH
Puc. 1 A,B),C;, nexamme Ha nHomycdepe.

ITycte O — uenrp nomycheps, O —

LEHTP OKPY)KHOCTH, B KOTOPYIO BITICAHO BEPXHEE OCHOBaHHUE Mpu3MbL. Torma

orpesok O;A4; — panuyc stoii okpyxroctH, OO, — BbicoTa npm3mel, O4; —
panuyc noiycdepsl.

IMonoxum  Oj4y=x. W3 tpeyrompuka OO 4;  Haxonum

00, =vR? —x* . Jlnuua CTOPOHBI PaBHIBHOTO TPEYrONbHHKA A,B,C,

BBIp@)KEHHAsI depe3 pajnyc OINMCAHHOM OKpYKHOCTH, paBHa x\/g , @ ero
2

IIomagb paBHA Tx Torna o6vem npusmel ABCA B|C; pasen
2 [p2_ .2
AJR? -
V(x)= 33 4 - V(x)=¥-\/R2x4 —x° . B cuny ye-

nosust 3anaun X € (0,R) . Haiinem naubosnbinee 3Hauenue Gpyukuuu V(x)
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Ha orpeske [0,R]. ®ynkuus V(x) npusHuMmaer Haubosbllee 3HAYCHUE TIPH

HauGounbiem 3Hadennn Qyukuua f(X) = R*x* —x° . Haiinem KPUTHUYECKHE

Toukd pyHkuuu [ (x) = R*x* —x8:

f(x)= (sz4 - x6) =4R*x* —6x°.

2 2
f'(x)=0 mpu x=0 u x= i\/;R . Touka x = —\/;R HE TIPUHAUIEKUT

orpesky [0, R]. Tak kak nmpoussoanas Gpyukiuu f(X) IpuU mepexome depes

X =, {ER MCHSACT 3HAK C «IUIIOCa» Ha «MHHYC», TO HauOOJIbIlIee 3HAYCHUE

f2
(hyHKIMH, a 3HAYUAT U 00beMa MPU3MEL, OyJIeT Ipu X = ER . CrrenoBaTens-

HO, CTOpOHA OCHOBAaHUA IIPU3MBI C HanOONBIIMM 00BEMOM paBHaA R\/Z , a

BbICOTAa — —= . B 3TOM Cityuae

3

Snoe. =28, 4c +3SpB A =

=2-¥-[\/§RJ +3«/§-%=\/§(1+J§)R2.0

3amaua 2. Haiitu HanOonbmmii 00beM KOHyca, o0Opasyromas KOTOpOro
MMEET JIAHHYIO0 JUHY [ .

Peuwenue. 0 OOBbEM KOHYCa BBIpaXkaeTcs 4epe3 pauyc OCHOBaHUA R u

1
BeicOTY H opmynoit V =§7Z'R2H . Pamiyc ocHoBanus, obpasyromias u

2 _ g2 2
BHICOTA KOHyCa CBsi3aHbl  cooTHouleHueM R° =["—H~“. Torma

V(H)=%7z(l2 -H»)H .
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Oyuxuuss V' (H) onpenenena (mo cmbiciy 3amauun) npu H e[(); Z].

1
V'(H)=—nrl > _zH?. Kpurnueckue TOYKH (YHKIMU OLPEEISIOTCS H3

1
ypasnenus V'(H)=0 wumm 572'12 —-TH?*=0. Kopens 3Toro ypaBHeHus,

/
NPHMHAIJIEKALINN OTPE3KY [0; [ ] ,ectb H =T.
3

12z’
CpasuuBast 3nauenns V(0)=V([)=0, V(—j =——, TOoJyYaem,
V3) 93

3
2l
YTO HanOOJbIIIee 3HAYCHHE 00hEMa paBHO \/_ .9
9+/3

152



Baaaqn JJIA CaAaMOCTOATECJIBHOI'O

PCIICHUA
K
/ M G
P,
D,
_____ C
K
P
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§1. IIpsiMble M IIOCKOCTH B NPOCTPAHCTBE
Ilpunaonesicnocms npamoil niocKkocmu
1.1. JoxaxxuTe, 9TO depe3 JIF0O0YIO MPSIMYIO B IPOCTPAHCTBE MOXKHO TIPO-

BECTH: a) IUIOCKOCTh; 0) MpoBeCcTH OECUNCIEHHOE MHOXKECTBO IJIOCKOCTEH.
1.2. Touku A, B,C, D He nexar B OHON IIOCKOCTU. JIOKAXUTE, UTO

He UMEIOT o01mux Touek npsameie: a) AB u CD;  6) AC u BD.

B) MoryT 1 Kakue-HUOYAb TPU U3 YETHIPEX TOYEK, HE JICKAIIUX B OJI-
HOM MJI0CKOCTH, NPUHAIEKATH OJHOU MPsIMOiA?

1.3. Jlokaxxute, 4TO B OAHON INIOCKOCTH JIeXKAT BCE MPsIMbIe, KOTOPBIE

a) IPOXOJISIT Yepe3 JaHHYIO TOUYKY M MEPECEKAIOT JaHHYIO MPSIMYIO;

0) mepeceKaroT JIBe IaHHbIC TTapaJUIeIIbHbIC PSMBIC;

B) MapajulelbHbl NPAMOM b U MepecekaroT mpsaMyro a, rae a u b—

MepeceKaroInuecs npsambIe;

T') apasuielibHbl JAHHOHN IJIOCKOCTH U MTPOXO/IAT Yepe3 JaHHYIO TOUKY;

1) TEPHCHANKYIISPHBI JaHHOM MPSIMOW M TPOBEACHBI K HEW uepe3 JaH-

HYIO €€ TOYKY.

1.4. a) JlokaxxuTe, 9TO TPU OTpPe3Ka, COCTMHSIONINE CEPEIIMHBI HECMEX-
HBIX CTOPOH MPOCTPAHCTBEHHOI'O YETHIPEXYTOJIbHUKA M CEPEAMHBI €ro Jua-
TOHAJIEH, IEPECEKAIOTCS B OJTHOM TOUKE U JIEJATCS B HEW MOIoJIaMm.

6) Iycts Toukn A, B, C, D He nexat B 01HO# MIOCKOCTH, ToukH K u
M — cepenunnt otpeskoB AB u BC coorBercTBenHO. JIOKaXUTE, UTO HE
nepecexatores npsameie: 1) AC u DK ; 2) BD u KM ; 3) AD u KM .

1.5. a) Touku E,M,F,P— cepenunsl cootBercTBeHHO pebep AD,
AB, DC u CB nupamuast ABCD . Tokaxwure, yro otpesku EP u MF
MepeCceKaroTCsl M TOYKOM MMEPECeUCHUs! SISITCS TTOTI0JIaM.

6) B mapamenenunene ABCDA B,C,D; touxku E,F,P,M — cepenn-
ubl otpeskoB A Dy,D;C,CD u A D coorserctBeHHO. JloKaxuTe, 4TO OT-
peskn EP u MF mnepecekaroTCst M TOYKOM MIEpeCeIeHHs ICISATCS MOMOJIAM.

1.6. JlokaxxuTe, 4TO €CJIU B MPOCTPAHCTBE:

a) TpH MpsIMbIe TAKOBBI, YTO JIIOObIE JIBE M3 HUX IEPECEKAOTCs, TO WU
BCE OHU MPOXOJIAT Yepe3 OOIIYI0 TOUKY, WK — JISKAT B OJHOM TIOCKOCTH;

0) n TPSAMBIX TAKOBBI, YTO KaXKJbIC JIBE M3 HUX IEPECEKAIOTCS, TO WU
BCE OHHU MPOXOJIAT Yepe3 OHY TOUKY, UIIH BCE JIEKAT B OJJHOM TTOCKOCTH.

1.7. a) JlaHbl MIOCKOCTh (¢ W Jiexamias B Hed mpsimass a . [loctporite
TOUKY A, IpUHAISKANYIO ¢ , HO HE TPHHAIEKAIIYIO d .
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6) [anbl aBe mepecekarommecs IocKocTd. [locTpoiite TOUKy, HE TpHU-
Ha/JISKAIyI0 HA Ha OJHOW U3 HUX.

1.8. MaHbl JBe IJIOCKOCTH, NEPECEKAIOIIMECS O NMPAMON @ , U mpsMast
b, KoTOpas NeXUT B OJHOM M3 3THX IUIOCKOCTEH M MepecekaeT apyryro. Jlo-
KQKHTE, 9TO NIPAMBIE d U D TepeceKaroTcs.

1.9. Jloxaxxute, 4TO KakoBa Obl HH ObLia

a) TUIOCKOCTB, CYIIECTBYET NepeceKkaromas ee (B OJJHOM TOUKe) MpsiMast;

0) TI0CKOCTB, CYIIECTBYET IIepeceKaronas ee qpyras I0CKOCTh;

B) mpsiMasi (B MPOCTPAHCTBE), CYHIECTBYET IMepecekaromias ee (B OgHOM

TOYKE) TIOCKOCTD.

T) mpsiMas, CYIIECTBYET He JieKalasi ¢ Helf B OJHOH IJIOCKOCTH ApyTast

TpsIMast.

1.10. HexoTopas ¢urypa B mpocTpaHcTBe 001aJacT TEM CBOWCTBOM, YTO
J00BIe YeThIpE ee TOYKH JIe)KAT B OJHOU TUIOCKOCTH. JlokaxuTte, 4To 3Ta Gu-
Typa LIEeIUKOM JISKHUT B IIOCKOCTH.

1.11. Jokaxwure, 4To JIt00ast IMIIOCKOCTh pa30MBaeT MPOCTPAHCTBO HA JIBE
o0nacTu, MpUYEM OTPE30K, COCAMHSIONIMN JBE TOYKH OJHON O0O0JIacTH, HE
MepeceKacT JaHHYIO IIOCKOCTh; Pa3HBIX 001acTel — mepecekacT.

1.12. OmpenenuTe 9nCiIoO 9acTei, Ha KOTOpPBIE Pa3OUBaOT MPOCTPAHCTBO
TUIOCKOCTH TPpaHei: a) kyOa; 0) TeTpaspa.

Hapannenvnocmey npaAmbIX, RPAMOI U RAOCKOCHU, RJIOCKOCMEl

1.13. a) [lokaxxuTe, 4TO JIBE pa3iIMuHbIE MPSMbIC, apajuIeIIbHBIE TPETh-
e, mapajuIeNnbHbI APYT IPYTY;

6) Hokakute, 4TO JIMHUS TEPECCUCHMS IBYX Pa3IHUYHBIX IEpeceKaro-
MUXCS IUIOCKOCTEH, COAEpIKAalMX MapajuleNbHbIC IPAMBbIC, NapajieibHa
3THM NPSIMBIM.

1.14. B mpocTpaHCTBE OaHBI /1Ba TPEYTOJBHHUKA C COOTBETCTBEHHO IIa-
pauIeNbHBIMA CTOPOHAMH. UTO MOXHO CKa3aThb O MPSIMbIX, COSAMHSIOIINX
COOTBETCTBEHHBIE BEPIINHBI ITUX TPEYTOJIbHUKOB?

1.15. Jokaxxute npu3HaK NapajuieIbHOCTH:

a) PSIMOH | TUIOCKOCTH; 0) IBYX IIOCKOCTEH.

1.16. Janbl nBe HenepeceKarouuecs IIOCKOCTH. JIOKaxKuTe, 4To mpsimasi,
HepeceKaroas OHy U3 3THX IUIOCKOCTEH, epeceKaeT 1 IPyrylo.

1.17. Joxaxwure, 4TO

a) IpOeKLUel NPsAMOIl Ha IUIOCKOCTD SIBJISIETCS MPSIMast MITH TOUKa;

0) MpoeKIMN BYX MapajuleJIbHBIX NPSMBIX HA OJHY M TY XK€ IUIOCKOCTh
(He MepreHKYIIAPHYIO UM) TaKKe MapaJuIebHbl (MIN COBIAIAIOT).
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1.18. lokaxkxuTe ciemyromune CBONCTBA MapauIeIbHBIX MIIOCKOCTEH:

a) ZIBe IUIOCKOCTH, MapajlleibHbIe TPETHEH, MapauIeNbHBI IPYT APYTY
WY COBIIA/IAIOT;

0) eciu JBe MapajulesIbHbIE IIOCKOCTH Iepecedb TPEThel MIOCKOCTHIO,
TO JINHUY TIepeceueHus OyyT napajiebHbl;

B) uepe3 JI00YI0 TOUKY BHE IJIOCKOCTH MOYKHO ITPOBECTH €AMHCTBEHHYIO
IJI0CKOCTh, MapajUIeAbHYI0 JaHHO! TNIOCKOCTH;

T') OTPE3KH, 3aKJIFOYEHHBIE MEXKTY JIBYMS ITapajlIeIbHBIMU ITIOCKOCTSIMH,
PaBHBI.

1.19. a) Touku A,B,C,D sBusrorcs BeplIMHAME HapaJuiejorpaMma, Hi

OJIHA W3 CTOPOH KOTOPOTO HE Iepecekaer miockocts « . Toukn A,B,C
yAaJeHBI OT MJIOCKOCTH ¢ Ha paccrosHue 4, 5 u 8 cvm coorBercTBeHHO. Haii-
JIMTE PACCTOSIHUE OT BepIInHBl [ [0 IUIOCKOCTH .

6) Bepumnnl A, B, C mapamienorpamma ABCD oTcTosT OT IIIOCKO-

CTH Ha PAcCTOAHMS, paBHbIE COOTBETCTBEHHO d, b u ¢ . Halinure paccros-

HHE OT BepIIHHBl [ /10 3TOM MIOCKOCTH.

1.20. JlokaxxuTe, 4TO pacCTOSIHUE OT LIEHTPa TPEYroJIbHUKA JI0 HEKOTO-
PO TUIOCKOCTH paBHO CpelHEMYy apH(METHYECKOMY pPacCTOSHHH OT ero
BEPIINH JI0 3TOH INIOCKOCTH.

Ckpewusarowuecs npamoie

1.21. Jlokaxxure, 9TO
a) Mo0BIe BE CKPELIMBAIOIIUECS Tpsi-
MBbI€ MOKHO 3aKJIIOUHTh B MapajjieIbHbIC
IUIOCKOCTH;
0) s 000 TpsAMOIl CyliecTByeT
CKpeLIMBAaOLIAsCs C Hel IpsiMast.
1.22. Ha pucynke 1 B=anb,

Pea, Qeb, upamas AB; nexur B
WIoCKOCTH & , Touku P, ¢ o . Kakoso

B3aMMHOC IIOJIOKCHUC TIPAMBIX PQ n

A4, rne A4, =bNa ? Otser obocHyii-

Puc. 1

TeE.

1.23. a) [lanbl 1Be CKpeuIMBaroIIne-

ca npameie @ u b . TIocTpoiiTe MIOCKOCTh, HE MEPECEKAIONIYIO KAXKIYIO U3
HHX.
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0) JlaHbl [BE CKPELIMBAIOIMECS NpsAMbIE d,b W Touka M BHe 3THX

npsiMbiX. [TocTpoiiTe MPsIMyIO, CKPEIMBAIONIYIOCA C NPSIMBIME d U b, u
MPOXO/ISIIYIO uepe3 Touky M .

1.24. a) JlaHs! 1Be CKPEIIUBAIOIIMECS TIPSAMbBIE H HEKOoTOopas Touka M .
Bceernma nu cyriectByer mpsiMasi, poxo/siias yepes Touky M u mepece-
Karolas 3T NpsMble?

6) dansl nBe ckperuBaroniecs npsmele. Uto npeacrasiseTr coboif reo-
METPHYECKOE MECTO CEPEIMH OTPE3KOB C KOHI[AMU Ha 3TUX NPSIMBIX ?

Ilepnenouxynapnocms npAMON U NAIOCKOCMU, HI0CKOCMeEll

1.25. Jokaxkute npU3HaK NEPIEHIUKYIIPHOCTH MPSIMON U TUIOCKOCTH.

1.26. lokaxxure, 4To Jr00BIE JBA MEPHIEHANKYJISPA K JAHHOW IUIOCKOCTH
HapaJuleNIbHBI IPYT ApYTY (MM COBIA/IAIOT).

1.27. Joxaxwure, 4To

a) U3 BCSIKOW TOYKH BHE IJIOCKOCTH MOKHO OITyCTHTBH Ha 3Ty IUIOCKOCTh
NEepPHEeHANKYJISP, MPUYEM 3TOT TMEPHEHIUKYJSP OINpPEAEIIeTCs eINHCTBEH-
HBIM 00pazoM. OnuimuTe Crocod MOCTPOSHHMS 3TOTO TIEPIEHIUKYIISIPa.

6) n3 mo00H TOYKM IUIOCKOCTH MOXHO BOCCTaBUTH K 3TOH IIOCKOCTH
HNEPIECHANKYISIP M 3TOT HEPIEHAUKYISIP €OUHCTBEHHBbIN. Onumure crnocod
MOCTPOEHHS 3TOTO HEPIEHANKYIISIpa.

B) JUIS1 JIFOOBIX JIBYX CKPEIIMBAIONIMXCS MPAMBIX ¢ U b HaliayTcs Touku
Ae€a, Beb rakue, uto otpe3ok AB mepneHauKynsapeH mpsAMeM d U b,
npraem Toukd A U B onpenensiorcs equHCTBEHHBIM 0OPa3oM.

r) [mrHa oTpe3ka AB (CM. MyHKT B) paBHA PacCTOSHHIO MEK/Ty Mapa-
JENBHBIMU TUIOCKOCTSIMH, COJIEPKAIIUMU NpsMble ¢ U b .

1.28. JlokaxuTe, 9TO JrOOBIE /IBE TUNIOCKOCTH, NEPIIEHANKYJIISIPHBIE OHON
NPSIMOH, NTapaJuIeIbHBI IPYT APYTY (MM COBIIA/IAIOT).

1.29. JlokaxxuTe TeopeMy O TpeX MepHEeHIUKYIIIpax U 00paTHYIO K HEil.

1.30. HokaxxuTe nMpu3HaK NEePIEHIUKYIIPHOCTH IBYX INIOCKOCTEH.

1.31. a) Jokaxure, 4TO €CIIU IUIOCKOCTH @ U [} TNEPIEHAUKYJISPHBI
IJIOCKOCTH ) , TO JIMHUS MepecedeHnst @ u [ Takke NepHeHINKYIIpHa ) .

6) Touku M ,N,P,Q pacnonoxens! B npoctpanctse tak, MN L PQ,
MP 1 NP . Tokaxure, uto MQ 1 NP.

B) Ilnockoctn o u [ nepreHAuKyspHbl, Touka M € ¢, mpsmMas

MN L S . Tokaxure, uto MN C o .

157



1.32. Jlokaxxute, 4TO

a) MapauleNbHbIe TPSIMbIE COCTABISIFOT C OJHOW M TOW )K€ IIOCKOCTHIO
paBHBIE YIIIBI;

6) yroa Mexay MIOCKOCTSAMHU PaBeH Yy MEXIY NPSIMbIMHU, IIEPIICH M-
KYJISIPHBIMH 3TUM IIIOCKOCTSIM;

B) €CIJIM TIpsiMasi 0Opa3yeT paBHbIE YIIIBI C TPEMs IIOMapHO Hemapaieb-
HBIMH TPSAMBIMH, JIKAIUMHA B IIOCKOCTH, TO OHA IEPIECHAWKYIIpHA
3TOM IIOCKOCTH.

1.33. Jlokaxwurte, 4TO MUaroHaib Kyba IMepIeHANKYIIpHa JII00OH CKpe-
MIMBAOIIEHCS ¢ Hel TuaroHaau OOKOBOH rpaHu.

1.34. okaxwure, uto muaroHans AC; kyba ABCDA B,C,D; nepuen-

JMKyJSIpHa Kaxkaoit u3 miockocreir B4D u B/ D,C .

1.35. Jloxaxwure, 4TO IIOCKOCTH, MPOXOJSIIUE 4Yepe3 BEPIIMHY Mpa-
BWJIHOHM YETHIPEXyTOJIbHON MUPaMUIbBI M THarOHAIN €€ OCHOBAHHS B3aHMHO
MEePIECHANKYISPHBI.

1.36. Hdokaxwure, yTo I0O00e OOKOBOE peOpO MpPaBWIBHOW YeETHIPEX-
YTOJIBHOW MMPaMU/Ibl TIEPIICHANKYIISIPHO HE NEPECEKAOUICHCS] ¢ HUM JMaro-
HaJl OCHOBAHMS.

1.37. lokaxkuTe, 9TO TOUKA, OMHAKOBO YAaJICHHAS OT BEPIIIHH:

a) MPSIMOYTOJILHHKA, HE SBIIAIOIErOCsS KBaJpaToOM, HEOANHAKOBO yaaie-
Ha OT €ro CTOPOH;

0) MpaBUIBHOTO MHOTOYTOJIBHUKA, OJJMHAKOBO y/IaJIeHa U OT €ro CTOPOH.

1.38. Uepes naHHyO TOUKY NPOBEIUTE IUIOCKOCTD, IEPIEHAUKYISIPHYIO:
a) JTAaHHOM IUIOCKOCTH W MapajUIeNIbHYI0 JAHHOH MPSIMOI.
0) KaXk10# U3 IByX JIJAaHHBIX IUIOCKOCTEH.

1.39. YUepes oaHy U3 CTOPOH poMOa Ha PACCTOSHUU 8 cM OT MPOTHBOJIEC-
JKaled CTOPOHBI MPOBEeHA INIOCKOCTh. OPTOrOHAJIBHBIE MPOEKIUU CTOPOH
poMba Ha 3Ty MIOCKOCTh paBHbI 10 cv u 6 cu. Haiinure npoekuuu auaroHa-
Jeil pomba Ha 3Ty IUIOCKOCTH NIPU YCJIIOBHH, YTO OTHOIICHHE MX IPOSKIHMH
paBHO 4.

1.40. Mokaxwure, 4T0 cymMMa KBaApaTOB JUIMH OPTOTOHAJIBHBIX MPOEKIUI
pebep equHUYHOTO Ky0a Ha MIIOCKOCTh HE 3aBHCHT OT MX B3aHMHOTO PacIio-
JIOKEHUS U paBHa 8.
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§2. Yrubl Mexay npsiMbIMH B IIPOCTPAHCTBE, MPSIMOM 1
IUIOCKOCTBIO, MEKY MJIOCKOCTSAMHU

Yeon mearcoy npameimu 6 npocmpancmee
2.1. a) Haiimute BequuuHy yrijia, 0Opa30BaHHOTO JBYMS IHArOHAISIMHU
CMEXHBIX rpaHell Ky0a, BBIXOSMIINMH U3 OJHOW BEpIIUHEI.
6) HaifnmuTe BeTMYMHBI YTII0B MEXy AHAarOHAIBIO KyOa 1 ero pedpamu.

B) Haiimure yron mexay AuaroHaiblo KyOa M IepeceKaronieicst ¢ Hel
JMArOHaJbi0 OOKOBOI IpaHH.

2.2. a) Haiiaure yroa MexIy OUAarOHANbI0 Ky0a M CKpEIIHUBAIOIICHCS C
HEl TUaroHanbi0 OOKOBOI rpaHu.

6) Ha peope AD xy6a ABCDAB,C,D, B3sita Touka M — cepenuna
aroro pebpa. Haitnure yron mexay npssmeiva AC u BM .

2.3. a) Otpe3ku OBYX MPSIMBIX, 3aKIFOYCHHBIC MEXIY ABYMS Mapajlieib-
HBIMH IUIOCKOCTSIMH, OTHOCSITCS Kak 2:3, a yIJIbl, KOTOpbIe OHU COCTABIISIIOT C
wiockocTsamu — Kak 2 : 1. Haiiaute 3Ti yrisL.

6) OTHOWIEHNE JIMH JABYX OTPE3KOB, 3aKIIOUEHHBIC MEXTy ABYMS Iia-
paUIebHBIMU TIOCKOCTsIMH, paBHO K (K > 1), a BesmuuHbI yriioB, KOTOpbIE
Ka)KIbIH M3 HUX COCTaBJISIET C OJHOM M3 IUIOCKOCTEHM, OTHOCATCS Kak 3:2.
HalijiuTe BEJMUMHBI 3THX YIJIOB U JIOMYCTUMbIE 3HaueHus K .

2.4. Ilpsimast 0OpasyeT ¢ TpeMs MOMapHO NePICHINKYIIPHBIMA TPSIMBIMA
yoiasl @, 3 u ¥ . JlokaxKuTe, uTo

cos2a+cosz,8+cos27/=1.

2.5. B npocrpanctee panbl touku A, B, C, D, npuuem AB=a,
BC=b, CD=c, DA=d, ZABC = ZBCD =90°. Haiigure yroa me-
K1y ckperuBaronumucs npsmbiva AB u CD .

2.6. B xyoe ABCDAB,C,D, wnaiizute yron mexny npsmsiva AN u
DM, roe rouku M u N nexar xa pebpax CC; u DD, coorsercreento
TaK, 4To:

a) rouka M — cepenuna pe6pa CC;,a DN :ND, =1:2;

6) CM :MC, =DN :ND, =1:2.
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Yeon mexcoy npamoi u nnockocmoro

2.7. a) OnpeaenuTe BEIUUMHY yriia, 00pa3yeMoro ¢ mIOCKOCThIO ¢f TH-
NOTEHY30i PaBHOOEAPEHHOTO MPSIMOYTOJIBHOIO TPEYrOJbHUKA, OJUH KaTeT
KOTOPOTO JIEKHUT Ha IJIOCKOCTH ¢ , & APYroi Karet obpasyer ¢ & yroa 45°.

0) Uepes runoteHy3y paBHOOCAPSHHOTO MPSAMOYTOJIBHOTO TPEYTrOJIbHUKA
MPOBE/ICHA TIOCKOCTh MOJI YIJIOM (P K IUIOCKOCTH TPEyrojbHUKa. Beruuciu-
TE YTroJ MEX/y 3TOM MJIOCKOCTBIO U KATETAMH TPEYTOJIbHHUKA.

2.8. a) TI70CKOCTh MPOXOAUT Yepe3 CTOPOHY KBajpara U COCTABISIET
yrojl & ¢ TUIOCKOCTBIO KBajpara. OnpesenuTe, Kakol yroi 3Ta IIOCKOCTh
COCTAaBJISIET C JMATOHANIBIO KBA(PAaTa.

6) JIBa OQMHAKOBBIX KBaJpaTa HMMEKOT OOIIYI CTOPOHY, MJIOCKOCTH
KBaJIpaTOB COCTABIISIIOT yroi « . HaiijanuTe yroia MexIay MX JUArOHalsIMH,
HMMCIOIIUMU OOIIYI0 BEPIIUHY.

2.9. a) Uepe3 rumoreHy3y NpsSMOYTOJbHOTO TPEYTroJbHUKA IPOBEICHA
TUIOCKOCTB TI0JT YIJIOM (X K €r0 IUIOCKOCTH, COCTABIISIFOIAS C OJJHAM M3 KaTe-
TOB yron [ . BelYucuTe yroa MexIy 9TOM III0OCKOCTBIO U JAPYTUM KATETOM.

0) Yron mexnay miockocteio kBaapara ABCD u mekoropoii miocko-
CTBIO ¥ DaBeH &, a yroi Mexay cropoHoir AB U Toii e mIoCKOCTBIO pa-
Ben [ . Haiigure yron mexay croponoit AD u rumockoctsio ¥ .

2.10. B mpsiMOyroibHMKE AJMHBI CTOPOH paBHHBI | 1 2. MeHbIas u3 ero
CTOPOH JIEXKHT B IJIOCKOCTH (! , @ €T0 JUaroHajgb 00pa3yeT ¢ MIOCKOCTBIO O
yroJ, BeIMYMHA KOTOPOro paBHa ¢ . Haiinure BenuduHy yria Mexzy Ijioc-
KOCTBIO MPSIMOYTOJIbHUAKA W TUNIOCKOCTBIO X .

2.11. Yepes nuaronans pomba mpoBeeHa MI0CKOCTh, OTJIMYHAS OT TUIOC-
KocTH pomba. JIoKakuTe, 9YTO YroJI MEeXIY 3TOH IIOCKOCTHIO M MPsIMOH, Ha
KOTOPOH JISKUT CTOPOHA poMOa, HE 3aBHCUT OT BEIOOPA CTOPOHBI.

2.12. Yrael MexIy JUaroHaIbI0 MPSMOYTOJBHOTO Mapajuiesienunena u
€ro rpaHsMu, NePeCeKAIMMUCS B OJHON BepIIUHE, PaBHBL &, f u ¥ . Jlo-

.2 .2 .2
Kaxure, 4to Sin” @ +sin” f+sin“ y =1.

2.13. a) Tlpamasa | nexwur B omHOM M3 rpaHeil ABYyrpaHHOIO yrja BelM-
yuHOW @ W cocraBisgeT yroa [ ¢ ero peOpom. Kakoii yron cocrasiser

npsamas | ¢ apyroii rpansio?
0) Mpsamas | obpasyer yriiel @ u f ¢ AByMS B3aUMHO NEPIEHIMKY-

JAPHBIME TIOCKOCTAMH. Halinnre Benmmunny yria mexty npsmoii | u muan-
el IepeceyeHtsl TUX IIOCKOCTEH.
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2.14. TIpsMOYTONBHBIA TPEYTONBHUK IOBEPHYT BOKPYT OHCCEKTPHUCHI
npsiMoro yriia Ha yroi 45° . Ha kakoii yros moBepHyJIUCh €ro KareThi?

2.15. a) Tpwu sryda ¢ o01mieit BEpIIHHOI COCTABISIOT HOMAPHO YIIIBI BEJIH-
yuHOW ¢ . HaliguTe yrosi Mexay OJHUM U3 Jyuyed U MIOCKOCTbIO, TPOXOJIsi-
IIeH yepes JiBa JpyTrHX Jyda.

6) Ha mnockoctu 7 naum yron BAC senmumnoit « . Jlyu AS cocras-
aser ¢ nydamu AB u AC pasubie yribt Besmuusoir [ . Haiigure yroa me-

xmy mydoM AS U IIIOCKOCTBIO ¥ .

Yeon meancdy nnockocmamu

2.16. KarteTpl mpsSMOYrOJBHOTO TPEYTOJbHHUKA MPHHAMISKAT TPAHAM
JBYTPAHHOTO yIiia U 06pasyroT ¢ ero pedbpom ocTpsie yriisl @ u [ . Haiinu-
Te KOCHHYC JIByPAHHOTO yIJIa.

2.17. a) Bee pedpa nupamugsr SABC pasnbl mexny coboii. Touku K
u L— cepenunnl pebep AB u BC . Halizure yron mMexmy MIOCKOCTSAMH
ABS u KSL.

0) Bce pebpa nupamuasr SABCD ¢ Bepumnoii S paBHbI Mexty cOOOIA.
Haiigure yron mexny miockoctsimu SBM u SCD, e touka M — cepe-
nuna pedpa CD .

B) B npasuisnoi mupamune SABCDEF ¢ sepunnoit S Gokosoe pe6-
po B 2 pasa GoJblle CTOPOHLI OCHOBaHUs. HaliiuTe yron Mexy mIoCKOCTs-
mu SAF u SFD.

2.18. a) B mpasmishoit npusme ABCDEFA B,C,D,E;F, Bce GokoBsie

rpanu — kBazgpatsl. Haittu yron mexny miockoctsimu AAF u AB,C.
6) Bce pebpa npasuisHoit npusmsr ABCA B C, pasusr Mexy co0oii.
Haiinure yron mexay mwiockocrsimu AB,C u BB|C, .

2.19. a) B ocnoBanuu mupamuasl SABCD nexur poM6 ¢ ocTpbiM yr-
aoMm ¢ npu Bepimune A. I'panu SAB u SAD nepnenaukyaspHBI II0CKO-
cti ocHoBanust, a yron SCA pasen [ . Haiinure BeJIMYUHY yIjia HAKIOHA
rpann SBC & miockoctu ocHoBaHwsI.

6) B ocnoBannu nupamuasl SABC nexur paBHOCTOPOHHHUN TPEYTONb-
auk ABC . T'panu SAB u SAC mneprneHaukysisapHbl IJIOCKOCTH OCHOBAHHMS,
a yron SCA pasen [ . Halizure BenuumHy yria Hakiona rpann SBC k
IUIOCKOCTH OCHOBAHUSI.
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§3. Paccrosinue Mexxay 00beKTaMHU B IPOCTPAHCTBE

Paccmoanue mexcoy moukamu, om mouku 00 nPAMOIL Uiy
naockocmu

3.1. OTpe3ok MIMHBI @ WMEET KOHIBI Ha JBYX B3aUMHO IEPIICHANKY-
JISIPHBIX TUIOCKOCTSAX M COCTABIISIET C OJHOW M3 HUX yroi B 45°, a ¢ npyroit —
yroia B 30°. Onpenenute JUIMHY YacTH JIMHUU MEPECEUEHUs TUIOCKOCTEH, 3a-
KIIFOYCHHYIO MCXKAY MNEPHCHAUKYJIApaMH, OIMYUICHHBIMA Ha HEC M3 KOHIIOB
JTAHHOTO OTpe3Ka.

3.2. a) [lan paBHOOEqPEHHBIN TPEYTOJIBHUK C OCHOBAaHHEM 6 UM OOKOBOIt
CTOPOHOM 5. M3 LleHTpa BIIMCAHHOIO Kpyra BOCCTAHOBJICH IIEPIIEHIUKYJISIP K
IUIOCKOCTH TpeyrojbHUKa JIMHOM 2. HaiinuTte paccTosHHE OT KOHIIA 3TOrO
MEePIEHANKYJIIpa IO CTOPOH TPEYTrONbHUKA.

6) bokoBble rpaHn nMupamMuIbl HAKIOHEHBI K IUIOCKOCTH OCHOBAHUS MO
yriaom 60°. B ocHOBaHHMH JIGKUT TPEYrOIbHHUK CO cTOpoHamu 7, 9, 12. Haii-
JUTE PACCTOSHUE OT BEPILIUHBI MUPAMUJIBI O TUNIOCKOCTH OCHOBAHHS.

3.3. a) B paBHOOEApEHHOM TPEYrOJHHUKE OCHOBaHUE PABHO 2, BBICOTA
OMYyLIEHHAsi K OCHOBAHUIO — 3. TOYKa, paBHOYAAJIEHHAs! OT BCEX BEPIIMH Tpe-

YrOJbHMKA, YAAJleHa OT IUNIOCKOCTH Ha . Halinute paccrosiHue ot 310

TOYKH JI0 BEPIIUH TPEYTOJIbHHUKA.

6) OTpe3ku, coenMHSIOMIE BEPIINHBI TPEYTOJIbHUKA CO CTOPOHAMH 7, 8,
9 ¢ TOUKOMH, He JIexalel B INIOCKOCTH TPEYTONBHHUKA, COCTABIIAIOT C IIOCKO-
cTei0 TpeyroapHuka yron 60°. Haiiaure paccTosIHHE OT TOYKH [0 IUIOCKO-
CTHU TPEYTOJIbHUKA.

3.4. a) Touka M , nexamias BHE IUIOCKOCTH JAQHHOTO IMPSIMOTO YTJIbL,
yJlaJleHa OT BEpILIMHBI YIJIa Ha PacCTOSHUE d , a OT ero CTOPOH Ha PaccTos-
uue b . Haiipure paccrositue ot Toukd M 10 IUIOCKOCTH yIJia.

6) Mau yron BAC , pasupiii 60° . Touka S ynanena ot Bepmunsl A Ha
25, a or cropod AB u AC wua 7 u na 20 coorBercTBenHo. Haiinure pac-
CTOSHUE OT TOUKH S 10 IUIOCKOCTH YIJIa.

3.5. JlaH ABYIpaHHBIM yroa BENTWYMHON ¢ . B rpassix mpoBeieHb! JBa
HEPHEHIUKYJIApa K peOpy minMHbl @ U b cooTBeTcTBEHHO. PaccrosHue me-

KTy OCHOBAaHHMSMH NEPIEHAMKYISPOB paBHO ¢ . HaiinnuTe paccrosnue mex-
Iy IpyTUMH KOHIIAMU TIEPIIECHIUKYISIPOB.
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3.6. Kpyr paauyca R ¥ paBHOCTOPOHHHM TPEYrOJbHUK CO CTOPOHOMN

R\/g JIeKaT BO B3aUMHO HMEPIEHAUKYIJISAPHBIX MI0CKOCTAX. OHa U3 CTOPOH
TPEYTOJIbHUKA JIEXKHUT B INIOCKOCTH Kpyra. OTpe30K, COeqUHSIONMUN [EHTPEI
Kpyra ¥ TpeyrojibHHKa, o0pa3yeT ¢ MX IUIOCKOCTSIMH yribl, paBHbie 30°.
Haiinure mHy 9acTu CTOPOHBI TPEYTOJIbHUKA, JIeXKaIleH BHYTPH KpyTa.

3.7. TlpsMOyroyibHBEIE NMPOEKLIUU IUIOCKOTO UETHIPEXYTOJIbHUKA Ha JBE
B3aUMHO MNEPHEHIUKYJISPHBIE IIOCKOCTU SIBJIIOTCS KBaApaTaMU CO CTOPO-
Hamu aivHbl 2. HaliauTe mepuMmerp 4eThIpeXyroibHHKA, 3HAas, YTO AJIHMHA

OJIHOH U3 €r0 CTOPOH paBHA \/g .
Paccmoanue mexcoy cKpeujuearuUMuca npAmMslmu
3.8. a) B npasuneHoii npusme ABCA, B|C| HalinuTe paccTOSHUE MEXKTY
npsmeivt BC u AM , rne Touka M — cepemuna pedpa B,C;, AB =43
u A4, =8.
6) B npasunsnoit npusme ABCDEFA B|CiD\E\F| naiinure paccros-
une mexay npsmeivd AC u BE|,ecniu AB=2,a A4 =3.

3.9. a) B npaBunbHoit nupamune SABCD ¢ BepmnHOW S CTOPOHBI OC-
HOBaHMs paBHBI 2, a O0KOBEIe pedpa 5. HalianTe paccTosiHue MEX1y MpsiMbI-
mu AC u BM ,rne M — cepenuna pedpa SD .

0) Uepes 1eHTp OCHOBAHUS MPAaBHIBHON nupamunsl SABC ¢ BepmInHO
S mapamtensHo pebpy BC mposenena mpsimasi a . Haiigure paccrosiHuie
Mexay npsambiMa AS u a,ecniu AS =6, AB=3.

B) Ha peOpe npsimoro nByrpaHHOro yria, o0pa3oBaHHOTO IJIOCKOCTSIMU
awu f,earteitoukn M u N (MN =a). B uockoctsix o u [ K pebpy

IBYIPaHHOTO yIJia HpoBeAeHsl mepreHaukysipplt MP u NQ mmuno#t a .
Haiinure paccrosinie Mesxay peOpoM JBYIpaHHOro yriia u npsimoit PQ .

3.10. Yron mexny miockoctsimu kBagpatoB ABC; Dy u ABC,D, ¢
obuieit croponoit AB jumHo#t a paBen « . Haiimure paccrosiHue Mexy
ckpenmBarommmMucs npsmeiva AC, u BD; .

3.11. B xy6e ABCDAB,C\D,, pebpo KOTOpOro paBHO « , Haiimute
paccrosuue Mmexay unpameiMu AC u BM, tne MeDD, u
DM =k-DM .
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3.12. B mpasunsHO# 4eTsipexyroasHoit mpusme ABCDA B,C, D, cro-

POHa OCHOBAaHMs KOTOPOH paBHA @ , a BBICOTA /1, HAMIUTE PACCTOSHHME MEXK-
xy npssmeimu AC u BIM ,tne M e DD, u DM =k-D/M .

3.13. B npaBuIbHON TpeyrojbHOW MUpaMue, CTOPOHA OCHOBAaHUS KOTO-
poii paBHa a , a 60KoBO€e pebpo [, HAlaUTE PacCTOSHUE MEXKILY:

a) OOKOBBIM PeOpPOM U HE MEPECEKAIOIEHCs ¢ HUM CTOPOHOM OCHOBAHHS;
0) anoeMo¥i ¥ He TIepECEKAOIICHCS ¢ HUIM CTOPOHOM OCHOBAHUS.

3.14. a) OcuoBanuem mupamuabl SABC ciyUT NpaBWIbHBIA Tpe-
yroasHuk ABC co croponoii a . PeOpo SA paBHO b 1 HepIeHANKYIAPHO
wiockocTu ocHoBauus. Halinute paccrosiaue mexay npsmbivu AC u SB .

6) CtopoHa ocHoBaHHS U OOKOBOE PeOpO MPaBHIBHOM TPEYroJbHON M-
pamMujbl paBHBl COOTBETCTBEHHO @ U b . Haiijure paccTOsHHE MEXIY
CKPEIINBAIOIIMHUCS peOpaMu MHpaMUIbI.

3.15. B nmpaBwibHO# uerbipexyronsaoil mupamuge SABCD, cropona
OCHOBaHHUsI KOTOPOU paBHA « , a GOKOBOEe pebpo [/, HalijuTe paccTosHUE
MEXY:

a) OOKOBBIM PeOpPOM U HE TepeceKarouelicsi C HUM AWaroHaJIbI0 OCHOBA-
HUS;

0) anodeMoii 1 He nepeceKarolleiics ¢ Hell CTOPOHOM OCHOBAHMS;

B) OOKOBBIM peOpOM U HE MEPECEKAIOMIEHCs C HUM CTOPOHOI OCHOBAHHS.

3.16. a) B npaBunbHOI 4eTHIPEXYTrOIbHON MUpaMuie, CTOPOHA OCHOBA-
HUSI KOTOPOI paBHA ¢ , a GOKOBoe pebpo [, HaluTe PACCTOSHHE MEKIY
anodeMoii U THaroHaabl0 OCHOBAHUS.

0) B npaswisnoit mupamuge SABCD (S Bepumna) AB=a, SA=b,
M u N — cepenunst pebep SC u SD . Halinure paccTosiHue MEKIy IIpsi-
mbiMu SA 1 MN .

3.17. B ocHOBaHWH YETHIPEXyTOJBEHONW MUPaMUIBI, OOKOBBIE pedpa KOTO-
PO PaBHBI, JIEKUT MPAMOYTOJIBHUK CO CTOpOHaMK @& ¥ b . BeicoTa nupamu-
Iel paBHa /1. Haiigure paccrosHue Mexay GOKOBBIM pebpOM U HE mepece-
KaloIeics ¢ HUM JIMaroHaIblo OCHOBAHMSI.

3.18. B mpaBunpHOM TeTpasape, pedpa KOTOPOTO PaBHBI @ , HalAWTE
paccTosiHiEe MEX/y HEeTlepeCceKatoIMMKCs BBICOTAMH JIIOOBIX JIBYX I'paHeH.

3.19. B mpaBuiIbHOI IIECTHYTONBHOM MUpamMuae, CTOPOHA OCHOBAHUS
KOTOPOU paBHa d , a 6GOKOBOE peOpo [, HAlIUTe PACCTOSHUE MEXKITY:

a) OOKOBBIM PEOPOM U HE MEPECEKAOIICHCS ¢ HUM CTOPOHOW OCHOBAHUS;
0) OOKOBBIM PEOPOM U HE MEPECEKAIONICHCS C HUM THArOHAIbI0 OCHOBAHHUSL.
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3.20. B npsivoyronsrom napawtenenunene ABCDAB/C\D, A4, =D,
AD = c. Haiinure paccrosinue mMexay npsimbivu 4By n AM , rne M —
uentp rpaun CC DD .

3.21. B npaBusibHO# TPEYroNLHOM MPU3Me BHICOTON /I CO CTOPOHO# OC-
HOBaHHsl d HaliuTe PacCTOSIHUE MEX/Y JHAaroHajbi0 OOKOBOI rpaHd W He
IepeceKaroIeiicsi ¢ Heil CTOPOHOIT OCHOBaHHSI.

3.22. Bee 0okosslie rpanu npusmel ABCA| B;C| sBIIOTCA KBaJpaTaMu

co cropouoii @ . Touku M , N, P, Q — cepenunsi orpeskos AB, AC,
BC, A;C coorsercrenno. Haiiure paccrosaue Mexay npsmeivu MN u
A4,C;.

3.23. B mpasunsHoii mectuyronsHoit npusme ABCDEFA B,C D\ E\F,

BBICOTOH /I ¥ CTOPOHOI OCHOBAaHHS ¢ , HAWIWUTE PACCTOSHUE MEXIY IMps-
MBIMH:

a) A4 u DIE; 0) AF u BE;;

B) BE| u DF'; r) 4 u CE.

3.24. Jlaubl iBe CKpELIMBAIOIIMECS MPsMbIe @ U b . JIOKaXuUTe, 4TO pac-
CTOsIHUE OT TOUYKH M Ha IpsMOil @ 10 psiMOit b yBeIMUMBAETCS MpHU yBe-

JIMYCHUH PACCTOSHHS OT TOYKH M 10 TOYKH TMEepeceueHHs MpsAMOH a H
0011ero NMepHeHANKYJIISpa TaHHBIX MPSIMBIX.

3.25. a) Ha npsimoit [ B pocTpaHCTBe MOCIIEN0BATENBHO PACIIONOKEHBI
toukn A, B u C takue, uto AB =10, BC =22 . Haiinure paccrostHue
MEKy TIpsAMbIMA [ U M, eciu pacctosiuust oT Touek A, B u C 1o npsimoit
m paBHbl 12, 13 1 20 COOTBETCTBEHHO.

0) Ha nipsamMoii p B IIPOCTPAHCTBE MOCIIEAOBATENBHO PACTIONOKEHBI TOY-
ku A, B u C takue, uro AB =27, BC =18 . Halizure paccTosHue MeXIy
OpSMBIMU P U ¢ , eciii paccrostuust or Touek A,B u C 1o npsmoii ¢

paBHbl 17, 10 1 8 COOTBETCTBEHHO.
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§4. IlocTpoeHust B npocTpancTBe

Hocmpoenue mou4Ku nepecevenui npﬂmoﬁ U njiockocmu

4.1. TToctpoiite Touky nepeceuenus npsmoit MN ¢ miockocTeio rpann
CC,D\D,rae M u N — rouku coorercrBenHo Ha pebpax AA, BB;:

a) mpmsmel ABCDEA,B,C,D,E; ; 6) mpmsmer ABCDEFAB,C,D,E,F,.

4.2. Ha peope BC mnapamrenenmnena ABCDAB,C,D; B3sta Touka
M . TToctpoiite Touky mepeceuenus npsimoit AM ¢ miockocTsiO:

a) AB,C;; 6) ABC.

4.3. Ha pebpe SA nupamugsr SABCDE ¢ Bepmmnoii S B3ara Touxa
M . TocTpoiite Touky mepeceuenus: a) npsmoii MD ¢ mmockocteio SBE

6) mpsmoii SC ¢ mwrockoctero MED .
4.4. Ha pe6pe CD npusmer ABCDEA B,C,D,E,; B3sra Touka M . Ilo-

cTpoiite ToUKy mepecedeHus npsimoii AAM ¢ miockocThiO:

a) AB,C,; 06)ABC.

Ilocmpoenue npamoit nepeceuenusn niocKkocmeil

4.5. B xybe ABCDA B,C,D, mocrpoiite nmunuI0 TIlepecedenus mIOCKO-
creit: a) AAC, u BID,C; 6) AAC, u B\D,D; ) AAC, u ADC,.

4.6. B napamrenenunene ABCDAB,C,D,;:

a) Ha pebpe CC, B3sra Touka M . Iloctpoiite NHHHIO TepecedeHHUs
mwrockocreit AMD u AB,C,.

0) Ha pedpax CC; u AB B3stsI coorBercTBerHO Toukn M u N . Tlo-
crpoiite a0 iepecederns miockocteir AMD u CNB; .

B) Ha rpanssx AABB, u ABCD B3arel coorBerctBenHo Toukn M u
N . Iocrpoiire muanto nepeceuerns miockocreit DMC; u D;NB,; .

4.7. B impamuge SABCD ¢ Bepmmnoit S B3ster Toukm M u N :
a) na pe6pax SA, SC coorsercrBenno. ITocTpoiiTe IMHKIO TIEpECEUCHHSA

miockocreit MCD u NAB.

0) na rpansx SAB, SBC coorserctenno. IlocTpoiiTe nuHuI0O 1mepece-

yenns mwiockocrteit MCD u NAB.
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Hocmpoenus na uzobparcenuax

4.8. Hapucyiite napamienabHyI0 MPOEKINI0 PAaBHOCTOPOHHETO TPEYToJb-
HHKa, @ B HEM M300pa3uTe MPOEKIUI0 CPEAHEH JMHUM, pajnyca ONHCaHHOU
OKpPY>KHOCTH U paJiuyca BIMCAHHON OKPYXHOCTH UCXOJHOTO TPEYTOJIbHUKA.

4.9. HapucyiiTe napajulelbHy0 HPOEKIMIO MPSIMOYTOJbHHKA, a B HEM
M300pa3uTe IPOSKIMH OCCH CUMMETPHH MCXOAHOTO MPSIMOYTOJIbHHKA.

4.10. HapucyiiTe mapauiebHYIO TPOCKIHIO PaBHOOCIPEHHON TPaIeIH,
y KOTOPO# 0JTHO OCHOBaHHME B J[Ba pa3a OOJbIIIE APYTOro, a B Hel n300pasute
MPOEKIHIO OCH CHMMETPHUH HCXOIHOM TpanenuH.

4.11. HapucyliTe mapajulenbHyIO MPOSKINIO KBaJgpaTa, a B HEM H300pa-
3UTE MPOEKIUH pajnyca ONMUCAHHOHN U pajnyca BIMCAHHOW OKPY>KHOCTHU HC-
XOJHOTO KBajpaTa.

4.12. Hapucyiite napa/ulelbHYI0 MNPOEKIUI0 KBajpaTa, BIMCAHHOTO B
MIPAaBUIIBHBIN TPEYTOJBHUK.

4.13. Jlan »quIMIC, SBISIOIUICS NapaieabHON MpOeKIUue HeKOTOpon
okpy>xHoctu. Hapucyiite npoexuuu:

a) LIEHTPa OKPY>KHOCTH;

0) KacaTelIbHOH K HEW B HEKOTOPOH ee Touke (IPOEKIHsI TOUKM JaHa Ha
3JUTATICE);

B) BIIMCAHHOTO B HEC PaBHOCTOPOHHETO TPEYTOJbHHUKA (yKa3aHa MpPOEK-
U1 OHOM U3 BEPILNH);

I') ONHCAHHOTO OKOJO HEE PAaBHOCTOPOHHETO TPEYroyibHHWKA (yKa3aHa
TOYKa BHE 3JUTUIICA, SIBJIAIONIAsICS TPOSKIIEeH OHON U3 BEPIINH);

1) BIIUCAaHHOTO B Hee KBajparta (yKa3aHa MPOEKIHs OJHON U3 BEpIIMH);

€) ONMMCAaHHOTO OKOJIO Hee KBajJpara (yKka3aHa TOYKa BHE 3JUIMIICA, SIB-
JISFOIAsiCSl TIPOEKIMEH OTHON M3 BEPIIMH).

4.14. Ha nanHOM M300pa’keHNH KpyTra NOCTPOUTE N300paKeHHE:

a) cekropa ¢ yriom 15°; 0) cermenTa ¢ xyroi 150°.

4.15. Ha nanHOM M300pakeHHH OKPY>KHOCTH IOCTPOWTE M300pakeHHe
pomba ¢ yriom 60°, OIIMCaHHOTO OKOJIO ITOM OKPYIKHOCTH.

4.16. ITocTpoiite 0OIIMI TIEPICHIUKYJISP:

a) IMaroHayiM Ky0a M He IepeceKaronlell ee JUaroHajlyu rpaHy 3TOTO Ky-
0Oa;

0) HenepeceKalouXcsl TuaroHanei rpanei Kkyoa.

4.17. Kakyro ¢urypy obpa3yeT MHOKECTBO OCHOBAHHHU TEPIICHANKYIIS-
POB, POBEICHHBIX U3 TOUKU A, He MPUHAIEKAIIEH TIOCKOCTH & , KO BCEM
IPSMBIM, JISKAIUM B TUIOCKOCTH ! W MPOXOJSIIUM 4YEepe3 AAHHYIO TOUKY

M 2
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Hocmpoenue ROCKUX CeueHUil MHO202DAHHUKOB

4.18. Kakue npaBuibHbIe MHOTOYTOJIBHUKH MOTYT TMOJYyYaThCsl MpHU Tie-
pecedeHnt Kyba II0CKOCThI0?

4.19. Tlpu KakOoM YCIOBUM B CEYEHHH TETpadpa IJIOCKOCTHIO MOJIYUUT-
cs: a) TmapajuIesIorpamMM; 6) pom06?

420. Jlama nwmpamuma SABCD (S —Bepmmma). Ha peGpax
SA, SB, SC cootsercrenno B3t Toukn M, N, P . IToctpoiite ceuenne
riupamuisl mwiockocteio MNP . Pacemotpute Tpu ciyvast:

1) MN ne mapamnensaa AB, NP ne mapamnensua BC ;

2) MN || AB, NP wue napauiensua BC ;

3) MN || AB, NP | BC.

4.21. Jana mapamupa SABCD (S — Bepmmna). Ilocrpoiite ceuenune
nupamu sl mwiockoctbio MNP, ecou:

a)MeSA, NeSB, PeCD; 6)MeSA, NeSC, PeBD;

B) M e AB, Ne AD, Pe SC.

4.22. Tana npusma ABCAB,C, . ITocrpoiite ceyeHne Npu3Msl LIOCKO-
cteio MNP, ecnu:

a) M e AB,, Ne AC, PeCC;;

6) M e AC,, NeB/C,, M € AB.

4.23. Tlocrpoiire ceuenne kyba ABCDAB,C,D; miockocrero MNP,
ecnu:

a) MeAA, NeAB,, PeCD; 6) M e AA, NeCC,, PeBD;
B) M e AA, NeBC,, PeCD; rn MeAB,, NeCC,, P AD;
1) M e AB,;, N € DD,, P € CC,.

4.24. Tlocrpoiite ceuenne mupamuasl SABCDEF (S — epiuuna):

a) MWIoCKOoCThIO, mnpoxoxsmeii uepes touku M € SA, N e ED,
PeSC.

0) mockocTeio, mnpoxoxsmel uepes Toukm M € SA, N e SD,

PeEF.
4.25. Toctpoiite ceuenne npusmsl ABCDAB,C,D; miockocrsto,

npoxomsuieit yepes Toukn M € AA, N e CC,, P € AD,.
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4.26. an napamnenerunes; ABCDAB,C,D, . Ioctpoiite ceuenue ma-
pamnenenunena rwiockoctelo MNP | ecrn:

a) M € AB,, N e DD,, PeCC;;

6) M € AA, N u P uenrpsi rpaneit AB,C,D, u CC,D,D;

B) M e AA, NeCC,, PeBD;

r M eAB,, NeCC,, Pe AD.

4.27. loctpoiite ceuenne mupamuasl ABCD mmockoctero MNP, ecim
toukdu M, N, P nexar na rpansx ABC, ACD, BCD.

4.28. Jlana nupamuna SABCD ¢ Bepummoit S . Ilocrpoiite ceuenue
rupamuasr ABCD  mnockoctsio, npoxomsmieii uepes toukn M, N u ma-
paIIeNIBHON IpAMOl M, eciu: a) M eSA, NeSC, m=BD;

6) MeSA, NeSD, m=SC; 8 MeAB, Ne AD, m=SC.

4.29. Ha peGpax SA, SB mupamuasr SABCDE ¢ Bepiumnoit S B3stsl
toukn M u N . ITocTpoiite ceuenne mupamMuabl MIOCKOCTELIO, TPOXOASIIEH
gepe3 Toukn M , N wu mapamnensnoit mpssmoit SD .

4.30. Ha peopax B,C;, AC npusmer ABCAB,C, B3stsl Touku M u
N . IMocTpoiiTe ceuenue MPU3MBI TUIOCKOCTBIO, TIPOXOISIIEH Yepe3 TOUKH
M, N u napannensnoit mpsimoir AB; .

4.31. Hocrpoiite ceuenne napamienenunena ABCDAB,C D, mnocko-
creio, npoxosmeii depe3 rouku M € AB;, N € CC,| mapamrensro aua-
ronamn B;D .

4.32. Ha pe6pe SA nmpamuast SABCD ¢ Bepmmnoii S B3gTa Touka
M . Tocrpoiite ceyeHne NUpaMUIBI IIOCKOCTHIO, MPOXOSIIEH YeEPE3 TOUKY
M u napannensuoii npsimbiv BD u SC .

4.33. Jlana nupamuga SABCDE ¢ sepumnoit S u touka M Ha peGpe
SD . Tocrpolite ceveHre MUPaMUIBI TIOCKOCTELIO, POXOIAINEN YEpe3 TOU-
xky M mapamnensno rpanu ASB .

4.34. Ha peope AD, mapamnenermnena ABCDAB,C,D, B3sta Touka

M , a na rpaan CC,;D;D Touka N . ITocrpoiite ceuenne napaiesnenumneaa

IUIOCKOCTBIO, MPOXOJsuieil uepe3 BepiuvHy B mapaiensHO IMIIOCKOCTH

AMN .
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4.35. Ha pedpe AA; xy6a ABCDAB,C,D, B3sita touka M . IToctpoii-

Te OCHOBAHME MEPIEHIUKYISIPa, OMyuIeHHoro u3 Touku M Ha miockocTs
AB.C.

4.36. a) lana npaswisHas nupamuaa SABCD ¢ sepumnoit S u Touku
M, N napebpax AB, AD . IlocrpoiiTe ceueHue mupamMusibl IIIOCKOCTBIO,
npoxomsiied yepes Touku M u N nepreHaukynspHO MIOCKOCTH OCHOBA-
HUsL.

0) Jana npaswibHas nupamuaa SABC ¢ sepmmmoit S w Toukn M,
N na pe6pax SA, BC . Ilocrpoiite ceuenre mupamMuasl IWIOCKOCTHIO, PO-

xopseit uepe3 toukn M u N neprenmukynspuo rpanu SBC, ecnu us-
BECTHO, YTO GOKOBBIE PeOpa MUPaMUIIBI PABHBI peOpaM OCHOBAHMSL.

3aoauu na nocmpoenus 6 npocmpancmee

4.37. a) TlocTpoiite mpsaMyro, poxoaslyro 4epes Touky M u mepece-
KAKOIIYI0 K&Ky U3 JBYX JIAHHBIX CKPEIMBAIONIMXCS IPsAMbIX & 1 D .

0) IlocTpoiiTe mpsiMy0, MEPECEKAIOIIY0 KOKAYI U3 TPEX NaHHBIX IO-
NapHO CKPENIMBAOIMXCS IPAMBIX &, D u C.

4.38. TlocTpoiiTe: a) 4eThIpE MOMAPHO CKPEIIMBAIOIINECS TIPSIMBIE;

6) N HonapHO CKPEUIMBAIOMINXCS MPSIMBIX.

4.39. IlocTpoiiTe MIOCKOCTD, MEPECEKAIONTYI0 KAKIYI0 U3 YETHIPEX TaH-
HBIX MOMIAPHO CKpeIMBarouxcs npsameix a, b, ¢ u d .

4.40. a) IlocTpoiiTe MIOCKOCTh, TEPECEKAONIYIO TaHHBIA TETPadAp Ta-
KM 00pa3oM, 4TO B CEYEHUH MOITy4aeTCsl MapajiieIorpaMm.

6) aHbI geThIpe MOMapHO CKpemmBaronecs npsimeie. [loctpoiiTe mioc-
KOCTb TaK, 4TOOBI TOUKH €€ IEPECeUCHNUs C MPAMBIMH ObUIN BEpPIIMHAMH Ia-
pajienorpamma.

4.41. B npocTpaHCTBE 1aHbl ABE MEpeceKarolecs npsmbe a , b u nBe
He npuHamiexamue uMm toukn A u B. TIposemure uepes Touku A u B
IIOCKOCTB, TIepeceKarontyto npsmeie & u D B toukax C u D Ttak, 4ro6s1
toukd A,B,C u D npunamnexany oxHoi OKpYKHOCTH.

4.42. Jlansl Be TEePIECHAMKYISIPHBIE CKpemnuBarommecs: mnpsimeie. Ilo-
CTPOWNTE MPABUIIBHBIN TETPAdAP TaK, YTOOBI ABE €TO BEPIIMHBI PHHAATICHKA-
JI1 OJTHOM IPSIMOM, a 1B Ipyrue — BTOPO MPsAMOil.

4.43. Ila"bl TpU MOMAPHO CKPEIIMBAIOIINECS MPsIMble, HE TapajlielbHbIe
onHOM miockocTH. [locTpoiiTe mapasiesienunes], Tpu pedpa KOTOPOro Jiexa-
JIn 6bl Ha TaHHBIX ITPAMBIX.
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§5. 'eomeTpuyeckue MecTa B IPOCTPAHCTBE

5.1. Uro coboii mpencTaBiseT reoMeTpUIECKOe MECTO TOUEK paBHOYa-
JICHHBIX OT: a) IBYX JaHHBIX TOUCK; 0) OT Tpex JaHHBIX TOYEK;

B) JIBYX NMapaJUIEIBHBIX MPAMBIX;  T) ABYX IEPECEKAIONUINXCS MPAMBIX;

) ABYX TIEPECEKAFONIMXCS IOCKOCTEH?

5.2. Yto co0oif mpeacTaBIseT TeOMETPUISCKOE MECTO TOUYCK MPOCTPaH-
CTBa, PAaBHOOTCTOSIIIIUX OT BCEX:  a) CTOPOH TPEYTOJIbHUKA,

0) BepIIMH paBHOOEIPEHHON Tpaleny.

5.3. lansl 1Be mapaiiensHble TockocT. Haiimute reomerpuaeckoe Me-
CTO CepeIMH OTPE3KOB C KOHIIAMHU Ha ATUX MJIOCKOCTSX.

5.4. Haiigure reoMeTprHuecKoe MECTO TOUYEK, PAaBHOYAAJICHHBIX OT TPEX
HepeCceKaroIMXCs IockocTel ), 5,y . Uccnenyiite perieHue.

5.5. a) HaiimuTte reomeTpudeckoe MECTO CEpeIrH OTPE3KOB, KOHIIBI KO-
TOPBIX JIEXKAT Ha JBYX JAHHBIX CKPEIIMBAIOIIMXCS IPSIMBIX @ U b, a Takke
TOYEK, AEJSIINX ATH OTPE3KU B JAHHOM OTHOIICHUU ML 1.

6) HaiinnTte reoMeTpruieckoe MECTO CEpPEMH OTPE3KOB JaHHOW JUIMHBI d,
KOHIIBI KOTOPBIX JIeXaT Ha ABYX HEPHEHAUKYJSPHBIX CKpPEIIMBAIOLIUXCS
MPSIMBIX.

5.6. Haiigute reoMeTpuyecKOe MECTO TOYEK, CyMMa PacCTOSHUN KOTO-
PBIX 10 JBYX JaHHBIX TAPAIIEIbHBIX NIOCKOCTEH @ U [3 , pacCTOSHUE Me-

Iy KOTOPBIMHU PaBHO d , paBHA d — IUIMHE JaHHOTO oTpe3ka. Mcciemyiite
pelleHye.

5.7. BHyTpu ABYyIpaHHOIO yrijla HAWJIUTE€ FTEOMETPUUECKOE MECTO TOYEK:

a) pa3HOCTh PACCTOSHUI OT KOTOPBIX [0 TpaHeil paBHa d ;

0) CyMMa pacCTOSHUM OT KOTOPBIX JI0 IPaHel MOCTOsHHA U paBHa d .

5.8. a) JlokasaTk, YTO TEOMETPUYECKOE MECTO TOUYEK MPOCTPAHCTBA, IS
KOTOPBIX Pa3HOCTh KBAJIPATOB PACCTOSHHUIA JIO IBYX JAHHBIX TOYEK, B3STHIX B
OIIPE/ICIICHHOM TMOPSIIKE, TIOCTOSHHA, E€CTh IIOCKOCTb.

0) Haiisutre reoMeTpuYecKoe MECTO TOYEK IUIOCKOCTH, VISl KOTOPBIX
CyMMa KBaJ[PaToB PACCTOSHUI JO JBYX JAaHHBIX TOYEK, YAAJIEHHBIX OT IJIOC-
KOCTH Ha PacCTOSHUSL M ¥ N, OCTOsiHHA U paBHa k ? Wccrenyiite pemre-
HUE.

5.9. Jansl muiockocth @ M Touku A m B BHe « . Haligure Ha miocko-
CTH ( TEOMETpHYecKoe MecTo Todek X , Takux, uro mpsimbie AX u BX
OJIMHAKOBO HAKJIOHEHBI K IIIOCKOCTH « .

5.10. Haiijure reoMeTpHYecKOe MECTO MHPSIMBIX, MPOXOISLIMX Yepe3
TOYKY A ¥ OJIMHAKOBO HAKIIOHEHHBIX K TPAHAM JBYIPAHHOTO yIJIA.
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5.11. HaiinuTe TreoMeTpHYecKOoe MECTO MPSMBIX, MPOXOIAIINX depe3
IaHHYIO TOUKY A ¥ yJaJCHHBIX HA PacCTOsHHUE d OT JAHHOM HPSIMOHM d .

5.12. HaiinuTe TEOMETPHYECKOE MECTO MPSMBIX, MPOXOIAIINX depe3
To4Ky O ¥ COCTABISIONIMX PABHBIC YIIIBI C CKPCIIMBAIOIIMMUCS MPSIMBIMH
anb.

5.13. Haligute reoMeTpu4ecKoe MECTO TOUEK:

a) MPOCTPAHCTBA, N3 KOTOPBIX JAHHBIH OTPE30K BHICH IO/ IPSIMBIM yTIJIOM;
0) IaHHOM IUIOCKOCTH (! , W3 KOTOPBIX NaHHBIH OTpe3oK AB BumeH mox
HPSMBIM YTJIOM.

5.14. lana cdepa. Halinure reomeTprueckoe MECTo IeHTPOB cep, BITH-
CaHHBIX B TETPA’/IPhl, BIMCAHHBIE B 3Ty cepy.

5.15. B npocrpanctse nana touka A . Haiizure reoMeTpuyeckoe MeCTo
npoekiuidl 4 Ha BCEBO3MOXKHBIE [UIOCKOCTH, MPOXOIAIIUE Yepe3 IPAMYIO [,
HE COJIEPIKAIYIO TOUKY A .

5.16. B npocrpanctse nana Touka O u jaBe npsmbie. Haiinure reomer-
puyeckoe MecTo Touek M , 1isi KOTOPBIX CyMMa JUTMH MPOSKIMH OTpe3Ka
OM Ha TaHHBIC MTPAMBIC €CTh BEJIMUMHA [TOCTOSAHHAS.

5.17. Haiinmure reoMeTpryeckoe MECTO CEpeaMH OOIIMX KacaTelIbHBIX K
JIBYM 3aJlaHHBIM cepam.

5.18. Ilpstmete /) u [, xacarorcs cdepsr. [Tycts Toukn M u N — Toukn

Ha [} u [, cooTBeTCTBEHHO, Takue, 4To otpe3ok MN Toxe Kacaercs cde-
pbl. Halinure reomMeTpudeckoe MECTO TOYEK KacaHUsl BCEBO3MOXHBIX OTPE3-
k0B MN co chepoii.

5.19. B mpoctpanctee nau tpeyronsauk ABC . Ha npsiMoi, neprieHau-
KyssipHOit tiockoctn ABC u npoxopsieit yepes Touky A Gepercs mpous-
BOJbHAs Touyka [). Haiinure reomMeTpryeckoe MECTO TOYCK MEPeceucHHUs
BbICOT Tpeyronsauka DBC .

5.20. B npocrpanctse aan tpeyronbiuk ABC . Haiinure reomerpude-

CKOoe MecTO Touek M TpOCTpaHCTBa TAKUX, UTO MA? + MB* = MC?.

5.21. Haiizute reoMeTprIecKoe MECTO TOUEK, PaBHOYJAIIEHHBIX OT TPEX
MOTIAPHO IEPECeKAIOIINXCs MIOCKOCTEH, He MPOXOIAIIMX Yepe3 OIHY Mps-
MYIO ¥ IEPIECHANKYIISIPHBIX HEKOTOPOH JaHHOM IIOCKOCTH X .

5.22. JlaHBI IBE CKPENIMBAIONIMECS TPSMbIe W TOuka A Ha OJHOW W3
Hux. Yepe3 npsMble NMPOBEACHBI NEPIEHAMKYJISIpHbIE IUIOcKOcTH. Halinure
reOMETPHYECKOE MECTO MPOEKIMi TOUKH A Ha MpsSMbIE MEPeCeUEHUs] ITUX
IJIOCKOCTEH.
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5.23. llana mpsimast [ u Touka A, eit e npuHaiexamas. Yepes TouKy
A mposexmena mpsimast /|, ckpemuBaromasicst ¢ /. Ilycts Toukn M €/ u

N €/ TtakoBsl, 4yTo 00MmMIl MepHeHANKYISp K TpsAaMbiM /; u [ . Haiigure

rEOMETPHIECKOE MECTO BCEBO3MOXKHBIX Touek M .

5.24. Ha miockocTH @ JaH ocTpoyrojibHbiil Tpeyronbuuk ABC . Haii-
JITE TEOMETPUYECKOEe MECTO MPOCKIHUil Ha MIIOCKOCTh (& TakuxX Touek M ,
uro Bce Tpeyronbiuku ABM , AMC n MBC — octpoyrojibHbIe.

5.25. Haiigute reoMeTpHuecKoe MeCTO IIEHTPOB cdep, Kacaromuxcs
JIBYX JIaHHBIX TIEPECEKAIOIIUXCS MPSIMBIX.

5.26. [lan TpexrpaHHBII yroj, BCE€ IUIOCKHE YIJIBI KOTOPOIO MpsIMBIE.
Haiinure reomeTpudeckoe MeCTO LIEHTPOB OKPYXHOCTEH JaHHOIO paauyca
R, xacaromuxcst Bcex rpaHeii 3Toro yria.

5.27. JlaH IUIOCKMiA BBIMYKJIbIH deTbipexyronbauk ABCD | He sBisito-
muiics Tpanerueit. Haiimure reometprdyeckoe MecTo Takux Touek M , uto
6okoByt0 moBepxHocTh mupamuasl MABCD MoXHO niepecedb IIOCKOCTHIO
Y B CCUCHUH MOIYIHUTCS IPSIMOYTOJIBHUK.

5.28. JlaH 1UIOCKHii BBIMYKIbIH derTbipexyronbiuk ABCD | He sBisito-
muiicss tpanenueit. [lyctb P u Q — TOYKM HEpeceueHHs IPOIODKEHHUI

MPOTHBOIOJIOKHBIX CTOPOH. M3BeCTHO, UTO HU oHa U3 quaronaneii ABCD
He nmapawtensia PQ . Halinure reomerpuyeckoe Mecto Takux Toyek M,

410 GOKOBYIO MOBepXHOCTh nupamuisl MABCD MoxHO nepeceds II0CKO-
CTBIO U B CEUCHHUH IOIYINUTCS poMO.

5.29. lan npsamoii kpyrosoi konyc. Cdepa ¢ uentpom B touke O Jie-
JKUT BHYTPU KOHYCa, KacasiCh €ro OCHOBaHUs 1 OOKOBOW moBepxHocTH. Haii-
JIUTE TEOMETPHIECKOE MeCTO TakuxX Touek O .

5.30. Jns nanHO#M cdepbl HaliuTe reoMETPUYECKOe MECTO IEHTPOB
chep:

a) BIMCAHHBIX B KOHYCHI, BIMCaHHBIC B JAaHHYIO cdepy;

0) ONMCaHHBIX OKOJIO KOHYCOB, OIMCAHHBIX OKOJIO IAHHOH Cephl.

5.31. Jlan TpexrpaHHbII yroi ¢ OpsSMbIMU IUIOCKMMH yIJIaMU M BepILU-
Hoit O . Touku A,B u C nexar Ha pa3indHbIX pebpax 3TOro yria, puIeM
HH OJlHA U3 HUX He coBmazaaet ¢ Toukoii O . Haiimure reoMeTpuueckoe MecTo
TOYEK:

a) MepeceveHusI BBICOT BCEBO3MOXKHBIX TpeyronbHukoB ABC ;

0) nepeceueHust GUCCEKTPUC BCEBO3MOKHBIX Tpeyroibaukos ABC .
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§6. IIpusma
Ky6 u npamoyzonvuslit napannenenuneo

6.1. a) BerancimTe JUIMHY IUAroHaNy MPSIMOYTOIBHOTO Mapaiesenure-
Jla, eCJIM M3BECTHO, YTO IUIOMIAIN eTo rpaHei paBHEI 6, 12, 18.

6) BerumcanTte ANMMHY OMAroHaNX MPSMOYTOJBHOTO IMapauleNenuIesa,
€CIT U3BECTHO, YTO IIIOIIAAN KPYTOB, OIHMCAaHHBIX BOKPYT €r0 IrpaHei, pas-
el 227, 357, 4lrx.

B) HaiinuTe miomaas MOMHON MOBEPXHOCTH MPSIMOYTOJIBHOTO Tapasiie-
JIeTIAIIe/1a, €CIM U3BECTHO, UTO MEPUMETPHI ero rpanei pasusl 10, 12, 14.

6.2. a) Haiiqute nvHy AMaroHaiau NpsSMOYTOJBLHOTO Mapajuieenumena,

€CJIM U3BCCTHO, 4YTO IJIMHBI Z[HaFOHaJ'IefI TpEX €ro rpaHeﬁ PaBHBL 5, \/39 .

V34

6) JlokaxxuTe, 9TO KBAApAT JUIMHBI JUArOHAIH MPSIMOYTOIBHOTO Iapai-
1
JIeTICTIUIIEId PABeH E(dlz + d22 + d32 ), roe d,d,,d; — mmHBI [uaroHaneit

rpaHeil, UMEIOLINX OOIIYIO BEPIIHHY.

6.3. Pebpo kyba paBHo a . Haliaure miomanp ceueHus Ky0a, sBIISIOLIC-
TOCSI TPAaBUIIBHBIM HIECTHYTOJIBHUKOM.

6.4. Haiimure yrom Mexay AByMs HMaroHaJbHBIMHU IUIOCKOCTSIMH KyOa,
MPOXOSIIIMMHU Yepe3 CMEXHBIE CTOPOHBI OCHOBAHUS.

6.5. PaccTosiHne MeXIy HEMEPECEKAIOINMHUCS THarOHATISIMA JIByX CMEX-
HbIX OOKOBBIX Tpaneii kyba pasuo d . Haiinure ero oonem.

6.6. Uepes BepmmHbI Ky0a MPOBEACHBI TNIOCKOCTH, MEPIECHANKYIISPHBIC
nuaroHand. HaiinuTe oTpeskn, Ha KOTOpPBIE 3TH IUIOCKOCTH pa3OMBaroOT ana-
TOHAaIb, eciH pedpo Kyba paBHO 1.

6.7. Pebpo xyba ABCDA B,C\D, paBuo a . Ha pebpax AA4;, BB,
CC, coorserctBenHo B3siThl Toukn M, N, P rtak, uro AM =—,

2
BN = ?a, CP= %. Ormnpenenure, B KAKOM OTHOIICHHUH:
a) mockocts MNP nenut pebpo DD ;
6) miockocte MNP nenut o0bem Kyba.

B) Haiinute miomiane ceuenus kyda miockocteto MNP .
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6.8. Hemepecekaronmecss JUAaroHaId JBYX CMEXKHBIX OOKOBBIX TpaHeit
HPSIMOYTOJIBHOTO Mapajuiesieniiiela HaKJIOHEeHb! K INIOCKOCTH €r0 OCHOBAaHHS
noj yramMu @ 4 f3 . Haiiure yrosn Mexay 3THMH JHATOHAIISIMH.

6.9. CeueHue MIOCKOCTHIO MPSIMOYTOJBHOTO Mapajuieienurnena ¢ KBaj-
pPaTHBIM OCHOBaHHEM ecTb poMO C OCTpBIM yriaoM ¢ . Onpezaenure, moja Ka-
KHM YTJIOM MEPECEKaeT 3Ta MIOCKOCTh OOKOBBIE pedpa napaiesenuneaa?

6.10. CTopoHa OCHOBaHMS IPAaBUIBHONW YETBIPEXYTOIbHON MPU3MBI PaB-
Ha d, BHICOTA NpHM3Mbl paBHa b . Halimure paccTosHHE MEXKIY CTOPOHOM
OCHOBAHHS U CKPEIIMBAIOIICHCS ¢ HEH IMAarOHaJbI0 IIPU3MBL.

6.11. /Inaronans mpsMOyrojbHOTO TapajuielienuIe a paBHa m 1 obpa-
3yeT ¢ IUIOCKOCTBIO OCHOBaHHWS yroi « . Haidmute ruromans G0OKOBOH mmo-
BEPXHOCTH IapaJlIeNeliiie/ia, €CII MUIOMAIb ero OCHOBaHHUs paBHa S .

6.12. a) Pe6po xy6a ABCDA,B|C, D, paBuo a . Yepes touku M u N,

3a
JeXKalle COOTBETCTBEHHO Ha pebpax BB; u DD, takue, uto BM = i

a . .
DN =Z, napauiesbHo npsmoit AC npoBejena mwiockocts. Haiipure mio-

I1aIb CEYCHHS Ky0a 9TOM MIOCKOCTHIO.
6) Pe6po kyba ABCDA,B,C\D; paBuo a . Yepes touku M u N, sB-

msrommecs cepequnamu pebep A4, u CC| COOTBETCTBEHHO, IApalICIbHO

a
npsamoit DK , rie Touka K nexwur Ha pebpe BB, u BK :E , TIPOBEJICHA

IUIOCKOCTh. HaliuTe miomans cedenus Kyoa 9Toi IOCKOCTHIO.
6.13. Haiinure momians cedenus kyba ABCDAB,CiD; ¢ pebpom,
PaBHBIM @ , IUIOCKOCTBIO, TIPOXOJIAIIEH Yepe3 Bepuuny A W cepeiuHbl pe-
6.14. B upsmoyroasiom mapamrtenenuneae  ABCDAB,C D,
AB=BC=a, BB, =b(b>a). Yepe3 Bepmiuny A mneprneHAUKYJIIPHO
1 p p y p YIIp
nnaroHanun BD| npoBexena mockocTs. HalauTe miomans cedeHus mapai-

JIeJenunea dToN MI0CKOCTBIO.
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Ilpuzma

6.15. a) Jlokaxxure, 4TO YUCIIO pedep 1000 MPU3MBI KPATHO TPEM.

6) OnpenenuTe YUCIIO TUATOHATICH 71 -yTONBHOM MPU3MEIL.

6.16. OcHOBaHKEM TIPSIMOTO TapauIeenuIeIa CIyKUT poMO, a TuIoIma-
M IMarOHaJIbHBIX ceueHuil pasubl P u O . Onpenenure Iwiomniaias 60KOBOM
MOBEPXHOCTH NapalIeseuesaa.

6.17. a) Bce O0KOBBIC TpaHH TMPABHIBHON IMIECTHYTOJBHOW TPU3MBI —
kBazapatel. Halimure 00beM MpHU3MBI, €Clii ee HauOoJbIasi ANaroHallb paBHA
d.

0) Kaxxmoe peOpo mpaBUIIBHOM MIECTUYTOJBHON MPU3MBI paBHO @ . Haii-
JITE TUIOLIA/b CEUSHHMs, MPOXOJIIEr0 Yepe3 CTOPOHY OCHOBaHHS M 0O0JIb-
IIYIO AUaroHaJIb MPU3MBL.

6.18. bokoBbIE IpaHU MPABWIBHOW TpPEYroJbHONM MPU3MBI SABISIOTCS
KBazparamu. HalinuTe yrosn Mexay CKpemiBaloOmMMUCS AUArOHAISIMH JIBYX
OOKOBBIX IpaHEl IPU3MBI.

6.19. a) Haifmute mromans OOKOBOW MOBEPXHOCTH TPABUIIEHOW Tpe-
YrOJIbHOM MPU3MBbI BBICOTON /1, €CIIU MpsAMasi, COEMHSIONIAst IEHTP BEPXHE-
TO OCHOBAHHUS C CEPEIUHOM CTOPOHBI HIKHETO OCHOBAHMS, HAaKJIOHEHAa K
TJIOCKOCTH OCHOBAHUS MO/ YTIIOM (X .

6) OcHOBaHMEM IPSIMON MPU3MBI CIIY>KHT POMO C OCTPBIM yIJIOM O H
MeHbIIEel JuaroHansio, pasaoil d . Ompenenure 00beM MPU3MBL, €CIU €€
GoJIbIIIas AMAarOHaNL 00Pa3yeT C IIOCKOCTHLI0 OCHOBAHMUS YTON [ .

6.20. a) OcHOBaHME ITPU3MBI — IPABIIBHBIN TPEYTOJIBHUK, JUTMHA CTOPO-
HBI KOoTOpOoro paBHa 4. OnHa 13 OOKOBBIX IpaHei, MepreHUKYISIpHas II0C-
KOCTH OCHOBaHHMs, — pOMO, JUIMHA JMaroHaJi KOToporo paBHa 6. Haiinure
00bEM NPHU3MEL.

6) B ocHOBaHMM NPSIMO¥ TPHU3MBI JIEXKUT PAaBHOCTOPOHHHUH TPEYTOJIbHUK.
[TnockocTh, npoxozsas Yepes3 OHy U3 CTOPOH HM)KHETO OCHOBAHUS H IIPO-
THBOIOJIOKHYIO BEPUIMHY BEPXHET0, HAKJIOHEHA K TUIOCKOCTH HHMXXHETO OC-
HOBaHUA HOJ yrioM ¢ . [Inomane ceueHus MpU3MBI 3TOH IIIOCKOCTBIO PaBHA

QO . Haiinute 06beM IPU3MBIL.

6.21. CTOpOHBI OCHOBAaHHMS MPAMOTO NapajUIeNenunena paBHsl @ u b,
yroi Mexay HuMH ¢ . Haiimure ruomanp cedeHus mapajuiesienunesa mioc-
KOCTBIO, TIepeceKaromieii Bce ee O0KoBbIe pebpa u 00pa3yromei ¢ mIocKo-
CTBIO OCHOBaHUs yroi f3 .
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6.22. JlokaxxuTte, 4TO cyMMa KBaJpaToB IUIOMIaeil AMaroHaIBHBIX ceue-
HHH TapajuleNienuIeaa paBHa CyMMe KBaJIpaToB IUIOMmafel Bcex ero 60ko-
BBIX I'DaHEn.

6.23. a) B npusMe mpoBeaeHO cedeHue, NepHeHIUKYIIpHOe OOKOBOMY

pebpy. Ilycts P, — mepuMerp IepIeHAMKYISIPHOrO CEeYeHHs, S| — ero
momans, a b — muHa 60KkoBoro pebpa. JlokaxuTe, 4To Ajs1 00beMa U IIo-
1aau GOKOBOI ITOBEPXHOCTH MPU3MBI CIIpaBeTHBEL Gopmyisr: V =S, - b,
S60K. = PJ_ . b .

0) JIByrpaHHbIi yroy mpu 00KOBOM peOpe HAKJIIOHHOTO HapaliesieuIie-
na paser 30°. PaccrostHus OT 3TOTO pebpa 10 IBYX COCEAHHX pebep paBHbI
5 u 4. bokoBoe pebpo paBHO 6. Haiinure 00beM mapaiienenumena.

B) JIByrpaHHsblii yros npu O0KOBOM peOpe HAKJIOHHOTO Mapasiesenure-
Jla paBeH (¢ , pacCTOSHUA OT 3TOr0 pedpa 0 IBYX COCEIHHX pedep paBHHI d
u b . BokoBoe pebpo pasHo ¢ . Halimure 00beM napauieenumea.

6.24. a) BoxoBsle peOpa HakIoHHOI TpeyroipHoit npusmbl ABCA; B, C|

paBHBl 6 cm. CedeHHE IUTOCKOCTBIO, IIepeceKaromell Bce OOKOBBIE pebpa
NPU3MBI ¥ TIEPIECHAMKYJISIPHON MM, MPEJCTaBisieT coO00H TPEyrojibHUK, CTO-
POHBI KOTOpOro oTHOCATCS Kak 9:10:17. Onpenenute miomaabs 60KOBOH Io-

BEPXHOCTH 3TOH MPHU3MBI, €CJIM W3BECTHO, 4T0 00beM mupamuasl A ABC
pasen 288 e’

6) BokoBeie pebpa HakiIoHHOH TpeyroasHoit npusmsl ABCA, B,C| pas-
HBI 6 cvm. OmnpenenuTe IUIOMAas OOKOBOI MOBEPXHOCTH 3TOHM MPHU3MBI, €CIIN
U3BECTHO, 4TO 00beM mupamunst 4 ABC pasen 3673 o, a cevenne
IIOCKOCTBIO, TIepeceKarolell Bce GOKOBBIE pebpa MPU3MbI U MEPICHIUKY-
JSIPHOM WM, NPEJCTaBIIsIeT COOOM TPSMOYTOJIBHBI TPEYrOJbHUK OAMH W3
yrIIoB, Kotoporo pasen 30°.

B) bokoBble peOpa  HAKJIOHHOH  YETBIPEXYTOJbHOW  TPU3MBI
ABCDA,B|C\D; paBHBL 5 cm, a cedeHHE IUIOCKOCTBIO, IepeceKaroeil Bce
OoKOBBIC pedpa MPHU3MBI M MEPHCHAUKYISAPHON WM, MPEICTaBISACT COOOH
pom6 ¢ octpeim yriom 30° . Onpenenure miomans OOKOBON MOBEPXHOCTH
3Toit mpu3MEI, ecyn 06beM Tpamusl 4 ABCD pasen 160 car’.

6.25. B mapamrenenunene ATUHBI TpeX pedep, BHIXOMSIIUX U3 OTHOM
BEpPIUMHBI PaBHLL ¢, b u ¢ . PeOpa @ u b B3aUMHO MEPNEHIUKYISPHBI, &
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pebpo ¢ obpasyer ¢ KakAbIM M3 HUX yroi ¢ . Haiinnte oObem napasuiene-
MHIe/a.

6.26. OcHoBanue Mapajuieienuneaa — KBaapar co CTOpoHo# b, a Bce
6okoBbIe rpaHy — poMObI. OJTHa U3 BEPIIMH BEPXHETO OCHOBAHMS OJIMHAKOBO
ylaJeHa OT BCEeX BEpIIMH HW)KHEro oOcHoBaHWsA. Haliante o00beM
napasuleNenumesa.

6.27. a) Haiigute 00beM mapaiieNenuIieaia, €CiIi Bce ero TpaHu POMOBI
CO CTOPOHOU a | OCTpBIM yriom 60° .

0) Haiinute o0beM mapajurenenumnesia, €Ciid Bce ero rpaHd poMOBI, JUTH-
HBI CTOPOH KOTOPBIX PaBHbI @ , @ OCTPbIE YIIIbI PABHBI X .

6.28. Haiinure 0o0beM TpeyroibHON MPU3MBIL, €CIIH TUIONIa b OJHON U3 ee
OOKOBBIX IpaHeil paBHa S, a PACCTOSHKE OT 3TOM IPAHH 0 IPOTHBOIIOIOK-
HOro 60KOBOrO pedpa paBHo H .

6.29. Ha pmaronamix AB, w BC| rpaneii mnapawrenenumnena

ABCDA,B|C,\D; B3stsl Touku M u N Tak, uro otpesku MN u A4,C
napamiensHbl. Haliiute oTHOLIEHNE JUIMH 3TUX OTPE3KOB.

6.30. Beramcnure 00BeM HAKIIOHHOTO TapaUIeleIuIesa, SCau JITHHEI
€ro pebep, BHIXOMAIIMX U3 OJHON BEPIIMHEL, paBHBI @, b W C, a MIOCKHUE

YIJIBI IPH 3TOH BepUIMHE — &, 3 U ¥ .
6.31. a) Ha 6oxosom pedpe CC' mpaBuibHOM MIECTUYTONBHON IPU3MBI
ABCDEFA'B'C'D'E'F’, cropoHa 0CHOBaHMS KOTODOii paBHa 2, a BbICOTA

10, B3sita Touka M . Uepes Touky M mpoBeseHBI ABe B3aUMHO ITEPIICH TH-
KYJISIPHBIE TUIOCKOCTH, KaJas M3 KOTOPBIX MEPHEHIUKYISPHA MIOCKOCTH

CC'F . KpoMe TOro, ojiHa U3 MPOBEJEHHBIX IJIOCKOCTEH MPOXOIUT YEPE3
touky F',a apyras —uepes Touxky F' . Haiiaure miomany ceueHuii mpusMbl
TIPOBEICHHBIMHU TLTIOCKOCTSMH.

6) Ha Gokosom pebpe BB' npaBuibHON IECTMYTONBHON IIPU3MEI
ABCDEFA'B'C'D'E'F', cropona ocHOBaHHMs KOTOpPOH paBHa 2, a BHICOTA

—4+/2 , B3stita Touka M , He MpUHAAJIEKAINAS HA OJHOMY M3 OCHOBAHHI.

Yepes Touky M TpoOBEICHBI IBE B3aHMHO MEPICHAUKYISPHBIC TUIOCKOCTH,
Ka)k/1as M3 KOTOPBIX TleprenuKysspHa mwiockoctd BB'E . Kpome Toro, oaHa
U3 MPOBEACHHBIX MIIOCKOCTEH MPOXOIUT Yepe3 LCHTP CHMMETPUH BEPXHETO
OCHOBaHWsI, a apyras — yepe3 Touky £ . Haiiaure miomanu cedennit mpus-
MBI IIPOBEACHHBIMH [IOCKOCTSIMH.

178



§7. Ilmpamupna

Ilpasunvnas nupamuoa

7.1. TInockue yTJIBI TIPH BEpIIMHE NPABWIBHOW MUPAMHUABI PaBHBI (.
Haiinure yron Mexmay cMeXHBIMI OOKOBBIMH IPaHSIMU MHPAMU/BI IIPU yCIIO-
BUH, YTO IIMpaMHJIa: a) TPEyroybHas; 0) YeThIpeXyroyibHasl.

7.2. Jloxkaxure, 4YTO B INPAaBUIBHON TPEyroJbHOW MHpamMHIe CKpeIu-
BarolIuecs pedpa NepreHIUKyIApHbL. HaliquTre pacCcTOsIHIE MEXIY CKPEIH-
BAaIOIIMMUCS pedpaMu MIPaBUIBLHOTO TETPasapa ¢ pedpom a .

7.3. a) B mpaBWIIbHYIO YETHIPEXYTOIbHYIO IHPAMHILy C BEICOTOH 6 U CTO-
POHOM OCHOBaHMs 3 BIMCaH KyO TakK, YTO YETHIpE €ro BEPILUHBI JIeKAT Ha
OCHOBAaHHHM, a OCTaJbHbIE Ha OOKOBBIX peOpax. Ompenenure IUIOMAAb I0-
BEPXHOCTH Ky0a.

6) B npaBuiIbHYIO YETHIPEXYTOJIbHYIO MUPaMHIY BIHCaH KyO oObema 8§
TakK, YTO YETBIPE €ro BEpIIMHBI JIE)KAaT Ha OCHOBAHWH, a JPyTHe YeThIpe Ha
6okoBbIX pedpax. CTopoHa ocHOBaHuUs paBHa 3. OnpepenuTe BHICOTY IHpa-
MU/IBL.

7.4. CTopoHa OCHOBaHUS MPaBWIBHOW MUPAaMUbI paBHA d , BHICOTA paB-
Ha /. Haiijiute pacCTOAHUE OT BEPIIMHBI OCHOBAHHS JIO0 IPOTHBOIOIOKHOM
et OOKOBOI1 'paHy TIPH yCIOBHH, YTO MUPAMHJIA:

a) TpeyroJbpHasi; 0) 4eThIpexyrojabHasl.

7.5. Bce pebpa mpaBmiIbsHON MUpaMUABl paBHBI @ . Haiimute BBICOTY U
00BeM MupamMu/bI IPH yCIOBHH, YTO OHA:

a) TpeyroipHas; 0) 4eThIpexyroabHasl.

7.6. Haiinure miockuil yron mpu BEpUIMHE HMPAaBUIBHOM YETHIPEXyTroib-
HOM NMUPaMUJIbI, €CIIM U3BECTHO, YTO OH PaBEH YIJIy MEXIy OOKOBBIM peOpoM
U TUIOCKOCTBIO OCHOBAHHUS.

7.7. lokaxuTe, 4TO €CJIU BCE ABYIPAHHBIC YIIIbl TPEYTONbHOM MUPaMUIbI
paBHBI MeXy co00H, TO BCe ee pedpa TakxkKe paBHBI MEXy COOOM.

7.8. Haiinute 00BbeM IpaBUIIBHOM 71 -yTOJIEHOW MHPAMHIBI CO CTOPOHOI
a 1 GOKOBBIM pedpoM b .

7.9. Haiinure COOTHOLIEHHS MEXIy yIriIaMH HMPaBUIBHOH A -yroiabHON

nupamuasl (em. §4.3 ctp. 81): a) a u G 0) aduy; B)O U Q;
nDpuy; mpue; Qymue.
7.10. Haiinute oObeM NpaBUIBHOW 7 -yrOJIBHON NMHpPaMHIBI, €CITH H3-
BecTHBI (cM. §4.3 cTp. 81):
a)auna, 0)aupf; B)a U}, rawe.
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7.11. Bpuucnute IIIOMaas OOKOBOW MOBEPXHOCTH MPABWIEHOW 71 -
YTOJIEHOW TTHPaMHUJIBI, €CITU u3BecTHBI (cM. §4.3 c1p. 81):

ayaup, 6)awuy, B)ad uQ; NnawuQe.

7.12. Tlnomans OOKOBOH MOBEPXHOCTH MPABUIILHOW TPEYTOJIBHOM MHUpa-
MHIBL B k pa3s Goublie IO € OcHOBaHus. HaliauTe mIockuil yroa npu
BEpIIUHE MUPAMUIBI.

7.13. B npaBuibHOM TPEyroibHOM MUpaMuie pacCTOSHUS OT IIEHTpa oc-
HOBaHUS 0 MJIOCKOCTH OOKOBOM I'paHU W J0 OOKOBOro pedpa paBHBI COOT-
BETCTBEHHO p U ¢ . Haiinnte 00beM nupamusl.

7.14. BpicoTa NpaBWIBbHOM YETHIPEXYTrOJbHOM MUpamMuabl paBHa /1, a
YroJl MEXIy CMEXHbIMH OOKOBBIMHU TpaHsIMH paBeH ¢ . Haiiaurte miomans

60KOBOI1 MOBEPXHOCTH NMUPAMHIBI.

7.15. a) B mpaBUIBHOM YETHIPEXYTOIBHON MHpaMHIe Yepe3 JBE COCeI-
HHE BEPIIMHBI OCHOBAHUS M CEPEIUHBI IBYX HPOTHUBOIMOIOXKHBIX OOKOBBIX
pebep mpoBezieHa IIOCKOCTh. OmpenenuTe, B KAKOM OTHOLIEHUH 3Ta IJIOC-
KOCTb JICITUT BBICOTY IMPAMUJIBL.

0) B npaBuiIbHOI TPEYroNbHON MUpaMulie MPOBE/ICHO CEYCHUE Yepes ce-
pEenuHBI ABYX CTOPOH OCHOBAHUS NMEPHEHIUKYJISIPHO IIOCKOCTH OCHOBAHUS.
Omnpenenurte, B KaKOM OTHOIIEHUH 3TA IUNIOCKOCTh JIENUT 00bEeM MUPaMUIBL.

7.16. CTOopoHa OCHOBaHHs NPABUIBHON YETHIPEXYTONBHOM MUpPaMUAbI
paBHa a, OokoBoe pebpo b . Uepes cepeiuHbl ABYX CMEXHBIX CTOPOH
OCHOBaHMS MIPOBEICHO CEUCHUE MapaUIeTIbHO IepeceKaromeMy ux 60KOBOMY
pebpy. Haiimute ruromanp ceueHus.

IIpouseonvuas nupamuoa

7.16. JlokaxxuTe yTBEpKICHHS:

a) eciau OOKOBBIC pedpa MUpaMUIbI PAaBHBI MEXY COOO0M, TO OKOJIO MHO-
rOYTOJIbHHKA, JISKAIETO B OCHOBAHUH, MOKHO OIHMCaTh OKPY)XHOCTb U BEp-
HIMHA TUPaMUAbI TPOSKTUPYETCSI B €€ LIEHTP;

6) eciii OOKOBBIE I'PaHU MUPAMHUBI HAKJIOHEHBI K TNIOCKOCTH OCHOBAaHUS
NOJ OJTHMM YTJIOM, TO B MHOTOYTOJIbHUK, JIEXKAIIUH B OCHOBAaHMH, MOKHO
BIIMCAaTh OKPY)KHOCTb M BEPIIMHA MHPaMUAbI NPOEKTUPYETCS B LEHTP 3TOU
OKPYXHOCTH.

7.17. a) B ocHOBaHUM MUPaMUABI JICKUT TPEYTOIBHUK CO CTOPOHAMU 7,
8, 9. bokoBbIe pebpa nMupamMuIsl HAKIOHEHBl K IIOCKOCTH OCHOBAHMS IMOJ
yriaom 60° . Haiiiure BRICOTY MHUPaMUJIBL.

6) Haiinure o6peM nmpaMuibl, B OCHOBAaHHN KOTOPOH JIEXKUT TPEYTrOJIb-
HUK cO cTopoHamu 3, 4, 5 1 Bce ee OOKOBEIE pedpa paBHHI 5.
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7.18. a) OcHOBaHMEM MHUPAMHUIBI CITYKUT TPEYTONBHUK, CTOPOHBI KOTO-
poro passbl 12, 10 n 10. Kaxxgas 60xoBast rpaHb HAKJIIOHEHA K OCHOBAHHUIO
nox yriom 45° . Haiinure 06beM THPaMUIIBL.

6) bokoBble rpaHy MupaMuAbl HAKJIOHEHB! K IUIOCKOCTH OCHOBAHMS MOA
yriaom 60°. B 0CHOBaHHMH IUpPAMH/IBL JIEXKUT TPEYTOJBHUK CO CTOPOHAMH 8,
9, 11. Haiigure 00beM mHpaMHIHL.

7.19. a) B mupamune SABC c¢ ocuoBannem ABC Ha pebpax S4,SB,

SC wnnu Ha WX TPOMOJDKEHHSIX B3SITHI COOTBETCTBEHHO TOUKM A|, By, C|
tak, uto SA:S84, =2, SB:SB, =15, SC:SC; =0,5. Haiigure mromans
6okoBoii noepxHoctu mupamuasl SA;B|C|, ecan miomaam GOKOBBIX Ipa-
ueit SAB, SBC, SAC nupamunst SABC paBHBI COOTBETCTBEHHO 3, 4 1 5.
6) B mupamune SABC c¢ ocuoBanmem ABC Ha pebpax S4, SB, SC

HIIH Ha MX IIPOJODKCHUSAX B3AThI Toukd A, By, C| COOTBETCTBEHHO TaK,

S4 S8 1 SC 3 . .
4TO =4 =—, = —. HaiiauTe 1wiomnaas GOKOBOM MOBEPX-
S4, SB, 4 SC, 4
nocrn mupamuasl SABC, ecnu miomagu OOKOBBIX IpaHed MHPAMUIBL
S4,B,C, S4,B,, SB,Cy, SA,C, paBubl cOOTBETCTBEHHO 4, 5 1 6.

7.20. a) Omnpenenure, Kak u3MeHUTCS 00beM mupamuasl SABC | eciu
pebpo SA usmenuts B k, SB B m,a SC B n pas COOTBETCTBEHHO?

0) JlokaxuTe, 4TO IIOCKOCTh, IPOXOASIIAS YePe3 CEPEeIUHbBI IIPOTHBOIIO-
JIOXKHBIX peOep TeTpaspa, ICIUT ero Ha JBa PABHOBEIUKUX MHOTOIPaHHHKA.

7.21. Bee mwiockue yrisl npu Bepumae D terpasapa ABCD upsimbie.
B terpasap Bmucan Ky6 Tak, 9TO OJHA U3 €r0 BEPIIHMH COBIAJACT C BEPILH-
Hoit D Terpaszapa, a MPOTHUBOIMOIOXKHAS €l BEpUINHA NPUHAICIKUT TPAHH
ABC . Boruucnure miiny pebpa ky6a, ecnu DA=a, DB=b u DC=c.

7.22. a) OcuoBanuem rupamunsl SABCD cinyxur napawienorpamm. Ha
ookoBbix pedopax SB u SC B3arel toukn K w L Takue, uro
SK:KB=4:1 u SL=LC. Ilnockocte AKL nepecekaer pedopo SD B
touke M . Haiinure ornomenue SM : MD .

6) OcuoBanuem mupamuasl SABCD cnyxur napamienorpamm. Yepes
BepunHy A TpOBeIeHa IIOCKOCTh, nepecekaromas pedopo SC B Touke L,
a peopa SB u SD B toukax K u M, takux, uro SK:KB=2 u
SM : MD =1:2 . Haiinure otHomenue SL: LC .

b
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7.23. bokoBrle pebpa TPEyroapHONH MUPAMHUABI IIONAPHO IMEPICHANKY-
JSIPHBI ¥ PaBHBI COOTBETCTBEHHO
a) a, b, c.HaiiauTe miomanp MOIHOM MOBEPXHOCTH THPAMHIBL.

0) \/% , \/9_ u \/ﬁ cm. Hainure rutomazsib OCHOBAaHHUS TUPAMUJIBIL.

7.24. Haiinute 00beM TpeyrojJbHON MUpaMUIBl, €CIIH e€:

a) G0KOBBIE peOpa MOMAPHO MEePIIEHIUKYISIPHBI ¥ paBHbL d , b, C ;

6) OoxoBEIe pebpa MoMmapHO NEePICHANKYIISPHEI, a INIOMaaN €€ OOKOBBIX
rpaueii paBusl Sy, S, u S3;

B) OOKOBBIC I'paHM B3aMMHO TEPIEHIUKYJISIPHBI U MX TUIOLIAaTN PaBHBI
az, b u .

7.25. B mupamune SABC LACB=60°, AC=1, BC=2, SC=3,
pedpo SC nepnenmukyssipHo miockoctu ABC . Halinurte paccrosHue oT
touku C nmo miockoctu ASB .

7.26. B ocnosannu mupamuasl SABCD , mumHBL Bcex GOKOBBIX pedep
KOTOpO# paBHbI 3, nexur npsmoyronbiuk ABCD . Touka M — cepenuna
pedpa AS . Uepes npsamyro BM mnapamnensro guaronana AC mposenena
IockocTh. Haifmure BenMumMHY yriia MEXIy 3TOH IUIOCKOCTBIO M IUIOCKO-
ctoio SAC ,ecim AB=4, BC=2.

7.27. OcHOBaHHEM IUPAMHUIBI CIYKUT PpOMO CO CTOpOHOH 4 W yriom
30°. BepuivHa nupaMuibl OPOEKTHPYETCA B LEHTP OCHOBaHWs. Haiijure

UIOIIa b OOKOBOM MOBEPXHOCTH IIMPAMUJIBI, €CIIM BBICOTA €€ paBHA \/E .

7.28. a) [IBe mI0CKOCTH, NMapaulesIbHbIE TNIOCKOCTH OCHOBAHUS MTHpaMH-
IIbI, JICNIAT €€ BBICOTY Ha 3 paBHbBIC YacTH, a caMy ITUpaMHIy Ha TPU YacTH
Tak, 9To 00BeM cpenHei n3 Hux paBeH 84. Haiinute o0beM nmupaMumpl.

0) Ilmomaxp ocHOBaHWs THpaMuIB paBHA 54, 0o0beM paBeH 108. Ompe-
JeIINTE, Ha KAKOM PACCTOSIHUM OT IUIOCKOCTH OCHOBAHMS HA/I0 MPOBECTH Ia-
paUIeNBHYIO €H IIOCKOCTh, YTOOBI IJIOMAAb CEUCHUS TMPaMUIbI 3TOH MII0C-
KOCTBIO paBHsIach 247

7.29. a) Haiinure 00beM BBIITYKIIOTO MHOTOTPAaHHUKA C BEpUIMHAMU B Ce-
peaunHax pebep kyda, ecu [uHA pedpa KyOa paBHaA d .

6) dau xy6 ABCDAB|C\D; ¢ pebpom a . Touku M u N cepenuHs

pebep AB u AD, Touka P nexur ua pedpe A; B, mpuuem AP =%. B

KaKoM oTHoIeHnu iockocts MNP nenut o6beM Ky6a?
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7.30. a) B ocuoBanuu tmpamunasl SABCD nexur pom6 ABCD , cto-
pona KoToporo pasHa 12, a amaronans DB =6. Beicora nupamugsr SO
IPOXOJHT Yepe3 TOYKY IepeceueHus] JuaroHajieil pomba W paBHa 3J13 .
Touku E u F nexar Ha pebpax AD u AB coOTBETCTBEHHO, MpUUYEM
AE =4, FB=8. Haiigure miomagp CCYCHHS MHUPAMHIBI IIOCKOCTHIO,
npoxosuien uepes toukn £, F' u napamtensuoi pebpy SC .

0) B ocHoBanuu tmpamunsl SABCD nexur pom6 ABCD , cropona
KOTOpOro pasHa 12, a muaronans DB =8 . Beicora nupamuasl SO 1poxo-
JIMT 4epe3 TOUKY IepecedeHrs auaroHaneil pomba U paBHa 2419 . Touxn
E u F nexar na pebpax AD u AB coorBercrBenHo, npudem FED =3,
AF =9 . Haiiiure 1wiomans ceUeHus MUPaMUIbI IIIOCKOCTHIO, TPOXOISIICH
yepe3 Toukn £ u F mapamensro pedpy SC .

7.31. a) B ocuoBanuu nupamuasl SABC nexur paBHOOEAPEHHbIM Tpe-
yroJibHHUK, ocHOBaHue Kotoporo AC =6, a OOKOBblE CTOPOHBI PaBHBI 9.
Bsicora mupamuast SO npoxoaut uepes cepenuny AC u paBHa 62 .
Touku D u E nexar Ha pebpax AB u CB cooTBeTCTBEHHO, NpUYEM
AD =3, BE =6. Haiigure miomaap Ce4eHUs NUPAMHUIbI [UIOCKOCTHIO,
npoxopsiieit yepe3 toukd D u E mepreHaukyisipHo pedpy SB .

6) B ocuoBanuu rmpamunasl SABC nexur paBHOOCAPEHHBIH TPEYroib-
HHK, ocHoBaHKe KoToporo AC =8, a GokoBbIe cTOPOHBI paBHbI 12. Bricota
nupamuasl SO npoxoaut yepes cepeauny AC u pasHa 217 . Touxn D
u E nexar ma pebpax AB u CB coorBercrBeHHo, npuiem DB =3,
CE =9 . Haiinure 1wiomais CEYEHUs MUPAMUJIbI INIOCKOCTBIO, TPOXOISIIEH
yepe3 Toukn D u E neprneHaukyispHo pebpy SB .

Yceuennaa nupamuoa

7.32. a) B mpaBUIbHON YETHIPEXyTOJIBHONW yCEUeHHON MUpaMuie CTopo-
HBI OCHOBaHM paBHBI 1 U 2, 6okoBoe pedpo paBHO 3. Haiiante oObeM mon-
HOW MUpaMUJIBL.

0) Inockoctt @ u [ mapamiesbHbl IIOCKOCTH OCHOBAHHS THPAMH/IBL.
[Inomann ceyennit mupaMUAbl STUMH IIOCKOCTAMHU paBHBI 2 U 3. Haiimure
IJIOMIAb CEYCHHS! MUPAMUIBI IUIOCKOCTBIO ¥ , MApalieNbHOl @ u f u

OJIMHAKOBO yI[aJIeHHOfI oT Ka)K,HOﬁ W3 HUX.
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7.33. a) O6beM ycedeHHOM mHpaMuIsl paBeH 76, OTHOIIEHHE TUIOoMIa et
OCHOBaHHH paBHO 2,25. Haiimute 00beM MOTHOW IHPaMFIBL.

0) O0beM yceueHHOHN mupamMuabl coctaBisieT 48,8% oObema MOJTHOM.
HaiinuTe miomans MEHBIIEIO OCHOBAHMS MUPAMUJIBI, C€CIH IUIOMAAb 0OJIb-
nrero pasHa 50.

7.34. a) B npaBUIIbHOMN TPEYroJIbHON YCEUEHHON NMUpaMuJie CTOPOHBI OC-
HOBaHuil paBHbl @ W b, GoxoBble peOpa paBHbl ¢ . Haiijure BbICOTY
MHpaMUIBbI.

6) B npaBuiIbHOI TPEyrojabpHON yCEYEHHON MUpaMue CTOPOHBI OCHOBA-
Hul paBHbl @ W b, a BeicOTa upaMupl pasHa /. Haiigure niuuay 60K0BO-
ro pebpa.

7.35. B npaBUIBbHOI YETHIPEXYTONBHOM yCEUeHHON MUpaMHUIEe CTOPOHBI
OCHOBaHWM paBubl @ u b . Haiinure:

a) ee 00bEM, €CITH OCTPBIH yron GOKOBO I'paHU paBeH « ;

0) ee 00BbEM U ABYTpaHHBIEC YIJIBI IPU OCHOBAHMH, €CIIN €¢ OOKOBBIC peod-
pa HaKJIOHEHBI K IUIOCKOCTH OCHOBAHUS 1OJT YIJIOM .

7.36. B npaBWIbHON yCEUEHHOW TPEYroNbHON MUpPaAMUAE CTOPOHBI HUXK-
HEro ¥ BEPXHEro OCHOBAHWI PaBHBI COOTBETCTBEHHO a W b (a >b). Haii-
JITe!

a) 00BeM yCeueHHOH mupaMuibl, eciru ee OOKOBBIC pedpa HAKIOHEHBI K
TJIOCKOCTH OCHOBAHUS MO YTIIOM (X

0) TOJIHYIO IOBEPXHOCTh YCEYCHHOM MUPaMU/IbI, €CIIN €€ OOKOBBIE TPaHU
HAKJIOHEHBI K TUNIOCKOCTH OCHOBAHUSI O] YTJIOM (X .

Tpexzpannwiit y2on

7.37. TInockue yIiibl TPEXTPAHHOTO yIJla PaBHbl &, [, . Beluncnure ero
JABYIPaHHBIE YINIBl @,,QPp U @c. Onpenenure, NPH KaKUX 3HAYECHHAX
a, B,y 3amauya UMEET pelieHuE.

7.38. JIByrpaHHble YIJbl TPEXITPAHHOIO YTl PaBHEL @ 4,Pp U @ . BbI-
YHCITUTE €T0 MIOCKUE YIIIBL &, 3,7 .

7.39. laHbl Ba [UIOCKUX yIia &, 3 TPEXTPAHHOIO YIriia U J(BYTPaHHBINA
YTOJI MEXIYy HUMH () . BeluMcnuTe TpeTHii IIOCKHUI YroJl U JABa OCTaIbHBIX

JIByT'paHHBIX YIJIA.
7.40. daHbl ABa IBYTpaHHBIX yTNa U IUIOCKUI yroia Mexay HUMH. BbI-
YUCJIUTE TPETUH IBYT'PAHHBIA yTOJI U ABAa OCTAIBHBIX IJIOCKUX yIJIA.
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7.41. JlaHsl 1Ba IUIOCKUX yIiia ¢ , [3 TPEXTPAHHOIO YIriia U JBYIPAHHBINA
yToa (4, NIPOTUBONEKAMN OOHOMY M3 HUX. BelumciuTe TpeTHil IIIOCKHMH
YTOJI ¥ IBa OCTANIbHBIX ABYTPAHHBIX YyTa.

7.42. OcHOBaHWEM MUPAMUIBI CIYXHT KBaapaT. J[Be OOKOBBIC I'paHU
NEePHEeHANKYIISIPHBI TNIOCKOCTH OCHOBaHMSA, a JIBE JIPYTHe COCTABIISIOT ¢ HEel
YIIIBL, paBHBIE ¢ . YeMy paBeH JBYTrpaHHbIA YroJl MeXly TUMH NOCIIEHUMU
OGOKOBBIMHU TpaHsIMU?

7.43. B tpexrpantom yriie OABC (O — Bepuinna) BCce BHYTPEHHHE
JByIpaHHbIE YIIbl paBHbl ¢ . Haiimure yron mexay pedbpom OA u Guccek-
tpucoit yrina BOC .

7.44. JlokaxuTe, 4TO €CJIM BCE IUIOCKHUE YIJIBI TPEYTrOJIbHOM MUpPaMHIIbI
PaBHBI MEX1y COOOH, TO BCE ABYTPAHHBIE YTIIbI TAKKE PABHBI MKy COOO.

7.45. B TpeXrpaHHOM yIJIe IUIOCKHE YIJIBI [IPH BEPLIMHE & U 5 OCTpble
¥ CBSI3aHBI C TPETHUM YIJIOM J HEPABEHCTBOM COS COS > cosy . Tymbim
WJIM OCTPBIM SIBJISETCS ABYTPAHHBIA yTroJI, IPOTHBOJISKAILUH yriry ¥ ?

7.46. JlokaxuTe, 4TO CyMMa YTJIOB, COCTaBIIEHHBIX peOpamMu TpexrpaH-

HOTO yria ¢ NPOTHBOIOJOXHBIMUA TPAHSAMHM, 3aKIIOYAETCS MEXKIY CYMMOIl
YIJIOB U MOJIOBUHOM 3TOM CyMMBI.

7.47. CymecTByeT U TPEXTPAHHBIA YTOJ, IJIOCKHE YTIBI KOTOPOTO paB-
HEl , 20, 3 ?

7.48. JloxaxxuTe, 4TO €cClii BCE ABYI'PaHHbIE yIJbI HEKOTOPOIl TPEyroib-
HOM MUpaMH[Ibl paBHBL, TO BCEe pedpa 3TOil MUpaMUIbl TAK)KE PaBHBIL.

7.49. CTOpOHEI yIyla ¢ HAKJIOHEHHI K WIOCKOCTH P mox yrimamu [ u
¥ . Halinute xocuHyc yria, SBISIOIIErocs MPOEKIMEH yria ¢ Ha IIIoc-
KocTh P.

7.50. Henepecekatomuecs: JUaroHaIn JBYX CMEKHBIX OOKOBBIX I'paHei
NPSMOYTOJIBHOTO HapajulesIenuIe1a 00pa3yloT ¢ INIOCKOCTBIO €T0 OCHOBAHMUS
yriael @ u f3 . Haiigure yrosn Mexay STUMH JAHarOHAISIMH.
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§8. Kpyruble Tesa (WHJIMHAP U KOHYC)
Hununop

8.1. a) Paguyc ocHoBanus nuaMuapa pasen 26, oopasyromas — 48 . On-
PpENENnTE, Ha KAKOM PACCTOSHHU OT OCH IIIMHApA CIEAYET IIPOBECTH cede-
HH€, NapauIelbHOE OCH [UIMHIPA, 9TOOBI OHO UMENO (OpMy KBaJpara.

6) OceBoe ceueHne NWIMHAPA — KBaapart. [11omans IoIHOi MOBEPXHOCTH
uuiuHApa paBHa 247 . OnpenenuTe IUIOMaAb CEYEHHs LMIMHAPA IIOCKO-

CTBIO, NAPAJUIEIBHON OCH U PACIOI0KEHHONW HA PACCTOSIHUM \/5 OT OCH.

8.2. a) O6bem mwmnapa pased 20077 , BoicoTa paBua 8. Haiimure mio-
Maab CEYEHHs IWIMHAPA MIOCKOCTHIO, MapaJuIeIbHONW €ro OCH M PacIioio-
’KEHHOU Ha pacCTOSIHUM 4 OT Hee.

6) Hunmuuap nepecedeH MmIOCKOCTSIMH, TapauIeIbHBIME IpYT APYTY U 00-
pasyromeit nwmaApa. [Inomanu ceyennit paBusl 40. Hadinure o0peM 1u-
JMHApPA, €CIN PAcCTOSHUE MEXIy IUIOCKOCTAMH paBHO 0, a IIIOMmagb OOKO-
BO# OBEPXHOCTH IuutHHApa paBHa 5077 .

8.3. a) BepuuHbI NpSAMOYTOIBHUKA JIe)KaT Ha OOKOBOI MOBEPXHOCTH U~
nuHApa. JlokaxuTe, 4TO JBE MapajuielIbHbIE CTOPOHBI MPSAMOYTOJIbHUKA TIEp-
NECHAUKYJISAPHBI OCU HUJIUHIPA.

0) Bricota mununapa u paguyc ocHoBanus paBusl H u R coortserct-
BEHHO. B Hero BmmcaH KBajpar Tak, YTO BCE €r0 BEpIINHEI JISKAT HA OKPYXK-
HOCTSIX HIDKHETO M BEpXHEro ocHoBaHuil. HalianTe cTopoHy KBajpara.

8.4. Bee Bepimnsl npasunbHoi mupamuasl SABCD nexar ma 6okoBoit
MOBEPXHOCTH [UINH/PA, OCh KOTOPOTO TIEPIEHANKYIAPHA TIockocT SAB .
Haiinure paguyc uuiuHapa, ecin AB =a.

8.5. Pajauyc ocHOBaHHMs LWIMHApA paBeH R, BbICOTa HMIMHIpA paBHA
H . B miockoct HWKHEro ocHOBaHWs B3sTa mpsmas |, kacaromascs ok-
PY/KHOCTH OCHOBaHHMsI, U Yepe3 | mpoBeneHs! MIIOCKOCTH MO yriiaMu @ |
f « mwiockoctu ocuoBaunust (S > a, H >>2Rtgf). Haiinure 00bem vac-

TH IAITMHAPA, JIEKAIEH MEXKIY IUIOCKOCTIMH.

8.6. Tnomans GokoBoOl moBepxHOCTH HunuHApa pasHa 107 , ruomans
OCHOBAaHUA paBHaA 27[ B HWJIMHAP BIIMCAaHA IpaBUJIbHAA HICCTUYTOJIbHAsA
npusMa. Haiigure paccrosHue OT HEHTpa OJHOTO OCHOBAHHWS IMIHHIPA 10
CTOPOHBI [IECTUYTOJBHIKA, BIIHCAHHOTO B JIPYTO€ OCHOBAHUE.

8.7. B numunape Beicota h paBHa muaMeTpy OKPY’KHOCTH OCHOBAHHUS.
UYepes TOYKH OKPYKHOCTEH BEPXHETO W HIDKHETO OCHOBAaHMM ITPOBEICHA
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npsamas, 06pa3y10ma51 C INIOCKOCTBhIO OCHOBAHUS yIoJl & . Onpez[em/rre Kpat-
Yaiiiee PacCTOSIHUC MEIKAY HCHO U OCBbIO IWJIMH/IPA.

Konyc

8.8. a) JIBe miIOCKOCTH, MEPIEHANKYIAPHBIE OCH KOHYCA, ACIAT BBICOTY
Ha TpH paBHbIE YacTH. boJblas u3 IUIOMaAel ce4eHUH KOHyca TUMU IUIOC-
KOCTSIMH, paBHa 28. OnpeaenuTe IIONAAb OCHOBaHUS KOHYcA.

6) OObeM ycedeHHOro KoHyca cocrasiser 7/8 obbema monnoro. Haii-
JIUTE OTHOILEHHUE TUIOIIAAEH OCHOBaHUI KOHYcCa.

8.9. a) Paguyc ocHOBaHMS M BBICOTA KOHYCa paBHBI COOTBETCTBEHHO 2 U
3. B koHyc BIucaHa NpaBHJIbHas TpeyrojbHas nupamuma. Haiigure yron
MEX1y OOKOBBIM PeOpOM MUPaMHU/IBI U IPOTHBOIIOJIOKHOM OOKOBOI! IpaHbIo.

6) Panguyc ocHoBaHuMs M 0Opa3yrolas KOHyca paBHbI COOTBETCTBEHHO 3 U
5. B koHyc BmucaHa NpaBWJbHAs YeTHIpEXyroyibHas nupamuna. Haiimure
KOCHHYC YIJIa MEXAy IIOCKOCTSMH, COJEP)KAIIMMH NPOTHBOIOI0XKHBIE 00-
KOBBIE T'PaHN ITHPAMHUJIBL.

8.10. O6pa3zyromas KOHyca U €ro BEICOTa paBHBI cOOTBETCTBeHHO 10 1 §.
Oxo50 KOHYyCa ONHCcaHa MpaBWIbHas TpeyroibHas nupaMuaa. Halanre yron
MeXTy OOKOBBIMHU peOpaMu MUPAMUIBI.

8.11. a) Tpu obpasyromniie KOHyca B3aMMHO MEPIICHANKYJISPHBI H PaBHBI

% . Haiinure momane O0KOBOW IOBEpXHOCTH KOHYCA.

6) Haiinute KocuHyC yria ¢ TpH BepIIMHE B OCEBOM CEUCHHH MPSIMOTO
KPYTrOBOTO KOHYCa, 3Has, 4YTO Ha €0 MOBEPXHOCTU MOXKHO ITPOBECTH TPH I10-
MapHO NEPIEHIUKYIIPHbIE 00pa3yoLIne.

8.12. Jlokaxwure, uTo 00beM KOHyca paBeH 1/3 mpousBeneHuUs: UIONaau
0G0KOBOI1 OBEPXHOCTH Ha PAcCTOSHHE OT LEHTPa OCHOBAHUS 10 00pasyro-
IEH.

8.13. Tpu xoHyca ¢ 001IeH BEpIIMHONW U yIIIaMH IPY BEPIINHE, PABHBIMH
O, KacaroTcsl APYT JIpyra CBOMMH OOKOBBIMH IOBEPXHOCTSIMH. UeTBepThIH
KOHYC C TOW ’K€ BEPIIMHOW KacaeTcs CBOCH MOBEPXHOCTHIO TPEX IAHHBIX.
Haiinure yron npu BepirHe 4eTBEPTOro KOHyca.

8.14. IImockocTh, MPOBEACHHAS Yepe3 BEpIINHY KOHYca, epeceKkaeT oc-
HOBaHME MO XOpJE, JUIMHA KOTOPOH paBHA paauycy 3Toro ocHoBauus. Ompe-
JeITNTE OTHOLIEHNE 00BEMOB MOTYUUBIIUXCS YacTEH KOHYcCa.

8.15. a) Pa3BepTkoil OOKOBOW NMOBEPXHOCTH KOHYCA CIY)KUT HOIYKpYT.
Haiinure yrous rnpu BepuiuHe OCEBOTO CEUEHUSL.

6) Yron B pa3BepTke OOKOBOH MOBEPXHOCTH KOHYyca paBeH ¢ . Haiinure
YTOJI IIPY BEPIIUHE B OCEBOM CEUCHHUHU KOHYCA.
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8.16. Ilnomans cedyeHWs KOHyca IIOCKOCTBIO, MPOXOASIICH depes3 ero
BepunHy U cocrapisionieii yron 30° ¢ ocklo KOHyca, paBHA IUIOIIAIH OCe-
BOro cedeHus. Haliaure yrois pactBopa KoHyca.

8.17. a) HaiinuTe yros mpu BepIIMHE B OCEBOM CEUCHHH KOHYCa, €CIIN U3-
BECTHO, YTO HauOOJbIIAs IUIOMIAb CEUCHUS KOHYCA IIIOCKOCTBIO, IPOXOAS-
1IeH yepes BEpIIMHY, B JIBa pa3a OoJIbIIIe IO OCEBOI0 CEUCHHMSI.

0) Yrox pacTBopa KOHyca paBeH 2« , jumHa obpasyromeit | . Haiimure
HauOonblIee 3HaUYeHHE, KOTOPOE MOXKET NPUHUMATH IUIOMIA b CEYCHUS KO-
Hyca IUIOCKOCTBIO, MPOXOJSIIEH uepe3 BEepIIUHY, U ONpPECIUTe BEINYHUHY
yIiIa MEeX]y OCBIO M TNIOCKOCTBIO CeueHHsT HanOOJIbIIEH TUIOMaIu.

8.18. JlBe B3auMHO MEpPIICHIUKYJISIPHbIE O00pa3yloliue KOHyca JIeJsiT
Ioa s ero OOKOBOW MOBEPXHOCTH B oTHomeHUH 1:2. Haiitn o0beM KoHy-
ca, eci ero obpasyromias pasua L.

8.19. a) Uepes BepuiMHy KoHyca IpoBeaeHo cedenue mog yrmom 30° x

ero Beicote. Haiiiure miomas ceuenns, eCliM BHICOTA KOHYCA PABHA 33,2
pasyc OCHOBAaHHUS 5.

6) Tlnomans ceyeHus: KOHyca IUIOCKOCTBIO, cocTaBisitorei yroan 30° ¢
OCBIO KOHyCa, PaBHA IUIOMAIM OCEBOTO ceveHms. Halimure yrom pacteopa
KOHYca.

8.20. a) O6pa3yromas KOHyca paBHa sﬁ , 4 IUIOMIaJh ero OOKOBOM Mo-
Bepxuoctu pasua 307 . Haiinure ruromans 60KOBOM TOBEPXHOCTH IIPABHITb-
HOM 4eThIPEXYTrOJIbHON NUPAMHU/IbL, BIIUCAHHON B KOHYC.

0) B xoHyc BIMcaHa npaBHIbHAs TpeyrojibHas nupamuzaa. [linomans 6o-
KOBOM TpaHy MUPaMU/Ibl paBHA IO OCEBOTO CeYeHUs KoHyca. Haiinure
OTHOMUIEHHE TUTONIajied OOKOBBIX MOBEPXHOCTEH KOHYCa U MTUPAMHU/IBI.

8.21. O6beM KoHyca paseH V . B KOHyC BIMCaHa MUpamMKia, B OCHOBA-
HHUH KOTOPOH JISKUT PaBHOOEIPEHHBIH TPEYTONBHUK C YIIIOM (X MEXIy 0o-
KOBBIMHU CTOpoHaMH. Haliaure 00beM MHpaMuIbL.

8.22. a) B konyc ¢ Beicoroii H u paguycom ocuoBanus R Brnmcan ky6
TaK, YTO YEThIPE BEPUIMHBI Ky0a Jie)kaT B IUIOCKOCTH OCHOBAaHUS KOHYyca, a
YeThIpe APYrHe BEPIIMHBI — Ha ero OOKOBOHM moBepxHOCTH. Haitmure mmny
pebpa kyoa.

6) Konyc onmcan okojo Kyba cieqylomuM 00pa3oM: YeThIpe BEpIINHBI
KyOa Jie’kaT B IJIOCKOCTH OCHOBAaHMS KOHYCA, a YEThIpE NPYTHE BEpPIINHBI —
Ha ero 00koBoOH moBepxHOCTH. Omnpenennure, Kakoi HAMMEHBIINH 00bEM MO-
JKET UMETh TaKOHW KOHYC, eCii peOpo Kyba uMeeT JUInHy a .
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8.23. Pe6po kyba ABCDAB,C,D; umeer mmny a, toukn M u N —
cepenunsl peGep AA u A B, cootserctsenno. [nockocte D;MN kacaer-
cs1 GOKOBOIA MOBEPXHOCTH KOHYCa, OChi0 Kotoporo ciyxut npsmas CC,, a

rentpoM ocHoBanus — Touka C . Haiinure 00beM Konyca.
8.24. JIpa paBHBIX KOHyca ¢ obuiell BepumHoi S, BeicoToil N 1 paauy-
com ocnosanus R(R <h) xacarorcs npyr apyra m miockoctu & . Ilycts

| — npsmas mepeceuenns miockocTeil OCHOBaHHI KOHYCOB. BbramciuTe
yron mexay npamoit | u nockocteio & .

8.25. Oxoo KoHyca, BRICOTa KOTOPOTO pPaBHA PaaNycy OCHOBAHHMS, OIH-
caHa MATHYToJbHAs MUpamMuza. Ee moiHas moBepxXHOCT B ABa pasa Oosblie
MOJTHOM TMOBEPXHOCTH KoHyca. Haiimure oObeM mmpammuibl, ecid OOKOoBas

HOBEPXHOCTh KOHYyCa paBHA 7[\/5 .

8.26. B KoHyce ¢ BepmmHO#i S yrox Mexmy obpasyrommmu SA u SB
paBeH (&, a yroil MeXy UX MPOEKIHUSIMH Ha IUIOCKOCTh ocHOBaHus [3 . Bbi-
YHCITUTE YTOoJI MEeXKIY OCBI0 M 00pa3yoleil 3Toro KoHyca.

8.27. a) /IBa paBHBIX KOHyCa MMEIOT OOIIYI0 BEPIIMHY M KaCAIOTCS IO
obuieit o6pasyromei. Yroi oceBoro ceueHust KoHyca paBeH 2¢ . Haiimure
JBYTPAHHBIN Yroll MeXIy ABYMs TUIOCKOCTSAMH, KaXaasi U3 KOTOPBIX Kacaer-
sl 000MX KOHYCOB, HO HE IIPOXOJHT Yepe3 UX 0Oy 00pa3yromyro.

6) /IBa KOHyCa ¢ paBHBIMH yTJaM{ PacTBOpa UMEIOT OOIIYIO BEPIINHY U
KacaroTcsl ApyT Ipyra (T.e. MX OOKOBBIE IMOBEPXHOCTH MMEIOT OJHY OOIIyIO
KacaTenbHylo). Kaxxmas rpaHb ABYIpaHHOTO YIJIa, HUMEIOLIETO BEJIMYHHY
2¢ , xacaercsi OOKOBOM MOBEPXHOCTH KAXKIOT0 M3 KOHycoB. Haiimure yron
pacTBOpa 3TUX KOHYCOB.

8.28. JlBa kOHyca MMEIOT OOLIyI0 BEpIIMHY, M OOpa3yiouias IepBOro
KOHYyCa SIBJISIETCS BBICOTOM BTOPOro. YTOJ pacTBOpa MEPBOTO KOHyCa paBeH
1/3, yroxn pactBopa Broporo pasen 120°. Onpenenure yron mMexiay obpa-
3YIOIIMMH, 110 KOTOPHIM TI€PECEKAIOTCsl OOKOBBIE TOBEPXHOCTH.

8.29. Tpu KoHyca C paBHBIMH YIJIaMH PacTBOpa UMEIOT OOIIYIO BEPIINHY.
Kaxxnpiii u3 KOHYCOB KacaeTcsl IByX Apyrux. Bce Tpu koHyca KacaroTcst of1-
HOH m1ockocTH. OmpeaenuTe yroi pacTBOpa 3TUX KOHYCOB.

8.30. a) Uepes BepmnHy KOHyCa IPOBEJICHA CEKYIIIask IIOCKOCTh, COCTaB-
JSFOIIAs C IIOCKOCTRIO ocHOBanus yron 45°. Haiinure 06beM KOHyCA, eciiu
M3BECTHO, YTO PACCTOSIHUE OT LIEHTPa OCHOBAaHUS KOHYyca JI0 CEKyIIel Ioc-
KOCTH B TPH pa3a MEHbIIE JUIMHBI 00pasyromeii konyca u papHo d .
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6) Uepes BepIMHy KOHyca MPOBEACHA CEKYyIIasl IIOCKOCTh, COCTABIISIO-
mas ¢ IIOCKOCThIO ocHoBanus yron B 45°. AB — nmamerp ocHoBanms,
MEPIECHANKYIJISIPHBIN JIMHAHA MEPECeYeHUs] CEKyIIeH IIIOCKOCTH C IUIOCKO-
CThIO OcHOBaHMWA. HaiinmuTe mmomane GOKOBOHM IMOBEPXHOCTH KOHYCA, €CIIN
U3BECTHO, YTO paccTosiuus oT Touek A u B 10 cexymiei miockoctd paBHbI
d u 3d coorBercTBEHHO.

8.31. a) aunl aBa koHyca 00beMoB V u 4V | 0CHOBaHMS KOTODBIX JIe-
JKaT B MapaJUIEIbHBIX MJIOCKOCTSIX. KOHYCBI pacmonoxkeHsl TakuM 00pazoMm,
YTO BEpIIMHA OJHOTO COBIAJAaeT C IIEHTPOM OCHOBaHus apyroro. Haiigure
00BbeM UX o01Iel YacTH.

0) /IBa KOHyca UMEIOT OOIIYIO BBICOTY, a BEpIIMHA KaXIOT0 U3 HUX COB-
najsaeT ¢ HMEHTPOM OCHOBaHwWs Jpyroro. Haiiaure o6bem oOIeil ux vacTw,

ecnu ux 06beMbl paBHBl V) 1 V, .

Yceuennwui konyc

8.32. YceueHHBIN! KOHYC BNHCaH B MPAaBUJIBHYIO TPEYTOJbHYIO yCEYEH-
HYIO IMpaMuy, y KOTOpoil peOpa ocHoBaHMH paBHbI 1 U 4, a 60koBOe pedpo

paBHO 2\/5 . Haiinure 06bem Konyca.

8.33. OceBoe ceueHHe yCEUEeHHOro KOHyca — Tpamenusi co CTOpOHaMu 2,
2, 2 u 4. Haiinure muomajs OOKOBOW MOBEPXHOCTH IPaBHIBHOW YETHIPEX-
YTOJIBHOW yCEUCHHOW MMPaMU/IBI, BIIUCAHHON B KOHYC.

8.34. Paguyc MEHBIIEr0 OCHOBAaHMs YCEYEHHOro KoHyca paseH 3I , pa-
nuyc GombImero ocHoBanus — /¢ . Bepumnusl S m A mpaBunbHON mHpamu-
o1 SABC  nexar Ha OKpY>KHOCTH MEHBILIETO OCHOBAHHS KOHYCA, BEPIIMHBI
B u C ocnoBanus ABC nexar Ha OKpY)KHOCTH OOJIBILETO OCHOBAHMS
konyca. Haiinure 06bem mupamuasr SABC .

8.35. B wap pamuyca R Bmucan yceueHHbli konyc. OTHOLIEHHE TIIOIIA-
Jiell ocHOBaHMI KOHyca paBHO 4. OHO U3 OCHOBAHMH COAEPKUT LIEHTp IIa-
pa. HalimuTe noma/ib MoaHOM MOBEPXHOCTH YCEUEHHOIO KOHYCA.

8.36. JlokaxuTe, 4TO ISl TOrO, YTOOBI B YCEUEHHBI KOHYC MOXKHO OBLIO
BIHcaTh cdepy (Kacaromryrocsi ero o00MX OCHOBAaHMH M KaXKaoi o0pa3zyro-
1iei), HeoOX0ANMO M JI0CTaTOYHO, YTOOBI JTMHA 0Opa3ylomeii Oblia paBHA
CYyMME paJiiycOB OCHOBaHHH.
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Hununop u xonyc

8.37. a) B koHyc, oceBOoe ceueHHe KOTOPOro — PaBHOCTOPOHHUU Tpe-
YTOJIbHUK, BIHMCAH HWIMHIP, UMEIOLIMH KBajpaTHOE oceBoe ceueHue. Haii-
JITE OTHOILIEHNE 00BEMOB IIMIIMHPA U KOHYCA.

0) Lumuuap Brucan B Konyc oobema V . Haliure 06beM LMIMHADPA, €C-
JI TUTONIa I OCHOBAHHMI KOHYCa M IIMJIMH/IPA OTHOCSTCS Kak 1:3.

8.38. a) KoHyc U MJIMHADP OMHAKOBOTO 00beMa V  pPacrosiokKeHbl TAKUM
00pa3zoM, 4TO UX OCH COBIQ/IAIOT, & OCHOBAHUS IIPHHAUIEKAT OJHOU TIOCKO-
ctu. Haiinure oO0beM oOmiel yacT KOHyca M IMJIMHAPA, €CIH WX BBICOTHI
paBHBIL.

0) KoHyc u uivHap oauMHaKoBOro o0bemMa V  pacroyioeHbl TaKUM 00-
pa3oM, YTO UX OCH COBIAJAIOT, & OCHOBAHMS NPHHAUICKAT OAHOW IUIOCKO-
ctu. Haligure oObeM oOmiel 4acTu KOHyca W IMJIMHAPA, €CIH pajuychl UX
OCHOBaHHI paBHBEI.

8.39. B KoHyc BmmcaH LWIMHAP, 00beM KoTOporo cocrtammseT 37,5%
obbema konyca. Omnpenenure, B KaKOM OTHOIICHNH IUIOMIAh OOKOBOW ITO-
BEPXHOCTH KOHYCa JACIHUTCS BEPXHUM OCHOBAHHEM IIMIIMH/IPA.

Tena epawenusn

8.40. a) TpeyronbHUK cO CTOpOHaMHu 3, 4, 5 BpaiaeTcst BOKPYT OOJIbIICH
cTopoHbl. HaiiinTe muromiaas MoBEpXHOCTH U 00BEM Tella BpaIleHUsI.

6) Pom6 mromamn Q Bpamaercs BOkpyr omHol m3 cropon. Haiimure
IUIOIIA/(b TIOBEPXHOCTH TENA BPAIIEHH.

8.41. a) PaBuoGenpennslii octpoyronsubii Tpeyronsauk ABC (AC —
OCHOBAHHUE) YTOJ, TIPU OCHOBAHUH KOTOPOTO PABEH (X , & GOKOBBIE CTOPOHEI
pasubl D, Bpamaercs BOKpyr ocu, poxossmiei uepes Touky C mapatens-
uo cropore AB. Onpenenurte 06beM MOMYYEHHOTO TENA BPAIICHUS.

6) Hpsmoyromersiii tpeyronsank ABC ( AC — rumorenysa), ¢ kare-
TOM, PaBHBIM D, ¥ HpWIekammM K HEMY yIJIOM, PaBHBIM (f , BPAIIAETCs
BOKPYT OCH, MApaJUIeILHON MUIIOTEHY3E U MPOXosiieii uepes Touky B . On-
penenute 00bEM TIOTYIEHHOTO TeNld BPAICHUS.

B) Pom6 ABCD co croponoii, pasuoit @ u yrimom ABC, pasueiM [,
BpAIAETCsl BOKPYT OCH, Napasuienbuoii quaronamu BD w mpoxonsieit ue-
pes Touky A. Onpenenure 06bEM MOTYIEHHOTO TENA BPALICHHS.
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§9. Kpyrusle Teana (cepa n map)
Ceuenue wapa u cghepvt n10CKOCMb10

9.1. a) Ceuenne mapa IUIOCKOCTHIO MMEET miomans 367 . Haiigure
panuyc mapa, eciiv CeYeHHEe yIaJICHO OT ero LeHTpa Ha 8.

0) JIunus nepecedeHus cephl ¢ MIOCKOCTLIO umeet muny 187 . Haii-
JIITE PACCTOSIHUE OT LIEHTpa cephl J0 ITOH INIOCKOCTH, €CIIN Paanyc chepsl
paseH 15.

9.2. a) JloxaxxuTe, 9TO BCE KacaTeIbHBIC K APy, POBEACHHBIC M3 OTHOM
TOYKH UMEIOT OJJMHAKOBYIO JUTHHY.

6) Hokaxwure, 9TO eciu Bce pedpa TeTpasapa KacaroTcs OIHOTO IIapa, TO
CYMMBI JUIMH BCEX Tap MPOTHUBOIOIOKHBIX pedep OANHAKOBBIL.

9.3. a) Paguyc mapa pased R . Ha ero moBepXHOCTH JaHbI ABE PaBHEBIE
OKPYXXHOCTH, JIeXKal{e B MEPICHINKYISIPHBIX IJIOCKOCTSIX M UMEIoIne 00-
LIYI0 XOpAy JUIMHOH a . HaliauTe paguychbl OKpYKHOCTEM.

6) [IBe OKpYXHOCTH, JeXKallie Ha MOBEPXHOCTU COEpbl, UMEIOT OIHY
o01yro Touky. JlokaxknuTe, 4TO NpsiMas NepecedeHus MI0CKOCTEH, B KOTOPBIX
JIe)KaT 3T OKPYKHOCTH, UMEET C ITOBEPXHOCTHIO chepbl eIMHCTBEHHYIO 00-
HIYIO TOYKY.

9.4. a) Yepes xoHel paauyca mapa noxa yriom 45° k Hemy npoBezieHa
ceKylasi IockocTh. Haliaure ruomia s NOIYyYSeHHOTO CEYEHHs, eCIIU IUIo-
11316 TIOBEPXHOCTH I1apa paBHa 125.

0) Yepes kouer paauyca mapa nox yriiom 60° k HeMy HpoBejeHa ce-
Kymas IuiockocTs. Ilmomanp momyueHHoro ceueHust paBHa 11. Haiigure
TUIOIIA/(b TIOBEPXHOCTH I11apa.

9.5. a) Uepes kacaTesqbHYI0 K ITOBEPXHOCTH IIapa MPOBEJICHBI JIBE B3a-
MMHO TI€PIICHIUKYJIIPHBIE UIOCKOCTH, KOTOPBIE MEPECEeKatoT Map Mo Kpyram
pamuycos I} u I, . Haiinqure paguyc mapa.

0) Uepes kacarelbHYIO K Iapy paadyca R, mpoBeieHsl JBe IUIOCKOCTH
nox yriom 45° nmpyr k apyry. Haiioure paguycel cedeHmil mapa 3THME
IJIOCKOCTSIMH, €CJIU M3BECTHO, YTO OHHM OTHOCSTCS Kak 1:2.

9.6. a) lllap pamuyca R kacaercst Bcex CTOPOH MPABUIBHOTO TPEYTONb-
HUKa cO CTOpoHOM a . HalimuTe paccrosiHue OT LeHTpa Lapa 40 INIOCKOCTH
TPEyTroJbHUKA.

0) llap paguyca R kacaercst Bcex CTOPOH MPaBUIBHOTO MIECTHYTONb-
HUKa CO CTOpoHOH a . HalimuTe paccTtosiHue OT LeHTpa Lapa 40 INIOCKOCTH
MECTUYTOJIbHUKA.
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9.7. a) [lokaxure, 4TO TOYKHU IEpPEeCceUCHHUs IBYX (HEOIMHAKOBEIX) chep
JeXaT B OIHOM IUIOCKOCTH W JIMHUA IIepecedeHus IBYyX cdep SBIAETCS OK-
PYKHOCTBIO.

0) /lBa paBHbIX 1apa pagdyca R pacnonokeHsl Tak, 4TO LEHTP OJHOTO
JISKUT HA IOBEPXHOCTH Apyroro. Haiiiure 1uiMHy JIMHUM, IO KOTOPOH Tepe-
CEKAaIOTCS MX TIOBEPXHOCTH.

9.8. Temo orpaHUYeHO ABYMS KOHICHTPHUYCCKUMH cepamu. Jlokaxwure,
YTO €r0 CEYEHHE INUIOCKOCTHIO, MMPOXOJAIIEH Yepe3 LEHTP, PABHOBEINKO Ce-
YEHUI0, KacaTeJIbHOMY K BHYTpEeHHEH cdepe.

9.9. a) Tpu B3auMHO MEPIEHANKYIAPHBIC XOPIBI IMIapa, UCXOMAIINE U3
OJIHOM TOYKH, paBHHI a . Halinute paguyc mapa.

6) Tpu xopapl mIapa, UCXOMSIINE U3 OJHOW TOYKH, paBHbI A, a YIJIbI
Mexy Humu paBasl 60° . Haiioure paanyc mrapa.

9.10. a) Iap pamuyca R xacaercs minockoctn o B Touke A. Ilpsmas
|, 0Gpasys ¢ 3Toli MIOCKOCTBIO yroJl BETMYMHON () , TIEPECEKAET €€ B TOUKE

C wu xacaercs mapa B Touke B . Halinure mmmy otpeska AB, ecmm
AC =2R.

0) U3 Toukn A, ymaneHHol ot nenrpa mapa paauyca R, Ha paccrosinue
|, mpoBemeHBl N KacaTeNbHBIX K IIapy TaK, YTO BCE MUIOCKHE YIIIBI MHOTO-

rpaHHOro yria mpu Bepimude A paBubl Mexay coOoil. Ompenenure pac-
CTOSIHUE MEXJly TOUKaMU KaCaHUs IByX COCEAHUX TydeH.

Hlapot u chepol, kacarouguecs naockocmu unu 6NUCAHHbIE 6
ogyzpannulit yeon. Kacanue wapoe u cgpep

9.11. Ha miockocTH NieXaT ABa Iapa, paauycsl KOTOPBIX paBHBI R| u

R, . M3BecTHO, YTO MmIaphl HMEIOT SIMHCTBEHHYO 001Iyt0 Touky. Haiimure:

a) PacCTOSIHUE OT INIOCKOCTH JI0 3TON TOUKH;

0) paccTosHUE MEXy TOYKaMH KacaHHUs IapOB INIOCKOCTH;

B) HAaMEHbBIIHH pasnyc cepbl, Kacarolencs ITUX MIaPOB U TNIOCKOCTH.

9.12. a) Ha nnockoctu nexxar Tpu chepsbl, Kaxkaas U3 KOTOPbIX KacaeTcs
JBYX Jpyrux. Touku KacaHHsl IIapoOB C MIOCKOCTHIO 00Pa3yroT MPSIMOYTOJIb-
HbIH TPEYTOJbHKK C KATETOM, PABHBIM 3, U IPOTUBONOJIOKHBIM yriom 30° .
Haiinure pamuycs chep.

6) Ha nmockoctu nexxat tpu cepsbl, Kaxkaas U3 KOTOPbIX KacaeTcs JIBYX
Ipyrux. PaccrosHue Mexay Toukamu KacaHHs cep C IUIOCKOCTBIO PaBHBI
cootBeTcTBeHHO @,b,C. Haiimure paguycsl cdep.
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9.13. a) Tpu mapa paguyca R jexar Ha IIOCKOCTH Q¢ U KAacaKOTCs JPYT
npyra. Halinute panuyc 4eTBepTOro Imapa, Kacaroulerocs INIOCKOCTH O H
KaXJI0T0 U3 II1apOB.

0) Tpu wapa paauyca R niexar Ha IIOCKOCTH (¢ U KAcaroTcs JApyr ApY-
ra. CBepxy Ha HUX MOIOXKeH mmap pamuyca R/3. Haiinure paccrosuue ot
€ro LIEHTpa 0 MIOCKOCTU ¢ .

9.14. Tpu miapa paguyca R nexar Ha IIIOCKOCTH @ W KacaroTCs JIPyr
apyra. IIpsimass @, mapanienbHasi INIOCKOCTU ¢ , KACAeTCsl KaXJI0ro U3 Ia-
pos. HaiinnTe paccrostHue MEXIy MpsiIMOH & 1 TIIOCKOCTBIO (X .

9.15. a) B aByrpaHHBI yroil BOHCAHBI JBa OJWHAKOBBIX KACAIOIIIMXCS
JIpyr apyra mapa. TpeTuil map MEHbLIETO paJnyca, BIMCAHHBIM B 3TOT yroJl,
KacaeTcs JaHHBIX. JlJaHO OTHoIIEHHe M paauyca MEHBLIETO LIapa K paguycy
JaHHbIX. HaliiuTe BenuuuHy NBYIpaHHOTO yria. B kakux mpepenax MOXKeET
U3MEHSThCA BelNU4YrHa M .

6) B mByrpaHHblil yron BeNMYMHOM 2(X BIHCAHBI JBAa OJMHAKOBBIX Ka-
caroIMXcs JApyr apyra mapa paauyca R . Tperuii map, BIUCAHHBIA B 3TOT
yroi, kacaercs JaHHbIX. Halinure ero paauyc.

9.16. a) llaps! pagnycoB 1, 2 u 3 KacaroTcsi IpyT Jpyra, a TaKkKe JIBYX
mwiockocreil. Haiinure yron Mexxay MmIOCKOCTSIMH.

0) Lapsr paguycos 2, 3, 4, kacatorcst ApyT Apyra. Haiinure yroa Mexmy
TUTOCKOCTBIO, TIPOXOAAIICH Yepe3 IEHTPHI MIapoB, W IUIOCKOCTBIO, Kacaro-
nieics apos.

9.17. a) B AByrpaHHBIA yroJl BEJIMYMHOW (X BIHCAHBI 2 KaCAIOIIMXCS
IpyT Opyra mapa, paguycsl KOTOpsIx pasBHel R; n R, . Haitaure yron mexmy
JMHUEH IIEHTPOB IIAPOB U PeOPOM JIBYTPaHHOTO YTIJIa.

6) B nByrpaHHBIA yroy BEMYMHOM ¢/ BIMCAHBI JBE OJMHAKOBBHIX ce-
PpbI, Kacaromuxcs apyr apyra. [Tycte A— Touka KacaHus OmHOU cepsl ¢
OJIHOM TpaHblO JABYIPaHHOro yria, a B — rouka xacamus apyroii cdepsl ¢
Ipyroi rpampio. Onpenenure, B KakoM oTHouieHun otpe3ok AB nmenures
cdepamu.

9.18. JlBa miapa OAMHAKOBOTO paadyca R u aBa Apyrux OJMHAKOBBIX
I1apa HEM3BECTHOTO Pajinyca PacloOKEHbI TaK, YTO KaKIBIM KacaeTcsl Tpex
JIpYruX U INIOCKOCTH, HAa KOTOpOM OHHU jexar. Haliaure paguycel IByX MO-
CJIEJTHUX IIapOB.

9.19. Yernipe chepsl pagryca R pacrmonoxkeHsl Tak, 4TO Kaxkaas U3 HUX
Kacaercs Tpex Apyrux. Haiinure pamuyc chepsl, KoTopas KacaeTcst KaxIou
U3 JaHHBIX chep.
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I(omﬂunauuu wapa ¢ MHO202paHHUKamu

Hupamuoa

9.20. JIokaxuTe, 4TO

a) IIEHTP BIIUCAHHOTO B NMUPaMHIY IIapa SBJISETCS TOYKOW MepecedeHust
OMCCEKTPAIBHBIX INIOCKOCTEH BCEX JABYTPAHHBIX YIJIOB IIMPAMHUJIBI;

0) ecau B OCHOBaHME NMHPaMHJIBI MOXKHO BIHCATh OKPY>KHOCTh, a OCHO-
BaHME BBICOTHI IIMPAMU/IBI SIBIISIETCS ICHTPOM 3TOHW OKPY>KHOCTH, TO B IIMpa-
MHJLy MOXXHO BITHCaTh cepy.

9.21. Jlokaxxute, 4TO

a) IEHTP OMMCAHHOTO OKOJIO MUPAMUJIBI IIapa SIBJISETCS TOYKON mepece-
YEHUs! CePeANHHBIX NMEPICHINKYISAPHBIX IIIOCKOCTEH KO BCEM ee pedpam;

0) U1 TOro, 9TOOBI OKOJIO MUPAMHUIBI MOKHO OBIJIO OMHCATH Iap, HE0O-
XOAMMO M JIOCTaTOYHO, YTOOBI OKOJIO € OCHOBaHMsI MOYKHO OBUIO OIHCATh
OKPYXHOCTb.

9.22. Jlokaxwure, 9T0 00bEM MHOTOIPAHHHKA, OMIMCAHHOT'O BOKPYT IIapa,
paBeH NPOW3BEACHHUIO MOJHOW MOBEPXHOCTH MHOTOTPaHHHMKA Ha TPETh pa-
Jyca mapa.

9.23. Haiigure paguyc mapa,

a) OIMCAaHHOTO OKOJIO MPAaBUIBHOIO TETpajpa ¢ pedpoM a ;

0) BITMCAHHOTO B MIPaBMWIIBHEIN TETpa’p ¢ pedpom a .

9.24. a) B map paanyca 13 Brnmcana mpaBWIIbHAS TPEYTOJIbHAS MHPAMU-
na. Beicota mupamuasl B qBa pasa Ooible CTOPOHBI OcHOBaHUs. Haiimure
00BeM MUPaMUIBIL.

0) B miap paguyca R Brnucan mpasunbubii Tetpasap. Haiinure o6bem
3TOTO TeTpaszpa.

9.25. a) CtopoHa OCHOBaHUS MPABIIFHON N -yroJpHON MUpaMUIsl paBHA
A, OBYTpaHHBIN yrojl NpH OCHOBAaHMM paBeH ¢ . Haiinmte pammyc mapa,
BIIMICAaHHOTO B IIUPAMUILY.

6) CtopoHa OCHOBaHHSI MPAaBWIBHOM TPEyrodbHON MUpaMuIbl paBHa a ,
6okoBoe pebpo b . Halinure pamnyc mapa, Kacaromerocs rmiocKoCcTd OCHO-
BaHUS 1 OOKOBBIX pedep MUpaMuabL.

9.26. Cepa pamuyca R nmemur xaxnoe us pedep SA,SC,AB u CB
tpeyronsHoi mupamuasl SABC na Tpu paBHbIe YacTH W TPOXOIUT Yepes3
cepenunbl pedbep AC u SB . Haiimure BbICOTY NMpaMuUibl, OMyLNIEHHYIO M3
BEPLIUHBL S .
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9.27. a) Halingure pamuyc mapa, OMMCAaHHOI'O OKOJIO IMPaBHIBHON I -
YTOJIFHOW THpPaMUABI, CTOPOHA OCHOBaHHUS KOTOpOH paBHa a, a OOKOBOE
peOpo HAKIIOHEHO K TIIOCKOCTH OCHOBAHHSA MO YTJIOM (X .

6) Haiinmure pamuyc mapa, ONMMCAaHHOTO OKOJO IIPAaBMIIBHOHM IIECTH-
YTOJILHOM NMUPaMUJIbI CO CTOPOHOM OCHOBAaHMS @ W BRICOTOH N .

9.28. a) B paBUIIbHOM YeTHIPEXyTONFHON MHpaMIIE IICHTPHI BIIMCAaHHOM
U onmcaHHOW cdep coBmamaroT. Halinure BeaWYMHY IUIOCKOTO yIia IpH
BEPUINHE TUPAMHUIBI.

6) B mpaBuIBHO# MIECTHYTONIEHOW MTUPaMU/IE IEHTPH! BIUCAHHOW U OIH-
canHoll cep coBnanaror. Haiiure BenunHy MUIOCKOTO yrila MPU BEPIIUHE
MUPaMHUJIBL.

9.29. a) /IBa IPOTHBOIIOJIOKHBIX pedpa TPEyroJabHOW TMPaMUJIbI PaBHBI 6

u 8, ocranbHbie pedpa 74 . Haitgure paauyc Iuapa, OMMCAHHOIO OKOJIO
[UPAMUIBL.

6) B OCHOBaHMH THpPAMHIbI JICKUT PABHOCTOPOHHHN TPEYTONBHUK CO
CTOpPOHOM @ . BricoTa mupamuapl MPOXOIUT YEPE3 CEPEAUHY OAHOTO U3 pe-
Oep ocHoBauust u paBHa 1,58 . Haiimure pammyc nrapa, OMMCaHHOTO OKOJIO
[UPAMUIBL.

9.30. Onna w3 rpaHeil MPaBWIIBHOTO TETpasApa JEXHUT B INIOCKOCTH .
[lap paguyca R, pacrionoxeHHbidl BHE TETpasapa, KACAETCs IIOCKOCTH
U IpyToii TpaHu TeTpasapa B ee neHrpe. Haiinure peGpo terpasmpa.

9.31. Bce mockue yrasl npu Bepummae S nupamugsl SABC npsmbie.
Peopa SA, SB, SC pasubl @, b u C coorercreenno. Haiinure paauyc
cepsl, onucannoi okosto nupamuasl SABC .

9.32. a) Beicora SH mnpaBmibHON YeTHIPEXYrOAbHON MHPAMUIBI
SABCD cnyxwur muamerpom cepsr. Ussectro, uto AS =b, a nByrpan-
HBI yroj MpM OCHOBAHWUM TUpPaMuibl paed [ . Haiijgure miuHy IuHUM
niepecedeHus chephl C IOBEPXHOCTHIO IIHPAMHUJIBL.

0) B npasunbHoit TpeyronbHoi mupamuge SABC cropona ocHoBanus
ABC paBHa a, a IByrpaHHbIH YroJi MpH OCHOBAHHH MHPAMUIIbI PABEH C .
Cdoepa kacaercst ocHoBanmst ABC B ero neHTpe v mpoOXOJuT Yepe3 BEPLInHY
S . Haiigure MMHY JMHHA MepecedeHus cepbl C MOBEPXHOCTHIO MTHPAMU-

JTBL.
9.33. Jlokaxwute, 4TO TpeyrojbHasi MUpaMu/a — MpaBUjIbHAas, €CIU CyIIe-
CTBYeT cepa, Kacaromascsi:
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a) TpeX CTOPOH OCHOBaHMS MUPAMHUIbBI B UX CEpPEANHAX U MepecekaeT 6o-
KOBBIC peOpa B MIX CepelnHax;

0) Bcex OOKOBBIX I'paHei MUPaMHJIbl B IIEHTPaX OMHCAHHBIX OKOJO HHX
OKPYKHOCTEH, a INIOCKUE YIJIbI IIPU BEPLLUHE 3TOM IIMPaMUJbl PABHBI.

9.34. a) Jlokaxxurte, 4TO €CIIM MPOTHBOIOJIOKHBIE pedpa TeTpalpa Ho-
MapHO PaBHBI, TO IIEHTPHI BIIMCAHHOTO B TETPA3/Ip M OIMHMCAHHOTO BOKPYT He-
TO IIApOB KOHIIEHTPUYHEL.

6) lokaxxure, 4TO €CIIM B TPEYTOJIBHOM NMUpamMue CyMMa JUIMH MPOTH-
BOIIOJIOXKHBIX pedep o/lHa M Ta e JUIsl JTI000H Maphl TakuX pedep, TO BEpIIn-
HBI 3TOW NMUPaMU/BI SBISIOTCS IIEHTPAMU YETHIPEX MIApOB, IOIAPHO Kacaro-
MUXCs IPYT ApyTa.

9.35. JloxaxxuTe, 4TO CymecTByeT cdepa, Kacaromasics Bcex pedep mpa-
BUJIBHOM TpeyrosibHOM nupamunel. Haiinure ee paguyc, eciay CTOpoHa OCHO-
BaHUs TUPAMHU/IBI MMEET JUIMHY & , 2 G0K0BOE pedpo — mmny b .

Yceuennan nupamuoa

9.36. Bokpyr mapa omnucaHa 4YeTBIPEXYTOJIbHAs yCEUEHHas MUpamMuja.
JokaxuTe, 4To 00BEMBI MUPAaMUABI U MIapa OTHOCSTCS KaK WX IOJIHBIE T10-
BEPXHOCTH.

9.37. B mpaBWIBHYIO TPEYTOJIBHYIO YCCUCHHYIO HMHpPAMHIy ¢ OOKOBBIM
peOpoM & MOKHO MOMECTUTh cepy, Kacarollyrocs BceX rpaHei, u cdepy,
Kacaromryrocs Bcex pedep. Haliiute cTOpoHBI OCHOBAHUIA TUPAMUJIBI.

938. a) B map pamuyca R Brnmcama mnpasunbHas yceueHHas
YeThIPEXyToJibHasl MUpaMHIA, y KOTOpOH OoJjbliiee OCHOBAaHHE IMPOXOIHUT
yepe3 LEHTp 1I1apa, a 00KOBasi TpaHb HAKJIOHEHa K IUIOCKOCTH OCHOBAHUS 10T
yrioMm 77 /3 . Haiiaure 00beM yCEUEHHOM MTHPpaMUIbL.

6) B map Bnucana npaBuiIbHas ycedeHHas 4YEThIPEXyTOIbHAS TUPAMU/IA,
y KOTOpO# OoJbpIliee OCHOBaHKE MPOXOAMT Yepe3 IEHTP mapa, 60koBoe ped-
po paBHO &, a OOKOBasi TpaHb HAKIOHEHA K INIOCKOCTH OCHOBAaHMS IOJ yT-
nom 77 /3 . Halinure miomas GOKOBOM MOBEPXHOCTH yCEYEHHON ITHPAMHUIBL.

9.39. a) lllap pannyca R Bmmcan B IpaBUIBHYIO YCEYEHHYIO YETHIPEX-
YTOJBHYIO IHUpPaMUIy, OOKOBOE peOpo KOTOPOH COCTAaBISET C MIOCKOCTHIO
OCHOBaHusl yroJ, paBubiil 77 /3 . Haliaure 00beM yceueHHOM MTUpaMuUIbL.

6) llap BrcaH B NPaBHIIBHYIO YCEUEHHYIO YETHIPEXYTOJILHYIO MTHpaMU-
Iy, OoKoBOe pedpo KOTOpPOH COCTaBISET C IUIOCKOCTBIO OCHOBAHHUS yTrod,
paBHBIH 77/3 , a cTopoHa GoMbIIero ocHOBaHus pasHa a . Haiinure mwromans
0G0KOBOI MOBEPXHOCTH YCCUEHHOMN MUPaMHUIBL.
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IlIpusma

9.40. a) [okaxwure, 94TO IS TOTO YTOOBI OKOJIO MPHU3MBI MOXKHO OBLIO
ornucars cdepy, Heo0X0IMMO U JI0CTaTOYHO, YTOOBI pu3Ma OblIa mpsimMast, 1
YTOOBI OKOJIO €€ OCHOBAHHSI MOXXHO OBLIO ONHCATH OKPY>KHOCTb.

0) JoxaxuTe, 9To AN OO0 TPU3MEI, OIMTUCAHHOW OKOJIO C(ephl, OT-
HOIIIEHHE TIOMIA OOKOBOM MOBEPXHOCTH K IUIOIIA I OCHOBAHHS PAaBHO 4.

B) JlokakuTe, 9TO A7l TOTO, YTOOBI B IPU3MY MOXKHO OBIIIO BIHCATH ce-
Py, HEOOXOANMO U JOCTATOYHO, YTOOBI B IEPIIEHANKYISIPHOE CEUEHUE TIPH3-
MBI MOXXHO OBLIO BIHCAaTh OKPYXKHOCTB, M, YTOOBI BBICOTA MPHU3MBI ObLIA
paBHa JUaMEeTpPy 3TOH OKPY>KHOCTH.

9.41. TlpaBuibHas N-yrojbHas NpM3Ma BIMCaHa B Imap paiaumyca R.
Pebpo ocHoBaHuMs MpU3MbI paBHO A . Halinure BBICOTY TPU3MBI TIPH:

ayn=3; 06)n=4, B) N=6.

9.42. a) B map pamguyca \ﬁ BIHCAH NMPSMOYTOJIbHBINA MapaieNenume],
¢ otHomeHueM pebdep 1:2:3. Haiinute 06beM maparienenumnena.

6) [IpssMOyTONBHBIN MapaieNenuIe]], OlHa U3 rpaHeil KOTOPOTO — KBaJl-
par wiommaau 40, Bimcan B map. O6beM miapa pasen 2887 . Haiinure 00bem
napasuleNenuesa.

9.43. a) OcHoBauus IPU3MbI — poMOBI ¢ ocTpeiM yriom 30° . B nee Bru-
cad map oobema 3677 . Haiinure mona b 60KOBON NOBEPXHOCTH IPU3MBL.

6) B mpaBHiIbHYIO HIECTHYTOJNBHYIO PU3MY, 00BEM KOTOpOH paBeH 30,
Brcad map. Haliaure ruromans O0KOBOH MMOBEPXHOCTH PU3MBI.

9.44. Oxojno mapa ONMCaH MPSIMOH MapajUieNIeNHIe]] ¢ JAAATOHAIIMHI

pasubivu /10 u 4. Haiinure pagnyc mapa.

9.45. a) Oxoo mrapa ornMcaHa NMpaBIIbHAs TPEYTOJIbHAS MPU3Ma, a OKO-
70 Hee onucana cdepa. Haiinure oTHOIIEHHE TOBEpXHOCTEH 1m1apa u cdepsl.

6) Cepa kacaercst Bcex pebep TpeyroiapHOI npu3msl. Onpenennure OT-
HOIIIEHHE 00beMOB Cepbl U IIPU3MBI.

9.46. B xy0 ¢ pebpom @ Bmumcad map. Haiimure pamuyc mapa, Kacaro-
IIErocst 3TOTO MIapa M Tpex rpaneii kyoa.

9.47. a) B unpsmoyromsrom mapamnerenunene ABCDAB,C D,

(AA ||BB,||CC,||DD;) AB=BC =2a, AA =a. Ilnockoctb cedeHus

npoxozxut yepe3 touku B; u D mapamnensro npsmoit AC . Haiinure panu-

yC IIapa, KacarolIErocsi 3TOT0 CEYEHUs U TPeX TpaHel mapajiesienurena ¢
o0weit Bepumnoi B .
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6) B mpamoyromenom  mapamrenemumene  KLMNK, L M;N,
(KK || LL MM, |INN;) KL=LM =b, KK, =2b. ITnockocrs ceue-

uus npoxoxut yepe3 Toukn M| u K mapamrensro npsmoit LN . Haiinure

pajuyc mapa, Kacarolerocs 3TOro CeYeH s U TPEX TpaHeil napasiesenumneia
¢ o0welt Bepuunoit M .

Honywap

9.48. B nonymap paauyca R Brnmcan ky6 Tak, 9To YETHIPE €r0 BEPIIMHEI
Jie)KaT Ha TUIOCKOCTH OCHOBAHUS IOJylIapa, a YeThIpe JPyrue — Ha ero Io-
BepxHocTH. Haitnute pedpo kyoa.

9.49. a) OnpenennTe HaNMEHbIIIEE 3HAUCHNE pajnyca Moiycdepsl, KOTO-
PO MOKHO HAaKpbITh /IBa JISKAIMX HA IJIOCKOCTH (¢ IIapa OAMHAKOBOTO
panuyca I, Tak 4TOOBI e OONBIION KPYT TakKe Jexall Ha IIOCKOCTH (X .

0) B noxnycdepy pamuyca R BIHCaHbl TPH OJMHAKOBBIX IIapa TaK, YTO
KaXIbI KacaeTcsl IBYyX APYyTuX, moiycdepsl u ee ocHOBaHWsA. Haiimute pa-
JYC 3TUX IMIAPOB.

9.50. a) Ionymap panuyca R Bhmcan B mpaBUIbHYIO YCEYEHHYIO YETHI-
PEXYTOJIbHYIO NMUPAaMHUIY TaK, YTO €ro OONBIION KPYyT JISKHUT B IUIOCKOCTH
OouiblIero OCHOBaHUWs mupamuibl. Haiinnte o0beM yceueHHOW NHPaMUIBI,
ecnu ee OOKOBas I'paHb HAKJIOHEHA K IJIOCKOCTH OCHOBaHMsS ITIOJ YITIOM

/3.

6) B mpaBmIBHYIO YCEUEHHYIO YETHIPEXYTONbHYI0 IMHpaMHUIy, OOKOBas
IpaHb KOTOPOW HAKIOHEHA K TIOCKOCTH OCHOBAHMSA TOJ yryioMm 77 /3, Bou-
CaH TOJIyIIap Tak, 4YTo OOJbIIee OCHOBAHWE MUPAMHIBI JIKHUT B IUIOCKOCTH
Gosprioro kpyra nonymapa. Haiinure momanas G0KOBOI MOBEPXHOCTH TH-
paMMJIBl, €CIIM CTOPOHA €€ MEHBILIET0 OCHOBAaHUS paBHa a .

9.51. a) B konyc, 00pa3yromas KOTOPOro HAKJIOHEHA K IIOCKOCTH OCHO-
BaHMSA 1OJ YIJIOM (X , BIIMCAH TOJTyIIap, OOIBIIONH KPYr KOTOPOTO JEKHUT Ha
OCHOBaHHMHU KOHYyca. PaccTosiHne OT BepIIMHBI KOHYyca /10 OrKaiiield Kk Her
TOYKM TosTyIapa pagHo N . Haiinure 06beM KoHyca.

6) B mpaBmibHBIN TeTpa’ip, pedpo KOTOPOro paBHO 1, BMcaH MOTyIIap
TaK, 4TO TPU TPaHU TETPadpa KacaroTcs ero cepuueckoi MOBEpXHOCTH, a
4eTBepTas CIIyXKHUT eMy JUaMeTpalbHOU INIOCKOCThI0. OmpeenuTe IIomanb
TIOJIHOI! IOBEPXHOCTH HOJTyLIapa.
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Konyc u yununop

9.52. a) O6beM KoHyca paBeH 6, yros npu Bepiuune pased 120°. Haii-
Jute 00beM I1apa, OIMCAHHOIO OKOJIO KOHYcCA.

0) B map paguyca R Brmcan npsmoii kpyrosoii konyc. Haiiaure 6oko-
BYIO TIOBEPXHOCTb KOHYCa, €CIIH €r0 BbICOTa paBHa N .

9.53. a) B map Bnmcan koHyc, 0Opa3yroas KOTOpOro paBHa AHaMeTpy
ocHoBaHMA. HaliinTe OTHOIIEHNE MTOJTHOM MOBEPXHOCTH KOHYCA K TIOBEPXHO-
CTH Imapa.

6) B map BmmcaH KOHyC, BBICOTa M PaJHyC OCHOBAaHHS KOTOPOTO COOT-

BETCTBEHHO PaBHHI 3 U \/5 . Haitngute panuyc mapa.

9.54. a) O6pasyromas konyca pasHa |, a Beicota B 4 pasa Gonbine pa-
Jyca BIIMCAHHOTO B Hero mapa. Haiinute OOKOBYIO MOBEPXHOCTh KOHYCA U
paaiyc ONMCAHHOTO OKOJIO HETO IIapa.

6) CepenyrHa BBICOTHI TIPAMOTO KOHyca ¢ obpasyromteii | u yrmom mpu
BEpIIMHE (X SBJISIETCS IEHTPOM Iapa, IMPOXOASAIIEr0 4Yepe3 €ro BepLIMHY.
Omnpenenure paauyc Kpyra, MOJy49HBIIErOCs B pe3ysbTare IepeceyeHust mo-
BEPXHOCTEH KOHyca U IIapa.

9.55. a) B xonyc Bmucan map. OKpyXKHOCTh KacaHHs MIapOBOM W KOHU-
YEeCKOH MOBEPXHOCTEH AEIUT IO b OOKOBOH IMOBEPXHOCTH KOHYCa B OT-
HomieHnu 1:3, cuutas ot BepmmHbl. Haliaure yrom mexmy obpasyromei Ko-
HYyCa U €ro BbICOTOM.

6) B KoHyC ¢ yIJIOM IpU BepIMHE OCEBOTO CEYeHHs 2¢! BIUCAH Iap.
[Tnomane kpyra, Mo OKPYKHOCTH KOTOPOTO MOBEPXHOCTh MIapa KacaeTcs
GOKOBOI1 MOBEPXHOCTH KOHYyca, paBHa S . Haiinure 00beM JaHHOTO KOHYyCA.

B) B konyc Bnmcan map. /lokaxuTe, 9TO OTHOIICHNE 00BEMOB KOHYCa 1
1apa paBHO OTHOIICHHUIO IIIOMIAAEH MOJTHOM TOBEPXHOCTH KOHYCA U IIapa.

9.56. a) B mpsiMoii KpyroBoi KOHYC BIHCAaH IIap, HOBEPXHOCTH KOTOPOTO
paBHA IUIOIIAAXN OCHOBaHMA KOHyca. Ompeaennute, B KAKOM OTHOIIEHHH 00-
KOBasi IOBEPXHOCTh KOHYCa JAEIHUTCS JIMHUEH KacaHus 1apa u KoHyca?

0) B mrap Bomcan mpsiMoii KpyroBo# mwinHAp. Onpeaenure, BO CKOJIbKO
pa3 o0beM Iapa 0oJible 00beMa IUINHAPA, €CIIA U3BECTHO, YTO OTHOIIICHHE
panuyca mapa K paauycy OCHOBaHMS LIMJIMHIpPA B BJBOE MEHBIIE, YeM OT-
HOIIIEHHE TIOBEPXHOCTH Iapa K O0OKOBOW MOBEPXHOCTH LIMIIMHApa?

9.57. a) PaccrosiHue OT IIEHTpa BIMCAHHOTO B KOHYC IIapa /10 BEpIINHbI
KOHyCa paBHO d . YTOJ MeXIy 00pa3ylolleil U IIOCKOCThI0 OCHOBAHUS pa-
BeH ¢ . Haiinute 00peM KoHycCA.
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6) B xonyc Bnmcan map. Haliaure o0bemM KOHyca, €CIId M3BECTHO, YTO
IUIOCKOCTH, Kacaloluecs Inapa M HepleHIMKYJIApHBIE OJHOH M3 00pasyro-

oMXx KOHYCa, OTCTOAT OT BCPHIMHBI KOHYCa Ha pacCTOSIHUHN dl n d2

(d, > d; n yrox npu BepuIMHE B OCEBOM CEUCHUH KOHYCA OCTPBIH).

9.58. B npsiMOM KpyroBOM KOHYCE PACIIOJNIOKEHBI [IBa 1Iapa paauyca I,
Kacaroluecsi OCHOBAaHMA KOHYCa B TOYKAaX CHMMETPUYHBIX OTHOCHTEIIBHO
IeHTpa ocHoBaHus. Kaxprid map xacaeTcst 60KOBOW IMOBEPXHOCTH KOHycCa U
Japyroro miapa. Beicota koHyca B 4/3 pa3a Oonbllie pazuyca OCHOBAHWUSL.
Haiinute 00beM KoHyCA.

9.59. a) B xonyc ¢ yrimom 60° mpu BepuinHe 0CEBOTO CEUCHUS BIOKEHO
TPH OJMHAKOBBIX HIapa paguyca R Tak, 4To KaXublii U3 HUX Kacaercs OBYX
JPYTHX, OCHOBaHUS M OOKOBOW NMOBEPXHOCTH KoHyca. Haiinute pamuyc oc-
HOBAHUS KOHYCA.

0) Ha miockocT Jiexar Tpu 1apa pagnyca R Tak, 4ro Kaplid U3 HUX
KacaeTcs ABYX Apyrux. OCHOBaHHME KOHycCa JISKHT B TOHM K€ IJIOCKOCTH, a
JIaHHBIE IIAPBI KAaCAKTCA €ro u3BHe. Beicota konyca paBHa KR . Haiigure
paznuyc OCHOBaHUS KOHYcCA.

9.60. a) Ha ocHOBaHMY TPSIMOTO KPYTrOBOTO KOHYCa JIS)KAT TPH OJIHAKO-
BBIX miapa paguyca R. Ha HuX J€XKUT YeTBEpTHIA MIap TOro e paauyca.
Kaxknplit 13 ueThIpex MapoB KacaeTcs TpeX JIPyrux U OOKOBOH MOBEPXHOCTH
koHyca. Halinure BbICOTY KOHYCa.

6) Ha ocHOBaHMM TIPSIMOTO KPYrOBOT'O KOHYCa JIe)KaT 4eThIpe OAMHAKO-
BBIX IIapa pajuyca R, nmpudeM KaKIblid M3 HUX KACAETCs JBYX IPYTHX LIa-
POB M OOKOBOW MOBEPXHOCTH KOHyca. Ha HHMX JNEXWT MATHIA map TOTO XKe
panuyca, Kacarouiics 60koBoii moBepxHocTu. Haiinure o6beM KoHYCa.

9.61. a) BuyTpu mpsMoro KpyroBoro HWJIHHApPA, BeicoTa Kotoporo 3R,
JIe)aT TPU OJMHAKOBBIX IHapa paguyca R Tak, 4To KaxIblil map Kacaercs
JBYX JPYTHX M OOKOBOI MOBEPXHOCTH LMJIMHAPA, IIPHYEM JIBa Il1apa KacaroT-
Cd HWKHErOo OCHOBaHUS LWIMHApPA, a TpeTuil BepxHero. Haitaure paguyc
OCHOBaHHMS LIWIUHPA.

6) Ha HmwKHEM OCHOBaHHMHM NPSIMOTO KPYroBOTO IMJIMHApA JIeKaT TPU
OJIMHAKOBBIX HIapa pajuyca R Tak, 4To KaXKIbIi [map KacaeTcs JABYX JPYTHX
1 OOKOBOM MOBEPXHOCTH IFIMH/pA. Ha HUX JIeKUT 4eTBEPTHIH IIap, Kacaro-
mmiicss OOKOBOW MOBEPXHOCTH LWJIMHAPA M €r0 BEpXHEro ocHoBaHWA. Haii-
JUTE BBICOTY LIMIIMHJPA.

B) BHyTpH mpsiMOro KpyroBoro LMJIMHApa MOMEIIEHbl YeThIpEe OJMHAKO-
BBIX mapa o0bemMa V' Tak, 9To KaxJIblii U3 HUX KAcAeTCst TpeX APYrux u 06o-
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KOBOHM MOBEPXHOCTH, MPHUYEM JBa IMIapa KAacAlOTCsl HW)KHETO OCHOBAHMSA IH-
JWHApPA, a 1Ba JPYTHX BEPXHEro OCHOBaHMA nuiuHApa. Halinure o0beM mu-
JMHApA.

9.62. B mpsiMOM KpyroBOM KOHYcCe, 00pa3yroliias KOTOPOro COCTAaBJISET C
€ro OChI0 Yroil « , MOMEIICHbI TPU IIapa TakK, Y4TO IEPBBIM IIap KacaeTcs
60KO0BOI1 MOBEPXHOCTH KOHYCa M BTOPOTO IIapa, BTOPOH mIap KacaeTrcs O0Ko-
BOW TOBEPXHOCTH IIEPBOTO U TPETHETO IIapa, a TPETHH LIap KacaeTcst OOKo-
BO TIOBEPXHOCTH, OCHOBAaHUS KOHyca U BToporo mapa. Kakyro noimro o0bema
KOHYyCa 3aHMMAIOT BCE TPH mapa?

9.63. Tpu mpsAMBIX KPyroBbIX KoHyca ¢ yriaoM o (« <60°) B oceBom
CEUCHNHU M PaJUyCcOM OCHOBAHHMS, pPaBHBIM [, TOCTaBJIEHBI HA IUIOCKOCTH
TaKUM 00pa3oM, 4TO UX OCHOBAHMUSA JIEXKAT B 3TOM INIOCKOCTH U TIOTMAPHO Ka-
caroTcs IpyT Apyra BHEITHUM oOpa3oM. Halaure pamgiyc cdepsl, Kacaromeii-
Csl BCEX TPEX KOHYCOB U IIIOCKOCTH, IPOXOJIAIIEH depe3 nX BEpPIINHBI.

Yceuennwiii konyc

9.64. a) Illap paauyca R Bnmcan B ycedeHHBIH KOHyC. Yol HakiIoOHA
o0pasymoliell K IIOCKOCTH HU)KHET0 OCHOBAaHUS KOHyca paBeH « . Haiinure
PaaMyCchl OCHOBaHUI U 00pa3yIOIYI0 YCEUEHHOTO KOHYCa.

0) B yceueHHBI KOHYC ¢ IUIOMAb0 GOKOBOM MOBEPXHOCTH S BIMCAHA
chepa mromanu S . Haitmure yrom Mexay oOpa3yrolmei U MIOCKOCTBI0 OC-
HOBaHUs KOHYCA.

9.65. a) Oxkono cdepsl paguyca R ommcan yceueHusiii konyc, obpa-
3yIoIIasi KOToporo paBHa a . Haiiure ero oobem.

0) B ycedenHslii KOHYyC ¢ pafilycaMy OCHOBaHMII paBHBIMU I U I}, BIIH-

CaH 1Iap, Kacaroluiics O0KOBOI MOBEPXHOCTH 1 000uX ocHOBaHMi. Haiinure
OTHOIIIEHNE 00BEMOB YCEUEHHOI'0 KOHYyCa U Iapa.

B) B ycedennblii kKonyc oobema V Bomca map, Kacarouuics 60KOBOM
MOBEPXHOCTH U 000MX OCHOBaHuii. Paguyc mapa pasen R. Ompenemure
BEJIMUMHY yIiIa Mexly o0pasyroliel KOHyca U TNIOCKOCTHIO OCHOBAHMUS.

9.66. B ycedeHHBIH KOHyC BIIMCaH MIap, o0BEM KOTOpOro B 5,5 pa3
MEeHbIIIe 00beMa KOHyca. Bo ckoibko pa3 mosiHas TOBEpXHOCTH IIapa MEHb-
I1I€ TIOBEPXHOCTH KOHYyca?
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Yacmu cghepor u wmapa

9.67. a) Haiinure o0beM oOwiel yacTu IByX mapoB pamuyca R, ecin
PacCTOsHUE MEXTy IIEHTPAMH IapoB paBHo R .

0) Hdokaxwure, uro chepa paguyca R orcekaer ot moboro mapa 60ib-
IIETO paanyca, IPOXOSIIEro yepes ee UeHTP, CHepHISCKH CErMEHT, OJJHOM
Y TOH e IUIoIa Iy oBepxXHocTH. OnpenenurTe 3HaYeHHe 3TOH ruromanu?

5
9.68. llan ky6 ¢ peopom a . Llentp mapa, pamuyca ga, COBIAJAET C

1eHTpoM Ky0a. Hafiaure o6beM gacTu mapa, jgexaiieii BHyTpHu KyOa.
9.69. Inametp wmapa paszieieH Ha 3 OJMHAKOBbIE YAaCTH U YEpe3 TOUKH

JACJICHUS NPOBEACHBI INIOCKOCTH, NCPICHAWUKYJIAPHBIC IUAMETPY. B kakom
OTHOIICHHH 3THU IINIOCKOCTH ACJIAT IIOIIAAb Cq)epLI?

9.70. KoHyc u mojymiap MMeIT OOllee OCHOBaHME Kpyr pamuyca R.
Beicora konyca pasaa H , npuyem H > R . Haligure miomans yactu ma-
POBOI TOBEPXHOCTH, JIEKALIEH BHYTPH KOHYCA.

9.71. Cdepa c neHTpOM B BEpIIMHE KOHYCa KacaeTcs INIOCKOCTH OCHOBA-
HUS KoHyca. OnpeznennTe, B KAKOM OTHOIICHHUH cdepa IeTuT 00beM KOHyCa,
€CJIM YroJl P BEpIINHE B OCEBOM CEYEHHHU KOHYCa PaBeH X .

9.72. CekTop Kpyra paguyca R ¢ IEHTpalbHBIM yIIOM (f Bpallaercs
BOKpPYT' CBOGH OCH cHMMeTpuH. HaiianTe ruromans MOBEPXHOCTH M 00BEM
TeJa BpaleHusl.

9.73. a) Bce pebpa TpeyronbHOM mupaMuabl paBHE ad . BeicoTa mupamu-
Ibl ABISIETCSl AuamerpoM cdepsl. HalianTe miomazgs 4acTu MOBEPXHOCTH
MUPaMUJIBL, JIeXKAIeH BHYTpH chepsl.

6) Bce pebpa TpeyronpHO# nupamunsl paBHsl a . Illap kacaercs Bcex ee
pebep. Haiinure o0beM yacTu 1mapa, jgexanield BHyTpH MHpaMUIbI.

9.74. a) Cdepa kacaercs Bcex pebep kyba. Haitnute o6pem gactu Ky0a,
Jexanied BHyTpH cdepsl, ecin pedpo Kyba uMeeT JIHHy a .

6) Cdepa xacaeTcs Bcex OOKOBBIX pedep MPaBUIIbHOM YeThIPEXyTroJibHOM
MPU3MBI U e¢ OCHOBaHMU. Haliure oTHOIICHHE YacTu mwiomanu chepsl, Je-
mameﬁ BHEC IPHU3MBbI, K IIJIOMIaIU MOJIHOM TMOBEPXHOCTU PU3MBI.

9.75. U3 koHLIa AMaMeTpa 1apa MNpoBeieHa XOpia TakK, 4YTO [IOBEPXHOCTD,
oOpazyemast ee BpallleHUEM BOKPYT 3TOTO JHaMETpa, AEIUT 00bEM Iapa Ha
JBE paBHOBEIMKHE yacTH. Onpenenure yroi MexIy XOpAoi U THaMeTpoM.
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§10. 3agaun Ha onpenesieHHe IKCTPEeMATbHBIX 3HAYCHHI

3(10(1‘[”, peuitaemole ceomempudecCKumu cnocooamu

10.1. Yepe3 muaronanp Kyda MpOBEIUTE CCUCHHE ITOCKOCTHIO TaK, YTO-
OBl TUIOIA/b CEYEHHsI ObLIa HANMEHBIICH.

10.2. a) Haiigute 3HaYeHre HanOOJBIIEH TUIOIAAN OPTOTOHAIBHOM MPO-
eKIMH SIMHIYHOTO Ky0a Ha IIOCKOCTb.

0) Haiinure u3 Bcex OPTOrOHANBHBIX MPOEKIMH NPaBHILHOTO TETpad/pa
Ha pasHble IIOCKOCTH Ty, KOTOPask UMeEeT HauOOJIbIIYIO [LIOIIAIb.

10.3. Jlnuubl pebep NpAMOYTONLHOrO Hapajielienunena pasHsl a,b u
C . Onpepenute HaUGOIIBIIIEE 3HAYEHUE TUIOMIATH OPTOTOHATBEHON MIPOEKIHH
HTOrO MapajuleNienuIena Ha II0CKOCTb.

10.4. a) Haiinure nauGonsinee 3nauenue oobema nupamuasl SABC mpu
cnenyromux yenosusax SA<4,SB>7, SC>9,AB=5,BC <6,AC <8.

6) Haiimure nambonpmmii 06beM mupamunsl ABCD |, ecnm mmnmr ee
pebep cBasanbl cootnomenusmu: CD =5, AD>8, AB>7, BD<9,
AC<4.

10.5. a) B xyoe ABCDAB,C,D; ¢ peGpom pasubiM | Haiigure Hau-
MEHBIIIEE PACCTOSHUE OT TOUKH M , pacrnosioKeHHON Ha OKPYIKHOCTH, BIIU-
cannoii B rpans ABCD , mo toukm N, pacmonoxeHHO# Ha OKPYKHOCTH,
onmcaHHo# okoio Tpeyronsanka A BD .

6) lan ky6 ABCDAB,C,D; ¢ pe6pom, pasubim @ . Ha npsimbix AA| u
BC B3sarei Touku M u N coorercTBenno tak, uro npsmas MN nepece-
kaer pebpo C, D, . Haitaure Haumenbiiee 3nauenne qmHsl otpeska MN .

10.6. a) B mpasmisnoii wersipexyronsroit mpusme ABCDA;B,C, D,

BBICOTA B J[Ba pa3a MeHbIe OCHOBauus. Haiinure Haubonbluee 3HAYECHUE
sennunnbl yriia AMC,, rne M — touka Ha pe6pe AB.

6) Bce pebpa npasuibHoil TpeyrombHoit npusmsl ABCAB,C; nmeror
mvHY @ . PaccmarpuBaroTCs OTpe3KH ¢ KoHuamu Ha amaronansx BC, u

CA GokoBbIx rpaHeii, napamuiesnsuble wiockoctn ABB; A . Haiiaure nau-

MEHbIIIee 3HaYCHNE JIMHBI TAKHX OTPE3KOB.
10.7. Ha moBepxHOoCTH Ky0a HaliuTe IIECTh TOYECK, U3 KOTOPBIX JHAro-
HaJlb BUJIHA 10 HAMMCHBIINUM YTJIOM.
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3aoauu, pewiaemple c UCnoIb3I06AHUEM NPOU3BOOHOTL

10.8. B OCHOBaHUH YETHIPEXYTOJBHOW MUPAMHJIBI JIEKHUT HPIMOYIOJIb-
HUK, OJTHA CTOpPOHAa KOTOPOTO paBHa d , OOKOBBIE peOpa MHpaMHIBl PaBHBI
b . Haiinute Han6onpinee 3HaueHre 00beMa TAKMX ITHPAMU,.

10.9. a) Haiigure HambombIMii OO0BEM TPABUILHOW TPEYTOIBHOM
MUpaMUJIbI, 0OKOBOE PeOpO KOTOPOi paBHO A .

0) Onpexenure JIUHY CTOPOHBI OCHOBAaHUS MPABHILHOU TPEYTOIBHOM
npu3Mbl 00beMa V |, UMEOIIEH HAMMEHBIIYIO IIOLIA/b MOJIHOM HOBEPXHO-
CTH.

10.10. Anaronans OOKOBOI TpaHy MPaBHIBHON YETHIPEXYTOILHOM MPH3-
mbl paBHa d . Haiinure miuny 60koBoro pedpa, Npu KOTOPOM 00BEM IpU3-
MBI HAaHOOJTBIIIHH.

10.11. PaccMaTpuBatoTcsi BCEBO3MOXHbBIE TPEYTOJIbHBIE TPU3MBI, KaXK1ast
OoKoBas rpaHb KaXIOH W3 KOTOPHIX MMEET NMepUMeTp, paBHBINA A . Haliaure
Cpear HHUX NMpHU3MY HauOoJbIIero 00beMa (B OTBETE YKaKUTE JUIMHY OOKOBO-
ro pebpa npu3Msl).

10.12. a) [TepumeTp OCEBOrO CeUYCHUS IMIMHAPA paBeH 6. Haiinure Ham-
OoJblee 3HaYCHUE 00bEMa IHIHHIPA.

0) Cymma JUIMH pajnyca OCHOBaHHS IWIMHJAPA M €ro BBICOTHI paBHA 6.
Hatinure Hanbonpiee 3HaYCHNE 00bEMa IHITHHPA.

B) CyMMa AITMH JriaMeTpa OCHOBAHWS IIFTHHIPA U €0 00pa3yIomiel pas-
Ha 6. Haligure HanOompiee 3HaYeHIE 00bEMa IHITHHIPA.

10.13. a) Haiingute HanMeHbIIee 3HaUYCHHUE TUTOIIAAH TTOJTHOM MTOBEPXHO-
CTH IUIMH/IPa, 00beM KOTOPOTO paseH 1677 .

6) CymMma momaneit 60KOBOW MOBEPXHOCTH M OJHOTO OCHOBAHHS IH-
nuaapa pasua 277 . Haiinute HanGonblnee 3HaYeHHE 00beMa IIHITHHIPA.

B) Haifnmute Hanbounbiee 3Ha4eHNEe 00beMa IIITMHIPA, TUTOMIAAb TOTHON
MOBEPXHOCTH KOTOPOro paBHa 677 .

10.14. a) Haiinute HanbompIiee 3HaYeHNE 00beMa NWIHHAPA, THATOHAIb

0CEBOT'0 CEYEHHsI KOTOPOTo paBHA \/g .

6) Haiinute HanMeHbIIee 3HaUeHUE [UIMHBI 00pa3yroliel KoHyca, 00beM
KoToporo paser 187 .

B) Haiinure HammeHbplee 3HaYeHHWE MIMHBI 00pasyrouiell KoHyca, IUio-
IIa]Jb OCEBOTO CEUEHHsI KOTOPOTro paBHa 18§.

10.15. OxgHO M3 OCHOBaHUI ITUIMHAPA SBJSIETCS CEYCHUEM IIapa, a Apy-
roe OCHOBaHHE NMPUHAIIEKUT OOJNBIIOMY Kpyry 3Toro mapa. Pamuyc mapa
pasen R . Onpeznenute BEICOTY NUIMHIPA, UMEIONIETO HAUGONIBIIUN 0OBEM.
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10.16. a) Haiigure namboiplinee 3HadeHHE 0oOBEeMa KOHYyca, MEPUMETP
0CEBOT'0 CEYEHHsI KOTOPOTO paBeH 8.

6) IlepumeTp oceBoro ceueHus koHyca paseH 8. Haiinure HanGosbiiee
3Ha4YEHHE IUIONAAN OOKOBOI MTOBEPXHOCTH KOHYCA.

10.17. a) Haliaute HanOobpIIuii 00beM LMIMHAPA, BIHCAHHOTO B KOHYC
BoicoToit H 1 ¢ paguycom ocHoBanus R .

0) Haiimute BBICOTY KOHyca HamOOJNBIIEro 00beMa, KOTOPHIH MOXKHO
BIIMCATh B Inap paauyca R.

10.18. HaiianTe 3HaueHne JUIMHBI BEICOTHI LIMJIMHAPA, HANOOJIBIEr0 00b-
eMa, BIIMCAHHOrO B Iap paguyca R.

10.19. a) 13 Bcex MpaBUIIBHBIX TPEYTOJIBHBIX IPU3M, BIHCAHHBIX B I10-
aycdepy pamuyca R Tak, 4TO IUIOCKOCTH OCHOBaHHsS [PH3M COBIANAET C
IUIOCKOCTBI0, OTPaHUYMBAIOIIEH Momycdepy, BpIOpaHa Ipu3Ma HaHOOJIBILIET0
ob0pema. Haiimure turomaap moTHONH MOBEPXHOCTH STOW MPU3MBI.

0) U3 Bcex NMIMHAPOB, BIMCAHHBIX B monychepy paauyca R Tak, uro
TUIOCKOCTh OCHOBaHMS LWJIMHJIPOB COBIAJAET C IUIOCKOCTBIO, OTPaHHYH-
Batoleil mosrycepy, BbIOpaH IMIMHAP, MMEIOIIUA HauOOJBIINHA 0OBEM.
Hatigure mnomans ero 60KOBOH MOBEPXHOCTH.
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§11. DeMeHTHI AHAJMTHYECKOI reOMeTPHH U BEKTOPHOM
aJare0pbl B mpocTpancTee. MeToa KOOpAUHAT B
NPOCTPAHCTBE

BeKm0pbl.‘ CJl102icenue U YMHONCEHUue Ha 4ucjio

11.1. a) B napaenermnene ABCDAB,C,D; touka M — uenrp rpa-

- B =
uu CC,D,D . Boipasute Bektrop B;M uepes sexropsr @ = AA , b =AB,
-
c=AD.
6) B npusme ABCAB,C; touka M — uenrp rpann AA BB . Boipasu-
T
TE BEKTOP |\/|C1 4yepe3 BEKTOPBI a AB, b=AC, c= AAI
11.2. a) Ocnoanuem mmpamuasl SABCD chysxkut mapannenorpamm
ABCD ¢ uenrpom O . Touka M — Touka mepeceueHus MeAMaH TPEYrOlb-
- > > - -
muka SCD . Bripasure Bexropst SC, AM, SO uepes Bextopsr a8 = AS
T
b AB, c=AD.
0) B l'[I/IpaMI/ljle ABCD M - cepe,unHa pebpa BD . Paznoxure BekTop
R
CM 1o 6azucy a AC, b=AD, c = AB
11.3. a) OcHoBaHMEM NHpaMUABI C BepmHHof/i S cnyxkuT mapamieno-
T T

rpamm  ABCD . Pasnoxure BekTop SD no 6Gasucy a =SA, b =SB,

- o

c=SC.
- -
0) B mpasunbuoii mupamuge SABCDEF ¢ sepmmnoin S AS=a,
s T - - > >

AB=b, AF = C . Boipasure Bextop SE uepes a,b,C .
e T
11.4. a) B napamnenenunene ABCDAl B,C,D, a=AB,, b=AD,,

- - - > 5>
¢ = AC . Pasnoxxure Bektopsl AA 1 ACl o Gasucy a,b,c.
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6) B nmapauenenunene ABCDAB,C,D; M, N, P — uenrpsr rpaneit

%
AB,C,D,, BB,C,C, CC,D,D coorsercreenro. Beipasure Bexrop AC;
R e

uepes Bektopel A =AM , b =AN, c = AP.

11.5. Mansr xea mapamtenorpamma ABCD u AB,C,D; ¢ o6mueit Bep-

- - -
mmaoit A. lokaxwure, uro Bektopsl BB, , CC,, DD, rxommianapHsr.

11.6. Joxaxkute, 9TO B TPEYrOABHON MUPaMHUIE OTPE3KH, COCTUHSIIONINE
CepeanHbI MMPOTUBOIIONOXKHBIX pedep (CKPEUIHMBAIOIINXCS) TMEePeceKaoTcs B
OJHOW TOYKE M B TOYKE IepecedeHus aenarca nomoiam. (Ha camom nene
TOYKa NepeCcedeH s STUX OTPE3KOB COBIA/IAET C TOUKOH MEPEeceyeHus: Me -
aH NUpaMub! (CM. PeIbIIYIIYIo 3a1a4y)).

Ilpamoyzonvnaa cucmema Koopounam

11.7. a) dansr Tpu Bepumnsl napamuienorpamma ABCD : A(3;-1;2),
B(2;2;5), C(4;1;—1) . Haiigure yeTBepTyto Bepiuuny D .

6) Llentp mapamwienorpamma ABCD wumeer xoopmumarer (3;5;7), a
xoopaunarsl cepeaun cropon BC, CD ects (—1;0;1) u (2;4;—3) coor-
BercTBeHHO. Halinure koopauuatsl Bepiummd A u B .

11.8. Taust Touxku A u B: A(X, Y, Z;), B(X, Y5, 2,) 1 uncio A.

- -
Haitaure koopaunatel Toukn C rtakoii, uto AC:CB=A1.

11.9. a) Bepuunsl TpeyronbHuka umeror koopmunartel (3;—1;4),
(2;5;7), (1;—1;—5). Halizure KOOpAMHATHI TOYKHU IIEPECEYEHHsT MEAUAH

TPEyTrOoJIbHUKA.
6) Haiigure TOYKM mepecedeHHss MEAMAH TETpa’apa C BEpPIIMHAMHU

(3-54), (5:2,0), (3;3;-3), (1,6;7).

11.10. a) Tlpu kakux 3HaueHusx & u [ Bekropel {l; a; P} u
{a—f;5; 4} konnuHeapHsi?

0) Ilpu kakux 3Hauenusx «a Bexkropel {1;—1;0}, {2;1;1} wu

{1; 2 — a; 3} kommnanapub?
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11.11. a) B npasuisnoii npusme ABCA'B'C’  AB = AA'=a. Touxka
M — cepenuna pe6pa BB', touka N — cepenuna pe6pa CC'. Haiinure

- -
nmany Bekropa AM + NB'.
6) B npasumsnoit npusme ABCDEFA'B'C'D'E'F’ AB=AA'=a.
- -
Haiiaure nimny Bektopa FA'+ EF'.
11.12. a) B npaBWibHOM NUpaMuie C BEPUIMHOW S U OCHOBaHHMEM

ABCD AB=SA=a.Touka M — neurp rpauu SCD, O — uentp ocHo-

- -
Banus. Haiinure nymny sBexropa OM + AC .
0) B npaBuibHO#N nupamuze ¢ BepmnHoi S u ocaoBanuem ABCDEF
> o

AB =a, SA=2a.Haiigure nuuny Bekropa SA+ CF .

11.13. a) B wuersipexyronsaoii mnupamuae SABCD  ocuosanue
ABCD — npsmoyronsauk, SA=2, SB=3, SC =4 . Haiigute SD .

0) B tpeyronsnoit nupamuge SBCD yron BCD — mnpsamoii, SB =4,
SC =5, SD = 6. Haiinure paccTosiuue OT BEPIIMHBL S 10 TOYKA A Takoi,
uro ABCD — npsimoyronbuuk.

Cranapnoe npouseedenue 6eKmopos

- - - -
11.14. Ussectro, uto | @ |=2,| b |=5, Z(a,b)=120°. Haiinure:

- > > o5 o o - >
a) (a,b); 0) 2a-b,3a+b); B) |a+2b]|;
- -> - >
r) pr, . b; n) cosZ(a,a-2Db).
a+b
- -
11.15. a) OnpenenuTe 3Ha49eHUA A, IPH KOTOPBIX BEKTOpH a+ A D m
- - -

H
a—Ab nepnenmukynspnsl, ecnm | a =3, | b |=5.
T
0) Jlokaxure, uto Bektop b(a,c)—c(a,b) nepnenauxynspen sek-

-
TOpY a .
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-> > > S -
11.16. a) Bekroper a,b,C TakoBel, uto @a+b+Cc=0 u |a|=3,
e -
|b|=7,| C |=8 . Haiinure 3nauenne cymmer (@,0b)+ (b, C)+(C a).
BN > 5 >

6) Ilycts @, b, C— Bexropwl exunnunoii punast 1 @+ b+ ¢ =0. Jlo-

KaKHUTE, YTO YIIIBI MEXIY BeKTOpamu paBHb 120°.
-
11.17. a) Haiiaurte yron Mex1y HeHYJIEBLIMU BeKTopamu @ u b , eciu
- - - >
M3BECTHO, 4TO BekTop A+ D nepmengukynspen sektopy a— 6D , a Bextop
> o > o
2 a+3b nepnenmukymsapen Bekropy 2a—3b .
- -
©0) Haiigure KocuHyc yria Mexty BekTopamd @ u b equHu4HOMN 1jn-
- o

Hbl, €CJIM M3BECTHO, 4To BekTop a+4bD nepnenmukynspen BekTopy

> o
13a-7b.

%
11.18. a) Hafigure KocHHYC yrila MEXIy HEHYJICBBIMHU BeKTopaMH au
- e
b onunakoBoit muHebI, ecnu usBectHo, uto | a+ b |= a—0,75 b |.
- - -

6) Haiiqute kocuHyc yria Mexay Bektopamu a u b, ecom |a|=2

- > -

| b |=3 u cos/(a,a+ b)—%
- — - -
b

%
11.19. a) Haiiaure |a—2b | ,ecu |a|=2, | b |=3, pr,a=15.
b

- - - - -
0) Haiinure pr, a,ecm |a|=6, |b|=8,|a—b|=12.
b
- -
11.20. a) Haiiaure yron Mex 1y HeHyJIEBHIMU BekTopamu @ u b , ecom
- - - - - -

us3BecTHO, uto | & |=2|b| u|a-b|=|a+3Db]|.

- T - -
6) Berumciure | b | ,ecm |a|=|a+b|=3,|2a-b |=4\/§.
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11.21. a) B npasunsroit mpusme ABCAB,C; Touku M u N wnenrpst
rpaneit AA BB u BB,C,C coorsercrBenno. Haiimure yrom Mexmy ckpe-
mpBaromumucs npsamMbimu AN u C;M |, ecu m3Bectro, uto AA =2AB.

6) B npasuisnoit nmpusme ABCDAB,C,D; touku M u N mentpsr
rpaneit AA BB u BB,C,C coorsercrBenno. Haiimure yrom Mexmy ckpe-

muBatormmucs npsmbivu AN 1 C;M |, ecnu u3Bectro, uto AA =2AB.

11.22. a) bokoBbIe TpaHU MPAaBWIEHON TPEYroJIbHOW NMPU3MBI SIBISIOTCS
KBazparamu. HalianuTe yroin Mex/y CKpeIIMBaIOIMMUCS THaroHaIsIMA OOKO-
BBIX I'PaHEl MPHU3MBL.

0) B mpaBuibHOW IIECTHYTONBHOM mMpu3Me OOKOoBoe pedpo B 2 pasa
Gosbiie cTOpOHBI OCHOBaHWS. Halure yroia MEXmy CKpEUIMBAOIINMHUCS
JMarOHAJSIMHU JIBYX CMEKHBIX OOKOBBIX I'paHEH MPHU3MBI.

11.23. Tpu nyda c obuiel BepIIMHON 00pa3ylOT YIJIbI, BCE paBHbBIE « .
Haiinure yrisl Mexay OMCCeKTpUCaMH TaHHBIX YTIIOB.

11.24. a) BokoBoe pebpo NMpaBWIBHON YETHIPEXYTOJILHON MUpaMUAbl B
IBa pa3a OoJbllle CTOPOHBI OCHOBaHMsA. HaiiinTe yrom Mexnay CKpelnBaro-
IIAMHCS INaroHaNIbI0 OCHOBAHUS 1 arodemMoil O0KOBOW TpaHH.

6) B mpaBwibHON TpeyronsHoll mmpamuge SABC ¢ Bepmmmoit S
AS =2AB . Touku M u N cepenunn pebep AB u SC coorseTcTBEHHO.
Haiinure yroa mexay npsmbima SM u BN .

11.25. B npasunsroit mpusme ABCA;B,C; Bce peGpa pasusr a . Omnpe-
nenute, rae Ha npameix BA u AC; ciexyer B3site Touku M u N, uto6sr
orpezok MN ocyuiectsisin kparyaiiiiee pacCTOsHEE MEXKITY STHMHU MPSAMBI-
mu? Yemy pasHo paccrosiare MN .

11.26. a) B nupamue ABCD mockue yriisl npu Bepuinae A paBHbI
60°, AB=1,AC=2,AD =3. Haiigure niunHy OTpe3Ka, COEIUHSIOIIETO
BepiinHy B ¢ Touko# nmepecevenus MeMaH IpOTHBOIOIOKHOM IPaHu.

0) Tpu JuaroHaau napajuieienuiena B3aUMHO MEPIEHIUKYISPHBI U
paBHEI cooTBETCTBEHHO A,D,C . HaiiuTe AmuHy ueTBepTOli AUATOHANM.

11.27. Bce pebpa mapaiuienenuiieia paBHsl a , TpaHH POMOBI C yTIIOM

60° . Haiinute HanOOJIBIIYIO THArOHAIb Mapajuieenune a.

> 77 A
11.28. a) Haiigure yron Mexy Bextopamu i+ | u 2Kk— j .
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N
0) Ompenenure, Npu KakoM 3HadeHuH A Bektophl |+ j—2K u

- - -
i + A( j+ k) nepnenauxynspHsoL.

11.29. a) Haiigure Benuuuny yria A u amumay meamanst AM  tpe-
yroneanka ABC , Bepmmabl kotoporo umeror koopauuatsl A(—3;1;3),
B(0;2;1), C(4;1;1).

0) Mansl Toukn A(3;1;-2), B(0;1;1), C(—4;1;2), D(-3;5;0). Haii-
IIUTE PaccTosiHue MEeXIy cepenuHoi pebpa AB u Toukoii mepeceuenus me-
muan tpeyronsanka ACD .

11.30. a) Bekrop E—; COCTaBISIET C OCsAMH abcuuce u opanHat yrisl 60°

N
u 45° coorBercTBeHHO. OnpenenuTe, KaKoi yroj COCTaBIseT BEKTOp a ¢
OCBIO aNIUIMKAT.
0) HaiimuTe BEKTOp IIMHEI 5, COCTABIIONINA OJUHAKOBEIC YTIBI C OCS-
MU KOOpPIUHAT.
Ypaeuenue nnockocmu

11.31. a) BeiBequTe ypaBHEHHE TIOCKOCTH, MPOXOJAIIEH Uepe3 TOUYKH
(=12:3), (0;1;4) u (2;3;5).

0) BoiBemuTe ypaBHEHHE IUIOCKOCTH, MPOXOJSIICH dYepe3 TOUKy
(3;—2;—5) mapamnensHo wiockoct 3X+4y —22+2001=0.

11.32. BoiBeauTe ypaBHEHHE IIOCKOCTH, CHUMMETPHUYHOH IUIOCKOCTH
3X+5y—-2z2+7=0: a)ornocurensHo touku (—1;4;3);

6) OTHOCHTENBHO OCcH abcIuce; B) OTHOCHTENBHO MiockocT OXZ .
11.33. a) Haiinure yron mexnay miockoctsmu 3X—Y+2Z+4=0 u

4X+y-52+17=0.
0) Haiinure yronm Mmexmy miockoctbio 3X—5Y+2Z2—-7=0 u ocbio

OpAUHAT.
11.34. a) BeiBeaure ypaBHEHHs IUIOCKOCTEH, MPOXOSAIIUX Ye€pe3 KOHIIBI
orpeska AB  nepnenmukynspHo stomy ortpesky, ecmu  A(3;3;-4),

B(-3;1;0).
0) BeiBeuTe ypaBHEHHE IIOCKOCTH, MEPIEHANKYIAPHON orpesky PQ

1 IIpoXosIeit uepes ero cepenuny, ecnu P(0;4;3), Q(-1;2;5).

212



11.35. a) JTokaxure, 4TO PaCCTOSHUE OT TOUKH P 10 IIIOCKOCTH & BbI-
- Iy P%A) | -
paxaercst dopmynoit:  p(P,a) =| pr, PA] =|(n’T, rae N— Hop-
' i

MaJIbHBIN BEKTOP IUIOCKOCTU ¢ , A — MPOW3BOJIbHAS TOYKA IJIOCKOCTH.

0) Haiinure paccrosuue ot touku (—1;3;2) g0 miockocTn
2X—y-22+4=0.

11.36. a) Haiinure paccrosiHue MEXITy TUTOCKOCTSIMHU
X+2y—-32+1=0 u 2X+4y—-62+1=0.

6) HaiiauTte paccTostHue MEXIy TUIOCKOCTBIO 2X—3Z—-5=0 wu ockio
OpIUHAT.

11.37. a) Ha ocu abcruce Haiiure Bce TOUKHM, KOTOpBIE BIBOE OJIMKE K
mwiockoctd X—Y+2Z+1=0, uem k imockoctu X+Yy—2+3=0.

0) BriBeuTe ypaBHEHHE IUIOCKOCTH, HAXO/AIIEHCS Ha OMHAKOBOM pac-
cTostHuHM OT Ttockocteit 2X—Y+32+4=0 u 4X-2y+62—-1=0.

11.38. Haiinure Boicory AH mmpamuasr ABCD , ecn A(1;-2;3),
B(0;-1;4), C(3;3;—4), D(-2;0;1).

11.39. B npsmoyrosnsrom napamienenvnene ABCDAB,C,D, AB=1,
AA =3, AD=2.Touka M — uenrp rpaun A B,C,D, . Haitnure:

a) paccrosirue oT Bepumabl D) no miockoctn AC\D;

6) yron mexay rwiockoctamu AC,D u AAD, ;

B) yroa Mexay npsimoit AM  u iockocteto AC|D .

11.40. B npasuibnoit mupamunae SABCD ¢ Bepiumnoit S cropona oc-
HOBaHusA paBHa 6, Beicota paBHa 8. Touku M u N nexar na peépax SD u
SC cootsercreenno, mpuuem SM =§SD, SN =%SC . Haiiyure:

a) paccrosuue oT BepimHsl S 10 miockoct AMN ;

6) yron Mexay miockoctbto AMN 1 mmockocTsi0 OCHOBaHMS;

¢) yron mexny npsmoii CM - u mnockoctero BSD .
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Ypasuenue npamoit 6 npocmpancmee

11.41. a) Hanumure kaHOHUYECKHUE U TapaMeTpUUYECKHe YpaBHEHUS Ips-
Moii, npoxoasiueii uepes rouku (1;3;-2) u (2;5;7).
6) CocraBbTe ypaBHEHHE HPSIMOH, poxosmieii yepe3 Touky (3;2;-5)

L X=1 y+2 2z
MapaJuIeNIbHO TPSIMOi ==
4 -2
. x-1 y+3 z
11.42. Haiigute yron Mexay HOpsSMbIMU T = T = —2 u

X=3+1, y=-2t, z=1+t.
11.43. Haiiure paccTosiHue OT TOUKd P 10 npsmoii l:
x-1 y+1 z
a) P;3,-2), I —="—=—;
) P( ) 2 1.3
0) P(0;2;-1), l: x=2-t, y=3+2t, z=4t.

11.44. Haiinure paccTostHUE MLy napauieabHbiMu npsivbivu | u |, :

x—1_ y _z+1. .§_y+1_z+2'

AL - .
DT T T T,

0) l: x=2+3t,y=—1+4t,z=2t; |, : x=7+3t,y=1+4t, z=3+2t.

Hp;maﬂ U nJ10CKoCmb 6 npocmpancmee

11.45. a) CocraBpTe ypaBHEHHE NPSMOW, MPOXOISIICH dYepe3 TOUKY
(3;—-1;2) nepnenmukyssipro miockoctr 2X+4y —52+2001=0.

6) CocraBbTe ypaBHEHHE IUIOCKOCTH, IPOXOAdIIedl uepe3 TOuKy
(—2;3;4) nepnenaukynsapuo npsmoit X=1, y=3-t, z=4+2t.

11.46. BriBegute ypaBHEHHE IIOCKOCTH, HMPOXOIAIICH depe3 MPSIMYyIo

XT_I - y_—+33 =§ 1 Touxy (~L4;1).
11.47. Copoextupyiite:
a) rouky (0;—3;5) Ha npsmyio X3_1 _Y I 2 -z _22 ;

0) Touky (3;5;—4) wa miockocts X+2Y—-32-53=0;
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Xx-1 y+3 z-9
1 -5
11.48. a) Haiingure Touky, cuMmmeTprunyro touke (—3;1;5) orHocuTEND-
Ho iockocT 2X+3y—Z+1=0.
0) Haiinure Touky, cummerpuuHyto Touke (4; 0; 1) oTHOCHTEIBHO TIps-
. X=2 y+3 z-9
MOH = = .
1 -2 3
11.49. Jloxaxure, uto paccrosuue ot Touku P(X,,Y,,Z,) Ao miocko-

B) IIPSIMYIO Ha wiockocth X —2Y+32—-6=0.

ctu : AX+By+Cz+ D=0 (cm. 3anauy 11.35) MOKHO BbIpasuth Gop-
| AXp, + By, +Cz, + D]

\/ A2 +B%+C?

11.50. a) BriBeaute ypaBHEHHE IIIIOCKOCTH, PAaBHOYIATEHHON OT MPSAMBIX
X=2y=zZn x=3-t,y=24+2t,z=-1+3t.

6) BriBeiuTe ypaBHEHHS IIJIOCKOCTEH, HAXOISIIMXCS HA PACCTOSHUN 5 OT
miockoct 2X+2y—z2+5=0.

11.51. a) au xy6 ABCDAB,C,D; ¢ pe6pom, pasusiM 1. Uepes mpsi-

myto B,C mposenena miockocts, nepecekaromas pedbpo AB u cocrasisio-

mynoit: p(P,a) =

mas yron 60° ¢ mpsimoit A B . Onpenenure, B kKakOM OTHOIICHNH 3Ta IUIOC-
KOCTh senut pedpo AB.

6) Jau xky0 ABCDAB,C,D; ¢ mmnoii pe6pa 1. Ha peGpax BB, u
DD, B3ster Touku K u P coorBercrenno, mpuuem BK :B/K =1:3,
DP =PD,. ITnockocts, nposeaennas uepe3 touku A,K,P mepecekaer

mnaronamn A\D u B,C Broukax M u T . Haiimure mmumy orpeska MT .

Ypasuenue cpepunt

11.52. Jana chepa X2 + y2 +72=R? u IJI0CKOCTh

AX+ By +Cz+ D =0. IIpu xakom ycioBuu Ha KOI(QHUIUEHTHI B ypaBHe-

HHH TUIOCKOCTH cpepa KacaeTcst 3TOH II0CKOCTH?
11.53. a) CocraBbre ypaBhenue chepbl ¢ auamerpom AB, rae

A(-1;3;1), B(2;0:5).
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6) CocraBpTe ypaBHeHHE cepsl, mpoxonsmien yepes Touku (3; 1; —2),
(7;-3;4), (2;-8; 4), (4, —4; 8).

11.54. a) CocraBbTe ypaBHeHHE cdepsl, ¢ nentpom (—3; 1; 2), kacato-
meiics mrockoctn 2X+3y—32+4=0.

0) CocraBpTe ypaBHEHHUS cdep pagmyca 6, KacaroIIMXCS IUIOCKOCTH
2X—Y—-22+3=0 BTouke (1; 1; 2).

11.55. a) CocraBbTe ypaBHEHHs IBYX C(ep paBHOTO paauyca, Kacaro-
IMXCsl IPYT ApyTa, ¢ eHTpamu B Toukax (1; —3; 1) u (5; 1; 7).

6) CocraBbre ypaBHeHue cdepsbl, ¢ nentpom (1; —8; 9), kacaromielics
cdepni: (X+2)* +(y—1)* +2°=19.

11.56. a) Jan ky6 ABCDAB,C,D; ¢ pebpom 1. Haitaure pamuyc coe-
psl, npoxozsuieii yepes BepumHy A, cepenunsl pebep CD, BB, u nentp
rpaun AB,C,D,; .

6) Jan xy6 ABCDAB,C,D, ¢ mmnoit peGpa a . Touka E — cepennna
peopa C,D;, touka F — cepenuna pe6pa B,C,. Haitaure pamuyc cdepsi,
npoxoasiei yepes touxku E,F, A C .

11.57. Pe6po xy6a ABCDAB,C,D; pasro 1. Cdepa ¢ uenrpom BHyTpH
Kyba mpoxomut uepes Bepmwmusl B, D;, xacaercs pebpa AA u rpaHn
ABCD . Haiigure ee paguyc.

11.58. a) Haun ky6 ABCDAB,C,D, ¢ pe6pom 1. Ha peope AD xaxk Ha
JHameTpe rmoctpoeHa cdepa. Bropas chepa, nexamas BHyTpH Ky0Oa, Kacaet-
cs1 mepBoii chepbl U rpaHeil TPEeXTPaHHOTO yria ¢ BepiunHoi A . Onpenenu-
TE paanyc BTOPOit chephl.

6) dan ky6 ABCDA B,C,D; ¢ pe6pom 1. Lenrp chepst paauyca 1 Ha-
xomurcst B BepuinHe D . Bropas chepa, Haxomsmiasicss BHe Ky0Oa, Kacaercs
epBoit chepbl U IpaHeil TPEXTPAHHOTO yria ¢ BepummHoi A . Onpenenute
pazuyc BTopo# cepsl.
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OTBETbBI 1 YKAZAHUA

§1. IIpsiMble M IIOCKOCTH B NPOCTPAHCTBE
1.2. B) Her. 1.12. a) 27; 6) 15. 1.14. JIu6o Bce Tpu mpsiMble Hapal-
JIENBHBI MEXKJTy OO0, JIH00 BCe TPH HepeceKaroTcs B oaHo# Touke. 1.19. a)

7 em; 0) a+c—b. 1.22. PO u A4 -

B, C,  cxpeumBaomuecs npsmbie. 1.23. Ykazanue.
A - 3aKsounTe NpsMble @ U b B MapauieNbHbIE
A, > AN ;" mnockoctu. 1.24. a) Her; 6) miockocts, ma-
N ) pawtensHas naHbiM npsmbiM. 1.31 0) Vka-
N Y 3anue. Bocnonp3yWTech pe3yabTaTOM 3aladd
“\i\;:: o _\\‘}: 1.136. 1.32. B) Ykazanue. llposenure uepe3
RSN B HEKOTOPYIO TOYKY IUIOCKOCTH IIpsIMbIE, Ma-
Pl TN pamnensubie ganaeiv. 1.34. Ykazanue. Boc-
A D MONB3yHTECh pe3ynbraToM 3amadd 1.33 (oM.
Puc. 1 puc. 1). AC, L 4B, AC, L BD . 1.39. 16

cmu 4 em.

§2. Yrabl Mexk1y NpsAMbIMH B IPOCTPAHCTBE, NPSIMOM U
IJIOCKOCTBI0, MEKAY NJIOCKOCTAMHU

2.1. a) 60°; ©) Bce yriibl paBHbI arccosL; B) arctgi. 2.2. a) 90°;

N 7

V1
0) arccosl—ss. 2.3. a) arccos%,Zarccos%; 0) 2arccos
k+k*+4 243 3 (a? +b* v -d?
s————; ke|——;—.2.5. arcsin .
4 3 2
Vkaszanue. Tloctpoiite npsmoyronsuuk BCDE . VickoMblii yros paBeH yrity

mexay npsmeimu AB u BE . 2.6. a) arccos(1/ \/%) ; 0) arccosO0,1.

k+\k*>+4

>

3arcco

2ac

/4 . [ sing . [ sina o
2.7.a) —; 0) arcsin .2.8. a) arcsin| —— |. 0) arccoscos” —=
o w0 2“0 2

V2
2arcsin(Mj .2.9. a) arcsin\/sin(a + p)sin(a — ) ;
V2
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0) arcsin\/sin(a-i- P)sin(ax — f) . Ykazanue. Csenure 3aqady K 3amaue

J5si

. in
nyukra a). 2.10. arcsngD. 2.11. Vkazanue. Bocnonb3yiitech pa-

BEHCTBOM TpeyroipHukos. 2.13. a) arcsin(sina -sin ) ;

0) arcsin\/sinza + sinzﬂ .2.14. arccos 2 +4\/§ .

2.15. a) arccos cose ; 0) arccos _cosp . 2.16. —ctga-ctgf.
cosa/ cos(a/2)

2.17. a) arccos,/— 0) arccos‘} ; B) arccos—

2.18. a) arccos— Ykazanue. Bocrosnb3yiitecs HopMyIIoi moiomanm op-

N

TOTOHAJIBHOW MPOEKIUH (PUTYDPBI HA TIIOCKOCTD. 0) arccosT.

2.19. a) arCtg(sint(iﬂQ)J 0) a rctg( \éﬂj

§3. Paccrosinue Me:xkay 00beKTaMHU B IPOCTPAHCTBE

3.1. CD=0,5a.3.2. a) 2,5, 0) V15 . Yxasanue. Bepuiuna nupamujisi

2115

TIPOEKTUPYETCS B IEHTpP BIMCaHHOHN okpyxHocTd. 3.3. a) 2,5; 0) ————.

10
34.a) 2b% —a* . Yxazanue. Touxa M MIPOEKTHPYETCS Ha OGUCCEKTPUCY

yria. 0) J37.3.5. \/a2 +b% +c¢* —2abcosa . 3.6. R([—gj Vka-

3anue. OMyCTUTE NEPIEHIUKYISAPHI U3 HeHTpOB q)nryp Ha MpsAMYIO Iepece-

YyeHus miockocreit. 3.7. 2(\/_ () 3.8.a )— 6) =.3.9.2a) \/7
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6) \/ﬁ B) _a-sin(a/2) 311 2k+1 312,
2 \/1+sm (0:/2) (k+1) +1

2
Gh@k+D) 343 4 V3 —d” B3 -a? St 34
2\a® (k+1)* + i 161

ab\3 a\/3b2 \/212
V3a? +4b2 2b

2a 2 4
/ / . 3.16.2) a-
1612

-24*
a\/2b2 —a?
. 3.18. JIBa BapumanTa:
w/2(4172 \/a2b2+a 2+ b2
a10 a\/%

0 u 35 3.19. a) [Ipa Bapuanra: "
0) uersipe BapuaHTa: ax/lz —a , a- \/312

21 41% — \J ~3a
3aNI* —a? 3.20 2bc a’hf3

5
a O e T T
a3
et

dah__ ., 2ah/3
Wi +4d> AR +3d>
3.24. Ykazanue. TlomecTuTe CKpEIIABAIO-
myecs npsMele @ W b B mapasuienbHbie
tockocty (cM. puc. 2). Besegure dpopmy-

ny: MN =+/d? +x*sin? ¢ . 3.25. a) 12;

Puc. 2 0) 8.
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§4. IlocTpoeHust B npocTpancTBe

4.16. a) Cwm. puc. 3. Ykazanue. Ilnockocts AB|C|, conepxammas nua-
roHanb ky6a B;D mepnennukymsapHa quaronanu rpann DD, C . 0) Cwu. prc.

4. Ykasanue. Bocronb3yiitech pesyisratom 3anaun 1.33. MN || AC, .

B] Cl BI CI
"’: \ : \\\\ < '/’
A, i \\ D, A, f <X
"\ ’l : \ \ : \»’(\
\ O
et NN
1 -,
A A Y WP A
"’ /‘ ) _N_Y\- 7 C B/\/;:€ \:\_ _/7,:‘::; C
" /B \ ., ~ > N¢-
I/I \ ;////‘ - N\
A D A D
Puc. 3 Puc. 4

4.17. OxpyXHOCTb, IUAMETPOM KOTOPOH CIyXHT 0Tpe3ok M4, , rae Touxa

A; — oproroHanbHas MpOEKLHs JaHHOM Touku A Ha miockocts « . 4.18.
TpeyroybHUK, YETHIPEXYTOILHUK U MIECTHYTONbHUK. CeueHne Ky0a He MO-
KET OBITh MPABUIBHBIM MSATHYTOJBHUKOM, TaK KaK y CEYEHHUs], UMEIOIIEro
GoJIbIIIe TPEX CTOPOH, HaliIeTCs XOTs OBl OJIHA Tapa MapauIeNbHBIX CTOPOH, &
y TIPaBHIILHOTO TISATHYTOJBHHUKA MapauielbHeIX cTopoH Het. 4.19. a) Ceky-
1ast IIOCKOCTE JIOJDKHA OBITH MapauiebHa TPOTHBOIOIOKHBIM PebpaM TeT-
paszpa. 0) CekyIuast IWIOCKOCTh JOJDKHA JEIUTh PeOpo, COEMUHSIONIEE PO-
THBOIIOJIOXKHBIE PeOpa, B OTHOIICHUH, PABHOM OTHOIICHUIO [JIMH TPOTHBO-
nosnoxusix pebep. 4.37. a) Yrazanue. Iposeante yepes npsamele a u b
napajUielbHble IIOCKOCTH. Eciu Touka M He JIEKUT HU B OJHOM M3 3THX
IUTOCKOCTEH, TO MOXHO MPOBECTH Yepe3 OJIHY M3 MPSMBIX U TOYKy M Tuioc-
kocth ¥ . [lnockocth ¥ mepeceder Apyryto npsmyio B Touke K . [Ipsimas
KM — uckomas. 0) Ykazanue. Tlposenure depes npsmble @ u b mapan-
JIEeNbHBIE TUIOCKOCTH. TIpsiMasi ¢ He MOXET JIE)KaTh HA BOAHOU U3 ATUX ILIOC-
kocteil. Uepe3 MpoOU3BOJIBHYIO TOUKY 3TOW HPSIMOW MOKHO IPOBECTH Ipsi-
myto d , mepecekatoinyro a u b (cMm. myHkrT a) sToit 3anaun). 4.38. Ykaza-
Hue. a) TlocTpoiiTe MIOCKOCTh (X W B HEH YETHIPE PA3NUYHbBIC MPSIMbIC
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a,b,c u d , nepecekaroiecs B 0qHON Touke; 0) cMoTpH nyHKT a). 4.39.

Ykazanue. Bocnionnsyiirech pesynbraTtom 3anaun 4.376. 4.40. 0) Yrazanue.
Bocmonb3syiitech pesynbratoMm 3amaun 5.5a. 4.41. Ykazauue. Tloctpoiite
caen M npsimoit AB Ha mIOCKOCTH  , 0Opa30BaHHOM MpsAMBIME d 1 b .

- - > >
MmuoxectBo Touek Pea Takux, uyro MA-MB=MP-MQ, rtne
O =bNMP — oxpyxkuoctb. TOUKH mepeceyeHnst STOU OKPYKHOCTH C TIpsi-

Mot @ — uckomsie. 4.42. Ykazanue. Tloctpoiite oOmMil MEPIECHINKYIISAP
MN nansbix npsimbix. Ha kasmoit npsiMoii o 06e CTOPOHBI OT TOUEK mepe-

MN

CCUCHUA C MNCPHNECHIAUKYJIAPOM Ha paCCTOAHUUN f BO3bMHUTE TOYKH. DTH

TOYKHU OYAyT SIBJIATHCS BEpIIMHAME HpaBHiIbHOTO Terpadipa. 4.43. Vkaza-
Hue. Uepes Kaxable IBE MPSAMbIE IPOBEANTE MapaslIelbHbIe MIIOCKOCTH.
§5. N'eomeTpuyeckune MecTa B IPOCTPAHCTBE

5.1. a) IlnockocTh, MEPHEHIUKYIISAPHAsS OTPE3KY, COCAUHSIONIEMY TaHHBIC
TOYKH, U IPOXOMAIIAs YePEe3 €ro CepeAnny; 0) ecilu TOUYKH JIeKaT Ha OJHON
npsmoi, To 'MT — nmycToe MHOKECTBO; HHAYE — NIPsiMasi, IEPIECHAUKYJIISIPHAS
IUIOCKOCTH TOYEK M HPOXOJIlas 4Yepe3 LEHTP OKPYKHOCTH, COJepiKaiiei
O9TH TOYKH, B) IJIOCKOCTD, NEPIICHAUKYJIAPHAA IMJIOCKOCTU IMPAMBIX U ITPOXO-
JSIIIast Yepe3 cepeiuy JTI000ro OTpe3Ka ¢ KOHI[AMH Ha 3THX HPSIMBIX; I') 1Be
IUIOCKOCTH, MEPIICHANKYJSIPHBIC NIOCKOCTH MPSMBIX U COAEpIKaIue OHCCeK-
TPHCHI YIJIOB, 00pa30BaHHBIX ITHMH MPSIMBIMH; /1) OUCCEKTPaIbHbIE TIIOCKO-
CTH JIByIPaHHBIX YIJIOB, O0Opa30BaHHBIX JAHHBIMH IUIOCKOCTAMH. 5.2. a)
npsiMasi, TIEPICHUKYISIPHAs IUIOCKOCTH TPEYTOIbHUKA U IIPOXO/IAIIAs Yepes3
[EHTP BIKMCAHHONW B HEro OKPY)XHOCTH; 0) IpsiMas, MepreHANKYISIPHAs
IJTOCKOCTH (DUIYpBI M MPOXOAAIIAsl Yepe3 IEeHTP OMHCAHHOW OKOJIO Hee OK-
pyxuocty. 5.3. II10CcKkOCTh, MapasuienbHas JaHHBIM, IIPOXO/Ias Yepes ce-
penuHy oOLIEro MEPHEHANKYIIAPa K JaHHBIM TUIOCKOCTAM. 5.4, JInnuu mepe-
ceyeHus: GUCCEKTOPHBIX TUIOCKOCTER Mexkny @ u B, & u ¥y, f u ¥ (ue-
ThIpe mpsiMble). VICKITIOUEHNe COCTaBIsAET Cliydyaid, Korna o, 5,y mnepeceka-
F0TCS 110 OJHOM TpsiMoid. 5.5. a) TInockocTh ¢ , mapasuiesbHast IPSMbIM d H
b, mpoxomsuias yepe3 Hekoropyro touky C Takyio, uto AC:CB=m:n,
rne A€a, Beb.0) OkpyXHOCTh B IIOCKOCTH ¢ (CM. IIHKT a) HACTOS-
1iei 3a/1a4m), HEHTP KOTOPOH JIE)KUT HA OOIIEM MEPICHANKYISIPE TPSIMbBIX d
ub.5.6.1Ipu a<d I'MT — nmycToe MHOXKECTBO; MPU @ = d — BCE TOYKH,
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JAeKalle MEXIy IUIOCKOCTAMH, TIIpU da>d —  JBE  IUIOCKOCTH,
mapauienbuble @ U f3, IPOXOms-
IIM€ Ha PACCTOSHUU d —d OT Kpaki-

Heit w3 Hux. 5.7. a) Buccekrops
IBYX JIBYyTDaHHBIX YIJIOB, 06pa3zo-

B
n)\
v‘ BaHHBIX OJHON M3 IrpaHed IaHHOIO

yria ¥ IUIOCKOCTBIO, MapallelbHOI
JIpyroi rpaHd W yJIajJeHHOM OT Hee
Ha a . 0) Yacth mIockocTH, 06paso-
BaHHOW TpsIMBIME a W b, mapai-
JENbHBIMA pPEOpy M JICKAUIUMH B
rpaHsX Ha JAHHOM pPacCTOSHHU d
OT Hero — Mexay npsMeivu. 5.8. a) Oxpyxaocts (cM. puc. 5) ¢ ueatpom O

paauyca \/0,5}’2 —a? , TIe 2 =k?—m? —n? , 4B, =2a, touxka O —

cepeanna orpeska A, B;. 5.9. OxpyxHocts, Hepecekaromas npsmyo A4, B,

e

Puc. 5.

IO/ IPSIMBIM YIJIOM B JBYX TOYKaX, ACJIIIHX OTPe30K A B; B oTHOLICHHH
M:n BHYTPCHHMM M BHEWIHHM oOpasoMm, rae A4, u B; — oproronansHsie
npoekunn Touek A n B Ha «,
A4y =m, BB, =n. 5.10. Ilyuok
OpsIMBIX C IIEHTPOM B Touke A, je-
KalMX B IUIOCKOCTH O0Opa3oBaHHOU
HapaJUICIbHBIME IPAMBIMH ¢ || @5 ,
napajuieibHBIMUA pebpy a (cM. puc.
6). Ilpsamsle a ||a, MOXHO IPOBO-
JIUTh [0 pa3Hble CTOPOHBI OT pebpa
a . 5.11. JIBa nyuka npsMbIX C LEH-
TpOM B TOYKE A, JEKalMX B IBYX
IWIOCKOCTAX ¢ W [3, IPOXOAAIIMX

4yepe3 TOUKYy A Ha OJAWHAKOBOM PACCTOSHWH ¢ OT TaHHOM MpsMOi a .
5.12. JIBa nyuxa npsiMbix ¢ meHTpoM B Touke O , IIEKAIUX B JBYX IUIOCKO-
CTIX @ W [F, TEPIEHAUKYIAPHBIX IUIOCKOCTH, OOPa3s0BAHHOM MPSIMBIMH

alla n b ||b (O=a; Nby), n npoxoasummn 4epe3 GHCCEKTPHUCH! YIIIOB

o0pa3oBanHbIX mpameiMu @ 4 by. 5.13. a) Coepa, nuamerpom KoTopoit
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ABJIIACTCA ,IIaHHbIﬁ OTPE30K; 6) OKPYXXHOCTb, PAaCIOJIOKCHHAsA Ha IJIOCKOCTH

2
AB
o W uMewmas pagayc R = T —0012 , rie Touka O — cepenuHa

otpeska AB, O — oproronambHas npoekuus Toukd O Ha IIOCKOCTH O .

5.14. BuyTpeHHOCTD Imapa, OrpaHWYeHHOTO AaHHOU cepoit. 5.15. Ilycts
B — npoexuus Touku A wa npsmywo . Uckomoe T'MT — nepeceuenue che-
PBI, TIOCTpOeHHON HA AB Kak Ha AMAaMeTpe C IIOCKOCTBIO, MPOXOAIICH
uepe3 TouKy A nepnenaukysspHo npsmoii /. 5.16. Eciu npsimbie napai-
JIeNBHBI WM COBIAAAIOT, TO ckoMoe 'MT — Be mapauiesibHbIe TIIOCKOCTH.
Ecnu onn He mapasutenbHbl, To nckoMoe ' MT — GeckoHeuHas! IMIIHHIpUYe-
CKasi IOBEPXHOCTh C MPSIMOYTOJIBHBIM CEYCHHEM, OCh KOTOPOil MEpPIICHANKY-
JSIpHA KaXKION M3 MPAMBIX U MPOXOAUT depe3 Touky O . JluaroHanu npsiMo-
YTOJIbHUKA, ABJISAIOLICTOCS CEYCHHEM TTOBEPXHOCTH, paBHbl 2/, rne [ — mo-
crosiHHas BejuuuHa u3 ycnosus. 5.17. Ilycte R u 7 — pamdychl JaHHbIX
chep (R>r),atoukn A u B— ux uenrps, AB =a . Ilycrts Touka N Ha

otpeske AB B3sra Tak, uro AN =(R2 —r? -I—az)/ 2a . Torma ucKoMoe
I'MT — KoJblIO, JIEKAIIee B IIOCKOCTH, MEPIIEHINKYIApHO AB 1 mpoxo-
msteit yepe3 Touky N . LIGHTphI OKpY)KHOCTEH 3TOr0 KOJblAa COBIAJAIOT C
toukoit N . 5.18. JIBe okpy>XKHOCTH Ha MaHHOU cdepe, MepeceKaroIrecs B
toukax A u B. Touku A u B wuckmouatorcs. 5.19. Ilycte H — Touka
nepecedenus BoicoT Tpeyronbinka ABC u L — ocHOBaHHE BBICOTHI, OITy-
menroit u3 toukn A Ha BC . Hckomoe I'MT — mocTpoeHHasl Ha OTpe3Ke
HL xax Ha nuamerpe OKpY>HOCTB, IUIOCKOCTh KOTOPOH MEPICHANKYISIPHA
mwiockoctu ABC . 5.20. Ilycts D — Touka cummerpuusasi C OTHOCHTEINb-
Ho cepenunbl otpeska AB . Eciu yron C tynoii, To uckomoe I'MT — mycro.
Eciu yron C ocrpsiii, To uckomoe I'MT — chepa ¢ nienrpom B Touke D u

pannycom \/(CD2 - ABz)/ 2 .5.21. D11 WI0CKOCTH BHICEKAKOT HA MIIOCKO-

CTU ( TpeyroibHUK. Ha 3TOM MIOCKOCTH Ha/lo B34Th LEHTP ONHUCAHHOW U
LEHTPB! BHEBIIUCAHHBIX OKPYKHOCTEH OKOJIO 3TOro TpeyroiabHHUKa. Mckomoe
I'MT — getbIpe npsIMbIX, NEPIEHAUKYJISAPHBIX INIOCKOCTA ¢ , KayKIasi U3 KO-

TOPBIX MPOXOAUT Yepe3 OJHY W3 yKasaHHbIX Touek. 5.22. Ilycte £k wu
| — nanubie npsmeie, u A € k. Ilycts B — Touka nepeceuenus npsmoi [ ¢
IUIOCKOCTBIO ¢ , IPOXOIAMIEN uepes Touky A u neprenaukynspaoi /. c-
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xkoMoe I'MT — OKpY’KHOCTh, IIOCTPOEHHAS Ha auamerpe AB B MIOCKOCTH
a . 5.23. Vckomoe TMT — mMIHHAP, THAMETPATBHO TPOTHBOMOIOKHBIMH
00pasylIMMH KOTOPOTO ABISIOTCS mpsiMast [ W mpsiMast k , Tpoxomsias
uepes Touky A mapamensro /. [psmeie k& u [ cnenyer uckmounts. 5.24.,
Yepes KakIyr0 U3 BEpUIMH JaHHOTO Tpeyronbhuka ABC cienyer npoBecTr
JIB€ MpsIMbIE, NEPHEHIUKYJSPHbIE CTOPOHAM, COAEPKAIIMM 3Ty BEpLIMHY.
Uckomoe I'MT — BHYTPEHHOCTh WIECTUYTOJbHHKA, OTPAHUYEHHOIO 3TUMHU
npsiMbiMi. 5.25. J[Be IIOCKOCTH, KakK/Iasi U3 KOTOPBIX POXOUT YEPE3 OJHY
u3 OUCCEKTPUC YIJIOB, 00PAa30BAHHBIX JAHHBIMH HPSMBIMH B INIOCKOCTH, X
cozepKaIei W MepIeHInKyIpHbIX mocnennei. 5.26. Mckomoe I'MT —

yacTh cepsl paauyca V2R ¢ LEHTPOM B Hayajie KOOPIUHAT, OTPAHHIEHHOM
wiockocTamu X =R, y=R, z=R.5.27. Ilyctb P u Q— ToYku nepe-
CCUCHHUS IMPONOIDKCHUH MPOTHBOMOJIOXHBIX CTOPOH YETBIPEXYTOJbHUKA
ABCD . Uckomoe TMT — chepa ¢ nuamerpom PQ . Touku ee, jexamue B
IUIOCKOCTHU YETHIPEXYTOJIbHUKA, CleayeT uCKiItounTh. 5.28. [ycts K u L —
TOUKH nepecedeHust npoonkenuii quaronaneii AC u BD ¢ npsmoit PO .
Uckomoe 'MT — cepa ¢ quamerpom KL . Touku ee, nexariye B mioCKOCTH
YETHIPEXYTOJIbHUKA, CIeayeT UCKIounTh. 5.29. Ilycte O — ueHTp OKPYX-
HOCTH, BIIMCAHHOHM B Kakoe-JIM0o oceBoe ceueHue konyca. Vickomoe I'MT —
OOKOBas MOBEPXHOCTh KoHyca ¢ BepumHod O wu obpasyromeid OA, rue
A — xakas-HuOy/b TOYKA HA OKPY)KHOCTH OCHOBAaHHS HCXOJHOIO KOHYCA.
5.30. a) BayrpeHHOCTb miapa, OrpaHMYECHHOTO JaHHOH chepoii; ) Bce mpo-
crpanctio. 5.31. a) u 0) BHyTpeHHOCTS TaHHOTO TPEXTPAHHOTO YTIJIa.

§6. [Ipuzma

3a2\/§
4

6.1. a) 7; 6) 14; B) 52. 6.2. 2) 7. 6.3. .6.4. 120°. 6.5. 3d°+/3 .

6.6. 1//3 . Yxazanue. Bocronme3yiirech pesynsraTom 3amaun 1.34. 6.7. a)

Jal

2 .
1:5;0) 7:5; B) ——a” . Ykazanue. Berunciure JIMHBI CTOPOH U OJHOM U3

nuaronanei ceuenus. 6.8. arccos(sin ¢ sin £). 6.9. arccos (tg(a / 2)) .

2
6.10. — 2 6.11. 2msina - cos’ @ +25 . 6.12. a) 3 ;
Va? 1+ b2 22
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2 2 2
5) */f“ . 6.13. —7“22/ﬁ. 6.14. “_bm. 6.15. 6) n(n-3).

3
6.16. 2\ P> + 0* . 6.17. )3df 6) 3a>.6.18.. arccos%.

3
6.19. a) 63h% ctga ; 6) 7-ctg2%-tgﬂ. 6.20. 2) 621 ;

6) 4307 -sinp- Joosp . 6.21. L2 Smﬂ“ .6.23. 6) 60; B) abcsina .
COS

6.24. 2) 432 cv’; 6) 36(3+ \/5) cv’; B) 160\/3 crd’.
b’ a’

6.27. —
NE RN

6) 2a°sin < | sinZsin>%  6.28. LsH 6.29. L.
2V 2T 2 2 3

6.30. 2abc\/sina+ﬂ+y-sinﬂ+7/_a.sina+ﬂ_7, LAY =B

6.25. abc/—cos2a, roe 45° <o <135°. 6.26.

sin
2 2 2
6.31. a) 3V15 u 6/15;6) 92 uo.
§7. llmpamuna
2
7.1. a) arccosM; 0) 7 —arccos(tg2 ﬁ) 72. L 73 a) 24;
2 V2
3

6) 6. 7.4. 2) — . 5) a) \E,M;ﬁ)

va? +12h° \/ 2442 12

3 _ 2
i, 2_716. arccos\/g ! . 71.8. EM 4p?sin? Z_ 42 .
V27 32 2 24 sin“ (7 /n) n
7.9. a) sina = ctgﬂ-ctgz; 0) cosa =M; B) tga = tgﬂcosz,
2 n sin(z/ n) n

V2 cos(p/2)
\/—cosq) —cos(27/n) '

(< p); ) cos,b’ztgg-ctgz; o) tgf=
n
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cos(z/n) 710. a na’ -tga-ctg(m/n) 6) na’® 'tgﬂ-ctgzz'
24sin(z/n) 24 ’

fna ctg (/n)cos(ep/2)
24\/—cos¢) cos(27/n) .

sin? = .
2 cos(y/2)

5 na3ctg(ﬂ/n)\/— cosy —cos(2z/n)
242 sin(z /n) - sin(y /2)
2 2
na“ctg(z/n) 5 14 ctg(y/2) . B)

naz\/tg a +cos (7r/n) .

>

7.11. a) . 6) :
4cos S 4 4sin(z/n)
2
r V2 na? cos(/m) . 712 arctg V3 . 713
4\/—cos¢>—cos(27r/n) k
o33 ant =
22504 714, ZDNTEOSP 545 0y 2:1; 6) 3:13. 7.16.
(p _qz)\/4p2 e 1+cos¢p
% ab.7.17. )% 6) 5v/3.7.18. a) 48; 6) 30v/3 . 7.19. a) 4.
L abe__ 12, )i 6)£=2
LC 5

0) 22— .7.20. a) B kmn . 7.21.
16 ab+bc+ac

7.23. a) l(ab+bc+ac+\/a2b2+b2c2+a202); 6) 2155 o’ B

2 J25,5,8
a (*g%) 7.24. a) ab Lg) N212203 abe2 s 3

i B
3 3 J10
7.26. arctg~/5 . 7.27. 16. 7.28. a) 324; 6) 2. 7.29. a) %a3; 6) 19:197; B)

h
— (2ab +2a,b, + a;b + ab, ) Vkazanue. Pasbeiite Gpurypy Ha mupamujisl.

951 234 7.32. )£ 6)

7.30. a) /7 ; 6)—731 a) 8; 6)—.

2_ —
> +j£. 7.33. a) 108; 6) 32. 7.34. a) 1/W; )
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2 Y 33 343
M, 7.35. a) %. lte’a—1; 6) Vzu.tga’

3 32
a-b
Q= arctg(\/z tga). 7.36. a) T tga; 0)
3 (a>-b°
£~ a—+a2 +b% |, 1.37. Pewenue. Tlo TPEM JIAaHHBIM IUIOCKUM
4 cosa
yriam MOKHO HOCTPOMTh TpeXrpaHHbIi yrou, eciu

O<a<f+y,0<pf<a+y, O<y<a+p, O<a+pf+y<nm. Jus

BBIYUCJICHUA JBYTI'PaHHBIX YIJIOB JOCTATOYHO BOCIIOJIB30BATHCA TeOpeMOﬁ

cosa — cos ffcosy cos ff —cosa cosy
KOCHHYCOB: COSQ, = - - ; = - - ;
sin fsiny sinasiny
cosy —cosacos
CoOSQr = - - . Pemennem 3amaunm OyayT SBISTHCS 3HAUe-
sinasin

HUA Q4,QPp U @, YIOBICTBOpsIOHe cucteMe Hepaseners: 0 <@, <7,
O<ppg<rm, O0<@c<m, @ +@p+@c>r. 7.38. Pewenue. Ilycts na-
HBI TPU ABYIPAHHBIX YINA @ 4,@Pp, P . 331a4a 0 HAXOXKICHHY IUIOCKHX yI-
OB «, 3, TPEXTPaHHOTO yIjla PeliaeTcs ¢ HCIONB30BaHHEM (OPMYI:
COS @ 4 + COSPp COS P ; Cosﬁ:COS¢B +C0SQ, COSP-

Cosa = . . . . 2
singg singe sing  singc

cosy = cos ¢g il COS_(pA cOSPs 3ajaya MMEET PEIEHUE U NIPUTOM €JIMH-
sing , sin g

CTBCHHOC, eclu 77 < @, +@p + @ <37 . IlonydeHHbIC 3HAYCHHS YIIOB

a, B,y nomkubl ynosietBopsaTh yeaosuaM: 0<a < f+y, 0< f<a+y,

O<y<a+p, O0<a+ f+y<m.17.39. Pewenue. Tpetnii miockuit yromu

HAXOIHUTCS u3 (bopmytsl (Teopema KKOCHHYCOBY):

cosy =cosa cos f+sinasin fcos@ . [IBa OCTaIbHBIX JABYrPaHHBIX yria

cos S —cosacosy
n

@p U (¢ MOKHO HalTH U3 PopMysI: COSQPp = - -
Smea sy
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cosy —cosacos

CoOSQc = . 7.40. Ykazanue. 3amgava pemractcsi aHajo-

sina sin

ruyHo npensinyieii. 7.41. Pewenue. Yron @p HaXOAWUM U3 TEOPEMBI «CH-

HYCOB» Ul TPEXTPAHHOTO yria Sin@gz =sing, . Jlanee 3amaua pe-

mao

COS@ 4 +COS @y COS
IIaeTcss C MCHOJB30BaHHEM (opMyn: COSQ = 94 ] (DC;

singg singe
Cosﬁ:COS¢B +COSQ 4 COSP- cos}/:COS(pc +C089,C0SPp o 4y
sing sing. ’ sing 4 sin g

cosx

. 71.45. Tynoii. 7.47. He
sin(a/2)

arccos(—cos 20:). 7.43. arccos{

CYIIECTBYET, TaK KaK Ka)KIbIi €ro IJIOCKUN yroil MEHbIIE CyMMBI JBYX ApY-
I'MX [UIOCKHX YIJIOB; B YaCTHOCTH, JOJDKHO ObITh 3@ < & + 2¢ , 4TO HE BHI-

nonasercs, 7.49, 0% M Psiny .7.50. arccos(sinasin f3) .

cos ffcosy

§8. KpyrJibie Tesia (HHJIMHAP U KOHYC)
8.1.a) 10;0) 8. 8.2. a) 48;6) 1257 . 8.3. 0) 3anaua umeer penienue, ecin

HZ
2R > H . Cropona kBaapata paBua H win ,/2R2 +T . 8.4. %. 8.5.

ﬁ \—cos2a

7R (tgf —tga). 8.6. /14 . 8.7. :
sSiIna

. 8.8. a) 63;0) 4. 8.9. a)

arccosL; 0) 2 8.10. ﬂ—arccosi. 8.11. a) 27, 0) —l. 8.13.
41 26 3

\130
arcsin (—2 sin(a/ Z)J ta. 8.14. 2733 W3 .
3 107 +343

2arcsini. 8.16. Zarctgi. 8.17. a) 150°; 6) ecn 2 S%, TO Hau-

2 \/5

Gonpiuas mwiomans pasua 0,5/ 2 sin 2a; ecnn 200> /2, To HanOOJIBILYIO

8.15. a) 60°; )
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2 o
WIo@aab, paBHy [“/2 HMeeT cedeHHE IUIOCKOCTBIO, COCTABIAIOLIEH C

2
OCBIO YTOJI, PaBHBI arccos(\/E cosa). 8.18. 2—77rL3\/§ . 8.19. a) 24; 0)

2arctg%. 8.20. a) 12/41 ; 6) %\E 821 zsmmz% 8.22. 2)

T
RHA2 6) O ra®. 8.23. 2243, 8.24. arccos X . 8.25. 21 8.26.
H+RJ2 15 h 3

. [sm(a/ 2)
arcsin| ——=
sin(f/2)

j. 8.27. a) 2arctg eciu 2a>£; 0)

sina
\cos2a ’
\/5 7x/§7rd3

2arctgsina . 8.28. % 8.29. 2arctg7. 8.30. a) T; 0)
_nhn 1z

.8.32. e .8.33. 6:/7 . 8.34.
()

4\57d> . 8.31. a) %; o) — L 2

2
16+/313. 8.35. H7zR . 8.37. a) L3; o) V- 1—£ . 8.38. a)
4 3 +2) 3
[1—%} 0) % 8.39. 1:3 wm 5+52\/§. Ykazanue. Tlycts R —

paanyC OCHOBaHHA KOHYCa, /7 — IWAIAHIOpA. Tor;(a, 3aJa4a CBOJUTCA K pcC-

IIEHUIO ypaBHEHHsI > —r*R+R?/8=0. Tonoxurensibie KOPHH 3TOTO

ypaBHEHHUS 7 = g Hr= R(l—;[) 8.40. a) 16,67 ; 06) 470 . 8.41. a)
2 3 sin® 3 . .
Z b’ sin? 2a; 6) —rb ;B) 27za’ sin Bsin(fF/2).
3 3 cosx
§9. Kpyr.bie Teqa (cepa u map)
2 2
9.1. a) 10; 6) 12. 9.3. a) r= R7+% 9.4. a) g ; 6) 176. 9.5. a)

R= \Ilflz + 7’22 ; 0) R\J(10+ 4\/5)/17 — paauyc OOIbLIETO CevyeHus. YKa-
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3aHue. YUTuTe PAacCIiOJIOKEHHUE LEHTpa IIapa U MEHBIIETO0 CEYCHUSI OTHOCH-

2
TeNBHO Oonbmiero ceuenus. 9.6. a) \/R2 —T— 0) \/Rz 33 9.7. 0)

7R3 . 9.9. a) %; 6) “\4/6. 9.10. a) AB=2R\[sing . Yiasanue.

2RI -R? 7
) n

Onyctute U3 TOYKU B mepnenaukynsap Ha o ; 0)

9.11. a) ;R1R2 0) 2R R, ; B) _ RRrR, 5 9.12. a) %, V3,
R R )
ab bc ac SR R

33, 6)— e 9.13. a )— 6)— 9.14. Emm§ Vasa-

Hue. HpoeKum Hp}IMOI/I @ Ha TIOCKOCTh ( COIEPXKHUT CPEIHIOK JIUHHIO
TPEYTOJBHUKA C BEPIIHHAMHA B TOYKAX KaCAHUS MIapoB miockoct. 9.15. a)

2 .2 . 4
_ +\/—
2arcsin1—m l<m<l‘6) F=R 1+sin” a £+/3sin” a +sin a.

9 9 *
/m2 +2m 4 cos’ a

9.16.a)arcc0si; 6)arcsin£.9.17.a) arcsin [Ri=R . - ! ;
18 3J6 R +R, sin(a/2)

6) 1:te2a:1. 9.18. R(2++/3). 9.19. */_ 2 “f;ﬁ)

. 9.23. a)
a\/7 8\/_
12

3
——R’. Vkazanue. Victions3yiite pe3ynbrar

.9.24. a) 288/3; 0)

22
3amaun 9.23a. 9.25. a) a. tg((p/2); 6) & b7 —a . 9.26. £R
2 tg(z/n) J3a+3b 7
a h? +a?
9.27. a) — _ ; 6) .9.28. a) 45°;6) 30°.9.29. a)
2sin2¢ -sin(z / n) 2h

5. ¥Ykazanue. Jloxaxute, 4TO LIEHTP LIApaA JIEKUT HAa OTPE3KE, COSAUHSIIOLIEM

CepeaMHEBI CTOPOH JUTHHEL 6 1 8; ) a\J7/3.9.30. R6 .
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Va? +b* +¢? 8bsin? Parctg(cos )

9.31. —————.9.32.a)
2

\/1 +cos? p ,
0) a3 - St @ -arctg(\/gcosa). 9.35. R =M. 9.36. Ykasza-
cosa 2\3b% —a?

nue. Bocnone3syiirecs popmymnoit R =3?V. 9.37. a{l + \/%J Ykazanue.

BOCHOHBSyﬁTCCB TE€M, 4YTO CyMMa [JIMH BEPXHEI'0 W HIKHEIO OCHOBAHUA

3 2 3
124+/6R . 6) 124> o ) S8R . 6)
375 5 9

l4a2(4 -7 )/9 . 9.40. B) Ykazanue. Touku xacanus cepsl ¢ GOKOBEIMU
IPaHSAMH TIPU3MBI IPHHAIEKAT MEPIIEHUKYIAPHOMY CEYEHHIO, TIPOBEIEH-

HOMy 4epe3 1eHTp chepsl. 9.41. a) 2WR?-a%/3; 0) 2WR?—a%/2; B)

2WR? —a? . 9.42. a) 124/2 ; 6) 320. 9.43 a) 288; 6) 24/3.9.44. 1.

nupamuel pasaa 2a . 9.38. a)

167
9.45 a) 5:1. Ykazanue. Cvmotpu 3amauy 1.41.a. 0) 7 Ykazanue. Jloxa-

JKUTE, 4TO Npu3Ma npaswibHast. 9.46. a(2 — V3 )/2.

9.47. a) 4_2*561: 2042 . 6 3_3ﬁb:
3 V2 +ctg(0,5 - arctg(+/2 / 4)) 3
= b2 . 9.48. R\E . 9.49.a) r(1+2); 6)
2+ ctg(0,5- arctgx/z) 3
B 3 2
(*/i—m. 9.50. 2) 28 . 6) 642 . 9.51. a) -7/’ -Cég—“;
4 9 2 sin” (e /2)
27”. 9.52. a) 64; 6) 7hy2R(2R—h). 9.53. a) %; 6) 2. 9.54. a)
2
S, = R=3L. 6 1cos?Zsin. 955 a) 30°: 6)
3 NG 202
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S_3 1+ sina)®

3V 7z cos’a-sina

3 N2
Lrdegda(i+cosa)’; 6) 1(\/2d§+2d5+d2—d1) dhodi
3 24 dy +d,

NELI 23k =1) -9k 18k +12 o
NEN 3(k—-2)

k#2 wu g-R mpu k=2. 9.60. a) R[Hﬁ 2f} 0)

9.56. a) 4:21; 6) 16:9. 9.57. a)

9.58. 1277°. 9.59. a

TR} (1+242)° 2R- (3+\/§+\/9+6\/_)
o NS 96l1.a) R 1+ . 6)
3 2\/5 3
15 9 3 _
B) (6+4342).1 . 9.2 JgTatgatiga) o0 2 oG
tga NE) 4

9.64. a) R-tg(ax/2), Rctg(ax/2), 2R/sine ; 6) arcsin+/s/S . 9.65. a)

2 2 2 /4 —27R?
—7rR(a2 —R2); 0) m; B) arccos V—”3 9.66. B 5,5.
3 2ry 3V +27R

9.67. a) izR3 :6) 7R*.9.68. %mf .9.69. 1:1:1.
2
27R? (H - R) 9.71 cos”(a/2)

9.70. .9.71. — - :
H? + R? sin(a/4)-sin(3a/4)

9.72. S = 7R? sing—cosg+2 , V=i7[R3 sin22
2 2 3 4

9.73. a) 6*/52—;“4”%3; )

) 72(5«/75 —6)

(183 -31) . 9.74. a) 7 (5-842)

1242 12

. 9.75. arccosL.

P
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§10. 3agaun Ha IKCTpeMaIbHbIC 3HAYCHHUS

10.2. a) \/§ Ykazanue.

B obmem cinydae mpoekiuei
Ky0a Ha IIJIOCKOCTH SIBISETCA
wectuyroiabHuk. Ha puc. 7
IUIOIIA/b MIECTUYTOIbHUKA
AAB/C/CD B 1Ba pa3sa
OoJibIlIe TUIOMIAU TPEYTOJIbHH-
ka A CD, sBisomerocst npo-

eKIMell PaBHOCTOPOHHETO Tpe-

YTOIIBHUKA CO CTOPOHOM \/5 .
Ilnomaas ero mpoekuuu Mak-
CUMaJlbHa, €CJIM OH Mapasie-
JIEH 3aJaHHOM TIUIOCKOCTH, U

paBHa J3/2 ; 0) TIpoekIus Ha

ILUIOCKOCTb, mapaiebHY O
Puc. 7 JIBYM CKpCHIMBAIOIINMCS peo-

pam; Snp'=a2/2, rme a-—

IrHa pebpa Terpasapa. 10.3. \/a2b2 +a’c? + % 10.4. a) 8\/6. Yka-
3anue. cos £LSAB<-1/5. CrneoBaTeNnsHO LSAB>7/2,

2.6 1

sin ZSAB< == Vosup _E-BC%-AS.ABsinASABSS\/E; o)

34119 3-2
2 2

Ve a
;0) 3a.10.6. a) —; 06) — . 10.7. Bepuuns
2775

.10.5. a)

Ky0a, KpoMe KOHIOB manHo# auaronand. 10.8.

d3
3

6) 34V .10.10. = 10.11. %. 10.12. a) 7 ; 6) 327 ;B) 87 . 10.13.

22 3
@b =a7) 109.a) L.
12 6

R

R

a) 247:6) 277; B) 27. 10.14. a) %; 6) 3+/3; B) 6. 10.15.
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2567

755
.10.19. a) B(1+~2)R?; 6)

10.16. a)

2R\/_

: 0) 4. 10.17. a) 4 7 HR?; 6) == . 10.18.
27 3

27rf R2

§11. DeMeHTHI AHAJIMTHYECKOI reOMeTPUHU U BEKTOPHOI
ajre0pnl B npocTpancTBe. MeToa KOOpPAMHAT B
NPOCTPAHCTBE

- > e > 5> o

1~ 1
11.1. a) —Ea——b+c 0) —Ea+b+zc. 11.2. a) —a+ b+ ¢,

- - - - - - -

—(a+b+2c), —a+lb+lc; 0) —a+—b+lc. 11.3. a)
2 2 2 2

> 5> o - - > - - o> >

a-b+c;0) —a+b+2c 11.4. a) —(a+b—c) (a+b+c) 0)

> 5> o -

1
E(a+ b+ c¢). 11.5. Ykazanue: noxaxure, uro CC| = BBl+DD1 . 11.7.

X +Axy, 4y,
1+4 ~ 1+4

a) (5-2;-4); 0) (8;11;23), (0;1;11). 11.8. (

z1 + Az,

— ) 11.9. a) (21;2); 6) (3;2,5;2). 11.10. a) o =5, B, =4
+

wim o, ==5, By =—4;06)—6.11.11. a) 2a;6) ay7 .11.12.2) a /%;

6) av/10. 11.13. a) /11; 6) 3+/3. 11.14. a) -5; 6) 4; B) 2v21; 1)

2
O .11.15. a) +§ 11.16. a) —61. Ykazanue. Bocnonn3yii-

19 2\/
- > -
Tech TeM, uto (a+ b+ c) =0. 0) Ykazanue. 3anuinure MooYEPEIHO CKa-

- - - s
JIpHOE TpoM3BeleHre Bektopa a+ b+ ¢ Ha Bektopsl a,b u c . 11.17.

a) 120°; 6) 1/3. 11.18. a) —0,125; 6) —1/3 wm —23/27. 11.19. a)
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V225 6) —2,75. 11.20. a) 120°; 6) 2. 11.21. a) arccos(11/14); &)

! 1
arccosg. 11.22. a) arccosz; 0) arccos0,9. 11.23. arccos—3008a+

2cosa+2
Ykazanue. Otnoxure Ha Tyyax OTPe3KH PaBHOM AJIMHBI U PACCMOTPUTE I10-

1
Jy4eHHYIO paBuibHyIo mupamuay. 11.24. a) arccos—;

V30

) arccosﬂ. 1125, B _GN 3 N Veasanue. Boc-

35 M4, NA 2 J5
J13

none3yiitecs TeM, uro B4 L MN u AC; L MN . 11.26. a) T; 0)

v a® +b* +¢? . Ykasanue. Beenure CHCTEMY KOOPAMHAT C IIEHTPOM B TOY-

Ke IepeceueHus auaroHaneit ocHosanus. 11.27. a6 . Yxazanue. IMyctb
ABCDA,B,C\D; — nannsiii napamenenunen, AC; — ero 6onbmas Juaro-

- > -
Hajib.  Bocmome3yiirech  Tem,  4TO AC, = AB+ AD+ A4, "

| AC; |=4/(AC},ACy) . 11.28. a) L 0) 11.29. a)
C |= , . .28. a) x —arccos ; L. .29. a
1 1 1 o

25 V117 V362

S ) S 1130, 2) 600w 120° 6)
J7427 2

%-(1;1;1). 11.31. a) 3x—y—4z+17=0; 6) 3x+4y—2z-11=0.

11.32. a) 3x+5y-2z-29=0; 0) 3x-5y+2z+7=0; B)

arccos

3x-5y-2z+7=0. 11.33. a) arccosf 0) arccosi 11.34. a)

38

3x+y—2z—20=0 u 3x+y—2z+8=0; 0) 2x+4y—-4z+5=0.

11.35. 6) —. 11.36. a) 11.37. (1;0;0), (—%;0;0).

5
2J_ Jﬁ'
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11.38. 40 . 11.39. a) g; 0) arccosg; B) arcsin

J762
48

—— 0) arccos

Ja01”’

11.41. a)

12
. 11.40. a)
7/41
; B) arcsinL
’ V218

x=1+t, y=3+2t, z=-2+9¢; 0)

9
401
x—1 _y—3 z-|—2
2 9

x—3 y—2 Z+5 11.42. arccos /% 11.43. a) lig 5) YO

J21
11.44. )/ . 6) 3. 11.45. )x 3 y” _iz2,

-5

0) x— y+2z 3=0.11.46. a) 17x+6y SZ+1:0;
0) 4x-9y—-2z-8=0.11.47.a) (-2;1;4);0) (5;9;,—-10);
B) x—1:y—1=z—3
4 -1 -2
x+8y—-5z-12=0; 0) 2x+2y—-z-10=0, 2x+2y-z+20=0.
11.51. a) 1:1; 0) @ 11.52. 1P

6 NA* +B* +C?

(x=0,52+(y-1,52+(z=3)*=8,5; 6) (x-1)>+(r+2)*+

+(z—-3)*=38. 11.54.2) (x+3)> +(y-1)* +(z-2)° —ii

6) (x=35)" +(y+1)* +(z+2) =36, (x+3)’ +(y-3)> +(z-6)* =36
11.55.2) (x=1)> +(y+3)> + (z-1)* =24,
(x=5 +(y-D)*+(z+7)*=24;6) (x-1)*+(y+8)* +(z-9)* =76,

. 11.48. a) (-1;4;4); 0) (—4;2;5). 11.50. a)

—=R. 11.53. a)

(x=12+(y+8)% +(z-9)% =304 . 11.56. )C “*/_
11.57. IJ”/_ V2 11.58. )1—% ) 3+2*/7.
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